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Abstract—Autonomous vehicles (AVs) enable more efficient and
sustainable transportation systems. Ample studies have shown
that controlling a small fraction of AVs can smooth traffic
flow and mitigate traffic congestion. However, deploying AVs
in real-world systems poses challenges due to safety and cost
concerns. A viable alternative approach that can be implemented
in the near future is coarse-grained guidance, where human
drivers are guided by real-time instructions, updated every ∆

seconds, to stabilize the traffic. While previous theoretical studies
consider stability analysis for continuous AV control, this article
presents the first integrated theoretical analysis that directly
relates the guidance provided to the human drivers to the traffic
flow stability outcome. Casting the problem into the Lyapunov
stability framework, this study derives sufficient conditions for
coarse-grained guidance with hold length ∆ to stabilize the
system, and provides extensions of the analysis to incorporate
additional human driving behaviors such as magnitude error and
reaction delay. Numerical simulations reveal that the theoretical
analysis closely matches simulated results. The analysis further
offers insights into the relationship between system parameter
and stability criteria, and can be leveraged to design improved
controllers with greater maximum hold length.

I. INTRODUCTION

Transportation remains a key priority for public health and
safety, climate change mitigation, and economic competitive-
ness [1, 2, 3]. Everyday traffic is deeply intertwined with
these priorities. For instance, studies suggest that mitigating
congestion could reduce up to 20% of CO2 emissions [4].

Autonomous vehicles (AVs) are a long-anticipated solution
to congestion. A single AV has been demonstrated to dampen
stop-and-go waves in a circular track with 22 vehicles in a
field experiment [5]. Up to a 57% improvement in average
velocity is possible in simulation, when using an AV controller
designed with deep reinforcement learning [6]. However, it
remains challenging to deploy AVs due to safety concerns.

Providing real-time guidance to human drivers can serve as
a middle ground solution to deploy traffic stabilizing control at
scale in the near future. This article is motivated by numerous
field-tested studies that demonstrate the efficacy of providing
real-time guidance to drivers as a means to alter traffic flow [7,
8, 9, 10]. In other words, coarse-grained guidance, as opposed
to fine-grained guidance that requires AVs, has the potential
to unlock large societal benefits in the near term.
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Fig. 1: Overview. Consider a traffic system with an AV or
guided human-driven vehicle (in blue) and unguided human-
driven vehicles (in black). Previous work continuously updates
the control action of the AV. In contrast, this work investigates
coarse-grained guidance, which periodically (every ∆ seconds)
updates the control action. Theoretical guarantees on the hold
limit are provided using Lyapunov analysis.

However, due to the cost of field tests, it is impractical to
provide coverage of all or even common field conditions. A
theoretical foundation is thus crucial, one that can provide
assurances for leveraging human drivers to alter traffic flow.
This article takes a step in this direction by formalizing aspects
of coarse-grained guidance as piecewise-constant control—
also known as zero-order hold (ZOH) control—and theoret-
ically analyzing its implications for traffic flow stability, as
depicted in Fig. 1. While previous theoretical studies consider
stability analysis for continuous AV control [11, 12], this work
is the first to consider an integrated analysis that directly
relates the real-time guidance provided to the human drivers
to the system-level stability outcome. The theory accounts for
the interaction between a single guided human-driven vehicle
under coarse-grained guidance (guided HV) and the rest of the
unguided human-driven vehicles (unguided HVs), governed by
the Optimal Velocity Model (OVM) [13]. Lyapunov functions
and Lyapunov-Krasovskii functionals are leveraged to provide
sufficient stability conditions for the traffic system under the
piecewise-constant control with a hold length ∆. Through
numerical analysis, we demonstrate that the theoretical condi-
tions closely match empirical simulations under a variety of
OVM parameters, and hence the theory serves as a reliable
certificate of the hold limit for the system, which we define as
the maximum hold length that guarantees system’s stability.

This article extends and subsumes [14]. Our overall contri-
butions are:

• We cast coarse-grained guidance with piecewise-constant
control into the sample-data system framework, and pro-
pose a theoretical framework with Lyapunov analyses to
provide sufficient conditions for stabilizing the traffic sys-
tem with a single piecewise-constant controlled vehicle.

• We perform extensive numerical analysis to show that



the theory closely match empirical simulations. Notably,
the Lyapunov-Krasovskii functionals closely match the
empirical hold limits in both trend and absolute value.

• Beyond [14], we (1) derive detailed insights into the rela-
tionship between OVM parameters and stability criteria,
(2) design piecewise-constant controllers with longer hold
limits, (3) discuss applications of the analyses to a broader
class of coarse-grained guidance such as piecewise-
constant velocity guidance in addition to acceleration
guidance, and (4) expand the analyses to a broader class
of human-compatible driving by incorporating magnitude
error and human reaction delay.

II. RELATED WORK

A. Traffic stabilization with autonomous vehicles

There has been growing interest in controlling autonomous
vehicles to stabilize mixed traffic systems of autonomous and
human vehicles. A few works use reinforcement learning to
design controls in various scenarios such as stabilizing stop-
and-go waves in the low AV-adoption regime [6], coordinating
AVs to exhibit traffic light behaviors [15], and designing eco-
driving Lagrangian controls to reduce fuel consumption [16].
Theoretical studies have been carried out on the linearized
continuous system of the Optimal Velocity Model (OVM) [13]
for the ring-road traffic setting, under two main stability
concepts 1) asymptotic stability [11, 12, 17, 18, 19, 20], and
2) string stability [21, 22, 23, 24, 25]. Linear (asymptotic)
stability analysis under disturbance, uncertainty, and reaction
delay have also been proposed [20, 26]. While most of the an-
alytic studies rely on linearizing the system, Gisolo et al. [27]
introduces a stability analysis based on sector nonlinearity.
Our work follows the asymptotic stability concept, applying
Lyapunov analysis to the linearized system. The aforemen-
tioned literature also derives continuous optimal controllers,
with numerical simulations to demonstrate their effectiveness
in stabilizing traffic flow. This body of work is foundational
for our analysis. However, it is not directly applicable due to
the continuous updates to the control action of the vehicles.

B. Guiding human drivers to alter traffic flow

The basic model we analyze most closely follows the
simulation-based studies of Sridhar and Wu [28, 29], which
propose the class of piecewise-constant driving policies for
guiding drivers to mitigate congestion by providing periodic
instructions every ∆ seconds. The study leverages deep re-
inforcement learning to synthesize controllers that are effec-
tive in stabilizing traffic flow in the ring road, including in
the presence of lane changes. While a theoretical analysis
is provided by Sridhar and Wu [28], it does not consider
interactions between the guided HV with other unguided HVs.
In contrast to Sridhar and Wu [28]’s focus on average case
velocity, we focus on worst case stability. Hence, the two
works are not directly comparable. The piecewise-constant
driving policies belong to a broader class of driving guidance
that uses simple and easy-to-follow interventions to achieve
desired traffic outcomes as discussed in Sec. I.

C. Sample-data systems and Lyapunov stability analysis
The class of piecewise-constant policies is conceptually

similar to the zero-order hold sample-data systems [30], where
a continuous system is controlled by a digital holding device.
The device takes a digital input every ∆ seconds to produce
a digital control being held constant for the entire holding
period of length ∆. In contrast to such systems, which typically
are designed for hold lengths of milliseconds or less, we
consider longer hold lengths of tens of seconds to respect
human reaction times.

Lyapunov functions have been used to analyze general
control systems with discontinuous feedback [31], of which
our piecewise-constant coarse-grained guidance is a special
case. To incorporate delays in human driver reaction times,
Lyapunov-Krasovskii functionals have been used [32], albeit in
the context of human drivers issuing continuous controls based
on delayed input states, and hence, the controlled system is still
continuous. In contrast, our work considers piecewise-constant
controls that are updated every ∆ seconds, and hence belongs
to the sample-data system paradigm. Prior studies [33, 34, 35]
adopt Lyapunov-Krasovskii functionals to general sample-data
systems, and show that tailored Lyapunov-Krasovskii function-
als outperforms general time-delay Lyapunov-Krasovskii func-
tionals on toy sample-data control examples. Our work is the
first to apply a sample-data Lyapunov-Krasovskii functional
to analyze system-level stability of coarse-grained guidance,
and validate through simulation that the theoretical guarantees
closely align with simulated results.

III. PRELIMINARIES.
Following Zheng et al. [12], we consider a single-lane ring

road with circumference L and n vehicles (see Fig. 1). Let the
position of i-th vehicle be pi(t), the velocity be vi(t) = ṗi(t),
the spacing be si(t) = pi−1(t)− pi(t), and the acceleration be
ai(t) = v̇i(t).

The standard car following model (CFM) for the unguided
HVs takes the nonlinear form

v̇i(t) = F(si(t), ṡi(t),vi(t)), (1)
where the uniform flow equilibrium achieved at spacing s∗ and
velocity v∗ such that F(s∗,0,v∗) = 0.

Denote the error state as s̃i(t) = si(t)−s∗ and ṽi(t) = vi(t)−
v∗, the linearization of the CFM around the equilibrium is{︄

ṡ̃i(t) = ṽi−1(t)− ṽi(t)
v̇̃i(t) = a1s̃i(t)−a2ṽi(t)+a3ṽi−1(t)

(2)

where a1 =
∂F
∂ s ,a2 =

∂F
∂ ṡ −

∂F
∂v ,a3 =

∂F
∂ ṡ evaluated at (s∗,v∗).

The Optimal Velocity Model (OVM) [13] follows the form

F(si(t), ṡi(t),vi(t)) = α(V (si(t))− vi(t))+β ṡi(t), (3)

where α > 0,β > 0, and the optimal velocity V (si(t)) is

V (s) =

⎧⎪⎨⎪⎩
0, s ≤ sst

fv(s), sst < s < sgo

vmax, s ≥ sgo

, (4)

and fv(s) typically takes the form

fv(s) =
vmax

2

(︂
1− cos

(︁
π

s− sst

sgo − sst

)︁)︂
. (5)

As a result, v∗ =V (s∗),a1 = αV̇ (s∗),a2 = α +β ,a3 = β .



IV. COARSE-GRAINED GUIDANCE MODELING

We consider a system with one guided HV i = 1 under
piecewise-constant control with hold length ∆, and n − 1
unguided HVs under OVM. At a given time t ∈ [tk, tk+1] where
[tk, tk+1] is the corresponding holding period, the CFM for the
piecewise-constant controlled vehicle takes the form

v̇1(t) = f (u(z(tk)) ;s1(t), ṡ1(t),v1(t)) , (6)
where z(t) = [s1(t),v1(t), ...,sn(t),vn(t)] denotes the state vec-
tor at any time t, the term u(z(tk)) represents the piecewise-
constant controller, and we allow a dynamics function f
which may additionally depend on the state of the guided HV
(s1(t), ṡ1(t),v1(t)). Examples of the CFM are provided next.

For a class of piecewise-constant velocity guidance, a con-
stant desired velocity u(z(tk)) is proposed to the guided HV
during each holding period; the vehicle uses an OVM-like
dynamics f to reach the desired velocity, resulting in

v̇1(t) = α(u(z(tk))− v1(t))+β ṡ1(t). (7)
Meanwhile, for a class of piecewise-constant acceleration
guidance, a constant acceleration is imposed during the hold-
ing period ( f is the identity function), resulting in

v̇1(t) = u(z(tk)). (8)
We follow previous works [28, 29] to focus on the piecewise-
constant acceleration guidance in this work.

Considering a full state feedback piecewise constant control
u(z(tk)) = Kz(tk). Lumping the error state into a vector form
with x(t) = [s̃1(t), ṽ1(t), ..., s̃n(t), ṽn(t)]⊺ = z(t)−x∗ where x∗ =
[s∗,v∗, ...,s∗,v∗] is the equilibrium state, the error dynamics for
the controlled vehicle is given by{︄

ṡ̃1(t) = ṽn(t)− ṽ1(t)
v̇̃1(t) = Kx(tk)

, (9)

and the error dynamics of the linearized piecewise-constant
control system is thus given by

ẋ(t) = Ax(t)+A1x(tk),k = 0,1, ... (10)
with

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

C1 0 ... ... 0 C2
D2 D1 0 ... ... 0
0 D2 D1 0 ... 0
...

. . . . . . . . . . . .
...

0 ... 0 D2 D1 0
0 ... ... 0 D2 D1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,B =

⎡⎢⎢⎢⎢⎢⎣
B1
B2
B2
...

B2

⎤⎥⎥⎥⎥⎥⎦ , (11)

where D1 =

[︃
0 −1
a1 −a2

]︃
,D2 =

[︃
0 1
0 a3

]︃
,

C1 =

[︃
0 −1
0 0

]︃
,C2 =

[︃
0 1
0 0

]︃
,B1 =

[︃
0
1

]︃
,B2 =

[︃
0
0

]︃
.

(12)

and A1 = −BK represents the full state feedback piecewise-
constant control coefficients.

The formulation directly extends Zheng et al. [12] to
consider piecewise-constant acceleration guidance. We remark
that the formulation aligns with the sample-data system frame-
work [30] with zero-order hold. We further note that different
classes of piecewise-constant controls can be modeled sim-
ilarly using different A and A1 matrices. For example, the
velocity guidance (Eq. (7)) can be expressed with

C1 =

[︃
0 −1
0 −a2

]︃
,C2 =

[︃
0 1
0 a3

]︃
,B1 =

[︃
0
α

]︃
, (13)

and the remaining matrices unchanged. The matrices C1 and
C2 follow the unguided HV representations D1 and D2, except
the a1 term representing the desired velocity is moved from D1
in the uncontrolled system matrix to the α term in the control
submatrix B1. The Lyapunov analyses in Sec. V naturally
apply to the broader classes of piecewise-constant controls,
as they are agnostic to the specific form of A and A1.

V. LYAPUNOV ANALYSIS

A. A Lyapunov bound

We first derive a lower bound on the hold limit using
Lyapunov theory. While previous literature provide a Lya-
punov bound on general nonlinear systems with discontinuous
controls [31], we adapt and modify the derivation to general
linearized systems where the controls are piecewise-constant.
In later sections, we apply the bound to the specific linearized
ring-road OVM to extract meaningful insights into the traffic
system. Although our focus is on the ring-road, the following
Lyapunov analyses are derived on general linearized system
matrices A and A1, and thus can be readily applied to other
traffic topologies, such as open-road (see [20] for A and A1
specifications).

Proposition 1. Let there exist n×n matrices P> 0,Q> 0 such
that V (x) = x⊺Px > 0 with V̇ (x) =−x⊺Qx < 0 and −Q = (A+
A1)P+P(A+A1)

⊺ is a valid Lyapunov function for the linear
system with continuous full-state feedback control, ẋ(t) = (A+
A1)x(t) where A1 = −BK. Then the sample-data system with
piecewise constant control (10) is asymp. stable for hold length

∆ ≤ c′
σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 , (14)

up to a scaling constant c′ > 0, where σmin(·) and σmax(·)
are the minimum and maximum singular value of the
corresponding matrix.

Proof. Consider a time period [tk, tk+1] with tk+1 − tk ≤ ∆.
We use the Lyapunov function for the continuous system
V (x) = x⊺Px, and show that it is a valid Lyapunov function
for the sample-data system by showing V (x(t))−V (x(tk)) is
sufficiently negative, i.e. V (x(t)) decreases as t increases. We
have for all t ∈ [tk, tk+1]:

V (x(t))−V (x(tk))

= ⟨∇V (x(t∗)), ẋ(t∗)⟩(t − tk) for some t∗ ∈ (tk, t)

= ⟨∇V (x(tk)), ẋ(tk)⟩(t − tk)

+ ⟨∇V (x(tk)), ẋ(t∗)− ẋ(tk)⟩(t − tk)

+ ⟨∇V (x(t∗))−∇V (x(tk)), ẋ(tk)⟩(t − tk),

(15)

where the first equality holds by the mean value theo-
rem. For the last equality, the first term gives a decrease
in Lyapunov value, as at time tk the system behaves the
same as the continuous system with continuous control us-
ing the instantaneous state information x(tk). Specifically,
⟨∇V (x(tk)), ẋ(tk)⟩ = x(tk)((A + A1)P + P(A + A1)

⊺)x(tk) =
−x(tk)Qx(tk) ≤ −σmin(Q)∥x(tk)∥2

2 ≤ 0. The last two terms
represent the perturbation incurred by the piecewise-constant



control, where ∇V (x(tk)) = 2x(tk)⊺P, ẋ(t∗)− ẋ(tk) = A(x(t∗)−
x(tk)), ∇V (x(t∗))−∇V (x(tk)) = 2(x(t∗)−x(tk))⊺P, and ẋ(tk) =
(A+A1)x(tk). The following worst-case bounds hold:

∥∇V (x(tk))∥2 ≤ 2σmax(P)∥x(tk)∥2 ,

∥ẋ(tk)∥2 ≤ σmax(A+A1)∥x(tk)∥2 ,

∥∇V (x(t∗))−∇V (x(tk))∥2 ≤ 2σmax(P)∥x(t∗)− x(tk)∥2 ,

∥x(t∗)− x(tk)∥2 =

⃦⃦⃦⃦∫︂ t∗

tk
ẋ(s)ds

⃦⃦⃦⃦
2
≤ (t∗− tk) max

s∈[tk,t∗]
∥ẋ(s)∥2

≤ ∆ max
s∈[tk,t∗]

∥Ax(s)+A1x(tk)∥2

≤ ∆(σmax(A)+σmax(A1)) max
s∈[tk,tk+1]

∥x(s)∥2 .

(16)
Taken together, we have

V (x(t))−V (x(tk))

≤ (t − tk)
(︁
−σmin(Q)∥x(tk)∥2

2

+2σmax(P)∥x(tk)∥2σmax(A)∥x(t∗)− x(tk)∥2

+2σmax(P)∥x(t∗)− x(tk)∥2σmax(A+A1)∥x(tk)∥2
)︁

= (t − tk)
(︁
−σmin(Q)∥x(tk)∥2

2 +2σmax(P)
(︁
σmax(A)

+σmax(A+A1)
)︁
×∥x(tk)∥2∥x(t∗)− x(tk)∥2

)︁
≤ (t − tk)

(︁
−σmin(Q)+ c∆ ·σmax(P)(σmax(A)+σmax(A1))

2)︁
∥x(tk)∥2 max

s∈[tk,tk+1]
∥x(s)∥2,

(17)
where c > 0 is an appropriate constant. In the last inequal-
ity, we apply Weyl’s inequality to separate σmax(A+A1) ≤
σmax(A) + σmax(A1) and substitute the bound on ∥x(t∗)−
x(tk)∥2 in Eq. (16) to obtain the square term (σmax(A) +
σmax(A1))

2. In order for V (x(t))−V (x(tk)) to have a sufficient
decrease, e.g. for some d > 1 (d = 2 in Clarke [31]),

V (x(t))−V (x(tk))≤−(t−tk)
σmin(Q)

d
∥x(tk)∥2 max

s∈[tk,tk+1]
∥x(s)∥2,

(18)
the following gives a sufficient condition

c∆ ·σmax(P)(σmax(A)+σmax(A1))
2 ≤ d −1

d
σmin(Q)

⇔ ∆ ≤ c′
σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 ,

for some c′ > 0.

While the above bound can be loose due to the worst case
singular-value bounds, it still provides a way to qualitatively
analyze the system. As an interpretation, let us suppose P = I
results in Q > 0. Then loosely speaking, an unstable uncon-
trolled system A with larger σmax(A) makes the bound smaller.
The contribution of the control is more complicated with a
trade-off involved: on one hand, the larger control makes the
continuous controlled system A+A1 more stable, increasing
the σmin(Q) term in the numerator; on the other hand, it also
increases σmax(A1) and hence increases the denominator.

B. A Lyapunov-Krasovskii functional

With the key observation that the piecewise constant control
system aligns perfectly with the sample-data system frame-
work, we seek to find a tighter lower bound on the hold limit

using theory developed for sample-data systems. Several stud-
ies [33, 34, 35] view the sample-data system as a special case
of the time-delay system with delay τ(t) = t − tk, which has a
constant rate of change τ̇(t) = 1 for all t. Lyapunov-Krasovskii
functionals are commonly used to analyze the performance of
time-delay systems, and naturally extend to the sample-data
system (10), which can be equivalently written in the form
ẋ(t) = (A+A1)x(t)−A1

∫︁ t
tk

ẋ(s)ds, as x(tk) = x(t)−
∫︁ t

tk
ẋ(s)ds.

Fridman [33] proposes the following Lyapunov-Krasovskii
functional for sample-data system

V (t,x(t), ẋ(t)) = x⊺(t)Px(t)+(∆− τ(t))
∫︂ t

t−τ(t)
ẋ⊺(s)Uẋ(s)ds,

where τ(t) = t − tk, P > 0, U > 0. The first term x⊺(t)Px(t)
in the above functional is the regular Lyapunov func-
tion for the unperturbed nominal system ẋ(t) = (A +
A1)x(t), whereas the second integral term handles the
integral perturbation −

∫︁ t
tk

ẋ(s)ds. Jensen’s inequality, de-
scriptor method [34], and state-augmentation with η1(t) =
col{x(t), ẋ(t), 1

τ(t)

∫︁ t
t−τ(t) ẋ(s)ds} are applied to arrive at the

following proposition on a given hold length ∆ with Linear
Matrix Inequalities (LMIs):

Proposition 2. Let there exist n× n matrices P > 0,U > 0;
P2 and P3 such that the LMIs (19) are feasible. Then (10) is
asymp. stable for all variable sampling instants tk+1 − tk ≤ ∆.[︃

Φ11 P−P⊺
2 +(A+A1)

⊺P3
∗ −P3 −P⊺

3 +∆U

]︃
< 0,⎡⎣Φ11 P−P⊺

2 +(A+A1)
⊺P3 −∆P⊺

2 A1
∗ −P3 −P⊺

3 −∆P⊺
3 A1

∗ ∗ −∆U

⎤⎦< 0.
(19)

where Φ11 = P⊺
2 (A + A1) + (A + A1)

⊺P2 and ∗ denotes the
symmetric elements of the symmetric matrix.

Proof. See [34].

While the previous Lyapunov analysis provides upper
bounds on the perturbations by bounding the actions of the
linear operators using the maximum singular values (e.g.
σmax(A), σmax(A1)), the Lyapunov-Krasovskii bound solves for
matrices P, U , P2, P3 to account for the interactions among A,
A1, and A+A1, and hence can yield a tighter bound.

Additionally, while the above proposition takes a fixed
controller K as given to verify if such a controller can stabilize
the system with a hold length ∆, we can optimize for the
controller K using the following corollary that takes the
sample-data system property into consideration.

Corollary 1. Let there exist n×n matrices P̄ > 0, Ū > 0, Q
and an nu×n-matrix L and a tuning parameter ε such that the
LMIs (20) are feasible, where Φ̄11 = Q⊺A⊺+AQ+BL+L⊺B⊺.
Then (10) is asymp. stable for all variable sampling instants
tk+1 − tk ≤ ∆ with the stabilizing gain given by K = LQ−1.[︃

Φ̄11 P̄−Q+ εQ⊺A⊺+L⊺B⊺

∗ −ε(Q+Q⊺)+∆Ū

]︃
< 0,

⎡⎣Φ̄11 P̄−Q+ ε(Q⊺A⊺+L⊺B⊺) −∆BL
∗ −ε(Q+Q⊺) −∆εBL
∗ ∗ −∆Ū

⎤⎦< 0, (20)



Proof. From above and following [35], we can perform
full state-feedback controller design by substituting P3 =
εP2 where ε is a tuning parameter, Q = P−1

2 , P̄ = Q⊺PQ,
Ū = Q⊺UQ and L = KQ. Multiplying LMIs (20) by
diag{Q⊺, ...,Q⊺} and diag{Q, ...,Q} from the left and right,
we recover LMIs (19).

VI. EXTENSIONS TO HUMAN ERRORS

In practice, human drivers may be unable to comply with
guidance perfectly, leading to magnitude error and reaction
delay. This section presents extensions of the theory to incor-
porate these additional human driving behaviors.

A. Magnitude error

When presented with an instruction, human drivers are
prone to magnitude errors and may only be capable of fol-
lowing the instruction within a perturbed range. We modify
the error dynamics of the linearized piecewise-constant control
system in Eq. (10) as follows

ẋ(t) = Ax(t)+A1x(tk)+Bdd(t), k = 0,1, ... (21)

where Bd = diag({0,1, ...,0,1}) due to perturbations in ac-
celeration for both the guided and unguided HVs, and d =
[d1(t), ...,dn(t)]⊺ ∈ Rn is the perturbation vector.

Assumption 1. We consider two scenarios 1) nonvanishing
perturbation: ∥d(t)∥2 ≤ d̄nv for some constant d̄nv ≥ 0, which
assumes the human driver incurs a nonvanishing error whose
magnitude upper bound is independent of the system’s error
state; 2) vanishing perturbation: ∥d(t)∥2 ≤ d̄v∥x(t)∥2 for some
constant d̄v ≥ 0, which assumes the upper bound of the human
driver’s magnitude error is proportional to the system’s error
state and diminishes as the error state approaches equilibrium.

1) Lyapunov Analysis:

Proposition 3. Under the assumptions of Prop. 1 and non-
vanishing perturbation, the system under magnitude error in
Eq. (21) eventually converges within a bounded region around
the equilibrium (the ultimate bound) where

∥x(t)∥2 ≤
10σmax(BdP+PB⊺

d)

1/dσmin(Q)
d̄nv (22)

for some d > 1, under the same hold length ∆ ≤
c′ σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 as the system without magnitude
error in Prop. 1.

Assume vanishing perturbation, the system under magnitude
error in Eq. (21) is asymptotically stable for hold length

∆ ≤ c′
σmin(Q)−5σmax(BdP+PB⊺

d)d̄v

σmax(P)(σmax(A)+σmax(A1))2
(23)

Proof. The proof follows that of Prop. 1, with additional
perturbation terms in Eq. (15) to account for the magnitude
error. These perturbation terms are similarly bounded by
maximum singular value bounds as in the proof of Prop. 1.
See Appendix A1 in the extended article for details.

2) Lyapunov-Krasovskii Analysis: We can extend the Lya-
punov Krasovskii analysis with H∞ robust control to accom-
modate magnitude error in the system, following a similar
derivation in a previous work [32].

Definition 1. A system is robust at H∞ disturbance attenuation
level γ > 0 if (

∫︁
∞

0 x(t)⊺x(t))1/2 ≤ γ (
∫︁

∞

0 d(t)⊺d(t))1/2.

Proposition 4. Under the assumptions in Prop. 2, the system
under magnitude error (21) is asymptotically stable at a H∞

disturbance attenuation level γ > 0 for all varying sampling
instants tk+1 − tk ≤ ∆ if the following LMIs are feasible.⎡⎣Φ11 + I P−P⊺

2 +(A+A1)
⊺P3 P⊺

2 Bd
∗ −P3 −P⊺

3 +∆U P⊺
3 Bd

∗ ∗ −γ2I

⎤⎦< 0,

⎡⎢⎢⎣
Φ11 + I P−P⊺

2 +(A+A1)
⊺P3 −∆P⊺

2 A1 P⊺
2 Bd

∗ −P3 −P⊺
3 −∆P⊺

3 A1 P⊺
3 Bd

∗ ∗ −∆U 0
∗ ∗ 0 −γ2I

⎤⎥⎥⎦< 0.

(24)

Proof. In the presence of the magnitude error (21), we can
first employ a similar derivation as in Fridman [33] to derive
LMIs akin to Eq. (19), with an expanded augmented state
η2 = col{x(t), ẋ(t),v1,d(t)} that incorporates the magnitude
error. Then, we follow Li et al. [32] to modify the LMIs for H∞

robustness and conclude with the proposition. See Appendix
A3 in the extended article for details.

B. Reaction delay
Human drivers are subject to reaction delay upon receiving

instructions. For each k = 0,1, ..., we consider a delayed
time period [tk + σ(tk), tk+1 + σ(tk+1)] :≜ [tk′ , tk′+1] where
0 ≤ σ(t) ≤ Σ is the reaction delay from the human driver.
The dynamics within the delayed time period is

ẋ(t) = Ax(t)+A1x(tk), (25)
where the full state feedback control A1x(tk) = −BKx(tk) is
determined based on the error state x(tk) at a time tk prior to
the start time tk′ of the delayed time period.
1) Lyapunov Analysis:

Proposition 5. Under the assumptions in Prop. 1 and the
assumption where for some constant D̄v ≥ 0, ∥ẋ(s)∥2 ≤
D̄v max

s∈[tk′ ,tk′+1]
∥ẋ(ts)∥2 ∀s ∈ [tk, tk′ ], the system under reaction

delay (25) is asymptotically stable for hold length

∆ ≤ c′
σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 − c′′D̄vΣ (26)

up to scaling constants c′ > 0,c′′ > 0.

Proof. See Appendix A2 in the extended article for details.
The proof follows that of Prop. 1, with an additional pertur-
bation term in Eq. (15) to account for reaction delay.

Notably, as the proof treats the reaction delay period
[tk, tk+σ(tk)] as adding noise to the system and bounds it by a
maximum singular value bound, the analysis naturally applies
to a broader class of human driving behaviors: for example,
instead of instantly switching from the control A1x(tk−1) to
A1x(tk), the driver may transition smoothly in between, and
the transition period can be considered as a delay period.



2) Lyapunov-Krasovskii Analysis: Similarly, we can adapt the
original proof [33] of Prop. 2 to incorporate reaction delay by
modifying the Lyapunov-Krasovskii functional as:
V (t,x(t), ẋ(t)) = x⊺(t)Px(t)+(∆+Σ− τ(t))

∫︁ t
t−τ(t) ẋ⊺(s)Uẋ(s)ds,

(27)
where Σ is an upper bound on the reaction delay. Instead of a
direction extension, we may further obtain a tighter bound on
the hold limit by combining the above sample-data Lyapunov-
Krasovskii functional with a time-delay Lyapunov-Krasovskii
functional such as the one presented in Li et al. [32]. We leave
this as a future work.

VII. NUMERICAL ANALYSIS

In this section, we compare the Lyapunov analysis and the
Lyapunov-Krasovskii analysis with the hold limit from empir-
ical simulation. We aim to answer the following questions:

1) How well does the theory match simulation? To what ex-
tent do simplified theoretical analyses explain integrated
traffic flow stability under coarse-grained guidance?

2) What relationships emerge from the problem parameters
and how do they affect stability?

3) Can we derive better piecewise-constant controllers us-
ing the Lyapunov or Lyapunov-Krasovskii analysis?

A. Experimental Setup and Results on the default parameters

We adopt the implementation from Zheng et al. [12] in
Python and extend it to the piecewise-constant control set-
ting. A summary of all parameters and their default values
is listed in Table I. Vehicles are initialized by a uniform
perturbation around the equilibrium, with the ith vehicle’s
position and velocity (xi

0,v
i
0) = (is∗+ δs,v∗+ δv) where δs ∼

Uni f [−7.5,7.5],δv ∼ Uni f [−4.5,4.5], and v∗ = V (s∗) from
Eq. (4) is the equilibrium velocity corresponding to the equi-
librium spacing s∗ = L/n. By default, we apply the same
H2 optimal full state-feedback controller for the continuous
system to the sample-data system by holding it piecewise-
constant. The controller

u(t) =−Kx(t), (28)
where K ∈ R1×2n, can be obtained by the following convex
program with K = ZX−1:

min
X ,Y,Z

Trace(QX)+Trace(RY )

subject to (AX −BZ)+(AX −BZ)⊺+HH⊺ ≼ 0,[︃
Y Z
Z⊺ X

]︃
≽ 0,X ≻ 0.

(29)

where Q
1
2 = diag(γs,γv, ...,γs,γv), R

1
2 = γu, H = I (30)

with the default γs = 0.03,γv = 0.15,γu = 1, corresponding to

the performance state z(t) =
[︃

Q
1
2

0

]︃
x(t)+

[︃
0

R
1
2

]︃
u(t).

Simulation stability criteria: We simulate the system by
integrating the ordinary differential equation (10) using the
forward Euler method, with a discretization of Tstep = 0.01s.
We say a system (uncontrolled, or with continuous / piecewise-
constant control) is stable in simulation if (1) 50 simulated
trajectories from different initial perturbations all converge to

the equilibrium within TotalTime = 300s, and (2) no vehicle
collides within the trajectory (given by negative spacings).
To mitigate collisions, we follow Zheng et al. to equip all
vehicles with a standard automatic emergency braking system
v̇(t) = amin, if

v2
i (t)−v2

i−1(t)
2(si(t)−sd)

≥ |amin|, where amin = −5m/s2 is
the maximum deceleration rate of each vehicle, and sd = 0.5m
is the safe distance.

The simulations empirically identify stable hold times with-
out collisions. We denote the longest of these hold times for
each parameter setting as the simulation hold limit, which is an
approximation to the true hold limit without collision. Notably,
as the theoretical analysis in this work focuses on certifying
asymptotic stability (i.e. convergence of the trajectories to
equilibrium), the analysis do not model the collision con-
straints and hence may overestimate the simulation hold limit
when the system converges yet collisions occur. A future work
involves combining Lyapunov-Krasovskii LMIs with control
barrier functions [36] to explicitly model collisions and ensure
both asymptotic stability and safety.

Moreover, rather than focusing on the actual values of the
hold limits, we utilize the hold limits for comparative analysis,
where we compare parameter settings and identify regimes in
which system and control parameters enable longer hold limits.

(a) (b)

Fig. 2: The traffic system with all unguided HVs under OVM
and no controlled vehicle is unstable under the default param-
eters in Sec. VII-A. The equilibrium spacing and velocity are
20m and 15m/s. (a) The time-space diagram. Darker colors
represent lower velocities. (b) The time-velocity diagram. The
initial perturbation on the velocities get amplified, leading to
the formation of stop-and-go waves in the system.

Simulation results with the default OVM parameters:
We study the behavior of the system by putting a piecewise-
constant hold on the controller for ∆ ≫ Tstep seconds. Without
any controlled vehicle, the default OVM system is unstable
(see Fig. 2), forming stop-and-go waves gradually. Zheng et
al. [12] show that introducing one autonomous vehicle with
the continuous H2 optimal controller is able to stabilize the
continuous system. In Fig. 3, we show the behavior of the
sample-data traffic system by holding the same controller for
∆ = 1.59s (left) and ∆ = 2.29s (right). With a smaller hold
length of 1.59s, the controller is able to stabilize the system.
However, with a slightly larger hold length of 2.29s, we
observe unstable system behavior, where holding the control
piecewise-constant introduces an excessive amount of noise
that breaks the system’s stability. It is interesting to observe
the sawtooth pattern in the time-velocity diagram in Fig. 3d,



Symbol Default Description
System parameters

L 400m Circumference of the ring-road, where the equilibrium spacing s∗ = L/n
n 20 Number of vehicles in the ring-road system, where the equilibrium spacing s∗ = L/n
sst 5m Small spacing threshold such that the optimal velocity = 0 below the threshold, see Eq. (4)
sgo 35m Large spacing threshold such that the optimal velocity = vmax above the threshold, see Eq. (4)

vmax 30m/s Maximum optimal velocity, see Eq. (4) and (5)
α 0.6 Driver’s sensitivity to the difference between the current velocity and the desired spacing-dependent optimal velocity, see Eq. (3)
β 0.9 Driver’s sensitivity to the difference between the velocities of the ego vehicle and the preceding vehicle, see Eq. (3)

Control parameters
kmult 1 Scale the H2 optimal controller Kcont by a constant: Knew = kmult ·Kcont

γs 0.03 weight on the position derivation from equilibrium in the H2 optimal control objective, see Eq. (29) and Eq. (30)
γv 0.15 weight on the velocity derivation from equilibrium in the H2 optimal control objective, see Eq. (29) and Eq. (30)
γu 1 weight on the control magnitude in the H2 optimal control objective, see Eq. (29) and Eq. (30)

TABLE I: System and control parameters for the traffic system based on the Optimal Velocity Model.

where errors are accumulated within each holding period, but
get corrected at the next holding period when we update
the control. While there is system slowdown, the velocity
perturbation is constrained within a range between [7.5,20]
m/s, instead of getting amplified and diverging as in Fig. 2.

B. How well does the theory match simulation?

Fig. 4 provides the results of varying seven OVM system
parameters (L,n,vmax,sst ,sgo,vmax,α,β ) and three control pa-
rameters (kmult ,γs,γv) (see Table I for notation), comparing
the theoretical hold limit estimates of Eq. (14) and (19) with
simulation hold limits. Ten analyses serve as a sensitivity
analysis where we vary one parameter while fixing the others
to default values. In the last analysis, we vary (α,β ,sst ,sgo)
simultaneously while fixing the rest to default: we increase sst
and decrease sgo, making the optimal velocity curve steeper
(See Fig. 6). Meanwhile, we decrease α and increase β to
allow human drivers to focus on the preceding vehicle when
the optimal velocity becomes challenging to follow. The hold
limit information identifies parameter regimes to guide the
design of traffic systems and controllers for more effective
coarse-grained guidance. For each analysis, we perform a bi-
nary search within [0s,10s] with a granularity of Tstep = 0.01s
in simulation to find the empirical hold limit. We solve for a
continuous H2 optimal controller using the respective system
and control parameters. The scale of the y-axis for Lyapunov
analysis and OVM stability are given in Table II.

Symbol Lyapunov analysis OVM stability
System parameters

L (1.07×10-3,1.81×10-2) (-7.74×10-1, -5.99×10-2)

n (7.70×10-4,3.19×10-3) (-7.62×10-1,2.94×10-2)

sst (6.82×10-4,1.68×10-3) (-1.29, -1.67×10-1)

sgo (6.88×10-4, .56×10-3) (-1.28, -2.79×10-1)

vmax (6.79×10-5,1.72×10-3) (-5.17,1.76×10-2)

α (9.65×10-4,1.89×10-3) (-1.30, -8.66×10-2)

β (7.44×10-5,1.56×10-3) (-2.45, -3.16×10-2)
Control parameters

kmult (0,3.02×10-3) -
γs (1.08×10-4,1.47×10-3) -
γv (5.60×10-4,1.17×10-3) -

TABLE II: Scales of the theoretical hold limit estimates (the
minimum and maximum of y-axis in Fig. 4 for Lyapunov
analysis and OVM stability.)

Examining the effectiveness of piecewise-constant control
under different traffic conditions is a complex problem. Fol-

lowing the motivation of “All models are wrong, but some
are useful,” it is attractive to consider these reduced-order
linearized models as proxies for analyzing the true traffic
problem. We thus consider three theoretical approaches for
estimating the hold limit:

1) The Lyapunov analysis: see Eq. (14); we set c′ = 1.
Due to redundancy in headway representation with s̃1 +
s̃2...+ s̃n = 0, we first obtain the reduced representation
by omitting s̃1 from the state vector and replacing it with
−s̃2 − ...− s̃n to construct the reduced system matrices
A†,B†,K†. Then, we set Q = I(n−1)×(n−1) which has
σmin(Q)= 1 and solve for P from the Lyapunov equation
(A†−B†K†)P+P(A†−B†K†)⊺ =−Q to obtain σmax(P)
in the denominator of Eq. (14).

2) The Lyapunov-Krasovskii analysis: see LMIs (19). We
perform a binary search within [0s,10s] with a granu-
larity of Tstep = 0.01s to find the theoretical hold limit
estimate such that the LMIs are feasible.

3) The OVM stability: stability theory of the linearized,
uncontrolled system. Previous work [11] uses string sta-
bility to analyze the linearized, uncontrolled continuous
OVM model, and derive the stability criteria α +2β ≥
2V̇ (s∗) = 2V̇ (L/n). Equivalently, for s∗ = L/n∈ [sst ,sgo],
the OVM system is stable if

α +2β − vmax
π

sgo − sst
sin

(︁
π

L/n− sst

sgo − sst

)︁
≥ 0 (31)

We plot the value of the left hand side in Fig. 4, which
takes on negative values because we choose parameter
values so that the uncontrolled system is unstable. We
use this estimate as a continuous proxy of the instability
level in the uncontrolled system. A higher level of
instability in the uncontrolled system (indicated by a
more negative left-hand side) likely results in a shorter
controller hold limit, as the system may require more
frequently updated controls for stabilization.

Overall findings: We observe that (1) both OVM stability
and the Lyapunov do generally capture the trends quite well,
(2) the Lyapunov-Krasovskii analysis captures not only the
trend but also the absolute hold limit, indicating that the effect
of linearizing the system is not a strong limitation of the
approach, and (3) it is important to consider both the role of the
controller (insufficiency of OVM stability to capture the trend,
particularly in the case of α) and the effect of the Lyapunov-



(a) (b) (c) (d)

Fig. 3: The traffic system consists of n−1 unguided HVs under OVM (gray) and 1 guided HV under piecewise-constant control
(red) with different hold lengths ∆s. The guided HV applies the same H2 optimal control gain matrix for the continuous system
to the sample-data system, under the default parameters in Sec. VII-A. (a) and (b): The time-space and time-velocity diagrams
when ∆ = 1.59s. The traffic is stabilized to the equilibrium velocity 15m/s after a short amount of time. (c) and (d): The
time-space and time-velocity diagrams when ∆ = 2.29s. The system becomes unstable when the hold length is too long.

Fig. 4: The hold limit that stabilizes the system from simulation (solid blue), Lyapunov-Krasovskii analysis in Eq. (19) (dashed
orange), Lyapunov analysis in Eq. (14) (dash-dotted gray), and uncontrolled OVM stability criterion in Eq. (31) (dotted green).
Default parameter values are shown as the black vertical lines in each plot. The y-axis scale is for simulation and Lyapunov-
Krasovskii analysis. (a) We vary each of the ten parameters one at a time while keeping the rest at default values. The x-axis
represents the parameter value, and the y-axis scale for the Lyapunov analysis and the OVM stability are displayed in Table II.
(b) We vary (α,β ,sst ,sgo) simultaneously, where the top four mini plots show the parameter values corresponding to each of
the seven joint value sets. The x-axis represents the index of each value set (each scenario). The y-axis scale for the Lyapunov
analysis is (8.35×10-4,1.80×10-3), and for OVM stablity is (-1.32, -1.91×10-2).

Krasovskii integral (inadequacy of Lyapunov analysis to obtain
the correct absolute scale).

Lyapunov-Krasovskii Analysis: the Lyapunov-Krasovskii
analysis shares the same scale as the simulation, which is
depicted as the numbers on the left of the y-axis. The
Lyapunov-Krasovskii analysis is remarkably accurate in gen-
eral, matching both the trend of the simulation and the absolute
scale of all parameters, whereas the other two theoretical
methods only provide relative trend estimates. The Lyapunov-
Krasovskii analysis overestimates the simulation hold limits
for large vmax, small β , and small kmult , however, where
the unstable uncontrolled system results in collisions not
modeled by the LMIs (19), as discussed in Sec. VII-A. In such
cases, the Lyapunov analysis gives a more accurate bound by
more aggressively penalizing the worst-case behavior given by
σmax(A) (unstable uncontrolled system) or σmin(Q)/σmax(P)
(controller with small magnitude).

Lyapunov Analysis: The Lyapunov analysis matches the

trend of the simulation hold limits decently well, despite with
smaller absolute scale than the simulation. While the worst-
case singular value bounds in the Lyapunov analysis allow
a more conservative estimate than Lyapunov-Krasovskii for
large vmax and small β , they become overly aggressive for
large n and α . In such cases, Lyapunov-Krasovskii provides
a better estimate by considering the interaction of A (the
uncontrolled system), BK (the control) and A−BK (the con-
trolled system). Regarding (kmult ,γs,γv), the Lyapunov analysis
generally captures the correct trend, but with discrepancies
in the absolute slopes or peaks. Since the analysis holds up
to a scaling constant, the slope and peak location can vary
depending on different scalings of σmax(A) and σmax(A1). We
keep equal scaling in the analysis for clarity of interpretation,
and leave finding more accurate scalings to future work.

Uncontrolled OVM: To our surprise, the uncontrolled
OVM stability matches the trend of the simulation hold limits
particularly well for a few parameters (L,sst ,sgo), and has only



Fig. 5: A visualization of components in the Lyapunov anal-
ysis (Eq. (14)) for four system parameters L,n,vmax,α . We
plot the denominator components σmax(P) that represents the
continuous controlled system (dashed green), σmax(A) (dot-
ted red) that represents the continuous uncontrolled system,
σmax(A1) = σmax(−BK) that represents the control (dash-
dotted orange), and the final theory bound on the hold limit
∆ that stabilizes the system (solid blue). Note that numerator
component σmin(Q) = 1 by construction. The absolute scales
of the different components are omitted.

minor mismatch for (vmax,β ). As observed in the L subplot
in Fig. 5, in these cases, the trends of the uncontrolled system
σmax(A) and the controller σmax(−BK) align well. However,
discrepancies arise in the case of n and particularly α (where
opposite trends are observed), leading to misalignment be-
tween the simulation hold limits (with control) and the OVM
stability (which solely considers the uncontrolled system A).
In the misaligned cases, the impact of the controller that is
captured by Lyapunov and Lyapunov-Krasovskii analysis is
necessary for a more accurate trend estimate.

C. How do traffic conditions affect the hold limit?

In this section, we interpret relationships between system
parameters (L,n,sst ,sgo,vmax,α,β ), which represent different
traffic conditions, and their respective hold limits. Overall,
we observe three main types of traffic situations that promote
longer hold limits by means of low driver sensitivity: (1) traffic
conditions (density, speed limit, and spacing thresholds) that
promote a smoother spacing response, i.e., the flatter region
of the optimal velocity function (through various combinations
of L,n,sgo,sstop,vmax), (2) low sensitivity of drivers to relative
position (low α), and (3) high sensitivity of drivers to relative
speed, which tends towards equilibrium (high β ).

Smoother spacing response: We observe that
(L,n,sst ,sgo,vmax) determines various aspects of the optimal
velocity function, as shown in Eq. (4) and Fig. 6. For example,
the parameters L and n are related to the traffic density. Their
ratio s∗ = L/n determines the equilibrium spacing, which
in turn determines the desired optimal velocity v∗ = V (s∗),
clipped within the range [0,vmax]. When the spacing is either
too small (close to sst ) or too large (close to sgo), drivers can
easily follow the desired optimal velocity by driving very

Fig. 6: The Optimal Velocity function V (s) in Eq. (4) and 5
with default parameters in Sec. VII-A. The red star represents
the equilibrium spacing and velocity with the default param-
eters, where the function attains maximum slope. Changing
system parameters moves the red star to different positions on
the curve, affecting the stability of the uncontrolled system
and the hold limit to stabilize the system.

slowly (v∗ is near 0) or following the maximum speed (v∗

is near vmax). The resulting uncontrolled system hence tends
to be more stable. However, when the spacing is close to
sgo−sst

2 (the red star in Fig. 6), the original system becomes
more unstable, since slight changes in spacing leads to large
variations in the desired optimal velocity. In fact, the default
sst = 5,sgo = 35 place the default spacing L/n = 20m at
the most unstable inflection point (the red star). Similar
interpretations can be applied to the positioning of two
boundary values (sst ,sgo). Notably, the hold limit variation in
(L,n,sst ,sgo) is mild, ranging from 1.5s to 2s in simulation,
as these four variables are all encapsulated within a cosine
function of the desired optimal velocity.

In contrast, the maximum desired velocity (speed limit) vmax
acts as a multiplier for the desired optimal velocit and has a
more substantial impact on the hold limit: as vmax increases
from 25m/s to 60m/s, the hold limit decreases from 2s to 0s.
Increasing vmax stretches the desired velocity curve, resulting
in sharper changes of the desired optimal velocity in response
to spacing variations. Consequently, a higher vmax yields a
more unstable uncontrolled system that leads to a shorter
hold limit. While the stability of the uncontrolled system
explains a linear decrease in the hold limit, we observe a
super-linear decrease in the simulation due to two additional
factors: (1) the larger magnitude of the controller, as shown
in Fig. 5, introduces more errors to the system through the
piecewise-constant hold, and (2) the unstable system leads to
vehicle collisions, further complicating the task of stabilizing
the system with a noisy controller.

Low sensitivity to relative position, high sensitivity to rel-
ative speed: The remaining parameters, α and β , indicate the
sensitivity of human drivers to the desired optimal velocity (α)
and the velocity of the preceding vehicle (β ) in comparison
to the ego velocity. Interestingly, we observe different trends
of the simulation hold limits for the two parameters, although
larger α and β both results in increased stability in the original
uncontrolled system (Eq. (31)). For β , the inclusion of the
velocity dissipation term enhances the driver’s awareness of
their surroundings, leading to improved system stability. The
sharp, super-linear decrease in the hold limit for small β values



arises from similar factors as those affecting vmax, which
combines (1) uncontrolled system’s stability, (2) additional
errors induced due to the controller’s large magnitude, and
(3) vehicle collisions when the system is excessively unstable.

In contrast, for α , the simulation hold limit displays an
opposite trend to the stability of the uncontrolled system, albeit
with relatively mild variation (1.6s to 2s). As observed in
Fig. 5, large α results in more stable uncontrolled systems,
but also larger controller magnitude, and hence holding the
control piecewise-constant adds more noise to the system. This
can be explained by the fact that a larger α corresponds to
human drivers adhering more strongly to the suggested optimal
velocity, resulting in a more stable uncontrolled OVM system.
However, the optimal velocity prescribed by the OVM may
conflict with the actions of the controlled vehicle. With both
longer hold length and larger α , the controlled vehicle may
open up wider gaps, resulting in a stronger response from the
following human drivers, in turn causing system instabilities.

Insights for traffic system design: Based on the above
interpretations, transporation designers can select system pa-
rameters to enable effective deployment of coarse-grained
guidance, for example, by (1) adjusting speed limits or (2) en-
suring roads provide clear visibility of the traffic or equipping
vehicles with sensors for adaptive cruise control to enhance
human driver’s awareness to preceding traffic (higher β ).

D. Controller design for coarse-grained guided driving

Thus far, we have focused on analyzing a given controller,
the continuous H2 optimal controller with a simulation hold
limit of 1.66s by default. In this section, we consider sev-
eral approaches to intentionally design controllers for coarse-
grained guidance to achieve system-level traffic flow stability.
We keep the OVM system parameters (L,n,sst ,sgo,vmax,α,β )
at the default values in Sec. VII-A.

Lyapunov-Krasovskii controller search: Recall that the
Lyapunov-Krasovskii analysis provides a method to obtain
piecewise-constant controllers. Here, we examine the quality
of the controllers via simulation: we first solve LMIs (20)
for a control gain matrix KLK = LQ−1, with a grid search of
input hold length parameter ∆in ∈ {1,2,3,4,5,6,7,8}. We fix
the tuning parameter ε = 1 in LMI (20) where we substitute
P3 = εP2 from (19), as we empirically find such an ε yields the
best controller with the longest simulation hold limit. Given
the resulting control gain matrix KLK , we then perform simu-
lation via a binary search with a granularity of Tstep = 0.01s
to examine the empirical hold limit ∆sim.

Table III displays the simulation hold limits ∆sims for differ-
ent input parameters ∆ins. We observe that, as ∆in increases,
the Lyapunov-Krasovskii analysis finds better controllers with
longer hold limits, reaching a hold limit of 4.55s at ∆in = 3s
that is a 2.7x improvement from the continuous H2 optimal
controller. Fig. 7 visualizes the controller profiles for the
default continuous H2 optimal controller and the Lyapunov-
Krasovskii controller with ∆in = 3s by plotting the controllers’
gain matrices (Kde f ault and KLK) associated with the spacing
and velocity (s̃i = si − s∗ and ṽi = vi − v∗ ∀i). We observe
that, for spacing, the Lyapunov-Krasovskii controller considers

Fig. 7: Controller profile visualization: (Left) the default con-
tinuous H2 optimal controller gain matrix Kde f ault ; (Right) the
Lyapunov-Krasovskii controller gain matrix KLK with ∆in = 3s;
(Up) the controllers’ weights on the headway error states s̃i;
(Down) the controllers’ weights on the velocity error states ṽi.

more vehicles ahead of the guided vehicle (s̃1) than the con-
tinuous H2 optimal controller, placing the highest weight on
the 5th vehicle ahead (s̃5). For velocity, while both controllers
heavily focus on the ego guided vehicle (ṽ1), the Lyapunov-
Krasovskii controller also takes into account a few vehicles
located behind (e.g. positive weight on ṽ20 and ṽ19).

∆in(s) 1 2 3 4 5 6 7 8
∆sim(s) 2.71 3.33 4.55 4.54 4.3 4.19 4.09 3.87
improv. 1.6x 2.0x 2.7x 2.7x 2.6x 2.5x 2.5x 2.3x

TABLE III: The simulation hold limit ∆sim with the Lyapunov-
Krasovskii control gain matrix when we set ∆in ∈ {1,2, ...,8}
in LMIs (20). The last row displays the relative improvement
in ∆sim from the continuous H2 optimal controller.

When the input ∆in further increases over 4s, the simulation
hold limit ∆sim decreases, again due to collisions in the
system not modeled by the theoretical analysis (as discussed
in Sec. VII-A). Notably, same as in Sec. VII-B, if we omit the
collision constraint in simulation, we would achieve increas-
ing simulation hold limits ∆sims with increasing large ∆ins,
which confirms the ability of Lyapunov-Krasovskii analysis
to stabilize the system if we ignore additional constraints.

H2 re-scaling: Next, we propose and examine a heuris-
tic controller design where we vary the control parameters
(kmult ,γs,γv) to find scaled controllers more suitable for the
sample-data system. In Fig. 4, we observe that controllers with
smaller magnitudes than the default continuous H2 controllers,
given by smaller kmult < 1, γs < 0.03, γv < 0.15, result in longer
hold limits. Notably, the longest hold limit of 4.78s is achieved
when kmult = 0.2, offering a 2.9x improvement from the default
when kmult = 1. This can be explained by the σmax(A1) term
in the denominator of the Lyapunov analysis in Eq. (14),
where controllers of larger magnitudes incur larger errors from
the piecewise-constant hold. However, when the controller is
too small, it is not powerful enough to stabilize the system,
resulting in a decrease in hold limit (e.g. from 4.78s when
kmult = 0.2 to 2.84s when kmult = 0.005). This can be explained
by the ratio σmin(Q)/σmax(P) in the Lyapunov analysis, which
represents the stability of the controlled system A− kmultBK.
Hence, there is a trade-off between the controller’s power and
the noise incurred from the piecewise-constant hold.

Meanwhile, as the best simulation hold limit of the best
scaled continuous H2 optimal controllers is around the same
level as the Lyapunov-Krasovskii controllers (4.55− 4.78s),
we observe that the piecewise-constant controller obtained by



scaling down a reasonable continuous control may perform
well for coarse-grained guidance. Given abundant learning-
based controllers developed for the continuous traffic sys-
tems [6, 15], promising strategies for coarse-grained guidance
include taking the down-scaled versions of the existing con-
trollers or finetuning the controllers with a penalization on the
magnitude to avoid retraining the controllers from scratch.

VIII. EXTENSIONS TO HUMAN ERRORS

Non-vanishing magnitude error: We simulate our system
with magnitude errors in Eq. (21) under the default OVM
parameter and the default continuous H2 optimal controller.
To simulate the system under nonvanishing magnitude errors,
we add σi · dnv to the acceleration of each vehicle (the
guided HV and n−1 unguided HVs following OVM), where
σi

i.i.d.∼ Bernoulli(0.5) and we vary dnv across a range of values.
We confirm from the simulation that the system converges
to a bounded region around equilibrium (the ultimate bound)
under the same hold limit ∆ = 1.66s as the original system
in Eq. (10). Fig. 8 (Top) presents the simulation ultimate
bound as a function of error magnitude dnv. The ultimate
bound is computed as the largest ∥x∥2, where x consists of
the headway and velocity error states of all vehicles, across
the last 10% of all 50 simulation trajectories. We verify that
the ultimate bound converges by comparing it with the largest
∥x∥2 across all states at the last 20% and 30% of the simulation
trajectories. We observe a linear increase in the simulation
ultimate bound as the error magnitude increases, which aligns
with our theoretical extension in Prop. 3.

Fig. 8: Top: nonvanishing magnitude error. We plot the
ultimate bound ∥x∥2 for a variety of magnitude dnv. Bottom
Left: vanishing magnitude error. We plot the hold limit ∆ for
a variety of magnitude dv. Bottom right: reaction delay. We
plot the hold limit ∆ for a variety of human reaction delay Σ.

Vanishing magnitude error: Similarly, we simulate the
system under vanishing magnitude errors by adding σi · dv ·
∥x(t)∥2 to the acceleration of each vehicle at simulation step
t. σi remains the same as mentioned earlier, and we vary
dv across a range of values. As shown in Fig. 8 (Bottom
left), the system converges to equilibrium with a smaller
simulation hold limit that exhibits a linear decrease within
dv ∈ [0,0.07]. Our theoretical extension in Prop. 1 confirms the

linear decrease near equilibrium. Beyond dv = 0.07, the hold
limit decreases at a faster rate. As the vanishing perturbation
scales proportionally with the norm of the state, a large
magnitude error (large dv) pushes the system away from the
equilibrium, leading to a compounding effect that amplifies
the error magnitude and moves the system even farther away.
While the linearization of our theoretical analysis provides
accurate guarantees near equilibrium, its accuracy diminishes
as the system moves further away. We leave as a future work
to enhance the theoretical analysis for the case of large dv.

Reaction delay: Finally, we simulate our system with hu-
man reaction delay in Eq. (25) under the default OVM param-
eter and the default continuous H2 optimal controller across
a range of reaction delay values Σ. In Fig. 8 (Bottom right),
we observe the simulation hold limit ∆ decreases linearly as
the human reaction delay Σ increases. The simulation result
validates our theoretical extension in Prop. 5 that establishes a
linear relationship between the increase in reaction delay and
the decrease in the hold limit.

IX. CONCLUSION

This work presents an integrated Lyapunov analysis frame-
work of coarse-grained guidance, a class of policies that aim
to guide human drivers to stabilize the traffic to bypass the
difficulty of AV deployment. We derive both a Lyapunov
analysis for qualitative interpretation of the relationships be-
tween traffic system parameters and the hold limit, and a
Lyapunov-Krasovskii analysis for quantitative estimation of
the hold limit and for controller design. Our work highlights
the Lyapunov analysis framework as an important integrated
theoretical tool for obtaining efficient, safe, and sustainable
transportation systems under coarse-grained guidance.

We propose a few important directions for future research.
First, we would like to tighten the derivation of the Lyapunov
analysis (Eq. (14)) to obtain absolute scales of different
components in the bound. The correct scaling will enable us
to pinpoint the exact slope and location of the optimum of
the curves in Fig. 4, while the current bound is only able to
describe the relative trend. Next, we would like to incorporate
control barrier functions to the Lyapunov-Krasovskii analysis
(LMIs (19) and (19)) to tighten the bound under unsafe
events such as collision. Finally, we would like to consider
expanding our theory to a broader class of human-compatible
driving policies that consist of other easy-to-follow driving
instructions, as well as to more complex traffic scenarios.
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APPENDIX

A. Proofs for extensions to human errors

1) Proof of Proposition 3:

Proof. We can follow the same Lyapunov Analysis in
Sec. V-A with the modified dynamics (21), and arrive at the
following equation

(V (x(t))−V (x(tk)))new

= (V (x(t))−V (x(tk)))old

+ ⟨2x(tk)⊺P, Bdd(tk)⟩+ ⟨2x(tk)⊺P, Bd(d(t∗)−d(tk))⟩
+ ⟨2(x(t∗)− x(tk))⊺P, Bdd(tk)⟩)(t − tk).

(32)

where (V (x(t))−V (x(tk)))old is the same as Eq. (15) and can
be bounded by Eq. (17). We can bound the additional human
error terms (the last three terms), denoted as Pm, as

Pm ≤ σmax(BdP+PB⊺
d)
(︁
∥x(tk)∥2∥d(tk)∥2

+∥x(tk)∥2∥d(t∗)−d(tk)∥2 +∥x(t∗)− x(tk)∥2∥d(tk)∥2
)︁
.

(33)
Substituting ∥x(t∗)− x(tk)∥2 ≤ ∥x(t∗)∥2 + ∥x(tk)∥2,∥d(t∗)−
d(tk)∥2 ≤ ∥d(t∗)∥2 + ∥d(tk)∥2, we obtain an upper bound on
Eq. (33) as follows:

Pm ≤ σmax(BdP+PB⊺
d)
(︁
3∥x(tk)∥2∥d(tk)∥2

+∥x(tk)∥2∥d(t∗)∥2 +∥x(t∗)∥2∥d(tk)∥2
)︁
.

(34)

Nonvanishing Perturbation: We have

Pm ≤ 5σmax(BdP+PB⊺
d)d̄nv max

s∈[tk,tk+1]
∥x(s)∥2 . (35)

Plugging the above into Eq. (32), we get

(V (x(t))−V (x(tk)))new

≤ (t − tk)
(︂
−N∥x(tk)∥2 +M

)︂
max

s∈[tk,tk+1]
∥x(s)∥2.

(36)

where we denote

N := σmin(Q)− c∆ ·σmax(P)(σmax(A)+σmax(A1))
2,

M := 5σmax(BdP+PB⊺
d)d̄nv.

(37)

We hence arrive at an ultimate bound [37] as follows

−N∥x(tk)∥2 +M =−(1−θ)N∥x(tk)∥2 −θN∥x(tk)∥2 +M,

∀ 0 < θ < 1

⇒−N∥x(tk)∥2 +M ≤−(1−θ)N∥x(tk)∥2, ∀ ∥x(tk)∥2 ≥
M
θN

⇒−N∥x(tk)∥2 +M ≤−1
2

N∥x(tk)∥2, ∀ ∥x(tk)∥2 ≥
2M
N

by setting θ =
1
2
.

(38)
From the original proof we know for some d > 1,

∆ ≤ c′
σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 ⇔ −N ≤−1
d

σmin(Q).

(39)
By Eq. (38), the above bound on the hold limit ∆ results in
the following decrease in the Lyapunov value:

(V (x(t))−V (x(tk)))new ≤− 1
2d

σmin(Q)(t−tk) max
s∈[tk,tk+1]

∥x(s)∥2,

(40)

if the state is outside the following bounded region

∥x(t)∥2 ≥
10σmax(BdP+PB⊺

d)

1/dσmin(Q)
d̄nv. (41)

Combining the above, we conclude the convergence of the
trajectory within the bounded region around equilibrium (the
ultimate bound) in Prop. 3 under vanishing error, when the
hold limit is the same as in the original system (10).
Vanishing Perturbation: We have

Pm ≤ 5σmax(BdP+PB⊺
d)d̄v∥x(tk)∥2 max

s∈[tk,tk+1]
∥x(s)∥2. (42)

Plugging the above into Eq. (32), we get

(V (x(t))−V (x(tk)))new

≤ (t − tk)
(︁
−N +M)∥x(tk)∥2 max

s∈[tk,tk+1]
∥x(s)∥2.

(43)

With the same N and M as in Eq. (37), with d̄nv replaced
by d̄v. Following a similar proof as in Sec. V-A, in order for
(V (x(t))−V (x(tk)))new to have a sufficient decrease for the
system to converge to equilibrium, e.g. for some d > 1,

(V (x(t))−V (x(tk)))new ≤−(t − tk)
σmin(Q)

d ∥x(tk)∥2 max
s∈[tk,tk+1]

∥x(s)∥2,

(44)
the following establishes a sufficient condition that gives
a slightly smaller ∆ due to the vanishing magnitude error
(reflected in the additional term in the numerator).

−N+M ≤ σmin(Q)

d
⇔ ∆ ≤ c′

σmin(Q)−5σmax(BdP+PB⊺
d)d̄v

σmax(P)(σmax(A)+σmax(A1))2 ,

(45)
for the same c′ > 0.

2) Proof of Proposition 4:

Proof. The Lyapunov-Krasovskii functional for our sample-
data system with P > 0,U > 0 is

V (t,x(t), ẋ(t)) = x⊺(t)Px(t)+(∆− τ(t))
∫︂ t

t−τ(t)
ẋ⊺(s)Uẋ(s)ds,

(46)
as τ̇(t) = 1 and d

dt [t − τ(t)] = 1− τ̇(t) = 0, the above satisfies

∂

∂ t
V (t,x(t), ẋ(t)) = 2ẋ⊺(t)Px(t)−

∫︂ t

t−τ(t)
ẋ⊺(s)Uẋ(s)ds

+(∆− τ(t))ẋ⊺(t)Uẋ(t).
(47)

Following the original proof, we let v1 = 1
τ(t)

∫︁ t
t−τ(t) ẋ(s)ds,

so
∫︁ t

t−τ(t) ẋ⊺(s)Uẋ(s)ds ≥ τ(t)v⊺1Uv1 by Jensen’s inequality. As
our dynamics under magnitude error (21) can be written as

ẋ(t) = (A+A1)x(t)− τ(t)A1v1 +Bdd(t). (48)

We use the descriptor method to bound the positive terms (first
and third) in Eq. (47) with

0 = 2[x(t)⊺P⊺
2 + ẋ(t)⊺P⊺

3 ][(A+A1)x(t)− τ(t)A1v1 +Bdd(t)− ẋ(t)].
(49)

where P2,P3 are slack matrices. We can write Eq. (47) as
∂

∂ t
V (t,x(t), ẋ(t))≤ η1(s)⊺(t)Ψsη1(s)

+ x(t)⊺P⊺
2 Bdd(t)+ ẋ(t)⊺P⊺

3 Bdd(t)

= η
⊺
2 (t)Ψ̃sη2(s)<−ε|x(t)|2 for some ε > 0,

(50)



where η1 = col{x(t), ẋ(t),v1}, η2 = col{x(t), ẋ(t),v1,d(t)}, Ψs
is the upper left 3×3 block of Ψ̃s, and

Ψ̃s =

⎡⎢⎢⎣
Φ11 P−P⊺

2 +(A+A1)
⊺P3 −τ(t)P⊺

2 A1 P⊺
3 Bd

∗ −P3 −P⊺
3 +(∆− τ(t))U −τ(t)P⊺

3 A1 P⊺
3 Bd

∗ ∗ −τ(t)U 0
∗ ∗ ∗ 0

⎤⎥⎥⎦ .

(51)
The system is then H∞ robust at disturbance attenuation level
γ > 0 if the following LMIs holds⎡⎢⎢⎣

Φ11 + I P−P⊺
2 +(A+A1)

⊺P3 −τ(t)P⊺
2 A1 P⊺

2 Bd
∗ −P3 −P⊺

3 +(∆− τ(t))U −τ(t)P⊺
3 A1 P⊺

3 Bd
∗ ∗ −τ(t)U 0
∗ ∗ ∗ −γ2I

⎤⎥⎥⎦< 0,

(52)
as we would have ∂

∂ t V (t)+ x(t)⊺x(t)− γ2d(t)⊺d(t) < 0, with
limt→∞V (t) = 0, under the zero initial condition. Integrating
both sides of the above from 0 to +∞, we recover the H∞

robustness in Definition 1. As 0 ≤ τ(t) ≤ ∆, we let τ(t)→ 0
and τ(t)→ ∆ and get Eq. (24).

3) Proof of Proposition 5:

Proof. Again, we can follow the same Lyapunov Analysis in
Sec. V-A with the modified dynamics (25), and arrive at the
following equation

(V (x(t))−V (x(tk)))new

= (V (x(t))−V (x(tk′)))old + ⟨2x(t∗)⊺P, A1(x(tk)− x(tk′))⟩.
(53)

The first term can be bounded using the same analysis as in
the original proof as

≤
(︁
−σmin(Q)+ c∆ ·σmax(P)(σmax(A)+σmax(A1))

2)︁
∥x(tk′)∥2 max

s∈[tk′ ,tk+1′ ]
∥x(s)∥2, for some constant c. (54)

The second term, denoted as Pr, is the additional noise terms
from human reaction delay. We have

∥x(tk′)− x(tk)∥2 =

⃦⃦⃦⃦∫︂ tk′

tk
ẋ(s)ds

⃦⃦⃦⃦
2
≤ (tk′ − tk) max

s∈[tk,tk′ ]
∥ẋ(s)∥2.

(55)
Notably, within the internal [tk, t ′k), the guided HV follows the
instruction from the previous holding period [tk−1′ , t ′k). Under
the following assumption (where the constant D̄v ≥ 0 indicates
how smooth the instructions are updated):

∥ẋ(s)∥2 ≤ D̄v max
s∈[tk′ ,tk′+1]

∥ẋ(ts)∥2 for some constant D̄v

≤ D̄vσmax(A+A1) max
s∈[tk′ ,tk′+1]

∥x(ts)∥2 ∀s ∈ [tk, tk′ ],

(56)
the second term can be bounded by

Pr ≤ σmax(A1P+PA⊺
1)ΣD̄vσmax(A+A1) max

s∈[tk′ ,tk′+1]
∥x(ts)∥2

≤ σmax(P)(σmax(A)+σmax(A1))
2
ΣD̄v max

s∈[tk′ ,tk′+1]
∥x(ts)∥2

(57)
Hence, we follow the same argument as in Prop. 3 (vanishing
perturbation) and conclude a slightly smaller ∆ for the system

to converge to equilibrium (due to reaction delay, as reflected
in the additional term in the numerator).

σmax(P)(σmax(A)+σmax(A1))
2 (c∆+ΣD̄v)≤

d −1
d

σmin(Q)

⇔ ∆ ≤ c′
σmin(Q)

σmax(P)(σmax(A)+σmax(A1))2 − c′′ΣD̄v,

(58)
for some c′ > 0,c′′ > 0.
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