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A B S T R A C T

High-throughput deep mutational scanning (DMS) experiments have significantly impacted protein engi-
neering, drug discovery, immunology, cancer biology, and evolutionary biology by enabling the systematic
understanding of protein functions. However, the mutational space associated with proteins is astronomically
large, making it overwhelming for current experimental capabilities. Therefore, alternative methods for DMS
are imperative. We propose a topological deep learning (TDL) paradigm to facilitate in silico DMS. We utilize a
new topological data analysis (TDA) technique based on the persistent spectral theory, also known as persistent
Laplacian, to capture both topological invariants and the homotopic shape evolution of data. To validate our
TDL-DMS model, we use SARS-CoV-2 datasets and show excellent accuracy and reliability for binding interface
mutations. This finding is significant for SARS-CoV-2 variant forecasting and designing effective antibodies
and vaccines. Our proposed model is expected to have a significant impact on drug discovery, vaccine design,
precision medicine, and protein engineering.

1. Introduction

Protein mutations refer to changes in the DNA sequence that re-
sult in alterations in the amino acid sequence of a protein. These
changes can significantly affect the protein’s structure, function, and
stability, including protein folding stability, protein binding affin-
ity, and protein–protein interactions (PPIs). Protein mutations play a
paramount role in evolutionary biology, cancer biology, immunology,
directed evolution, and protein engineering.

Accurately analyzing the impact of mutations is crucial in many
fields, such as identifying deleterious and benign mutations and de-
veloping novel antibody therapies for emerging virus variants. How-
ever, experimental evaluation of mutational outcomes can be time-
consuming and expensive, as it requires the expression and purification
of variant proteins and measurement of their activity over time [1]. Fur-
thermore, measurements of site-directed mutagenesis for a single mu-
tation may vary dramatically across different experimental approaches
[2]. Therefore, leveraging accurate and reliable computational methods
to predict the impact of mutations could have a profound effect on the
throughput and accessibility of protein engineering and drug discovery.
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Recent computational predictions of the impact of mutations on

protein stability and PPI binding affinity have proven to be an im-

portant alternative to experimental mutagenesis analysis for systemat-

ically exploring protein structural functions, disease connections, virus

infectivity, structural instability, and organism evolution directions

[3–5]. Computational approaches offer a rapid, economical, and po-

tentially accurate alternative to site-directed mutational experiments.

Many computational methods have been employed for fields as diverse

as protein folding energy changes and PPI binding free energy changes

upon mutation.

Various computational methods have been developed to predict the

impact of mutations on protein stability, each with differing accuracies

and computational requirements. Such methods include I-Mutant [6],

FoldX [3], SDM [7], DUET [8], PoPMuSiC [9], Rosetta [10], SAAFEC

[11], PPSC [12], PROVEAN [13], ELASPIC [14], STRUM [15], EASE-

MM [16] etc. DUET, for instance, demonstrates a high correlation in

a blind test set and outperforms individual methods like SDM and

mCSM [8]. FoldX has the advantage of being easier to run locally,
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while PROVEAN offers reasonable results with lower computational
costs and without requiring a protein structure [17]. Computational
approaches designed to estimate PPI binding free energy changes upon
mutation typically rely on physical force fields, electrostatics, con-
formational sampling, and hydrophobic packing. These methods offer
a computationally efficient alternative, including DFIRE [18], FoldX
[3], Discovery Studio [19], EGED [20], CC/PBSA [21], Rosetta [22],
PoPMuSiC & BeAtMuSic [9,23], and mCSM [24,25]. Several studies
have compared the performance of various computational methods in
predicting protein stability and binding affinity changes upon mutation.
One such study assessed the performance of six methods, including
CC/PBSA, EGAD, FoldX, I-Mutant2.0, Rosetta, and Hunter, in predict-
ing protein stability changes [26]. Another investigation evaluated
the effectiveness of several methods, including bASA, dDFIRE, DFIRE,
STATIUM, Rosetta, FoldX, and Discovery Studio scoring potentials –
in predicting antibody binding affinity changes upon mutation. The
respective Pearson correlation were 0.22, 0.19, 0.31, 0.32, 0.16, 0.34,
and 0.45, respectively [27].

Computational approaches for calculating protein biophysical prop-
erties generally fall into three categories: empirical models, physical
models, and data-driven machine learning techniques. Empirical mod-
els implement potential terms and empirical functions to describe
the free energy perturbation under the constraint of the range of
conditions for which they are developed [28,29]. Physical modeling
makes use of multiscale implicit solvent models and molecular me-
chanics approaches. On the other hand, these approaches depend on
the accurate and self-sufficient predictions derived from the underlying
measurements [30].

Alternatively, data-driven approaches employ machine learning
(ML) and deep learning (DL) techniques to uncover the mechanism
linking protein stability/binding with complex structures or polypep-
tides. A major advantage of data-driven mutation modeling is its
ability to handle high-throughput and diverse mutation datasets. Im-
portantly, the predictive performance of DL approaches heavily relies
on the availability and accuracy of training sets. The computational
prediction of the impact of mutations on protein stability and protein–
protein interactions (PPIs) plays a crucial role in drug repositioning and
drug-target interaction. These predictions are essential for identifying
deleterious and benign mutations, developing novel antibody thera-
pies for emerging virus variants, and facilitating the throughput and
accessibility of protein engineering [31] and drug discovery [32–35].

Deep mutational scanning (DMS) – a high-throughput experimental
technique used to study the effects of thousands of mutations on
a protein’s function, such as fitness, stability, and reactivity [36] –
can directly benefit from increasing data availability. This approach
combines site-directed mutagenesis with next-generation sequencing
to measure the fitness of each mutation in a population based on its
enrichment (i.e., change in frequency) during selection or screening.
DMS has emerged as a primary approach for protein engineering [36–
38] and provides reliable analysis of mutational impacts on protein
stability, binding free energy, or evolutionary directions. DMS can
measure tens of thousands of variants in a single experiment, pro-
viding datasets for machine/deep learning studies. For example, the
stochastic gradient boosting model, Envision, uses 21,026 variant effect
measurements from nine mutational scan studies to create a unified
mutant effect predictor. This predictor outperforms other missense
variant effect predictors on both large-scale mutagenesis data and an
independent test dataset consisting of 2312 TP53 variants [39]. Sarfati
et al. combined deep mutational scanning data and machine learning
to predict mutant impacts using sequence and structure features of
variants. These were measured in the overall correlation between the
predicted and enrichment results [40].

With the advances in experimental techniques and computational
approaches, we are now better equipped to study the emergence
and evolution of viruses. Severe Acute Respiratory Syndrome Coron-
avirus 2 (SARS-CoV-2) has caused a global pandemic since late 2019,

evolving into many different variants which have resulted in several
waves of Coronavirus Disease 2019 (COVID-19) infections. SARS-CoV-2
exploits mutations to enhance its evolutionary fitness. Two mecha-
nisms of SARS-CoV-2 evolution, namely natural selection via infectivity
strengthening and antibody resistance, were identified in early 2020
[4] and late 2021 [41], respectively based on molecular biophysics,
topological deep learning, and genotyping of viral genomes isolated
from patients. The molecular model underlying the first mechanism is
that mutations on the spike protein (S protein) receptor-binding domain
(RBD) enhance the virus host cell entry by strengthening the binding of
RBD and host angiotensin-converting enzyme 2 (ACE2), giving rise to
more infectious variants [1,4,42–46]. The molecular model underlying
the second mechanism is that RBD mutations are able to disrupt the
RBD and antibody binding, leading to serious vaccine breakthroughs
in the populations of Europe and the US that had the earliest access to
vaccines [41].

DMS, recognized as a reliable option, is employed to measure the
impact of single-amino acid mutations on the RBD-ACE2 binding affin-
ity [47–50] and RBD-antibody binding affinity [48,51,52]. One study
reports the stabilization of the original SARS-CoV-2 spike protein RBD
through the integration of deep mutational scanning and computational
design [53].

Topological Deep Learning (TDL), first introduced in 2017 [54],
has emerged as a paradigm that amalgamates topological data analysis
(TDA) and deep learning techniques to analyze complex and high-
dimensional data. TDA is a branch of mathematics that focuses on
understanding the shape and structure of data [55,56]. It is most suc-
cessful in cases where standard approaches fare poorly, but it can also
significantly contribute in the situations where the standard approaches
work very well, by contributing novel topological fingerprints. The
basic idea behind TDL is to incorporate topological features of the
data into deep learning models to improve their performance. This
can be done by using topological descriptors to simplify the structural
complexity of biomolecules [57–59] and embed physical interactions
into topological invariants [54]. TopNetTree [60] model was designed
for predicting PPI binding free energy changes upon mutation. These
studies have significant implications for the field of computational
biology and complex biological systems. Topological deep learning
leverages the data analysis of intricate and high-dimensional data.
Recently, TopNetmAb model has further been validated with DMS data
and has been applied to predict RBD mutation-induced RBD-antibody
binding free energy (BFE) changes [5].

Persistent homology, a key method in TDA, was employed in early
TopNetTree [60] and TopNetmAb [5] models. We recently developed
a persistent Laplacian-based TDL model for predicting PPI binding
free energy changes upon mutation [61]. Persistent Laplacians, also
referred to as persistent spectral theory [62], are a particular instance
within a family of persistent topological Laplacians, including persis-
tent path Laplacians [63], persistent sheaf Laplacians [64], persistent
hyperdigraph Laplacians [65], etc. Persistent topological Laplacians are
designed to address the limitations of the current TDA methods.

In this work, we propose a TDL-DMS predictor for mutation-induced
protein–protein interaction BFE changes. We collect five DMS datasets
focusing on SARS-CoV-2 S protein RBD in RBD-ACE2 complexes and
RBD-antibody complexes, including deep mutational scanning of the
S protein receptor-binding domains (RBD) in the RBD-ACE2 complex
[49], in another RBD-ACE2 complex [47,48], in RBD-CTC-445.2 com-
plex [48], and in BA.1 and BA.2 variants [66]. We use an improved
TDL model based persistent spectral theory [62] to construct both
persistent topological invariants and persistent spectra for predicting
single-amino acid mutation impacts on protein–protein interactions
using the aforementioned DMS datasets as training sets. The three
dimensional (3D) structures of appropriate RBD-ACE2 complexes and
RBD-antibody complexes are also utilized in our TDL-DMS models. Our
models are validated through leave-one-dataset-out and 10-fold cross
– validation. Finally, we demonstrate the performance of TDL-DMS
models for in silico DMS.
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Table 1
The size of each SARS-CoV-2 RBD DMS dataset.

Dataset RBD-ACE2-1 [47] RBD-ACE2-2 [48] RBD-CTC-455.2 [48] BA.1-RBD-ACE2 [66] BA.2-RBD-ACE2 [66]

Sample size 3669 1539 2831 3800 3686

Fig. 1. Leave-one-out cross-validations of mutational scanning on the RBD in the original RBD-ACE2 complex [47] shows an Rp of 0.63. Prediction results for different residue
region types according to Fig. 7 with Rps of 0.73, 0.69, and 0.79 for the support, rim, and core, respectively. Note DMS data does not have a standard unit, and thus the values
(functional scores) are compared.

2. Results

There are five SARS-CoV-2 RBD DMS datasets collected as the
training set of the TDL model (see Table 1 for more details about
datasets). To illustrate the performance of this proposed model, we
employ dataset-level leave-one-out validations on these five SARS-CoV-
2 RBD DMS datasets (10-fold cross validations are described in the
Supplemental Material). Thus, the neural network model consists of
six hidden layers with 15,000 neurons in each layer and generates six
outputs for each dataset. For the validation process, we use five out of
the six DMS datasets as the training data, with the remaining dataset
serving as the test set for validation. We provide a comprehensive sta-
tistical analysis for each validation, showcasing the results in the form
of scatter and histogram plots based on the mutation locations. Addi-
tionally, we include five schematic representations, with the definitions
of their structural regions derived from the relative accessible surface
area (rASA) [67]. Residues with rASA can be classified into structural
regions such as interior and surface or interface categories like support,
rim, and core, which aids in analyzing TDL-DMS predictions of the
SARS-CoV-2 Spike protein RBD while accounting for continuous amino
acid exposure.

2.1. DMS of the RBD in the original RBD-ACE2 complex

To guide subsequent experiments and analyses by understanding the
mutational impacts on SARS-CoV-2 infectivity and antibody resistance,
we initially conducted an in silico DMS of the RBD in the original RBD-
ACE2 complex, using the dataset with experimental DMS results on
SARS-CoV-2 RBD by Starr, et al. [47]. The yeast-surface-display plat-
form was utilized to measure the expression of folded RBD protein and
its binding to ACE2. Functional scores for RBD-ACE2 binding affinity
were derived from per-barcode counts obtained during the experiments
[47]. The dataset was released at the beginning of the pandemic and
has been widely used for studying the SARS-CoV-2 RBD-ACE2 interac-
tion and for vaccine design and antibody design. Readers interested in
exploring the specifics can refer to the authors’ GitHub repository for
further information (https://github.com/jbloomlab/SARS-CoV-2-RBD_
DMS). In our leave-one-out TDL prediction, protein structure 6M0J of
RBD-ACE2 complex [68] (see Fig. 1) was used in our TDL model. There
are 3669 single mutations on RBD with an overall Pearson correlation
of Rp = 0.63 between the experimental results and predicted results.
It is important to note that experimental DMS enrichment ratios were
converted into binding free energies with errors, and some discrepan-
cies were observed in the interior and surface mutations. Despite this,
higher correlations were observed in the support, rim, and core regions,

indicating that the TDL-DMS model performs well in predicting the
binding interface of the RBD-ACE2 complex. There were a significant
presence of very negative values (< − 4.0) in the DMS data, while the
predicted values are in the range from −5 to 1. For example, there
are 101 values that were set to be −4.8. On the interior and surface
mutations, the correlations are down to 0.52 and 0.57 respectively.
Obviously, these mutations with very negative values belong to the
interior and surface (see Figure S1). Nevertheless, correlations in the
support, rim, and core regions are higher than that of others, with Rp

of 0.73, 0.69, and 0.79, respectively. Therefore, the TDL-DMS model
performs well on the binding interface of the RBD-ACE2 complex,
which is the most relevant and important for understanding mutational
impacts to SARS-CoV-2 infectivity and antibody resistance (see Fig. 2).

Our next DMS dataset of the original SARS-CoV-2 RBD was provided
by Linsky et al. [48]. The authors studied the de novo design of hACE2
decoys to moderate SARS-CoV-2, and provide a monovalent decoy high
potently neutralizing SARS-CoV-2. In the experiment, approximately
1700 single mutations were tested, while our analysis considered 1539
single mutations, limited the 6M0J RBD protein structure, which lacks
residues at both ends [68]. Here, the proteins use yeast display and the
enrichment of DMS data is presented for experiments. Calculation detail
can be found at the Supplementary Materials of Ref. [48]. Overall,
the predicted values have a correlation of 0.72 (see Figure S2). It
is shown that there are two peaks in terms of population ranges for
experimental DMS data, while only one peak of that for predicted
results. One of the two peaks has the corresponding values around
−2.5, which indicates mutations moderating the RBD-ACE2 binding
(see Figure S2). Interestingly, when considering the interior mutations,
which contribute mostly to the second peak, the correlation is 0.53
(see Figure S2). This difference might be caused either by the TDL-
DMS model having lower performance for interior mutations or the
dataset has experimental bias in certain regions. For mutations near the
binding interface, i.e., support, rim and core, predictions have relatively
high correlations with the experimental data. In the interface, residues
have differences in their rASAs in monomer and complex, and play key
roles in SARS-CoV-2 mutations. High correlations on regions suggest
the TDL-DMS model has accurate predictions. The highest correlation
between the experimental data and predicted results is observed for
core mutations, Rp = 0.81 (see Fig. 2).

2.2. DMS of the RBD in a variant RBD-CTC-455.2 complex

In the same work, Linsky, et al. test the RBD binding to their de novo
design protein CTC-445.2 and scan 1539 mutations on RBD [48]. The
experiments are the same as the last one. For this dataset, the overall

https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS/blob/master/compute_binding_Kd.Rmd
https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS/blob/master/compute_binding_Kd.Rmd
https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS/blob/master/compute_binding_Kd.Rmd
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Fig. 2. Leave-one-out cross-validations of mutational scanning on the original RBD binding to ACE2 [48] shows an Rp of 0.72. Prediction results for different residue region types
according to Fig. 7 with Rps of 0.75, 0.78, and 0.81 for the binding interfaces: support, rim, and core, respectively. The average enrichment of the experimental data is compared.

Fig. 3. Leave-one-out cross-validations of DMS on the RBD in the RBD-CTC-445.2 complex [48] shows an Rp of 0.67. Prediction results for different residue region types according
to Fig. 7 with Rps of 0.57, 0.60, and 0.39 for the support, rim, and core, respectively. The average enrichment of the experimental data is compared.

Fig. 4. Leave-one-out cross-validations of mutational scanning on BA.1 RBD binding to ACE2 [66] shows an Rp of 0.84. Prediction results for different residue region types
according to Fig. 7 with Rps of 0.72, 0.55, and 0.83 for the support, rim and core, respectively.

correlation of our TDL-DMS is 0.67. The TDL-DMS model has the worst
performance in the interface for this particular dataset among the five
DMS datasets, with the correlation of support, rim, and core being 0.57,
0.60, and 0.39, respectively (see Fig. 3). It is observed suboptimal
performance of the TDL-DMS model, particularly in the classification
of the core region, potentially due to limited data quality and quantity.
Similar to the previous dataset, there are also two peaks in terms of
population distribution for experimental DMS data, and only one of the
peaks was predicted by TDL-DMS.

2.3. DMS of the RBD in variant RBD-ACE2 complexes

Lastly, we examine two datasets featuring distinct mutations on
the RBD. Figs. 4 and 5 show the correlations of predictions versus
DMS experimental data [66] of the RBD in BA.1 RDB-ACE2 complex
(PDB: 7T9L [69]) and BA.2 RBD-ACE2 complex (PDB: 7XB0 [70]),
respectively. The converted binding affinity of the experimental DMS
data is compared with our prediction values and a yeast-surface dis-
play platform was deployed [66]. For the calculation detail of con-
verted binding affinity, please check the author’s repository (https:
//github.com/jbloomlab/SARS-CoV-2-RBD_DMS_Omicron). The cor-

relation analysis for leave-one-out cross-validations on the RBDs in
BA.1 and BA.2 variants binding to ACE2 reveals a consistent Pearson
correlation coefficient (Rp) of 0.84. For both RBDs, the prediction
results show varying Rp values across the support, rim, and core regions
(see Figs. 4 and 5). The overall correlations for both datasets are
identical, and the correlations for interface mutations are notably high
as well. BA.1 and BA.2 exhibit seven unique mutations on the RBD
(BA.1: S371L, G446S, G496S; BA.2: S371F, T376A, D405N, R408S).
Thus, when performing leave-one-out cross-validation, our proposed
TDL-DMS model learns from one dataset and predicts the results for
other datasets.

To show the detailed performance, we demonstrate the experimen-
tal and predicted DMSs of the RBD in the BA.2 RBD-ACE2 complex in
Fig. 6. Overall, our prediction captures the general pattern very well.

3. Discussion

Firstly, residues with their rASA can be considered buried as rASA
is less than a certain cutoff, which prompts the definition of two
structural regions: the interior and the surface, as shown in Fig. 7. Due
to the discreteness caused by the cutoff, a concern might rise as amino

https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS_Omicron
https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS_Omicron
https://github.com/jbloomlab/SARS-CoV-2-RBD_DMS_Omicron
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Fig. 5. Leave-one-out cross-validations of the DMS of the RBD in the BA.2 RBD-ACE2 complex [66] shows an Rp of 0.84. Prediction results for different residue region types
according to Fig. 7 with Rps of 0.65, 0.73, and 0.82 for the support, rim, and core, respectively.

Fig. 6. The comparison of experimental [66] and predicted DMSs of the RBD in the BA.2 RBD-ACE2 complex. The top panels show experimental BFE changes (kcal/mol) upon
mutation converted from enrichment ratios. The predicted DMS results are given in bottom panels. In the 3D structure of the BA.2 RBD-ACE2 complex (PDB ID: 7XB0 [70]), ACE2
is in purple and RBD is in kelly green. Structures are plotted by the Illustrate [71].

acids’ relative exposure is continuous. However, with the studies of
Escherichia coli, Saccharomyces cervisiae, and Homo sapiens databases,
it was concluded that the rASA cutoff distinguishing the surface and
the interior easily is roughly 25% [67]. A similar concept is employed
when considering the interface of protein–protein complexes. Within
the same work [67], three regions of binding interfaces are defined
as support, rim, and core, which require including rASA on monomer
and complex (see Fig. 7). It is noted that interface residues contribute
mostly to the binding energy [72]. The classification on the interface

is crucial for analyzing TDL-DMS predictions of the RBD of the SARS-
CoV-2 Spike protein. In the following discussion, results are analyzed
in categories, i.e., interior, surface, support, rim, and core.

We present a comparison of correlations of experimental and pre-
dicted DMS values for each mutation in Fig. 8 from all five datasets.
There are 361 amino acid mutation types. Among them, 20 muta-
tion types (red color) have negative correlations of experimental and
predicted DMS values, while 5 mutation types (white color) have
no correlation. The rest mutation types have positive correlations,
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Fig. 7. The definitions of the structural regions on the Spike protein RBD (PDBID:
6M0J [68]). Amino acids are assigned to the surface, interior, support, rim, and core
based on the rASA in monomer and complex. Structures are plotted by Illustrate [71].

i.e., more than half mutation types (236) have Rp > 0.50 and 76
mutation types have Rp > 0.70.

The pattern of DMS results over different mutation types is cru-
cial for protein design, including the design of monoclonal antibodies
(mAbs). We evaluate how well our TDL-DMS model predictions resem-
ble the distribution in experimental data by examining the behavior of
our model for 20 distinct amino acid types across the five DMS datasets.
Remarkably, our predicted patterns align closely with the experimental
data in terms of both average DMS results and variance of DMS results
(see Fig. 9). The overall predictions exhibit more negative changes, in-
dicated by a higher prevalence of deep red-colored squares. In addition
to considering amino acid size, we also classify them into charged,
polar, hydrophobic, and special-case groups. Regarding changes in
DMS results, we observe that most mutations from charged/polar to
other residues yield a positive change (e.g., mutating from K or T to
others). This suggests that mutations from charged or polar residues
to other types contribute to increased stability within the SARS-CoV-
2 PPI system. Although our model exhibits a similar pattern in the
variance of value changes as experimental data, the variance of the
model predictions is generally lower, as shown in Fig. 9.

Although achieving accurate predictions with a diversity level com-
parable to experimental data remains a challenging task, future trends
are quite clear as shown in Fig. 9. Essentially, residues K, S, and T
are relatively stable. In contrast, residues R, C, I, and Y are prone to
mutations. Additionally, many mutations will generate D, E, and P.

In this study, we emphasize the leave-one-dataset-out validation
approach due to the unique nature of our data and the specific ob-
jectives of our research. The test data consists of multiple datasets,
each representing a specific SARS-CoV-2 spike RBD associated with
ACE2 and antibodies. These datasets are distinct and provide different
contexts for the evaluation of the proposed model. The leave-one-
dataset-out validation approach allows us to assess the generalizability
of the model across these different contexts. In this strategy, it can
be evaluated how well the model can adapt to new and unseen data.
This validation approach provides a robust estimate of the model’s

performance. It reduces the risk of overfitting, as the model is tested on
data that it has not seen during training. This gives us confidence that
our model’s good performance is not due to memorizing the training
data, but rather its ability to generalize from training.

In light of the findings and challenges encountered in this study,
future work will focus on refining the data collection and preprocessing
methods to reduce noise and improve data quality. The quality and
quantity of experimental data used for training and testing the model
significantly impact machine learning performances. It is important
to expand experimental datasets, particularly for regions where the
model’s performance was weak. Additionally, we aim to implement ex-
perimental validation as an additional check on the model’s predictions.
This will provide a more robust evaluation of the model’s performance
and help identify areas for improvement. We believe that these steps
will enhance the model’s predictive accuracy and contribute to the
development of more effective tools for predicting DMS. Furthermore,
we will continue to explore the potential of topological deep learning
in the analysis of intricate and high-dimensional data. We are partic-
ularly interested in leveraging topological descriptors to simplify the
structural complexity of biomolecules and embed physical interactions
into topological invariants. This development will have significant
implications for computational biology and complex biological systems.

4. Methods

This section provides an overview of spectral graph theory, simpli-
cial complex, and persistent Laplacian methods for feature generation.
These mathematical concepts play a crucial role in understanding
the topological and spectral properties of protein–protein interactions.
Additionally, machine learning and deep learning models are discussed
in the context of test datasets and validation settings, highlighting their
applications in the analysis and interpretation of these features. This
overview aims to equip readers with the essential knowledge required
for further exploration and implementation of these techniques.

4.1. Spectral graph theory

Spectral graph theory focuses on the study of graph Laplacian’s
spectra, connecting the algebraic connectivity and spectral properties of
underlying graphs or networks. Mathematically, a graph is an ordered
pair G(V ,E), where V = vi; i = 1, 2,& , N is the vertex set with size N ,
and E = eij = (vi, vj ); i d i < j d N is the edge set. Let deg(v) denote the
degree of each vertex vi * V , i.e., the number of edges connected to v.
A specific Laplacian matrix LG can be given by

LG =

⎧
⎪⎨⎪⎩

deg(v), if vi = vj ,

−1, if vi and vj are adjacent,

0, otherwise,

(1)

where ‘‘adjacent’’ refers to a specific definition or connection rule.
We can order the eigenvalues of the graph Laplacian matrix as

�min = �1 d �2 d ď d �N = �max. (2)

The kernel dimension of LG is the multiplicity of 0 eigenvalues, in-
dicating the number of connected components of G(V ,E), which is
a topological property of the graph. The non-zero eigenvalues of LG

contain information about the graph properties. In particular, �2 is
called the algebraic connectivity.

4.2. Simplicial complexes

Graph Laplacian allows only pairwise interactions (edges) and ex-
cludes high-order many-body interactions. In contrast, simplicial com-
plexes offer a high-order generalization. Simplicial complexes serve
as an elegant and robust mathematical framework for capturing the
high-order interactions in graphs and networks. At the heart of this
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Fig. 8. A comparison of correlations of experimental and predicted DMS values following mutations associated with different amino acid types for all five datasets. Each square
shows the numbers of mutations considered. Color indicates the correlation. ‘X’ indicates no mutation. Note that the SARS-CoV-2 RBD has no amino acid MET (M).

Fig. 9. A comparison of average experimental and predicted DMS values following mutations associated with different amino acid types for all the training sets. The x-axis labels
the residue type of the original RBD amino acids, whereas the y-axis labels the residue type of the mutant. Note that there is no amino acid MET (M) on the RBD. Top: Average
binding affinity changes following mutation. Bottom: Variance of binding affinity changes following mutation. Left: Experimental values. Right: Predicted values.

framework lies the concept of a q-simplex, which is formed from a set

of q + 1 affinely independent points. Examples of simplices encompass

various geometric elements such as vertices, edges, triangles, and tetra-

hedrons. A simplicial complex is an assemblage of simplices that adhere
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to specific conditions, and its dimension is established by the maximum
dimension of its constituting simplices.

In graph theory, the degree of a vertex encapsulates the number of
edges adjacent to it. However, when extending this idea to q-simplices,
one must take into account both lower and upper adjacency, as q-
simplices can simultaneously have (q−1)-simplices and (q+1)-simplices
adjacent to them. Lower adjacency pertains to the sharing of a common
(q − 1)-face, while upper adjacency entails the sharing of a common
(q + 1)-face.

To delve deeper into the topological properties of simplicial com-
plexes, it is useful to examine the boundary operator and chain com-
plexes. The boundary operator, denoted as )q , maps Cq(K) to Cq−1(K):

)q�q =

q1
i=0

(−1)i[v0,& , v̂i,& , vk] =

q1
i=0

(−1)i�i
q−1

, (3)

where v̂i is the vertex to be excluded.
Chain complexes consist of sequences of chain groups intercon-

nected by boundary operators:

ď

)q+2
ú Cq+1(K)

)q+1
ú Cq(K)

)q
ú Cq−1(K)

)q−1
ú ď (4)

In essence, simplicial complexes offer an effective tool for probing
the topological properties of graphs and networks. By analyzing the
degrees of various simplices, their adjacencies, and the intricacies
of boundary operator and chain complexes, we can gain a deeper
understanding of the structure and connectivity inherent in complex
systems.

4.3. Combinatorial Laplacian

In 1944, Eckmann introduced simplicial complexes into graph
Laplacians, which gives rise to combinatorial Laplacian or topological
Laplacian [73]. Combinatorial Laplacian was ingeniously devised to
enrich the topological and geometric information inherent in simpli-
cial complexes. Foundational concepts revolve around the oriented
simplicial complex and the q-combinatorial Laplacian. Comprehensive
information on these topics can be explored in the cited literature
[74–77]. The subsequent discussion delves into the properties of the
q-combinatorial Laplacian matrix and its associated spectra.

The q-combinatorial Laplacian is predicated on oriented simplicial
complexes, which harness both lower- and higher-dimensional sim-
plices to investigate a specifically oriented simplicial complex. An
oriented simplicial complex, K, is characterized by the orientation of all
its constituent simplices. When �i

q
and �

j
q are upper adjacent, sharing a

common upper (q+1)-simplex �q+1, they are deemed similarly oriented
if both exhibit the same sign in )q+1(�q+1), and dissimilarly oriented
if the signs are contrary. Moreover, if �i

q
and �

j
q are lower adjacent,

sharing a common lower (q−1)-simplex �q−1, they are similarly oriented
if �q−1 bears the same sign in both )q(�

i
q
) and )q(�

j
q ), and dissimilarly

oriented if the signs are in opposition. In a similar vein, q-chains
can be defined on the oriented simplicial complex K, along with the
q-boundary operator.

The q-combinatorial Laplacian is a linear operator �q ∶ Cq(K) ú

Cq(K) for integers q e 0

�q ∶= )q+1)
∗
q+1

+ )∗
q
)q (5)

where )∗
q
denotes the coboundary operator, mapping )∗

q
∶ Cq−1(K) ú

Cq(K). The property )q)q+1 = 0 is preserved, implying that Im()q+1) ⊂

ker()q). The matrix representation of the q-combinatorial Laplacian
operator, denoted by úq, is given by

úq = ðq+1ð
T
q+1

+ ð
T
q
ðq (6)

where ðq and ðqT represent the matrix representations of the q-
boundary operator and q-coboundary operator, respectively, in relation
to the standard basis for Cq(K) and Cq−1(K) with specific orderings.

Consequently, the number of rows in ðq corresponds to the quantity
of (q − 1)-simplices, while the number of columns reflects the quantity
of q-simplices in K. Furthermore, the upper and lower q-combinatorial
Laplacian matrices are denoted by úU

q
= ðq+1ð

T
q+1

and úL
q

= ðT
q
ðq ,

respectively. It is important to note that )0 is the zero map, resulting
in ð0 being a zero matrix. Hence, ú0(K) = ð1ð

T
1
+ ðT

0
ð0, with K

representing the (oriented) simplicial complex of dimension 1, which is
essentially a simple graph. In particular, the 0-combinatorial Laplacian
matrix ú0(K) is actually the Laplacian matrix as defined in the spectral
graph theory.

4.4. Persistent Laplacians

Persistent Laplacian, also known as persistent spectral graphs or
persistent combinatorial Laplacian [62], has emerged as a popular tool
in topological data analysis. It was proposed to overcome the limitation
of persistent homology for incapable of capturing the homotopic shape
evolution of the data. It is based on a filtration process that converts a
data set into a sequence of nested simplicial complexes with increasing
levels of complexity. In each level, the Betti numbers are calculated,
and the changes in the Betti numbers are tracked as the resolution
of the data set increases. These changes in the Betti numbers, called
topological persistence, provide a measure of the robustness of the
topological features of the data set (see Fig. 10).

In order to study the persistence of the spectral properties of graphs
or simplicial complexes, one can use the notion of persistent Laplacians,
which are a family of Laplacian matrices that encode the topological
and geometric information of the simplicial complexes at different
resolutions. The main idea is to construct a sequence of nested simpli-
cial complexes by successively adding simplices to the complex, and
associate a Laplacian matrix with each complex. By comparing the
spectra of the Laplacian matrices at different resolutions, one can study
the persistent spectral properties of simplicial complexes.

There are different ways to construct persistent Laplacians, depend-
ing on the filtration process and the type of Laplacian used [62]. One
common approach is to use the combinatorial Laplacian matrix úq

of the simplicial complexes defined in the previous section. Given a
sequence of nested simplicial complexes K0 ⊂ K1 ⊂ ď ⊂ Kn with
increasing dimension, one can also define a sequence of combinatorial
Laplacian matrices úq,0,úq,1,& ,úq,n by setting úq,i = úq(Ki). Then, one
can study the persistent spectral properties of the sequence of Laplacian
matrices, such as the persistent eigenvalues and eigenvectors.

The harmonic spectra of persistent Laplacians at various scales are
the same as the persistent Betti numbers, while the non-harmonic
spectra can capture both topological changes and homotopic shape
evolution of the data, see Fig. 11. Note that, in the figure, each of
the five charts on the top panel is represented by a segment of the
non-harmonic spectra, i.e., the first non-zero eigenvalues in red. In
contrast, persistent homology (blue bars) does not capture homotopic
shape evolution (i.e., the states in the third chart and the fifth chart). As
a result, persistent Laplacians offer an enriched representation of data.

4.5. Protein–protein interactions

PPIs are analyzed by topological and shape analysis. We initially
partition the atoms in a protein–protein complex into several subsets:

1. ïm: atoms at the mutation sites.
2. ïmn(r): atoms in the vicinity of the mutation site, within a
cut-off distance r.

3. ïA(r): protein A atoms within r of the binding site.
4. ïB(r): protein B atoms within r of the binding site.
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Fig. 10. Comparison of persistent homology (PH) [55,56] and persistent Laplacians (PLs) [62] for eight points. The filtration characterized by the horizontal axis r of eight points
is shown in the top panel. The corresponding topological features of dimension 0 and dimension 1 are shown the second and third panels, respectively. PH barcodes (�0(r) and
�1(r)) are given in blue. The first non-zero eigenvalues of dimension 0 (�0(r)) and dimension 1 (�1(r)) of PLs are depicted in red. The harmonic spectra of PLs return all the
topological invariants of PH, whereas the non-harmonic spectra of PLs capture the additional homotopic shape evolution of PLs during the filtration that are neglected by PH.

5. ïele(E): atoms of element type E within the system. We design
the distance matrix to exclude interactions between atoms from
the same set. For interactions between atoms ai and aj in sets ï
and/or ð, we define the modified distance as follows:

Dmod(ai, aj ) =

{
@, if ai, aj * ï, or ai, aj * ð,

De(ai, aj ), if ai * ï and aj * ð,
(7)

where De(ai, aj ) represents the Euclidean distance between ai and aj .
Molecular atoms are constructed as points, denoted by v0, v1, v2, ..., vk,
with k!+!1 affinely independent points in a simplicial complex. Persis-
tent spectral graphs are designed to capture multiscale topological and
geometrical information across different scales along a filtration [62],
yielding essential feature vectors for machine learning methods. Binned
barcode vectorization-generated features can represent the strength of
atomic bonds and van der Waals interactions, and are readily incorpo-
rated into machine learning models that discern and characterize local
patterns.

Using atom subsets, such as ïA(r) and ïB(r), we create simplicial
complexes by considering only the edges from ïA(r) to ïB(r) for
Vietoris–Rips complexes. Barcodes generated from persistent homology
are then enumerated by bar lengths within specific intervals, with
numbers 0 or 1, as part of the Vietoris–Rips complex filtration. Con-
currently, for each complex in the filtration, we compute eigenvalues
using graph Laplacian analysis. We gather statistics of eigenvalues, such
as sum, maximum, minimum, mean, and standard deviation, to obtain
normalized features for machine learning methods. An alternative vec-
torization approach involves extracting statistics of bar lengths, birth
values, and death values, including sum, maximum, minimum, mean,
and standard deviation. This technique is applied to vectorize Betti-1
(H1) and Betti-2 (H2) barcodes obtained from alpha complex filtration,
based on the observation that higher-dimensional barcodes are sparser
than H0 barcodes.

In summary, this methodology integrates topological representa-
tions and persistent Laplacian spectra to analyze protein–protein in-
teractions. By categorizing atoms in a protein–protein complex into
subsets, we can construct simplicial complexes and generate feature
vectors for machine learning algorithms. This approach effectively cap-
tures the essential topological and geometrical information of the un-
derlying molecular structures, facilitating the study of protein–protein
interactions and their biological implications.

4.6. Machine learning

The features generated from the persistent spectral graph are tested
using the deep neural network (Net) method. Validations are performed
on the datasets discussed in the results section. Accurately predict-
ing mutation-induced binding affinity changes in protein–protein com-
plexes is a significant challenge. After generating effective features,
machine learning or deep learning models are required for validation
and real-world applications. A deep neural network is a network of
neurons that maps an input feature layer to an output layer. The neural
network mimics the human brain to solve problems with numerous
neuron units and employs backpropagation to update weights on each
layer. To capture input features at different levels and abstract more
properties, one can construct more layers and more neurons in each
layer, creating a deep neural network. Optimization methods for feed-
forward neural networks and dropout methods are applied to prevent
overfitting. The network layers and the number of neurons in each layer
are determined by grid searches based on 10-fold cross-validations.
Then, the hyperparameters of stochastic gradient descent (SGD) with
momentum are set up based on the network structure. The network has
7 layers with 10,000 neurons in each layer. For SGD with momentum,
the hyperparameters are momentum = 0.9 and weight_decay = 0.
The learning rate is 0.002 and the epoch is 400. The Net is implemented
using Pytorch [78].

Fig. 11 provides the workflow of the proposed TDL-DMS method-
ology. The input is a protein–protein complex, and the output is the
predicted DMS (the heatmap on the left). The protein–protein complex
is partitioned into subsets, and simplicial complexes are constructed
using the Vietoris–Rips complex and filtration. Barcodes are generated
from persistent homology, and eigenvalues are computed from per-
sistent graph Laplacians. The barcodes and eigenvalues are used to
generate feature vectors. The feature vectors are then used as the inputs
for the deep learning network to predict the binding affinity changes
of mutations in protein–protein complexes. The model is trained with
the experimental DMS data as the ground truth (the heatmap on the
right).
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Fig. 11. Illustration of the proposed TDL-DMS methodology. The input is a protein–protein complex, and the output is the predicted DMS (the heatmap on the left). The
protein–protein complex is partitioned into subsets, and simplicial complexes are constructed using the Vietoris–Rips complex and filtration. Barcodes are generated from persistent
homology and eigenvalues are computed persistent Laplacians. The barcodes and eigenvalues are used to generate feature vectors for deep learning. The heatmap on the right is
the training data.

5. Conclusion

Deep mutational scanning (DMS) is a high-throughput experimental
technique that enables the systematic analysis of the impact of muta-
tions on protein function, providing insights into the structure-function
relationships and evolutionary trends and constraints of proteins. DMS
has been successfully applied to a wide range of biological systems, in-
cluding enzymes, receptors, transcription factors, and viruses. It can be
used to design proteins with improved properties, identify drug targets
and inhibitors, and understand the mechanisms of protein evolution
and adaptation. However, the mutational space of a typical protein is
astronomically large and intractable for experimental means.

Computational approaches to DMS offer viable alternatives, al-
though in silico DMS has hardly been reported. One challenge is the
lack of accurate and reliable biophysical models for dealing with com-
plex protein functions and protein–protein interactions (PPIs). Another
challenge is the lack of high-quality DMS data for data-driven machine
learning predictions.

Currently, it is well-understood that the SARS-CoV-2 spike protein
plays the most important role in viral transmission, and its receptor-
binding domain (RBD) binds to human ACE2 to facilitate viral entry
into host cells. Emerging SARS-CoV-2 variants are spreading worldwide
with increased transmissibility due to the natural selection of RBD mu-
tations with higher infectivity [4] and/or stronger antibody resistance
[41]. As a result, researchers have conducted various DMS studies on
the original spike RBD and variant RBD in recent years [47,48,66]. This
development enables the artificial intelligence (AI)-based prediction of
DMS of future SARS-CoV-2 variants.

Topological deep learning (TDL) has led to the discovery of two
SARS-CoV-2 evolutionary mechanisms [4,41] and accurate forecasting
of future dominant SARS-CoV-2 variants Omicron [79], Omicron BA.2
[80], and Omicron BA.5 [61]. Recently, a new generation of topological
data analysis (TDA) techniques was proposed [62] and implemented
for SARS-CoV-2 variant prediction [61]. Built on these experimental,
mathematical, and computational advances, we develop our TDL-DMS
model for SARS-CoV-2 RBDs.

We performed leave-one-dataset-out validation on the proposed
TDL-DMS on five datasets involving various SARS-CoV-2 spike RBDs
associated with ACE2 and antibodies. We found that our TDL-DMS
model works well in general and offers excellent DMS predictions for
RBD binding interface mutations, which are particularly important in
forecasting future dominant SARS-CoV-2 variants.

We expect the proposed TDL-DMS framework to have potential
applications in protein engineering, drug discovery, and directed evo-
lution.
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