
QUARTERLY OF APPLIED MATHEMATICS

VOLUME LXXXIII, NUMBER 2

JUNE 2025, PAGES 211–279

https://doi.org/10.1090/qam/1689

Article electronically published on March 12, 2024

HILBERT EXPANSION

FOR COULOMB COLLISIONAL KINETIC MODELS

By

ZHIMENG OUYANG (Department of Mathematics, University of Chicago, Chicago, IL 60637 ),

LEI WU (Department of Mathematics, Lehigh University, Bethlehem, PA 18015 ),

and

QINGHUA XIAO (Innovation Academy for Precision Measurement Science and Technology, Chinese

Academy of Sciences, Wuhan 430071, People’s Republic of China)

Abstract. The relativistic Vlasov-Maxwell-Landau (r-VML) system and the rela-

tivistic Landau (r-LAN) equation are fundamental models that describe the dynamics

of an electron gas. In this paper, we introduce a novel weighted energy method and

establish the validity of the Hilbert expansion for the one-species r-VML system and

r-LAN equation. As the Knudsen number shrinks to zero, we rigorously demonstrate

the relativistic Euler-Maxwell limit and relativistic Euler limit, respectively. This suc-

cessfully resolves the long-standing open problem regarding the hydrodynamic limits of

Landau-type equations.

1. Introduction.

1.1. Relativistic Vlasov-Maxwell-Landau system. The relativistic Vlasov-Maxwell-

Landau (r-VML) system is a fundamental and complete model describing the dynam-

ics of a dilute collisional ionized plasma appearing in nuclear fusion and the interior of

stars, etc. Correspondingly, the relativistic Euler-Maxwell system, the foundation of the

two-fluid theory in plasma physics, describes the dynamics of two compressible ion and

electron fluids interacting with their own self-consistent electromagnetic field. It is also

the origin of many celebrated dispersive PDE such as NLS, KP, KdV, Zakharov, etc., as

various scaling limits and approximations.
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212 Z. OUYANG, L. WU, AND Q. XIAO

Since the ion mass is far larger than the electron mass in a plasma, the dynamics of

ions is negligible for simplification sometimes. In this special case, the plasma can be

approximately described by the one-species r-VML system in the mesoscopic level and

treated as a single fluid in the macroscopic level. It has been a long-term open question

if the general relativistic Euler-Maxwell system can be derived rigorously from its kinetic

counter-part, the r-VML system, as the Knudsen number approaches zero.

In this paper, we are able to answer this question in the affirmative. Consider the

r-VML system for F (t, x, p) ∈ R (see [90]):

∂tF + cp̂ · ∇xF − e

m

(

E + p̂×B
)

· ∇pF = C [F, F ] , (1.1)

coupled with the Maxwell system for
(

E(t, x), B(t, x)
)

∈ R
3 × R

3:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tE − c∇x ×B = 4πe

∫

R3

p̂Fdp,

∂tB + c∇x × E = 0,

∇x · E = −4πe
(

n−
∫

R3

Fdp
)

,

∇x ·B = 0.

(1.2)

Here F (t, x, p) is the number density function for electrons at time t ≥ 0, position

x = (x1, x2, x3) ∈ R
3 and momentum p = (p1, p2, p3) ∈ R

3. p0 =
√

m2c2 + |p|2 is the

energy of an electron and p̂ = p
p0 . The constants −e and m are the electrons’ charge and

rest mass, respectively. c is the speed of light, n is the uniform number density of ions,

and
(

E(t, x), B(t, x)
)

are the electromagnetic fields.

Denote the four-momentums pμ =
(

p0, p
)

and qμ =
(

q0, q
)

. We use the Einstein

convention that repeated up-down indices be summed and we raise and lower indices

using the Minkowski metric gμν := diag(−1, 1, 1, 1). The Lorentz inner product is then

given by

pμqμ := −p0q0 +

3
∑

i=1

piqi. (1.3)

The collision operator C on the R.H.S. of (1.1), which registers binary collisions between

particles, takes the following form:

C[g, h] := 2π

c
e2 ln(λ)∇p ·

{∫

R3

Φ(p, q)
[

∇pg(p)h(q)− g(p)∇qh(q)
]

dq

}

, (1.4)

where the collision kernel Φ(p, q) is a 3× 3 non-negative matrix

Φ(p, q) :=

(

mc

p0

)(

mc

q0

)

Λ(p, q)S(p, q) (1.5)
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with

Λ(p, q) :=
1

m4c4
(pμqμ)

2

(

1

m4c4
(pμqμ)

2 − 1

)− 3

2

,

S(p, q) :=
(

1

m4c4
(pμqμ)

2 − 1

)

I3 −
1

m2c2
(

p− q
)

⊗
(

p− q
)

− 1

m2c2

(

1

m2c2
(pμqμ) + 1

)

(

p⊗ q + q ⊗ p
)

.

Here ln(λ) denotes the Coulomb logarithm. From [90] and [32], for our purposes, we may

simply regard ln(λ) as a fixed constant independent of other parameters.

It is well-known that Φ(p, q) satisfies

3
∑

i=1

Φij(p, q)

(

qi
q0

− pi
p0

)

=

3
∑

j=1

Φij(p, q)

(

qj
q0

− pj
p0

)

= 0. (1.6)

Remark 1.1. Notice that as c → ∞, using Taylor expansion based on the order of

c−1

p0≈mc

(

1 +
1

2

|p|2
m2c2

)

, pμqμ≈−m2c2 − 1

2
|p|2 − 1

2
|q|2 + p · q=m2c2

(

−1− 1

2

|p− q|2
m2c2

)

.

Here the notation ≈ denotes the leading-order terms in the expansion. Hence, we have

Λ(p, q) ≈ m3c3

|p− q|3 ,

and

S(p, q) ≈
( |p− q|2

m2c2
I3 −

(

p− q
)

⊗
(

p− q
)

m2c2

)

.

Therefore, we know

Φ(p, q) ≈ mc
1

|p− q|

(

I3 −
(

p− q
)

⊗
(

p− q
)

|p− q|2
)

,

which reduces to the non-relativistic Landau collision operator (see [40]).

In order to introduce the quantity for the convenience of the hydrodynamic limit, we

may follow the path in [8,86,87] to rescale the system (1.1). Define the reference time t,

length x and momentum p. Redefining the variables

t → t

t
, x → x

x
, p → p

p
(1.7)

yields

x

t
∂tF + cp̂ · ∇xF − x

p

e

m

(

E + p̂×B
)

· ∇pF = xC [F, F ] , (1.8)
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and
⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

x

t
∂tE − c∇x ×B = xp34πe

∫

R3

p̂Fdp,

x

t
∂tB + c∇x × E = 0,

∇x · E = −x4πe
(

n− p3
∫

R3 Fdp
)

,

∇x ·B = 0.

(1.9)

Assume that the reference spatial density is ρ. Then we redefine the unknowns

F → F

ρp−3
, E → E

ρx
, B → B

ρx
(1.10)

to arrive at

x

t
∂tF + cp̂ · ∇xF −

ρx2

p

e

m

(

E + p̂×B
)

· ∇pF =
ρx

p3
C [F, F ] , (1.11)

and redefine n → nρ

⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

x

t
∂tE − c∇x ×B = 4πe

∫

R3

p̂Fdp,

x

t
∂tB + c∇x × E = 0,

∇x · E = −4πe
(

n−
∫

R3 Fdp
)

,

∇x ·B = 0.

(1.12)

The hydrodynamic limit corresponds to the scaling

x → 0, t → 0, p 	 1, ρ → ∞, (1.13)

satisfying

x

t
	 1, ρx2 	 1. (1.14)

Here the notation 	 denotes the same level of magnitude up to some physical constants.

This indicates that the coefficient in front of the collision term

ρx

p3
	 1

x
→ ∞. (1.15)

Then we define the Knudsen number ε,

ε :	
p3

ρx
→ 0. (1.16)

Physically, ε is proportional to the relative mean free path (see [87]). Then it suffices for

us to consider the system for F ε(t, x, p) ∈ R:

∂tF
ε + cp̂ · ∇xF

ε − e

m

(

Eε + p̂×Bε
)

· ∇pF
ε =

1

ε
C [F ε, F ε] , (1.17)
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coupled with the Maxwell system for
(

Eε(t, x), Bε(t, x)
)

∈ R
3 × R

3:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tE
ε − c∇x ×Bε = 4πe

∫

R3

p̂F εdp,

∂tB
ε + c∇x × Eε = 0,

∇x · Eε = −4πe
(

n−
∫

R3

F εdp
)

,

∇x ·Bε = 0.

(1.18)

The collision operator C satisfies the orthogonality property:

∫

R3

⎧

«

¬

⎛

¿

1

p

p0

À

⎠ C[g, h](p)

«

¬

­

dp = 0, (1.19)

which, combined with (1.17) and (1.18), yields the conservation laws

d

dt

∫∫

R3×R3

F ε(t, x, p) dpdx = 0,

d

dt

{∫∫

R3×R3

pF ε(t, x, p) dpdx+
1

4π

∫

R3

(

Eε(t, x)×Bε(t, x)
)

dx

}

= 0,

d

dt

{
∫∫

R3×R3

p0F ε(t, x, p) dpdx+
1

4π

∫

R3

(

|Eε(t, x)|2 + |Bε(t, x)|2
)

dx

}

= 0.

Corresponding to (1.17)–(1.18), at the hydrodynamic level, the electron gas obeys the

relativistic Euler-Maxwell system for
(

n(t, x), u(t, x), T (t, x)
)

∈ R× R
3 × R:

⎧

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

¬

1

c
∂t
(

nu0
)

+∇x ·
(

nu
)

= 0,

1

c
∂t

(

(e+ P )u0u
)

+∇x ·
(

(e+ P )u⊗ u
)

+ c2∇xP + cen
(

u0E + u×B) = 0,

1

c
∂t

(

e(u0)2 + P |u|2
)

+∇x ·
(

(e+ P )u0u
)

+ cen(u · E) = 0,

(1.20)

coupled with the Maxwell system for
(

E(t, x), B(t, x)
)

∈ R
3 × R

3:
⎧

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

¬

∂tE − c∇x ×B = 4πe
nu

c
,

∂tB + c∇x × E = 0,

∇x · E = −4πe
(

n− nu0

c

)

,

∇x ·B = 0,

(1.21)

where n is the electrons’ number density, u = (u1, u2, u3), u
0 =

√

|u|2 + c2, and T is

the temperature. In particular, e(t, x) is the total energy (including the rest energy and

internal energy) and P (t, x) is the pressure given by

P :=
nmc2

γ
=

kB
m

ρT , (1.22)

e :=
nmc2

K2(γ)

{

K3 (γ)−
1

γ
K2 (γ)

}

, (1.23)

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf
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where ρ := nm is the mass density, γ := mc2(kBT )
−1 is a dimensionless variable, kB

is Boltzmann’s constant, Kj(γ) for j = 0, 1, 2, . . . are the modified second-order Bessel

functions:

Kj(γ) :=
(2j)j!

(2j)!

1

γj

∫ ∞

γ

e−λ(λ2 − γ2)j−1/2dλ, (j ≥ 0). (1.24)

The system (1.21) has been well-studied in the irrotational context. Denote Faraday’s

tensor

F
ij :=

⎛

⎜

⎜

¿

0 −c−1E1 −c−1E2 −c−1E3

c−1E1 0 −B3 B2

c−1E2 B3 0 −B1

c−1E3 −B2 B1 0

À

⎟

⎟

⎠

. (1.25)

Let h be the specific enthalpy defined by h′(x) = P (x)
x with h > 0. Then we say the

solution to (1.20) and (1.21) is irrotational if

eFjk =− ∂j (hnuk) + ∂k (hnuj) . (1.26)

Theorem 1.1 (Theorem 2.2 of [48]). Assume that the initial datum
(

n(0, x), u(0, x), T (0, x), E(0, x), B(0, x)
)

satisfies (1.26) and is sufficiently close to the equilibrium
(

n,0, T ,0,0
)

for some constants

n > 0 and T . Then there exists a unique global solution
(

n(t, x), u(t, x), T (t, x), E(t, x), B(t, x)
)

to the one-fluid relativistic Euler-Maxwell system (1.20) and (1.21) that satisfies (1.26)

for any t > 0 and

sup
t∈[0,∞)

∥

∥

(

n(t)− n, u(t), T (t)− T ,E(t), B(t)
)∥

∥

HNc
(1.27)

+ sup
t∈[0,∞)

sup
|ρ|≤N

(

(1 + t)β0

∥

∥∇ρ
x

(

n(t)− n, u(t), T (t)− T ,E(t), B(t)
)∥

∥

L∞

)

� ε0,

where Nc ∈ N is a sufficiently large constant, N ≥ 3 is a constant, β0 = 101
100 and ε0 is a

sufficiently small positive constant.

In this article, we rigorously prove that solutions of the r-VML system (1.17)–(1.18)

converge to solutions of the relativistic Euler-Maxwell system (1.20)–(1.21) globally in

time, as the Knudsen number ε tends to zero.

Theorem 1.2. Assume that
(

n(t, x), u(t, x), T (t, x), E(t, x), B(t, x)
)

is the global solu-

tion constructed in Theorem 1.1 and M(t, x, p) = n
4πm2ckBTK2(γ)

exp
{

uμpμ

kBT

}

is the cor-

responding local Maxwellian. Then there exists an ε0 > 0 such that for any 0 ≤ ε ≤ ε0,

k ≥ 3, and 0 < t ≤ t with t = ε−1/3, the asymptotic expansion (2.3) holds. Moreover, if

F ε(0, x, p) ≥ 0, and
∥

∥

∥
M− 1

2 (F ε −M) (0)
∥

∥

∥

H2
xL

2
v

+
∥

∥

(

Eε − E
)

(0)
∥

∥

H2
+
∥

∥

(

Bε −B
)

(0)
∥

∥

H2
= O(ε), (1.28)
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then F ε(t, x, p) ≥ 0 and

lim
ε→0

sup
0≤t≤t

{

∥

∥

∥M− 1

2 (F ε −M) (t)
∥

∥

∥

H2
xL

2
v

+
∥

∥

(

Eε − E
)

(t)
∥

∥

H2
+
∥

∥

(

Bε −B
)

(t)
∥

∥

H2

}

= 0.

(1.29)

1.2. Relativistic Landau equation. When the effects of electromagnetic fields are neg-

ligible, the relativistic Landau (r-LAN) equation provides a much easier yet still accurate

description of the dynamics of a fast moving dilute plasma when the grazing collisions

between particles are predominant in the collisions.

Let F ε = F ε(t, x, p) be the number density function for particles at the phase-space

position (x, p) = (x1, x2, x3, p1, p2, p3) ∈ R
3 × R

3, at time t ∈ R+. Then F ε satisfies the

r-LAN equation

∂tF
ε + cp̂ · ∇xF

ε =
1

ε
C [F ε, F ε] , (1.30)

where p̂ = p
p0 , p

0 =
√

m2c2 + |p|2 is the energy of the particle, constants c,m are the

speed of light and the rest mass of a particle, respectively. 0 < ε � 1 is the Knudsen

number.

Similar to (1.4), the collision operator C yields the conservation laws

d

dt

∫∫

R3×R3

F ε(t, x, p) dpdx =
d

dt

∫∫

R3×R3

p0F ε(t, x, p) dpdx = 0,

d

dt

∫∫

R3×R3

pF ε(t, x, p) dpdx = 0.

Corresponding to (1.30), at the hydrodynamic level, the plasma obeys the relativistic

Euler equations for (n(t, x), u(t, x), T (t, x)) ∈ R× R
3 × R:

⎧

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

¬

1

c
∂t
(

nu0
)

+∇x ·
(

nu
)

= 0,

1

c
∂t

{

(

e+ P
)

u0u
}

+∇x ·
{

(

e+ P
)(

u⊗ u
)

}

+ c2∇xP = 0,

1

c
∂t

{

(

e+ P
) (

u0
)2 − c2 |u|2 P

}

+∇x ·
{

(

e+ P
)

u0u
}

= 0,

(1.31)

where n is the particle number density, u = (u1, u2, u3), u
0 =

√

|u|2 + c2. Here, P and e

are defined as in (1.22) and (1.23) (see [88]).

Theorem 1.3 (Theorem 1 of [88]). Under proper regularity conditions, if the initial data
(

n(0), u(0), T (0)
)

is sufficiently close to an equilibrium state (n, 0, T ): for N ≥ 3

∥

∥

(

n− n, u, T − T
)

(0)
∥

∥

HN ≤ δ � 1, (1.32)

then there exists a unique solution (n, u, T ) to (1.31) for t ∈ [0, t̃] with t̃ ≥ cδ−1 for some

constant c > 0 satisfying

sup
0≤t≤t̃,x∈R3,0≤	≤N−2

{∣

∣∇	
t,x(n, u, T )

∣

∣

}

� 1. (1.33)

In this article, we rigorously prove that solutions of the relativistic Landau equation

(1.30) converge to solutions of the relativistic Euler equations (1.31) locally in time, as

the Knudsen number ε tends to zero.
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Theorem 1.4. Assume that
(

n(t, x), u(t, x), T (t, x)
)

is the solution constructed in Theo-

rem 1.3 andM(t, x, p)= n
4πm2ckBTK2(γ)

exp
{

uμpμ

kBT

}

is the corresponding local Maxwellian.

Then there exists an ε0 > 0 such that for any 0 ≤ ε ≤ ε0, k ≥ 3, and 0 < t ≤ t0 with some

t0 depending on
(

n(t, x), u(t, x), T (t, x)
)

but independent of ε, the asymptotic expansion

(2.39) holds. Moreover, if F ε(0, x, p) ≥ 0, and
∥

∥

∥M− 1

2 (F ε −M) (0)
∥

∥

∥

H2
xL

2
v

= O(ε), (1.34)

then F ε(t, x, p) ≥ 0 and

lim
ε→0

sup
0≤t≤t0

{

∥

∥

∥M− 1

2 (F ε −M) (t)
∥

∥

∥

H2
xL

2
v

}

= 0. (1.35)

1.3. Background and literature. As a key ingredient to attack the well-known Hilbert’s

sixth problem, the rigorous derivation of fluid equations (Euler equations or Navier-Stokes

equations, etc.) from the kinetic equations (Boltzmann equation, Landau equation, etc.)

has attracted a lot of attention since the early twentieth century. The fundamental

problem is to justify the asymptotic limits of kinetic solutions as the Knudsen number

(which measures the relative mean free path) or the Strouhal number (which measures

the relative time-varying speed) shrinks to zero.

There are mainly two genres to study hydrodynamic limits: kinetic-based approach

or fluid-based approach. We refer to [63, 67] for more details.

The kinetic-based approach purely relies on the solution theory (well-posedness, reg-

ularity, etc.) of the kinetic equations and does not assume any a priori properties of

the fluid limits. On one hand, in the context of the renormalized solution and en-

tropy method, there are successful applications of this approach to the incompress-

ible Euler/Navier-Stokes limit. We refer to Bardos-Golse [6], Golse-Saint-Raymond

[36, 37], Saint-Raymond [83], Masmoudi-Saint-Raymond [78], Arsénio-Saint-Raymond

[5], Bardos-Golse-Levermore [7–9], Lions-Masmoudi [74] and Masmoudi [77]. Interested

readers may refer to the books by Saint-Raymond [84] and by Golse [35], and the ref-

erences therein provide a nice summary of the progress. On the other hand, in the

context of classical solutions, we refer to Nishida [79], Bardos-Ukai [10], Briant [11],

Briant-Merino-Aceituno-Mouhot [12].

The fluid-based approach does assume a priori that we have a well-prepared fluid

system with a unique smooth solution. And then we will justify that the kinetic solution

converges to this fluid solution. In some sense, this is essentially “fluid-to-kinetic” limit

and we avoid the complications of possible fluid ill-posedness, like blow up or shock wave.

This approach typically provides hydrodynamic limits in the stronger sense and utilizes

the so-called Hilbert expansion techniques. In this paper, we will focus on the fluid-based

approach and discuss the progress in detail.

The Hilbert expansion dates back to 1912 by Hilbert [55], who proposed an asymptotic

expansion of the distribution function solving the Boltzmann equation with respect to

the Knudsen number and formally derived the limiting compressible Euler equations.

The similar formal expansion can be naturally extended to treat the Landau equation,

and collisional kinetic equations coupled with Poisson equation or Maxwell system.

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



HILBERT EXPANSION FOR COULOMB COLLISIONAL KINETIC MODELS 219

The first rigorous justification of the compressible Euler limit of the Boltzmann equa-

tion was due to Caflisch [13]. Later, with the L2 − L∞ framework introduced in Guo

[44], Guo-Jang-Jiang [51] improved Caflisch’s result and removed the assumption on

the initial data F ε
R(0, x, v) = 0. This framework was extended to treat the Vlasov-

Poisson-Boltzmann (VPB) system in Guo-Jang [50] and the relativistic Boltzmann (r-

BOL) equation in Speck-Strain [88]. Recently, this framework was further developed

to the investigation of the relativistic Vlasov-Maxwellian-Boltzmann (r-VMB) system in

Guo-Xiao [54] and the Boltzmann equation with boundary conditions in half-space in

Guo-Huang-Wang [46], Jiang-Luo-Tang [64, 65]. We also refer to Grad [38], Ukai-Asano

[93], De Masi-Esposito-Lebowitz [14], and the recent work Jang-Kim [62] and Kim-La

[68] for the incompressible Euler limit.

For the convergence of the Boltzmann equation to the basic waves of the Euler equa-

tions: the shock waves, rarefaction waves and contact discontinuity, the interested readers

may refer to Huang-Wang-Yang [57–59], Xin-Zeng [103] and Yu [107].

As for the incompressible Navier-Stokes limit of the Boltzmann equation, there are

too many references and we only list some closely related works. The early development

tracks back to De Masi-Esposito-Lebowitz [14] in 2D. Then Guo [43] justified the diffusive

limit in the periodic domain via the non-linear energy method. This result was extended

to the whole space in Liu-Zhao [75], to more general initial data with initial layer in

Jiang-Xiong [66], and to the Vlasov-Maxwell-Boltzmann (VMB) system in Jang [61].

See also the recent work Gallagher-Tristani [33]. We also mention the very recent work

Duan-Yang-Yu [24] for the compressible Euler-Maxwell limit of the one-species VMB

system.

For stationary Boltzmann equation and other settings, we refer to Di Meo-Esposito

[16], Arkeryd-Esposito-Marra-Nouri [4], Esposito-Lebowitz-Marra [30], Esposito-Guo-

Marra [29], Esposito-Guo-Kim-Marra [28], Wu [96], Wu-Ouyang [97–99].

Despite the fruitful progress in the hydrodynamic limits of the Boltzmann-type equa-

tions, there are very limited works in this direction for Landau-type equations. For

Landau equation, we refer to Guo [43] for the incompressible Navier-Stokes limit, Duan-

Yang-Yu [22, 25] for the rarefaction wave limit and compressible Euler limit, and the

recent work Rachid [82]. As far as we are aware of, our paper is the first result to justify

the Hilbert expansion for r-LAN equation and r-VML system.

As for the well-posedness issue for fixed Knudsen number and Strouhal number, there

are a huge number of literature. We list some closely related to this article. For the

r-VML system, we refer to Strain-Guo [90], Yu [106], Yang-Yu [105], Liu-Zhao [76] and

Xiao [100]. For the r-LAN equation, we refer to Hsiao-Yu [56] and Yang-Yu [104]. We

also mention Guo-Strain [53] and some works in the non-relativistic framework: Villani

[94], Guo [40,42,45], Strain [89], Duan-Strain [21], Duan [18], Duan-Lei-Yang-Zhao [19],

Guo-Hwang-Jang-Ouyang [47], Duan-Liu-Sakamoto-Strain [20] for Landau equation and

Dong-Guo-Ouyang [17] for Vlasov-Poisson-Landau (VPL) system.

Finally, we record some significant progress on the compressible fluid system. Sideris

[85] justified the classical result on the compressible Euler equation that the solution

might blow up even if the initial datum is small and irrotational. However, as a key ob-

servation, the electric field or the electromagnetic fields might help stabilize the system.

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



220 Z. OUYANG, L. WU, AND Q. XIAO

Based on the Klein-Gordon effect, Guo [39] and Germain-Masmoudi [34] constructed

global classical solutions to the one-fluid Euler-Poisson system and Euler-Maxwell system,

respectively. Using the combination of normal-form method and vector-field method to

capture the so-called “null structure”, Guo-Ionescu-Pausader [49] justified the global well-

posedness of 3D two-fluid Euler-Maxwell system, and the similar results were extended

to treat 3D Euler-Poisson system, and 3D one-fluid/two-fluid relativistic Euler-Maxwell

system in Guo-Ionescu-Pausader [48], which plays a key role in our proof of the hydrody-

namic limits (as in Theorem 1.1). The 2D case was justified in Deng-Ionescu-Pausader

[15]. More recently, the one-fluid Euler-Maxwell system in 3D with non-vanishing vor-

ticity was studied in Ionescu-Lie [60].

2. Formulation and discussion. Without loss of generality, from now on, we will

take the constants c = e = m = kB= 2π ln(λ) = 1.

2.1. Hilbert expansion for the relativistic Vlasov-Maxwell-Landau system. In this sub-

section, we will provide the Hilbert expansion of the r-VML system (1.17) and (1.18),

and introduce necessary notations.

We consider the Hilbert expansion with respect to small Knudsen number ε and k ≥ 2:

F ε=F +

2k−1
∑

n=1

εnFn + εkF ε
R, Eε=E +

2k−1
∑

n=1

εnEn + εkEε
R, Bε=B +

2k−1
∑

n=1

εnBn + εkBε
R.

(2.1)

To determine the coefficients Fn(t, x, p), En(t, x), Bn(t, x) for 0 ≤ n ≤ 2k − 1, we plug

the formal expansions (2.1) into equations (1.17)–(1.18) and equate the coefficients on

both sides in front of different powers of the parameter ε to obtain:

ε−1-Order:

C
[

F, F
]

= 0. (2.2)

ε0-Order:

∂tF + p̂ · ∇xF −
(

E + p̂×B
)

· ∇pF = C
[

F1, F
]

+ C
[

F, F1

]

, (2.3)

and
⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tE −∇x ×B = 4π

∫

R3

p̂Fdp,

∂tB +∇x × E = 0,

∇x · E = 4π
(

n−
∫

R3

Fdp
)

,

∇x ·B = 0.

(2.4)

εn-Order (1 ≤ n ≤ 2k − 1):

∂tFn + p̂ · ∇xFn −
(

En + p̂×Bn

)

· ∇pF −
(

E + p̂×B
)

· ∇pFn (2.5)

=
∑

i+j=n+1
i,j≥0

C
[

Fi, Fj

]

+
∑

i+j=n
i,j≥1

(

Ei + p̂×Bi

)

· ∇pFj ,
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and

⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tEn −∇x ×Bn = 4π

∫

R3

p̂Fndp,

∂tBn +∇x × En = 0,

∇x · En = −4π

∫

R3

Fndp,

∇x ·Bn = 0.

(2.6)

Remainder equation: The remainder
(

F ε
R, E

ε
R, B

ε
R

)

satisfies

∂tF
ε
R + p̂ · ∇xF

ε
R −

(

Eε
R + p̂×Bε

R

)

· ∇pF −
(

E + p̂×B
)

· ∇pF
ε
R (2.7)

− 1

ε

{

C
[

F ε
R, F

]

+ C
[

F, F ε
R

]}

= εk−1C
[

F ε
R, F

ε
R

]

+

2k−1
∑

i=1

εi−1
{

C
[

F ε
R, Fi

]

+ C
[

Fi, F
ε
R

]}

+ εk
(

Eε
R + p̂×Bε

R

)

· ∇pF
ε
R

+

2k−1
∑

i=1

εi
{(

Ei + p̂×Bi

)

· ∇pF
ε
R +

(

Eε
R + p̂×Bε

R

)

· ∇pFi

}

+ εkS,

and

⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tE
ε
R −∇x ×Bε

R = 4π

∫

R3

p̂F ε
Rdp,

∂tB
ε
R +∇x × Eε

R = 0,

∇x · Eε
R = −4π

∫

R3

F ε
Rdp,

∇x ·Bε
R = 0,

(2.8)

where

S =
∑

i+j≥2k+1
2≤i,j≤2k−1

εi+j−2k−1
{

C
[

Fi, Fj

]

+ C
[

Fi, Fj

]}

+
∑

i+j≥2k
1≤i,j≤2k−1

εi+j−2k
(

Ei + p̂×Bi

)

· ∇pFj .

(2.9)

From (2.3), we conclude that F should be local Maxwellians:

F (t, x, p) = M =
n

4πTK2(γ)
exp

{

uμpμ
T

}

, (2.10)

where (n, u, T ) is part of the solution to the relativistic Euler-Maxwell system (1.20).

The other coefficients Fn(t, x, p), En(t, x), Bn(t, x) for 0 ≤ n ≤ 2k − 1 can be derived in

an inductive way (see Appendix A).

To prove Theorem 1.2, our main task is to solve (2.7)–(2.8). Define fε
R as

F ε
R := M

1

2 fε
R. (2.11)
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(2.7) and (2.8) can be rewritten as

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

fε
R +

u0

T
p̂M

1

2 · Eε
R (2.12)

− u

T
M

1

2 ·
(

Eε
R + p̂×Bε

R

)

+
1

ε
L [fε

R]

=− fε
RM

− 1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2 + εk−1Γ [fε
R, f

ε
R]

+

2k−1
∑

i=1

εi−1
{

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]}

+ εk
(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

− εk
1

2T

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

fε
R

+

2k−1
∑

i=1

εi
{(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

}

−
2k−1
∑

i=1

εi
{

(

Ei + p̂×Bi

)

· 1

2T

(

u0p̂− u
)

fε
R

}

+ εkS,

and
⎧

⎪

⎪

⎪

⎪

⎪

⎪

«

⎪

⎪

⎪

⎪

⎪

⎪

¬

∂tE
ε
R −∇x ×Bε

R = 4π

∫

R3

p̂M
1

2 fε
Rdp,

∂tB
ε
R +∇x × Eε

R = 0,

∇x · Eε
R = −4π

∫

R3

M
1

2 fε
Rdp,

∇x ·Bε
R = 0.

(2.13)

Here S = M− 1

2S. The linearized collision operator L[f ] and non-linear collision operator

Γ[f, g] are defined as follows:

L[f ] :=M− 1

2

{

C
[

M
1

2 f,M
]

+ C
[

M,M
1

2 f
]}

=: −A[f ]−K[f ], (2.14)

and

Γ[f, g] := M− 1

2 C
[

M
1

2 f,M
1

2 g
]

. (2.15)

Note that the null space of the linearized operator L is given by

N = span
{

M
1

2 , piM
1

2 (1 ≤ i ≤ 3), p0M
1

2

}

. (2.16)

Denote P as the orthogonal projection from L2
p onto N :

P[f ] =
(

af − ρ2
ρ1

cf

)

M
1

2 + bf · pM 1

2 + cfp
0M

1

2 , (2.17)

where af , bf and cf are coefficients which will be written as a, b, c when there is no

confusion, and

ρ1 :=

∫

R3

M dp = nu0, ρ2 :=

∫

R3

p0M dp = e(u0)2 + P |u|2. (2.18)
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2.1.1. Notation and convention. Throughout the paper, C denotes a generic positive

constant which may change line by line. The notation A � B implies that there exists

a positive constant C such that A ≤ CB holds uniformly over the range of parameters.

The notation A ≈ B means 1
C
A ≤ B ≤ CA for some constant C > 1.

Let (·, ·) denote the L2 inner product in p ∈ R
3 and 〈·, ·〉 the L2 inner product in

(x, p) ∈ R
3 × R

3:

(f, g) =

∫

R3
p

fgdp, (2.19)

〈f, g〉 =
∫∫

R3
x×R3

p

fgdpdx. (2.20)

Let | · |L2 denote the L2 norm in p ∈ R
3 and ‖ · ‖ the L2 norm in (x, p) ∈ R

3 × R
3 :

|f |2L2 = (f, f) , ‖f‖2 = 〈f, f〉 . (2.21)

Note that for quantities related to E or B which do not depend on p, we also use ‖ · ‖ to

denote the L2 norm in x ∈ R
3. Similarly, for s = 0, 1, 2, we define the Sobolev norms

‖f‖2Hs =

s
∑

|α|=0

∫∫

R3
x×R3

p

|∂α
x f |2dpdx, (2.22)

where ∂α
x = ∂α1

x1
∂α2

x2
∂α3

x3
with α = (α1, α2, α3) and |α| = α1 + α2 + α3. For M given in

(2.10), we denote
(

n, u, T
)

(t, x) as part of a solution to the relativistic Euler-Maxwell

system (1.20)–(1.21), which was constructed in [48], and define the following 3×3 matrix-

type collision frequency:

σij(p) =

∫

R3

ΦijM(q) dq.

To measure the dissipation of the linearized relativistic Landau collision operator, we

define the inner product:

(f, g)σ =

3
∑

i,j=1

∫

R3

σij∂pi
f∂pj

g dp+

3
∑

i,j=1

1

4T 2

∫

R3

σij pi
p0

pj
p0

fg dp. (2.23)

Denote the corresponding σ norms:

|f |2σ = (f, f)σ, ‖f‖2σ =

∫

R3

|f(x)|2σ dx. (2.24)

Similarly, for s = 0, 1, 2, we define the Sobolev σ norms

‖f‖2Hs
σ
=

s
∑

|α|=0

∫

R3
x

|∂α
x f |2σdx. (2.25)
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Remark 2.1. Notice that all eigenvalues of σij(p) are positive and depend on p.

Moreover, according to [73], the eigenvalues converge to positive constants as |p| → ∞.

Then, for the | · |σ norm defined above, we have

1

T
|f |L2 + |∇pf |L2 � |f |σ �

1

T
|f |L2 + |∇pf |L2 . (2.26)

Define the weight functions

w	 = (p0)2(Nc−	) exp
{ p0

5 ln(e + t)Tc

}

, 0 ≤ � ≤ 2, (2.27)

where Nc and Tc are constants satisfying Nc ≥ 3 and

Tc ≥ sup
t∈[0,ε−1/3],x∈R3

T (t, x). (2.28)

It should be pointed out that the weight functions in (2.27) are designed to make sure

that

(w	)2M
1

2 � e−c0p
0

, (w	)2(p0)2	 ≤ 1

2

(

(w	)2 + (w0)2
)

(2.29)

for some small constant c0 > 0.

Correspondingly, define the weighted norms

‖f‖w� :=
∥

∥w	f
∥

∥, ‖f‖Hs
w
:=

s
∑

|α|=0

∥

∥w|α|∂α
x f

∥

∥, (2.30)

‖f‖w�,σ :=
∥

∥w	f
∥

∥

σ
, ‖f‖Hs

w,σ
:=

s
∑

|α|=0

∥

∥w|α|∂α
x f

∥

∥

σ
. (2.31)

Denote

W (t) := exp

(

1

5 ln(e+ t)Tc

)

, Y (t) := −W ′

W
=

1

5[ln(e+ t)]2(e+ t)Tc
, (2.32)

Z(t) := sup
x∈R3,0≤	≤2

{∣

∣∇1+	
t,x (n, u, T )

∣

∣+
∣

∣∇	
t,x(E,B)

∣

∣+
∣

∣∇	
t,xu

∣

∣

}

.

2.1.2. Key proposition. Theorem 1.2 follows naturally from Proposition 2.1.

Proposition 2.1. Let F ε(0, x, p) ≥ 0. Assume that
(

n(t, x), u(t, x), T (t, x), E(t, x),

B(t, x)
)

is the global solution constructed in Theorem 1.1. Then for k ≥ 3 in the Hilbert

expansion (2.1) and fε
R = M− 1

2F ε
R defined in (2.11), there exists an ε0 > 0 such that for

0 ≤ ε ≤ ε0 and 0 < t ≤ t with t = ε−1/3, if

E(0) � 1, (2.33)

(2.12) and (2.13) admit a unique solution
(

fε
R, E

ε
R, B

ε
R

)

satisfying F ε(t, x, p) ≥ 0 and

sup
0≤t≤t

E(t) +
∫ t

0

D(s)ds � E(0) + 1, (2.34)
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where

E 	
(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2 + ‖(I−P)[fε

R]‖2w0

)

(2.35)

+ ε
(

‖∇xf
ε
R‖2 + ‖∇xE

ε
R‖2 + ‖∇xB

ε
R‖2 + ‖∇x(I−P)[fε

R]‖2w1

)

+ ε2
(

∥

∥∇2
xf

ε
R

∥

∥

2
+
∥

∥∇2
xE

ε
R

∥

∥

2
+
∥

∥∇2
xB

ε
R

∥

∥

2
+ ε

∥

∥∇2
xf

ε
R

∥

∥

2

w2

)

,

and

D 	
(

ε−1
∥

∥(I−P)[fε
R]
∥

∥

2

σ
+ ε−1 ‖(I−P)[fε

R]‖2w0,σ + Y
∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

)

(2.36)

+
(

ε
∥

∥∇xP[fε
R]
∥

∥

2
+
∥

∥(I−P)[∇xf
ε
R]
∥

∥

2

σ
+ ‖∇x(I−P)[fε

R]‖2w1,σ

+ εY
∥

∥

∥

√

p0∇x(I−P)[fε
R]
∥

∥

∥

2

w1

)

+
(

ε2
∥

∥∇2
xP[fε

R]
∥

∥

2
+ ε

∥

∥(I−P)[∇2
xf

ε
R]
∥

∥

2

σ
+ ε2

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2,σ

+ ε3Y
∥

∥

∥

√

p0∇2
x(I−P)[fε

R]
∥

∥

∥

2

w2

)

.

Remark 2.2. By (2.1), the estimates (A.7) of the coefficients Fn, En, Bn with (1 ≤
n ≤ 2k − 1) in Proposition A.1, and (2.34), we can obtain (1.29).

Remark 2.3. In this paper, we will focus on deriving the a priori estimate (2.34) in

Proposition 2.1. Then Theorem 1.2 naturally follows from a standard iteration/fixed-

point argument. Based on the continuity argument (see [91]), from now on, we will

assume that

sup
0≤t≤t

E(t) � ε−
1

2 , (2.37)

and try to derive (2.34). Here we point out that the exponent 1
2 in (2.37) can be replaced

by any small positive constant and we choose it explicitly as 1
2 simply for convenience of

computation.

Remark 2.4. The irrotational assumption (1.26) is necessary in the global well-

posedness of Euler-Maxwell equation in [49]. Our proof does not rely on the irrotational

assumption. Actually, as long as the fluid equation is well-posed and the solution enjoys

proper time decay, our method should be able to justify the convergence.

2.2. Hilbert expansion for the relativistic Landau equation. In this subsection, we will

derive the Hilbert expansion of the r-LAN equation (1.30), and introduce necessary

notations.

We consider the Hilbert expansion for small Knudsen number ε,

F ε(t, x, p) := F +
2k−1
∑

n=1

εnFn(t, x, p) + εkF ε
R(t, x, p), (2.38)

for some k ≥ 2. To determine the coefficients Fn(t, x, p), we plug (2.38) into (1.30)

and equate the coefficients on both sides of equation in front of different powers of the
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parameter ε to obtain:

ε−1 : C[F, F ] = 0,

ε0 : ∂tF + p̂ · ∇xF = C[F1, F ] + C[F, F1],

. . . . . . (2.39)

εn : ∂tFn + p̂ · ∇xFn =
∑

i+j=n+1
i,j≥0

C[Fi, Fj ],

. . . . . .

ε2k−1 : ∂tF2k−1 + p̂ · ∇xF2k−1 =
∑

i+j=2k
i,j≥2

C[Fi, Fj ].

The remainder term F ε
R satisfies the following equation:

∂tF
ε
R + p̂ · ∇xF

ε
R − 1

ε

{

C[F ε
R, F ] + C[F, F ε

R]
}

(2.40)

= εk−1C[F ε
R, F

ε
R] +

2k−1
∑

i=1

εi−1
{

C[Fi, F
ε
R] + C[F ε

R, Fi]
}

+ S,

where

S :=
∑

i+j≥2k+1
2≤i,j≤2k−1

εi+j−kC[Fi, Fj ]. (2.41)

From the first equation in (2.39), we can obtain that F should be a local Maxwellian:

F (t, x, p) = M(t, x, p) :=
n

4πTK2(γ)
exp

{

uμpμ
T

}

, (2.42)

where (n, u, T )(t, x) is a solution to the relativistic Euler equations (1.31).

We define fε
R as

F ε
R(t, x, p) := M

1

2 (t, x, p)fε
R(t, x, p). (2.43)

Then the remainder equation (2.40) can be rewritten as

∂tf
ε
R + p̂ · ∇xf

ε
R +

1

ε
L[fε

R] (2.44)

= εk−1Γ[fε
R, f

ε
R] +

2k−1
∑

i=1

εi−1
{

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

}

−M− 1

2

(

∂tM
1

2 + p̂ · ∇xM
1

2

)

fε
R + S,

where S := M− 1

2S.

2.2.1. Notation and convention. The notation here is mostly similar to that in Section

2.1.1. Define the weights

w	 := (p0)2(Nc−	) exp

(

p0

5 ln(e + t)Tc

)

, 0 ≤ � ≤ 2, (2.45)
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where Nc ≥ 3 is a constant and Tc is a constant satisfying

Tc ≥ sup
t∈[0,t0],x∈R3

T (t, x), (2.46)

where t0 satisfies (2.49).

For the classical solution
(

n(t, x), u(t, x), T (t, x)
)

to the relativistic Euler equations

(1.31), denote W and Y as in (2.32) and

Z := sup
0≤t≤t0,x∈R3

{

∣

∣∇t,x(n, u, T )
∣

∣

(1 + T )u0

T 2

}

,

Z := sup
0≤t≤t0,x∈R3,1≤	≤3

{∣

∣∇	
t,x(n, u, T )

∣

∣

}

.

2.2.2. Key proposition. Theorem 1.4 follows naturally from the Proposition 2.2.

Proposition 2.2. Let F ε(0, x, p) ≥ 0, and let F = M as in (2.42). Assume
(

n(t, x), u(t, x), T (t, x)
)

is a sufficiently small solution to the relativistic Euler equations

(1.31) satisfying

Z � 1, (2.47)

and

Z < ∞, (2.48)

where t0 > 0 fulfills

1

10Tc(e + t0)
(

ln(e + t0)
)2 ≥ Z (2.49)

for Tc defined in (2.46). Then the Hilbert expansion (2.38) with Fn, 1 ≤ n ≤ 2k − 1,

defined in (B.1) holds for k ≥ 3, and for the remainder fε
R = M− 1

2F ε
R satisfying (2.44),

there exists a constant ε0 > 0 such that for 0 < ε ≤ ε0 and 0 ≤ t ≤ t0, if

E(0) � 1, (2.50)

then there exists a solution F ε(t, x, p) ≥ 0 to (1.30) satisfying

sup
0≤t≤t0

E(t) +
∫ t

0

D(s)ds ≤ E(0) + ε2k+3, (2.51)

where

E ∼
(

‖fε
R‖2 + ‖(I−P)[fε

R]‖2w0

)

(2.52)

+ ε
(

‖∇xf
ε
R‖2 + ‖∇x(I−P)[fε

R]‖2w1

)

+ ε2
(

∥

∥∇2
xf

ε
R

∥

∥

2
+ ε

∥

∥∇2
xf

ε
R

∥

∥

2

w2

)

,
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and

D ∼
(

ε−1 ‖(I−P)[fε
R]‖2σ + ε−1 ‖(I−P)[fε

R]‖2w0,σ + Y
∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

)

(2.53)

+
(

ε ‖∇xP[fε
R]‖2 + ‖∇x(I−P)[fε

R]‖2σ + ‖∇x(I−P)[fε
R]‖2w1,σ

+ εY
∥

∥

∥

√

p0∇x(I−P)[fε
R]
∥

∥

∥

2

w1

)

+
(

ε2
∥

∥∇2
xP[fε

R]
∥

∥

2
+ ε

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

σ
+ ε2

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2,σ

+ ε3Y
∥

∥

∥

√

p0∇2
xf

ε
R

∥

∥

∥

2

w2

)

.

Remark 2.5. Theorem 1.3 and the additional assumption (2.49) actually dictate that

for 0 ≤ t ≤ t0

Z ≤ 1

2
Y and Z � 1. (2.54)

This will play a key role in the energy estimates, since the solution to Euler equations

does not have time decay.

Remark 2.6. In this paper, we will focus on deriving the a priori estimate (2.51).

Then Proposition 2.2 naturally follows from a standard iteration/fixed-point argument.

Based on the continuity argument (see [91]), for the energy estimates in Section 8, we

will assume that

sup
0≤t≤t0

E(t) � ε−
1

2 , (2.55)

and try to derive (2.51). Then in Section 8.4, we will in turn verify the validity of (2.55)

with the help of (2.51).

2.3. Technical overview. In this paper, we will develop a new time-dependent energy

method to study the Hilbert expansion of the Landau-type equation in the relativis-

tic framework, which combines our preprints [80, 81]. This is inspired by Caflisch’s

pioneering work [13]. It is well known that in the study of the Hilbert expansion of

the Boltzmann/Landau-type equation, the main task is to solve the remainder term

F ε
R = M

1

2 fε
R, and one of the most challenging difficulties is from the linear term with

one power moment growth

M− 1

2 (t, x, v)fε
R(t, x, p)

{

∂t + p̂ · ∇x

}

M
1

2 (t, x, p) (2.56)

in the relativistic frame, or the linear term with cubic velocity growth

M− 1

2 (t, x, v)fε
R(t, x, v)

{

∂t + v · ∇x

}

M
1

2 (t, x, v) (2.57)

in the non-relativistic one.

To tame the velocity growth, Caflisch decomposed the remainder F ε
R(t, x, v) into low-

and high-velocity parts, which satisfy a coupled system and can be separately estimated

via a weighted energy method.

This approach motivates us to design a time-dependent weight function

w(t, x) = exp
{ p0

5 ln(e + t)Tc

}

. (2.58)
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Then this exponential momentum function generates an additional dissipation term to

control the moment growth terms in (2.56)

w2fε
R∂tf

ε
R =

1

2

d

dt

(

wfε
R

)2
+

1

5(e + t)[ln(e + t)]2Tc
p0(wfε

R)
2. (2.59)

Correspondingly, the troublesome term in (2.56) is roughly

w2fε
RM

− 1

2 fε
R

{

∂t + p̂ · ∇x

}

M
1

2 ≤
{

|∇t,x(n, u, T )|
(1 + T )u0

T 2

}

p0(wfε
R)

2. (2.60)

As long as
{

|∇t,x(n, u, T )|
(1 + T )u0

T 2

}

<
1

5(e + t)[ln(e + t)]2Tc
(2.61)

holds for t, x under consideration, we can suppress the momentum growth in (2.56).

Therefore, if |∇t,x(n, u, T )| is sufficiently small for all x ∈ R
3, (2.61) holds locally in

time; if |∇t,x(n, u, T )| further enjoys suitably fast time decay, (2.61) holds globally in

time.

Since 1980s, time-dependent exponential weight functions have been widely used in

the study of the collisional kinetic equations. In 1986, Ukai [92] introduced a weight

function w(t, v) ≈ exp
{

(α − κt)
(

1 + |v|2
)}

with α, κ > 0, t ∈
[

0, 12ακ
−1
]

to study the

local well-posedness of the cutoff Boltzmann equation. Later, this technique was extended

by AMUXY [1–3] for constructing local solutions to the non-cutoff Boltzmann equation

in Sobolev spaces. In these works, the weight function provides an extra gain of velocity

weight at the expense of the loss of the decay in the time-dependent Maxwellian.

In the exploration of global classical solutions to the one-species VPB system for

cutoff hard potentials and moderately soft potentials, to control the large velocity growth

in the non-linear term due to the Coulomb force, Duan-Yang-Zhao [26, 27] introduced

another type of weight function w(t, v) ≈ exp
{

λ(1+|v|2)
(1+t)ϑ

}

, where λ, ϑ are small positive

constants. By introducing a new time weighted energy framework, Xiao-Xiong-Zhao

[101, 102] removed the so-called neutral condition assumption on the initial datum in

previous work [27], and extended this well-posedness result to the very soft potentials

case. We point out that the non-linear energy method and macro-micro decomposition

technique employed in [101, 102] play an essential role in the proof of the main results

of this paper. Recently, such techniques were further applied in constructing global

classical solutions to the cutoff VMB system, non-cutoff VMB system, and VML system

[18, 19, 31, 72, 95].

More recently, a new weight function w(t, v) ≈ exp
{

(

q1 − q2
∫ t

0
q3(s) ds

)

(1 + |v|)2
}

,

with constants q1, q2 > 0 and q3 being a dissipation energy functional, was used in

Duan-Yang-Yu [23] to justify the asymptotic convergence in Landau equation.

Technically, the introduction of weight function w in (2.58) brings multi-level compli-

cations. In order to handle the non-linear term Γ, we have to control L∞ norm of fε
R,

which in turn requires spatial regularity up to H2. The more derivatives hit M, the more

p0 will be generated. Hence, we have to carefully design a hierarchy of weighted func-

tions w	 to control all kinds of interactions and non-linear terms in the energy-dissipation
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structure. In particular, Tc satisfies (2.28) and (2.46) so that

2p0

5 ln(e + t)Tc
+

pμuμ

2T
< 0,

due to the smallness of u. This yields that for some constant c0 > 0

w2	M
1

2 � e−c0p
0

,

which helps to control the cross terms with both w	M
1

2 and polynomial growth in p0.

Nevertheless, this hierarchy of weighted energy method produces new difficulties, es-

pecially from the linear collision operator term ε−1L[fε
R] and the macroscopic part P[fε

R].

On the one hand, the linear collision operator term ε−1L[fε
R] and P[fε

R] do not com-

mute with the spatial derivative operator∇x, and thus we have to bound the commutator

�L,∇x�. This difficulty was also present in the third author’s previous work with Guo

[54]. In the derivative estimate, we have

〈

1

ε
∇xL[fε

R],∇xf
ε
R

〉

=

〈

1

ε
L
[

∇x(I−P)[fε
R]
]

, (I−P)∇x[f
ε
R]

〉

−
〈

1

ε
�L,∇x� (I−P)[fε

R],∇xf
ε
R

〉

(2.62)

≥ δ

ε

∥

∥∇x(I−P)[fε
R]
∥

∥

2

σ
− CZ

ε2
∥

∥(I−P)[fε
R]
∥

∥

2

σ
− CZ ‖fε

R‖2H1 .

Noting that only ε−1
∥

∥(I − P)[fε
R]
∥

∥

2

σ
is included in the no-weight energy estimate, this

implies that we have to pay the cost of 1
ε for the derivative estimate

∥

∥∇xf
ε
R

∥

∥

2
. This is

the very reason to include ε
∥

∥∇xf
ε
R

∥

∥

2
and ε2

∥

∥∇2
xf

ε
R

∥

∥

2
in E(t).

On the other hand, in the weighted energy estimate

〈

1

ε
L[fε

R], (w
0)2fε

R

〉

=

〈

1

ε
L
[

(I−P)[fε
R]
]

, (w0)2(I−P)[fε
R] + (w0)2P[fε

R]

〉

(2.63)

≥ δ

ε

∥

∥w0(I−P)[fε
R]
∥

∥

2

σ
− C

ε
‖(I−P)[fε

R]‖2σ − C

ε

∥

∥w0P[fε
R]
∥

∥

2

σ

≥ δ

ε

∥

∥w0(I−P)[fε
R]
∥

∥

2

σ
− C

ε
‖(I−P)[fε

R]‖2σ − C

ε
‖P[fε

R]‖2 ,

while ‖P[fε
R]‖

2
cannot be controlled by the dissipation terms in D. Noting that due to

the Maxwellian in the macroscopic part P[fε
R], we naturally have

∥

∥w0P[fε
R]
∥

∥ � ‖fε
R‖,

and thus the weight function only takes effect for the microscopic part (I − P)[fε
R].

Therefore, we may first apply the microscopic projection (I − P) onto the fε
R equation

(2.44), and directly estimate w0(I−P)[fε
R] and w1∇x(I−P)[fε

R]. Then the trouble term

Cε−1 ‖P[fε
R]‖

2
in (2.63) would not appear.
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However, this (I − P) projection in turn generates another commutator �P, p̂ · ∇x�,
which may be controlled as

〈

�P, p̂ · ∇x� [fε
R], w

0(I−P)[fε
R]
〉

�
1

ε
‖(I−P)[fε

R]‖2σ + ε ‖∇xf
ε
R‖2 . (2.64)

The term ε ‖∇xf
ε
R‖

2
cannot be controlled by the dissipation term ε

∥

∥(I−P)[∇xf
ε
R]
∥

∥

2

σ
inD.

Similar to (2.64), in the weighted first-order derivative estimate, linear term ε2
∥

∥∇2
xf

ε
R

∥

∥

2

arises. This reveals that the (I−P) projection argument requires estimate of one more

derivative (e.g. in order to bound w0(I−P)[fε
R], we need the control of ‖∇xf

ε
R‖), and thus

the microscopic projection cannot be applied to the highest-order derivatives. Hence, we

have to directly perform the weighted energy estimate for ∇2
xf

ε
R, which in turn calls for

ε3
∥

∥(w2)2∇2
xf

ε
R

∥

∥

2
in E(t) and leads to the trouble term ε2

∥

∥∇2
xP[fε

R]
∥

∥ again.

To control the worrisome linear terms ε
∥

∥∇xP[fε
R]
∥

∥ and ε2
∥

∥∇2
xP[fε

R]
∥

∥, we need to cap-

ture the macroscopic structure of the remainder equations (2.12) and (2.44). The macro-

scopic dissipation estimates for ε
∥

∥∇xP[fε
R]
∥

∥ and ε2
∥

∥∇2
xP[fε

R]
∥

∥ are given in Section 6 and

Section 8.3. Motivated by [43], we give the proof combining the local conservation laws

and the macroscopic equations. We write the macroscopic quantities (2.17), and obtain

the conservation law equations for aε, bε, cε. Although these equations are very compli-

cated, we only need to focus on main terms corresponding to the global Maxwellian case

as in [76] and [90] without the electromagnetic field.

For the r-VML system, we discovered a new phenomenon related to the dissipation

of the electromagnetic field. Through an intricate analysis of the macroscopic variables

‖∇xP[fε
R]‖

2
, we conclude that aε, Eε

R and ∇xa
ε, ∇xE

ε
R, ∇xB

ε
R belong to the dissipation

D. In the near-global-Maxwellian case (see [18,105]), these dissipation terms are stronger

than the energy E . However, in our near-local-Maxwellian case, due to the Hilbert

expansion, these dissipation terms are much weaker. Actually, we show that

ε
(

‖aε‖2 + ‖Eε
R‖2

)

+ ε2
(

‖∇xa
ε‖2 + ‖∇xE

ε
R‖2 + ‖∇xB

ε
R‖2

)

≤ εE , (2.65)

which can be absorbed by E after integration w.r.t. time t for t ∈ [0, ε−1/3].

In addition, motivated by [41] and [47], we justify the positivity of the solution F ε.

We first perform a careful analysis of the construction of the initial data and prove that

F ε(0) ≥ 0. Then by analyzing the elliptic structure of the relativistic Landau operator,

we show the validity of maximum principle and conclude that F ε(t) ≥ 0 for all t ≥ 0.

Compared with the L2–L∞ framework as in [51, 52, 54], our new method has several

advantages. Firstly, we don’t require an explicit lower bound of the temperature T :

TM < max
t,x

T (t, x) < 2TM (2.66)

for some constant TM > 0. This extra restriction on T is a technical requirement in the

L2–L∞ method, and seems artificial from the physical viewpoint. Secondly, our method

works for more general settings, including both the Landau-type and cutoff/non-cutoff

Boltzmann-type equations in the relativistic frame. The L2–L∞ framework heavily relies

on the analysis of the characteristic, which fails for the presence of the diffusion effect.
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Finally, we briefly discuss the possible applications of our new method. First, we are

hopeful to apply this method to the relativistic non-cutoff Boltzmann equation. Due to

the absence of momentum derivative estimate and weak dissipation of L, the estimation of

non-linear terms related to the electromagnetic field would be critical. Then we can make

use of our time-dependent exponential weight function and ideas in [101,102]. Second, it

is also very interesting to extend our method to deal with the bounded domain problem.

Recently, Duan-Liu-Sakamoto-Strain [20] proved the global existence of mild solutions to

the non-relativistic Landau equation and non-cutoff Boltzmann equation for x ∈ T
3 or

x ∈ (−1, 1) × T
2 with boundary conditions. Further investigation of the corresponding

Hilbert expansion should be a good future direction.

As a follow-up, recently the third author and collaborators have extended the tech-

niques in this article to treat the non-relativistic Euler and Euler-Maxwell limits in

[70, 71].

This paper is organized as follows: in Section 3, we will present some preliminary

lemmas regarding the linear and non-linear relativistic Landau operators; in Sections

4–6, we will prove the a priori estimate for the no-weight and weighted estimates as well

as the macroscopic estimates of the r-VML system; in Section 7, we justify Proposition

2.1; finally, in Section 8, we consider the r-LAN equation and prove Proposition 2.2.

3. Preliminaries. In this part, we will write down explicit forms of the operators

A,K and Γ and further prove the coercive estimate of the linear collision operator L
and trilinear estimates about Γ for both the r-LAN equation and the r-VML system.

Weighted energy estimates for these collision operators will also be established.

Lemma 3.1. For the local Maxwellian M, it holds that

∣

∣

∣M− 1

2 ∂tM
1

2

∣

∣

∣+
∣

∣

∣M− 1

2∇xM
1

2

∣

∣

∣ ≤ p0Z, (3.1)
∣

∣

∣∇	
x

(

M− 1

2 ∂tM
1

2

)∣

∣

∣+
∣

∣

∣∇	
x

(

M− 1

2∇xM
1

2

)∣

∣

∣ �
1

T 2

(

p0
)	+1Z, � ≥ 1. (3.2)

Proof. Direct computation and the assumption (2.61) can justify this. �

Lemma 3.2. For the operators A,K and Γ, we have

A[f ] = ∂pi

(

σij∂pj
f
)

− σij

4T 2

(

u0p̂i − ui

)(

u0p̂j − uj

)

f +
1

2T
∂pi

(

σij
(

u0p̂j − uj

)

)

f, (3.3)

K[f ] =

(

∂pi
− u0p̂i − ui

2T

)
∫

R3

Φij(p, q)M
1

2 (p)M
1

2 (q)

(−u0q̂j + uj

2T
f(q)− ∂qjf(q)

)

dq,

(3.4)

and

Γ[f, g] =

(

∂pi
− u0p̂i − ui

2T

)
∫

R3

Φij(p, q)M
1

2 (q)
(

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq. (3.5)
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Proof. This corresponds to [90, Lemma 6]. We first prove (3.3). From the definition

of the operator A and (1.6), we have

A[f ] = M− 1

2 (p)∂pi

∫

R3

Φij(p, q)
(

∂pj

[

M
1

2 f
]

(p)M(q)−
[

M
1

2 f
]

(p)∂qjM(q)
]

)

dq (3.6)

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (p)M(q)

((

−u0p̂j − uj

2T
+

u0q̂j − uj

T

)

f(p) + ∂pj
f(p)

)

dq

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (p)M(q)

(

u0p̂j − uj

2T
f(p) + ∂pj

f(p)

)

dq

= ∂pi

(

σij(p)

(

u0p̂j − uj

2T
f(p) + ∂pj

f(p)

))

− σij(p)
u0p̂i − ui

2T

(

∂pj
f(p) +

u0p̂j − uj

2T

)

= ∂pi

(

σij∂pj
f
)

− σij

4T 2

(

u0p̂i − ui

)(

u0p̂j − uj

)

f +
1

2T
∂pi

(

σij
(

u0p̂j − uj

)

)

f.

Similarly, for (3.4), we can obtain that

K[f ] = M− 1

2 (p)∂pi

∫

R3

Φij(p, q)
(

∂pj
M(p)

[

M
1

2 f
]

(q)−M(p)∂qj
[

M
1

2 f
]

(q)
)

dq (3.7)

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (q)M(p)

((

−u0p̂j − uj

T
+

u0q̂j − uj

2T

)

f(q)− ∂qjf(q)

)

dq

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (q)M(p)

(−u0p̂j + uj

2T
f(q)− ∂qjf(q)

)

dq

=

(

∂pi
− u0p̂i − ui

2T

)∫

R3

Φij(p, q)M
1

2 (p)M
1

2 (q)

(−u0q̂j + uj

2T
f(q)− ∂qjf(q)

)

dq.

For (3.5), we use (1.6) again to have

Γ[f, g] = M− 1

2 (p)∂pi

∫

R3

Φij(p, q)
(

∂pj

[

M
1

2 f
]

(p)
[

M
1

2 g
]

(q) (3.8)

−
[

M
1

2 f
]

(p)∂qj
[

M
1

2 f
]

(q)
]

)

dq

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (p)M
1

2 (q)
(

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq

+M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (p)M
1

2 (q)f(p)g(q)

(

−u0p̂j − uj

2T
+

u0q̂j − uj

2T

)

dq

= M− 1

2 (p)∂pi

∫

R3

Φij(p, q)M
1

2 (p)M
1

2 (q)
(

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq

=

(

∂pi
− u0p̂i − ui

2T

)
∫

R3

Φij(p, q)M
1

2 (q)
(

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq.

�

Remark 3.1. From Lemma 3.2, we know that when taking xi derivatives on L and

Γ, although there will be p or q popped out from M and M
1

2 , they can be absorbed by

M or M
1

2 .

Lemma 3.3. The linearized collision operator L is self-adjoint in L2. It satisfies

(L[f ], f) � |(I−P)[f ]|2σ . (3.9)
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Proof. Using Lemma 3.2, compared with [90, Lemma 6], for any large constant R, it

holds that

(L[f ], f) � |(I−P)[f ]|2σ̃, (3.10)

where the norm | · |σ̃ is defined as

|f |2σ̃ =

3
∑

i,j=1

∫

R3

σij∂pi
f∂pj

f dp+

3
∑

i,j=1

1

4T 2

∫

R3

σij
(

u0p̂i − ui

)(

u0p̂j − uj

)

|f |2 dp. (3.11)

Now we show the equivalence of the norm | · |σ and | · |σ̃ under the smallness assumption

of u. By the simple inequality

(A−B)2 ≥ 1

2
A2 −B2, (3.12)

we have

3
∑

i,j=1

σij
(

u0p̂i − ui

)(

u0p̂j − uj

)

≥
3
∑

i,j=1

1

2

(

u0
)2
σij p̂ip̂j −

3
∑

i,j=1

σijuiuj . (3.13)

Combining (3.11) and (3.13), we use the smallness assumption of u to obtain

|f |2σ̃ ≥
3
∑

i,j=1

∫

R3

σij∂pi
f∂pj

f dp+
3
∑

i,j=1

(u0
)2

8T 2

∫

R3

σijp̂ip̂j |f |2 dp−
3
∑

i,j=1

1

4T 2

∫

R3

σijuiuj |f |2 dp

≥ 1

8
|f |2σ − C

T 2
‖u‖2L∞

t,x
|f |2L2 � |∇pf |2L2 + |f |2L2 � |f |2σ.

On the other hand, from (2.26), we have |f |σ � |f |σ̃. (3.9) follows from (3.10) and the

above inequality. �

Lemma 3.4. The non-linear collision operator Γ satisfies

∣

∣ (Γ[f, g] + Γ[g, f ], h)
∣

∣ �
(

|f |L2 |g|σ + |g|L2 |f |σ
)

|(I−P)[h]|σ . (3.14)

Moreover, for |α| ≤ 2, we have

|〈∂α
xΓ[f, g] + ∂α

xΓ[g, f ], ∂
α
x h〉| (3.15)

�
(

‖f‖H2 ‖g‖H|α|
σ

+ ‖g‖H2 ‖f‖H|α|
σ

)[

‖(I−P)[∂α
xh]‖σ + χ|α|≥1(1 + t)−β0ε0 ‖h‖H|α|−1

]

+ χ|α|≥1(1 + t)−β0ε0
(

‖f‖H2 ‖g‖H|α|−1

σ
+ ‖g‖H2 ‖f‖H|α|−1

σ

)

‖∂α
x h‖σ .

Here and below χΩ denotes the characteristic function on the set Ω.

Proof. The proof of (3.14) is similar to [90, Theorem 4], so we omit it here. Compared

with [90, Theorem 4], we need the smallness of ‖u‖L∞
t,x

to handle the term −up̂i−ui

2T in

(3.5).

Denote

Γα2
[f, g] =

(

∂pi
− u0p̂i − ui

2T

)
∫

R3

Φij(p, q)∂α2

x

[

M
1

2 (q)
](

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq.
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For (3.15), we use (3.14) and (1.27) to have

|〈∂α
xΓ[f, g] + ∂α

xΓ[g, f ], ∂
α
x h〉| (3.16)

≤
∑

α1≤α

∣

∣

〈

Γ[∂α1

x f, ∂α−α1

x g] + Γ[∂α1

x g, ∂α−α1

x f ], ∂α
x h

〉∣

∣

+
∑

α1+α2≤α

χ|α2|>0

∣

∣

〈

Γα2
[∂α1

x f, ∂α−α1−α2

x g] + Γα2
[∂α1

x g, ∂α−α1α2

x f ], ∂α
x h

〉∣

∣ ,

�
∑

α1≤α

∫

R3

(

|∂α1

x f |L2

∣

∣∂α−α1

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣∂α−α1

x f
∣

∣

σ

)

|(I−P)[∂α
xh]|σ

+
∑

α1+α2≤α

χ|α2|>0

∫

R3

(

|∂α1

x f |L2

∣

∣∂α−α1−α2

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣∂α−α1−α2

x f
∣

∣

σ

)

|∂α
x h|σ .

Now we estimate the first term in (3.16). Note that by the algebra estimate for

H2(R3
x),

∑

α1≤α

∫

R3

(

|∂α1

x f |2L2

∣

∣∂α−α1

x g
∣

∣

2

σ
+ |∂α1

x g|2L2

∣

∣∂α−α1

x f
∣

∣

2

σ

)

(3.17)

� ‖f‖2H2 ‖g‖2H|α|
σ

+ ‖g‖2H2 ‖f‖2H|α|
σ

,

and by (1.27),

|(I−P)[∂α
xh]|σ ≤ |∂α

x (I−P)[h]|σ + χ|α|≥1 |[�P, ∂α
x � [h]|σ (3.18)

� |∂α
x (I−P)[h]|σ + χ|α|≥1Z ‖P[h]‖

H
|α|−1

σ

� |∂α
x (I−P)[h]|σ + χ|α|≥1(1 + t)−β0ε0 ‖h‖H|α|−1 .

Then we combine (3.17) and (3.18) to have the upper bound of the first term in (3.16)

∑

α1≤α

∫

R3

(

|∂α1

x f |L2

∣

∣∂α−α1

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣∂α−α1

x f
∣

∣

σ

)

|(I−P)[∂α
x h]|σ

�
(

‖f‖H2 ‖g‖H|α|
σ

+ ‖g‖H2 ‖f‖H|α|
σ

)[

‖(I−P)[∂α
x h]‖σ + χ|α|≥1(1 + t)−β0ε0 ‖h‖H|α|−1

]

.

Similarly, for the second term in (3.16), we can obtain

∑

α1+α2≤α

χ|α2|>0

∫

R3

(

|∂α1

x f |L2

∣

∣∂α−α1−α2

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣∂α−α1−α2

x f
∣

∣

σ

)

|∂α
x h|σ

�χ|α|≥1(1 + t)−β0ε0
(

‖f‖H2 ‖g‖H|α|−1

σ
+ ‖g‖H2 ‖f‖H|α|−1

σ

)

‖∂α
x h‖σ .

We collect the above two estimates in (3.16) to derive (3.15). �

Lemma 3.5. For the weight functions defined in (2.27), it holds that

(

(w	)2L[f ], f
)

�
∣

∣(w	)f
∣

∣

2

σ
− C |f |2σ .
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Proof. We split L as −A and −K and use the expression of A in (3.3) to integrate by

parts w.r.t. p to have

(

L[f ], (w	)2f
)

=−
(

∂i
(

σij∂jf
)

, (w	)2f
)

+

(

σij

4T 2

(

u0p̂i − ui

)(

u0p̂j − uj

)

f, (w	)2f

)

(3.19)

− 1

2T

(

∂i

(

σij
(

u0p̂j − uj

)

)

f, (w	)2f
)

−
(

K[f ], (w	)2f
)

=
(

σij∂jf, (w
	)2∂if

)

+

(

σij

4T 2

(

u0p̂i − ui

)(

u0p̂j − uj

)

f, (w	)2f

)

− 1

2T

(

∂i

(

σij
(

u0p̂j − uj

)

)

f, (w	)2f
)

−
(

σij∂jf, ∂i((w
	)2)f

)

−
(

K[f ], (w	)2f
)

.

Now we estimate the terms in the R.H.S. of the second equal sign in (3.19). From

[90, Lemma 5], we know

∣

∣∇k
pσ

ij(p)
∣

∣ � (p0)−k, (3.20)

for any integer k ≥ 0. Then for any large constant R, we have

1

2T

∣

∣

∣

(

∂i

(

σij
(

u0p̂j − uj

)

)

f, (w	)2f
)∣

∣

∣ �
1

2T

∫

R3

(w	)2

p0
|f |2 dp (3.21)

=
1

2T

∫

p0≤R

(w	)2

p0
|f |2 dp+ 1

2T

∫

p0>R

(w	)2

p0
|f |2 dp �

CR

T
|f |2L2 +

1

RT

∣

∣(w	)f
∣

∣

2

L2
.

Noting that

∂i((w
	)2) =

4(Nc − �)

p0
p̂i(w

	)2 +
2p̂i

5Tc ln(e + t)
(w	)2, (3.22)

we use Cauchy’s inequality to have

∣

∣

(

σij∂jf, ∂i[(w
	)2]f

)∣

∣ (3.23)

≤ C

∫

R3

(w	)2

p0

(

|∇pf |2 + |f |2
)

dp+

∣

∣

∣

∣

∫

R3

2(w	)2

5Tc ln(e + t)

(

σij p̂ip̂j |f |2
)

1

2
(

σij∂if∂jf
)

1

2

dp

∣

∣

∣

∣

≤ CR|f |2σ +
C

R
|(w	)f |2σ +

1

2

∫

R3

(w	)2σij∂if∂jf dp

+
2

25T 2
c ln2(e + t)

∫

R3

(w	)2σij p̂ip̂j |f |2 dp.
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For the term
(

K[f ], (w	)2f
)

, we integrate with respect to p and use (3.4) and (3.22) to

have

(3.24)

∣

∣

(

K[f ], (w	)2f
)∣

∣ �

∫

R3

∫

R3

|Φ(p, q)|M 1

2 (p)M
1

2 (q)(w	)2
(

|∇pf(p)|+
1

Tc
|f(p)|

)

×
(

|∇qf(q)|+
1

T
|f(q)|

)

dpdq

�
(

∫

R3

|Φ(p, q)|2M(q) dq
)

1

2
(

∫

R3

(

|∇qf(q)|2 +
1

T 2
|f(q)|2

)

dq
)

1

2

×
(

∫

R3

(w	)4M(p) dp
)

1

2
(

∫

R3

(

|∇pf(p)|2 +
1

T 2
c

|f(p)|2
)

dq
)

1

2

�
(

∫

R3

|Φ(p, q)|2M(q) dp
)

1

2 |f |2σ .

Here we used (2.29) to deduce that

∫

R3

(w	)4M(p) dp � 1. (3.25)

As in [90, Lemma 2], we can obtain

∫

R3

|Φ(p, q)|2M(q) dq �

∫

R3

(

1 + |p− q|−2
)

M
1

2 (q) dq � 1. (3.26)

Then we can further bound
∣

∣

(

K[f ], (w	)2f
)∣

∣ by |f |2σ.
Collecting the above estimates in (3.19), we use (2.28), (2.46) and (3.13) to get

(

L[f ], (w	)2f
)

(3.27)

≥ 1

2

(

(w	)2σij∂jf, ∂if
)

− CR|f |2σ − C

(

1

R
+ ‖u‖2L∞

t,x

)

|(w	)f |2σ

+

(

(

u0
)2

8T 2
− 2

25T 2
c ln2(e + t)

)

∫

R3

(w	)2σij p̂ip̂j |f |2 dp

≥ 1

2

(

(w	)2σij∂jf, ∂if
)

− CR|f |2σ − C

(

1

R
+ ‖u‖2L∞

t,x

)

|(w	)f |2σ

+
9
(

u0
)2

200T 2

∫

R3

(w	)2σij p̂ip̂j |f |2 dp

� |(w	)f |2σ − CR|f |2σ

by choosing R large enough. �

Lemma 3.6. For the weight functions defined in (2.27), it holds that

(

Γ[f, g], (w	)2h
)

�
(

∣

∣w	f
∣

∣

L2
|g|σ + |g|L2

∣

∣w	f
∣

∣

σ

)

∣

∣w	h
∣

∣

σ
. (3.28)
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Moreover, for |α| ≤ 2, we have

∣

∣

∣

〈

∂α
xΓ[f, g] + ∂α

xΓ[g, f ], (w
|α|)2∂α

x h
〉∣

∣

∣ (3.29)

�
(

‖f‖H2
w
‖g‖

H
|α|
σ

+ ‖g‖H2 ‖f‖H|α|
w,σ

)

∥

∥

∥w|α|∂α
x h

∥

∥

∥

σ

+ χ|α|≥1(1 + t)−β0ε0
(

‖f‖H2
w
‖g‖

H
|α|−1

w,σ
+ ‖g‖H2 ‖f‖H|α|−1

w,σ

)

∥

∥

∥w|α|∂α
x h

∥

∥

∥

σ
.

Proof. From (3.5), we integrate by parts with respect to p and use (3.22) to get

∣

∣

(

Γ[f, g], (w	)2h
)∣

∣ (3.30)

=

∣

∣

∣

∣

(∫

R3

Φij(p, q)M
1

2 (q)
(

∂pj
f(p)g(q)− f(p)∂qjg(q)

)

dq,

(

∂pi
− up̂i − ui

2T

)

((w	)2h)

)∣

∣

∣

∣

�

∫∫

R3×R3

Φij(p, q)M
1

2 (q)
∣

∣∂pj
f(p)g(q)− f(p)∂qjg(q)

∣

∣ (w	)2
( |h|
Tc

+ |∂pi
h|
)

dpdq.

By Hölder’s inequality, we can use (3.28) to further estimate (3.30) as

∣

∣

(

Γ[f, g], (w	)2h
)∣

∣ � |Φ(p, q)M 1

2 (q)|L∞
p L2

q

(

|w	∂pj
f |L2 |g|L2 + |w	f |L2 |∂qjg|L2

)

|w	h|σ
(3.31)

�
(

|w	f |σ |g|L2 +
∣

∣w	f
∣

∣

L2
|g|σ

)

|w	h|σ.

Now we turn to derive (3.29). As in (3.16), we use (3.30) to have

∣

∣

∣

〈

∂α
xΓ[f, g], (w

|α|)2∂α
x h

〉∣

∣

∣
(3.32)

≤
∑

α1≤α

∣

∣

∣

〈

Γ[∂α1

x f, ∂α−α1

x g], ∂α−α1

x f ], (w|α|)2∂α
x h

〉∣

∣

∣

+
∑

α1+α2≤α

χ|α2|>0

∣

∣

∣

〈

Γα2
[∂α1

x f, ∂α−α1−α2

x g], ∂α−α1α2

x f ], (w|α|)2∂α
x h

〉∣

∣

∣

�
∑

α1≤α

∫

R3

(

∣

∣

∣
w|α|∂α1

x f
∣

∣

∣

L2

∣

∣∂α−α1

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣

∣
w|α|∂α−α1

x f
∣

∣

∣

σ

)

∣

∣

∣
w|α|∂α

x h
∣

∣

∣

σ

+
∑

α1+α2≤α

χ|α2|>0

∫

R3

(

∣

∣

∣w|α|∂α1

x f
∣

∣

∣

L2

∣

∣∂α−α1−α2

x g
∣

∣

σ
+|∂α1

x g|L2

∣

∣

∣w|α|∂α−α1−α2

x f
∣

∣

∣

σ

)

∣

∣

∣w|α|∂α
x h

∣

∣

∣

σ
.

Now we estimate the first term in (3.32). Note that there is no weight for norms of g

in (3.30) and the weighted norms may cost more ε as in (2.35). We will always try best

to not raise the derivative of f in our estimates. By the algebra estimate for H2(R3
x), we

have

∑

α1≤α

∫

R3

(

∣

∣

∣w|α|∂α1

x f
∣

∣

∣

2

L2

∣

∣∂α−α1

x g
∣

∣

2

σ
+ |∂α1

x g|2L2

∣

∣

∣w|α|∂α−α1

x f
∣

∣

∣

2

σ

)

(3.33)

� ‖f‖2H2
w
‖g‖2

H
|α|
σ

+ ‖g‖2H2 ‖f‖2H|α|
w,σ

.
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Then the upper bound of the first term in (3.32) is

∑

α1≤α

∫

R3

(

∣

∣

∣w|α|∂α1

x f
∣

∣

∣

L2

∣

∣∂α−α1

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣

∣w|α|∂α−α1

x f
∣

∣

∣

σ

)

∣

∣

∣w|α|∂α
x h

∣

∣

∣

σ

�
(

‖f‖H2
w
‖g‖

H
|α|
σ

+ ‖g‖H2 ‖f‖H|α|
w,σ

)

∥

∥

∥w|α|∂α
x h

∥

∥

∥

σ
.

Similarly, for the second term in (3.32), we can obtain

∑

α1+α2≤α

χ|α2|>0

∫

R3

(

∣

∣

∣w|α|∂α1

x f
∣

∣

∣

L2

∣

∣∂α−α1−α2

x g
∣

∣

σ
+ |∂α1

x g|L2

∣

∣

∣w|α|∂α−α1−α2

x f
∣

∣

∣

σ

)

∣

∣

∣w|α|∂α
x h

∣

∣

∣

σ

� χ|α|≥1(1 + t)−β0ε0
(

‖f‖H2
w
‖g‖

H
|α|−1

σ
+ ‖g‖H2 ‖f‖H|α|−1

w,σ

)

∥

∥

∥w|α|∂α
x h

∥

∥

∥

σ
.

We collect the above two estimates in (3.32) to derive (3.29). �

4. No-weight energy estimates. In the following two sections, we will focus on the

a priori estimates on the remainders
(

fε
R, E

ε
R, B

ε
R

)

. Compared with the corresponding

estimates in the existing results Strain-Guo [90] and Yang-Yu [105], ours faces new diffi-

culties due to the key structural differences: the replacement of a global Maxwellian by a

local Maxwellian and the appearance of the singularity coefficient ε−1 of the relativistic

Landau collision operator. Now we derive the L2 energy estimates for the remainders.

4.1. Basic L2 estimates. We first perform the simplest L2 energy estimate for the

remainders. In this part, the main difficulty is to estimate the term M− 1

2 fε
R

[

∂t + p̂ ·
∇x −

(

E + p̂ × B
)

· ∇p

]

M
1

2 with momentum growth and the term {Γ
[

M− 1

2F1, f
ε
R

]

+

Γ
[

fε
R,M

− 1

2F1

]

} with time growth according to (A.7). In order to control the momentum

growth term, we will divide R
3
p into two regions depending on ε and estimate them

separately. The key point is to transform the corresponding estimate in the unbounded

region to the weighted norm ‖(I−P)[fε
R]‖

2
w0,σ with a small coefficient ε. While for the

estimate of the time growth term Γ
[

M− 1

2F1, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2F1

]

, we use 1 = ε × 1
ε

and absorb the time growth by ε, as shown in the Seventh Term on the R.H.S. of

(4.3) for more details.

Proposition 4.1. For the remainders
(

fε
R, E

ε
R, B

ε
R

)

, it holds that

d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
fε
R

∥

∥

∥

∥

∥

2

+ ‖Eε
R‖2 + ‖Bε

R‖2
)

+
δ

ε
‖(I−P)[fε

R]‖2σ (4.1)

�
[

(1 + t)−β0 + ε
1

3

]

E + ε2D + ε2k+1(1 + t)4k+2 + εk(1 + t)2k
√
E .

Proof. From (2.13), we have

1

2

d

dt

(

‖Eε
R‖2 + ‖Bε

R‖2
)

= 4π
〈

p̂M
1

2 fε
R, E

ε
R

〉

. (4.2)
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We take the L2 inner product of (2.12) with 4πT
u0 fε

R and use (3.9), (4.2) to have

1

2

d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
fε
R

∥

∥

∥

∥

∥

2

+ ‖Eε
R‖2 + ‖Bε

R‖2
)

+
δ

ε
‖(I−P)[fε

R]‖2σ (4.3)

≤
∣

∣

∣

∣

〈

M− 1

2 fε
R

[

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

]

M
1

2 ,
4πT

u0
fε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

1

2

〈{

(

∂t + p̂ · ∇x

)

[

T

u0

]}

fε
R, 4πf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

−uM
1

2 ·
(

Eε
R + p̂×Bε

R

)

,
4π

u0
fε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

εk−1

〈

Γ [fε
R, f

ε
R] ,

4πT

u0
fε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

,
4πT

u0
fε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

εk
〈

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

fε
R,

2πfε
R

u0

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi,
4πT

u0
fε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

(

Ei + p̂×Bi

)

·
(

u0p̂− u
)

fε
R,

2π

u0
fε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

εk
〈

S,
4πT

u0
fε
R

〉∣

∣

∣

∣

.

Now we estimate each term on the R.H.S. of (4.3).

First term on the R.H.S. of (4.3): Note that

M− 1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2

are the first-order polynomials of p. Then, for a given sufficiently small positive constant

κ, we have
∣

∣

∣

∣

〈

M− 1

2 fε
R

[

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

]

M
1

2 ,
4πT

u0
fε
R

〉∣

∣

∣

∣

(4.4)

�
(

‖E‖L∞ + ‖B‖L∞

)

‖fε
R‖2 + ‖∇x(n, u, T )‖L∞

∥

∥

∥

√

p0fε
R

∥

∥

∥

2

�Z
(

∥

∥

∥

√

p0P[fε
R]
∥

∥

∥

2

+

∫

R3

∫

p0≤ε−1κ

p0 |(I−P)[fε
R]|2 +

∫

R3

∫

p0≥ε−1κ

p0 |(I−P)[fε
R]|2

)

�(1 + t)−β0 ‖fε
R‖2 + o(1)ε−1 ‖(I−P)[fε

R]‖2σ + ε ‖(I−P)[fε
R]‖2w0,σ .

Here we have used (1.27) and ε(w0)2 � ε(p0)2 � p0 for p0 � ε−1.

Remark 4.1. The decay estimate Z � (1 + t)−β0 is crucial here.

Second and third terms on the R.H.S. of (4.3): From (1.27) again, we have
∣

∣

∣

∣

1

2

〈{

(

∂t + p̂ · ∇x

)

[

T

u0

]}

fε
R, 4πf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

−uM
1

2 ·
(

Eε
R + p̂×Bε

R

)

,
4π

u0
fε
R

〉∣

∣

∣

∣

�‖∇x(n, u, T )‖L∞ ‖fε
R‖2 + ‖u‖L∞ ‖fε

R‖
(

‖Eε
R‖+ ‖Bε

R‖
)

�o(1)ε−1 ‖(I−P)[fε
R]‖2σ + (1 + t)−β0

(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2

)

.
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Fourth term on the R.H.S. of (4.3): We use (3.15) in Lemma 3.4 to bound it by

Cεk−1 ‖fε
R‖H2

(

‖(I−P)[fε
R]‖σ + ‖P[fε

R]‖σ
)

‖(I−P)[fε
R]‖σ

� ‖(I−P)[fε
R]‖2σ + ε ‖P[fε

R]‖2σ � ‖(I−P)[fε
R]‖2σ + ε ‖fε

R‖2 .

Fifth term on the R.H.S. of (4.3): Similarly, considering that Fi decay fast in p

by (A.7) in Proposition A.1 and t ≤ t = ε−1/3, we have

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

,
4πT

u0
fε
R

〉

∣

∣

∣

∣

∣

�

2k−1
∑

i=1

εi−1
(∥

∥

∥M− 1

2Fi

∥

∥

∥

L∞
x L2

p

‖fε
R‖σ +

∥

∥

∥

∣

∣M− 1

2Fi

∣

∣

σ

∥

∥

∥

L∞
x

‖fε
R‖

)

‖(I−P)[fε
R]‖σ

�

2k−1
∑

i=1

εi−1(1 + t)i ‖fε
R‖σ ‖(I−P)[fε

R]‖σ � o(1)ε−1 ‖(I−P)[fε
R]‖2σ + ε(1 + t)2 ‖fε

R‖2σ

�o(1)ε−1 ‖(I−P)[fε
R]‖2σ + ε(1 + t)2 ‖P[fε

R]‖2σ � o(1)ε−1 ‖(I−P)[fε
R]‖2σ + ε

1

3 ‖fε
R‖2 .

Since ‖fε
R‖

2
enjoys no time-integrability according to the a priori assumption (2.37), we

need the assumption t ≤ t = ε−1/3 to assure that
∫ t

0
ε

1

3 dt = 1. This is the very reason

why the life-span of Hilbert expansion for the r-VML system is ε−1/3. We can also see

that the index 1/3 in the life-span t = ε−1/3 should be optimal.

Sixth term on the R.H.S. of (4.3): According to the assumption (2.37), its upper

bound is

εk
(

‖Eε
R‖H2 + ‖Bε

R‖H2

)

‖fε
R‖2 � ε ‖fε

R‖2 .

Seventh term on the R.H.S. of (4.3): We use (A.7) in Proposition A.1 to obtain

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi,
4πT

u0
fε
R

〉

∣

∣

∣

∣

∣

=
2k−1
∑

i=1

εi
∣

∣

∣

∣

〈

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi,
4πT

u0
fε
R

〉∣

∣

∣

∣

�

2k−1
∑

i=1

εi
∥

∥

∥M− 1

2∇pFi

∥

∥

∥

L∞
x L2

p

(

‖Eε
R‖+ ‖Bε

R‖
)

‖fε
R‖

�

2k−1
∑

i=1

εi(1 + t)i
(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2

)

�ε(1 + t)
(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2

)

� ε
2

3

(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2

)

.
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Eighth and ninth terms on the R.H.S. of (4.3): Similarly, we estimate the last

two terms as
∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

(

Ei + p̂×Bi

)

·
(

u0p̂− u
)

fε
R,

2π

u0
fε
R

〉

∣

∣

∣

∣

∣

�

2k−1
∑

i=1

εi
(

‖Ei‖L∞ + ‖Bi‖L∞

)

‖fε
R‖2 �

2k−1
∑

i=1

εi(1 + t)i ‖fε
R‖2 � ε

2

3 ‖fε
R‖2

for t ≤ t = ε−1/3, and

εk
∣

∣

∣

∣

〈

S,
4πT

u0
fε
R

〉∣

∣

∣

∣

≤o(1)ε−1 ‖(I−P)[fε
R]‖2σ + Cε2k+1

∑

i+j≥2k+1
2≤i,j≤2k−1

ε2(i+j−2k−1)(1 + t)2(i+j)

(4.5)

+ C
∑

i+j≥2k
1≤i,j≤2k−1

εi+j−k(1 + t)i+j ‖fε
R‖

≤o(1)ε−1 ‖(I−P)[fε
R]‖2σ + Cε2k+1(1 + t)4k+2 + Cεk(1 + t)2k ‖fε

R‖ .

Summary: We collect these estimates in (4.3) to obtain (4.1). �

4.2. First-order derivatives estimates. In this part, we continue to perform the L2

energy estimates for the first-order derivatives of the remainders (fε
R, E

ε
R, B

ε
R). To this

end, we first apply ∂α
x (1 ≤ |α| ≤ 2) to (2.12) to have

∂α
x

(

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

[fε
R]

)

+ ∂α
x

(

u0

T
p̂M

1

2 · Eε
R

)

(4.6)

− ∂α
x

(

u

T
M

1

2 ·
(

Eε
R + p̂×Bε

R

)

)

+
∂α
xL[fε

R]

ε

=− ∂α
x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2

)

+ εk−1∂α
xΓ [fε

R, f
ε
R]

+

2k−1
∑

i=1

εi−1∂α
x

(

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

)

+ εk∂α
x

(

(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

)

− εk∂α
x

(

1

2T

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

fε
R

)

+

2k−1
∑

i=1

εi∂α
x

(

(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

)

−
2k−1
∑

i=1

εi∂α
x

(

(

Ei + p̂×Bi

)

· 1

2T

(

u0p̂− u
)

fε
R

)

+ εk∂α
xS.

Due to the appearance of the local Maxwellian M, the linear collision operator term

ε−1L[fε
R] and P[fε

R] do not commute with the spatial derivative operator ∇x. Moreover,

in the term ∂α
x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2

)

, more p0 are generated.
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Therefore, in the derivative estimates of the remainders
(

fε
R, E

ε
R, B

ε
R

)

, we need to pay

special attentions to the collision terms and the momentum growth term.

Proposition 4.2. For the remainders
(

fε
R, E

ε
R, B

ε
R

)

, it holds that

ε

[

d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
∇xf

ε
R

∥

∥

∥

∥

∥

2

+ ‖∇xE
ε
R‖2 + ‖∇xB

ε
R]‖2

)

+
δ

ε
‖∇x(I−P)[fε

R]‖2σ
]

(4.7)

�
[

(1 + t)−β0 + ε
1

3

]

E + ε0ε
−1 ‖(I−P)[fε

R]‖2σ + εD + ε2k+2(1 + t)4k+2

+ εk+1(1 + t)2k
√
E .

Proof. From (2.13), we have

1

2

d

dt

(

‖∂xEε
R‖2 + ‖∂xBε

R‖2
)

= 4π
〈

∂x

(

p̂M
1

2 fε
R

)

, ∂xE
ε
R

〉

. (4.8)

Here and below we use ∂x to denote ∂xi
, 1 ≤ i ≤ 3, for simplicity. Note that

�L, ∂x� [fε
R] = L[∂xfε

R]− ∂x

(

L[fε
R]
)

= L
[

(I−P)[∂xf
ε
R]
]

− ∂x

(

L
[

(I−P)[fε
R]
])

= −L
[

�P, ∂x� [fε
R]
]

+ �L, ∂x�
[

(I−P)[fε
R]
]

.

Hence, naturally we have

ε−1

∣

∣

∣

∣

〈

�L, ∂x� [fε
R],

4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

�ε−1

∣

∣

∣

∣

〈

L
[

�P, ∂x� [fε
R]
]

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+ ε−1

∣

∣

∣

∣

〈

�L, ∂x�
[

(I−P)[fε
R]
]

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

.

For the first term, we have

ε−1

∣

∣

∣

∣

〈

L
[

�P, ∂x� [fε
R]
]

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

=ε−1

∣

∣

∣

∣

〈

L
[

�P, ∂x� [fε
R]
]

,
4πT

u0
(I−P)[∂xf

ε
R]

〉∣

∣

∣

∣

.

Note that �P, ∂x� only contains terms that ∂x hits the Maxwellian but not fε
R. Hence,

we have

ε−1

∣

∣

∣

∣

〈

L
[

�P, ∂x� [fε
R]
]

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

� o(1)ε−1 ‖(I−P)[∂xf
ε
R]‖2σ + ε−1Z ‖fε

R‖2

� o(1)ε−1 ‖∂x(I−P)[fε
R]‖2σ + ε0ε

−1(1 + t)−β0 ‖fε
R‖2 .

For the second term, since �L, ∂x� indicates that ∂x only hits the Maxwellian in L but

not on (I−P)[fε
R], we directly bound

ε−1

∣

∣

∣

∣

〈

�L, ∂x�
[

(I−P)[fε
R]
]

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

� ε−1Z ‖(I−P)[fε
R]‖σ ‖∂xfε

R‖σ

�(1 + t)−β0ε0 ‖∇xf
ε
R‖2 + o(1)ε−1 ‖(I−P)[∂xf

ε
R]‖2σ + ε0ε

−2 ‖(I−P)[fε
R]‖2σ .

As in (3.18), we have

‖(I−P)[∂xf
ε
R]‖σ ≥ ‖∂x(I−P)[fε

R]‖σ − (1 + t)−β0ε0 ‖fε
R‖ . (4.9)
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In total, we have

ε−1

〈

∂xL [fε
R] ,

4πT

u0
∂xf

ε
R

〉

(4.10)

≥ε−1

〈

L [∂xf
ε
R] ,

4πT

u0
∂xf

ε
R

〉

− ε−1

∣

∣

∣

∣

〈

�L, ∂x� [fε
R],

4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

≥δε−1 ‖(I−P)[∂xf
ε
R]‖2σ − Cε0ε

−2Z ‖(I−P)[fε
R]‖2σ − CZ ‖∇xf

ε
R‖2 − ε−1Z ‖fε

R‖2

≥δε−1 ‖∂x(I−P)[fε
R]‖2σ − Cε0ε

−2 ‖(I−P)[fε
R]‖2σ

− C(1 + t)−β0ε0
(

‖∇xf
ε
R‖2 + ε−1 ‖fε

R‖2
)

.

Taking |α| = 1 in (4.6) and denoting ∂x as ∂xi
, i = 1, 2, 3 for convenience, we multiply

the equation by 4πT
u0 ∂xf

ε
R, and use (4.8), (4.10) to have

1

2

d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
∂xf

ε
R

∥

∥

∥

∥

∥

2

+ ‖∂xEε
R‖2 + ‖∂xBε

R]‖2
)

+
δ

ε
‖∂x(I−P)[fε

R]‖2σ (4.11)

≤
∣

∣

∣

∣

〈

∂x

(

u0

T
p̂M

1

2

)

· Eε
R,

4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+ 4π
∣

∣

∣

〈(

p̂
(

∂xM
1

2

)

fε
R

)

, ∂xE
ε
R

〉∣

∣

∣

+

∣

∣

∣

∣

〈

∂x

(

{

(

E + p̂×B
)

· ∇p

}

[fε
R]

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}[

M
1

2

]

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

1

2

〈

(∂t + p̂ · ∇x)

[

T

u0

]

, 4π |∂xfε
R|2

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂x

(

uM
1

2 ·
(

Eε
R + p̂×Bε

R

)

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+ εk−1

∣

∣

∣

∣

〈

∂xΓ [fε
R, f

ε
R] ,

4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

∂xΓ
[

M− 1

2Fi, f
ε
R

]

+ ∂xΓ
[

fε
R,M

− 1

2Fi

]

,
4πT

u0
∂xf

ε
R

〉

∣

∣

∣

∣

∣

+ εk

∣

∣

∣

∣

∣

〈

∂x

(

(

u0p̂− u
)

2T
·
(

Eε
R + p̂×Bε

R

)

fε
R

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂x

(

(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂x

(

(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

)

,
4πT

u0
∂xf

ε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi

〈

∂x

(

(

Ei + p̂×Bi

)

·
(

u0p̂− u
)

2T
fε
R

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂xS,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

+ Cε0

[

ε−2 ‖(I−P)[fε
R]‖2σ + (1 + t)−β0

(

‖∇xf
ε
R‖2 + ε−1 ‖fε

R‖2
)

]

.

Now we estimate each term on the R.H.S. of (4.11).
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First three terms on the R.H.S. of (4.11): The three terms can be bounded by

(1 + t)−β0ε0

(

‖fε
R‖2H1 + ‖(I−P)[fε

R]‖2σ
)

.

Fourth term on the R.H.S. of (4.11): For this term, we should note that more p0

will be generated when ∂x hits M
1

2 or M− 1

2 . Using w0 � (p0)3, and noticing that for

p0 � ε−1, we have ε(w1)2 � ε(p0)2 � p0. Then, for κ sufficiently small, we have

∣

∣

∣

∣

〈

∂x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

} [

M
1

2

]

)

,
4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

�Z
〈

p0∂xf
ε
R, ∂xf

ε
R

〉

+ Z
∣

∣

〈

(p0)2fε
R, ∂xf

ε
R

〉 ∣

∣ � Z
∥

∥

∥

√

p0∂xf
ε
R

∥

∥

∥

2

+ Z
∥

∥

∥

√

p0p0fε
R

∥

∥

∥

2

�Z
(

∥

∥

∥

√

p0∂xP[fε
R]
∥

∥

∥

2

+

∫

R3

∫

p0≤ε−1κ

p0 |∂x(I−P)[fε
R]|2

+

∫

R3

∫

p0≥ε−1κ

p0 |∂x(I−P)[fε
R]|2

)

+ Z
(

∥

∥

∥

√

p0p0P[fε
R]
∥

∥

∥

2

+

∫

R3

∫

R3

(p0)3 |(I−P)[fε
R]|2

)

�Z ‖∂xfε
R‖2 + o(1)ε−1 ‖∂x(I−P)[fε

R]‖2σ + ε ‖∂x(I−P)[fε
R]‖2w1 + Z ‖fε

R‖2

+ Z ‖(I−P)[fε
R]‖2w0,σ

�o(1)ε−1 ‖∂x(I−P)[fε
R]‖2σ + ε ‖∇x(I−P)[fε

R]‖2w1

+ ε0 ‖(I−P)[fε
R]‖2w0,σ + (1 + t)−β0 ‖fε

R‖2H1 .

Fifth and sixth terms on the R.H.S. of (4.11): They can be bounded by

CZ
(

‖∂xfε
R‖2 +

(

‖Eε
R‖H1 + ‖Bε

R‖H1

)

‖∂xfε
R‖

)

≤ C(1 + t)−β0

(

‖∂xfε
R‖2 + ‖Eε

R‖2H1 + ‖Bε
R‖2H1

)

.

Seventh term on the R.H.S. of (4.11): Using (3.15) in Lemma 3.4, we have

∣

∣

∣

∣

εk−1

〈

∂xΓ[f
ε
R, f

ε
R],

4πT

u0
∂xf

ε
R

〉∣

∣

∣

∣

�εk−1 ‖fε
R‖H2 ‖fε

R‖H1
σ
‖(I−P)[∇xf

ε
R]‖σ + Zεk−1 ‖fε

R‖H2 ‖fε
R‖σ ‖∇xf

ε
R‖σ

�ε
1

2 ‖fε
R‖H1

σ
‖(I−P)[∇xf

ε
R]‖σ + ε

1

2Z ‖fε
R‖σ ‖∇xf

ε
R‖σ

�ε
1

2

(

‖(I−P)[fε
R]‖H1

σ
+ ‖fε

R‖H1

)(

‖∂x(I−P)[fε
R]‖σ + Z ‖fε

R‖
)

+ ε
1

2Z
(

‖(I−P)[fε
R]‖σ + ‖fε

R‖
)(

‖(I−P)[∇xf
ε
R]‖σ + ‖∇xf

ε
R‖

)

� ‖(I−P)[fε
R]‖2H1

σ
+ (1 + t)−β0ε0

(

‖fε
R‖2 + ε ‖∇xf

ε
R‖2

)

.
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Eighth term on the R.H.S. of (4.11): Similarly, considering that Fi decay fast in

p, we know
∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

∂xΓ
[

M− 1

2Fi, f
ε
R

]

+ ∂xΓ
[

fε
R,M

− 1

2Fi

]

,
4πT

u0
∂xf

ε
R

〉

∣

∣

∣

∣

∣

�o(1)ε−1 ‖(I−P)[∂xf
ε
R]‖2σ + ε(1 + t)2 ‖fε

R‖2H1
σ

+ Z(1 + t)
(

‖fε
R‖+ ‖(I−P)[fε

R]‖σ
)(

‖fε
R‖H1 + ‖∂x(I−P)[fε

R]‖σ
)

�o(1)ε−1 ‖∂x(I−P)[fε
R]‖2σ + ε0

[

ε−1 ‖(I−P)[fε
R]‖2σ + ε

1

3 ‖fε
R‖2H1 + ε−

1

3 ‖fε
R‖2

]

.

Other terms on the R.H.S. of (4.11): Similar to the corresponding estimates in

Proposition 4.1, these terms can be controlled by

o(1)ε−1 ‖(I−P)[fε
R]‖2H1

σ
+ Cε−1(1 + t)−β0 ‖fε

R‖2

+ ε
2

3

(

‖Eε
R‖2H1 + ‖Bε

R‖2H1 + ‖∇xf
ε
R‖2

)

+ ε2k+1(1 + t)4k+2 + εk(1 + t)2k ‖∇xf
ε
R‖ .

Summary: By collecting all the above estimates in (4.11), we multiply the resulting

inequality by ε to derive (4.7). �

4.3. Second-order derivatives estimates. In this subsection, we proceed to the L2 esti-

mate of ∇2
x

(

fε
R, E

ε
R, B

ε
R

)

. Although the form of second-order derivatives estimates of the

remainders (fε
R, E

ε
R, B

ε
R) is more complicated, they are quite similar to the corresponding

first-order derivatives estimates in Section 4.2.

Proposition 4.3. For the remainders (fε
R, E

ε
R, B

ε
R), it holds that

ε2
d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
∇2

xf
ε
R

∥

∥

∥

∥

∥

2

+
∥

∥∇2
xE

ε
R

∥

∥

2
+
∥

∥∇2
xB

ε
R]
∥

∥

2
)

+
δ

ε

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

σ

]

(4.12)

�
[

(1 + t)−β0 + ε
1

3

]

E + ε0 ‖(I−P)[fε
R]‖2H1

σ
+ εD + ε2k+3(1 + t)4k+2 + εk+2(1 + t)2k

√
E .

Proof. From (2.13), we have

1

2

d

dt

(

∥

∥∂2
xE

ε
R

∥

∥

2
+
∥

∥∂2
xB

ε
R

∥

∥

2
)

= 4π
〈

∂2
x

(

p̂M
1

2 fε
R

)

, ∂2
xE

ε
R

〉

. (4.13)

Here and below we denote ∂2
x as ∂xi

∂xj
with i, j = 1, 2, 3 for convenience. Using a similar

derivation of (4.10), we can obtain

ε−1

〈

∂2
xL [fε

R] ,
4πT

u0
∂2
xf

ε
R

〉

(4.14)

≥ε−1

〈

L
[

∂2
xf

ε
R

]

,
4πT

u0
∂2
xf

ε
R

〉

− ε−1

∣

∣

∣

∣

〈�
L, ∂2

x

�
[fε

R],
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

≥δε−1
∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

σ
− ε−2ε0 ‖(I−P)[fε

R]‖2H1
σ

− (1 + t)−β0

( ∥

∥∇2
xf

ε
R

∥

∥

2
+ ε−1 ‖fε

R‖2H1

)

.
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Taking |α| = 2 in (4.6), we multiply the equation by 4πT
u0 ∂2

xf
ε
R, and further use (4.13),

(4.14) to obtain

1

2

d

dt

(

∥

∥

∥

∥

∥

√

4πT

u0
∂2
xf

ε
R

∥

∥

∥

∥

∥

2

+
∥

∥∂2
xE

ε
R

∥

∥

2
+
∥

∥∂2
xB

ε
R

∥

∥

2
)

+
δ

ε

∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

σ
(4.15)

≤

∣

∣

∣

∣

∣

∣

∑

|α|<2

〈

∂2−|α|
x

(

u0

T
p̂M

1

2

)

· ∂α
xE

ε
R,

4πT

u0
∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

∣

+ 4π

∣

∣

∣

∣

∣

∣

∑

|α|<2

〈

p̂
(

∂2−|α|
x M

1

2

)

∂α
x f

ε
R, ∂

2
xE

ε
R

〉

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂2
x

(

(

E + p̂×B
)

· ∇pf
ε
R

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂2
x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}[

M
1

2

]

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+
1

2

∣

∣

∣

∣

〈

(

∂t + p̂ · ∇x

)

[

T

u0

]

, 4π
∣

∣∂2
xf

ε
R

∣

∣

2
〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂2
x

(

uM
1

2 ·
(

p̂×Bε
R

)

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+ εk−1

∣

∣

∣

∣

〈

∂2
xΓ [fε

R, f
ε
R] ,

4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

∂2
xΓ

[

M− 1

2Fi, f
ε
R

]

+ ∂2
xΓ

[

fε
R,M

− 1

2Fi

]

,
4πT

u0
∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂2
x

(

u0p̂− u

2T
·
(

Eε
R + p̂×Bε

R

)

fε
R

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂2
x

(

(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂2
x

(

(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

)

,
4πT

u0
∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂2
x

(

(

Ei + p̂×Bi

)

· u
0p̂− u

2T
fε
R

)

,
4πT

u0
∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂2
xS,

4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

+ Cε−2ε0 ‖(I−P)[fε
R]‖2H1

σ

+ C(1 + t)−β0

( ∥

∥∇2
xf

ε
R

∥

∥

2
+ ε−1 ‖fε

R‖2H1

)

.

Now we estimate each term on the R.H.S. of (4.15).

First three terms on the R.H.S. of (4.15): The three terms can be bounded by

C(1 + t)−β0ε0

(

‖fε
R‖2H2 + ‖Eε

R‖2H2 + ‖∇x(I−P)[fε
R]‖2H1

σ

)

.
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Fourth term on the R.H.S. of (4.15): Noting that ε(w2)2 � ε(p0)2 � p0 for

p0 � ε−1, we use similar arguments in (4.4) to have
∣

∣

∣

∣

〈

∂2
x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

} [

M
1

2

]

)

,
4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

�Z
〈

(p0)3|fε
R|+ (p0)2|∂xfε

R|+ p0|∂2
xf

ε
R|, |∂2

xf
ε
R|
〉

�Z
(∥

∥

∥

√

p0∂2
x(I−P)[fε

R]
∥

∥

∥

2

+
∥

∥

∥

√

p0∂2
xP[fε

R]
∥

∥

∥

2 )

+ Z ‖fε
R‖2w0,σ + Z ‖∂xfε

R‖2w1,σ

�o(1)ε−1
∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

σ
+ εε0

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2
+ (1 + t)−β0

∥

∥∇2
xf

ε
R

∥

∥

2

+ ε0

(

‖w0(I−P)[fε
R]‖2σ + ‖w1∇x(I−P)[fε

R]‖2σ
)

+ (1 + t)−β0 ‖fε
R‖2H1 .

Fifth and sixth terms on the R.H.S. of (4.15): The upper bound of the two

terms is

CZ
(

∥

∥∂2
xf

ε
R

∥

∥

2
+ ‖Eε

R‖2H2 + ‖Bε
R‖2H2

)

� (1 + t)−β0

(

∥

∥∂2
xf

ε
R

∥

∥

2
+ ‖Eε

R‖2H2 + ‖Bε
R‖2H2

)

.

Seventh term on the R.H.S. of (4.15): Using a similar estimation as the seventh

term on the R.H.S. of (4.11), we have
∣

∣

∣

∣

εk−1

〈

∂2
xΓ[f

ε
R, f

ε
R],

4πT

u0
∂2
xf

ε
R

〉∣

∣

∣

∣

�εk−1

∫

x∈R3

[(

∣

∣∂2
xf

ε
R

∣

∣

σ
|fε

R|L2 +
∣

∣∂2
xf

ε
R

∣

∣

L2
|fε

R|σ + |∂xfε
R|σ |∂xfε

R|L2

)

∣

∣(I−P)[∂2
xf

ε
R]
∣

∣

σ

�εk−1 ‖fε
R‖H2 ‖fε

R‖H2
σ

∥

∥(I−P)[∇2
xf

ε
R]
∥

∥

σ
+ εk−1Z ‖fε

R‖H2 ‖fε
R‖H1

σ

∥

∥∂2
xf

ε
R

∥

∥

σ

�ε
1

2 ‖fε
R‖H2

σ

(

∥

∥∂2
x(I−P)[fε

R]
∥

∥

σ
+ Z ‖fε

R‖H1

)

+ ε
1

2Z ‖fε
R‖H1

σ

∥

∥∂2
xf

ε
R

∥

∥

σ

�ε0 ‖(I−P)[fε
R]‖2H2

σ
+
[

(1 + t)−β0 + ε
]

‖fε
R‖2H2 .

Eighth term on the R.H.S. of (4.15): Similar to the seventh term, it can be

bounded by

o(1)ε−1
∥

∥(I−P)[∂2
xf

ε
R]
∥

∥

2

σ
+ ε(1 + t)2 ‖fε

R‖2H2
σ

+ Z(1 + t)
(

‖fε
R‖H1 + ‖(I−P)[fε

R]‖H1
σ

)(

‖fε
R‖H2 +

∥

∥∂2
x(I−P)[fε

R]
∥

∥

σ

)

�o(1)ε−1
∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

σ
+ ε0ε

−1 ‖(I−P)[fε
R]‖2H1

σ
+ ε

1

3 ‖fε
R‖2H2 + ε0ε

− 1

3 ‖fε
R‖2H1 .

Other terms on the R.H.S. of (4.15): As in Proposition 4.2, we have the following

upper bound of these terms:

o(1)ε−1 ‖∂x(I−P)[fε
R]‖2H1

σ
+ Cε−1(1 + t)−β0 ‖fε

R‖2H1

+ Cε
2

3

(

∥

∥∇2
xf

ε
R

∥

∥

2
+ ‖Eε

R‖2H2 + ‖Bε
R‖2H2

)

+ Cε2k+1(1 + t)4k+2 + Cεk(1 + t)2k
∥

∥∇2
xf

ε
R

∥

∥ .

Summary: We collect the above estimates in (4.15), and multiply the resulting

inequality by ε2 to derive (4.12). �

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



HILBERT EXPANSION FOR COULOMB COLLISIONAL KINETIC MODELS 249

5. Weighted energy estimates. In this section, we are devoted to the weighted

energy estimates of the remainder term fε
R. This is the essential part of our energy

method. The key point is to use the additional dissipation term generated by our special

exponential weight function and the smallness of ε0 to control the momentum growth

term (2.56).

5.1. Weighted estimate. Due to the exponential decay of momentum for P [fε
R], we

only need to proceed to weighted estimates for (I − P) [fε
R]. Therefore, we first apply

microscopic projection (I−P) onto (2.12) to have

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

(I−P) [fε
R] (5.1)

− (I−P)
[

(

Eε
R + p̂×Bε

R

)

· −u0p̂+ u

T
M

1

2

]

+
L[fε

R]

ε

=−M− 1

2 (I−P) [fε
R]
{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2 + εk−1Γ [fε
R, f

ε
R]

+
2k−1
∑

i=1

εi−1
(

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

])

+ εk
(

Eε
R + p̂×Bε

R

)

· ∇p(I−P) [fε
R]

− εk
1

2T

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

(I−P) [fε
R] +

2k−1
∑

i=1

εi
(

Ei + p̂×Bi

)

· ∇p(I−P) [fε
R]

+
2k−1
∑

i=1

εi(I−P)
(

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

)

−
2k−1
∑

i=1

εi
[

(

Ei + p̂×Bi

)

· 1

2T

(

u0p̂− u
)

(I−P) [fε
R]
]

+ εk(I−P)[S] + �P, τB� fε
R,

where �P, τB� = PτB − τBP denotes the commutator of two operators P and τB:

τB :=∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

+M− 1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2

+ εk
1

2T

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

−
(

Eε
R + p̂×Bε

R

)

· ∇p

−
2k−1
∑

i=1

εi
{

(

Ei + p̂×Bi

)

·
[

∇p −
1

2T

(

u0p̂− u
)

}

.

In Proposition 5.1, we will derive the weighted estimate for the remainder fε
R. The

most important estimate is to control the momentum growth as in (5.6). Another es-

timate of which we should take care is (5.7), where ε‖∇xP [fε
R] ‖2 appears and will be

further estimated in Section 6. Other estimates are similar to the basic estimate of the

remainders (fε
R, E

ε
R, B

ε
R) in Subsection 4.1 or have been estimated in Lemmas 3.5 and

3.6.
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Proposition 5.1. For the remainders
(

fε
R, E

ε
R, B

ε
R

)

, it holds that

d

dt
‖(I−P)[fε

R]‖2w0 +
δ

ε
‖(I−P)[fε

R]‖2w0,σ + Y
∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

(5.2)

�
1

ε
‖(I−P)[fε

R]‖2σ + ε ‖∇xf
ε
R‖2 + ε

1

3 ‖fε
R‖2 + ε

(

E +D
)

+ ε2k+1(1 + t)4k+2.

Proof. Noting

(w0)2(I−P)[fε
R] · ∂t{(I−P)[fε

R]} =
1

2
∂t|w0(I−P)[fε

R]|2 + p0Y (w0)2|(I−P)[fε
R]|2,
(5.3)

we take the L2 inner product of (5.1) with (w0)2(I−P)[fε
R] and use Lemma 3.5 to have

1

2

d

dt
‖(I−P)[fε

R]‖2w0 +
δ

ε
‖(I−P)[fε

R]‖2w0,σ + Y
∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

(5.4)

≤C

ε
‖(I−P)[fε

R]‖2σ +
∣

∣

∣

〈(

E + p̂×B
)

· ∇p(I−P) [fε
R] , (w

0)2(I−P) [fε
R]
〉∣

∣

∣

+

∣

∣

∣

∣

〈

(I−P)
[(

Eε
R + p̂× Bε

R

)

· −u0p̂+ u

T
M

1

2

]

, (w0)2(I−P) [fε
R]

〉∣

∣

∣

∣

+
∣

∣

∣

〈

M− 1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

[

M
1

2

]

,
∣

∣w0(I−P) [fε
R]
∣

∣

2
〉∣

∣

∣

+
∣

∣εk−1
〈

Γ [fε
R, f

ε
R] , (w

0)2(I−P)[fε
R]
〉∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1
〈

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

, (w0)2(I−P)[fε
R]
〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

εk

〈

(

u0p̂− u
)

2T
·
(

Eε
R + p̂×Bε

R

)

,
∣

∣w0(I−P) [fε
R]
∣

∣

2

〉∣

∣

∣

∣

∣

+
∣

∣

∣

〈(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R, (w

0)2(I−P) [fε
R]
〉∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈(

Ei + p̂×Bi

)

· ∇p(I−P) [fε
R] , (w

0)2(I−P) [fε
R]
〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

(I−P)
[

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

]

, (w0)2(I−P) [fε
R]
〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈(

(

Ei + p̂×Bi

)

· u
0p̂− u

2T

)

,
∣

∣w0(I−P) [fε
R]
∣

∣

2
〉

∣

∣

∣

∣

∣

+
∣

∣εk
〈

(I−P)[S], (w0)2(I−P)[fε
R]
〉∣

∣+
∣

∣

〈

�P, τB� [fε
R] , (w

0)2(I−P) [fε
R]
〉∣

∣ .

Second and third terms on the R.H.S. of (5.4): They are bounded by

o(1)ε−1 ‖(I−P)[fε
R]‖2w0,σ + Cε

(

‖Eε
R‖2 + ‖Bε

R‖2
)

.

Fourth term on the R.H.S. of (5.4): By the smallness of ε0, it holds that

Z � ε0(1 + t)−β0 � Y. (5.5)
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Then, (2.61) holds true uniformly and we have
∣

∣

∣

〈

M− 1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

[

M
1

2

]

,
∣

∣w0(I−P) [fε
R]
∣

∣

2
〉∣

∣

∣ (5.6)

�Z
(∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

+ ‖(I−P)[fε
R]‖2w0,σ

)

≤Y

2

∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

+ Cε0 ‖(I−P)[fε
R]‖2w0,σ .

Fifth term on the R.H.S. of (5.4): From (3.29) in Lemma 3.6, it can be controlled

by

εk−1
(

‖fε
R‖H2 ‖fε

R‖w0,σ + ‖fε
R‖H2

σ
‖fε

R‖w0

)

‖(I−P)[fε
R]‖w0,σ

�
{

ε
1

2

(

‖(I−P)[fε
R]‖w0,σ + ‖P[fε

R]‖w0,σ

)

+ ε
(

‖(I−P)[fε
R]‖H2

σ
+ ‖P[fε

R]‖H2
σ

)}

‖(I−P)[fε
R]‖w0,σ

�o(1)ε−1 ‖(I−P)[fε
R]‖2w0,σ + ε3 ‖(I−P)[fε

R]‖2H2
σ
+ ε3 ‖fε

R‖2H2 + ε2 ‖fε
R‖2 .

Sixth term on the R.H.S. of (5.4): Similarly, we use (2.29), (3.28) and (A.7) in

Proposition A.1 to obtain that for t ≤ t = ε−1/3,

2k−1
∑

i=1

εi−1
∣

∣

∣

〈

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

, (w0)2(I−P)[fε
R]
〉∣

∣

∣

�

2k−1
∑

i=1

εi−1
∥

∥

∥

∣

∣w0M− 1

2Fi

∣

∣

σ

∥

∥

∥

L∞
x

‖fε
R‖w0,σ ‖(I−P)[fε

R]‖2w0,σ

�o(1)ε−1 ‖(I−P)[fε
R]‖2w0,σ + ε(1 + t)2 ‖fε

R‖2w0,σ

�o(1)ε−1 ‖(I−P)[fε
R]‖2w0,σ + ε

1

3 ‖fε
R‖2 .

Last term on the R.H.S. of (5.4): For this term, we have
∣

∣

〈

�P, τB� [fε
R] , (w

0)2(I−P) [fε
R]
〉∣

∣ (5.7)

� ε−1 ‖(I−P)[fε
R]‖2σ + ε

(

‖Eε
R‖2 + ‖Bε

R‖2 + ‖fε
R‖2H1

)

.

Note that ε‖∇xP [fε
R] ‖2 is included in E . In order to make it time-integrable, we will

derive its dissipativeness in Section 6.

Other terms on the R.H.S. of (5.4): Similarly, these terms can be bounded by

o(1)ε−1 ‖(I−P)[fε
R]‖2w0,σ + Cε

(

‖fε
R‖2 + ‖Eε

R‖2 + ‖Bε
R‖2

)

+ Cε2k+1(1 + t)4k+2.

Summary: We collect the above estimates in (5.4) to derive (5.2). �

5.2. Weighted first-order derivatives estimates. In this subsection, we proceed to the

weighted L2 estimate of ∇xf
ε
R. Note that in the term ∂x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂ × B
)

· ∇p

}

M
1

2

)

, (p0)2 can be generated. To solve this kind of problem, the

algebraic part of our weight function is designed to depend on the order of derivatives.
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Proposition 5.2. For the remainders
(

fε
R, E

ε
R, B

ε
R

)

, it holds that

ε

(

d

dt
‖∇x(I−P)[fε

R]‖2w1 +
δ

ε
‖∇x(I−P)[fε

R]‖2w1,σ + Y
∥

∥

∥

√

p0∇x(I−P)[fε
R]
∥

∥

∥

2

w1

)

(5.8)

�
(

(1 + t)−β0 + ε
1

3

)

E + ε2
∥

∥∇2
xf

ε
R

∥

∥

2
+ ‖∇x(I−P)[fε

R]‖2σ + εD + Cε2k+2(1 + t)4k+2.

Proof. From Lemma 3.5 and (4.9), we have

ε−1
〈

∂xL [(I−P)[fε
R]] , (w

1)2∂x(I−P)[fε
R]
〉

(5.9)

≥ε−1
〈

L [∂x(I−P)[fε
R]] , (w

1)2∂x(I−P)[fε
R]
〉

− ε−1
∣

∣

〈

�L, ∂x� (I−P)[fε
R], (w

1)2∂x(I−P)[fε
R]
〉∣

∣

≥δε−1 ‖∂x(I−P)[fε
R]‖2w1,σ − Cε−1 ‖∂x(I−P)[fε

R]‖2σ − Cε0ε
−1 ‖(I−P)[fε

R]‖2w0,σ .

Apply ∂x to (5.1) and take the L2 inner product of the resulting equation with (w1)2∂x(I−
P)[fε

R]. Then, by similar arguments as in (5.3), we use (5.9) to have

1

2

d

dt
‖∂x(I−P)[fε

R]‖2
w1 +

δ

ε
‖∂x(I−P)[fε

R]‖2
w1,σ

+ Y

∥

∥

∥

√

p0∂x(I−P)[fε
R]

∥

∥

∥

2

w1
(5.10)

≤Cε−1

(

‖∂x(I−P)[fε
R]‖2

σ
+ ε0 ‖(I−P)[fε

R]‖2
w0,σ

)

+

∣

∣

∣

∣

〈

∂x

(

(

E + p̂×B
)

· ∇p(I−P) [fε
R]

)

, (w1)2∂x(I−P) [fε
R]

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂x(I−P)
[

(

(

Eε
R + p̂×Bε

R

)

·
−u0p̂+ u

T
M

1

2

)

]

, (w1)2∂x(I−P) [fε
R]

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂x

(

(I−P) [fε
R]M−

1

2

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

[

M
1

2

]

)

, (w1)2∂x(I−P) [fε
R]

〉∣

∣

∣

∣

+ εk−1
∣

∣

〈

∂xΓ [fε
R, fε

R] , (w1)2∂x(I−P)[fε
R]

〉∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1

〈

∂xΓ
[

M
−

1

2 Fi, f
ε
R

]

+ ∂xΓ
[

fε
R,M−

1

2 Fi

]

, (w1)2∂x(I−P)[fε
R]

〉

∣

∣

∣

∣

∣

+ εk

∣

∣

∣

∣

∣

〈

∂x

(

(

u0p̂− u
)

2T
·
(

Eε
R + p̂×Bε

R

)

(I−P) [fε
R]

)

, (w1)2∂x(I−P) [fε
R]

〉∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂x

(

(

Eε
R + p̂×Bε

R

)

· ∇p(I−P) [fε
R]

)

, (w1)2∂x(I−P) [fε
R]

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂x

(

(

Ei + p̂× Bi

)

· ∇p(I−P) [fε
R]

)

, (w1)2∂x(I−P) [fε
R]

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂x

(

(I−P)
[

(

Eε
R + p̂×Bε

R

)

·M−

1

2 ∇pFi

]

)

, (w1)2∂x(I−P) [fε
R]

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂x

(

(

Ei + p̂× Bi

)

·
u0p̂− u

2T
(I−P) [fε

R]

)

, (w1)2∂x(I−P) [fε
R]

〉

∣

∣

∣

∣

∣

+ εk
∣

∣

〈

∂x(I−P)[S], (w1)2∂x(I−P)[fε
R]

〉∣

∣+
∣

∣

〈

∂x �P, τB� fε
R, (w1)2∂x(I−P)[fε

R]
〉∣

∣ .

Now we estimate each term on the R.H.S. of (5.10).
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Second term on the R.H.S. of (5.10): It can be bounded by

C
(

‖∇xE‖W 1,∞ + ‖∇xB‖W 1,∞

)(

‖∂x(I−P)[fε
R]‖2w1 + ‖(I−P)[fε

R]‖2w0,σ

)

�(1 + t)−β0ε0

(

‖∂x(I−P)[fε
R]‖2w1 + ‖(I−P)[fε

R]‖2w0,σ

)

.

Third term on the R.H.S. of (5.10): It can be controlled by

Cε−1 ‖∂x(I−P)[fε
R]‖2σ + Cε

(

‖Eε
R‖2H1 + ‖Bε

R‖2H1

)

.

Fourth term on the R.H.S. of (5.10): Similar to (5.6), we bound it by

CZ
∥

∥

∥

√

p0∂x(I−P)[fε
R]
∥

∥

∥

2

w1

+ CZ ‖(I−P)[fε
R]‖2w0

≤Y

2

∥

∥

∥

√

p0∂x(I−P)[fε
R]
∥

∥

∥

2

w1

+ (1 + t)−β0ε0 ‖(I−P)[fε
R]‖2w0,σ .

Fifth term on the R.H.S. of (5.10): Similar to the estimation of the fifth term on

the R.H.S. of (5.4), we have

∣

∣

〈

εk−1∂xΓ[f
ε
R, f

ε
R], (w

1)2∂x(I−P)[fε
R]
〉∣

∣

�εk−1
(

‖fε
R‖H2

∥

∥w1fε
R

∥

∥

H1
σ
+ ‖fε

R‖H2
σ

∥

∥w1fε
R

∥

∥

H1

)

‖∂x(I−P)[fε
R]‖w1,σ

�
(

ε
1

2

∥

∥w1fε
R

∥

∥

H1
σ
+ ε ‖fε

R‖H2
σ

)

‖∂x(I−P)[fε
R]‖w1,σ

�o(1)ε−1 ‖∂x(I−P)[fε
R]‖2w1,σ + ε2

∥

∥w1fε
R

∥

∥

2

H1
σ
+ ε3 ‖fε

R‖2H2
σ

�o(1)ε−1 ‖∂x(I−P)[fε
R]‖2w1,σ + ε2 ‖(I−P)[fε

R]‖2w0,σ

+ ε3 ‖(I−P)[fε
R]‖2H2

σ
+ ε3 ‖fε

R‖2H2 + ε2 ‖fε
R‖2H1 .

Sixth term on the R.H.S. of (5.10): Similarly, for t ∈ [0, ε−1/3], we use (3.28) and

(A.7) in Proposition A.1 to bound it by

2k−1
∑

i=1

εi−1(1 + t)i ‖∂x(I−P)[fε
R]‖w1,σ ‖fε

R‖H1
w,σ

(5.11)

�o(1)ε−1 ‖∂x(I−P)[fε
R]‖2w1,σ + C

2k−1
∑

i=1

ε2i−1(1 + t)2i ‖fε
R‖2H1

w,σ

�o(1)ε−1 ‖(I−P)[fε
R]‖2H1

w,σ
+ ε

1

3 ‖fε
R‖2H1 .

Other terms on the R.H.S. of (5.10): Similarly, these terms can be controlled by

o(1)ε−1 ‖(I−P)[fε
R]‖2H1

w,σ
+ Cε

(

‖Eε
R‖2H1 + ‖Bε

R‖2H1 + ‖fε
R‖2H2

)

+ Cε2k+1(1 + t)4k+2.

Summary: We collect the above estimates in (5.10) and multiply them by ε to obtain

(5.8). �
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5.3. Weighted second-order derivatives estimates. In this subsection, we proceed to

the weighted L2 estimate of ∇2
xf

ε
R. Since ∇2

xf
ε
R is the highest-order derivative, we can’t

apply microscopic projection to the equation of fε
R as in the previous two subsections.

Proposition 5.3. For the remainders
(

fε
R, E

ε
R, B

ε
R

)

, it holds that

ε3
(

d

dt

∥

∥∇2
xf

ε
R

∥

∥

2

w2
+ Y

∥

∥

∥

√

p0∇2
xf

ε
R

∥

∥

∥

2

w2

+
δ

ε

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2,σ

)

(5.12)

�ε2
∥

∥∇2
xf

ε
R

∥

∥

2
+ ε

(

E +D
)

+ ε2k+4(1 + t)4k+2.

Proof. We first use Lemma 3.5 to obtain

ε−1
〈

∂2
xL[fε

R], (w
2)2∂2

xf
ε
R

〉

≥ε−1
〈

L[∂2
xf

ε
R], (w

2)2∂2
xf

ε
R

〉

− ε−1
∣

∣

〈�
L, ∂2

x

�
[fε

R], (w
2)2∂2

xf
ε
R

〉∣

∣ (5.13)

≥δε−1
∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

w2,σ
− Cε0ε

−1 ‖(I−P)[fε
R]‖2H1

w,σ
− Cε−1 ‖fε

R‖2H2 .

Now we take |α| = 2 in (4.6) and multiply the equation by (w2)2∂2
xf

ε
R to get

1

2

d

dt

∥

∥∂2
xf

ε
R

∥

∥

2

w2
+ Y

∥

∥

∥

√

p0∂2
xf

ε
R

∥

∥

∥

2

w2

+
δ

ε

∥

∥∂2
x(I−P)[fε

R]
∥

∥

2

w2,σ
(5.14)

≤
∣

∣

∣

∣

〈

∂2
x

(

M
1

2

(

Eε
R + p̂×Bε

R

)

· u
0p̂− u

T

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂2
x

(

(

E + p̂×B
)

· ∇pf
ε
R

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

〈

∂2
x

(

M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

} [

M
1

2

]

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

+ εk−1
∣

∣

〈

∂2
xΓ [fε

R, f
ε
R] , (w

2)2∂2
xf

ε
R

〉∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1
〈

∂2
xΓ

[

M− 1

2Fi, f
ε
R

]

+ ∂2
xΓ

[

fε
R,M

− 1

2Fi

]

, (w2)2∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+ εk

∣

∣

∣

∣

∣

〈

∂2
x

(

(

u0p̂− u
)

2T
·
(

Eε
R + p̂×Bε

R

)

fε
R

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

∣

+ εk
∣

∣

∣

∣

〈

∂2
x

(

(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂2
x

(

(

Ei + p̂×Bi

)

· ∇pf
ε
R

)

, (w2)2∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
〈

∂2
x

(

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

)

, (w2)2∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

2k−1
∑

i=1

εi
∣

∣

∣

〈

∂2
x

(

(

Ei + p̂×Bi

)

·
(

u0p̂− u
)

2T
fε
R

)

, (w2)2∂2
xf

ε
R

〉∣

∣

∣

∣

∣

+ εk
∣

∣

〈

∂2
xS, (w

2)2∂2
xf

ε
R

〉∣

∣+ Cε0ε
−1 ‖(I−P)[fε

R]‖2H1
w,σ

+ Cε−1 ‖fε
R‖2H2 .

Now we treat the terms in the R.H.S. of (5.14).
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First term on the R.H.S. of (5.14): By (2.29), it can be bounded by

C
(

‖fε
R‖2H2 + ‖Eε

R‖2H2 + ‖Bε
R‖2H2

)

.

Second terms on the R.H.S. of (5.14): Its upper bound is

Z ‖fε
R‖2H2

w,σ
� (1 + t)−β0ε0

(

‖(I−P)[fε
R]‖2H2

w,σ
+ ‖fε

R‖2H2

)

.

Third term on the R.H.S. of (5.14): Similar to (4.4), it can be bounded by

Z
∥

∥

∥

√

p0∂2
xf

ε
R

∥

∥

∥

2

w2

+ Z ‖fε
R‖2H2

w,σ

≤Y

2

∥

∥

∥

√

p0∂2
xf

ε
R

∥

∥

∥

2

w2

+ C(1 + t)−β0ε0

(

‖(I−P)[fε
R]‖2H2

w,σ
+ ‖fε

R‖2H2

)

.

Fourth term on the R.H.S. of (5.14): We use (2.29) and (3.29) in Lemma 3.6 to

have
∣

∣

〈

εk−1∂2
xΓ[f

ε
R, f

ε
R], (w

2)2∂2
xf

ε
R

〉∣

∣

�εk−1
(

‖fε
R‖H2

∥

∥w2fε
R

∥

∥

H2
σ
+ ‖fε

R‖H2
σ

∥

∥w2fε
R

∥

∥

H2

)

∥

∥∂2
xf

ε
R

∥

∥

w2,σ

�
(

ε
1

2

∥

∥w2fε
R

∥

∥

H2
σ
+ ‖fε

R‖H2
σ

)

∥

∥∂2
xf

ε
R

∥

∥

w2,σ

� ‖(I−P)[fε
R]‖2H2

w,σ
+ ‖fε

R‖2H2 .

Fifth term on the R.H.S. of (5.14): Similarly, we use (2.29), (3.28) and (A.7) in

Proposition A.1 to obtain that for t ≤ t = ε−1/3,
∣

∣

∣

∣

∣

2k−1
∑

i=1

εi−1
〈

∂2
xΓ

[

M− 1

2Fi, f
ε
R

]

+ ∂2
xΓ

[

fε
R,M

− 1

2Fi

]

, (w2)2∂2
xf

ε
R

〉

∣

∣

∣

∣

∣

�

2k−1
∑

i=1

εi−1

(

∥

∥

∥
w2M− 1

2Fi

∥

∥

∥

W 2,∞
x L2

p

‖fε
R‖H2

w,σ
+
∥

∥

∥

∣

∣w2M− 1

2Fi

∣

∣

σ

∥

∥

∥

W 2,∞
x

‖fε
R‖H2

w

)

∥

∥w2fε
R

∥

∥

2

σ

�(1 + t) ‖fε
R‖2H2

w,σ
� o(1)ε−1 ‖(I−P)[fε

R]‖2H2
w,σ

+ ε−
1

3 ‖fε
R‖2H2 .

Other terms on the R.H.S. of (5.14): Similarly, these terms can be controlled by

o(1)ε−1 ‖(I−P)[fε
R]‖2H2

w,σ
+ Cε−1 ‖fε

R‖2H2

+ Cε
(

‖Eε
R‖2H2 + ‖Bε

R‖2H2

)

+ Cε2k+1(1 + t)4k+2.

Summary: We collect the above estimates in (5.14) and multiply the resulting in-

equality by ε3 to derive (5.12). �

6. Macroscopic estimates and electromagnetic dissipation. In this section,

we study the macroscopic estimates of fε
R and electromagnetic dissipation. With these

estimates and the estimates obtained in the previous two Sections, we can finally close

the whole energy estimate.
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6.1. Macroscopic estimates. To capture the dissipation of the macroscopic part of fε
R

which can be seen as a perturbation around a local Maxwellian, as in (2.17), we write

P[fε
R] as

P[fε
R] =

(

aε − ρ2
ρ1

cε
)

M
1

2 + bε · pM 1

2 + cεp0M
1

2 , (6.1)

where ρ1 and ρ2 are defined in (2.18).

Proposition 6.1. There are two functionals Emac
i for i = 1, 2 satisfying

Emac
i �

∥

∥∇i−1
x fε

R

∥

∥

∥

∥∇i
xf

ε
R

∥

∥ , (6.2)

such that

− d

dt

(

εEmac
1 + ε2Emac

2

)

+ ε
(

‖∇xP[fε
R]‖2 + ‖aε‖2 +

∥

∥

(

∇x · Eε
R

)∥

∥

2
)

(6.3)

+ ε2
(

∥

∥∇2
xP[fε

R]
∥

∥

2
+ ‖∇xa

ε‖2 +
∥

∥∇x

(

∇x · Eε
R

)∥

∥

2
)

� ε−1 ‖(I−P)[fε
R]‖2σ + ‖∇x(I−P)[fε

R]‖2σ + ε
∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

σ
+ ε

2

3

(

E +D)

+ εk+1(1 + t)2k+1.

Proof. Motivated by [43, Lemma 6.1], we will prove this proposition by two key ingre-

dients: local conservation laws and the macroscopic equations of fε
R. For convenience,

we write (2.12) as

∂tf
ε
R + p̂ · ∇xf

ε
R +

u0

T
p̂M

1

2 · Eε
R +

1

ε
L [fε

R] = h
ε
, (6.4)

where

h
ε
=
(

E + p̂× B
)

· ∇pf
ε
R +

u

T
M

1

2 ·
(

Eε
R + p̂×Bε

R

)

(6.5)

−M− 1

2 fε
R

{

∂t + p̂ · ∇x −
(

E + p̂×B
)

· ∇p

}

M
1

2 + εk−1Γ [fε
R, f

ε
R]

+

2k−1
∑

i=1

εi−1
{

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]}

+ eεk
(

Eε
R + p̂×Bε

R

)

· ∇pf
ε
R

− εk
1

2T

(

u0p̂− u
)

·
(

Eε
R + p̂×Bε

R

)

fε
R

+

2k−1
∑

i=1

εi
{(

Ei + p̂×Bi

)

· ∇pf
ε
R +

(

Eε
R + p̂×Bε

R

)

·M− 1

2∇pFi

}

−
2k−1
∑

i=1

εi
{

(

Ei + p̂×Bi

)

· 1

2T

(

u0p̂− u
)

fε
R

}

+ εkS.

Local conservation laws: Firstly, we derive the local conservation laws of aε, bε, cε.

Note that

ρ2
ρ1

=
e(u0)2 + P |u|2

nu0
. (6.6)
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Projecting (6.4) onto the null space N , similar to the derivation of (A.3), (A.4) and

(A.5), we can obtain

nu0∂ta
ε + P∇x · bε (6.7)

=Ξ1

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂M
1

2 (I−P)[fε
R] dp+

∫

R3

M
1

2h
ε
dp,

nu0K3(γ)

γK2(γ)
∂tb

ε + P∇x

(

aε − eu0

n
cε
)

+
nu0K3(γ)

γK2(γ)
∇xc

ε + nu0Eε
R (6.8)

=Ξ2

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂pM
1

2 (I−P)[fε
R] dp+

∫

R3

pM
1

2h
ε
dp,

e(u0)2∂t

(

aε − eu0

n
cε
)

+
n(u0)2

[

3K3(γ) + γK2(γ)
]

γK2(γ)
∂tc

ε +
nu0K3(γ)

γK2(γ)
∇x · bε (6.9)

=Ξ3

[

aε, bε, cε
]

+

∫

R3

p0M
1

2h
ε
dp,

where Ξj

[

aε, bε, cε
]

for j = 1, 2, 3 denotes a combination of linear terms of aε, bε, cε with

coefficients ∇t,x(n, u, T ), and derivatives of aε, bε, cε with coefficient u. Since they are

small perturbations and thus will not affect the estimates, we will ignore the details for

clarity.

Noting that

P =
n

γ
, e = n

(

K3(γ)

K2(γ)
− 1

γ

)

= n

(

K1(γ)

K2(γ)
+

3

γ

)

, (6.10)

we can further write the above system as

nu0∂ta
ε +

n

γ
∇x · bε (6.11)

= Ξ1

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂M
1

2 (I−P)[fε
R] dp+

∫

R3

M
1

2h
ε
dp,

n

(

K1(γ)

γK2(γ)
+

4

γ2

)

∂tb
ε +

n

γ
∇xa

ε +
n

γ2
∇xc

ε + nu0Eε
R (6.12)

= Ξ2

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂pM
1

2 (I−P)[fε
R] dp+

∫

R3

pM
1

2h
ε
dp,

n

(

−K2
1 (γ)

K2
2 (γ)

− 3

γ

K1(γ)

K2(γ)
+ 1 +

3

γ2

)

∂tc
ε +

n

γ2
∇x · bε (6.13)

= Ξ3

[

aε, bε, cε
]

+

∫

R3

p0M
1

2h
ε
dp

− u0

(

K1(γ)

K2(γ)
+

3

γ

)(

−∇x ·
∫

R3

p̂M
1

2 (I−P)[fε
R] dp+

∫

R3

M
1

2h
ε
dp

)

.

This system fully describes the evolution of aε, bε and cε.

Macroscopic equations: Secondly, we turn to the macroscopic equations of fε
R.

Splitting fε
R as the macroscopic part P[fε

R] and the microscopic (I−P)[fε
R] part in (6.4),
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we have
{

∂t

(

aε − ρ2
ρ1

cε
)

+ p · ∂tbε + p0∂tc
ε

}

M
1

2 (6.14)

+p̂ ·
{

∇x

(

aε − ρ2
ρ1

cε
)

+∇xb
ε · p+ p0∇xc

ε

}

M
1

2 +
u0

T
p̂M

1

2 · Eε
R = �ε + hε,

where

�ε :=−
(

∂t + p̂ · ∇x

)

[

(I−P)[fε
R]
]

− 1

ε
L[fε

R],

hε :=−
{

(

aε − ρ2
ρ1

cε
)

+ p · bε + p0cε
}

(

∂t + p̂ · ∇x

)

M
1

2 + h
ε
.

For fixed t, x, we compare the coefficients in front of
{

M
1

2 , piM
1

2 , p0M
1

2 ,
pi
p0

M
1

2 ,
pipj
p0

M
1

2

}

, 1 ≤ i, j ≤ 3, (6.15)

on both sides of (6.14) and get the following macroscopic equations:

∂ta
ε − ρ2

ρ1
∂tc

ε = �εa + hε
a + ∂t

(ρ2
ρ1

)

cε, (6.16)

∂tb
ε
i + ∂ic

ε = �εbi + hε
bi,

∂tc
ε = �εc + hε

c, (6.17)

∂ia
ε − ρ2

ρ1
∂ic

ε +
u0

T
Eε

R,i = �εai + hε
ai + ∂i

(ρ2
ρ1

)

cε, (6.18)

∂ib
ε
i = �εii + hε

ii,

∂ib
ε
j + ∂jb

ε
i = �εij + hε

ij . i �= j.

Here �εa, h
ε
a, �

ε
bi, h

ε
bi, �

ε
c, h

ε
c, �

ε
ai, h

ε
ai, �

ε
ii, h

ε
ii and �εij , h

ε
ij take the form

(�ε, ζ) and (hε, ζ),

where ζ is linear combinations of vectors in (6.15). Combing (6.16) and (6.17) yields

∂ta
ε = �εa + hε

a +
ρ2
ρ1

(

�εc + hε
c

)

+ ∂t

(ρ2
ρ1

)

cε. (6.19)

For m = 0, 1, we have the following estimates:

‖∇m
x hε

a‖+ ‖∇m
x hε

bi‖+ ‖∇m
x hε

c‖+ ‖∇m
x hε

ai‖+ ‖∇m
x hε

ii‖+
∥

∥∇m
x hε

ij

∥

∥ (6.20)

�Z
(

‖Eε
R‖Hm + ‖Bε

R‖Hm

)

+
(

Z + ε
1

2

)

‖fε
R‖Hm

σ

+
2k−1
∑

l=1

εl−1

(

∥

∥M− 1

2Fl

∥

∥

Wm,∞
x L2

p
‖fε

R‖Hm
σ
+
∥

∥

∥|M− 1

2Fl|σ
∥

∥

∥

Wm,∞
x

‖fε
R‖Hm

)

+

2k−1
∑

l=1

εl(1 + t)l
(

‖fε
R‖Hm

σ
+ ‖Eε

R‖Hm + ‖Bε
R‖Hm

)

+ εk(1 + t)2k+1

�ε−
1

3

(

‖(I−P)[fε
R]‖Hm

σ
+ ‖fε

R‖Hm

)

+
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖Hm + ‖Bε

R‖Hm

)

+ εk(1 + t)2k+1,
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for t ∈ [0, ε−1/3]. For brevity, we only give the estimate of ‖∇xa
ε‖ and ‖aε‖. The

estimates w.r.t. bε and cε in (6.3) can be derived similarly as in [43, Lemma 6.1]. From

(6.18), we have

−∆aε +
ρ2
ρ1

∆cε − u0

T
∇x · Eε

R (6.21)

=−
3
∑

i=1

∂i
(

�εai + hε
ai

)

−∇x ·
[

cε∇x

(ρ2
ρ1

)]

−∇x

(u0

T

)

· Eε
R.

On the other hand, by (2.13), we have

∇x · Eε
R = −4π

∫

R3

M
1

2 fε
Rdp (6.22)

= −4πnaε − 4πnaε(u0 − 1)− 4π(e+ P )u0u · bε

= −4πnaε − 4π
(

n− n
)

aε − 4πnaε(u0 − 1)− 4π(e+ P )u0u · bε.

Collecting (6.22) in (6.21), we have

−∆aε +
e

n
∆cε +

4πn

T
aε =−

3
∑

i=1

∂i
(

�εai + hε
ai

)

+ Ξ5

[

aε, bε, cε
]

, (6.23)

where

Ξ5

[

aε, bε, cε
]

=− e(u0 − 1)

n
∆cε − 4π

(

n− n
)

aε − 4πnaε(u0 − 1)

− 4π(e+ P )u0u · bε −∇x ·
[

cε∇x

(ρε2
ρε1

)]

+∇x

(u0

T

)

· Eε
R.

Note that

∣

∣

∣

〈

e

n
∆cε, naε

〉 ∣

∣

∣
=
∣

∣

∣

〈

e

n
∇xc

ε,∇x

(

naε
)

〉 ∣

∣

∣
≤ o(1) ‖∇xa

ε‖2 + C ‖∇xc
ε‖2 .

We multiply (6.23) by naε and integrate the resulting equalities to have

3c

4

∥

∥

∥

√
n∇xa

ε
∥

∥

∥

2

+ n2

∥

∥

∥

∥

∥

√

4π

T
aε

∥

∥

∥

∥

∥

2

(6.24)

≤
3
∑

i=1

〈�εai, n∂iaε〉+
3
∑

i=1

〈hε
ai, n∂ia

ε〉+
∣

∣

∣

〈

Ξ5

[

aε, bε, cε
]

, naε
〉

∣

∣

∣
+ C ‖∇xc

ε‖2 .
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For the first term in (6.24), we have

〈�εai, n∂iaε〉 (6.25)

=

〈

(

−
(

∂t + p̂ · ∇x

)

[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], ζai

)

, n∂ia
ε

〉

=
〈(

− ∂t

[

(I−P)[fε
R]
]

, ζai

)

, n∂ia
ε
〉

+

〈

(

− p̂ · ∇x

[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], ζai

)

, n∂ia
ε

〉

≤− d

dt

〈([

(I−P)[fε
R]
]

, ζai

)

, n∂ia
ε
〉

+
〈([

(I−P)[fε
R]
]

, ζai

)

, n∂i∂ta
ε
〉

+ o(1) ‖∇xa
ε‖2 + C

(

‖∇x(I−P)[fε
R]‖2σ + ε−2 ‖(I−P)[fε

R]‖2σ
)

.

By (6.19) and (6.20), we have

∣

∣

∣

〈([

(I−P)[fε
R]
]

, ζai

)

, n∂i∂ta
ε
〉∣

∣

∣
(6.26)

≤
∣

∣

∣

〈

∂i

([

(I−P)[fε
R]
]

, ζai

)

, n∂ta
ε
〉∣

∣

∣ � ‖∂taε‖2 + ‖(I−P)[fε
R]‖2H1

σ

�ε−
1

3 ‖(I−P)[fε
R]‖2H1

σ
+ ε−

1

3 ‖fε
R‖2H1 +

[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2H1 + ‖Bε

R‖2H1

)

+ εk(1 + t)2k+1.

Therefore,

3
∑

i=1

〈�εai, n∂iaε〉 (6.27)

≤−
∑ d

dt

〈([

(I−P)[fε
R]
]

, ζai

)

, n∂ia
ε
〉

+ o(1) ‖∇xa
ε‖2 + Cε−

1

3 ‖∇x(I−P)[fε
R]‖2σ

+ C
[

ε−2 ‖(I−P)[fε
R]‖2σ + ε−

1

3 ‖fε
R‖2H1

+
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2H1 + ‖Bε

R‖2H1

)

+ εk(1 + t)2k+1
]

.

For the second and third terms in (6.24), we use (6.20) to have

3
∑

i=1

〈hε
ai, n∂ia

ε〉 �o(1) ‖∇xa
ε‖2 + ε−

1

3 ‖(I−P)[fε
R]‖2σ + ‖fε

R‖2 (6.28)

+
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2 + ‖Bε

R‖2
)

+ εk(1 + t)2k+1,

and

∑

∣

∣

∣

〈

Ξ5

[

aε, bε, cε
]

, naε
〉

∣

∣

∣ � o(1) ‖∇xP[fε
R]‖2 + C(1 + t)−β0

(

‖fε
R‖2 + ‖Eε

R‖2
)

. (6.29)
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Collecting the estimates (6.27), (6.28) and (6.29) in (6.24), we obtain

1

2

∥

∥

∥

√
n∇xa

ε
∥

∥

∥

2

+ n2

∥

∥

∥

∥

∥

√

4π

T
aε

∥

∥

∥

∥

∥

2

(6.30)

≤− d

dt

〈(

(I−P)[fε
R], ζai

)

, ∂ia
ε
〉

+ Cε−
1

3 ‖∇x(I−P)[fε
R]‖2σ

+ C

(

ε−2 ‖(I−P)[fε
R]‖2σ + ε−

1

3 ‖fε
R‖2H1

+
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2H1 + ‖Bε

R‖2H1

)

+ εk(1 + t)2k+1

)

.

�

6.2. Electromagnetic dissipation. In this subsection, we derive the dissipation of the

electromagnetic field (Eε
R, B

ε
R).

Proposition 6.2. It holds that, for i = 0, 1

1

2
εi+1

∥

∥

∥

∥

∥

√

u0

T
∇i

xE
ε
R

∥

∥

∥

∥

∥

2

(6.31)

≤−
3
∑

j=1

εi+1 d

dt

〈(

∇i
x(I−P)[fε

R], ζaj

)

,∇i
xE

ε
R,j

〉

+ Cεi−1 ‖(I−P)[fε
R]‖2σ

+ C
[

εi+1
∥

∥∇i+1
x P[fε

R]
∥

∥

2
+ ε

2

3

(

E +D
)

+ εk+i+1(1 + t)2k+1
]

.

Proof. For brevity, we only prove (6.31) for i = 0 since the case i = 1 can be proved

in the same way. From (6.18), we have

∥

∥

∥

∥

∥

√

u0

T
Eε

R

∥

∥

∥

∥

∥

2

≤
3
∑

i=1

〈

�εai, E
ε
R,i

〉

+

3
∑

i=1

∣

∣

∣

∣

〈

∂ia
ε − ρε2

ρε1
∂ic

ε, Eε
R,i

〉∣

∣

∣

∣

+

3
∑

i=1

∣

∣

〈

hε
ai, E

ε
R,i

〉∣

∣ . (6.32)

For the first term in (6.32), we use (2.13) to have

〈

�εai, E
ε
R,i

〉

=
〈(

− ∂t(I−P)[fε
R], ζai

)

, Eε
R,i

〉

+

〈

(

− p̂ · ∇x(I−P)[fε
R]−

1

ε
L[fε

R], ζai

)

, Eε
R,i

〉

≤− d

dt

〈([

(I−P)[fε
R]
]

, ζai

)

, Eε
R,i

〉

+
〈(

(I−P)[fε
R], ζai

)

, ∂tE
ε
R,i

〉

+ o(1) ‖Eε
R‖2 + C

(

‖∇x(I−P)[fε
R]‖2σ + ε−2 ‖(I−P)[fε

R]‖2σ
)

≤− d

dt

〈([

(I−P)[fε
R]
]

, ζai

)

, Eε
R,i

〉

+ ε2
(

‖∇xB
ε
R‖2 + ‖fε

R‖2
)

+ o(1) ‖Eε
R‖2 + C

(

‖∇x(I−P)[fε
R]‖2σ + ε−2 ‖(I−P)[fε

R]‖2σ
)

.

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



262 Z. OUYANG, L. WU, AND Q. XIAO

For the second and third terms in (6.32), we bound them as follows:

3
∑

i=1

∣

∣

∣

∣

〈

∂ia
ε − ρ2

ρ1
∂ic

ε, Eε
R,i

〉∣

∣

∣

∣

� o(1) ‖Eε
R‖2 + C ‖∇xP[fε

R]‖2 ,

3
∑

i=1

∣

∣

〈

hε
ai, E

ε
R,i

〉∣

∣ � o(1) ‖Eε
R‖2 + ε−

1

3

(

‖(I−P)[fε
R]‖2σ + ‖fε

R‖2
)

+
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2 + ‖Bε

R‖2
)

+ εk(1 + t)2k+1.

We collect the above estimates in (6.32) to obtain

1

2

∥

∥

∥

∥

∥

√

u0

T
Eε

R

∥

∥

∥

∥

∥

2

≤−
3
∑

i=1

d

dt

〈(

(I−P)[fε
R], ζai

)

, Eε
R,i

〉

(6.33)

+ C
(

‖∇x(I−P)[fε
R]‖2σ + ε−2 ‖(I−P)[fε

R]‖2σ
)

+ C
(

ε2 ‖∇xB
ε
R‖2 + ε−

1

3 ‖fε
R‖2 + ‖∇xP[fε

R]‖2
)

+ C
[

(1 + t)−β0 + ε
2

3

](

‖Eε
R‖2 + ‖Bε

R‖2
)

+ εk(1 + t)2k+1
]

.

This verifies (6.31) for i = 0. �

Proposition 6.3. It holds that

1

2
ε2 ‖∇xB

ε
R‖2 ≤ε2

d

dt
〈Eε

R,∇x ×Bε
R〉+ ε2 ‖∇xE

ε
R‖2 + Cε2E . (6.34)

Proof. From (2.13), we have

‖∇x ×Bε
R‖2 = 〈∂tEε

R,∇x ×Bε
R〉+

〈

−4π

∫

R3

p̂M
1

2 fε
Rdp,∇x ×Bε

R

〉

(6.35)

≤ d

dt
〈Eε

R,∇x ×Bε
R〉 − 〈Eε

R,∇x × ∂tB
ε
R〉+ C ‖fε

R‖ ‖∇x ×Bε
R‖

≤ d

dt
〈Eε

R,∇x ×Bε
R〉+

〈

Eε
R,∇x ×

(

∇x × Eε
R

)〉

+ o(1) ‖∇x ×Bε
R‖2 + C ‖fε

R‖2 .

Noting

〈

Eε
R,∇x ×

(

∇x × Eε
R

)〉

= ‖∇x × Eε
R‖2 , (6.36)

we have

1

2
‖∇x ×Bε

R‖2 ≤ d

dt
〈Eε

R,∇x × Bε
R〉+ ‖∇x × Eε

R‖2 + C ‖fε
R‖2 . (6.37)

Noting ∇ ·Bε
R = 0, this further implies (6.34). �

Remark 6.1. By proper linear combination of (6.3), (6.31) and (6.34), we can obtain

the macroscopic dissipation and the electromagnetic filed dissipation together. However,

the dissipation of the electromagnetic field is too weak to be necessarily included in D.
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7. Proof of Proposition 2.1.

Proof of energy estimates. We multiply (6.3) by a sufficiently small constant κ1

and collect the resulting inequality, (4.1), (4.7) and (4.12) to obtain that for some small

positive constant δ1,

d

dt

{ 2
∑

i=0

εi
(

∥

∥

∥

∥

∥

√

4πT

u0
∇i

xf
ε
R

∥

∥

∥

∥

∥

2

+
∥

∥∇i
xE

ε
R

∥

∥

2
+
∥

∥∇i
xB

ε
R

∥

∥

2
)

− κ1

(

εEmac
1 + ε2Emac

2

)

}

(7.1)

+ δ1ε ‖∇xP[fε
R]‖2 + δε2

∥

∥∇2
xP[fε

R]
∥

∥

2

+ δ1

(

ε−1 ‖(I−P)[fε
R]‖2σ + ‖∇x(I−P)[fε

R]‖2σ + ε
∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

σ

)

�
[

(1 + t)−β0 + ε
1

3

]

E + ε
2

3D + ε2k+1(1 + t)4k+2 + εk(1 + t)2k
√
E .

Multiplying (7.1) by a large constant C1 and adding it to the sum of (5.2), (5.8), and

(5.12), we have

d

dt
E +

3

2
D �

[

(1 + t)−β0 + ε
1

3

]

E + ε
2

3D + ε2k+1(1 + t)4k+2 + εk(1 + t)2k
√
E , (7.2)

where D is given in (2.36), and

E =C1

[ 2
∑

i=0

εi
(

∥

∥

∥

∥

∥

√

4πT

u0
∇i

xf
ε
R

∥

∥

∥

∥

∥

2

+
∥

∥∇i
xE

ε
R

∥

∥

2
+
∥

∥∇i
xB

ε
R

∥

∥

2
)

− κ1

(

εEmac
1 + ε2Emac

2

)

]

+ Y
(

‖(I−P)[fε
R]‖2w0 + ε ‖∇x(I−P)[fε

R]‖2w1 +
∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2

)

.

Note that

εEmac
1 + ε2Emac

2 �

2
∑

i=1

εi
∥

∥∇i−1
x fε

R

∥

∥

∥

∥∇i
xf

ε
R

∥

∥ � ε
1

2

(

‖fε
R‖2 + ε ‖∇xf

ε
R‖2 + ε2

∥

∥∇2
xf

ε
R

∥

∥

2
)

by (6.2). This verifies (2.35). Then for sufficiently small constant ε > 0, we use (7.2) to

have

d

dt
E +D �

[

(1 + t)−β0 + ε
1

3 + ε2k+1(1 + t)4k+2
]

E + ε2k+1(1 + t)4k+2 + εk(1 + t)2k.

Then for k ≥ 3, we apply Gronwall’s inequality to the above inequality to have

sup
s∈[0,t]

[

E(s) +
∫ t

0

D(s)ds
]

� E(0) + 1

for t = ε−1/3. This verifies (2.34) and (2.37).

Proof of positivity. First we show that there exists F ε
R(0, x, p) such that F ε(0, x, p)

≥ 0. The procedure is motivated by the analysis in [43, Lemma A.2]. We first estimate

the microscopic part of the coefficients (I−P)
[

M− 1

2Fi

]

, 1 ≤ i ≤ 2k − 1. By (2.3) and

the definition of L in (2.14), we have

L
[

(I−P)
[

M− 1

2F1

]]

=−M− 1

2

[

∂tM+ p̂ · ∇xM−
(

E + p̂×B
)

· ∇pM
]

.
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Then, we use Lemma 3.3 to have
∣

∣

∣(I−P)
[

M− 1

2F1

]∣

∣

∣

σ
�
∣

∣∇x(n, u, T )
∣

∣+ |E|+ |B|. (7.3)

By similar arguments in the proof of Lemma 3.5, we can obtain that for any κ < 1,
(

M−κL
[

(I−P)
[

M− 1

2F1

]]

, (I−P)
[

M− 1

2F1

])

�
∣

∣

∣M−κ
2 (I−P)

[

M− 1

2F1

]∣

∣

∣

2

σ
− C

( ∣

∣

∣(I−P)
[

M− 1

2F1

]∣

∣

∣

2

σ
+ |E|2 + |B|2

)

.

This together with similar estimation in (7.3) implies
∣

∣

∣
M−κ

2 (I−P)
[

M− 1

2F1

]∣

∣

∣

2

σ
− C

∣

∣

∣
(I−P)

[

M− 1

2F1

]∣

∣

∣

2

σ
(7.4)

�o(1)
∣

∣

∣M−κ
2 (I−P)

[

M− 1

2F1

]∣

∣

∣

2

σ
+ C

(

∣

∣∇x(n, u, T )
∣

∣

2
+ |E|2 + |B|2

)

.

Now we combine (7.3) and (7.4) to have
∣

∣

∣M−κ
2 (I−P)

[

M− 1

2F1

]∣

∣

∣

σ
�
∣

∣∇x(n, u, T )
∣

∣+ |E|+ |B|.

Similarly, we can obtain that
∑

0≤j≤2

∣

∣

∣∇j
p

(

M−κ
2 (I−P)

[

M− 1

2F1

])∣

∣

∣

σ
�
∣

∣∇x(n, u, T )
∣

∣+ |E|+ |B|.

By the Sobolev imbedding, this implies

(I−P)
[

M− 1

2F1

]

� M
κ
2

[

∣

∣∇x(n, u, T )
∣

∣+ |E|+ |B|
]

. (7.5)

By induction, we can use equations (A.3), (A.4) and (A.5) in Appendix A to obtain

(I−P)
[

M− 1

2Fi

]

�M
κ
2

[

(
∣

∣∇i
x(n, u, T )

∣

∣+ |∇i−1
x E|+ |∇i−1

x B
∣

∣

)

(7.6)

+
∑

1≤j≤i−1

(

∣

∣∇i−j
x (aj , bj , cj)

∣

∣+
∣

∣∇i−j−1
x Ej

∣

∣+
∣

∣∇i−j−1
x Bj

∣

∣

)]

,

for all κ < 1 and 2 ≤ i ≤ 2k − 1. Note that here aj , bj , cj , the coefficients of the

macroscopic part of P
(

M− 1

2Fj

)

, are defined in (A.1). Then we use (7.6) to have

Fi(0, x, p) �Mκ
[

(
∣

∣∇i
x(n, u, T )

∣

∣+
∣

∣∇i−1
x E

∣

∣+
∣

∣∇i−1
x B

∣

∣

)

+
∣

∣(ai, bi, ci)
∣

∣ (7.7)

+
∑

1≤j<i

(

∣

∣∇i−j
x (aj , bj , cj)

∣

∣+
∣

∣∇i−j−1
x Ej

∣

∣+
∣

∣∇i−j−1
x Bj

∣

∣

)]

.

Now we choose F ε
R(0, x, p) in the following form

F ε
R(0, x, p) =Mτ (0, x, p)

[

2k−1
∑

j=1

(

∣

∣∇j
x(n, u, T )

∣

∣+
∣

∣∇j−1
x Ej

∣

∣+
∣

∣∇j−1
x Bj

∣

∣

)

(7.8)

+

2k−1
∑

i=1

∣

∣(ai, bi, ci)
∣

∣+

2k−1
∑

i=1

2k−1−i
∑

j=1

(

∣

∣∇j
x(ai, bi, ci)

∣

∣+
∣

∣∇j−1
x Ei

∣

∣+
∣

∣∇j−1
x Bi

∣

∣

)]

with 0 < τ < 1. We choose κ < 1 such that

k(1− κ) + τ < κ. (7.9)
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From (7.7), we have

2k−1
∑

i=1

εiFi(0, x, p) ≤CεMκ(0, x, p)
[

2k−1
∑

j=1

(
∣

∣∇j
x(n, u, T )(0, x)

∣

∣+ |∇j−1
x (Ej , Bj)(0, x)

∣

∣

)

(7.10)

+

2k−1
∑

i=1

∣

∣(ai, bi, ci)
∣

∣+

2k−1
∑

i=1

2k−1−i
∑

j=1

(

∣

∣∇j
x(ai, bi, ci)

∣

∣+
∣

∣∇j−1
x (Ei, Bi)

∣

∣

)]

≤C0εM
κ(0, x, p)

for some uniform constant C0 ≥ 1. We discuss the positivity of F ε
R(0, x, p) in two domains

in R
3
x × R

3
p:

A :=
{

(x, p) : M(0, x, p) ≥ C0εM
κ(0, x, p)

}

,

B :=
{

(x, p) : M(0, x, p) < C0εM
κ(0, x, p)

}

.

In the domain A, by the expression of the Hilbert expansion (2.1), we have F ε
R(0, x, p) ≥ 0.

In the domain B, for the chosen κ, we use (7.9) to have

εkMτ (0, x, p) > Ck+1
0 εk+1Mτ (0, x, p)

≥ C0εM
k(1−κ)(0, x, p)Mτ (0, x, p)

≥ C0εM
κ(0, x, p).

This implies that the remainder term is the dominant term in (2.1) and F ε(0, x, p) ≥ 0

for ε small enough. Therefore we have F ε(0, x, p) ≥ 0 for all (x, p).

Based on the proof of [90, Lemma 9, Page 307–308], we may rearrange equation (1.17)

as

∂tF
ε + p̂ · ∇xF

ε −
(

Eε + p̂× bε
)

∇pF
ε (7.11)

=
1

ε

(∫

R3

Φij(p, q)F ε(q)dq

)

∂pi
∂pj

F ε

+
1

ε

(∫

R3

∂pi
Φij(p, q)F ε(q)dq

)

∂pj
F ε − 1

ε

(∫

R3

Φij(p, q)∂qjF
ε(q)dq

)

∂pi
F ε

− 1

ε
∂pi

(∫

R3

Φij(p, q)∂qjF
ε(q)dq

)

F ε.

Then clearly, there is an elliptic structure on the R.H.S. of (7.11). Therefore, using the

maximum principle (see the proof of [90, Lemma 9, Page 308] and [69, Theorem 1.1,

Page 201]), we have

min
t,x,p

{

F ε
}

= min
x,p

{

F ε
0

}

≥ 0.

Then for sufficiently smooth F ε, as long as the initial data F ε ≥ 0, we naturally have

F ε ≥ 0. For general F ε, a standard mollification and approximation argument leads to

the desired result.
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8. Relativistic Landau equation.

8.1. No-weight energy estimates. In this section, we derive the no-weight energy esti-

mates. Since the estimates can be derived via arguments similar to the r-VML case, we

omit most of the details of the proof and only point out main differences.

Corresponding to Proposition 4.1, we have

Proposition 8.1. For the remainder fε
R, it holds that

d

dt
‖fε

R‖2 + ε−1δ
∥

∥(I−P)[fε
R]
∥

∥

2

σ
�
(

ε+ Z
)

E + εD + ε2k+3. (8.1)

Proof. The whole proof can be done in a similar and much simpler way as in Propo-

sition 4.1. We only proceed to the following two estimates:

∣

∣

∣

〈

M− 1

2

(

∂tM
1

2 + p̂ · ∇xM
1

2

)

fε
R, f

ε
R

〉∣

∣

∣ � Z
∥

∥

∥

√

p0fε
R

∥

∥

∥

2

(8.2)

�Z

(

∥

∥

√

p0P[fε
R]
∥

∥

2
+

∫

R3

∫

p0≤ε−1κ

p0
∣

∣(I−P)[fε
R]
∣

∣

2
+

∫

R3

∫

p0≥ε−1κ

p0
∣

∣(I−P)[fε
R]
∣

∣

2
)

�Z

(

‖P[fε
R]‖2 + ε−1o(1)

∥

∥(I−P)[fε
R]
∥

∥

2

σ
+

∫

R3

∫

p0≥ε−1κ

p0
∣

∣(I−P)[fε
R]
∣

∣

2
)

�Z ‖fε
R‖2 + o(1)ε−1

∥

∥(I−P)[fε
R]
∥

∥

2

σ
+ Z

∫

R3

∫

p0≥ε−1κ

p0
∣

∣(I−P)[fε
R]
∣

∣

2

�Z ‖fε
R‖2 + o(1)ε−1 ‖(I−P)[fε

R]‖2σ + Zε ‖(I−P)[fε
R]‖2w0

,

by Lemma 3.1, and

∣

∣

〈

S, fε
R

〉∣

∣ =
∣

∣

〈

S, (I−P)[fε
R]
〉∣

∣ � o(1)ε−1 ‖(I−P)[fε
R]‖2σ + ε2k+3,

by (B.3) in Appendix B. �

For derivatives of fε
R, we can obtain the following estimates.

Proposition 8.2. For the remainder fε
R, it holds that

ε

(

d

dt
‖∇xf

ε
R‖2 + ε−1δ ‖(I−P)[∇xf

ε
R]‖2σ

)

�
(

ε+ Z
)

E + o(1)ε−1 ‖(I−P)[fε
R]‖2σ + εD + ε2k+3,

(8.3)

and

ε2
(

d

dt

∥

∥∇2
xf

ε
R

∥

∥

2
+ ε−1δ

∥

∥(I−P)[∇2
xf

ε
R]
∥

∥

2

σ

)

�
(

ε+ Z
)

E + o(1) ‖(I−P)[fε
R]‖2H1

σ
+ εD + ε2k+4.

(8.4)
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8.2. Weighted energy estimates. In this subsection, we will derive the weighted energy

estimates of fε.

8.2.1. Weighted basic energy estimate. We take microscopic projection onto (i.e. apply

operator I−P on both sides of) (2.44) to have

∂t
(

(I−P)[fε
R]
)

+ p̂ · ∇x

(

(I−P)[fε
R]
)

+
1

ε
L
[

(I−P)[fε
R]
]

(8.5)

= εk−1Γ[fε
R, f

ε
R] +

2k−1
∑

i=1

εi−1
{

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

}

−M− 1

2

(

∂tM
1

2 + p̂ · ∇xM
1

2

)

(

(I−P)[fε
R]
)

+ (I−P)[S] + �P, τ� [fε
R],

where

�P, τ� = Pτ − τP = (I−P)τ − τ (I−P) (8.6)

denotes a commutator of operators P and τ which is given by

τ = ∂t + p̂ · ∇x +M− 1

2

(

∂tM
1

2 + p̂ · ∇xM
1

2

)

. (8.7)

Proposition 8.3. For the remainder fε
R, it holds that

d

dt
‖(I−P)[fε

R]‖2w0 + ε−1 ‖(I−P)[fε
R]‖2w0,σ + Y

∥

∥

∥

√

p0(I−P)[fε
R]
∥

∥

∥

2

w0

(8.8)

� ε ‖∇xf
ε
R‖2 + ε−1 ‖(I−P)[fε

R]‖2σ + ε
(

E +D) + ε2k+3,

ε

(

d

dt
‖∇x(I−P)[fε

R]‖2w1 + ε−1δ ‖∇x(I−P)[fε
R]‖2w1,σ + Y

∥

∥

∥

√

p0∇x(I−P)[fε
R]
∥

∥

∥

2

w1

)

(8.9)

� ε2
∥

∥∇2
xf

ε
R

∥

∥

2
+ ‖∇x(I−P)[fε

R]‖2σ + ε
(

E +D
)

+ ε2k+4,

and

ε3
(

d

dt

∥

∥∇2
xf

ε
R

∥

∥

2

w2
+ ε−1δ

∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2,σ
+ Y

∥

∥

∥

√

p0∇2
xf

ε
R

∥

∥

∥

2

w2

)

(8.10)

� ε2
∥

∥∇2
xf

ε
R

∥

∥

2
+ ε

(

E +D
)

+ ε2k+6.

8.3. Macroscopic dissipation. In this subsection, we study the macroscopic structure

of (2.44).

As in (2.17), denote

P[fε
R] := M

1

2

{[

aε(t, x)− ρ2(t, x)

ρ1(t, x)
cε(t, x)

]

+ p · bε(t, x) + p0cε(t, x)
}

∈ N .

Proposition 8.4. There are two functionals Emac
i for i = 1, 2 satisfying

Emac
i �

∥

∥∇i−1
x fε

R

∥

∥ ‖∇xf
ε
R‖ , (8.11)

such that

− d

dt

(

εEmac
1 + ε2Emac

2

)

+
(

ε ‖∇xP[fε
R]‖2 + ε2

∥

∥∇2
xP[fε

R]
∥

∥

2
)

(8.12)

� ε−1 ‖(I−P)[fε
R]‖2σ + ‖∇x(I−P)[fε

R]‖2σ + ε
(

E +D) + ε2k+3.
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Proof. As in Proposition 6.1, it can be proved via local conservation laws and the

macroscopic equations of fε
R. Write (2.44) as

∂tf
ε
R + p̂ · ∇xf

ε
R +

1

ε
L[fε

R] = h
ε
, (8.13)

where

h
ε
= εk−1Γ[fε

R, f
ε
R] +

2k−1
∑

i=1

εi−1
{

Γ
[

M− 1

2Fi, f
ε
R

]

+ Γ
[

fε
R,M

− 1

2Fi

]

}

−M− 1

2

(

∂tM
1

2 + p̂ · ∇xM
1

2

)

fε
R + S.

Local conservation laws: Similar to the derivation of (6.11), (6.12) and (6.13), we

can obtain

nu0∂ta
ε +

n

γ
∇x · bε = Ξ1

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂M
1

2 (I−P)[fε
R] dp+

∫

R3

M
1

2h
ε
dp,

(8.14)

n

(

K1(γ)

γK2(γ)
+

4

γ2

)

∂tb
ε +

n

γ
∇xa

ε (8.15)

= Ξ2

[

aε, bε, cε
]

−∇x ·
∫

R3

p̂pM
1

2 (I−P)[fε
R] dp+

∫

R3

pM
1

2h
ε
dp,

n

(

−K2
1 (γ)

K2
2 (γ)

− 3

γ

K1(γ)

K2(γ)
+ 1 +

3

γ2

)

∂tc
ε +

n

γ2
∇x · bε (8.16)

= Ξ3

[

aε, bε, cε
]

+

∫

R3

p0M
1

2h
ε
dp

− u0

(

K1(γ)

K2(γ)
+

3

γ

)(

−∇x ·
∫

R3

p̂M
1

2 (I−P)[fε
R] dp+

∫

R3

M
1

2h
ε
dp

)

.

Macroscopic equations: Secondly, we turn to the macroscopic equations of fε
R.

Splitting fε
R as the macroscopic part P[fε

R] and the microscopic (I − P)[fε
R] part in

(8.13), we have
(

∂t

(

aε − ρ2
ρ1

cε
)

+ p̂ · ∂tbε + p0∂tc
ε
)

M
1

2

+ p̂ ·
{

∇x

(

aε − ρ2
ρ1

cε
)

+∇xb
ε · p̂+ p0∇xc

ε
}

M
1

2 = �ε + hε,
(8.17)

where

�ε := −
(

∂t + p̂ · ∇x

)[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], (8.18)

hε :=−
{

(

aε − ρε2
ρε1

cε
)

+ p · bε + p0cε
}

(

∂t + p̂ · ∇x

)

M
1

2 + h
ε
. (8.19)

For fixed t, x, we compare the coefficients in front of
{

M
1

2 , piM
1

2 , p0M
1

2 ,
pi
p0

M
1

2 ,
pi
p0

M
1

2 ,
p2i
p0

M
1

2 ,
pipj
p0

M
1

2

}

, 1 ≤ i, j ≤ 3 (8.20)
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on both sides of (8.17) and get the following macroscopic equations:

∂ta
ε − ρ2

ρ1
∂tc

ε = �εa + hε
a + ∂t

(ρ2
ρ1

)

cε, (8.21)

∂tb
ε
i + ∂ic

ε = �εbi + hε
bi,

∂tc
ε = �εc + hε

c,

∂ia
ε − ρ2

ρ1
∂ic

ε = �εai + hε
ai + c∂i

(ρ2
ρ1

)

cε,

c∂ib
ε
i = �εii + hε

ii,

∂ib
ε
j + ∂jb

ε
i = �εij + hε

ij , i �= j.

Here �εa, h
ε
a, �

ε
bi, h

ε
bi, �

ε
c, h

ε
c, �

ε
ai, h

ε
ai, �

ε
ii, h

ε
ii, and �εij , h

ε
ij take the form of

(�ε, ζ) and (hε, ζ),

where ζ is linear combinations of

{

M
1

2 , piM
1

2 , p0M
1

2 ,
pi
p0

M
1

2 ,
pi
p0

M
1

2 ,
p2i
p0

M
1

2 ,
pipj
p0

M
1

2

}

. (8.22)

For m = 0, 1, we have the following estimates:

‖∇m
x hε

a‖+ ‖∇m
x hε

bi‖+ ‖∇m
x hε

c‖+ ‖∇m
x hε

ai‖+ ‖∇m
x hε

ii‖+
∥

∥∇m
x hε

ij

∥

∥ (8.23)

� ε
1

2 ‖fε
R‖Hm

+
2k−1
∑

l=1

(

∥

∥M− 1

2Fl

∥

∥

Wm,∞
x L2

p

∥

∥

∥
|fε

R|Hm
σ

∥

∥

∥
+
∥

∥

∥
M− 1

2 |Fl|σ
∥

∥

∥

Wm,∞
x

∥

∥∇j
xf

ε
R

∥

∥

)

+ εk+1

�
∥

∥∇j
x(I−P)[fε

R]
∥

∥

Hm
σ
+ ‖fε

R‖Hm + Z ‖fε
R‖Hm + εk+1.

For brevity, we only give the estimate of ‖∇xb
ε‖ in (8.12) since other estimates can be

derived similarly. From the last two equalities in (6.16), we have

−∆bεj − ∂j∇x · bε = −
3
∑

i=1

∂i
(

�εij + hε
ij

)(

1 + δij
)

. (8.24)

We multiply bεj and integrate over R3 to get

‖∇xb
ε‖2 + ‖∇x · bε‖2 =

3
∑

i=1

〈(

�εij + hε
ij

)(

1 + δij
)

, ∂ib
ε
j

〉

(8.25)

=
3
∑

i=1

(

1 + δij
)

〈

(

−
(

∂t + p̂ · ∇x

)[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], ζij

)

, ∂ib
ε
j

〉

+
3
∑

i=1

(

1 + δij
) 〈(

hε
ij , ζij

)

, ∂ib
ε
j

〉

.
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For the first term related to (I−P)[fε
R], we have

〈

(

−
(

∂t + p̂ · ∇x

)[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], ζij

)

, ∂ib
ε
j

〉

(8.26)

=
〈(

− ∂t
[

(I−P)[fε
R]
]

, ζij

)

, ∂ib
ε
j

〉

+

〈

(

− p̂ · ∇x

[

(I−P)[fε
R]
]

− 1

ε
L[fε

R], ζij

)

, ∂ib
ε
j

〉

≤− d

dt

〈(

[

(I−P)[fε
R]
]

, ζij

)

, ∂ib
ε
j

〉

+
〈(

[

(I−P)[fε
R]
]

, ζij

)

, ∂i∂tb
ε
j

〉

+ o(1) ‖∇xb
ε‖2 + C

(

‖∇x(I−P)[fε
R]‖2σ + ε−2 ‖(I−P)[fε

R]‖2σ
)

.

By (6.12) and (6.20) with terms related to the electromagnetic field be zero, we have

〈(

[

(I−P)[fε
R]
]

, ζij

)

, ∂i∂tb
ε
j

〉

= −
〈(

∂i
[

(I−P)[fε
R]
]

, ζij

)

, ∂tb
ε
j

〉

(8.27)

� o(1)
(

‖∇xa
ε‖2 + ‖∇xc

ε‖2
)

+ ‖∇x(I−P)[fε
R]‖2H1 + ‖fε

R‖2 + εk+1.

Then we use (8.23) again to obtain

1

2
‖∇xb

ε‖2 + ‖∇x · bε‖2 (8.28)

≤ − d

dt

〈(

[

(I−P)[fε
R]
]

, ζij

)

, ∂ib
ε
j

〉

+ o(1)
(

‖∇xa
ε‖2 + ‖∇xc

ε‖2
)

+ ε−2 ‖(I−P)[fε
R]‖2σ + ‖∇x(I−P)[fε

R]‖2σ +
(

1 + Z
)

‖fε
R‖2 + εk+1.

�

8.4. Proof of Proposition 2.2.

Proof of energy estimates. Multiplying (6.3) by a small constant κ2 and adding

it to the sum of (8.1), (8.3) and (8.4), we obtain that for some small constant δ2 > 0,

d

dt

(

(

‖fε
R‖2 + ε ‖∇xf

ε
R‖2 + ε2

∥

∥∇2
xf

ε
R

∥

∥

2
)

− κ2

(

εEmac
1 + ε2Emac

2

)

)

(8.29)

+ δ2

(

ε ‖∇xP[fε
R]‖2 + ε2

∥

∥∇2
xP[fε

R]
∥

∥

)

+ δ2

(

ε−1 ‖(I−P)[fε
R]‖2σ + ‖∇x(I−P)[fε

R]‖2σ + ε
∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

σ

)

�
(

ε+ Z
)

E + εD + ε2k+3.

Multiplying (8.29) by a large constant C2 and adding it to the sum of (8.8), (8.9), and

(8.10), we have

d

dt

(

E − κ2

(

εEmac
1 + ε2Emac

2

)

)

+
3

2
D �

(

ε+ Z
)

E + εD + ε2k+3, (8.30)

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



HILBERT EXPANSION FOR COULOMB COLLISIONAL KINETIC MODELS 271

where D is given in (2.53), and

E =C1

[ 2
∑

i=0

εi

∥

∥

∥

∥

∥

√

4πT

u0
∇i

xf
ε
R

∥

∥

∥

∥

∥

2

− κ2

(

εEmac
1 + ε2Emac

2

)

]

+ Y
(

‖(I−P)[fε
R]‖2w0 + ε ‖∇x(I−P)[fε

R]‖2w1 +
∥

∥∇2
x(I−P)[fε

R]
∥

∥

2

w2

)

.

Note that

εEmac
1 + ε2Emac

2 �

2
∑

i=1

εi
∥

∥∇i−1
x fε

R

∥

∥

∥

∥∇i
xf

ε
R

∥

∥ � ε
1

2

(

‖fε
R‖2 + ε ‖∇xf

ε
R‖2 + ε2

∥

∥∇2
xf

ε
R

∥

∥

2
)

by (8.11). This verifies (2.52). When ε is sufficiently small, we know ε � Z. Thus, we

have

d

dt
E +D � ZE + ε2k+3. (8.31)

By Gronwall’s inequality, for t ≤ t0, we have

E(t) +
∫ t

0

D(s)ds � eZtE(0) + ε2k+3

∫ t

0

eZ(t−s)ds � eZtE(0) + Z−1ε2k+3. (8.32)

Due to (2.49), we know Zt0 � 1. Hence, we have

E(t) +
∫ t

0

D(s)ds � E(0) + ε2k+3, t ≤ t0. (8.33)

This verifies the validity of (2.51) and (2.55).

Proof of positivity. It is analogous to the corresponding part in the proof of Propo-

sition 2.1. We omit the proof for brevity.

Appendix A. Expansion of the relativistic Vlasov-Maxwell-Landau system.

In this part, we list our result about the construction and regularity estimates of the

coefficients in the Hilbert expansion (2.1). For any integer n ∈ [1, 2k− 1], we decompose

M− 1

2Fn as the sum of macroscopic and microscopic parts:

M− 1

2Fn = P
[

M− 1

2Fn

]

+ (I−P)
[

M− 1

2Fn

]

(A.1)

=
(

an(t, x) + bn(t, x) · p+ cn(t, x)p
0
)

M
1

2 + (I−P)
[

M− 1

2Fn

]

.

Proposition A.1. For any integer n ∈ [0, 2k − 2], assume that (Fi, Ei, Bi) have been

constructed for all 0 ≤ i ≤ n. Then the microscopic part (I − P)
[

M− 1

2Fn+1

]

can be
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written as:

(I−P)
(

M− 1

2Fn+1

)

= L−1

[

−M− 1

2

(

∂tFn + p̂ · ∇xFn − 1

ε

∑

i+j=n+1
i,j≥1

[

C(Fi, Fj) (A.2)

+ C(Fi, Fj)
]

+
∑

i+j=n
i,j≥0

(

Ei + p̂×Bi

)

· ∇pFj

)

]

.

And an+1(t, x), bn+1(t, x), cn+1(t, x), En+1(t, x), Bn+1(t, x) satisfy the following sys-

tem:

∂t
(

nu0an+1 + (e+ P )u0(u · bn+1) + (e(u0)2 + P |u|2)cn+1

)

+∇x ·
(

nuan+1 + (e+ P )u(u · bn+1) + Pbn+1 + (e+ P )u0ucn+1

)

+∇x ·
∫

R3

p̂M
1

2 (I−P)
[

M− 1

2Fn+1

]

dp = 0,

(A.3)

∂t

{

(e+ P )u0ujan+1 +
n

γK2(γ)

(

(6K3(γ) + γK2(γ))u
0uj(u · bn+1) +K3(γ)u

0bn+1,j

)

+
n

γK2(γ)

(

(5K3(γ) + γK2(γ))(u
0)2 +K3(γ)|u|2

)

ujcn+1

}

+∇x ·
(

(e+ P )ujuan+1 +
n

γK2(γ)
(6K3(γ) + γK2(γ))uju

(

(u · bn+1) + u0cn+1

)

)

+ ∂xj
(Pan+1) +∇x ·

(

nK3(γ)

γK2(γ)
(ubn+1,j + ujbn+1)

)

(A.4)

+ ∂xj

(

nK3(γ)

γK2(γ)

(

u · bn+1 + u0cn+1

)

)

+ E0,j

(

nu0an+1 + (e+ P )u0(u · bn+1) + (e(u0)2 + P |u|2)cn+1

)

+
((

nuan+1 + (e+ P )u(u · bn+1) + Pbn+1 + (e+ P )u0ucn+1

)

×B
)

j

+

(

nu0En+1,j +
(

nu× Bn+1

)

j

)

+
∑

k+l=n+1
k,l≥1

Ek,j

(

nu0al + (e+ P )u0(u · bl) + (e(u0)2 + P |u|2)cl
)

+
∑

k+l=n+1
k,l≥1

((

nual + (e+ P )u(u · bl) + Pbl + (e+ P )u0ucl

)

×Bk

)

j

+∇x ·
∫

R3

pjp

p0
M

1

2 (I−P)
[

M− 1

2Fn+1

]

dp+

(∫

R3

p̂×BM
1

2 (I−P)
[

M− 1

2Fn+1

]

dp

)

j

+
∑

k+l=n+1
k,l≥1

(∫

R3

p̂×BkM
1

2 (I−P)
[

M− 1

2Fl

]

dp

)

j

= 0,
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for j = 1, 2, 3 with bn+1 = (bn+1,1, bn+1,2, bn+1,3), En+1 = (En+1,1, En+1,2, En+1,3),

∂t

{

(e(u0)2 + P |u|2)an+1 +
n(u · bn+1)

γK2(γ)

(

(5K3(γ) + γK2(γ))(u
0)2 +K3(γ)|u|2

)

+
n

γK2(γ)

(

(3K3(γ) + γK2(γ))(u
0)2 + 3K3(γ)|u|2

)

u0cn+1

}

+∇x ·
(

(e+ P )u0uan+1

)

+∇x ·
{

n

γK2(γ)
(6K3(γ) + γK2(γ))u

0u(u · bn+1) +
nu0K3(γ)

γK2(γ)
u0bn+1 (A.5)

+
n

γK2(γ)

(

(5K3(γ) + γK2(γ))(u
0)2 +K3(γ)|u|2

)

ucn+1

}

+

(

nu · En+1 + nu · Ean+1 + (e+ P )(u · bn+1)(u · E)

+ PE · bn+1 + (e+ P )u0(u · E)cn+1

)

+

∫

R3

p̂M
1

2 (I−P)
[

M− 1

2Fn+1

]

dp · E

+
∑

k+l=n+1
k,l≥1

(

nu · Ekal + (e+ P )(u · bl)(u · Ek) + PEk · bl + (e+ P )u0(u · Ek)cl

+

∫

R3

p̂M
1

2 (I−P)
[

M− 1

2Fl

]

dp · Ek

)

+∇x ·
∫

R3

pM
1

2 (I−P)
[

M− 1

2Fn+1

]

dp = 0,

∂tEn+1 −∇x ×Bn+1

= 4π
(

nuan+1 + Pbn+1 + (e+ P )u(u · bn+1) + (e+ P )u0ucn+1

)

+ 4π

∫

R3

(

p̂M
1

2 {I−P}
[

M− 1

2Fn+1

])

dp,

∂tBn+1 +∇x × En+1 = 0, (A.6)

∇x · En+1 = −4π
(

nu0an+1 + (e+ P )u0(u · bn+1) + (e(u0)2 + P |u|2)cn+1

)

,

∇x ·Bn+1 = 0.

Furthermore, assume an+1(0, x), bn+1(0, x), cn+1(0, x), En+1(0, x), Bn+1(0, x) ∈ HN ,

N ≥ 1, be given initial data to the system consisted of equations (A.3), (A.4), (A.5)

and (A.6). Then the linear system is well-posed in C0([0,∞);HN ). Moreover, it holds

that

|Fn+1| � (1 + t)n+1M1− , |∇pFn+1| � (1 + t)n+1M1− ,

|∇xFn+1| � (1 + t)n+1M1− , |∇x∇pFn+1| � (1 + t)n+1M1− ,

|∇2
xFn+1| � (1 + t)nM1− , |∇2

x∇pFn+1| � (1 + t)n+1M1− , (A.7)

|En+1|+ |Bn+1|+ |∇xEn+1|+ |∇xBn+1|+ |∇2
xEn+1|+ |∇2

xBn+1| � (1 + t)n+1.
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Proof. The whole proof follows from analogous arguments as in [54, Appendix 3]. We

omit the details for brevity. �

Appendix B. Expansion of the relativistic Landau equation. In this part, we

list our result about the construction and regularity estimates of the coefficients in the

Hilbert expansion (2.1). The proof can be done in a similar way as that in [54, Appendix

3], so we only record the results. For any integer n ∈ [1, 2k − 1], we decompose M− 1

2Fn

as the sum of macroscopic and microscopic parts:

Fn

M
1

2

= P
[

M− 1

2Fn

]

+ (I−P)
[

M− 1

2Fn

]

(B.1)

=
(

an(t, x) + bn(t, x) · p+ cn(t, x)p
0
)

M
1

2 + (I−P)
[

M− 1

2Fn

]

.

Proposition B.1. For any integer n ∈ [0, 2k−2], assume that Fi have been constructed

for all 0 ≤ i ≤ n. Then the microscopic part (I−P)
[

M− 1

2Fn+1

]

can be written as:

(I−P)
[

M− 1

2Fn+1

]

= L−1
[

−M− 1

2

(

∂tFn + p̂ · ∇xFn −
∑

i+j=n+1
i,j≥1

C[Fi, Fj ]
)]

.
(B.2)

And an+1(t, x), bn+1(t, x), cn+1(t, x) satisfy (A.4), (A.4) and (A.5) by deleting all terms

related to the electromagnetic field. Furthermore, assume an+1(0, x), bn+1(0, x),

cn+1(0, x) ∈ HN with N ≥ 1 are given initial data to the corresponding linear sys-

tem. Then this linear system is well-posed in C0([0,∞);HN ). Moreover, it holds that

for sufficiently large N

|Fn+1| � M1−, |∇pFn+1| � M1−,

|∇xFn+1| � M1−, |∇x∇pFn+1| � M1−, (B.3)

|∇2
xFn+1| � M1−, |∇2

x∇pFn+1| � M1−.
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