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1 Introduction
The background geometry of cosmology with scale factor a(t) is,

i

ds* = —dt* + a*(t)d7-di = Hlt)=- , €(t)= g (1)
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The Hubble parameter H (t) measures the expansion rate while the first slow
roll parameter €(t) measures the rate at which H(¢) changes. Inflation is
characterized by positive H(t) and 0 < €(t) < 1, which means that both
the first and second time derivatives of a(t) are positive. The most highly
accelerated geometry is de Sitter, with €(¢) = 0 and H constant, which serves
as a paradigm for primordial inflation.

The accelerated expansion of inflation can rip massless, not conformally
invariant virtual quanta out of the vacuum. That process is responsible
for the primordial power spectra of scalars [1] and gravitons [2], but these
quanta must, at some level, interact with themselves and with other particles
to affect kinematics and long-range forces. One studies these changes on
a field by computing its 1PI (one-particle-irreducible) 2-point function and
then using that to quantum-correct the linearized field equation. For a scalar
field the 1PI 2-point function is known as the self-mass —iM?(x;2’). If the
scalar is massless and minimally coupled (MMC) then its quantum-corrected,
linearized field equation is,
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Here g,,(z) is the background metric and J(z) is the source. Zero source
solutions tell one about modifications to the kinematics of single particle
solutions whereas setting J to a static point source determines the exchange
potential.

Effects mediated by inflationary scalars are generally stronger and sim-
pler to compute, but they suffer from being model dependent. In contrast,
graviton-mediated effects are weaker, and much more difficult to work out,
but are completely generic because general relativity is the unique low en-
ergy effective field theory of gravity [3-8]. Despite the complexity of working
with gravitons on an inflationary background, six cases have been found of
significant effects on de Sitter:

e Growth of the fermion field strength [9];



Temporal and spatial growth of the electric force [10];

Growth of the of the photon field strength [11];

Growth of the graviton field strength [12];

Spatial suppression of the force carried by an MMC scalar [13]; and
Temporal suppression of the gravitational force [14].

A standard concern when studying vector-mediated or tensor-mediated
corrections to effective field equations is how to distinguish physical effects
from gauge artifacts such as the acausality apparently implied by the in-
stantaneous Coulomb potential. Exhibiting the gauge dependence of 1PI
n-point functions is relatively simple in flat space [15], but very difficult for
inflationary backgrounds. The simplest gauge [16,17] happens to break de
Sitter invariance, which has been a point of contention for decades [18-26].
However, other gauges are so difficult to use that, of the ten graviton loops
so far evaluated [13,27-36],! only one was performed using a different gauge.
This one was of the graviton contributions to the vacuum polarization [34]
in a 1-parameter family of de Sitter invariant gauges [39]. When it was used
to check the growth of the photon field strength, the same time dependence
was found as in the simplest gauge [11], but with a different multiplicative
factor [40]. One can therefore conclude that there is nothing particularly
misleading about the simplest gauge, but that 1PI functions on de Sitter
harbor the same sort of gauge dependence as they do on flat space.

It was recently shown that the usual effective field equations are gauge
dependent because they ignore quantum gravitational correlations with the
source which excites the effective field and with the observer who measures
it [41]. When these correlations are restored on flat space background, the
effective field equations for both an MMC scalar [41] and for electromag-
netism [42] become gauge independent. One restores source and observer
correlations by writing down the position-space diagrams which contribute
to t-channel scattering between two massive source particles. These diagrams
consist of 4-point, 3-point and 2-point Green’s functions. A series of iden-
tities due to Donoghue and collaborators [3,43-45] permits one to extract
the t-channel poles from the 3-point and 4-point diagrams, which reduces
them to 2-point form. Then the propagator equation is used to regard these
2-point forms as corrections to the 1PI 2-point function, and hence to the
effective field equation. Our goal here is to generalize this technique to de
Sitter for graviton corrections to an MMC scalar.

'An independent computation of graviton corrections to the self-mass of a massless,
conformally coupled scalar [37,38] also used the simplest gauge, but disagrees with [36].



This paper contains seven sections. In section 2 we review the Feynman
rules, including the massive source-observer field, along with gravity and the
MMC scalar. We also generalize the Donoghue identities from flat space to
de Sitter. It turns out that five classes of diagrams contribute to t-channel
scattering, in addition to the self-mass. These diagrams are presented in
section 3. Section 4 demonstrates an important cancellation which occurs
for any background geometry and in any gauge. The remaining diagrams are
reduced in section 5, and incorporated as corrections to the renormalized self-
mass. Section 6 gives our conclusions, including the crucial issue of whether
or not the 1-loop correction to the scalar exchange potential contains a large
logarithm.

2 Feynman Rules and Reduction Strategy

The purpose of this section is to present the basics of our computation. We
begin with the full action which describes the massive source-observer field
¥, in addition to gravity and the massless, minimally coupled scalar whose
exchange potential it modifies. The necessary Feynman rules are presented,
then the general strategy is described. The section closes with some useful
derivative identities.

2.1 Propagators and Vertices

We model the source and observer as a massive, minimally coupled scalar ¥
which has a cubic coupling to the massless, minimally coupled scalar ¢. The
bare Lagrangian is,
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Here GG is Newton’s constant, A is the positive cosmological constant and D is
the dimension of spacetime, left arbitrary to facilitate the use of dimensional
regularization. It is convenient to change the time variable from co-moving
time ¢t to conformal time 7, with dn = dt/a(t). This makes the de Sitter
background conformal to flat space,
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We adopt the convention that the indices of partial derivatives are raised and
lowered with the Minkowski metric, O* = n*"d,.

Our analysis employs four scalar propagators. The source and observer
(V) propagator iA,,(x; ') has a mass m > H which is assumed much larger
than the Hubble parameter and spatial momenta. The massless scalar (@)
propagator iA 4(z; x') has zero mass, while the graviton propagator requires
three scalar propagators iA;(x; ') whose masses are,

Mi=0 M3 = (D-2)H* | MZ =2(D-3)H*. (5)

All four propagators obey equations involving the differential operator D =

8#[\/ -9 gwj&/] = aﬂaD—28m
(D—asz)iAm(:c; 7)) =i6P(z—2') = (D—QDMlz)iA[(SL’; ). (6)
The three propagators iA;(x; ') can be usefully expanded as differences of

a series in D-dependent powers of aa’Az? = ad'(x — /)" (x — )1, + i€ and
a series of integer powers of the same quantity,

N (2 1){ 1 D(D-2)  H? }

D D _'_
laa’Az?)z~"  8(D—4) [aa/Az?)z 2

D

=M (2 ]

()P P(D-1) 1
s or(d) {O_Q(D—Q)(D—3)+"'}' (9)

The neglected terms in expressions (7-9) are not only less singular at co-
incidence (2" = z# = Az? = 0), they also vanish in D = 4 dimensions.



Indeed, even summing the order [aa’Az2])* 2 and [aa’ Az?) terms of iA 5 and
1A¢ vanishes in D = 4. This fact has great significance for our calculation.

The great thing about the simplest gauge is that the graviton propagator
(in conformal coordinates) consists of a sum of spacetime constant tensor
factors multiplying the three scalar propagators tA;(x; z’) [16,17],

. / — — 2ﬁ I/ﬁ g . / — . /
Z[HVAPU](:C; T ) = |:2n,u(pncr)u_ 5—3? ]ZAA(SL’, 2 ) o 450(unu)(p600)7’AB (LU7 z )
2 — _ 50 50 | [~ _ a0 50 |, .
PR iy 7+ (D=3)0,8°, | [T, +(D=3)8%0°, |irc (;.2') . (10)

(Parenthesized indices are symmetrized.) The three tensor factors involve the
Minkowski metric 7,,,, the Kronecker delta function 5%, and a combination
Ty = N + 0°,0°, which gives the purely spatial part of the Minkowski
metric. The only contraction we require is,

. 4ﬁ,uu
D-3

. .
nﬂaxi[wApo} (z;27) = —— A,

L (ZAA—ZAC> .

Note that summing the three tensor factors in expression (10) produces

the tensor factor of the de Donder gauge propagator in flat space,

o 21,0 0 — <0 2 _ 0 0
|:277M(p770')1/_ 5_§ } — 407,70 o) T+ (D—3)(D—2) |:n/u/+(D_3)5 0 u]

_ 21 Mpo
X [npa+(D_3)60p600] = 27]u(p770)u - ﬁ . (12>
This suggests the advantages of singling out a particular scalar propagator
— call it ¢A; — and then expanding the other two propagators around it,

iN; =iy + (iA—iA) . (13)

Substituting (13) into (10) will then produce iA; times the flat space tensor
(12), plus a series of differences of propagators. These differences are less
singular at coincidence because expressions (7-9) show that all three prop-
agators have the same leading singularity I'(2 — 1)/ 47r§[aa’ Aaﬂg_l. The
best choice for our calculation is J = C', which gives,

. 20 Mpe 1 . _ . .
Z[M,,Apg](l’; ;1;'/) = |:2nu(PnU)V_ﬁ} ZAC + 477/1)(0770)0/ (ZAB —2A0>
o i (iDa—2iAg +ine) — 2o (AL ing) . (14)
nu(pna)u 14 tAp (ZA Ve D_3 14— 1c ) .
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This form is especially effective for us because the 4 indices of the graviton
propagator are typically contracted into derivatives from vertices and any
spatial derivatives are assumed small compared to the source observer mass
m. In the 3-point and 4-point contributions these vertex derivatives must
supply at least two factors of m to cancel inverse factors from the Donoghue
Identities. Hence we can neglect all the terms on the last line of (14) which
have only spatial indices. It turns out that even the last term on the first
line of (14) drops out because it is proportional to the difference (iAp —
iA¢), which lacks the leading singularity and actually vanishes in D = 4
dimensions.

Figure 1: Vertices A-E from left to right, given in expressions (15-19). Solid lines
represent the massless, minimally coupled scalar, dashed lines represent the massive source-
observer field, and wavy lines represent the graviton.

Figure 1 depicts the vertices we require. From left to right they are,

Vertex A = —iXa? | (15)
Vertex B = —if-mf_z ——8f85 + %n‘“’(@raz—i-azmz)] , (16)
Vertex C = —ixal ™2 ——8{‘85 + %77“”31'32] ; (17)
Vertex D = —%’/{)\afn-“” , (18)
Vertex E = —ik?Aa? %77””17”" - in“pn“”] : (19)

The subscripts on scale factors indicate the coordinate argument, for exam-
ple, a; = — 45 (with 2° < 0). Subscripts on derivatives indicate which leg is
differentiated, and we have not bothered to symmetrize indices because they

are contracted into the symmetric graviton propagator.

2.2 Reduction Strategy

As discussed in section 1, the gauge dependence of a 1PI 2-point function
can be removed by first writing down (in position space) all the diagrams
which contribute to the ¢-channel scattering process Wi(z) + W¥3(z') —



Us(y) + Y4(y'). This consists of a collection of 2-point, 3-point and 4-point
Green’s functions,

—iV(x;a') , —iV(x;alsy) , —iV(x;2sy') , —iV(xiasy;y) . (20)

The 2-point and 3-point Green’s functions must be multiplied by appropriate
delta functions to fix y* and y™, for example,

—iV(z;2") — 0P (x—1)dP (2' =) x =iV (z; ") . (21)

One then extracts the t-channel poles from 3-point and 4-point contribu-
tions using identities derived by Donoghue and collaborators [3,43-45] and
easy to check from general results [46,47]. In flat position space one can
reduce 3-point Green’s functions to 2-point form using the relation [41],

0" (x—y)
2m?2

2
o (3 )i (3 2PN (35 07) — ia@a] @)
where iA(x;z") denotes the massless scalar propagator in flat space. Re-
ducing the flat 4-point Green’s functions to 2-point form requires two such

identities [44,45],
. . . I Y L _L _ gx'gx’_m2
iy (25 9)1A (2] Y ) iA (z; 2 )iA(y; y') — — [1 <73m2 )}
2
X{éD(x—y)éD(x/—y/)/dDz [iA(m; z)} iA(z;a:')} , (23)
5x-5y/+m2>}

» CoNg ey YN KA
ZAm(xuy>ZAm(x Y )ZA(.ZL’,y )ZA(':C 7y> — _'_mg [1 + ( 3m2

X {5D(x—y)5D(x/—y/)/dDz [iA(m; z)} 2iA(z; x')} , (24)

where the over-lined derivatives are understood to act on the external wave
functions. Note that the integrals at the end of expressions (23) and (24) is
symmetric under interchange of z* and x.



Figure 2: The four classes of diagrams (« through 4, from left to right) produced after re-
ducing diagrams with source and observer correlations to 2-point form. The shaded circles
are —iA?(aza,)P fo (s 2'), —idal fa(z;2'), —iNal f,(z;2") and —ifs(z;2'), respectively.

Figure 2 shows the generic 2-point forms produced by these reductions.
We can regard each of these 2-point contributions as a correction to the 1PI
2-point function by using the propagator equation 02 (x — 2) = D,iA 4 (x; 2)
and then partially integrating. We will give all the steps for the leftmost
diagram,

)DX—ifa(x;x/) ) (25)
= —i)\af/dDz i6P (x—2) x —i)\af,/dDz/ i0P (2" =2 ) x —ifo(2;2) (26)

Class @ = A\ (a,a,

= —z')\af/dDz D.iA4(z; 2) X —i)\af,/dDz' D.ilA (252 ) x —ifo(2;:2)) , (27)
= —i\a? / dPzi (x5 2) x —idal) / dP2 iAA (2 2) X —iD, D folz; 2) . (28)
We merely give the results for the remaining diagrams,
Class 8 = —i)\af,/dDz'z'AA(a:’; 2 x —iXa? fa(x; ), (29)
= —iXa? / dPziA 4 (2; 2) x —idal) / dP2 i (2'; 2 ) x —iD, f3(2;2')  (30)
Classy = —i)\af/dDzz'AA(:E; 2)x —iab £ (z;2') (31)
= —i)\af/dDz iAa(T;2) ¥ —i)\af,/dDz' iAa(2' 2 ) x —iD, [ (2 2") , (32)
Classd = —i)\af/dDz iA (15 2) % —iAaﬁ/dDz’ iAA(2 2 ) x —ifs(z;2)) . (33)
The gauge invariant self-mass is the sum of all four classes,
M (2;2') = DDy fol;2') + Do fs(w;27) + Daur fo(252) + fs(;2) . (34)
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It remains to generalize the Donoghue Identities (22-24) from flat space
to de Sitter. This is a matter of preserving general coordinate invariance
and taking account of the scalar propagator 1A 4 possibly differing from the
scalar propagators ¢A; in the graviton propagator. For the 3-point identity
(22) the required generalization is,

0" (x—y)
2m2ab
We also need a 3-point identity with a single derivative,
0P (z—y)
2m2al

iA () iA g (z; 2" )i (y; ') — iAq(z; 2" )iAr(z;2") . (35)

iy (2 y)iAa(w; 2)0iAc(y; 2) — (9, +0,) iDa(2; 2)iAe (3 2)

(36)
The 4-point identities (23-24) have the complication of contracting deriva-
tives at different points. This can be made invariant using the parallel trans-
port matrix [“g”](z;2") whose 3 + 1 decomposition in de Sitter conformal
coordinates is,

b (s x) = [Ogo] [Ogn]
o) = (o) i) (37)
v 2 H2AT2 _(a )HAT’
- azax/ =" <( a J H AT H2Apm A ) , (38)

where Ar' = (z — 2/)" and y = amax/HQAx . Note that ['¢g"](z;2) ~
n" /aza, near spatial coincidence. The appropriate generalizations of the
4-point Donoghue Identities (23-24) are,

iA g (25 9)iA L (259 )iA 4 (,% )il (y:y)
i [1 <5w5m (g ”](:c;x’)—m2>]5D(:):—y)5D(:)s’—y’)

H —_—
3m? (apa27)P

;{/dDza iAA(T; 2)iAc (15 2)iA A (25 2) + <a:“ s a:'“)}, (39)

zAm(x’, zAA (x;9")iAc(2';y)

9"1(@;y')+m\71 6" (x—y)o" (' =y
R I e
%{/dDza iA (75 2)iAc (25 2)iAA(2;Y) + <x“ My’“)}. (40)
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2.3 Derivative Identities

Momentum conservation at a 3-point vertex (15-17) is complicated by the
factors of a?~2 (for derivative vertices) and a® (for non-derivative vertices).
If we label derivatives of the three propagators (or external wave functions)
by “0y”, “05” and “0§” then we might use “0} to stand for differentiation of
the scale factors. With this understanding, momentum conservation reads,

(al+02+ag+a4)“=o. (41)

We often require contractions of two derivatives 0; - 9y = 1,0y 0%. When the
vertex contains a factor of a”~2 such contractions can be expressed in terms
of the scalar covariant d’Alembertian,

Dz’ = n,wﬁfaD_Qaf = aD_Z&--(@-—l—&l) . (42)
The derivation is,
010y = %(514-32)2 - %8% - %@2 ) (43)
= 10540y — 102 — 1a2 | (44)
= %8 (O3+04) + %54'(53+54) - %8% - %822 ) (45)
1

- 2[7)3 Dl—Dg] . (46)

A related identity of great utility is,

1 1 1
D 2 - = o 2y _ — D2

010y + aPm? = 2D3 2(1)1 am) 2(1)2 am). (47)

3 The Five New Diagrams

N ,
,
,
,
=y =y .+.'z/, !
=Y
.
.
.

0

Figure 3: Diagrams Oa (left) and 0b (right) included in the uncorrected, self-mass.
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The scattering process ¥y (x)+Ws(2') — Wa(y)+VY4(y') receives a t-channel
contribution from the 1-loop self-mass —iMZ(z; z’) as shown in Figure 3. The
analytic expression is,

—iVo(z;2") = —)\z(axax/)D/dDzz'AA(a:; z)/dDz' iAg (2 2)x —iMZ (2, 2) .

(48)
The purpose of this section is to give the five other classes of diagrams which
make t-channel contributions to the same 1-loop scattering amplitude. We
use subscripts to distinguish scale factors at different spacetime points, as
in a, and a,s in expression (48). The same convention applies to derivative
operators, whose indices are raised and lowered using the Minkowski metric,
as in 85 = n“”%. Because there are sometimes too many propagators to
distinguish how derivatives act by order, we employ a special convention for a
Py Wing Wexe vertex: a bar indicates that the derivative acts on the external ¥
leg, a tilde indicates that it acts on the graviton leg, and a derivative without
either distinction acts on the internal U leg.

3.1 Vertex-Vertex
=Y L T=Y =Y r=y r=y T=y

Figure 4: Diagrams la (left), 16 (middle) and 1c (right) in which the vertex is corrected.

The first of the new diagrams derive from correlators of gravitons which
emerge from the vertex. Figure 4 shows the three possibilities. The first case
is where a single graviton emerges from each vertex,

Vg (w;2') = (=Rl )il Ao (s ') (— SmAaDf™ )il (s a!) . (49)
The 2nd and 3rd are where two gravitons emerge from the same vertex,
—iVip(z; 2')

= [=ir2Aa (S n =) [l Ay (5 0) (—ida2 )ida(ai '), (50)
—iVie(z; 2')

= (—i)\af)i[wApo](:c’; ') [—m2>\af, (én“”n’”—in“pn’”ﬂ iAy(z;2') . (51)
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3.2 Source(Observer)-Vertex

K K N N
’ > ’ \ ’ ’ \ ’ ’
Y / Y / \ Y \ Y
: =y : =y z=y Y T=y Y
1 Ny - 1 Ny - . 1 ’ . 1 ’
T \ x \ . x . T

Figure 5: Diagrams 2a (left), 2b (2nd), 2¢ (3rd) and 2d (right) including a correlation
from the propagation of the source or observer with the vertex.

Figure 5 shows the second class of new diagrams: those which involve a
graviton from the propagation of the source or observer correlated with a
graviton from the vertex on the opposite side. (Having the vertex is on
the same side produces an irrelevant external leg correction.) The leftmost
diagram is,
—iVaalia'sy) = |—inal 2 (=350, + S0 By-0,+ a2m?)) | i Ao (i )

x( LR ,np”>iAm(y;z)(—iAaf)z’AA(z;x’), (52)
=3 2)\2 (aza.)Pa 2[ 9,0, + 217“”(5@/-8@,%—@37712)]

Xl AL (y; )iy (2 y)iAa(2; 2") . (53)

We merely give final results for the other three diagrams,

—i%b(x;x';y):%KQAQ(ayax YPal” 2[ 9,00 + 277”V(5x'3x+aim2)]
X[ AP (2 2")iAm (w3 y)ida(y; 7). (54)
iVl ) = SN )Pl [T + (B )]
X", Apo] (@Y )il (25 y)iA a(w;27) , (55)
—iVag(z; 2’y y') = %/-@2)\2(%%)[) b= 2[ ah,0% + %npa(gx"ax’+a:2(:’m2)]
Dol (232" )iA g (2" y ) iAa (23 ') , (56)

xi[t,
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3.3 Vertex-Exchange

Figure 6: Diagrams 3a (left) and 3b (right) included a correlation between a vertex and
the propagation of the exchange scalar.

Another class of corrections is where a graviton from a vertex correlates with
a graviton from the propagation of the exchange scalar. Figure 6 shows these
diagrams. Their analytic expressions are,

—iVa,(z;2") = %/ﬁz)\z(axaII)D/dDz alP=? [—5582 + %77””52.82}
xill', A o] (5 2)iA 4 (5 2)iA (25 27) , (57)
—iVap(z;2") = 1k7N*(apa,)" / dPzaP~? [—55&; + %nﬂ"éz.az}
xi[WA”p](z;x')iAA(x; 2)iA(z;2") . (58)

Our notation in (57-58) is that 0, differentiates the scalar propagator external
to the loop, while 0, acts on the scalar propagator inside the loop.

3.4 Source-Observer

?‘/\TVVVVVV\/\T’?;, ;;/\ : : /;/ ?‘/\N,?’/ ?\/\%’g/],
Figure 7: Diagrams 4a (left), 4b (2nd), 4c (3rd) and 4d (right) including a correlation

between the propagation of the source and the propagation of the observer.

Figure 7 shows diagrams which result from a graviton in the propagation of
the source correlating with a graviton from the observer. (Source-source and

13



Observer-observer correlations either give external state factors or else make
vertex corrections which are not enhanced.) The leftmost diagram involves
two A vertices (15) and two B vertices (16),

—iVia(v;2'5y3y") = [ iray) 2( 9,0 + 10 [0,-0 +am]>]1[wApo](y;y’)
[ a,2( 3,00, + Lo (0,0, +a> ])]

( iak )ZAA (z: z)(—i)\af,)z'Am(a?';y'), (59)
= K222(a400)P (ayay) P2 [aya;—gnﬂu(ayaﬁa;m?)} [55,8;;,

—5177 (Dy - Oy +af,fm2)} 0 (25591 (25 4 VA A (25 2 )il D po) (95 9/) - (60)

X1\,

For the remaining three diagrams we give only the final forms,
—iVi(z; 2543 y) = 82N (ayay)” (azaws)’~ 2[6“6” L= (D Op+aZm } a0,
2 @y a2m®) [ o (5 )i A (@ )i (5 )il Dy (52) , (6
> )

), (61)
—iVie(z; 255 y') = k2N (ayan )P (aza, )P 2 [558” L (D Op+aZm [ ’

)

) -

—;(Ey/-ay/—l—az,m% i (23 y)i Ay (25 Y )iIA A (y; &) i D po) (25 Y)) L (62)
a°,0°,
(63)

—iVia(z; 2’5 y;9) = KN (azay,)P (ayam)P > [5585—%(8 -0y +a m ]
x

)
(@5 y)ilm (2 Y )iAA (T3 Y )il Dpo] (y; 2

@ Dy a2 i

3.5 Source(Observer)-Exchange

y y Yy Yy
xTr \\ xTr \\ /, x /, T

Figure 8: Diagrams 5a (left), 5b (2nd), 5¢ (3rd) and 5d (right) including a correlation
between the propagation of the source or observer and the propagation of the exchange
scalar.

The final class of contributions consists of gravitons from the propagation of
the source or observer correlation with gravitons from the exchange scalar.

14



Figure 8 shows these diagrams, which each involves two pW¥? vertices (15),
a single h,,¥? vertex (16) and a single h,,p* vertex (17). The leftmost
diagram is,

— iV (z; 25 y) = [—z’mf‘z (—5:85 + %n””[gy-ﬁyjtazmQ])}iAm(y; )
[Pl B2 [l (<507 + 70|
xz'AA(z;:)3)(—Maf)iAMz;x')(—Maﬁ) , (64)
A2 (a,a,)P / 4 (ay0.) 2 [B0, — (3,0, +am?)| [0
70020 (5 )il o) (35 2)i M (3 2)ia(2:2) . (65)
Recall that 0, indicates differentiation of the scalar propagator external to

the loop, where 0, acts on the scalar propagator inside the loop. For the
remaining three diagrams we give only the final forms,

Vi3 9) = KN ay00)° [ 20,0.)° 2 (3102 — 2 B0y )
%[00 —270.00. | i\ (39)ilus g (33 2)ida(ys 2)iBAa(:7') , (66)

—iVse(z; 25 y) = H2>\2(amax/)D/dDz(ay/az)D_2 [52,8;’, — %(gyvﬁyr—l—asz)]
|00 0.0, )i (s il Dl (8 )i a (w3 )i a (1) (67)

~Vaa(3 ) = KN a)P [P (002 [,08 — B B+ )

X {5’;@; . az] D (@ )i Do (2327 )id A (3 2)iA A (2 3)) . (68)

4 Consolidation

When the derivative identity (47) is used on the h,, ¥? vertex (16) at an
external point, and the external state condition D = a”m? is employed, the
vertex simplies to,

—ikaP? (—5“3'/ + 5 [58 + QQmQD
O N
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Recall that 8" acts on the external U leg, 9" acts on the internal U line and
O+ differentiates the graviton propagator. Of course the factor of (D —aPm?)
acts on the internal U propagator to give a delta function, which effectively
reduces the number of distinct points of that portion of the diagram. This
part of the Source(Observer)-Exchange (V5) diagrams turns out to cancel
the Vertex-Exchange (V3) corrections. Similarly, these parts of the Source-
Observer (V) diagrams cancel the main Vertex-Vertex (V) correction and
all of the Source(Observer)-Vertex (V2) corrections. The purpose of this
section is to demonstrate these cancellations, which are especially powerful
because they pertain for any gauge. We close by listing the residual diagrams
which remain.

4.1 The 3-5 Complex

It is convenient to label the three terms inside the large parentheses of ex-

L( =99 [P Pl

pression (69) as “¢”, “i5” and “1ii”,

—aP = i, (70)
LD = i, (71)

1
—Zn‘“’(D—aDm2) — i (72)

We can decompose —iVs(x; 2';y) accordingly,

—iVsa, (32 y) = KN (a00,)" xa}) 720"} /dDza [azag—é HP, - 8}
XA (25 )il Do) (4 2)iA (w3 2)i A A (527, (73)
~iVao, (2:271y) = KX (a0,0)" X — " D, / d”z aP 72007 — 9.

Xi (3 9)ilu D) (45 2)i D a zm( > (74)

—iVag; (2325 y) = KX (agay)” x I (Dy—a”m?) x [dPzal~
302 XD (59l o) (4 )i (5 2)ia (307) . (75)
The same conventions pertain for diagrams —iVi,(z;2';y), —iVse(z;2';y)

and —iVsg(x;2;y’). We use a bar to indicate the sum of the “” and “i7”
terms,

—iVs(z; 25 y) = —iVs, (225 y) — Vs, (212" y) (76)

16



Note that —iVs,,,, (z;2';y) can be simplified by acting the W kinetic op-
erator (D, — a”m?) on the ¥ propagator iA,,(z;y),
—iVia, (2325 y) = 0P (2 —y)x ﬁ/{QV(axaI/)D/dDz ab=? [550;’ — 0,0,
xi[", A po (w5 2)iA 4 (5 2)iA 4 (2; x') . (77)
One gets the same result for —iVs,,, (z;2';y). Taken together, they cancel

6P (x — y) x —iVau(z;2'),

z

§P(x—1y) x —iVag(2;2)) = 67 (x—y) x —%KzAz(axax/)D/dDz a2 [550;’
—in"0.-0, X[, A po (w3 2)iA a5 2)iA 4 (2;2") . (T8)
Hence we can write,
~1Vsas (732" y) — iVip, (7327 y) + 07 (2 —y) x =iVae(z;2') = 0. (79)
Similarly, one can show,
—iVacii, (22 y) — iVaa, (w325 y) + 07 (2" —y) x —iVay(2;2") = 0. (80)

It follows that the Vertex-Exchange diagrams are completely canceled by the
“i17” parts of the Source(Observer)-Exchange diagrams.

4.2 The 1a-2-4 Complex

The Source-Observer diagrams (V}) each have two h,, ¥? vertices (16), each
one of which can be decomposed into terms “i”, “iz” and “i#” as in (70-72).
For V,, we first expand on the left hand vertex, keeping the right hand vertex
together,

‘/411 = VE + V;laiii . (81>
We then expand on the right hand vertex,

VE = VE + VEW , ‘/4,12.2.2. = Vm + ‘/(4a...)... , (82)

211 )11
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where the resulting four terms are,
—iV= = KN (aga.)? [ b= 2850; w‘“’ﬁy] [a?‘zgz,ﬁg,—inp"ﬁy/]

XA (23 y) il (2 y)iA 4 (@ 2 )i Dpol (y3y) 5 (83)
—iVia, = 2N (azan)” [af‘%’;@”—inwﬁ }(D /—anQ)

A (x'y)iAm(l“ Y )il a(w; )il A%y ') . (84)
—iVe— = Lk2X(a,a,)P(D, 2)[ D23, 95, — Ly D ]

X i (; y)zﬁm( "y )iAA(as )il Do (y3y) 5 (85)
~iVdan)ws = 155 N (aga00) 7 (Dy—a)m?)(Dy —alym?)

X0 A (25 9) i (25 Y Vi a(z; )i, A7 (g3 9) . (86)

For V4, we also expand first on the left hand vertex and then on the right
hand vertex. However, it is best to expand V. and Vj, first on the right
hand vertex and then on the left hand one. This convention makes for the
simplest correspondence with the Source(Observer)-Vertex diagrams (V3).

The Source(Observer)-Vertex diagrams (53-56) contain only one h, ¥?
vertex. We expand this as usual, for example,

Vv2a - V% + ‘/2am . (87)

To be explicit, the two terms are,
—iVay = _%Hz)\z(%az) D 28”0” ‘“’D ]
XzAm(:r; Y)ida(w; )il AP J(y; 2') . (88)
—iVaq,,, = —é/f)\z(axaxl)D(Dy—afmz)
XiAp (23 y)ida(@; ViR AL ) (y; ) . (89)

Let us first act the U kinetic operators on the ¥ propagators in expressions
(86) and (89) to conclude,

_Zv4aiii Jiti 5D(I_y)5D(I, y,)
X— 15 2>\2(amax) iAA(2; 2 )il AP |(z;27) , (90)
—iVaq,,; = 5D(:E—y)><§/42)\2(axaxl) iAA (s 2 )i[", AP (25 2) (91)

Adding the two contributions (with appropriate delta functions) gives —i
times the —iV}, contribution (49),

5D(I/_y/) X _ﬂ/2aiiz‘ - Z-V(4a“‘)‘“ = _ZéD(x y)(SD(x - ) _Zvla . (92)

221 )11
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13 77

The same relation pertains as well for the “b”, and “d” contributions,
with the result that —iV;, is completely canceled.

Now act the W kinetic operator of expression (84),

vy

XA (2, y)iA4(x; z')i[WApp] (y;9') - (93)

—iVia,, = 6°(2' =y ) x Lk*N (agags)” [ D=25"qv — 477Wﬁy]

One gets exactly the same thing from —:Vi—, and their sum cancels —iV5;,
—Z.VEM — ZVm = —5D(:)3'—y') X —Z.Vﬁ . (94)

A number of similar relations pertain,

—iVi, — Vi = =07 (2’ —y ) x =iV , (95)
—iVie, — Vg = =6 (x—y) x —iVs; (96)
_ZV@“@ — ZVM = —5D(1’—y) X —ZVQ . (97)

Hence the —iV5, diagrams are completely canceled.

4.3 Surviving Residual Diagrams

After all these consolidations there are just three classes of “new” diagrams
which remain. The simplest are the two surviving ¢ = 1 diagrams (50-51),

—iVip(z;2") = —k2N2(agaq )"
{2 A ) (3.2) = 1 D)) ida(as o) (98)
—iVie(x;2') = —k2N*(apay)”

i (i :E'){%i[aaABﬁ](x’; o) — Li[*P A5 (o :)3’)} . (99)

Next come the four residual ¢ = 4 diagrams,

—iVe(; 25 y3y) = KN (agaq )P [ D= 20 417‘“’2) } [ b= 252,8;’,—%7””2)@/]
X i (23 )il (s y)ZAA(l" )il Do) (3 y') (100)
—iV=(z; 25 y3y) = KA (aya, D[ =25y — 47]“"17 } [CLD, 28;8;—%#"75;/}
XAy (23 )il (25 Y ViA A (Y5 )il Do) (25 27) (101)
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—iVe(z; 2" y5y) = /iz)\z(ayax/)D[af 2980y — 47)‘“’75 ] aD,_28p,80,—inp"75y/}
Xl (25 9)il (23 Y )iA 4 (Y3 )il Do) (25 97) (102)

—iVes(z; 2’ y5y) = KN (aza,)" |l 28 o —1n "D ] [af 29°,09, — m p”ﬁm/]
( )

i (23 9) i (25 )iA 4 (25 )i A po) (5 27) (103

—

X

Finally, there are the four ¢ = 5 residual diagrams,

—iVe(; 25 y) = k2N (aga.)” [ D= 28“8” “”D ]/d zaP? [8p80
30700 i (59 A (0 )i a (0 2)ia(z5) - (104)

—iVe(z; 25 y) = f<a2)\2(ayax/)D_ b=25" gy — : n"D ]/d za” 2[8 o7

30700, | X B (3 )il o) (3 2)id 1 2)ida(50) - (105)

—iVe(z;2";y) = K2\ (agag)” -a5_255,05,—in“”5y/} /dDza 2[8%;’
—%7}””52-8 XA (25 Y )i D po ) (Y5 2)iA 4 (5 2)iA 4 (25 2") ,(106)
—iVeg(z; 25 y) = /iz)\z(axay/)D[ b= 289@ ay, — in‘“’ﬁx/] /dDz alP=? 5282

—%np"@-ﬁ XA (2 Y )i DA po) (@5 2) 1A 4 (23 2)iA 4 (23 y') .(107)

It is important to note that the reductions to these residual forms are exact,
and independent of the graviton gauge.

5 Gauge Independent Self-Mass

The purpose of this section is to combine the t-channel contributions from
the five new diagrams with —iM(z; 2") to produce a gauge independent self-
mass. We begin by discussing the general reduction strategy for the 5 and
4 contributions. Then each of these is worked out. The section closes by
adding the 1b and 1c¢ contributions and renormalizing the final result.
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5.1 General Reduction Strategy

A number of simplifications concern the graviton propagator. First, because
the propagator’s indices are typically contracted into derivatives, only the
temporal components of which can be significant for the infrared, t-channel
exchange contributions of interest to us, we need retain just the first term in
expression (14),

. 2 .

Z[/M/Apo'] — nupnua + nuanup - mnuunpa XZAC’ . (108)
Second, in acting D on iAA¢ in 4-point contributions we can ignore the delta
function because that term will have one fewer massless propagator,

Dilc(x;2') = i6P (x—a') + 2(D—3) H?iA¢(z; 2') — 2(D—3)H* Ao (2 2') .

(109)
Finally, single derivatives of iAs can be approximately reflected from one
coordinate to the other using the relation,?

(5;; + %agz)mc(x; 2) _(5;;, + %agx,)mc(x; ). (110)
This approximation is exact on the first term of the iAx(x;2’) expansion;
and the higher terms should not matter because they vanish for D = 4.

Our basic strategy is to follow the same reductions as in flat space [41],
collecting de Sitter obstructions as they occur. However, we need not retain
terms with more than two factors of H because any additional factors of H
will necessarily come in the dimensionless form of H/m which vanishes when
the source and observer masses become large.

One major change from the flat space reduction concerns the external
state factors for the source and observer. In flat space these are simple phase
factors; in de Sitter they are spatial plane waves times Hankel functions with
imaginary arguments. Their series expansions in powers of k?/a? are more
useful for our purposes,

. etttk O F(l—l—%) ( — k2 )n N

U (2, k) = . =m?— (21202,
(i F) V2paP=1 “= n! T(1+n+5) \4H?a? (=)

(111)

Recall that 84 = —(D — 2)Ha,¢"; indicates the derivative acting on the factor of

aP~2 which accompanies vertices from the kinetic energy.
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Note that this expression employs the co-moving time ¢ = In(a)/H, rather
than the conformal time. We can expand external first derivatives as,

Doty (; E) = —ia [,u — Z(%)H + % + .. ] U 5 Oy (x; E) = iku,, .
(112)
We sometimes also need second time derivatives,

Oy (2; k) = —a? [mz —i(D=2)pH — L(D—1)(D—2)H> + & + . .]um(z; k) .

We regard the two in-coming wave functions as, )
U (25 K1) , U (2 K3) - (114)
The corresponding out-going wave functions are,
wyik) (k) (115)
And spatial momentum conservation implies,
ki+ks=ko+ki =  ki—ki=ki—k3=q. (116)

5.2 Vi(z;2';y;y) Diagrams

Here we give the reduction for the residual diagrams of type 5 listed in (104-
107). The details are given for part 5a, and the remaining three parts are
inferred from symmetry.

The initial step of the reduction is contracting the simplified graviton
propagator (108) into the tensor structures and derivatives of the two 3-
vertices in (104),

-2k qu vy -2 9P 90 79 27] il
T o [0 0] e~ 2]
= P2 [aé)_zgy'gzay'az + a5—25y-azay~52 - %gzazﬁy} - (117)

z

The derivatives in the resulting three terms above are then partially inte-
grated using (41), and reflected over the graviton propagator using (110)
so as to extract as many of them from the triangular loop. Not all deriva-
tives can be extracted this way. The ones remaining inside we arrange when
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possible to be contracted with another derivative at the same vertex. This
procedure gives the following for the first term in (117),

(aya.)”%8,-0.0,-0. — —108,-0.(a?*D, + a,)*D,) (118)
+L(aya.)P~2D,-0. [Ey-(5y+aay) +3.-(D.40,.) + 25@,-52} (119)
+i(D—2)(ayaz)D_25y-@{H(ay—az) [2 (3,0 — Do)

Dy — o + (D—2>H(ay—az>} + H?(a§+a§>} . (120)

Note that we recognized scalar d’Alembertians (42) where that was not im-
peded by other derivatives or powers of the scale factor. They are defined to
act directly onto the corresponding propagator or external leg. The first two
lines in the expression above contain terms that are de Sitter generalizations
of flat space contributions, that we refer to as flat space descendants, while
the remaining lines contain only pure de Sitter terms.

The second term in (117), upon reorganizing the derivatives, doubles the
contribution of the first term, and provides additional contributions,

(aya.)?~%9,-0.0,-0. — (a,a.)”~20,-0.0,-0. (121)
+18,-8.(a®*D, + a¥*D.) + (D, - D, - D,) (D. - D. - D.)  (122)
+§(D—2)(ayaz)D—2{H(ay—az) [QEy-é'yézo ~99,-0.9,0 (123)

.(124)

~8,-0, (0 —020) — (D—2)H(ay—az)vy.vz} — B +a§)5y.gz} 124

The latter can again be recognized as flat space descendants in line (122),
and as pure de Sitter contributions in lines (123) and (124). Finally, the
third term in (117) produces only flat space descendants,

~1a97%9,.0.D, — —1D,(D. - D, - D,). (125)

Further reduction of terms in (118-125) is accomplished by acting the
scalar kinetic operators where possible, applying 3-point Donoghue identities
(35) and (36), and finally acting the remaining derivatives onto external legs.
We consider these reductions separately for flat space descendants and for
pure de Sitter contributions.
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5.2.1 Reduction of flat space descendants

Flat space descendant contributions comprises twice the terms in lines (118)
and (119), and terms in lines (122) and (125), that added together read,

(ayaz)D_zgy'gz [253/ 0. + 5@/ ) (Ey‘l'aay) +0.- (5z+aaz)} (126)

—19,-0, [Qaf_zl)y + 2a5‘2Dz - a?‘zﬁy - af_Qﬁz} (127)

ybl»—‘ [\’)I)—l

D,)(D.-D.-D.) + 'D,D.. (128)

Simplest to reduce are terms in the last line (128), whose contribution we
label by “(A)”, that consist of products of scalar d’Alembertians. Only
terms containing combination (D,~D,) that contracts the massive propagator
contribute in the end,

(A): XD,~D,)(D.~D.—D.)iAn(x;y) — id?(z—y)(D.~D.-D.),
(129)
while the remaining ones vanish in the large mass limit.

The terms in line (127) that have two external derivatives are best con-
sidered together with the latter two terms in first line (126) that contain
two external would-be scalar d’Alembertians. We label this contribution by
“(B)”. It is only the middle term in (126) and the first term in (127) that
contain sufficient number of derivatives acting on either external mode func-
tions or on the massive propagator to generate a nonvanishing contribution.
This contribution is obtained by first acting the scalar d’Alembertian, then
applying the 3-point Donoghue identity (35), followed by acting derivatives
on external mode functions using (112),

(B):  aP7%9,-0, [af‘%y-@ﬁﬁ%) - Dy} iAm(7;y) 130

(130)
— a?729,-9.{al2(3, (3, +aay)—m%ﬂmm(my)—wl’(:ﬁ—y)} (131)
(132)
(133)

21967 (x 132

— aP720,0. | 540, (0,+0,,) -

I_l

2m2a2

—>af‘2[—5y-8 Ha, Zo}zé (x—y). 133

In the last step above one needs to account for all the terms generated by
multiple derivatives acting on external mode functions,

8.0y 0y (Dy+0a,) — ma [Ey@ — 2Ha,B.0 — <D—23H25y0520] . (134)

m
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and keep only ones contributing in the large mass limit.

The last flat space descendant contribution, that we label by “(C)”, is
the first term in line (126) with all four derivatives extracted. Reducing
it is straightforward and again follows from applying the 3-point Donoghue
identity, followed by acting the derivatives on the external mode function,

() : 2(ayaZ)D_2(5y-52)2iAm(x;y)

— = LidP(x— — 9.
— a£—2(ay-az)2# — —aP7%(0,0)%6" (x—y).  (135)
v

5.2.2 Reduction of pure de Sitter terms

Pure de Sitter contributions to 5a residual diagram consist of twice the con-
tributions in (120), and lines (123) and (124), which added together read,

L(D—2)(aya.)"2 x {H(ay—az) [45y.52 (3,0 — Do) (136)
—|—5y~52 (5y0 — 520) + 25;,'5;, 520 — 252~5z gyo (137)

+(D=2)H(ay—0.) (20,0. — V, V)| + B2 +a2)9,-0.} . (138)

Terms in the first line (136) with all derivatives extracted, whose contribution
we label by “(D)”, are immediately reduced by the Donoghue 3-point identity
followed by acting derivatives on external legs. Only the first term in (136)
manages to contribute,

(D) : (D—-2)H (a,—a,)(aya,)"~29,-0.0,0i,,(z;y) (139)
o5 55 107(x—y)

— (D—Q)H(ay—az)af 2ay'azayOW (140)

— 2(D-2)H (ay—a.)al 0,0i6" (z—y) . (141)

The second line (137) contains terms with single internal derivatives that
cannot be extracted from the triangular loop. Reduction of such terms re-
quires the derivative 3-point Donoghue identity (36). For the first two terms,
their contribution labeled by (E), we can apply this identity immediately af-
ter reflecting the internal derivative to act on the y coordinate of the graviton

25



propagator. Acting derivatives on external legs then concludes the reduction,

(B): L(D=2)(aya.)"*H(ay—a:) 8,00, +0,-0, 0.0 i (w5y)  (142)
0P (z—y)
2m2aZ
— 2(D-2)a??H(ay—a.)d.0i6” (x—y) . (144)

s %(D—2)aD_2H(ay—az)[5y~5z 3,0 + 0,9, azo] (143)

For the remaining term in line (137), labeled by “(F')”, the derivative
Donoghue identity should not be applied directly in order not to lose the
subleading terms. We first write out the derivatives contracted at the same
vertex in terms of d’Alembertian operators keeping track of correction terms
up to order H?2,

(F): —-X(D-2)(aya,)”*H(a,—a.)d, -0, y0iln (2;y) (145
— —H(D-2)aP?H(a,~a.)(D. = D. — D,)dpily(z;y) (146
(

)
)
~1(D-2)(aya.)P2H? 20 00,01 A (25 y) . 147)
)
t

l\)lr—l

1
4

None of the terms in line (146) can contribute, but the term in line (147
produces a nonvanishing contribution after applying the derivative 3-poin
Donoghue identity and acting the external leg derivatives,

(F) : —>—i(D—2)H2aZD(5yo)2M i(D 2)H?aPis® (z—vy).

2m2a;
(148)
Lastly, the remaining terms, given in line (138), do not have enough external
derivatives to contribute.

5.2.3 Self-mass contributions

The reduced diagram 5a collects (A)—(F) contributions from (129), (133),
(135), (141), (144), and (148). It is natural to consider it together with the
reduced diagram 5b, that is obtained from 5a by reflecting x <> 7 in the
final results of reductions in sections 5.2.1 and 5.2.2. Together they make up

diagrams of the same topology,
3pt

[_ivm] an (_i)‘)25D(x_y)5D(x/ _y/)(axaﬂc’)D

XK /dDz@I[ D=2 Ao (3 2)iA 4 (2; z)] X iAa(z; "), (149)
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where contributions (A)—(F") are accounted for by derivative operators that
act to their right,

Ow) = iD.a2 P+(D-3)H?a’, Op) = 0,-0.—(D+2)Ha, 0], (150)
Oy =2(8)", Owir=2(D-2)0;H(a,—a.), ©Ow)=—3(D—2)H?a.
In addition (A) contributions generate diagrams of different topology when
scalar d’Alembertians in (129) contract either the graviton or the massless
scalar propagator,

[—iVar] ™ = (=026 (2 —)8°(& —y ) (a,0,1)"
xR [iAc(z;x) — iAa(z;2)] x iAa(z;2). (151)

Some of the differential operators in (150) can be further rewritten owing
to the topology of diagram (149) and the identity,

al=m=oF [CLZD_nZiAC (x; 2)iAa(z; z)]

T

= al =7 (=0 + 05 + 05) [0l iAc(w; 2)ida(; 2)|

— @l (L=, Hay + 0 + 05| |a? il (w5 2)ida(2:2) | (152)

z

that is derived by partial integration and accounting for action of time deriva-
tives on external legs,

0 [t (, BYu, (2, B)] 222 —(D—1)Hay X wp(z, k)l (z, K) . (153)
It is (B) and (C') contributions that benefit from reorganizing derivatives,

O — —D.az P— (05 +2Ha,) (0§ + 05 +2Ha,) — (D—2)0;H (a,—av)

Oc)—2(—Ha,) (05 +9;+2Hay) . (154)
The utility of this form is that only D,a* P term will contain divergences,
while all the other terms will be manifestly finite. Collecting all the contri-

butions (A)—(F) to diagrams 5a+5b finally produces a contribution to the
[B-type diagram from Fig. 2,

[—ifs(z;2)]- = = [—Dx,ai,_D +2(F —4Ha,) (O +08 +2Ha,)
+2(D—2)8" (0 —au) + (D—4)H2a§,] [ag—mc(x; )il a(; x')]

—i6? (o —a") iAo (a's ) — iBa(@'s )] (155)
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The two remaining diagrams 5c+5d are then inferred by reflecting = <+’ in
the S-type contribution above, yielding a y-type contribution from Fig. 2,

[—ify (z; z')}g = %2 [—Dxai_D +2(95—4Hay) (0§+8§/+2Hax/)

(D —2)0 (ay —au) + (D—4)H2a§} [aD—%AC(x; )il a (i xf)}
— 2D (z—2) [mc(x; ) — iAa(; x)} . (156)

5.3 Vz(x;2";y;y') Diagrams

Each of the residual diagrams (100-103) contains a product of truncated
vertices from a single graviton coupled to the massive scalar kinetic term.
For the case of —iVz= these are,

vy Y'Y Yy y Yy

—1aD725, 01Dy — Lab 2Dy 0,07 + LD, Dyn P (157)

aD=20,0; — 30Dy | |al) 2305 — 1" Dy | = (ayay)P 200,301

4

With the simplification (108) these factors will be contracted into the flat
space tensor,

[ D- 2@58; 4nuvpy} [ D- 2@5 ox _iﬁp"py’] [mpﬁua + Mo Mp —

= (aya,)"™ [Ey'gy’ay'ay’ + 0,0y 0y 'ay] -

2
D-2

m2aD+ 5(D, mzaD)}

nuunpa]

=1
D—2
X [m2aD +1(D, /—m2aD)] — 1D,D, . (158)

Note that the last term can be dropped. We label the remaining terms “A”,
“B” and “C”, respectively.

The “C” terms proportional to —2/(D—2) in expression (158) can already
be recognized as making 2-point, 3-point and 4-point contributions,

2—Point = — 2(D 5 X (Dy—m®ay,) x (Dy —m?a,) , (159)
3—Point = — =5 x (D,—m’a )><m2aD—DL xmzan (D, /—mQaD) ,(160)
4—Point = —5%5 xm’a, ><m2aD (161)

To reach the four classes of 2-point forms described in Figure 2 we first recall
that each term in —iV= shares a common factor of,

KENH (agag ) PiAy (25 9)iA (2 4 Vi 4 (2 2 )iA (g 1)) (162)
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One now acts the massive scalar kinetic operators and invokes the appropriate
Donoghue Identity. For example, the 2-point contribution (159) gives

X (gua. )P xi6P (x—y) xi6P (2' ) xz'AA(:)s':z')iAc(y'y')

~2(D-2)
= 0P (2 —y)0P (2" =) x —iN*(apay )P X 575 57 iAA(7; ' )ilAo(x; 2') .(163)

2(D

The final factor of (163) contributes to f,(z;2’). The 3-point contribution
(160) requires the 3-point Donoghue Identity (35) after acting the scalar
kinetic operators,

DZ)‘; (azay)? xi6? (x—y) ><m2a XA (259 Vida(z; 2 )iAe (y; y)
DZ)\; (a':cax ) XZ(SD(I’ -y ) Xm a’y XiAm(z; y)ZAA(zv ZL’I)iAc(y; y,)

— —Q(amax VP xi6P (x—y) xidP (z /—y/) XAy (z; 2" )iAo(z; 2") ,(164)

= 6" (2 =) (2' =) x —iX*(apa )P x 2= =iz 1)iAe(z; 7). (165)

This is a contribution to f,(z; ") of twice the size as (163).
The 4-point contribution (161) has no scalar kinetic operators but it re-
quires the 4-point Donoghue Identity (39). The first line contains the factor,

i i (Op Oy N0 (z—y)oP (' —y)
—-—+— — : 166
m? 3m4< Ay Qg " ﬂ (agaz )P (166)
The external state derivatives can be expanded using (112),
000w 5 by ks 2 1
2% m? —i(D—1)mH — L(D—1)2H? + 3|2 (=) . (167
Qg Qg " Z( >m 2( ) * 2 x Qg + m ( )

It follows that the 4-point contribution (161) reduces to,

- W X H2A2(amax/)DiAm(:€; V)il (259 )iAa(x; 2 )iAe (y; y)
— 6D(x_y)5D( /_y,) _i)\2(a':cax )D

X — )[Bm +i(D— 1)mH+ (D—1)2H? %HE_;_QE_sz}

3(
X {/dDz aPiN g (z; 2)iDe (25 2)iA 4 (25 2) + <x“ — x’“) }.(168)

The 4-point “C” contribution from —iV= is almost the same as (168)
except the square-bracketed term in the 3rd line is,

iV = 3m? —i(D—1)mH + (D=1 H* = §| B2~ £ |2 (169)
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The other contributions are simpler,

—iVe = =3P R R iV — 3’ b
(170)
Adding (169) and (170) to the 3rd line of (168), and using spatial momentum
conservation (116) gives,

=112
—iV :>(D—1)2H2— 17l

4a,b,c,d Uy Qi :

(171)

This corresponds to Group C' contributions to the Class  and v diagrams
of Figure 2,

i (05 0') = oty 2L (D-12H%ida(w; 2 )ido(w:a) , (172)
—ifi (w52 = e [q_ - (D—l)QHQ]iAA(x; 2 ilo(z;2') . (173)

In contrast, the C' contributions to the Class a diagram of Figure 2 is just
four times the sum of the final factors of expressions (163) and (165),

iz, (@) = 55 il a(r;2)ido(z52!) (174)

There is no contribution to the Class ¢ diagram.

The “A” and “B” terms in expression (158) require extensive reduction
using momentum conservation (41), the graviton reflection identity (110) and
action of the external derivatives (112). This is simplest for the two factors
of the “B” term J,, - 0,y X 0 - 0,. The first factor gives,

f_)y'ay/ = —Ey' <5y/ + 5y/ + (‘9%,) , (175)
0, By + 0y (8, + 0u, — 300, . (176)

12

~ =0, Dy + 10,0, +0a,) — m*a?| - 13,:(8,+0%,)
—(T_z)ayay/HzAnyy@yo (177)

where An,,, = y° — y°. The second factor produces a similar result,

gy’ 'ay ~ —5y~5y/ + % |:8y/ . (ay/ +aay,) — mzaz,] - 5@/’ . (53;’ +8ay/)
+(Z52)ayay H? A1y 9,0 (178)

o NI
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If we use 5yiAc(y; y) = 5y/iAc(y; y') — 2(D —3)iAc(y; ') the “B” term
in (158) gives,

Dp2-_1 [Dy/ —m2aﬂ }.(179)

The 2-point contribution from (179) is easy to read off,

2—Point = 1 x (Dy—m2a5) X (Dy/—m2a5) : (180)

This differs from the “C” contribution (159) only by the replacement of

_2(D—1—2) by i, so we can immediately conclude,

—if— (1:0)) = —K%iA4(z; 2 )il (2 2) | (181)

4Ba

Because the 3-point Donoghue Identity (35) goes like 1/m?, which can only
be compensated by two external derivatives. For —iV&= the only 3-point
contribution which survives for large m is,

4aB = —%a5_25y-5y/(1)y—m2a5) —1a)7%0,-0,(Dy—m*al)) . (182)

The other three variations give,

4bB = —1a57%0,-0,(D,—m?al) — 14D 7°0,-0, (D —m?al) , (183)
1cB = %a5_25x-5y/(1)x—m2af) —2a07%0,-0(Dy—m*al)) ., (184)
4dB = —1a57%0,-0, (D,—m?a,)) — %af‘zgy-gxl(l)x/—mzaf,) ,  (185)

Because the external derivatives in (182-183) are either both incoming or out-
going they cancel against the mixed incoming-outgoing derivatives of (184-
185) when account is taken of the factors of 62 (z — y)dP (' — o),

r— +m2axam’ + O(m) ’ (186>

y 0 — —mPaya, +O(m) . (187)
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The 4-point “B” contributions are more complicated because they can in-
volve as many as four external derivatives, and because the 4-point Donoghue
Identities (39-40) contain factors of both 1/m? and 1/m?, as well as up to
two external derivatives. It is therefore best to make a preliminary reduction
based on each external derivative potentially contributing a factor of m,

4—Point = (ayay’)D{(®>2+ H2<@> [(%)Anyy’ @yo_gy’o)

ayayr CLyCLy/

+(D—3)(§—a+‘;—yy’)] - (%)W‘*Angy,éyﬁy,a} (188)

Y

The appropriate factors for the three other permutations are given by making
the following coordinate replacements in (188),

—iVe = ot eyt and 2" ", (189)
—iVe = 2=y, (190)
—iVe= = eyt (191)

Each of these factors must be multiplied into a factor from the appropriate
4-point Donoghue Identity,

_ K i (Op Oy N0 (=)0l (o' —f)
_ZVE — __W + w( e —m )] (axax/)D s (192)
. T i (0y-0y N10° (z—y)oP (2 —y)
Vg = L m? - W( Uy Ay - )} (aya, )P » (193)
i i [0y O \107 (x—y)dP (2 —y)
Vg = m? - W( (y Qg m )] (aya, )P o (194)
o r i i [0y Oy \107 (x—y)dP (2 —y)
_ZVE E _ﬁ + W< oty +m )] (axay/)D . (195)

Then all four permutations are summed and one discards terms which vanish
in the large m limit.

It is best to proceed sequentially with each of the four terms in (188),
and its permutations, times the two terms from expressions (192-195). The



product of the first factors gives,

e er )

s i[4(D—2)2H2 _ 2 ].(196)

Az Ay

The product of the first factor from (188) and its permutations with the final
factor of (192-195) is,

i (B2 e ] (e e

BBy e ] (BT [T ]

Qg oyt oy Q! oy Q! Az Gyt

— a2~ (D-1pE s 2] (197)

3 Az Qs

The product of the second factor of (188) and its permutations with the first
factor of (192-195) is,

— i3(D—1)(D—2)a,a, H* An?, . (198)

For the second factor of (188) times the second factor of (192-195) it is only
the a and b permutations which survive the large m limit,

Z_(Dz_z) H? { (531'5@/ ) Anyy/ (5y0 —f_)y,o) [51,595/ _m2]

1
3m Qg gyt Qg Qi

+ (5@; Oy ) A)yqr (D30 —Dy0) [@ —mﬂ }

Qg Qg gy gyt

— —2i(D—1)(D-2)aa, H* AnZ,, (199)
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The 3rd and 4th factors of (188), and their permutations, contain only two
external derivatives so only the first factor of (192-195) survives the large m
limit,

Y

yap 9.9 , a, — —
e {—(ay ) (D324 22) — (B52)%DD 0 H N }

m2 ayay’ a,, ay
4l [—(D—3)(3—§+‘3—j) + (%)%zax,ﬂmnix,] (200)
— iAH? [—2(D—3) + i(D2—8D+28)axax,H2An§m,} . (201)

The factors of a,a, H?>An?,, in expressions (198), (199) and (201) take us
beyond the 4-point Donoghue Identities (39-40). These factors must actually
be internal to the d”z integrations on the last lines of expressions (39-40),

/dDz aP xaza, H*An?, x iAo (7 2)iAo (x5 2)iA 4 (23 2)
+ /dDz aPiA (7 2) X aam H2 A2, <iA 4 (22" )iAe(2;2).(202)

The same comments apply to the factors of ¢/a,a, which appear in expres-
sions (196) and (197). These factors must give internal derivatives on the
last lines of (39-40),

/dDz D, [iAA(SL’; 2)iAc(z; z)] XiAa(z;2")
+ /dDz iAa(x;2) XD, [iAA(z; 2 )ilAc(z; x/)] (203)

With these understandings we can sum the “B” contributions from expres-
sions (196), (197), (198), (199) and (201) to give,

—ifeg,(wia)) = K _—ng, + Fy(D)ab H?

+F2(D)axaf,+1H4An§x,] iA (2 2" YiAo ('), (204)

I
=

—1

=, (@:2') = & | =Dy + Fi(D)a; H?

+F2(D)a§+1am,H4An§x,} iA 4 (z; )il (2 2') (205)
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The functions Fi(D) and Fy(D) are,
Fi(D) =2(D-2)>+ 2(D-1)(D-2) — §(D-1)> = 4(D-3),  (206)
F(D) = Y(D-2)*+ 2(D-1)(D-2) + D-3.. (207)
The “A” term of (158) seems simpler than “B” because its first factor

of 9, - 9, is already reduced. However, the reduction of the second factor is
complex,

Oy-0y = 3(0,+0,)* — 0. — 102, (208)
_ 2
~ 1[0, 450, +3y+50,, | — 102 - 1%, (209)
= 0y-0y — %[6‘y-(8y+0%) —m’a;| — %[ay,-(ay,m%,) —m*d,

+3(0y+0,)-Oa, + 3(0y+0y)-Oa, + +(0a,+0a,,).(210)

The terms on the last line can be usefully rearranged using momentum con-
servation,

L@y +0,) 00, = 10y —3,)-0u, — 3(Dy+104,) 00, — 12, (211)
1@

4~ ay
L0, 40,) 0y = 10,00y — KOy 300 ) 00— 2, . (212)

4 ay/

Substituting (211-212) in (210) and using the reflection identity gives,

2

1@y =Dy) (Ouy—Ou)) = 1B,y +200,)(Day—u ) — £(By —0a,)? -(213)

8

OOy = 0y-0y — 5|0y (9y+0a,) — m2a2] 3 [ay/-(8y1+0%,) m2a2]

Expression (213) can be further simplified using the relation,
_ 20,2
85?!—82;, = —(D—-2)aya, H*An,,, . (214)

Multiplying by (a,a, )”~29, - 3, gives the total “A” factor,

- = Oy Oy \ 2 - =
(aya, )P 20,0, 0,0y ~ (ayay/)D<ay %y ) — 1ab7%9,-0, [Dy—m2aD}

ayay/

_om _ 0y O,y _
—ia) 28y.8y/[ /—mzaD] + (%)H%ayayr)l)( L ){Anyy/(ﬁyo—ﬁylo)
+Any, [5yo+(¥)ayﬂ} +%+(D—)ayayrH2Anyy } (215)
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There are no 2-point contributions and, like the “B” case, the 3-point con-
tributions cancel. Most of the 4-point contributions are similar to those of
(188) and can be read off from expressions (196), (197), (198), (199) and
(201) The only exception is penultimate term, which involves a derivative
8 0 + ( 2Va,H = 15y of the C-type propagator. We understand this as
acting on the internal propagator in the same sense as the scale factors. The
final result is,

—ifmy(ia) = K2 [—gm + Fy(D)aBH? + F4(D)axaf,+1H4An§x,}
XiAa(z; 2 )il (z;2') + (D—=2)k2H?aDiA (25 2') Ay Dyi A (a3 2, (216)
—if— (z;2) = K? [—%Dx + Fy(D)a? H?* + F4(D)af+1ax/H4An§x,]

a4y
Xil g (z; )il (z;2') + (D—2)k H2aPiA 4 (2; 1)) Ay Dyi Ao (2 27). (217)
The functions F3(D) and Fy(D) are,
F3(D) = 2(D-2)>+ 2(D-1)(D-2) — +(D—1)* - 3(D-2) , (218)
Fy(D) = 2(D-1)(D-2) . (219)
It is time to sum up all the contributions from —iV= to the four classes of
2-point forms in Figure 2. The ones of Class o come from expressions (174)

and (181),
z;0") = — (B2 k4iA 4 (s 2 iAo (25 7)) (220)

(
o\ D-2
Class 8 diagrams derive from expressions (172), (204) and (216),

w') = 12| ~SDD, + Gy (D)alH? + Go(D)asalt H' Ak, |

—1

—ify(
XiAa(z; 2 )il (z;2') + (D—=2)k>H2aDiA A (2 2) Ao Dyi A (a5 2, (221)
where the functions G1(D) and Go(D) are,
G(D) = ;(D 5 +4(D—2)* + $(D-1)(D-2)
—1(D-1)* - 4(D-2) — 4(D-3) , (222)
Go(D) = L{(D-2) + 13(D-1)(D—-2)+ D-3. (223)
Expressions (173), (205) and (217) give the Class v diagrams,

—ify (w30) = 52|~ SEAD, 4 Gi(D)al H? + Ga(D)a?a H' A, |
XiA(z; 2 ViAo (2 2') + (D—2)2H?aPiA 4 (2 ') Ay Dyi A (2 7)), (224)

There are no Class ¢ diagrams from —iVz.

36



5.4 Renormalization

Recall the four classes of diagrams described in Figure 2 which contribute to
the gauge invariant self-mass,

M} (z;2") = DyDy fol; 2') + Dufs(w;2") + Do f (252)) + fs(w;27) . (225)
The only contribution to Class ¢ is from the original, gauge-dependent result
—ifs(r;2') = —iMp(z;2"). In section 5.3 we derived the —iV; contributions
to Classes «,  and 7 in expressions (220), (221) and (224), respectively.
Section 5.2 gives the Class 8 and vy contributions from —¢Vz in expressions
(155) and (156), respectively. (There are no Class a contributions from
—iVg.) Finally, there are Class § and v contributions from —iVy,(x; 2’) and
—iVi(z; o), respectively,

—ifig(x;2') = ik [%(%)iAA + (%)iAB + %iAc} sP(x—2'), (226)

—ifiylw;2) = ik? | D(B7)ida + (B5)idp + Lido] 0P (a—a') . (227)

To carry out renormalization we must first localize the primitive diver-
gences using expressions (7-9) for the three propagators. The simplest case
is the coincidence limits which appear in (226-227),

HP=2T(D—1)
(4mz T(F)
HP=2T(D-2) (D=1) HP=2 (D -3)
(4mz T(3) 0 (4mE T(3)

F(EF)iAs + (B5)iAp + 3iAc = — [Wcot(%)—Q ln(a)]

><%(Dz—l) _

x 1 (228)
There are also divergences which appear in two products of noncoincident
propagators,
iMg(z;2)ile(zy ') iAA(w 2 ) A DyiNe (2 ) (229)
where we recall,
D, = % +(22)a,H . (230)

There are no divergences in the product,

App H2AD2 i A (252 )i NG (73 07) (231)
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The two products are reduced by first expanding, retaining only the po-
tentially divergent terms in D dimensions and setting D = 4 for the others,

1A A =

r2(2-1) 1 _ H?ln(H?Az?)
1670 [aa’ Az?]P—2 2aa' Ax?

+O(D—4)}. (232)

The next step is to localize the ultraviolet divergence by extracting a deriva-
tive and then adding zero in the form of the flat space propagator equa-
tion [48,49],

o = . ; (233)
Ax2D-4 — 2(D—3)(D—4) | Az2D-6| >
o uP aniP(e—w)
2(D=-3)(D-4) T(§-1)
0? 1 P
- 234
+2(D—3)(D_4) Ap2D—6  AgD—2 [(234)
D—4 D..p , ) o x o
& dr2ioP(z—a') O |In(u*Ax?)
N SO \BEST L o). (235
2(D-3)(D—4) TI(2-1) T Az | TOWD-4). (235)

The final result for the first product is,

pP (2 —-1) 6P (x—a')
8(D—3)(D—4)rz (aa’)P~2
02 In(p2Ax?)y  H?In(3H?Az?)
_647r4(aa’)2[ Ax? ]_ 32mtaa Ax?

iAAiAC —

(236)
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Using expression (230) in the second product of (229) gives

, ~ r2E-1 (p-2)An? H2An? In(: H2Az?)
IAAXANDiAc = 1627TD = 1 (237)

aa’ Ax*
r2(2-1) 1 Hz[ln(iH2Ax2)+1]
~ 16aD  2(aa’)P-2Az2D—4

2aa’ Az?
L% {1} 108 (12 (L2 A02) +2In(L H2AS?)| §,(238)
4(aa’)? LAz? 8aa/ 4 4 ’
WTB-) P
16(D—3)(D—4)rz (aa')P2
N 02 [ln(;ﬂsz)} H?[In(2H?*Az?)+1]
12874 (aa’)? Az? 32mtaa Ax?
2 1 262
4 % [ } %
6474 (aa’)? LAz

1772 A2 1772 A 2
o [m (LH2A2%)+2In(L H?Az )]. (239)

The 1-loop divergences of the invariant self-mass are canceled by three
counterterms,

AL = 50606 g — 502 R,00,69" /=g — 503 R0hodg™
where the Ricci scalar in de Sitter is R = D(D

(240)
= — 1)H?. The associated
contribution to the renormalized self-mass is
_ZMc2tm(

, 6P (z—a")
') = —icay D, Dy [T}
+iaa RD,0" (v —2') — iaz ROy [CLD_280(5D(LL’—LL’/)] (241)

From relations (228), (236) and (239) we see that all divergences can be
expressed in terms of two constants

D—4 D D—4
p” T (5-1) [t 1 0
K = = D—4 242
8(D—3)(D—4)rz 8 XD—4+O<( )> ’ (242)
D 4 T D—4
K= —1)

(D s Dry _ M 0
(47r)% (D) xgcot(T)—W m+0<( )) (243)
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The counterterms required to renormalize the original, gauge-dependent self-
mass are (o) = 0 and [13],

R(an)o = —k2H?*}(D-2)K , R(ag)e = —2H? 2DIC—(D—2)(D+4)K] .
(244

From expressions (226-227) we see that the —iV}; . diagrams have (o), =
0= (Oég)l and,

R(ay), = k*H*xD(D—-1)K . (245)
The —iV5 diagrams (220), (221) and (224) imply (a3)s = 0 and,
(Oé1)4 = _2_2(%>K ’ R(Oé2)4 = ’%2H2 _2G1(D) + (D_2)}K )
(246)

where G1(D) was defined in expression (222). Finally, the —il% diagrams
(155-156) imply (a3)s = 0 and,

()5 = —K*K : R(aw)s = 2:*H?KC . (247)

Summing the contributions (244-247) gives,

2/'{2 ,uD_4
= 1 24
15K2H2 ,UD_4
Ray = —— x5+ 0(1), (249)
8H2H2 ,uD_4
= 1). 2
ROég + 32 XD—4 —I-O( ) ( 50)

6 Conclusions

No one disputes that an epoch of primordial inflation would produce a vast
ensemble of cosmological scale gravitons [2]. At some level these quanta
must interact with themselves and with other particles to induce changes in
kinematics and in long range forces. A fascinating aspect of these changes
is that the continual production of infrared gravitons causes them to grow
without bound in time and sometimes also in space. During a very long
period of inflation, this growth can overwhelm the small coupling constants
to produce significant effects which might persist to the present day [50].
However, explicit computations [9-14] have been criticized as potentially
unphysical owing to gauge dependence [23-26].
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Opinions differ on how to deal with gauge dependence. Some people fa-
vor replacing gauge-dependent Green’s functions with expectation values of
generally coordinate invariant operators [35,51-60]. We have instead pur-
sued the approach of combining bits and pieces of gauge-dependent Green’s
functions so as to achieve a gauge-independent result based on the flat space
S-matrix.

In our view the usual effective field equations are gauge-dependent be-
cause they ignore quantum gravitational correlations with the source, which
excites the effective field, and with the observer which detects it. We restore
these correlations by first forming the position-space amplitudes that repre-
sent quantum gravitational corrections to the t-channel scattering between
two massive fields by the exchange of the light field under study (in this case,
a massless, minimally coupled scalar). These amplitudes involve 2-point, 3-
point and 4-point correlators. Our second step is to simplify the 3-point and
4-point correlators to 2-point form using a series of relations for extracting the
t-channel contributions, first derived in flat space by Donoghue and collabo-
rators [3,43-45]. Our final step is to insert exchange propagators of the light
field so that we can regard each of the 2-point contributions as a correction
to the 1PI 2-point function of the light field. This has been explicitly carried
out on flat space background, and verified to be independent of the gauge,
for 1-graviton loop corrections to a massless, minimally coupled scalar [41]
and for 1-graviton loop corrections to electromagnetism [42]. The current
work generalizes this procedure to de Sitter background for 1-graviton loop
corrections to a massless, minimally coupled scalar.

Our de Sitter analysis has been enormously simplified by correspondence
with its flat space analog [41]. In particular, we used the very same La-
grangian (3), and the very same five diagrams (Figures 4-8) which can poten-
tially enhance t-channel scattering between massive sources. The de Sitter
generalizations (35-36) and (39-40) of the Donoghue Identities were moti-
vated by minimally preserving the transformation properties of the flat space
results. One new feature of our analysis is the recognition in section 4 of two
classes of the five diagrams which can be consolidated to give two resid-
ual amplitudes, —iV5(z;2';y;9') — given in expressions (100-103) — and
—iVs(x;2';y;y') — given in expressions (104-107). This consolidation is ex-
act, independent of the Donoghue Identities, and valid for any gauge on any
cosmological background. Of course the final reduction of these diagrams to
2-point form in sections 5.2 and 5.3 does require a specific gauge on de Sitter
and the Donoghue Identities. Our final primitive results (155-156), (220),
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(221), (224) and (226-227) are expressed in terms of the four classes of 2-
point diagrams defined in Figure 2. Renormalization is carried out in section
5.4 using the same three counterterms (240) of the original, gauge-dependent
computation [13]. Our final results for the gauge-independent coefficients of
these counterterms are given in equations (248-250).

Of course the reason for purging the scalar effective field equation of gauge
dependence is to confirm or refute the reality of the large logarithmic correc-
tion that was found (using the simplest gauge) to the scalar exchange poten-
tial [13]. Recall the relation that was found in the gauge-dependent calcula-
tion between large logarithms in the exchange potential and the curvature-
dependent field strength renormalization —%agRﬁuaS&,gbg“”\/—_g [13]. Be-
cause the renormalized, gauge invariant self-mass has the same functional
form as its gauge-dependent ancestor, this relation should continue to per-
tain. That means we can read off the gauge-independent logarithm from our
result (249) for the coefficient apR. The fact that it is nonzero contradicts
the hypothesis that graviton-induced logarithms are a gauge artifact.

We stress the importance of making a direct check of gauge dependence
by re-doing the computation in the de Sitter generalization [61] of the same
2-parameter family of gauges which was employed to check the flat space
result [41]. One reason is that there may be diagrams, such as external line
corrections, which do not enhance t-channel exchange in flat space but may
do so in de Sitter. Another reason is that we know of no way to derive the de
Sitter Donoghue Identities (35-36) and (39-40). Their flat space antecedents
could be (and were) derived [3,43-45] by computing the scattering amplitudes
in momentum space and then extracting the leading contributions for small
t. What we did is to first express the same relations in flat position space
(which is exact) and then generalize them to de Sitter using minimal coupling
(which is a guess). We will not feel completely confident until the gauge
independence of the final result has been confirmed.
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