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We prove that the convergence of Lott’s delocalized eta invariant holds for all self-
adjoint first order elliptic differential operators with a sufficiently large spectral
gap at zero. Furthermore, to each delocalized cyclic cocycle, we define a higher
analogue of Lott’s delocalized eta invariant and prove its convergence when the
delocalized cyclic cocycle has at most exponential growth. As an application,
for each cyclic cocycle of at most exponential growth, we prove a formal higher
Atiyah—Patodi-Singer index theorem on manifolds with boundary, under the
condition that the operator on the boundary has a sufficiently large spectral gap at
Zero.

Our second main result is to obtain an explicit formula of the delocalized
Connes—Chern character of all C*-algebraic secondary invariants for word hyper-
bolic groups. Equivalently, we give an explicit formula for the pairing between
C*-algebraic secondary invariants and delocalized cyclic cocycles of the group
algebra. When the C*-algebraic secondary invariant is a K -theoretic higher rho
invariant of an invertible differential operator, we show this pairing is precisely
the higher analogue of Lott’s delocalized eta invariant alluded to above. Our
work uses Puschnigg’s smooth dense subalgebra for word hyperbolic groups
in an essential way. We emphasize that our construction of the delocalized
Connes—Chern character is at the C*-algebra K -theory level. This is of essential
importance for applications to geometry and topology. As a consequence, we
compute the pairing between delocalized cyclic cocycles and C*-algebraic Atiyah—
Patodi—Singer index classes for manifolds with boundary, when the fundamental
group of the given manifold is hyperbolic. In particular, this improves the formal
delocalized higher Atiyah—Patodi—Singer theorem from above and removes the
condition that the spectral gap of the operator on the boundary is sufficiently
large.
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1. Introduction

Higher index theory is a far-reaching generalization of the classic Fredholm index
theory by taking into consideration of the symmetries of the underlying space. Let
X be a complete Riemannian manifold of dimension n with a discrete group G
acting on it properly and cocompactly by isometries. Each G-equivariant elliptic
differential operator D on X gives rise to a higher index class Indg (D) in the
K-group K,(C}(G)) of the reduced group C*-algebra C(G). This higher index is
an obstruction to the invertibility of D. The higher index theory plays a fundamental
role in the studies of many problems in geometry and topology such as the Novikov
conjecture, the Baum—Connes conjecture and the Gromov-Lawson—Rosenberg
conjecture. Higher index classes are invariant under homotopy and often referred
to as primary invariants.

When the higher index class of an operator is trivial and given a specific trivializa-
tion, a secondary index theoretic invariant naturally arises. One such example is the
associated Dirac operator on the universal covering M of a closed spin manifold M
equipped with a positive scalar curvature metric. It follows from the Lichnerowicz
formula that the Dirac operator on M is invertible. In this case, there is a natural C*-
algebraic secondary invariant introduced by Roe [1996] and Higson and Roe [2005a;
2005b; 2005c], called the higher rho invariant, which lies in K, (Cz’O(IVI )6), where
G is the fundamental group 71 (M) of M and CZ’O(I\F/VI )€ is a certain geometric C*-
algebra. The precise definition of Cy 0(1\7 )¢ and that of the higher rho invariant are
given in Section 2. This higher rho invariant is an obstruction to the inverse of the
Dirac operator being local and has important applications to geometry and topology.

Parallel to the C*-algebraic approach above, Lott [1999] developed a theory of
secondary invariants in the framework of noncommutative differential forms. Lott’s
theory was in turn very much inspired by the work of Bismut and Cheeger [1989] on
eta forms, which naturally arise in the index theory for families of manifolds with
boundary. Despite the fact that Lott’s higher eta invariant is defined by an explicit
integral formula of noncommutative differential forms, it is difficult to compute in
general. It is only after one pairs Lott’s higher eta invariant with cyclic cocycles
of (M) that it becomes more computable and more applicable to problems in
geometry and topology. However, due to certain convergence issues, the question
when such a pairing can actually be rigorously defined is often very subtle. We shall
devote the first half of the current paper to these convergence issues. We show that
the pairing of Lott’s higher eta invariant and a (delocalized) cyclic cocycle is well-
defined, under the condition that the operator on M has a sufficiently large spectral
gap at zero and the cyclic cocycle has at most exponential growth. In particular, as
a special case, if both 71 (M) and the cyclic cocycle have subexponential growth,
then the pairing is always well-defined for all invertible operators on M.
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The second goal of our paper is to obtain an explicit formula for the delocalized
Connes—Chern character of all C*-algebraic secondary invariants for hyperbolic
groups. Equivalently, this amounts to computing the pairing between C*-algebraic
secondary invariants and delocalized cyclic cocycles of the group algebra. In
the case where the C*-algebraic secondary invariant is a K -theoretic higher rho
invariant, the pairing is given explicitly in terms of Lott’s higher eta invariant,’
or rather its periodic version.”> As mentioned above, one of the main technical
difficulties is to resolve various convergence issues. In the case of hyperbolic
groups, we overcome these convergence issues with the help of Puschnigg’s smooth
dense subalgebra. As a consequence, we compute the paring between delocalized
cyclic cocycles and Atiyah—Patodi—Singer higher index classes for manifolds with
boundary in terms of delocalized higher eta invariants, when the fundamental group
of the given manifold is hyperbolic. The details of these results will occupy the
second half of the paper.

In the following, we shall give a more precise overview of some of the main
results of this paper. Let us recall the definition of Lott’s delocalized eta invariant,
which shall be thought of (at least formally) as a pairing between Lott’s higher eta
invariant and traces (i.e., degree zero cyclic cocycles). Suppose (h) is a nontrivial
conjugacy class in 71 (M) in the sense that the group element 4 is not equal to the
identity in r;(M). If D is a self-adjoint elliptic differential operator on M and D
is the lifting of D to M , then the delocalized eta invariant 7 (5) is defined by the

formula
n(h = J_ / tr<h>(De ) . (1.1)

Here tr; is the following trace map

i (A) = Z/ Ax, gv) dx

gelh)

on G-equivariant kernels A € C“(]VI x M ), where F is a fundamental domain of
M under the action of G = w1 (M). As it stands, the above definition of delocalized
eta invariant does not require a choice of ‘a smooth dense subalgebra of C}(G).
Of course, in the special event that De=*D” lies in an appropriate smooth dense
subalgebra to which the trace map tr(,, continuously extends, this delocalized eta
invariant indeed coincides with the pairing of tr(,y with Lott’s higher eta invariant.

Un the literature, the delocalized part of Lott’s noncommutative-differential higher eta invari-
ant sometimes is also referred to as higher rho invariant. To avoid confusion, we shall refer this
noncommutative-differential higher rho invariant as Lott’s higher eta invariant.

2See [Lott 1992, Section 4.6] for a discussion of the periodic version of Lott’s higher eta invariant.
As K-theory is 2-periodic, the periodic higher eta invariant is the correct version to be used here.
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The convergence of the above formula is proved by Lott [1999] under the
assumption that (h) has polynomial growth or is hyperbohc and that D is invertible
or more generally Dhasa spectral gap at zero. Recall that D is said to have a spectral
gap at zero if there exists an open interval (—¢, ) C R such that spectrum(D) N
(—¢, ) is either {0} or empty. In general, the convergence of (1.1) fails. For
example, Piazza and Schick gave an explicit example where the convergence of
(1.1) fails when D does not have a spectral gap at zero.

As the first main result of this paper, we show that if D has a sufficiently large
spectral gap at zero, then Lott’s delocalized eta invariant 77<h)(5) in line (1.1)
converges absolutely. We refer to Definition 3.7 in Section 3 for a more precise
quantitative explanation of what it means for a spectral gap to be “sufficiently
large”.

Theorem 1.2. Let M be a closed manifold and M the universal covering over M.
Suppose D is a self adjoint first-order elliptic differential operator over M and D
the lift of D to M. If (h) is a nontrivial conjugacy class of wi(M) and D has a
sufficiently large spectral gap at zero, then the delocalized eta invariant 1y, (D)
defined in line (1.1) converges absolutely.

We would like to emphasize that the theorem above works for all fundamental
groups. In the special case where the conjugacy class (/) has subexponential growth
then any nonzero spectral gap is in fact sufficiently large, hence in this case 1, (D)
converges absolutely as long as D is invertible.

Now a special feature of traces is that they always have uniformly bounded
representatives, when viewed as degree zero cyclic cocycles. In fact, the techniques
used to prove Theorem 1.2 above can be generalized to all delocalized cyclic
cocycles of higher degrees, as long as they have at most exponential growth. Recall
that the cyclic cohomology of a group algebra decomposes into a direct product
with respect to the conjugacy classes of the group. A cyclic cocycle in a component
of this direct product decomposition that corresponds to a nontrivial conjugacy class
(h) will be called a delocalized cyclic cocycle at (h); see Definition 3.27. Moreover,
see Definition 3.38 in Section 3 for the precise definition of exponential growth for
cyclic cocycles.

Theorem 1.3. Assume the same notation as in Theorem 1.2. Let ¢ be a delocalized
cyclic cocycle at a nontrivial conjugacy class (h). If ¢ has exponential growth and
D has a sufficiently large spectral gap at zero, then a higher analogue n¢(5) (see
Definition 3.30) of the delocalized eta invariant converges absolutely.

3Lott [1999, Proposition 8] stated that the convergence of the formula (3.3) holds for both groups
with polynomial growth and hyperbolic groups. However, his proof for hyperbolic groups contained a
technical problem which was later fixed by Puschnigg [2010] when he constructed a different smooth
dense subalgebra of the reduced group C*-algebra for hyperbolic groups.
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The explicit formula for n(p(ﬁ) is described in terms of the transgression formula
for Connes—Chern characters [Connes 1985; 1994; Jaffe et al. 1988]. It is closely
related to the periodic version of Lott’s noncommutative-differential higher eta
invariant. In the case where the fundamental group G has polynomial growth, we
shall show that our formula for n(p(IN)) is equivalent to the periodic version of Lott’s
noncommutative-differential higher eta invariant; see Section 8. As n(o(lN)) is an
analogue for higher degree cyclic cocycles of Lott’s delocalized eta invariant, we
shall call n,, (5) a delocalized higher eta invariant from now on. Again, we refer to
Definition 3.42 for a more precise quantitative explanation of what it means for a
spectral gap to be “sufficiently large” in this context. For now, let us just point out
that if both G and ¢ have subexponential growth, then any nonzero spectral gap is
in fact sufficiently large, hence in this case n(p(ﬁ) converges absolutely as long as
D is invertible.

Formally speaking, just as Lott’s delocalized eta invariant ) (D) can be inter-
preted as the pairing between the degree zero cyclic cocycle tr(;) and the K -theoretic
higher rho invariant ,0(5) (or the noncommutative differential higher eta invariant),
so can the delocalized higher eta invariant nw(ﬁ) be interpreted as the pairing
between the cyclic cocycle ¢ and the K -theoretic higher rho invariant p(5) (or the
noncommutative differential higher eta invariant). As pointed out in the discussion
above, a key analytic difficulty here is to verify when such a pairing is well-
defined, or more ambitiously, to verify when one can extend this pairing to a pairing
between the cyclic cohomology of CG and the K -theory group K, (C Z’O(Z\A/i Y¢). The
group K, (C}’;O(M )©) consists of C*-algebraic secondary invariants; in particular, it
contains all higher rho invariants from the discussion above. As pointed out above,
such an extension of the pairing is important, often necessary, for many interesting
applications to geometry and topology; see [Piazza and Schick 2014; Xie and Yu
2017; Weinberger et al. 2021].

Xie and Yu [2021] established a pairing between delocalized cyclic cocycles
of degree zero (i.e., delocalized traces) and the K-theory group K*(CZO(I\? Y9,
under the assumption that the relevant conjugacy class has polynomial growth. In
this paper, we shall construct a pairing between delocalized cyclic cocycles of all
degrees and the K -theory group K.(C z,o(M )©) for hyperbolic groups. Before we
state the theorem, let us recall some notations that will be used in the statement of the
next theorem. The cyclic cohomology of a group algebra CG has a decomposition
with respect to the conjugacy classes of G [Burghelea 1985; Nistor 1990]:

HC*(CG) = [ HC*(CG, (h)),
(h)

where HC*(CG, (h)) denotes the component that corresponds to the conjugacy
class (h); see Definition 3.27 below.
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Theorem 1.4. Let M be a closed manifold whose fundamental group G is hy-
perbolic. Suppose (h) is a nontrivial conjugacy class of G. Then every element
[a] € HC?**1=I(CG, (h)) induces a natural map

Tt Ki(C}o(M)%) — €
such that the following are satisfied:
(1) T(Sa] = T[a), where S is Connes’ periodicity map
S: HC*(CG, (h)) — HC*"2(CG, (h)).

(ii) Suppose D is a first-order elliptic differential operator on M such that the lift
D of D to the universal cover M of M is invertible. Then we have

Ti)(0(D)) = —na (D),

where ,0(5) is the C*-algebraic higher rho invariant of D and %(5) is the
delocalized higher eta invariant defined in Definition 3.30. In particular, in
this case, the delocalized higher eta invariant n, (D) converges absolutely.

The construction of the map 74 in the above theorem uses Puschnigg’s [2010]
smooth dense subalgebra for hyperbolic groups in an essential way. In more
conceptual terms, the above theorem provides an explicit formula to compute the
delocalized Connes—Chern character of C*-algebraic secondary invariants. More
precisely, the same techniques developed in this paper actually imply* that there is
a well-defined delocalized Connes—Chern character

chaetoe : Ki(C o(M)") — HCY(B(CG)),

where B(CG) is Puschnigg’s smooth dense subalgebra of the reduced group
C*-algebra of G and H C%1°°(B(CG)) is the delocalized part of the cyclic homology
of B(CG).> Now for Gromov’s hyperbolic groups, every cyclic cohomology class
of CI' continuously extends to cyclic cohomology class of B(CG); see [Puschnigg
2010] for the case of degree zero cyclic cocycles and Section 4 of this paper for
the case of higher degree cyclic cocycles. Thus the map 1,] can be viewed as a
pairing between cyclic cohomology and delocalized Connes—Chern characters of
C*-algebraic secondary invariants. We point out that, although the spectral gap of

“In fact, even more is true. It follows from the proof of Lemma 6.9 in Section 6 that if A is
smooth dense subalgebra of C;*(I") for any group I' (not necessarily hyperbolic) and in addition
A is a Fréchet locally m-convex algebra, then there is a well-defined delocalized Connes—Chern
character chgejoc: K (C z O(]l71 )y — HC%loc(4). Of course, in order to pair such a delocalized
Connes—Chern character with a cyclic cocycle of CI', a key remaining challenge is to continuously
extend this cyclic cocycle of CT" to a cyclic cocycle of A.

SHere the definition of cyclic homology of B(CG) takes the topology of B(CG) into account; see
[Connes 1985, Section I1.5].
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Dis required to be sufficiently large in Theorems 1.2 and 1.3 in order for %(5) to
converge, such a requirement is not needed in the case of hyperbolic groups. This
is again a consequence of some essential properties of Puschnigg’s smooth dense
subalgebra.

As an application, we use this delocalized Connes—Chern character map to
obtain a delocalized higher Atiyah—Patodi—Singer index theorem for manifolds
with boundary. More precisely, let W be a compact n-dimensional spin manifold
with boundary d W. Suppose W is equipped with a Riemannian metric gw which
has a product structure near d W and in addition has positive scalar curvature on
dW. Let W be the universal covering of W and g the Riemannian metric on 14
lifted from gw. With respect to the metric gy, the associated Dirac operator Dw
on W naturally defines a higher index Indg(ﬁw) in Kn(C*(W)G) = K,(C}(G)),
where G = m1(W); see [Xie and Yu 2014, Section 3]. Since the metric gy has
positive scalar curvature on dW, it follows from the Lichnerowicz formula that the
associated Dirac - operator D on dW is invertible, hence naturally defines a higher
rho invariant p (Dd) in K,,_1(C L70( W) ). We have the following delocalized higher
Atiyah—Patodi—Singer index theorem.

Theorem 1.5. With the same notations as above, if G = (W) is hyperbolic and
(h) is a nontrivial conjugacy class of G, then for any [¢] € HC*(CG, (h)), we have

chig) (Indg (Dw)) = 11 (Dy), (1.6)

where chy) (IndG(l~)W)) is the Connes—Chern pairing between the cyclic cohomol-
ogy class [¢] and the C*-algebraic index class Indg (D).

There have been various versions of higher Atiyah—Patodi—Singer theorem in the
literature [Leichtnam and Piazza 1999; Wahl 2013; Gorokhovsky et al. 2016]. See
the discussion after Theorem 7.6 for more details on the relations and differences
of the above theorem with those existing results.

The methods developed in this paper can also be applied to prove analogues of
Theorems 1.4 and 1.5 above for virtually nilpotent groups. The complete details
can be found in the thesis of Sheagan John [2022].

We would like to point out that our proof of Theorem 1.4 does not rely on
the Baum—Connes isomorphism for hyperbolic groups [Lafforgue 2012; Mineyev
and Yu 2002], although the theorem is closely connected to the Baum—Connes
conjecture and the Novikov conjecture. On the other hand, if one is willing to use
the full power of the Baum—Connes isomorphism for hyperbolic groups, there is
in fact a different, but more indirect, approach to the delocalized Connes—Chern
character map. First, observe that the map 1, factors through a map

Tia): (Ki(C} o(EG)9)®C) — C
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where EG is the universal space for proper G-actions. Now the Baum—Connes
isomorphism

u: KS(EG) => K.(C}(G))

for hyperbolic groups implies that one can identify K;(Cj ,(E G)9)®C with
@W#] HC.(CG, (h)), where HC,(CG, (h)) is the delocalized cyclic homology
at (h) (a cyclic homology analogue of Definition 3.27) and the direct sum is
taken over all nontrivial conjugacy classes. In particular, after this identification,
it follows that the map 7(] becomes the usual componentwise pairing between
cyclic cohomology and cyclic homology. However, for a specific element, e.g., the
higher rho invariant ,0(5), in K; (C}i,o(E G)9), its identification with an element
in @ ()1 HC.(CG, (h)) is ratIE:r abstract and implicit. More precisely, the com-
putation of the number tj4)(0 (D)) essentially amounts to the following process.
Observe that if a closed spin manifold M is equipped with a positive scalar curvature
metric, then stably it bounds (more precisely, the universal cover M of M becomes
the boundary of another G-manifold, after finitely many steps of cobordisms and
vector bundle modifications). In principle, the number r[a](,o(ﬁ)) can be derived
from a higher Atiyah—Patodi—Singer index theorem for this bounding manifold. The
drawback of such an approach is that there is no explicit formula for 7j4](o( 5)),
since there is no explicit procedure for producing such a bounding manifold. Deeley
and Goffeng [2016] also constructed a delocalized Connes—Chern character for
C*-algebra secondary invariants. Their approach is in spirit similar to the indirect
method just described above (making use of the Baum—Connes isomorphism for
hyperbolic groups), although their actual technical implementation is different. The
key feature of our approach in this paper is that we obtain an explicit and intrinsic
formula for the delocalized Connes—Chern character of C*-algebraic secondary
invariants.

The paper is organized as follows. In Section 2, we review some standard
geometric C*-algebras and a construction of Higson—Roe’s K -theoretic higher rho
invariants. In Section 3, we prove the convergence of Lott’s delocalized eta invariant
holds for all operators with a sufficiently large spectral gap at zero. More generally,
for each higher degree delocalized cyclic cocycle, we define a higher analogue of
Lott’s delocalized eta invariant, and prove its convergence for all operators with a
sufficiently large spectral gap at zero, provided that the given cyclic cocycle has
at most exponential growth. In Section 4, we review Puschnigg’s construction of
smooth dense subalgebras of reduced group C*-algebras for hyperbolic groups.
Puschnigg showed that any trace on the group algebra of a hyperbolic group extends
continuously onto this smooth dense subalgebra. We shall generalize this result to
cyclic cocycles of all degrees, provided that the cyclic cocycles have polynomial
growth; see Proposition 4.20 below. In Section 5, we show that every cyclic
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cohomology class of a hyperbolic group has a representative of polynomial growth.
Furthermore, if the cyclic cohomology class has degree > 2, then it admits a
uniformly bounded representative. In Section 6, we give an explicit formula for the
pairing between C*-algebraic secondary invariants and delocalized cyclic cocycles
of the group algebra for word hyperbolic groups. When the C*-algebraic secondary
invariant is a K -theoretic higher rho invariant of an invertible differential operator,
we show this pairing is precisely the higher delocalized eta invariant of the given
operator. In Section 7, we compute the paring between delocalized cyclic cocycles
and C*-algebraic Atiyah—Patodi—Singer index classes for manifolds with boundary,
when the fundamental group of the given manifold is hyperbolic. In Section 8, we
identify our definition of delocalized higher eta invariant with Lott’s higher eta
invariant.

We would like to thank Denis Osin for providing us a proof of a useful result on
hyperbolic groups (Lemma 5.1).

We would like to mention that about five months after the first version of this
paper appeared on arXiv [Chen et al. 2019], Piazza, Schick and Zenobi posted a
preprint [Piazza et al. 2019] dealing with the same questions in Section 6 of our

paper.
2. Preliminaries

In this section, we review the construction of some geometric C*-algebras and
Higson—Roe’s higher rho invariants. We refer the reader to [Roe 1993; Yu 1997;
Higson and Roe 2005a; 2005b; 2005¢] for more details.

Let X be a proper metric space, that is, every closed metric ball in X is compact.
An X-module is a separable Hilbert space equipped with a x-representation of
Co(X), the algebra of all continuous functions on X which vanish at infinity. An X-
module is called nondegenerate if the x-representation of Co(X) is nondegenerate.
An X-module is said to be standard if no nonzero function in Cy(X) acts as a
compact operator.

Definition 2.1. Let Hy be an X-module and 7" a bounded linear operator acting

on Hy:

(1) The propagation of T is defined to be sup{d(x, y) | (x, y) € supp(T)}, where
supp(7) is the complement (in X x X) of the set of points (x, y) € X x X for
which there exist f, g € Co(X) such that gTf =0 and f(x)g(y) # 0.

(2) T is said to be locally compact if fT and T f are compact for all f € Co(X).
(3) T is said to be pseudolocal if [T, f] is compact for all f € Cp(X).

Definition 2.2. Let Hy be a standard nondegenerate X-module and B(Hyx) the set
of all bounded linear operators on Hy:
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(1) The Roe algebra of X, denoted by C*(X), is the C*-algebra generated by all
locally compact operators with finite propagations in B(Hy).

(2) D*(X) is the C*-algebra generated by all pseudolocal operators and with finite
propagations in B(Hy). In particular, D*(X) is a subalgebra of the multiplier
algebra of C*(X).

(3) Cj(X) (resp. Dj (X)) is the C*-algebra generated by all bounded and uni-
formly norm-continuous functions f : [0, c0) — C*(X) (resp. f : [0, 00) —
D*(X)) such that

propagation of f(t) - 0 ast — oo.

D7 (X) is a subalgebra of the multiplier algebra of Cj (X).

(4) The kernel of the following evaluation map
ev:Cl(X)—> C*"(X), fr f(0)

is defined to be C z,o(X ). In particular, C z,o(X ) is an ideal of Cj (X). Similarly,
we define DZO(X ) as the kernel of the evaluation map from D7 (X) to D*(X).

Now in addition we assume that there is a countable discrete group G, and acts
properly on X by isometries. In particular, if the action of I is free, then X is
simply a G-covering of the compact space X/G. Let Hy be an X-module equipped
with a covariant unitary representation of G. Let the representation of Cy(X) be ¢
and let the action of G be w. We call (Hy, G, ¢, ) a covariant system is to say

() (f) =9 (g fm(g),
where g* f(x) = f(g~'x) forany f € Co(X), g € G.
Definition 2.3. A covariant system (Hy, G, ¢) is called admissible if:

(1) The action of G is proper and cocompact.
(2) Hy is a nondegenerate standard X-module.

(3) For each x € X, the stabilizer group G, acts on Hy regularly in the sense
that the action is isomorphic to the obvious action of G, on I>(G,) ® H for
some infinite dimensional Hilbert space H. Here G, acts on £2(G ) by (left)
translations and acts on H trivially.

We remark that for each locally compact metric space X with a proper and
cocompact isometric action of G, there exists an admissible covariant system
(Hx, G, ¢). Also, we point out that the condition 3 above is automatically satisfied
if G acts freely on X. If no confusion arises, we will denote an admissible covariant
system (Hy, G, ¢) by Hy and call it an admissible (X, G)-module.
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Definition 2.4. Let X be a locally compact metric space X with a proper and
cocompact isometric action of G. If Hy is an admissible (X, G)-module, we
denote by C[X]° to be x-algebra of all G-invariant locally compact operators with
finite propagations in B(Hy). We define C*(X)? to be the completion of C[X]¢
in B(Hy).

Since the action of G on X is cocompact, it is known that C*(X) is %-isomorphic
to K ® C}(G), where K is the algebra of all compact operators and C;(G) is the
reduced group C*-algebra.

Similarly, we can define D*(X)¢, C;(X)°, D} (X)Y, C} o(X)© and D} ((X)°.

Remark 2.5. Up to isomorphism, C*(X) does not depend on the choice of the
standard nondegenerate X-module Hx. The same holds for D*(X), C; (X), D} (X),
C ZO(X ), DZO(X ) and their G-equivariant versions.

Let M be a closed Riemannian manifold. Let G be a discrete finitely generated
countable group. Suppose Misa regular G-cover of M. For example, M is the
universal covering of M and G is the fundamental group of M. Let p be the
associated covering map from M to M. Suppose E is an Hermitian vector bundle
over M and E the lifting of E to M. Write H the collection of all L2-sections of E.
The equivariant Roe algebra C *(M)© is defined to be the operator-norm completion
of all G-equivariant locally compact operators of finite propagation acting on H.
The localization algebra C} (A7I )6 and Cz’O(ZVI )G can be defined similarly.

Suppose that M is spin and E is the corresponding spinor bundle over M. Let
D be the Dirac operator acting on E and D its lifting to E. If the scalar curvature
of the metric over M is strictly positive, the Dirac operator naturally defines a
K -theory class called the higher rho invariant in K, (C z’O(IVI )©). For simplicity,
we will only discuss the case where M is odd dimensional; the even dimensional
case is completely similar; see [Xie and Yu 2014].

Define the following functions

| Y A
F.(x)= ﬁ/;oo e ds and U;(x) =expQmiF;(x)). (2.6)

Since the scalar curvature over M is uniformly bounded below by a positive number,
it follows from the Lichnerowicz formula that the Dirac operator D is invertible.
This implies that F,(D) converges to 5 (1 + D|D| Y in operator norm, as t — 0.
Thus the path {Ut(D)}o<,<o<> lies in C} O(M)G

Definition 2.7 [Higson and Roe 2005a; 2005b; 2005c]. The Higson—Roe higher
rho invariant p(D) of D is defined to be the K-theory class [{U;(D)}o<i<co] €
K\(C}o(3D)9).
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3. Higher eta invariants

In this section, we show that Lott’s delocalized eta invariant converges absolutely
for operators with a sufficiently large spectral gap at zero. More generally, we
prove the convergence of a higher analogue of Lott’s delocalized eta invariant for
operators with a sufficiently large spectral gap at zero and higher degree cyclic
cocycles that have at most exponential growth.

3.1. Convergence of delocalized eta invariants with a large enough spectral gap.
Let M be a closed Riemannian manifold. Let G be a finitely generated discrete
group. Suppose Mis a regular G-covering space of M. Let p be the associated
covering map from M to M. Choose any fundamental domain F of G-action on
M. Suppose D is a first-order self-adjoint elliptic differential operator acting on
some Hermitian vector bundle E over M and E (resp. D) is the lifting of E (resp
D) to M. Assume G acts on E as well. Let H be the space of L2?-sections of E.
Then the operator De="°D lies in B (H), the algebra of bounded operators on H.
Moreover, the associated Schwartz kernel k;(x, y) of De™! *D is smooth.
Any conjugacy class (k) of G naturally induces a trace map

ry:CG—C, by Y aggr Zag
geG

In particular, when (h) is the trivial conjugacy class, 7, is the canonical trace on
CG. The trace map tr(;y generalizes (formally) to a trace map on G-equivariant
integral operators 7" with a smooth Schwartz kernel T (x, y) as follows:

(1) = Z/ tr(T (x, gx)) dx, (3.1)

ge(h)
provided that the right-hand side converges.

Definition 3.2 [Lott 1999]. For any nontrivial conjugacy class (1) of G, Lott’s
delocalized eta invariant 1, (D) of D is defined to be

By =2 [y (Pe P a 3.3
Ny ( )-—ﬁ ; trip) (De )dt. (3.3)

The terminology “delocalized” refers to the fact that (k) is a nontrivial conjugacy
class. If we were to take the trivial conjugacy class in Definition 3.2, we would
recover the L2-eta invariant of Cheeger and Gromov [1985].

Lott [1999] proved the convergence of the integral in line (3.3) under the assump-
tion that G has polynomial growth or is hyperbolic, and D is invertible (or more
generally has a spectral gap at zero) Piazza and Schick [2007, Section 3] gave an
example where the formula (3.3) diverges for noninvertible D. They then raised the
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question of whether a divergent example still exists if one assumes the invertibility
of D [loc. cit., Remark 3.2].

Our first main result states that the answer to this question of Piazza and Schick
is negative, as long as the spectral gap of D is sufficiently large. Before we give
the precise statement of the theorem, we first fix some notation.

Fix a finite generating set S of G. Let £ be the corresponding word length
function on G determined by S. Since § is finite, there exist C > 0 and Ky > 0
such that

#{g e (h): £(g) =n} < Cefkw™, (3.4

We define T to be

dist(x,
Ty = lim inf(inf M). (3.5)

ge(h)y \xeF  £(g)
£(g)—>o0
Since the action of G on M is free and cocompact, we have T, > 0.
Given a first-order differential operator D on M, we denote the principal symbol
of D by op(x,v), for x € M and cotangent vector v € T,"M. We define the
propagation speed of D to be the positive number

cp=sup{llop(x,v)|: xe M, ve T M, |v| =1} (3.6)
When D is the Dirac operator on a spin manifold, we have cp = 1.

Definition 3.7. With the above notation, let us define

2K h)y *CD
oy = D (3.8)
T(n)
We say the spectral gap of Dis sufficiently large if the spectral gap of D at zero is
larger than o, i.e., spectrum(D) N [—o ), ony] is either {0} or empty.

In the following, we shall show that the convergence of the formula (3.3) holds
if D has a spectral gap at zero larger than o). In fact, the convergence of the
formula (3.3) for the case where D has a spectral gap at zero can be deduced from
the invertible case by replacing D with its restriction to the orthogonal complement
of the kernel of D. Without loss of generality, we will only give the details of
the proof for the case where D is invertible and its spectral gap at zero is larger
than o (h)-

Theorem 3.9. With the same notation as above, for any nontrivial conjugacy class
(h), suppose that D is invertible and its spectral gap at zero is larger than o).
Then the delocalized eta invariant 1, (D) given in line (3.3) converges absolutely.

Proof. The proof is divided into three steps. In the first step, we show that
tr<h>(De_’2D2) is finite for any fixed ¢ > O (Proposition 3.20). In the second step,
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we prove the convergence of the integral for small ¢ (Proposition 3.21). In the last
step, we show the convergence of the integral for large ¢ (Proposition 3.23). In
fact, only the last step requires the assumption that the spectral gap of Dis larger
than o (h)- O

We say that (k) has subexponential growth if we can choose Ky in line (3.4) to
be arbitrarily small. In this case, we have the following corollary.

Corollary 3.10. If (h) has subexponential growth, then U(h)(ﬁ) given in line (3.3)
converges absolutely, as long as D has a spectral gap at zero.

In Theorem 3.9, the condition that the spectral gap of Dis larger than o ;) might
first appear to be rather ad hoc. In the following, we shall show that such a condition
in fact holds for an abundance of natural examples whose higher rho invariant is
nontrivial.

Suppose that N is a closed spin manifold equipped with a positive scalar curvature
metric gy, whose fundamental group F = (N) is finite and its higher rho invariant
p(5N) is nontrivial. Here D ~ is the Dirac operator on the universal covering N of
N. For instance, let N to be a lens space, that is, the quotient of the 3-dimensional
sphere by a free action of a finite cyclic group. In this case, the classical equivariant
Atiyah—Patodi—Singer index theorem implies that the higher rho invariant of N is
nontrivial; see [Donnelly 1978].

Now let V be an even dimensional closed spin manifold, whose Dirac operator
Dy has nontrivial higher index in Ko(C)(I')), where I' = 71(V). In particu-
lar, it follows that Dy defines a nonzero element in the equivariant K-homology
Ko(Cj(E M) of the universal space ET for free I' actions. Consider the product
space M =V x N equipped with a metric gy = gv +¢- gy, Where gy is an arbitrary
Riemannian metric on V and the metric gy on N is scaled by a posmve number &.
Denote the Dirac operator on the universal covering Mof M by Dy The spectral
gap of Dy at zero can always be made sufficiently large, as long as we choose ¢ to
be sufficiently small. To see that p(Dy;) is nonzero in Ki(C; o(E(T" x F))I*F),
we apply the product formula for secondary invariants (see [Xie and Yu 2014,
Claim 2.19; Zeidler 2016, Corollary 4.15]), which states that the higher rho in-
variant p(DM) is the product of the K-homology class of Dy and the higher rho
invariant ,o(DN) It follows from the above construction that p(DM) 1S nonzero in
Ki(C} o(E(T x F))™F).

Now let us return to the proof of Theorem 3.9. First, we need a few technical
lemmas. Let M be a closed Riemannian manifold. Suppose T is an integral operator
on the space L*(M) of L? functions on M, and assume the Schwartz kernel of T is
a continuous function on M x M. In particular, we have

T(f)(x) = /M T(x.y) £ () dy,
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for all f € L>(M). We denote the operator norm of an operator A on L*(M)
by [[Allop-

Lemma 3.11. Let M be a closed Riemannian manifold and D a first-order self-

adjoint elliptic differential operator on M. Suppose T is a bounded linear operator
on L*(M) such that

sup ||DkTDj||Op < 00.
k+j<3 dim M+3

Then T is an integral operator with a continuous Schwartz kernel Kt (x, y), and
there exists a positive number C (independent of T') such that

sup |[Kr(x, )| <C-  sup  |[D*TD/|gp. (3.12)
x,yeM k+j<3 dim M+3

Proof. Let p be the smallest even integer that is greater than %dim M. Then
(14 DP)~! is a Hilbert—Schmidt operator on L>(M). Denote the Hilbert—Schmidt
norm of (1+D?)~" by ||(1+ D?)~!|us,

By assumption, (14 D”)T is bounded. It follows that T = (1+D?) " lo(14+D?)T
is also a Hilbert—Schmidt operator, and furthermore

ITlus < (1 +DP) ius - 1(1+ DP)T |lop.

It follows that T is an integral operator whose Schwartz kernel K7 (x, y) is an
L?-function on M x M.
To see that K7 is continuous on M x M, we consider the elliptic differential
operator
2=D®1+1Q®D

on M x M. Observe that
n
(n>DrTDn—r
« r

||@nKT||L2(MxM) =

HS

S N

n b r —r
<> (21 + D7) s 1+ DPYD'T D" .
r=0

Therefore, our assumption

sup ||DkTDj||0p <00
k+j<3 dim M+3

implies that | 2" K7 || 2(px p) 18 finite for all n < dim M + 1. It follows from the
Sobolev embedding theorem that there exists C; > 0 such that

sup |[Kr(x, WI<Cr- sup  NZ2"Krll2cmsm
x,yeM n<dim M+1
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where the right hand side is dominated by

C- sup  ||IDFTD|lop
k+j<3 dim M+3

for some constant C > 0. This finishes the proof. ([

Let E be a Hermitian vector bundle over M and D a first order self-adjoint
elhpt1c differential operator acting on the space L?(M, E) of L?-sections of E. Let
M be a regular G- covermg space of M. Denote the lift of E to M by E and the
lift of D to M by D. The same argument from above also proves the following
analogue for bounded operators acting on L*(M, E).

Lemma 3.13. Suppose T is a bounded linear operator on LZ(M, E) such that

sup ID*T D ||op < 00.
k+j<3 dim M+3

Then T is an integral operator with a continuous Schwartz kernel Kr(x, y), and
there exists a positive number C (independent of T) such that

~ o~
sup [[Kr(x, y)I<C-  sup  [[D"TD/|op,
x.yeM k+j<3 dim M+3

where | K1 (x, y)|| denotes the operator norm of elements in End(Ey, Ex).

Proof. For each pair of points xg and yg in M, let ¢y, (resp. ¢y,) be a compactly
supported smooth function that is constant 1 in a neighborhood of xg (resp. yo).
Consider the operator ¢,, T ¢y, acting on L*(M,E ) which maps functlons supported
near xg to functions supported near yg. Since [D ©Oxols [D ®yol, D2k D, ¢y, J(1+
52)_" and 52k[5, ©yl(1+ 52)_" are all bounded operators, it follows that

~ ~ ey
sup 1D @x T @y D llop = Cry,yy - sup  [ID*T D’ lop
k+j<3 dim M43 k+j<3 dim M+3
for some positive constant Cy, y,. By restricting the proof of Lemma 3.11 near
small neighborhoods of x¢ and yy, we see that ¢,, T ¢y, is an integral operator with

a continuous Schwartz kernel K7 .y, (x, y) and there is a positive number C; Yo
such that

Sy
sup 1K T 0,0 6, WIS Cly - sup | DT D || op.
(x,y)€supp(gx,) X supp(gy,) k+j<3 dim M+3

Note that the metric on M is the lift of a metric on M and D is the lift of D.
Therefore, by choosing appropriate ¢, and ¢y, for all xo, yg € M, we see that the
constant C\, y, may be chosen independent of xo and yo in M. Moreover, for each
pair of points xo and yp, by testing on functions supported in sufficiently small

neighborhoods of xo and yo, we see that the value of K7 ,, y, at (xo, yo) does not
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depend on the choice of the above cutoff functions ¢,, and ¢,. In particular, it
follows that there is a continuous function K7 on M x M such that

K71 x0.50 = Oxo K1 ®y0-

Now by testing on all compactly supported smooth functions on M, we see that
K7 is precisely the Schwartz kernel of T. By the above discussion, we have

o
sup [|K7(x, pII<C- sup DT DY lop
xX,yeM k+j<%dim M+3

for some constant C that is independent of 7. This finishes the proof. (]

Remark 3.14. As an immediate consequence of the above lemma, we see that for
a closed Riemannian manifold M and any bounded linear operator T on L?(M), if

sup ID*T DY ||op < o0,
k+j<3 dim M+3

then T is of trace class. In fact, in this case, we have
tr(T) =/ T(x,x)dx;
M

see [Bernat et al. 1972, Chapter V, Proposition 3.1.1].

Suppose D is a first-order self-adjoint elliptic differential operator acting on a
vector bundle E over M, and E (resp. D) is the lift of E (resp. D) to M. If fisa
function on R such that

[x™ f (X)L~ < 00 (3.15)

for all m < dlm M + 3, then the corresponding Schwartz kernel of the operator
f (D) is contlnuous Denote the Schwartz kernel of f (D) by K.

Lemma 3.16. With the notations above, for any u > 1 and r > 0, there exists a
constant C > 0 such that

dist(x,
1K ;G I < C- @(M),

n-Cp

forVx,ye M with dist(x, y) > r and any f satisfying line (3.15). Here dist(x, y)
stands for the distance between x and y, the notation ||-|| denotes the operator norm
of elements in End(Ey, E,), and the function Fy is defined by

Fp(s):=  sup /
n< dimM+3 Y1§l>s

where f is the Fourier transform of f.

& f(é)‘ dé.
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Proof. The condition on f implies that F¢(s) < oo for any s € R and f (5) is an
integral operator with continuous Schwartz kernel; see Lemma 3.13.
By the Fourier inverse transform formula, we have

+o00

~ 1 n L~
f(D) = f(&)ePae.
s 00

Fix r > 0. Let xg, yo € M such that A := dist(xg, yo) = r. Choose a smooth
function ¢ over R such that p(§) =1 for |§| > 1 and ¢(§) =0 for |£] < 1/u. Let
©r(E) = (& -cp/X). Let g be the function with Fourier transform

§E) = (E)F(©),

and LeC (M x M ) be the Schwartz kernel corresponding to the operator g(l~)). It
follows from standard finite propagation estimates of wave operators that L(x, y) =
K ¢(x,y) forall x, y € M with dist(x, y) > A. In particular, we have L(xo, yo) =

K ¢ (x0, yo0)-
By Lemma 3.11, it suffice to estimate the operator norm of

D*g(D)D’ = DMV g(D)
forall k+j < % dim M +3. Now for a given n < % dim M +3, define ¥, (x) =x" g (x).
We have

~ B 1d\" A
Vn(§) = (I_E) (@2 f)(&).

Since ¢ is supported on |§| > A/(ucp), there exist positive numbers C; and C such
that

~ 1 ~
1 (D) lop < 2—/ T ()| d
T JIE|1=0/(uep)

<c Z(C—D)j / D) de
h ; r [E1ZA/(nep)

A
SCFy Mm-Cp

By Lemma 3.13, we see that

dist(xo, yo)
1K (x0, yo)ll = I L(x0, yo)ll < C- Ff<—)'

n-Cp

This finishes the proof. (]

To streamline our estimates later, we consider the following class of functions in
Co(R) whose Fourier transform has exponential decay.
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Definition 3.17. Let A, y be the subspace of Cy(R) consisting of functions f
satisfying the following conditions:

(1) f admits an analytic continuation f on the strip {|Im(z)| < A}.

(2) Forany n < N, |7" f (z)| is uniformly bounded on the strip.

Equip Ax n with the norm ||| 4 defined by

Iflla= sup sup |2"f(2)
0<n<N |[Im(z)|<A
For any fixed A and N, itis easy to verify that A,y is closed under multiplication
and conjugation. In fact, A, y is a Banach x-subalgebra of Co(R) under the

2 2 .. .
norm ||-|| 4. Clearly, e™ and xe™ lie in A n.

Lemma 3.18. Suppose f € Ax n for some N > 2. Let f be its Fourier transform.
Then for any 0 < A < A and 0 < n < N — 2 there exists some constant C = C,_,

such that
I...

Proof. For notational simplicity, let us denote the analytic continuation of f on the
strip {|Im(z)| < A} still by f. Forany |y| < A, f(x —iy) is a smooth L!-integrable
function since |z f(z)] is uniformly bounded. Denote the Fourier transform of
f(x —iy) with respect to x by fy, namely

dn
dgr

f(é)‘dé <Cllflla-e™. (3.19)

+00

fr(&) = flx—iy)e ¥ dx.

—00

Since the right-hand side is differentiable in y, and uniformly differentiable in x
and y by Cauchy inequality, the left-hand side is also differentiable in y with

+o00

0 -~ d ,
I © = /_ =il

Since f is holomorphic, we have that 3% f=i % f by the Cauchy—Riemann equation.

Thus
+00

0 -~ 0 . —~
Fh© = /_ il fa il dx =€ 6.

It follows that

(&) = f(&)e*.
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Therefore by our assumption, for any n < N —2 and 0 < A < A there exists
some constant C; > 0 such that

u&wmﬂ= 5@4

i
+oo
:/ e (ix)" f(x —id)dx

o0

den

<fmwvu—mnm

oo
S Cillflla

Thus by induction on n, for any n < N —2 and 0 < A < A, there exists a constant
C> > 0 such that

‘dé” (f(é))‘ Call fllae™

£>s

The estimates for the part f £<—s % f (& )’ d§& are completely similar. This finishes

the proof. U

Hence for & > s, we have

den

ﬂ@‘ Ce™.

If we fix a fundamental domain F C M for the action of G, then one naturally
identifies L2(M) with L(F) ® ¢2(G) through the mapping / — h by h(x, y) =
h(yx) for x € F and y € G. In particular, every G-equivariant Schwartz kernel A
on M x M becomes a formal sum

A=) AR,
geG

where A, (x, y) = A(x, gy) for x, y € F and R, denotes the right translation of g
on £2(G) corresponding to the right regular representation of G on £?(G). Now
suppose A = f (5) as in Lemma 3.16 above. In this case, each A, is a trace class
operator and

tr(Ag)=/ Ag(x,x)dx=f A(x, gx)dx.
F F

Now we are ready to proceed with the first step of the proof for Theorem 3.9.

Proposition 3.20. Suppose (h) is a nontrivial conjugacy class of G. If f € Aa N
with N > % dim M + 5 and A sufficiently large, then tr,y (f (D)) is finite.

Proof. Fix a symmetric generating set S of G. Let £ be the length function on G
determined by S. Since G acts freely and cocompactly on M, there exists € > 0
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such that dlst(x gx) > ¢ for any x € M and g€ (h). Let k(x, y) be the Schwartz
kernel of f (D) Since the action of G on M is free and cocompact, there exist
C1, C; > 0 such that

dist(x, gx) > Cy-€(g) — C».

It follows from Lemma 3.16 that there exists C3 > 0 such that

(PO < Y [ ltetr. gl ds

<C3 ) Fr(max{e, Cy - £(g) — Ca})
ge(h)

o0
< C3 ) ISI"Fr(maxie, Ci-n— Ca)),
n=1

where |S] is the cardinality of the generating set S. By Lemma 3.18, when N >
% dim M + 5, for any A < A, there exists C > 0 such that

Fr(x) < Ce™.
Observe that the summation
oo
Z|S|nef)vmax{£,C2-n7C3}
n=1
converges absolutely, as long as A is sufficiently large. This finishes the proof. [J
Now let us prove the convergence of the integral (3.3) for small 7.

Proposition 3.21. Suppose (h) is a nontrivial conjugacy class of G. If f € Ax N
with N > % dim M + 5 and A sufficiently large, then the following integral

1
f t* - tryy (f (1 D)) dt
0

is absolutely convergent for any k € R.

Proof. Let us denote f;(x) = f(tx). Clearly, f; € Ap n since f € Ap y. Similar
to the proof of Proposition 3.20, we have

o0
|5ty (1 (D) < C3 > _|SI"t* Fp(max{e, Cy -n — Ca)).

n=1

Recall that }‘\,(S) =t ! f (&/1). In particular, we have

— F(n)
dg_nft@) t,m — "/,
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where f (™ s the n-th derivative of f . It follows from Lemma 3.18 that there exists
C > 0 such that

Fft(s) = sup
n<3 dim M+3

! / 0@/ de
"t g

Fp(s-17h) (3.22)
= 4(3/2)dim M+3

Ca —As
< 1G/2dmM+3 ||f||,4-exp<7>

for all ¢ € (0, 1]. The following summation

[e.¢]
ZISI”tk’((?’/z) dim M+3) exp(_A -max{sétcl -n— Cz})
n=1

is integrable on (0, 1], as long as A is sufficiently large. This finishes the proof. [J

Proposition 3.23. Let 0% be the infimum of the spectrum of D2, If o > oy defined
in line (3.8), then the following integral

+00 - 55
f tr<h>(De*’ b )dt
1

is absolutely convergent.

Proof. View De~! 2D as an element in K ® C;(G) and write

~ 2
De P :ZAg,,g.
geG

Note that A ; are compact operators for all g € G and 7 > 1. By Lemma 3.11, A, ;

is of trace class and there exist Cy, N; > 0 such that
2.2
|Ag 1 < CtNt e,

where |-|; stands for the trace norm.
By the definition of T in line (3.5), for any & > 0 there exists L > 0 such that

dist(x, gx) = (T — €)4(g),

for all x € F and g € (h) satisfying £(g) > L. By Lemma 3.16 and Proposition 3.20,
if £(g) > L, then there exist C,, N, > 0 such that

gy — e)ze%g))

PTTIRE (3.24)

Agult < Cat - £(g)™ -exp(



DELOCALIZED ETA INVARIANTS AND CYCLIC COHOMOLOGY 553

Write N = max{N;, Ny} and C = max{Cy, C»}. Then for § > 0 sufficiently small,
we have

2292 )
|Ag 1 <C@t-e(g)Y ~eXp(_l(T(h) e)U(g) too )

2 4t2(u-cp)? 2
— 2452 242
<C@t-L(g)V ,exp<_(T(h> 8)2(\/0 8 )E(g)) L,
KH-Cp

as long as £(g) > L. By the assumption that o > o), we may find suitable u, ¢, §
such that

(T<h> — 8)(\/ 02— 52) > Z,u *Cp - K<h>.
Therefore, by line (3.4), there exist C3, C4 such that
~ 22
ey (De ™ PHI< Y A+ D 1Agh
ge(h) . L(e)<L ge(h),t(g)>L

2.2
< Czekml.crL)Ne "

— /o2—§2
JrZC3e"<<h>ﬂ.C(m)Nexp(—(T““> £) (Vo )")e—’252

2ucp

n>L

< C4Z‘Ne_82t2 .
Hence the integral
oo ~
/ tren) (De_tzDz) dt
0
converges absolutely. This finishes the proof. O

3.2. Delocalized higher eta invariants. In this subsection, we shall generalize the
results of the previous subsection to higher degree cyclic cocycles. For simplicity,
we only give details for the odd case; the even case is similar.

Let us first recall the definition of cyclic cocycles.

Definition 3.25. Let C"(CG) be the space spanned by all (n + 1)-linear functionals
¢ on CG such that

¢(gla gZa R | gn? gO) = (_l)n(p(go’ g]’ AR gl’l)'
The coboundary map b : C"(CG) — C"T!(CG) is defined to be

bgﬂ(g(), 8ls -+ gn+1)
n
= Z(_l)](/’(go, 815+ gjgj-i—la sy gn+1) + (_1)n+l§0(gn+180» 8154 gn)
j=0

The cohomology of this cochain complex (C"(CG), b) is the cyclic cohomology
of CG, denoted by HC*(CG).
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Definition 3.26. Fix any conjugacy class (k) of G. Let C"(CG, (h)) be the space
spanned by all elements ¢ € C"(CG) satisfying the condition

8081 - 8n ¢ (h) = ¢(go. &1, ---,8) =0.

It is easy to verify that (C"(CG, (h)), b) is a subcomplex of (C"(CG), b). We
denote the cohomology of (C"(CG, (h)), b) by HC*(CG, (h)).

Definition 3.27. If the conjugacy class (&) is nontrivial, then a cyclic cocycle in
C"(CG, (h)) is called a delocalized cyclic cocycle at {(h), and HC*(CG, (h)) is
called the delocalized cyclic cohomology of CG at (h).

Recall that (see [Nistor 1990])

HC*(CG) = 1‘[ HC*(CG, (h)).
(h)

Moreover, it is easy to verify that HCY(CG, (h)) is a one dimensional vector space
generated by 7).

Let us write w = Zg wég for an element w € C*(M)G. Given ¢ € C*(CG, (h))
and w = wy@w| ® - -+ ® wy in (C*(M)%)® 1, we define the following map

(Hmw) = Y Wi wd)ego. ... &) (3.28)

whenever the above formula converges. Here tr(wg0 ... wy") stands for the trace of

the operator w3’ - - - wj".
Following the definition of higher rho invariant in line (2.6), we define
1 Xt 2
=U =exp| 2ni— ds ). 3.29
u(x) = Uiy (x) p< lﬁ/we S) (3.29)

Note that the functions u; (x) — 1, u; ' (x) — 1 and &, (x)u; ' (x) = 2ﬁixe—t2x2 are
Schwartz functions. We define the delocalized higher eta invariant as follows.

Definition 3.30. For any ¢ € C?"(CG, (h)) with (h) nontrivial, we define the
delocalized higher eta invariant of D with respect to ¢ to be

~ m o0 ~
Ny (D) 1=—./ ne(D, 1) dt, (3.31)
Tt Jo

where

1o(D, 1) = p#tr(it,(D)u; (D) ® (ur (D) — 1) @ (u; (D) —1)®™).  (3.32)
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More precisely, we have

nw(ﬁ, t)

= Z |:<p(go,g1,...,g2m)/ tr(ko,; (xo, gox1)k1,+(x1, g1x2)
g,'EG ]_‘2m+1

X"'k2m,t(x2m,82mx0))dx0'"demi|- (3.33)

where k; ;(x, y) is the corresponding Schwartz kernel of L)t(ﬁ)ut_l(f)), u,(ﬁ) —1
and u; 'Dy)—1 respectively.

Remark 3.34. Clearly, if m = 0, then ny, (5) =N (5). Hence the delocalized
higher eta invariant is indeed a natural generalization of Lott’s delocalized eta
invariant.

Remark 3.35. In fact, the delocalized higher eta invariant can be defined for a
more general class of representatives besides u, (D) above. We shall deal with the
general case in Section 6.

Remark 3.36. The map ¢# tr naturally extends to the unitization (C*(M YO of
C*(M)° by defining @#tr to be the map that vanishes on the identity element in
(C*(M)%)*. With this notation, the formula of 1y (D) becomes

~ m! oo ~ ~ ~ ~
Ne(D) = prs / o#tr(ii,(D)u; ' (D) ® (u; (D) ® u; ' (D)®™) dt.
0

Remark 3.37. We have only discussed the odd case so far. The even case is
completely analogous. In this case, in the construction of the higher rho invariant
p(5), the path of invertibles {u,(ﬁ)}0<,<oo is replaced by a path of projections
{p+(D)}o<s<o0; see for example [Xie and Yu 2014]. Given ¢ € C2"+1(CG, (h)),
the delocalized higher eta invariant of D with respect to ¢ is defined to be
o
ny(D) = i(z—’",)'f n(D, 1) d1,
TL m!: 0
where
ne(D, 1) = pFte([p: (D), p(D)1 ® pi(D)®*" ).

The integral formula in line (3.31) does not converge in general. In the following,
we shall show that the convergence holds whenever D has a sufficiently large
spectral gap at zero.

Definition 3.38. Let () be a nontrivial conjugacy class of G. An element ¢ €
C"(CG, (h)) is said to have exponential growth if there exist C and K, > 0 such that

l0(g0, 815 - -+ 8n)| < C Ko ((g0)+E(g1)++L(gn)) (3.39)

for Y(go, g1, ..., gn) € G™t1.
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Similar to the definition of T in line (3.5), we define T to be the following
positive number

= i (g ) a0
Since G is finitely generated, there exist C and K¢ > 0 such that
#geG:l(g) =n) < Cekom, (3.41)
Definition 3.42. We define
o, = 2 KG+Ky) cp (3.43)

T
where cp is the propagation speed of D as defined in line (3.6).

Theorem 3.44. Suppose that ¢ € C"(CG, (h)) has exponential growth. With the
same notation from above, if the spectral gap of D at zero is larger than o, given
in line (3.43) above, then the delocalized higher eta invariant n<p(5) given in line
(3.31) converges absolutely.

Proof. The proof is divided into three steps. First we show that nw(ﬁ, t) is well-
defined for any fixed ¢t > O (Proposition 3.46). Next we show that its integral
for small ¢ converges absolutely (Proposition 3.48). The last step is to show the
convergence of the integral for large ¢ (Proposition 3.51). In fact, only the last step
requires the spectral gap of D to be larger than o,. ([

We say G (resp. ¢) has subexponential growth if we may choose K¢ in line
(3.41) (resp. K, in line (3.39)) to be arbitrarily small. The following corollary is
an immediate consequence of Theorem 3.44 above.

Corollary 3.45. With the notation above, if both G and ¢ have subexponential
growth, then the delocalized higher eta invariant n,(D) given in line (3.31) con-
verges absolutely, as long as D has a spectral gap at zero.

Proposition 3.46. Suppose that (h) be a nontrivial conjugacy class of G and
¢ € C"(CG, (h)) has exponential growth. If N > %dimM + 5 and A is sufficiently
large, then there exists C > 0 such that for any f; € Ay (i =0,1,...,n),

p#tr(fo(D)® - ® fu(D) < Cllfolla--- I fulla-

Proof. Fix a symmetric generating set S of G. Let £ be the length function on G
determined by S. Denote the cardinality of S by |S].

Foreach 0 <i < n, let w; = ﬁ(ﬁ) for some function f; € Ap y. Let us write
w; as a formal sum w; =) < wf g. If we denote by k;(x, y) the Schwartz kernel
of w;, then

tr(wg’ -+ wi") =/ N tr(ko(xo, 80X1) - - kn (X, gnX0)) dxo - - dxn.  (3.47)
Fﬂ
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It follows from Lemma 3.11 and the definition of ||-]|| 4 (see Definition 3.17) that
there exists a constant C; such that

ki c, I < Crll filla for 0 <i <n.

For any (go, g1, .., 8gn) € G"!, we divide F"*! into (n + 1) disjoint (possibly
empty) Borel sets ]-"(”;)rl( 20,810.m020) such that dist(x;, g;x;41) is the maximum of the
set {dist(x;, giXi+1)}o<i<n, Where x, 41 = xo. In other words,

. . +1 .
dist(x;, gjx;41) = dist(x;, gix;+1) on F('lj)’(go’gl ..... g forall0<i <n.

. . g . . n+l - n+1
If no confusion is likely to arise, we shall write F Gy in place of 7 7),(20,21, 0 80)

Since the action of G on M is free and cocompact, there exist Cy, C; such that

dist(x, gy) = C1€(g) — Cy, forVx,yeF.

It follows that

Z,r'l:() £(gi)

—-C
n+1 2

dist(x;, gjxj+1) = C

on ]-"(" .J)rl
5 ~
Again, as the action of G on M is free and cocompact, there exists ¢ > 0 such
that dist(x, gx) > ¢ for all x € M and all g # e. Note that, since the metric on M

is G-equivariant, we have

n
> “dist(x;, gixiy1) = dist(xo, 8081+ * gaXo)-
i=0

To summarize, we have

(o
€ ,C12’=0 (g,)_c2 ’
n+1 n+1

diSt()Cj, gjxj—H) = max{

on ]-'(”;)”1. It follows from Lemma 3.16 that, for any gog; - - - g € (h), there exist
C3 > 0 and C4 > 0 such that

‘/ N tr(ko(x0, 0x1) - - - kn(Xn, gnx0)) dxg - - - dxy
]_-n

)

<cvry (e max{ o= Cz})' [Tt

1’ 1
+ n-—+ i
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Since ¢ has exponential growth, there exist C, C’, K, > 0 such that

lp#tr(wo @ W1 Q- - @ wy)|

K . 14 i n
<C Z Ko 2o @ er(ws - - - wdn)|
8081--8n€(h)

<C Z Ko Xizo s

8081-gn€h)

X (Z/ |tr(ko(x0, 80X1) * - - kn(Xn, gnX0))ldxq - - 'dxn>
—0 /7

00
< CCy Z eK(p-m . |S|(n+1)m

m=1 n
& mC1
(Xl i -]) T

i#]

oo

m=1 A £ mC n
__C : ) - C i ’
xexp( 5 Ca max{n+1 " 2})E||f|u
where the last summation converges for sufficiently large A by Lemma 3.18. This
finishes the proof. O

Let us now prove the convergence of the integral in line (3.31) for small ¢.

Proposition 3.48. Suppose that (h) be a nontrivial conjugacy class of G and
¢ € C"(CG, (h)) has exponential growth. If N > %dimM + 5 and A is sufficiently
large, then the following integral

1
/ o t(fotD)® - - ® f,(tD)) dr
0

is absolutely convergent for all f; € Ax y and any k € R.

Proof. Define fj;(x) = fj(tx) for j =0,1,...,n. From the definition of ||-|| 4
(see Definition 3.17), we have

I fila<t ™ filla forallte(0,1]and f; € Ax n.

Recall the inequality in line (3.22):

Fp(s-17") Ca —As
Fr.® < Gmamm S jomams - I1illa-exp| =~ )
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Similar to the proof of Proposition 3.46, there exist positive constants K, Cy, Ca,
C3, Cy4, C5, C¢ and C7 such that

tfp#tr(fo(t D)®---® £, (1 D))
o0 n
¢
<thc Kom. | g|(nDm Fr | Cy B e
3;::16 . 122:0 AU PES R S
x]‘[nﬁ,tnAD

i#]

n 00
; A
k—((3/2)dimM+3)n—nN ] mCe _ o
<t C5| |||fz”A§ e eXP( mCy 2t>,

i=0 m=1
which proves the proposition as long as A is sufficiently large. (]

To prove the convergence of the integral in line (3.31) for large ¢, we need to fix
some notation.

Definition 3.49. For any K > 0, let Lg be the subspace of K ® C;(G) consisting
of operators A =) A,g such that

(1) for any g € G, Ay is of trace class;

(2) and we have

D M O1A, ] < o0,
geG

where |-|; is the trace norm.
Equip Lk with the following norm
1Al =D e @A)
geG
Lemma 3.50. The space Lk is a Banach algebra with the norm ||-||¢.

Proof. It is not difficult to see that Lk is a Banach space under the norm ||-|| . It
remains to show that ||-|| is submultiplicative. Indeed, given A} = > 2€G A8

and A, = dec Aj g in Lk, we have
K-t
A1 A2l < Ze (® Z |41 ggi 1145 11
geG g1€G
K-(¢ —L —L K- K-l
— Z Z K- (E(g1g2)—t(gn) (gz))(e Z<gl)|A1,g1|1)(€ (g2)|A2’g2|1)
81€G g2€G
<A1zl A2l U

Now we prove the convergence of the integral in (3.31) for large ¢.
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Proposition 3.51. Suppose that ¢ € C*"(CG) has exponential growth.® If the
spectral gap of D at zero is larger than o, given in line (3.43), then the integral

00 ~
/ no(D, 1) dt
1

is absolutely convergent.

Proof. The case where D has a spectral gap at zero can be deduced from the
invertible case by replacing D with its restriction to the orthogonal complement of
the kernel of D. Without loss of generality, let us assume D is invertible.

Since ¢ has exponential growth, there exist C and K, such that

(80, 811 .. ga)| < CeXolla e s+e(e)

for ¥(go, g1, - .., gn) € G"T!. We first show that it,(D)u;' (D), u;(D) — 1 and
! (D) —1alllie in Lk, where Lk, is given in Definition 3.49 above.
Let o be the spectral gap of D at zero. Note that

i (Dyu; N (D) = 2/mi De P

Since 0 > 0y = 2(Kg + K) - ¢p /T, the same proof of Proposition 3.23 shows that
L.tt(D)u:l (D) lies in Lk, and furthermore there exists sufficiently small @ > 0 such
that

lite (Dyu; (D)l < 2d/me™ " (3.52)

Observe that
u (D) — 1 =exp(—/ its(D)u; (D) ds) —
t

By the inequality in line (3.52) above, we have

[ i By Byreas < e
u u s ——.
. N s L ﬂ
Thus for any ¢ > 1, we have
+00 - -
/ iiy(D)uy (D) ds € Lk,
t
and
/ " B Byas| < T
us(D)u s < ——
t y L \/6

SHere @ is not necessarily delocalized.
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By Lemma 3.50, Lk, is a Banach algebra under the norm ||-|z. It follows that

u,(D)—1= exp(—/ itg(D)u; (D) ds> —1€Lg,.
t

Moreover, we have

o0

~ 1
(D) =1l <) ;(

+00 ~ o
lig(Dyu; ' (D) ds

n 12
C.—(l)
) Le" T —1,
c

where Cy =27 /+/w. A similar estimate holds for u,” 1(D) =1 as well. A straight-
forward calculation shows that

1no(D, )| < C - |lit;(D)u; " (D) |z - llu (D) — 1" - u; (D) — 12
It follows that
1o(D, )] < 2/me " (Cre — 1),

where the right hand side is clearly integrable over [1, o). This finishes the proof.
O

The following proposition shows that the delocalized higher eta invariant in
Definition 3.30 is independent of the choice of representative within the same cyclic
cohomology class.

Proposition 3.53. Let (h) be a nontrivial conjugacy class of G. Suppose that ¢,
and > are two cyclic cocycles in C*" (CG, (h)) with exponential growth and ¢, and
@2 are cohomologous via a cochain with exponentzal growth. If D has a sufficiently
large spectral gap at zero, then 1, (D) = 77<p2(D)

Proof. Tt suffices to show that if ¢ € C*"~1(CG, (h)) has exponential growth, then
Nbe(D) = 0. By the definition of ¢#tr, if w; = 1 for some j, then

gof#/tr(wo®w1®wz®-"®wn)=0

For notational simplicity, let us write u, in place of u;(D) in the following.
Observe that

d — _
St u, hHEm)

= mo#tr(t, Qu; ' @, Qu; ") —me#tru,Qu; iu @ (u,@u O™,
and

(bp#tr) (itu, ' @ (u,Qu;H®™)
= (i @u; @ @u; )" — gt @u; iy © @y )P,
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It follows that J
o ®u ") =m -y (D, 1), (3.54)

In particular, we have

131 ~
f 77b<p(D, t)dt

fo

= p#tr((w,u; Y™, _, —p#tr(weu, )™ _,
= (=D, =1 _, —p#tr (=)@, =1)*M)| _, .
By the proof of Proposition 3.48, we have
lim @#tr(((u = D ® (' = 1)) =0.
t—
Furthermore, it follows from the proof of Proposition 3.51 that

lim p#u(( -1 ® ;' —1)®") =0,

as long as the spectral gap of Dis sufficiently large. This finishes the proof. [

In the remaining part of this section, we show that the delocalized higher eta
invariant is stable under Connes’ periodicity map. First, let us recall the definition
of Connes’ periodicity map; see [Connes 1985, Page 121]:

S: HC*"(CG) — HC**(CG)

First, let us fix some notation; see Definition 3.25. For 0 < i < n, we define
bi: C"(CG) — C"TI(CG) by

bi £ (80,815 -+ &nt1) = (= 1) £(80, 81, -+, &i&it1, -+ ut1),
and for i =n + 1, we define b,,1: C"(CG) — C"t(CG) by

b1 £(80 815 s gna1) = (=" f(gni180, 81, - - - » &n)-

Definition 3.55. Connes’ periodicity map S: C*(CG) — C"*2(CG) is defined to
be .
s L bibi.
(n+2)(n+1) 2 b

0<i<j<n+2

We point out that the above explicit formula of S differs by a constant from
Connes’ formula [1985]; compare with the formula for § in the proof of [loc. cit.,
Part II, Corollary]. This is because the constants appearing in the Connes—Chern
character of the current paper are different from those in Connes’ original paper
[loc. cit.].
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The following proposition shows that the delocalized higher eta invariant is stable
under Connes’ periodicity map.

Proposition 3.56. Let (h) be a nontrivial conjugacy class of G. If a cyclic cocycle
¢ € C¥(CG, (h)) has exponential growth and the spectral gap of D at zero is
sufficiently large, then ns,(D) = 1y (D).

Proof. We will prove the proposition by a direct computation. It is much easier
to follow Connes [1985, Part II] and carry out the computation in the context of
universal graded differential algebras. Let us recall the construction of the universal
graded differential algebra (<) associated to an algebra <. Denote by ./ the
algebra obtained from <7 by adjoining a unit: & = {a+AI |a € «/, » € C}. Let
Q%) = o and

Qo) = @ ()"

for n > 1. The differential &: Q" (&) — Q" () is given by
d(ap+rN®a1® - Qa,) =1Qar®a1 ®---Qay.

Clearly, one has d* =0. The product structure; (see [Connes 1985, Part 11, Proposi-
tion 1]) on Q*(&) is defined so that the following are satisfied:

(1) d(wiw2) = (dw))wr+ (=)o dw, for w; € Q and w, € Q/, where |w;| =i
is the degree of w;.

2) apdaday---da, =ay®a; @a, ® - - - a, in Q" ().
An (n + 1)-linear functional ¢ on .27 induces a linear functional ¢ on Q" (<) by
setting
a((ao +)\1)dal te dan) - (p(a07 a17 AR ] an)-

By [loc. cit., Part II, Proposition 1], since ¢ is a cyclic cocycle, ¢ is a closed graded
trace on 2" (/). In particular, we have

P(o1an) = (=DM G (@ w1).

By using the equality d(w;w)) = (dw)wr+(—1)“!lwdw, above, a straightforward
calculation shows that the formula for the periodicity operator S becomes the
following; compare with [loc. cit., Part II, Corollary 10]:

n+1
Spaoda, -+ dans2) = cn Y _ Plaoday - daj_i(ajaji)da;ys - dayy),
j=1
(3.57)
where ¢, =1/((n+2)(n + 1)).
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Now we shall prove the proposition. Let ¢ € C?"(CG, (h)) be a cyclic cocycle
with exponential growth, then S¢ also has exponential growth. Recall that the
delocalized higher eta invariant of D with respect to ¢ to be’

~ m! [ .o -1 ®m
mp(D)=E/ o, @ (u,— D W, —1)°")dt,
0

where u; = u,(ﬁ) as in line (3.29). For notational simplicity, let us write
oG, © (=D ® (u; ' —1)®")
in place of ¢# tr(it,ut_l R, —H® (u,_1 — 1))®™), and furthermore write

u,— 1 if jis odd,

ao:u,u;l and for j>1l,a;,=1 _, e
u, —1 if jiseven.

By the above discussion, we have
Plaoday - - day) = @G, @ (u — 1) ® (' = 1)®™).
The following observations will be useful in the computation below:
) =D =1 =21 —u; —u .

() d(u; — 1) = du; and d(u; ' — 1) = du; .
(3) (@uu; ' = —u(du; ") and (@u; HYu, = —u; " (duy).

Observation (1) immediately implies that

@laoday ---daj_1(ajaji)dajio - - - darmio)
=2¢(apday ---daj_1dajis - - dayyi2)
—@(aoday - - -daj_(u)dajis - - - dazmi2)
—@aoday -~ daj_(u; Ydajya - - - daomia).
Now observations (2) and (3) imply the following:
(1) If j is odd, then

@(aoday ---daj_(u)dajys - - - dazmi2)
= o, d‘u;ldut .. -du;ldu, du,d‘u;l . -d‘u,du;l),

(j—1) terms (2m— j+1) terms

THere we us the notation ut_1 — I for the corresponding term ut_l — 1 in Definition 3.30. This is
to emphasis that / is the identity operator, which is the unit adjoined.
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and

Plaoda, - -~ daj(u; Ndajia -+ - dazny2)
= —a(l:tt_l du,d“ut_l . -d‘u,d‘ut_l d“ut_ld“ut . -dut_ldu,).

(j—1) terms (2m—j+1) terms
(i1) If j is even, then
@laoday ---daj_1(u)dajys - - - daynyr)
=G, dupdut - duT dup dupdu]t - dugduT duy),

(j—1) terms (2m— j+1) terms

and

Plaoday - --daj_i(u; Ydajso - - daynso)
= —@Gi; du; "du, - - - dudu; " du duy - duT dugdu.

(j—1) terms (2m—j+1) terms
Since ¢ is a closed graded trace, it follows that

2m+1

_ d . _ _
> Plaodar--daj 1 (u)dajss - dam2) = - @ =1 dudur " - du,du; )
j=1

2m terms

and
2m+1
Z Plapday -+~ daj_i(u; daj 4o - - - dazys2)
=1
d_. -1 -1
= Zgo((u, —Ddu; du, ---du; du,).

2m terms

On the other hand, by the proof of Propositions 3.48 and 3.51, we have

© 4 . . .
/ Z@((”t_l)duzdut - dudu; ) dt
0

2m terms
= lim ¢((, =D @ (0, = H'® (u; ' —1)®m)
—lim (= D@ (1w~ ® (' —1))%®m)
=0
Similarly, we have

®© d
/ O = Ddudu, - du; duy) dr = 0.
0

2m terms




566 XIAOMAN CHEN, JINMIN WANG, ZHIZHANG XIE AND GUOLIANG YU

To summarize, we have

f @(Li,ut_l d‘u,dut_l -~-du,du,_l),dt
0

(2m+2) terms

1 (o.¢]
= Pl dupdu]t - dudu ") dt,
0

2m terms

which implies that
nsp(D) = 1y(D).

This finishes the proof. U

3.3. A higher Atiyah—Patodi-Singer index formula. In this subsection, for each
cyclic cocycle of at most exponential growth, we prove a formal higher Atiyah—
Patodi—Singer index theorem (abbr. higher APS index theorem) on manifolds with
boundary, under the condition that the operator on the boundary has a sufficiently
large spectral gap at zero. We point out that there is no condition on the fundamental
group in this formal higher APS index theorem.

Leichtnam and Piazza [1999, Theorem 4.1] proved a higher APS index theorem
in terms of noncommutative differential forms on a certain smooth dense subalgebra
of the reduced C*-algebra of the fundamental group. Heuristically speaking, our
version of higher APS theorem is the pairing between their version of higher APS
theorem and cyclic cocycles of the fundamental group. However, this is not the
approach we take in this section. In fact, in general it is rather difficult to make
this heuristic argument rigorous. A main difficulty here is whether cyclic cocycles
of a group algebra extends continuously to cyclic cocycles on a given smooth
dense subalgebra of the reduced group C*-algebra. In this section, our approach
is based on the convergence results from the previous sections, and avoids the
subtle issue of continuous extension of cyclic cocycles. On the other hand, in
order to apply the higher APS index theorem in this subsection to problems in
geometry and topology (see [Piazza and Schick 2014; Xie and Yu 2017; Weinberger
et al. 2021]), one actually needs to extend the pairing to be defined at the level of
(periodic) cyclic cohomology and K -theory of C*-algebras. In later sections, we
shall use Puschnigg’s smooth dense subalgebra to define such a pairing at the level
of (periodic) cyclic cohomology and K -theory of C*-algebras for all hyperbolic
groups. As a consequence, in the case of hyperbolic groups, we shall prove a higher
APS index theorem without the assumption that the operator on the boundary has a
sufficiently large spectral gap at zero; see Section 7.

For notational simplicity, we shall only discuss the case of even dimensional
spin manifolds. The exact same strategy clearly works for the more general case of
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Dirac-type operators acting on Clifford modules over Riemannian manifolds of all
dimensions.

Let W be an even dimensional compact spin manifold with boundary M, and
D the Dirac operator on W. Suppose the metric of W is a product metric when
restricted to the boundary M. Let G be a finitely presented discrete group and W a
regular G-covering space of W. Let D be the lift of D to W and Dy the restriction
D to the boundary of w.

Let us briefly review Lott’s noncommutative differential higher eta invariant. We
shall follow closely the notation in Lott’s paper [1992]. For each g > 0, we define
By to be the following dense subalgebra of C;(G):

By = {f 1G> C ) D e @ f(g)| < OO},

geG

where ¢ is a word-length function on G. Note that B is generally nor closed
under holomorphic functional calculus in C;(G). The universal graded differential
algebra of By’ is

Qu.(BY) = P uBY)
k=0

where as a vector space, Qk(%z)) = ‘B‘; ® (‘BZ’ /C)®k . As %‘; is a Banach algebra
(see Lemma 3.50 above), we consider the Banach completion of Q*(%g’), which
will still be denoted by Q*(%‘q”).

Let S be the restriction of spinor bundle of W on M. We denote the corresponding
By -vector bundle by & = (M xg B7) ® S and the space of smooth sections by
C*°(M; &). Now suppose ¥ is a smooth function on M with compact support such

that
Y gv=1

geG

Then we have a superconnection V: C*°(M; &) — C*(M,; 6®s3z; Q (‘B‘;)) given
by
V(=) (- f) @ dg.

geCG
See [Quillen 1985] for more details of the superconnection formalism.

Definition 3.58 [Lott 1992, Sections 4.4 and 4.6]. Lott’s higher eta invariant 5(53)
is defined by the formula

o0 ~
¥(Dy) = / STR(De~ P+ gy,
0

where STR is the corresponding supertrace; see [Lott 1992, Proposition 22].
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Remark 3.59. The above integral formula for 5(53) generally does not converge
to define an element in Q*(‘B‘q"). On the other hand, the estimates in the previous
subsections show that the above integral converges absolutely and defines an element
in Q,(°By), provided the spectral gap of Dy at zero is sufficiently large.

Now let W, be the complete Riemannian manifold obtained by attaching an
infinite cylinder M x [0, co) to W. We still denote the associated Dirac operator
on W, by D and its lift to Wao by D. Combining Quillen’s superconnection
formalism with Melrose’s b-calculus formalism [1993], for each ¢ > 0, one defines
the b-Connes—Chern character of D on VT/OO to be®

b-Chy (D) = b-STR(e""P*V7’) € Q. (BY),

where b- STR is the corresponding b-supertrace in this b-calculus setting. See for
example [Leichtnam and Piazza 1997] for more details.

Theorem 3.60. Assume that ¢ € C*"(CG) is a cyclic cocycle with exponential
growth Let o, be the positive number from Definition 3.42. If the spectral gap
of Dj at zero is larger than o, then the pairing (@, TI(Da)) converges, the limit
lim;_, o (¢, b- Ch,(D))) exists, and furthermore

Jim (. b-Chy (D)) = <<a, fW A Aw> ~ 3{¢. 7(Da)). (3.61)

where A is the associated A-form on W and w is an element in Q*(W) @ Q4 (%;’)
for some g > 0; see [Leichtnam and Piazza 1997, Theorem 13.6]. In particular, if
both G and ¢ have subexponential growth, then the equality in line (3.61) holds as
long as 53 is invertible.

Proof. By Propositions 3.46 and 3.48, we have that, for any ¢ > 0, u > 1 and k € N,
there exist C, Ny, N such that

~. 2 d(x, y)M d(x,y)?
[(D*e™" Py (x, y)|| < CT exp —W ; (3.62)
forall x,y € Woo with d(x, y) > ¢, and
~ 25 d(x, y)V d(x,y)?
[(D¥e™" Pay(x, y)|| < CtT exp _W (3.63)

forall x, y € M with d(x, y) > &, where cp (resp. cp,) is the propagation speed of
D (resp. Djy); see line (3.6).

81t is not difficult to adapt the estimates from the previous subsections to the b-calculus setting and
=S _
show that b- trg (ef(tDjLV) ) indeed defines an element in Q2 (%;’).
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Since the spectral gap of 53 is larger than o, = 2(K¢g +. K,) -ch Dy /7T, the proof of
Proposition 3.23 shows that for each k € N, the operator D’ge*’ Dj lies in Lk, (see
Definition 3.49) and furthermore there exists sufficiently small w > 0 such that

~r _2D2 2
ID5e™" il <2y/me™".

Now we apply the commutator formula for b-trace (see [Melrose 1993, (In.22)
on Page 8]), and a straightforward calculation shows that for any 0 < #y < ¢, the
equality

b-Ch,, (D) — b-Ch, (D)

n o ~
=-1 / STR(Dye~“Ps+¥)ds +d /

fo fo

t

1 - ~
b-STR(De= VD g5 (3.64)

holds in 2, (SBZ’) with ¢ = K, where d : Q*(%g’) — Q*H(%Z’) is the differential
on £2,(*By); see [Getzler 1993, Section 6]. In particular, by pairing both sides of
(3.64) with ¢, we have

~ ~ 1 - -
(¢, b-Chyy (D)) — (¢, b-Chy (D)) = —3 f (9. STR(Dye~CP+V%)) ds,
fo
Let us write ¢ = ¢, + ¢4, where ¢ is the delocalized part of ¢, i.e.,

©(80, 815 --->8m) 1if gogi---gom #e,

©a(80.81:---5 8m) = {0 otherwise.

A similar argument as in the proof of Proposition 3.46, combined with Getzler’s
symbol calculus [1986], shows that

lim(g,, b- Ch,(D)) =/ Anow,
t—0 w

where o is an element in Q*(W) ® Q*(‘B‘q"); see [Leichtnam and Piazza 1997,
Theorem 13.6]. Moreover, it follows from the inequality in line (3.62) that

lim gy, b- Ch,(D)) = 0.
11—

Therefore, as ty — 0, we obtain the following formula:

~ R 3 o ~
(¢, b-Chy, (D)) —<<0,/ AAw> = —%/ (¢, STR(Dye =P +97y) g,
w 0

Now it follows from the discussion above that the integral on the right hand side
converges absolutely as #{ — oo, under the condition that the spectral gap of Dj is
larger than o,. This finishes the proof. (]
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Remark 3.65. Formally speaking, the term lim,_, o (@, b- Cht(ﬁ))) represents the
pairing between the higher index class of D and the cyclic cocycle ¢.° However,
to make this formal assertion rigorous, one needs to extend the pairing in (3.61)
from %;’ to a smooth dense subalgebra of C;(G), which is a rather subtle issue in
general. In the remaining sections below, we will show the existence of such an
extension of the pairing, in the special case where G is hyperbolic.

4. Puschnigg smooth dense subalgebra for hyperbolic groups

In this section, we review the construction of Puschnigg’s [2010] smooth dense
algebra of C*(G) for hyperbolic groups. One particular feature is that every trace
on CG admits a continuous extension to this Puschnigg smooth dense subalgebra;
see [Puschnigg 2010, Theorem 5.2]. We shall generalize this extension result to
cyclic cocycles of all degrees.

4.1. Unconditional seminorms and tensor products. In this subsection, we review
the construction of Puschnigg’s [2010] smooth dense subalgebra of C;(G) for
hyperbolic groups G.

Let X be a set and R a normed algebra equipped with a submultiplicative norm |-|.
We denote by RX the algebra consisting of all finitely supported functions on X
with values in R. For each element A =) A,x € RX, we define its absolute value
to be

|A] = |As|x € CX.
Define a partial order on elements in RX by
A< A < |A;| <|A,| forVxeX.

Recall the following notion of unconditional seminorm due to Bost and Lafforgue;
see [Lafforgue 2002].

Definition 4.1. A seminorm ||-|| on RX is called unconditional if
|A| < A= Al < [|A']l, VA, A" e RX.

Any seminorm ||-|| on RX naturally determines an unconditional seminorm ||-||*
by

IAI* = inf [[JA"]]l. 4.2)
A'>1A|

°In general, there is no natural way to define the higher index class of a Dirac operator on a
manifold with boundary. However, in our setup above, due to the invertibility of the operator Dy on
the boundary, there is a natural higher index class associated to D.
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Lemma 4.3 [Puschnigg 2010, Lemma 2.3]. Let X, Y be two sets and ||-||x, |||y
be seminorms on RX and RY respectively. Let ¢ : (RX, ||-|lx) = (RY, ||-|ly) be a
bounded linear map. Assume that ¢ is expressed by a positive integral kernel, that

is
w(Z Ayy) () =Y g yAyy, (4.4)

yeYy

where ¢y y € Rx, forVx € X,Vy € Y. Then ¢ is also bounded with respect to the

corresponding unconditional seminorms ||‘||J§, 115, and

lel™ < gl 4.5)

Now we recall the notion of unconditional tensor product seminorm.

Definition 4.6. Let X, Y be sets and ||| x, ||-||y be unconditional seminorms on
RX and R'Y respectively. Let R ® R’ be the algebraic tensor product of R and R’
equipped with the projective seminorm. The unconditional tensor product seminorm
Illuc on RX @ R'Y = (R® R')(X x Y) is defined to be the unconditional norm
determined by this projective seminorm. More precisely, ||-||,¢ is given by

A e := inf lA I xIAY]ly, YAe€eRX®R'Y.
v \A|<Z|A;|®|A;’\Z XY

1

This norm is less than or equal to projective seminorm over RX ® R'Y. An
example where these two are not equal is given in [Puschnigg 2010, Example 2.4].

Given a finitely generated group G, we fix a symmetric generating set S of G. Let
£ be the corresponding word metric on G. In the following, let S be the collection of
all trace class operators equipped with the trace norm |-|;. Let SG be the subalgebra
of K ® C}(G) consisting of all finite sums )  Agg with A, € S.

Definition 4.7. For any fixed p > 1, we define an unconditional norm ||| zp,, on
SG by

1Az, =D _|AglT(1+€(2))*". (4.8)
8

forA=3%, A8 €SG.

We denote the completion of SG withrespectto ||-||zp,, by RD,(SG). Similarly,
the same formula also defines an unconditional norm ||-||gp, , on CG. We denote the
completion of CG under this norm by RD,(G). In the following, if no confusion
is likely to arise, we shall omit p from the notation.

Let us assume G is hyperbolic for the rest of this section. In this case, it is known
that RD(G) is a smooth dense subalgebra of C(G); see [Jolissaint 1990; de la
Harpe 1988; Lafforgue 2000]. Similarly, RD(SG) is a smooth dense algebra of
K® CHG).
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Recall the following quasiderivation map defined by Puschnigg:
A:8G—>SGRCG=S(GxG), Aggrs > Au81 ® go.
g182=¢
L(g1)+L(g2)=L(g)
Definition 4.9. Let ||-|| 3, , be the norm on SG given by
IAllB,p == 1AllkD,p + |1 AAllue, VA €SG. (4.10)

Here ||-||uc is the unconditional tensor product norm on SG ® CG = S(G x G)
determined by the unconditional norm ||| zp,, on both SG and CG.

Let B,(SG) be the completion of SG with respect to ||| 5, ,. Apply the same
construction to CG and we obtain B,(CG). If no confusion is likely to arise, we
shall omit p from the notation.

We define a more flexible quasiderivation as follows.

Definition 4.11. For any g € G and g > 0, let C(g, g) be the collection of all pairs
(g1, &2) € G x G satisfying the following conditions:

(1) gig2=3g.
(2) There exists a geodesic [e, g] connecting the identity e and g in the Cayley
graph of G such that g; lies in the g-neighborhood of [e, g].

We define
A;:CG—>CGRCGEC[GXxG)., g Y  g1®g.
(81,81)€C(q.8)

If ¢ =0, then Ag agrees with A. By definition, for any (g, g2) € C(q, g), there
exists a group element v € G with £(v) < ¢ such that £(gv™") + £(vg2) = £(g).
For each v € G, define a map

5,:CG®CG - CGRCG, g1Qgn> givlv 'g.
Then we have for A € CG
AGAI< Y syAAl
tv)<g
By Lemma 4.3, the operator norm of s, (with respect to the unconditional norm
I-luc) does not exceed (1 + £(v))?. Since the number of elements in G of length

< g is finite, we see that there exists a constant K, such that [[(Ay|A])[lyc <
Ky - [[(AA])|lyc for all € CG.

Proposition 4.12 [Puschnigg 2010, Proposition 3.5]. If G is a hyperbolic group
whose Cayley graph is §-hyperbolic, then there exists C > 0 such that

[ACAA ) lue < CUAA) llucllA gD + AN RDIACA) [lue)-
for A, A’ € SG.
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Proof. By the discussion above, it suffices to prove the following pointwise inequality

AJAAT < As(JADA @A) + (JAl @ D As(IA')D, (4.13)

for A, A’ € SG. Without loss of generality, it suffices to consider the case where
A=gand A’ =g/, forg, g’ €G.

Let k = gg’. If a term k| ® k, appears in the summation expression of A|AA’,
then k; is a point on the geodesic [e, k]. Since the Cayley graph of G is §-hyperbolic,
k1 lies in the §-neighborhood of the union of [e, g] and [g, k]. Either there is a
group element g; € [e, g] such that dist(k;, g;) < 8, or there is a group element
g2 € [g, k] such that dist(k;, go) < 8. We prove the former case; the latter case is
similar. In the former case, we see that the term k (X)kfl g appears in the summation
expression of As(g). This implies that the term k; ® kp = (k] ® kl_lg)(l ®¢)
appears in Ag(]A])(1 ® |A’]). This finishes the proof. O

Remark 4.14. The above proof in fact shows that the pointwise inequality in line
(4.13) is equivalent to the hyperbolicity of the group.

Proposition 4.15. B(SG) and B(CG) are smooth dense algebras of K Q@ C}(G)
and C}(G) respectively.

Proof. We prove the case of B(CG); the other case is similar.

Since RD(G) is a smooth dense subalgebra of C}(G), it suffices to show that if
an element 7 € B(CG)™ is invertible in RD(G)™, then T is invertible in B(CG)™.
In fact, it suffices to show that there exists a constant & > 0 such that if an element
T € B(CG) ™ satisfies |T —1||gp <&, then T is invertible in B(CG)™. Indeed, let S
be an element in B(CG)™ such that S is invertible in RD(G)™ with inverse R. Since
B(CG)™ is dense in RD(G)™, there exists an invertible element U of RD(G)™
such that ||U — R|gp < ¢ ||S||zp. It follows that SU is invertible in RD(G)* and
|ISU — 1||gp < &. Then by our assumption, SU is invertible in B(CG)™, which
implies S is invertible in B(CG)™.

Now suppose A € B(CG)™ such that ||[A —1||gp < min{1/C, 1}, where C is the
same constant as in Proposition 4.12. It follows from Proposition 4.12 that

IAA = 1)) lue < (CIA = 1D)" ™ I AA = Dllye-

This immediately implies that A=! = (1 — (1 — A))™! = Y_°° /(1 — A)" lies in
B(CG)™. Therefore B(CG) is a smooth dense subalgebra of RD(G). O

4.2. Continuous extension of traces. In this subsection, we review Puschnigg’s
result [2010, Theorem 5.2] on continuous extension of traces from CG to B(CG)
for hyperbolic groups. In fact, for the purposes of this paper, we only need a weaker
version of Puschnigg’s theorem, to which we give a slightly different proof.
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Lemma 4.16 [Puschnigg 2010, Lemma 4.1]. Let G be a group whose Cayley graph
is 6-hyperbolic. Given h € G, if g lies in the conjugacy class (h), then there exist
81,82 € G such that g1g> = g, £(g1) +£(g2) = €(g) and €(g281) < 65 + 6+ 3L (h).

Proof. Suppose h = ugu~' for some u € G. In the following, we denote by [a, b] a
geodesics connecting a, b € G. By hyperbolicity, there exist vertices w € [e, ug],
uy € le,u] and ug; € [u, ug] such that dist(w, u;) <8+ 1 and d(w, ug;) <6+ 1.
Moreover, there exists v; € G such that ugv; € [ug, h] and dist(w, ugvy) < 8§ +
1+ 4€(h), since the [e, ug] lies entirely in the § + £(/) neighborhood of [ug, h]. Let
uz, g2, vy be elements in G such that u = uu,, g = g1g2 and ul =vjv,. Letus
write

£281 = (gv) vy 'us H(uagy).
Clearly, we have that

l(govy) =dist(ugy, ugigrvy) = dist(ugy, ugvy) <26 +2+4£(h) and
L(uygr) =dist(uy, ujuygr) = dist(uy, ugy) < 26 + 2.
Furthermore, observe that v, !'is a vertex on the geodesic [e, u]. It follows that
ey 'uy ) = L) = dist(vy ' un) = 1€y ) — LGl
Therefore, we have
ey uy ) = 16wy ) — L)
= |dist(h, hvy ") — dist(e, uy)|
< |dist(e, h) + dist(e, hv;l) — dist(e, uy)|
< |dist(e, h)| + |dist(u1, hvy )|
<25 4+2424(h).
This finishes the proof. ([l

Theorem 4.17 [Puschnigg 2010, Theorem 5.2]. Let G be a hyperbolic group and

B(CG) the Puschnigg smooth dense subalgebra of C}(G). For any conjugacy class
(h) of G, the map

trgy : CG — C, Zagg > Z dq,
g€G ge(h)

admits a continuous extension to B(CG).

Proof. Define a map u : CG — C(G x G) as follows: if g € (h), then

n(g)=g1®g
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where (g1, g2) € G x G is a pair of elements as given in Lemma 4.16; if g ¢ (h),
define u(g) = 0. Clearly, u(JA|) < AJA|. Thus u admits a continuous extension
from B(CG) to RD(G) ®y. RD(G), which we will still denote by .

By Lemma 4.3, the maps

T: RD(G) ®uc RD(G) — RD(G) Que RD(G), g1 ® g+ 8 ®g1,
M: RD(G) ®u RD(G) — RD(G), 81 ® 82> 8182,
are continuous.
We define an evaluation map E: RD(G) — C as follows:
1 if£(g) <68+6+3L(h),
E(g) = .
0 otherwise.
Clearly, E is also well-defined and continuous. It follows that the composition

B(CG) > RD(G) ®u RD(G) —=> RD(G) ®,c RD(G) % RD(G) £5 €

is a continuous extension of tr(;y. This finishes the proof. U

The previous theorem has the following obvious analogue where the coefficient
C is replaced by the algebra of trace class operators S.

Proposition 4.18. Let B(SG) be the smooth dense subalgebra of K @ C)(G)
defined above. For any conjugacy class (h) in G, let try: SG — C be the trace
map defined by

gy (A) = > tr(Ay), for A=) A,geSG.

ge(h)

Then tr, extends to a continuous trace map on B(SG).

4.3. Continuous extension of higher degree cyclic cochains. In this subsection,
we generalize the continuous extension result for traces to higher degree cyclic
cochains.

Definition 4.19. Fix a length function £ on G. For any ¢ € C"(CG, (h)), we say ¢
has polynomial growth if there exist constants C and k such that

n
|0(80. 81+ » &) S CT (1 + ().
i=0

In Section 5 below, we will show that, when G is hyperbolic, every element in
HC"(CG, (h)) have a representative with polynomial growth.

Denote by (SG)®"*! the algebraic tensor product of (n + 1) copies of SG.
Recall the unconditional tensor product defined in Definition 4.6. We construct
the unconditional tensor product norms ||-||gp and ||-|| g over (S G)™*!, and denote
their completions by RD(SG)®"*! and B(SG)®"*! respectively.
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Proposition 4.20. Let G be a hyperbolic group whose Cayley graph is 5-hyperbolic.
If ¢ € C"(CG, (h)) has polynomial growth, then the map ¢#tr: (SG)®"+! — C
given by

Ag80®Ag 81 Q- QA gnt—> tr(AgyAg, -+ Ag )0 (g0, &1, - -+, 8n)  (4.21)

extends continuously to B(S G)®ntl,

Remark 4.22. Before we prove the proposition, let us point out that the construction
of B,(SG) involves a choice of some sufficiently large p. In order to extend g# tr
continuously to B,(S G)®"+1, we assume that p is sufficiently large so that it
“dominates” the growth rate of ¢. Hence, strictly speaking, the algebra B(SG)®"+!
may vary for different cyclic cochains.

Proof. Suppose that
n
l9(20. 81, - g < CT [+ (gt
i=0

for (gOv glv sy gn) € (;n-i_1
Define the following maps:

(1) 7y : (SG)E! — (8G)®* ! by
Ag80®Ag 81 Q- ®Ag &> ©(80,81, -+, 81)A080 R Ag 81 ® - @ Ag 8.
(2) M: (SG)®"! — SG by
Agy80® Ag 81 ® - ® Ag, gn > AgyAg, - Ag, 8081~ &n-
Clearly, the composition
(SG)PH! Ty (56)#mH s SG s ©

is exactly the map g#tr. Therefore, it suffices to show that M orr,, extends to a
continuous map B,(SG)®" ™! to B,_,(SG). It follows from Lemma 4.3 that the
map M o, extends to a continuous map from RD,(SG)®"*! to RD,_(SG).

In the following, let us prove the case where k = 0, that is, ¢ is uniformly
bounded over G"*!. The general case is similar. If ¢ is uniformly bounded, then
for any A € (SG)®"t!, we observe that

IAMomyA)| = A(IMom,Al) < AM|r,Al) < C - AMIA)).
Define another multiplication map M’: CG?>"*+!) — CG? by

20®LHVLIBELI R ®L®E, > 8081 & ® 8081 " &n-
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This is also bounded with respect to the unconditional norm. We claim that

AMIA]) <M AE" D4, VA eCG™. (4.23)
Here A, is the quasiderivation from Definition 4.11, and A;%("H) stands for the
tensor product of (n + 1)-copies of A,s from CG"*! to C(G?)"+D = CG?>"+D,
Assume the claim holds for the moment. Clearly, the map M’ is bounded
with respect to the unconditional norm. Moreover, by the discussion before
Proposition 4.12, there exists a constant K such that

1
IAS D 1 AD[ue < KITASTD (A [lue

for all A € CG"*!. This proves the proposition.

Now let us prove the claim. It suffices to prove the inequality (4.23) when
Al = g0 ® - ® g,. Denote gogi---gn by g. Suppose g’ ® g” appears on the
left-hand side of the inequality (4.23), where by definition g’ is a point on the
geodesic [e, g]. We will show that ¢’ ® g” also appears on the right-hand side
of the inequality (4.23). Indeed, by hyperbolicity, there exists a point x on the
path [e, gol, [0, gog1], - ., [g0&1 -+ gn—1, g] such that the distance from x to g’
is less than n8. More precisely, there exist j > 0 and v, v’ € G such that vv’ = g},
£(v) 4+ £(v) = €(g;) and d(g', gog1 - gj—1v) = d(v, (081~ gj—1)"'g") < né.
Thus the following element

(0®N® - ®(g;-1®1)® ((g081---gj-1)"'¢
®¢(gj+18j+2- &) NR(1®gj4+1)® - ®(1®gy)

appears in the summation expression of A%”H (g0RgI®---®g,). After applying
the map M’, we see that g’ ® g” indeed appears on the right-hand side of the
inequality (4.23). This proves the claim, hence finishes the proof of the proposition.

O

5. Cyclic cohomology of hyperbolic groups

In this section, we show that every cyclic cohomology class of a hyperbolic group
has a uniformly bounded representative if its degree is > 2. Since for any group,
the equivalence class of a cyclic cocycle of degree < 1 always has a representative
of polynomial growth, it follows that all cyclic cohomology classes of a hyperbolic
group can be represented by cyclic cocycles of polynomial growth.

We will need the following results on the geometry of hyperbolic groups [Gromov
1987]. Suppose G is a word hyperbolic group. For each h € G, let G be the
centralizer of 4 in G, and Nj, the quotient of G, by the cyclic group generated by A:



578 XIAOMAN CHEN, JINMIN WANG, ZHIZHANG XIE AND GUOLIANG YU

e B!

g=p"np B~'h

Figure 1. Geodesic quadrilateral.

(G1) If h € G has infinite order, then N}, is finite.

(G2) For any h € G, the centralizer G, is a quasiconvex subspace of G, that is,
there exists some K > O such that any geodesic in G connecting a pair of
points in Gy, lies in a K -neighborhood of Gj,.

(G3) For any h € G, its centralizer G, is also word hyperbolic, and the inclusion
G, — G is a quasiisometry.

Moreover, we will use the following result of Mineyev [2001, Theorem 11] in
an essential way:

(M1) Suppose G is a word hyperbolic group with a given length function £. If n > 2,
then every element in H"(G; C) — the group cohomology of G — admits a
uniformly bounded representative. Here a cocycle element ¢ is said to be
uniformly bounded if there exists C > 0 such that |¢(go, g1, ..., 8n)| < C
for gi € G.

We will also need the following lemma, the proof of which is communicated to
us by Denis Osin.

Lemma 5.1. Let G be a § hyperbolic group with a word length function €. For each
element h € G, there exists a constant K, > 0 such that

min{(y) | y~'hy = g} < £(g) + K.

Proof. Let B be a group element of minimal length such that 8~ 'h8 = g. Consider
the geodesic quadrilateral [e, '], [8~", B~'h], [B~'h, g] and [g, e] in the Cayley
graph of G; see Figure 1 below.

By continuity, there exists a point x on [e, g] such that x is equidistant from
the two sides [e, ,3_1] and [,B_lh, gl. Let y (resp. z) be a closest point on [e, ,3_1]
(resp. [B~'h, g]) to x, that is, d(x, y) = d(x, 2) equals the distance between x and
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:8_1

Figure 3. Estimates for the length of [y, 87!].

the geodesic [e, B~']. By hyperbolicity, it is not difficult to see that
dx,y)=d(x,z) <26+ L(h);

see Figure 2. It follows immediately that both d(e, y) and d(z, g) are less than
2564+ L(h)+£(g).

It remains to estimate the length of either [y, ,3_]] or [z, ,B_lh]. Suppose
B1B2 - - - B is a word of minimal length that represents 8. Let ¢; be a geodesic
connecting the points labeled by ; on [e, S —11 and [,B_lh, gl; see Figure 3 below.

If t; = ¢; for some i < j, we can cut the shaded region in Figure 4 and it follows
that the element o = By - - - B; B 41 - - - B satisfies that a 'ha =g and £(a) < £(B).
But this contradicts the assumption that 8 is a group element of minimal length
such that =!8 = g. Thus all the ¢; are pairwise distinct.

Using hyperbolicity on the quadrilateral with vertices {y, z, B~ 'h, B~} (see
[Bridson and Haefliger 1999, Chapter III.H, Lemma 1.15]), it is not difficult to
see that there exists a constant C; > 0 such that the following is satisfied: if §; is
to the right of both y and z as shown in Figure 3, then £(¢;) < C;. Here C; only
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Figure 4. If t; = t; for some i < j, we can shorten B.

depends on £(h) and §, and in particular is independent of g. It follows immediately
the length of either [y, ,8_1] or [z, ﬁ_lh] is < Cp + 1, where C; is the number of
elements of G of length at most Cj.

Combining the above estimates together, we see that there exists a constant K,
(only dependent on 4 and §) such that

£(B) = £(g) + K.
This finishes the proof. U

Theorem 5.2. Suppose G is a word hyperbolic group. Fix a conjugacy class (h)
of G. Then every element in HC"(CG, (h)) has a representative ¢ : Gt > C
such that ¢ is of polynomial growth. Furthermore, when n = 2, such representative
can be chosen to be uniformly bounded over G"+1.

Proof. Elements of HC"(CG, (h)) have the following description; see [Lott 1992,
Section 4.1]. Let C"*(G, Gy, h) be the space spanned by all (n + 1)-linear maps on
CG satisfying the following conditions:

¢(go(0)vga(1)y ---aga(n)) =(—1)0¢(g0,81, e 8n)s Yo € Sy; (5.3)
(280,281, -+ -+ 28n) = P (80, &1+ - - - &n)> Vz € Gy; (5.4)
d(hgo, 815 -5 8) =$(80, 815 -+ -5 &n)- (5.5)

Define a coboundary map d: C"(G, Gy, h) — C"tY(G, Gy, h) by

n+1

0680, 815> 8nt1) = Y (=1 P(20, 81, -+, &j-1, 15 -+ Bat1)-
j=0
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Denote the resulting cohomology groups by H*(G, Gy, h). For each cocycle ¢ in
C"(G, Gy, h), there is a cyclic cocycle 74 € C"(CG, (h)) given by

0 if gog1---gn & (h),
(Y, V805 V80 &n—1) if gog1---gn=y 'hy.

Let us first consider the case of cyclic cocycles with degree > 2. Observe that if
¢ is uniformly bounded, then 7y is also uniformly bounded. Therefore, it suffices
to show that ¢ is uniformly bounded. It is not difficult to see that H*(G, Gy, h) is
isomorphic to H*(Np; C). If the order of 4 is infinite, then H" (N),; C) vanishes for
n > 0, since Ny, is a finite group by item (G1) above. Thus in the case, H" (G, G, h)
with n > 0 does not contribute to the cyclic cohomology of CG.

Let us assume % has finite order for the rest of the proof. In fact, it is more
convenient for us to work with the group cohomology H”(Gp; C) of G;,. By
applying the transfer map, we immediately see that H"(Gy; C) surjects onto
H"(Ny; C). More precisely, consider the chain complex (E"(G, Gy), b) by re-
moving the condition in line (5.5). There are two natural chain morphisms:
the inclusion map ¢: (C"(G, Gy, h), b) — (E"(G, Gp,), b) and the transfer map
7: (E"(G, Gp), b) - (C"(G, G, h), b) defined by

ord(h)

T(¥)(80 8o n )= Y V(g0 g1, ..., gn).

j=1

T4 (8o, &1, ---,gn)={ (5.6)

Since t ot = ord(h) - Id, it follows that t induces a surjection on cohomology
groups. Clearly, if ¥ is uniformly bounded, then 7 () is also uniformly bounded.
Therefore it suffices to show that for n > 2, every element H" (E*(G, G1,)) admits
a uniformly bounded representative.

Let Y (resp. Y;,) be the A-complex consisting of all simplices of ordered (n+1)-
tuple {go, &1, ..., &n}, Where g; € G (resp. g; € Gj,). Observe that G, acts freely
on both Y and Yj. Moreover, we see that the cochain complex of Gj-equivariant
simplicial cochain on Y is essentially E*(G, G,),'% and the cochain complex of G-
equivariant simplicial cochain on Y}, gives the standard resolution cochain complex
for the group cohomology of Gy.

Let 7: Y — Y, be any Gy-equivariant projection, that is, 7 oi = Id on Y},
where i : Y, — Y is the inclusion map; such map always exists (see the discussion
below for a specific construction of such a map). Then 7 induces a chain map
from the standard resolution cochain complex for the group cohomology of Gy,
to E*(G, Gy), which is an isomorphism 7*: H"(Gj; C) => H"(E*(G, G})) at
the level of cohomology. In particular, any uniformly bounded group cocycle of

10To be precise, elements of E*(G, G},) are assumed to be skew-symmetric (i.e., the condition in
line (5.3)). But this can be easily fixed by applying a standard antisymmetrization map.
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G, pulls back to a uniformly bounded cocycle of the complex E*(G, G1,). On the
other hand, by item (G3) above, Gy, is hyperbolic. Therefore, by the item (M1)
above, every element of H" (Gy,; C) has a uniformly bounded representative, when
n > 2. This finishes the proof for cyclic cocycles of degree n > 2.

If n =0, HC°(CG, (h)) is a one dimensional linear space spanned by triny; and
tr,) is clearly uniformly bounded on G.

The only remaining case is when n = 1. We divide the proof of this case as follows.
First, we shall show that every element of H Y(E*(G, Gp)) has a representative
of polynomial growth. Second, we shall construct a Gj-equivariant projection
m: Y — Y, such that 7 is simplicial and furthermore Lipschitz with respect to
the word length metric on G and the corresponding subspace metric on G,. More
precisely, we say 7 is Lipschitz if there exists a constant C > 0 such that

d(m(g1), m(g2)) < Cd(g1, &),

for all g1, g2 € G, where d is the given word length metric on G. Now by item
(G3), the metric on G, is quasiisometric to the subspace metric inherited from G.
It follows that if a degree 1 group cocycle ¢ of G, has polynomial growth, then the
pullback 7*(¢) of ¢ to the complex E*(G, Gj) also has polynomial growth. In this
case, by applying Lemma 5.1 above, it is not difficult to see that the corresponding
Tr(p) € C"(CG, (h)) has polynomial growth.

Let us now show that every element of H Y(E*(G, Gp)) has a representative
of polynomial growth. By definition, a degree 1 group cocycle ¢ of G, is a G-
equivariant function ¢ : G, x G, — C, such that ¢ (g2, g3)—¢ (g1, g3)+¢(g1, g2)=0.
In particular, it follows that ¢ is determined by the function ¢ : G;, — C, where
¥ (g) = ¢(1, g). The cocycle condition implies that ¥ (g122) = ¥ (g1) + ¥ (g2), i.e.,
¥ is a group homomorphism from G, to C. As any homomorphism from G to C
factors through the abelianization of Gy, it follows that i has polynomial growth,
so does ¢.

Now let us construct a Gj-equivariant Lipschitz projection 7 : ¥ — Y}, which
will finish the proof of the theorem by the above discussion. Fix an element,
say «; € G, for each coset of G, in G. Let ozlf be an element of G, such that
d(o;, ozlf) =d(«a;, G). For simplicity, if o; = e € G, then we map e to itself. Define
a Gp-equivariant map 7 : G — G by mapping B - «; — B -], where 8 € G,.
Clearly, 7 extends by linear combination to a G;-equivariant map from Y to Yy,
which will still be denoted by 7.

Let us show that 7: Y — Y}, is Lipschitz. For two distinct points g1, g2 € G,
choose a geodesic [7(g1), w(g2)] in the Cayley graph of G. By the quasiconvexity
of G, from item (G2) above, [ (g1), m(g2)] lies in a K-neighborhood of Gj. By
assumption, G is hyperbolic. More specifically, let us assume the Cayley graph of
G is é-hyperbolic. Then the geodesic [ (g1), 7 (g2)] lies in the 2§-neighborhood
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of the union of geodesics [7(g1), g1], [g1, g2] and [g2, w(g2)]. Choose y € G to
be a “midpoint” of [(g1), 7(g2)], that is,

ld(m(g1),y) —d(m(g2), y)| < 1.

Then there exists a point 8 on one of the geodesics [ (g1), g1], [g1, g2] or [g2, T (g2)]
such that d(y, B) < 26:

(1) We claim that, if there exists a point 8 on [ (g;), g1] such that d(y, B) < 26,
then we have d(B8, w(g1)) < 25 + K. Indeed, otherwise, we could find an
element i; € Gy, such that d(gy, h1) < d(g1, w(g1)), which contradicts the
fact d(g1, m(g1)) =d (g1, Gp). Therefore, in this case, we see that

d(m(g1), m(g2)) <2(45+K) + 1.

Things are similar for p’ lies on [g2, 7(g2)].
(2) Similarly, if there exists 8 on [ (g1), g1] such that d(y, B) < 26, then we also
have
d(mw(g1), 7(g2) <246+ K)+ 1.

(3) If there exists 8 on [g1, g2] such that d(y, B) < 2§, then both d(g;, Gj) and
d(g2, Gy) are < d(g1, g2) + 28 + K. It follows immediately that

d(m(g1), m(g2)) < 3d(g1, &) +46 +2K.

To summarize, we see that there exists a constant C > 0 such that

d(m(g1), m(g2)) < Cd(g1, &2,
for all g1, g» € G. This finishes the proof. O

Remark 5.7. By a theorem of Meyer [2006, Theorem 5.2 and Corollary 5.3], the
same strategy in the above proof can be used to show the following: given a cyclic
cohomology class [«] of a hyperbolic group G, if ¢, and ¢, are two representatives
with polynomial growth of [«], then there exists a cyclic cocycle ¥ such that
@1 — @2 = byr and ¥ has polynomial growth. Here b : C"(CG) — C"(CG) is
the coboundary map of the cyclic cochain complex.

6. Delocalized Connes—Chern character of secondary invariants

In this section, we construct a delocalized Connes—Chern character map for C*-
algebraic secondary invariants and prove the second main theorem (Theorem 6.1)
of the paper. We will only give the details for the odd dimensional case; the even
dimensional case is completely similar.
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Theorem 6.1. Let M be a closed manifold whose fundamental group G is hy-
perbolic. Suppose (h) is nontrivial conjugacy class of G. Then every element
[a] € HC?**1=I(CG, (h)) induces a natural map

Tla] - K,‘ (C;O(M)G) —C
such that the following are satisfied:

(@) T(Sa] = Tja], Where S is Connes’ periodicity map
S: HC*(CG, (h)) - HC*"*(CG, (h)).

(b) Suppose D is an elliptic operator on M such that the lift D of D to the universal
cover M of M is invertible. Let ¢ be a representative of [a] with polynomial
growth. Then the delocalized higher eta invariant 1, (5) (see Definition 3.30)
converges absolutely. Moreover, we have

%1 (0(D)) = ~11,(D).
where ,0(5) is the higher rho invariant of D.

In more conceptual terms, the above theorem provides a formula to compute the
Connes—Chern character of elements of K ,-(Cz’o(]l’/vl )¢). Moreover, the theorem
establishes a precise connection between Higson—Roe’s K -theoretic higher rho
invariants and Lott’s higher eta invariants.

Remark 6.2. Note that, in part (b) of the theorem, %(5) converges absolutely for
all invertible D. In particular, it is not necessary for the spectral gap of D to be
sufficiently large.

This section is organized as follows. First, we show that each element in
K; (C}j’o(]l’/vl )9) has a particular type of nice representatives. Second, we construct
an explicit formula for the map 7}, by using such nice representatives, and prove
that the formula is well-defined. We shall only give the details for the case of
K, (CZO(IVI )E); the even case is completely similar.

Definition 6.3. Let B}, (ZVI )© to be the subalgebra of C; (M )C consisting of elements
fec; (M)© such that f(¢) € B(SG) for all ¢ € [0, 00) and f(¢) is piecewise
smooth with respect to ||| g.

BL(M)C is a smooth dense subalgebra of C*(M)C. Similarly, we define
B1.0o(M)® to be the kernel of the evaluation map

ev: BL(M)° > B(SG), fr f(0).

Note that BL,O(M )G is a smooth dense subalgebra of CZO(]VI )¢, In particular, it
follows that
K. (BLo(M)?) = K.(C o(M)©).
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Definition 6.4. Let SC*(M)C be the suspension of C*(M)®, and ¢ € be an in-
vertible element in SC*(M)C, that is, a loop ¢: S' =10, 11/{0, 1} — (C*(M)%)*
of invertible elements such that ¢(1) = 1, where (C*(M Y6)*T is the unitization
C *(1\7[ )¢, We say ¢ is local if it is the image of an invertible element ¥ € SC 7 (1\7 )¢
under the evaluation map SC} (1\7 Y6 —» SC *(]l71 )G, Similarly, an invertible ele-
ment ¢ € SB(SG) is called local if it is the image of an invertible element of
Y e SBr (1\71 )¢ under the evaluation map.

Definition 6.5 [Keswani 1999, Definition 3.3]. A path ¢ € BL(M )G is said to have
polynomial B-norm control if:

(1) The propagation of ¢ (¢) is finite and goes to zero as ¢ — 0o.

(2) There exists some polynomial g such that ||£(¢)|| g < g(1/prop ¢ (¢)) for suffi-
ciently large ¢ > 0. Here prop ¢ (¢) stands for the propagation of ¢(¢).

In the following, we shall prove a sharpened version of [Xie and Yu 2021,
Proposition 3.6]. We show that every element of K (BL,O(M )G has nice represen-
tatives that satisfy certain regularity properties, in particular, the polynomial control
property above.

Let us first prove the following technical lemma.

Lemma 6.6. Suppose D is a self-adjoint first order elllptlc differential operator
over M and D is the lifting of D to the universal cover M ofM IfG=m (M)
is hyperbolic and f € 'AA;N (see Definition 3.17) with N = 3 3dimM + 5 and A
sufficiently large, then f (D) € B(SG).

Proof. Fix a symmetric generating set S of G. Let £ be the corresponding word
length function of G determined by S and |S| the cardinality of S. Suppose
f(D)= deG Agg. By Lemmas 3.16 and 3.18, there exist Cy, C, > 0 such that

|Agly < Cp-e” CAHE),

for all but finitely many g € G, where |A,|; stands for the trace norm of Ag. Let

us denote
A — Z Agg-
L(g)<n

It suffices to show that {A™} is a Cauchy sequence under the norm ||-|/ 3, ,; see
Definition 4.9. Now for any m < n, we have

n
JAW — A2, = Y JARA+L@)P <Cre Y e M1+ HPIS),
m<{(g)<n Jj=m+1
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and
[AA® — A™))||e
< Y0 Al Y (4@’ +E()”

m</{(g)<n 8182=8
L(g1)+L(g2)=t(g)

<D0 AN+ - #(g1, 82) : 182 = g, £(g1) +£(g2) = £(g))

m<{(g)<n

SCi-C- ) e OMOA L)

m<{(g)<n

<C-C- Y e ON A+ jy sy,
j=m+1

where we have used the fact that there exists C > 0 such that

#{(g1,82) : 8182 =28, 4(g1) | +(g2) =€(g)} < C - £(g),

since G is hyperbolic. It follows that, as long as A is sufficiently large, both
1AW — A%, and [A(A™ — AM)|ye go to zero, as m, n — oo O

Now let us show that every element of K (BL,O(MJ ) has nice representatives
that satisfy certain regularity properties, in particular, the polynomial control prop-
erty above. The main motivation for choosing such nice representatives is to justify
the explicit construction of 7(,): K 1(BL,0(]\7[ )¢) — C below (Definition 6.10).
Moreover, we show that for a given element of K (BL,O(Ar/VI ), two different such
regularized representatives can be connected by a family of representatives of the
same kind. This allows us to show that the integral in line (6.11) in Definition 6.10
is independent of the choice of such representatives.

Proposition 6.7. Every element [u] € K 1(BL’0(1\7 YGY has a representative w €
(BL.o(M)°)* such that
u(t) if0<
w(t) = h(t) if1<
Q2TIFE=DFD/2 irp >0
where h is a path of invertible elements connecting u(1) ) 10 exp2ri(F(t—1)+1)/2),
and F is a piecewise smooth map F: [1, 00) — D*(M)Y satisfying:
(1) F(1)>—1 € B(SG) and F(t)* = F(t).
(2) Its derivative F'(t) € B(SG).
3) IF®llop < 1, where ||-|lop stands for operator norm.

(4) propagation of F (t) is finite, and goes to zero as t — oQ.
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(5) Both F(t)> — 1 and F'(t) have polynomial B-norm control in the sense of
Definition 6.5 above.

Moreover, if v is another such representative, then there exists a piecewise smooth
path of invertibles ug € (BL,O(M)G)Jr and piecewise smooth maps Fs : [1, 00) —
D*(M)© satisfying conditions above, with s € [0, 1], such that:

D ug=w,u1(t) =v() fort ¢ (1, 2).

(D) uy(t) = expRmi(Fs(t —1)+1)/2) forallt > 2.
() ujv=':[1,2] = (B(SG))" is a local loop of invertible elements,
(V) 0;5(Fy) has polynomial B-norm control.

(V) The operator norm of F;(t) is uniformly bounded, and the degrees of polyno-
mials used for the polynomial B-norm control of F; and 9, Fy are uniformly
bounded, and the propagation of F(t) goes to zero uniformly in s, as t — 00.

Remark 6.8. We shall call a representative appearing in the proposition above a
regularized representative from now on.

Proof. View the invertible element u € (BL,O(Z\’Z )é)* as an invertible element in
(BL(M)%)*. Consider the element & = u : [1, 00) — (B(M)%)* in K(B.(M)%).
Since the K-theory of By (1\71 )¢ is the K-homology of M, it follows from the
geometric description of K-homology by Baum and Douglas [1982] that & can be
represented by a twisted Dirac operator over a spin® manifold. More precisely, let
X be a spin® manifold together with a vector bundle E over X and a continuous
map ¢ : X — M. Suppose D is the associated twisted Dirac operator on X. Let
X be the G-covering space of X induced by i, and D be the lift of Dg to X.
Choose an odd continuous function x : R — [—1, 1] such that x(x) — +1 as
x — =00 and its distributional Fourier transform x has compact support. We
define F(t) = ¥, (x (5/t)), where ¥, : D*(}N()G — D*(M)G is the natural map
induced by . It is not difficult to see that F satisfies the properties (1)-(5) listed
above.'! Moreover, we have [ii] = [¢Z7!(FO+D/2] ¢ KI(BL(M)G). In particular, u
is homotopic to the invertible element w defined by

u(t) ifo<r<1,
u)(t)z h(t) lfl <t<27
e2TI(FU=D+D/2 it >0

where & is a path of invertible elements connecting u (1) and 27 (F(D+D/2,

HSince by construction the propagation of F(¢) is uniformly bounded (in particular finite) for all
t € [1, 00), the polynomial B-norm control in property (5) follows from the work of Keswani [1999,
Section 4]. Roughly speaking, the polynomial B-norm control is a consequence of the existence of
partition of unity {y, ;} on the manifold X for each n € N such that the diameter of ¥, ; is < 1/n
and the norm of dv;, ; is bounded by g(1/n) for some polynomial g.
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Now suppose v is another representative of [u#] such that

u(t) ifo<r<1,
v(t) =1 g@) if1<r<2,
eZni(G(t—l)+l)/2 if t 2 2’

where g is a path of invertible elements connecting u (1) and e?**(¢(D+D/2 and G,
is a piecewise smooth map from [1, co) to D*(]V[ )¢ satisfying properties (1)—(5)
above.

By Theorem 3.8 in [Keswani 1999], there exists a piecewise smooth family
F;:[1,00)— D*(AZ)G with s € [0, 1] such that Fy = F and F} =G; F;(t)* = F(t);
propagation of F(¢) goes to zero, as t — o0; and all Fj (t)?>—1, 3;F;(t), and 9, F, (t)
lie in B(SG). Furthermore, since the propagation of d; F(¢) (resp. F;(t)) is finite
and the propagation is bounded uniformly in ¢, it is not difficult to see that d; F has
polynomial B-norm control and the degrees of polynomials used for the polynomial
B-norm control of Fy and 9, F; are uniformly bounded.

Let o : [0, 00) — (B(SG))" be the path of invertibles defined as

u(t) ifo<r<1,
G if1<r<2,
w(t) - EZNi(Fr(1)+1)/2 if 2 <t=s +2 < 3’
eZm‘(G(t—Z)-H)/Z >3

Clearly, w is homotopic to z. On the other hand, after a reparametrization, it is not
difficult to see that @ differs from v by the loop f: [0, 1] — (B(SG))* defined by

e~ h2n) if0<r <y,
f@)= g() e Pun D2 ip L <y ],
Moreover, f is a local loop in the sense of Definition 6.4. This finishes the proof. [

The following lemma will be useful in the proof of Theorem 6.1.

Lemma 6.9. Let u = us(t) be the family of invertible elements from Proposition 6.7
above. Then for any delocalized cyclic cocycle ¢ with polynomial growth,

Tim@F e, ()79 (1) ® (s (1) @ (1)) =0

uniformly in s € [0, 1].

Proof. By definition,
Ms(l‘) — eZni(FS(t—1)+1)/2’
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where F and 9, Fy have polynomial B-norm control. Let P = Py (t) = %(FS ®)+1).
Then P? — Py = (F? — 1)/4. Let

n . k
£0) = Z 2mix) ‘

k!
k=0

Note that we have

k n Nk k
fn(P)—Z(zzl) 1+<Z(ZZ") >P+<Z(2m) ZPJ>(P2—P)
: : k=1

Define

n Wk
A= fu(P)— (Z ) >p2.

Clearly, A, € B(SG)* for all n > 1, and

00 Nk k=2
u—Anz( 3 (27]:’) )(P P )+< 3 (27;’) PJ')(P2—P).

k=n+1 k=n+1 T j=0

Recall that, by construction, there exists a polynomial g such that

| P2(t) — P(t)|| 3 < q(1/ prop F(1)).

Since the operator norm of P (¢) is uniformly bounded and the propagation of P (¢)
goes to zero as t — 00, a routine calculation shows that there exists C > 0 such that

| PY(t)(P*(t) — P(t))|lp < C’ -q(1/ prop F(t))

for all j € N and sufficiently large ¢ >> 0. It follows that there exists K > 0 such
that

n

(n+1)!

lu(r) — An(®)llp < K -q(1/ prop F (7)),

and
lu(t) —1ll5 < Ke -q(1/prop F(t))

for sufficiently large ¢ > 0. The same type of estimates also apply to u‘l and oslU.
Now fix & > 0 so that, if ¢; € B(SG)™ has propagation < ¢ for all 0 <i < 2m,
then

GH(ay® a1 ® - - ® azy) = 0.

By the proof of Proposition 3.46, such an ¢ exists. Note that there exists an
increasing sequence of positive number {#,},cn such that 7, — oo as n — oo and

I3
— < prop Fy(t) < —
P prop F (1)
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for t, <t < t,41. In particular, we have that

(1) prop A, (¢t) <&,
@) llu() = An(0) 15 < K 5555, - (21),
3) llu) =15 < Ke€ - g (™)

for all t, <t < f,4+1. Similarly, the same type of estimates hold for u~! and du.
The lemma easily follows from these estimates. This finishes the proof. (]

Now for each class [a] € HC?"(CG, (h)). we define a map
Tla1: Ki(Bpo(M)®) — C
as follows.

Definition 6.10. Let ¢ be a representative of [«] with polynomial growth. For each
[u]l € K1(Br oM )6), let w be a regularized representative of [u]. We define

| oo
Ty ([u]) == r¢<w)=%i /0 (b (Hw@) ' @ (w(t) @ w(r) ")) dr. (6.11)

The convergence of the integral in line (6.11) follows from the following two
observations:

(1) By Proposition 4.20, the integrand
PHr@Ow® ™ ® Wn @wn™H®")

is a piecewise smooth function with respect to ¢ on [0, co). In particular, this
implies that the integral in line (6.11) converges absolutely for small ¢.

(2) By the proof of Proposition 6.7, when ¢ > 2, we have that

w(t) = P2TI(F(D+1)/2 _ leri(x(lN)/t)—&—l)/Z.
Set s = 1/t, and then we have
oo ~
/ G Own ™ @ (w(r) ® wr)™H®™) di
2
0 - -
=m./ GFIr(3 (s D) D @ (2T U CDID2 g (= 2mi(x D)1 /2y0m) 4o
172

Since the Fourier transform of x has compact support, it follows that x x’(x)
and exp(£2mi(x(x) +1)/2) — 1 lies in Ap y for any A, N. Therefore by
Proposition 3.46 and 3.48, the integral with respect to s converges absolutely
for small s. Consequently the integral from line (6.11) converges for large ¢.
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Proof of Theorem 6.1. Let ¢ be a representative of [«] with polynomial growth. Let
us first show that 7, ([u]) is independent of the choice of regularized representative of
[u]. Suppose w and v are two regularized representatives of [u]. By Proposition 6.7,
there exists a piecewise smooth family of invertibles u; € BL,O(]VI )¢ with the stated
properties (I)—(V).

Now a straightforward calculation shows that

(o tr(u " du® w@u H®") = o, (g tr(u " du @ W @u"")®™)).  (6.12)

It follows that

T __ T __
/ oG @ (ur @uyH®™) di —f o triouy ' ® (uo®@ug)®™) di
0 0

= /01 wfgltr(u_lasu QU u_1)®’")|zg ds.
By Lemma 6.9 below, we have
(p’#/tr(u_lasu Quu H®") >0
as t — 00. Also, note that u,(0) = 1 for all s. It follows that
Ty (u1) = 7y (o).

On the other hand, u; differs from v by a local loop f: S' — B(SG)*. By [Xie
and Yu 2021, Lemma 3.4], for Ve > 0, there exists an idempotent p € B(SG)™
such that the propagation of p is < ¢ and f is homotopic, in the algebra SB(SG),
to the element

B(t)=e""p+(1—p), where0<r<1.

It follows that
1 ~ .
/O e (fOfO' R (fH)® f) H®™) dt
1
= /0 et (BB @ (B ® B(1)H®™) dt

1
= / e#HurQrip ® ((elm‘t -Hpe (e—2m‘t _ 1)p)®m)dt
0

where the last integral is clearly zero, as long as ¢ is sufficiently small. Therefore,
T[] ([#]) is independent of the choice of regularized representative of [u].

For a given regularized representative w of [u], the same proof as Proposition 3.53
shows that 7,7(w) is independent of the choice of polynomial growth representative
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@ of [«]; see Remark 5.7. This proves that the map
a1t K1(BLo(M)%) — C
is well-defined. Furthermore, the same proof from Proposition 3.56 shows that

Ty (w) = TSy (w).

This proves part (a) of the theorem.
We shall prove part (b) of the theorem in three steps:

(i) Recall that the definition of 17(/,(13) (see Definition 3.30) uses the representative
u; = Uy/:(D) of the higher rho invariant p (D), where
x/t

o 1 .
U, = ¥ D) with F(x) = 7= f e dsfort>0and Uy=1.
T

o0

We first prove that the path U, is an element of (BL,O(M)G)JF.

(i) Second, we prove that the integral

m!
i

oo
np(D) = (=1) / pH(UU;7 @ (U, @ U H®™) dt
0

s
absolutely converges, where the minus sign is due to the change of variables
1/t — t. Note that here we do not require the spectral gap of D tobe sufficiently
large. In other words, the convergence of the integral holds as long as Dis
invertible.

(iii) Recall that we defined r[a](,o(lN))) by using a regularized representative of
o (D). In the third step, we use a transgression formula as in line (6.12) to
prove that 74 (0 (D)) = —ny (D).

The first and second steps are proved in Proposition 6.13 below. Let us now turn to
the third step. Let x be a normalizing function from the proof of Proposition 6.7, that
is, an odd continuous function x : R — [—1, 1] such that x (x) - &1 as x — £o00
and its distributional Fourier transform ¥ has compact support. Furthermore, without
loss of generality, we can assume in addition x - X' (x) is a smooth function. Denote
E.(D) = (x(D/1t)+ 1)/2. 1t follows from Lemmas 3.18 and 6.6 that 27 £:(D) ig a
smooth path in (B(SG))™. Let us define

V, = { 27 (@-0RD)+-DED)  if | <t <2,
o2 Erm1(D) ifr>2.

Then the path V; is a regularized representative of p (5) in By o(SG)*. Furthermore,
V, and U, are homotopic in By o(SG)™ by the following family of elements Hj,
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with0 <s < 1:

U, ifog<r<1,
H,(t) = 2= Fi+(=DGE+(-5)F1))  if 1 <t <1+s,
e2mi((1=s)Fi1+sEi1) iftr>1+s

Now the same transgression formula in line (6.12) can be applied to show that
(V) = 7,(U) = —ny(D).

This finishes the proof. U

Proposition 6.13. Under the same assumptions as Theorem 6.1, let U; be the

representative of p(ﬁ) given by

e 1 x/t ]
U, =2 D) with F(x) = T/ e_ézdsfort >0and Uy =1.
s o0

Then the path U, defines an invertible element of By o(SG)*t. Furthermore, if ¢ in
C?™(CG, (h))) has polynomial growth, then the following integral
OO —~ .
/ e#tr (U, U7 @ (U, @ UTH®™) dt
0

converges absolutely.

Proof. Since U,;(x) — 1 admits an analytic continuation to an entire function, it
follows from Lemma 6.6 that U, = U,(ﬁ) € B(SG)* for each r > 0 and the path
U; is smooth with respect to the norm ||-|| g on (0, 00). It remains to show that U;
is continuous at t = 0 with respect to the norm ||-|| 5.

Since D is invertible, let o > 0 be the spectral gap of D at zero. Then the spectral
radius of e~P” as an element in B(SG) is e7 77, since B(SG) is a smooth dense
subalgebra of C*(]l7[ )C. Recall that B(SG) is a Banach algebra with respect to the
norm'2 ||-|| (see Proposition 4.12), that is,

|A1Azllp < [[A1llBI|A2llp, forany Ay, Az € B(SG).
By the spectral radius formula
lim (| (e~ 1) /" = e,
n—oo
there exists C; > 0 such that

_ D2 _ 2
lle (1/0)D lg < Cie (1/@2t)o

12Rescale the norm II-ll B if necessary.
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for all sufficiently small # > 0. It follows that there exists C > 0 such that

. D x
|ugo;1m;=H—2vﬁvﬁeD”ﬂ

B

1 ~ 1212
<ﬁmﬁmewa“””%m
<C=e 2o/, (6.14)

By the definition of U,, we have

t
U —1 =exp</ USUslds> — 1.
0

In fact, the integral on the right hand side converges in B(SG), thanks to the
inequality in line (6.14). In particular, it follows that

[e.¢] 1 t . n
Z—'(/ USUslds>
n. 0

n=1

< L€ mrrem)
<2 alze

n=1

C
- exp(t—ze_oz/(mz)) —1, (6.15)

U —1lg =

B

which goes to zero as ¢ goes to zero. It follows that the path U;, with ¢ € [0, c0),
gives an invertible element in B o(SG)*. Furthermore, by Proposition 3.48 and
Proposition 4.20, the following integral

o0
/ P#tr(U U7 ® (U, @ UTH®™) dt
0
converges absolutely. This finishes the proof. (]

7. Delocalized higher Atiyah—Patodi—Singer index theorem

In this section, we apply the results from previous sections to prove a delocalized
higher Atiyah—Patodi—Singer index theorem.

Let us first review the Connes—Chern character map in our context. We shall
only discuss the even dimensional case; the odd case is similar. Let G be a discrete
group, and [¢] € HC 2m(CG). The [ ]-component of the Connes—Chern character
of an idempotent p € SG is given by

2m)!
chia)(p) = @w# tr(p®>"*h, (7.1)
m:
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where ¢ is a cyclic cocycle representative of [«]. It has been implied that chyy)(p) is
independent of the choice of representative of [«]. Indeed, for a cyclic coboundary
byr, we have

bw# U.(p®2m+l) — vl (p®2m) =0.

The last equality follows from the fact ¥ is cyclic, which in particular implies that

Y (p®2m) = —y (p®om).

If G is hyperbolic, then by Proposition 4.20 the formula in line (7.1) continues to
make sense for idempotents in B(SG), as long as ¢ has polynomial growth. In fact,
in this case, chyy] defines a Connes—Chern character map at the level of K-theory:

ch: Ko(B(SG)) — C.

Indeed, suppose [po] = [p1] € Ko(B(SG)). Let p; be a piecewise smooth path of
idempotents in B(SG)™ connecting po and p;. Suppose ¢ has polynomial growth.
Then a routine calculation shows that

d . .
(PP = Qm + D (be# 0 (Bipi = pep) @ pP) =0,
since ¢ is a cyclic cocycle. It follows immediately that

Therefore, the map chyy): Ko(B(SG)) — C is well-defined.

By Theorem 5.2, every cyclic cohomology class of a hyperbolic group has a
representative with polynomial growth. Hence, to summarize the above, we have
the following proposition.

Proposition 7.2. Suppose that G is a hyperbolic group and (h) is a conjugacy class
of G. For each class [a] € HC*"(C, (h)), the Connes—Chern character map

chp: Ko(CHG)) — C (7.3)

given by the formula (7.1) is well-defined. Moreover, we have chg|o) = chyy, where
S: HC¥(CG, (h)) — HC?"*2(CG, (h)) is Connes’ periodicity map.

Proof. The formula for Connes’s periodicity map is given in Definition 3.55. A
straightforward computation shows that

1
So#tr ®2m+3y _ #ir ®2m—+1 ,
(Sp#tr)(p ) 20m+1? (p )
from which the second statement of the proposition immediately follows. ([

The Connes—Chern character chyy): Ko(C)(G)) — C above and the delocalized
Connes—Chern character map tp): K;(C z,o(M )¢) — C from Theorem 6.1 are
related as follows.
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Proposition 7.4. Suppose G is hyperbolic and {(h) is a nontrivial conjugacy class
of G. Given [a] € HC*"(CG, (h)), we have the following commutative diagram:

chyy
Ko(C}(G) —= C

al lX(*Z)
Ki(C} o(M)0) —5 €

where 0: Ko(C}(G)) — K(C] 0(]f/j)G) is the connecting map in the six-term
K-theoretical exact sequence for the short exact sequence

0— Cj o(M)? — C;(M)C — C*(M)¢ — 0.

Proof. Each element of Ko(C;(G)) is represented by the formal difference of two
idempotents in B(SG)™. For notational simplicity, let us carry out the computation
for an idempotent p in B(SG).
Recall that [ p] is defined as follows: let {a;};[0,00) be the following lift of p in

Br(M)©:

(I-t)p if0<t

a; =
0 ifr>1

Then we have
dp:=u with u(t) = > for t € [0, 00).

Note that for 0 <t < 1, we have
u, = 2700 — 1 4 (e2ni(1—t) —1)p.

It follows that

o
/ (p#tr(b't,u;1 Qwu; ® Mfl)@’m) dt
0
1 ~
:f p# ;' © (u, @u; ™) dt
0

1
— —Q#tr(p®2m+l)/ (27Tl~)(627'[i(1—l) _ l)m(e—ZJﬁ(]—t) _ l)m dt
0

o
=~ ey (Ip)).
n:

It follows that
chio)([p]) = =371 AL PD).

This finishes the proof. U
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Let W be a compact n-dimensional spin manifold with boundary M = oW.
Suppose W is equipped with a Riemannian metric which has product structure near
M and in additional has positive scalar curvature on M. Let W be the universal
covering of W equipped with the metric lift from W. Denote 71 (W) by G. The
associated Dirac operator DW naturally defines a higher index in K, (C *(W) ),
denoted by Ind(;(DW) as in [Xie and Yu 2014, Section 3]. Denote the lift of M
with respect to the covering map by M = dW. The associated Dirac operator Dy
naturally defines a higher rho invariant ,o(DM) in K, _1(C} (M )¢). The i image of
p(DM) under the natural homomorphlsm K,_1(C} O(M)G) — K,_1(C] O(W)G)
will still be denoted by ,o(D M).

We denote by 0 : K, (C*(W)G) — K,1(C} 0(VT/)G) the connecting map in the
six-term K-theoretical exact sequence for the short exact sequence

0— Cj (W% = CE(W)E — C*(W)¢ — 0.

By [Piazza and Schick 2014, Theorem 1.14] and [Xie and Yu 2014, Theorem A],
we have

d(Indg(Dw)) = p(Dyy)  in Ku1(C} o(W)9). (1.5)

This together with Proposition 7.4 implies the following delocalized Atiyah—Patodi—
Singer index theorem.

Theorem 7.6. Let W be a compact even-dimensional spin manifold with boundary
M. Suppose W is equipped with a Riemannian metric which has product structure
near M and in additional has positive scalar curvature on M. Suppose G = m (W)
is hyperbolic and (h) is a nontrivial conjugacy class of G. Then for any [«] €
HC*(CG, (h)), we have

chye)(Indg (Dw)) = a1 (D). (7.7)

Proof. Observe that Proposition 7.4 still holds if we replace M by W. In particular,
we have the following commutative diagram:

% Ch[a]
Ko(CHG) —2 C

al lX(—Z)

Ki(C} o(W)%) —5 ¢
Now the theorem follows immediately from Theorem 6.1 and the equality

3(Indg(Dw)) = p(Dyy)  in Ku_1(Cy o(W)9). O
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By using Theorem 6.1, we have derived Theorem 7.6 as a consequence of a
K -theoretic counterpart. This is possible only because we have realized 1y (Dw) as
the pairing between the cyclic cocycle [«] and the C*-algebraic secondary invariant
p(Dy) in K1(C} o(W)O).

Alternatively, one can also derive Theorem 7.6 from a version of higher Atiyah—
Patodi—Singer index theorem due to Leichtnam and Piazza [1999, Theorem 4.1]
and Wahl [2013, Theorems 9.4 and 11.1]. This version of higher Atiyah—Patodi—
Singer index theorem is stated in terms of noncommutative differential forms on
a smooth dense subalgebra of C(G); or noncommutative differential forms on a
certain class of smooth dense subalgebras (if exist) of general C*-algebras (not
just group C*-algebras) in Wahl’s version. In the case of Gromov’s hyperbolic
groups, one can choose such a smooth dense subalgebra to be Puschnigg’s smooth
dense subalgebra B(CG). For hyperbolic groups, every cyclic cohomology class of
CG continuously extends to a cyclic cohomology class of B(CG); see Sections 4
and 5. Now Theorem 7.6 follows by pairing the higher Atiyah—Patodi—Singer index
formula of Leichtnam and Piazza and Wahl with the delocalized cyclic cocycles
of CT.

One can also try to pair the higher Atiyah—Patodi—Singer index formula of
Leichtnam and Piazza and Wahl with group cocycles of I', or equivalently cyclic
cocycles in HC*(CT, (1)), where (1) stands for the conjugacy class of the identity
element of I". In this case, for fundamental groups with property RD, Gorokhovsky,
Moriyoshi and Piazza proved a higher Atiyah—Patodi—Singer index theorem for
group cocycles with polynomial growth [Gorokhovsky et al. 2016, Theorem 7.2].

8. Delocalized higher eta invariant and its relation to Lott’s higher eta
invariant

In this section, we shall establish the relation between our definition of the delocal-
ized higher eta invariant (see Definition 3.30) and Lott’s higher eta invariant [1992,
Sections 4.4 and 4.6]. In particular, we prove that our definition of the delocalized
higher eta invariant is equal to Lott’s higher eta invariant up to a constant Lﬂ The
main techniques used in this section are due to Connes [1988; 1991].

Let M be a closed manifold and M the universal covering over M. Suppose D
is a first order self-adjoint elliptic differential operator acting on a vector bundle E
over M and D the lift of D to M. Suppose that (k) is a nontrivial conjugacy class
of G =m (M) and D is invertible. Throughout this section, we assume that G has
polynomial growth.

Let 2 be the following dense subalgebra of C(G):

B = {f :G—>C ( Z(1+E(g))2k|f(g)|2 <oo forallke N},
geG
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where £ is a word-length function on G. & is Fréchet locally m-convex algebra.
Moreover, since G has polynomial growth, £ is a smooth dense subalgebra of
C’(G). The universal graded differential algebra of 2 is

Q.(8) = D u(B)

k=0

where as a vector space, (%) = Z ® (#B)®*. As % is a Fréchet algebra, we
consider the completion of €2,(%), which will still be denoted by 2.(%).

Let ¢ = (1\7 X g B) ® E be the associated Z-vector bundle and C*°(M; ) its
space of smooth sections. Now suppose i is a smooth function on M with compact

support such that
2 gV =1.

geG

Note that every compactly supported smooth function on M may be equivalently
viewed an element in C*°(M; ). We have a superconnection V: C®(M; &) —
C®(M; R4 Q21(%)) given by

V(=) (¥ ¢ f)®s dg. (8.1)
geG
Definition 8.2 [Lott 1992, Sections 4.4 and 4.6]. For each 8 > 0, Lott’s higher eta
invariant 77(D) is defined by the formula
~ o0 ~ ~ 2
7D, p) =p'/? STR(De PP+ 4t
0

Here we follow the superconnection formalism, and STR is the corresponding
supertrace; see [Lott 1992, Proposition 22].

We recall the following periodic version of Lott’s higher eta invariant.

Definition 8.3 [Lott 1992, Section 4.6]. Define ﬁ(ﬁ) € Q. (%) to be
~ OO ~
i) = [ e tiD. 57 dp.
0

Similar estimates as those in Section 3 show that, under the assumption G
has polynomial growth, the above integral converges in €2,(%), hence ﬁ(ﬁ) is
well-defined.

Let us write

iD=Y wd=3 /0 e o (B, ) d.

m>=0 m=0
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where ﬁzm(ﬁ) and 7oy, (5, B?) are the 2m-th components of ﬁ(ﬁ) and ﬁ(ﬁ, B?) in
Qo (AB) respectively.

For each m > 0, only a finite number of terms in the Duhamel expansion of
De=P*tD+Y)” Wil contribute to ﬁzm(ﬁ, B2). Suppose ¢ € C¥(G, (h)) is a cyclic
cocycle with polynomial growth. Without loss of generality, we assume that ¢ is
normalized, that is,

©(go, 81,---,8u%) =0 if gi=1forsomei > 1.

Let us consider the paring (¢, ﬁzm(ﬁ, B%)). Observe that, since 7o, (5, B?) is
paired with ¢, we can relax the smoothness condition on i in the definition of the
connection V above and choose i to be the characteristic function of a fundamental
domain of M under the action G. More precisely, for such a choice of ¥, we should
treat the summands #V D and t DV in the supercommutator [V, t5] = t(V5 + EV)
separately so that we avoid taking the differential of ». As we have seen in Section 3,
under the assumption that D has sufficiently large spectral gap in the sense of
Definitions 3.7 and 3.42, the pairing

(@, fam (D, %))

converges absolutely for any choice of the smooth cutoff function i that appears in
line (8.1). It is also not difficult to see that the value (¢, ﬁ2m(5, B%)) is independent
of the choice of such a smooth cutoff function . Now by choosing a sequence
of such smooth cutoff functions that approximate the characteristic function of a
fundamental domain of M, it follows that, under the same sufficiently large spectral
gap assumption, the pairing (¢, ﬁzm(ﬁ, B?)) still makes sense and takes the same
value even if we choose i to be the characteristic function of a fundamental domain.
Moreover, observe that VZ: C®(M; &) — C®(M; € ® 4 Q,(%)) given by

V)= D v-gi (85 f) ®ydg ®sdg

81€G g€G

which becomes

Y (W gif) ®ude®sdg
826G

if i is the characteristic function of a fundamental domain of M, where e = 1
stands for the identity element of G. Since ¢ is a normalized cyclic cocycle, it
follows that the term V2 does not contribute to the pairing (@, fom (5, B?)) when
Y is the characteristic function of a fundamental domain of M. To summarize, we
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have

(@, om (D, B*)
_ /«oo /82m+1 f ((p, STR(Be—sOﬂﬂEZ[V’ t5]€_slﬂt252[v’ ZE] o
0 (2320s,)=s

% [V, t D1e=2B D)) dso ds, - - - dsay di

2m
=057 )=P

w N ~ N ~
— f ,Bm+1/2/ <¢, STR(De_SOIZDZ[V, tD]e—slﬂDz[V’ D]
0 (x )
x [V, t D]e™" D))y dso dsy - - - dsap dt,
where the second equality follows from the change of variables ¢ — /Bt¢. Here
[V, tD] is the supercommutator (i.e., graded-commutator) of V and 7D.

Let fo(x) = De—*"D? and fix) =1V, t[N)]e_)“zD2 for j > 0. From the above
calculation, we see that

@ (D, B2y = g1 /0 (@, STR(fox fi %+ fam(B))} dt.

where * stands for the convolution

B
(f %h)(B) = /0 FOOR(B — x) dox.

Recall that the Laplace transform

> LOF)(s) = /0 P £ (B) dB

converts convolutions of functions into pointwise products of functions. Let us
define

2m
H(s) = <<p, STR(H c(f,~)<s))>,

j=0

which is the Laplace transform of
o0
|0 STRU < fr s B .
0
Recall that

—ap 1
E(e )(S) = m
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Therefore, we have
H(s) /oo< STR( D [V,tD] ! [V,tD] ! >>dt
S)= , —_—— N —_—— " " ) —_——
0 ¢ t2D2+5 t2D2 45 t2D2 45

=sm1/2[00<¢,STR<~L[VJI~)]~;~'-[V,t5]~;>>df
0 2D2+1 2D2+1 1?D*+1
:S—m—l/ZH(l)

where the second equality follows from the change of variables r — 7//s. Apply
the inverse Laplace transform to H (s) and we obtain

/000«0, STR(fo fi %+ % fan(B)) di = %H(l)
where I'(m + 1) = ﬁ%ﬁ It follows that
S = a0 B*"
(@, mom(D, B7)) = ml‘](l)-

Hence we have
(@, fom(D))
_ /0 (0. e Piion(D. 7)) dP

_ 4m! OO< STR( D (V. D] (V. 1D )>dt
— /7 b \P 2D2+1 ~  2D2+1 UUeD2 4

We shall identify this formula with our formula for delocalized higher eta invariant
in Definition 3.30. To this end, let us first define

Note that the path w; /t(5) is a representative of the higher rho invariant ,0(5). A
direct computation shows that

BBy — 2iD
w, (D)w; (D) —m
and

[w; (D), V]-[w,(D)~', V]1=4¢D+i)" [V, tDIt2D*+ D[V, tDI¢D —i) ",

where [w,(ﬁ), V] and [w,(ﬁ)_l, V] are the usual ungraded commutator.!> For
notational simplicity, let us write w; in place of w;(D). The above computation

B31n the superconnection formalism of Definition 8.2 above, the relevant bundle has been “doubled”.
In other words, the superconnection is formulated on a superbundle, which is the direct sum of two
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implies that

tr(i, w; " ([wy, V[w, ", VI)™)

4mt( 2iD ( L v, Bl e[V, D] )m)
= r ~ ~ 3 —~ ) ~
2D+ 1\tD+i 2D?+1 tD—i

=4"tr

( 2iD (V.1 D] 1 (V. 1D] 1 )
2D2+1 T 2D2+1 D +1)
Since ¢ is normalized, again V? does not contribute to the pairing
(o, tr(rw; ! ([wr, VIlw; !, V™).
It follows that
(@, tr(pw; ! ([wy, Viiwy ', V™)
= (g, te(yw; (Vw, Vw ™) + (, tr(bw; (we Vg 'V)™),

when m > 1. By the definition of the connection V and the definition of the trace,
we have

(g, tr (b, w; (Vo Vi, HY™)) = g tr(,w; ! @ (w, @ w7 H®™).
On the other hand, we have
(@, tr(bw; " (w, Vo' V)™)) = (g, trGio (Vw, V)" ™'V, ') =0.

Therefore, for all m > 0, we have
o0 0 —
f (@, tr(yw; ([wy, VIIw; ', V™) dt = / ot w; @ w,@w, )®") di
0 0

Ti
= %Tgo(w),

where 7, is the map from Definition 6.10. Now Lemma 8.5 below proves the conver-
gence of 7,(w). To summarize, we have established the following precise relation
between our definition of the delocalized higher eta invariant (see Definition 3.30)
and Lott’s higher eta invariant [1992, Section 4.4 and 4.6].

Proposition 8.4. Suppose D is a first order self-adjoint elliptic differential operator
acting on a vector bundle E over M and D the lift of D to M. Assume that (h) is
a nontrivial conjugacy class of G = w1 (M), D is invertible and G = (M) has
polynomial growth. Then for any [¢] € HC*(CG, (h)), we have

7,(p(D)) = —={9, flam(D)).

JT
copies of the original bundle together with the obvious Z/2-grading. On the other hand, the operator
wy (D) is defined on the original bundle, instead of the superbundle.
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In the remaining part of this section, we prove Lemma 8.5 below and hence
complete the proof of the above proposition. The proof of Lemma 8.5 uses the
technical assumption that G = 71 (M) has polynomial growth. It remains an open
question how to identify our formulation of higher eta invariants with Lott’s higher
eta invariant in general.

Lemma 8.5. With the same notation as above, the following integral
oo
/ p#tr(w; ' @ (w, @ w, H®™) dt (8.6)
0

converges absolutely.

Proof. let a;(x) = w;(x) — 1= —2i(tx +i)~!. For each > 0, the Fourier transform
of a; is

a &) =—288110(8),

where 0 is the characteristic function of the interval (—oo, 0). The function a; and
all its derivatives are smooth away from & = 0 and decay exponentially as |§| — oo.
It follows from the proof of Lemma 3.16 that the Schwartz kernel of wt(5) —1
is smooth away from the diagonal of M x M. The same holds for w; '—1and
wrw, !, Similar arguments to the proofs of Propositions 3.46 and 3.48 show that
(pﬁdd}, w; '® (w @ w, 1)®’") is finite for each ¢ > 0 and furthermore the integral
in line (8.6) converges absolutely for small 7.

Now we prove the integral in line (8.6) converges absolutely for large ¢. Since
G acts freely and cocompactly on M, there exists a constant ¢ > 0 such that
dist(x, gx) > ¢ for all x € M and all g # e € G. Fix a point xg € M.ForxeM,
let v(x) be a smooth approximation of the distance from x to xo. More precisely,
let v be a smooth function on M satisfying the following:

(1) dist(x, xg) < v(x) < 2dist(x, xo) if dist(x, xg) = ¢.
(2) v has uniformly bounded derivatives up to order N with N sufficiently large.

Let 6 be the unbound derivation on C*(A7I )C defined by
6(T) =[T,vl=Tov—voT

forT € C *(1\71 )G, If T admits a distributional Schwartz kernel which is smooth
away from the diagonal of M x M, then we have

(T (x, y) = T(x, y)(w(x) —v(y)F,

forall (x, y) € M x M.
Denote A; = w;(D) — 1. We have

1 ~
8(A) =2it———[D,v
(A1) tD+.[ ]
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Since v has uniformly bounded derivatives and D is invertible, there exists C; > 0
such that

~ ~ C
1D8(A)Dllop < —=

where ||-||op denotes the operator norm. By induction, we see that there exists
C> > 0 such that

sup [|D¥$N(A)DY |lop < —
k+j<N+1 t

Let K;(x, y) be the distributional Schwartz kernel of A,;. Then the Schwartz kernel
of V(A,)) is

Ki (e, p) () —v)™
forall x,y e M. 1t follows from Lemma 3.11 that there exists C» > 0 such that

c
1K (x, )]+ [w(y) —v()|Y < 72

forall x, y e M, where |K;(x, y)| is the norm of the matrix K,(x, y). In particular,
if (x, y) = (x0, gxo) with g # e, then we have

G
t - (dist(xo, gxo))V"

|K:(x0, gx0)| <

Now for each x € M, use a smooth approximation of the distance function centered
at x and apply the same estimates above. Since the action of G on M is cocompact,
we may choose C; so that

C>

Ki(x, g0)| < ——
K 801 S st g™

for all x € F and all g # e € G, where F is a fundamental domain of M under
the action of G. Similar estimates hold for the Schwartz kernels of w;” '~ 1and
wyw,

By assumption, G has polynomial growth and ¢ is a delocalized cyclic cocycle
with polynomial growth. A straightforward computation shows that there exists a

constant C > 0 such that

C

l# tr(i,w;” @ (w, @ w;)®™)| < f2m+2°

which implies that the integral in line (8.6) converges absolutely for large ¢. This
finishes the proof. O
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