
Springer Nature 2021 LATEX template

Physics-preserving enriched Galerkin method

for a fully-coupled thermo-poroelasticity

model

Son-Young Yi1† and Sanghyun Lee2*

1Department of Mathematical Sciences, University of Texas at El
Paso, 500 W University Ave, El Paso, TX 79968, USA.

2*Department of Mathematics, Florida State University, 1017
Academic Way, Tallahassee, FL 32304, USA.

*Corresponding author(s). E-mail(s): lee@math.fsu.edu;
Contributing authors: syi@utep.edu;

†This author contributed equally to this work.

Abstract

This paper proposes a new numerical method for a fully-coupled,
quasi-static thermo-poroelasticity model in a unified enriched Galerkin
(EG) method framework. In our method, the mechanics sub-problem
is solved using a locking-free EG method, and the flow and heat
sub-problems are solved using a locally-conservative EG method. The
proposed method offers mass and energy conservation properties with
much lower costs than other methods with the same properties, including
discontinuous Galerkin methods and mixed finite element methods. The
well-posedness and optimal a priori error estimates are carefully derived.
Several numerical tests confirm the theoretical optimal convergence rates
and the mass and energy conservation properties of the new method.
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1 Introduction

Thermal-hydraulic-mechanical (THM) processes refer to a complex interplay
of heat transfer, fluid flow, and mechanical responses in natural and engineered
porous media. Modeling THM systems has been a subject of great interest in
various disciplines, including petroleum engineering, geothermal energy pro-
duction, and biomedical engineering. One of the widely used mathematical
models to describe the THM processes is based on Biot’s non-isothermal con-
solidation theory [1], known as the thermo-poroelasticity model. This model is
an extension of the well-known Biot’s poroelasticity model [2], which describes
the interaction of a deformable porous medium with the fluid flow inside
the medium under the iso-thermal condition. The governing equations of the
thermo-poroelasticity model have three primary variables: the displacement of
the solid, fluid pressure, and temperature, and they consist of the momentum,
mass, and energy balance equations. The resulting system of partial differen-
tial equations (PDEs) is fully coupled and nonlinear. In this paper, we consider
a fully coupled, linear thermo-poroelasticity model, where the energy balance
equation is linearized for simplicity but still retains coupling terms with the
momentum and mass balance equations.

The complex nature of the thermo-poroelasticity model poses extreme chal-
lenges to developing and analyzing numerical schemes. In general, any desirable
numerical methods for the thermo-poroelasticity model should preserve the
underlying physical laws, such as mass and energy conservation, and be robust
with respect to physical and simulation parameters. There have been various
numerical methods utilized to solve THM models in the past [3], including
finite volume [4, 5], finite difference [6], continuous Galerkin (CG) [7–9], dis-
continuous Galerkin (DG) [10], and boundary element [11] methods. While
some methods utilize the same type of numerical solvers for the entire system
(e.g., CG [9] and mixed finite element method [12]), most numerical solvers
combine different types of numerical methods tailored for each of the momen-
tum, mass, and energy equations. This is mainly because the three balance
equations are different types of PDEs; hence they should be handled differently.
However, combining different types of numerical solvers for the coupled system
may require special care for the sub-solvers to communicate seamlessly with
each other when transferring the solution data. Moreover, a rigorous numeri-
cal analysis for such methods is arduous to conduct. This explains the lack of
literature dedicated to the mathematical analysis of the numerical solvers of
THM models.

The main objective of this paper is to design and analyze a physics-
preserving and computationally efficient numerical method to study the
thermo-poroelasticity model in a unified numerical framework. Our method
is based on the enriched Galerkin (EG) methods. The EG method is a new
class of finite element methods that combines the advantages of the CG and
DG methods. Its computational costs are much lower than those of the DG
method due to the fewer degrees of freedom, leading to a simpler sparse lin-
ear system. Moreover, the EG method inherits desirable properties from the
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DG method, such as local mass conservation and flexibility with discontinu-
ous coefficients, which the CG method lacks. The original EG method [13],
which will be called the locally-conservative EG (LC-EG) method, was devel-
oped to study a second-order elliptic problem and has been used for studying
coupled flow and transport phenomena in porous media [14–17]. Later, the
authors developed a new type of EG method, to be called the locking-free EG
(LF-EG) method, to simulate incompressible elastic materials [18]. Since then,
this new LF-EG method has been applied to the Stokes flow [19] and poroe-
lasticity model [20]. The new method we propose here utilizes both LC-EG
and LF-EG methods to solve the thermo-poroelasticity system. This coupled
EG method preserves the underlying physical law for each sub-system, such as
mass and energy conservation and incompressibility, at a lower computational
cost than other methods with similar capabilities, for instance, a mixed finite
element method [12]. We conduct a convergence analysis for the fully-coupled,
fully-discrete EG method to prove optimal-order error estimates.

The outline of the rest of this paper is as follows. Section 2 describes the
governing equations, followed by the description of the variational problem
in Section 3. In Section 4, we define our coupled EG method and discuss its
well-posedness and mass and energy conservation properties. Then, Section 5
is dedicated to establishing optimal-order error estimates. Section ?? briefly
remarks on extending our EG method for the case of a very large Lamé
constant λ. Finally, we provide some numerical results in Section 6.

2 Governing Equations

Let Ω be a bounded, convex, and Lipschitz domain in Rd, d = 2, 3, with the
boundary ∂Ω and let I = (0, T ] with T > 0. Then, let u : Ω× I → Rd be the
vector-valued displacement of the solid, p : Ω× I → R the scalar-valued fluid
pressure, and θ : Ω× I → R the scalar-valued temperature. Then, governing
equations for thermo-poroelasticity are derived by coupling momentum bal-
ance for mechanics based on linear elasticity, mass balance for the pressure,
and energy balance for the temperature as follows:

−∇ · (σ(u)− αpI− 3αTKdrθI) = f in Ω× I, (1a)

∂

∂t
(c0p+ α∇ · u− 3αmθ)−∇ · (K∇p) = g in Ω× I, (1b)

∂

∂t
(Cdθ + 3αTKdrθ0∇ · u− 3αmθ0p)−∇ · (D∇θ) = η in Ω× I, (1c)

In the momentum balance equation (1a), σ(u) is the standard stress tensor
from linear elasticity. It satisfies the constitutive equation σ(u) := 2µε(u) +
λ(∇ · u)I, where ε(u) := 1

2 [∇u + (∇u)T ] is the strain tensor, I is the d × d
identity tensor, and µ, λ are the Lamé constants. The Lamé constants are
assumed to be in the range µ ∈ [µ0, µ1] and λ ∈ [0,∞) for some 0 < µ0 < µ1 <
∞. Also, f is the body force, α is the Biot-Willis constant, Kdr := (3λ+ 2µ)/3
is the drained isothermal bulk modulus, and αT is the volumetric skeleton
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thermal dilation coefficient. The total stress tensor is given by σ̃(u, p, θ) =
σ(u)− αpI− 3αTKdrθI.

The second equation (1b) is the mass balance equation for the fluid, assum-
ing the Darcy law for the volumetric fluid flux: q = −K∇p. We ignore the
gravity effect and set the fluid viscosity to be one here for a simple presen-
tation of the numerical method. However, including the gravity term and the
fluid viscosity in the numerical formulation is straightforward. Here, K ∈ Rd×d
is the permeability tensor, which is symmetric and uniformly positive-definite
and satisfies the following assumption: there exist positive constants kmin, kmax

such that for any x ∈ Ω,

kminξ
T ξ ≤ ξTK(x)ξ ≤ kmaxξ

T ξ, ∀ξ ∈ Rd. (2)

In addition, c0 = 1/M , where M is Biot’s modulus, 3αm is the thermal dilation
coefficient, and g is the volumetric fluid source/sink term.

Finally, the energy balance equation, or the heat transfer equation (1c),
is obtained by assuming local thermal equilibrium between solid and fluid in
pores. Therefore, this energy balance equation is expressed in terms of a single
temperature variable θ with the effective total heat conductivity Cd. Also,
η is the volumetric heat source/sink term and θ0 is a reference temperature
and is assumed to be nonzero. The use of this reference temperature in the
heat equation is justified due to small magnitudes of αT and αm [21, 22]. In
addition, the bulk thermal conductivity tensor D, which is symmetric and
uniformly positive-definite and assumed to satisfy the following: there exist
positive constants dmin, dmax such that for any x ∈ Ω,

dminξ
T ξ ≤ ξTD(x)ξ ≤ dmaxξ

T ξ, ∀ξ ∈ Rd. (3)

To complete the system of governing equations (1), we have to provide ini-
tial conditions and boundary conditions. To this end, consider three partitions
{Γd,Γt}, {Γp,Γf}, and {Γr,Γh} of ∂Ω such that

∂Ω = Γd ∪ Γt = Γp ∪ Γf = Γr ∪ Γh.

Then, the boundary conditions are given as

u = uD on Γd, σ̃n = tN on Γt, (4a)

p = pD on Γp, K∇p · n = qN on Γf , (4b)

θ = θD on Γr, D∇θ · n = sN on Γh, (4c)

where n is the outward unit normal vector to ∂Ω. On the other hand, the
initial conditions are given as

u(·, 0) = u0, p(·, 0) = p0, θ(·, 0) = θ0 ∀x ∈ Ω. (5)



Springer Nature 2021 LATEX template

EG for thermo-poroelasticity 5

These initial conditions must themselves satisfy some constraints, such as the
equilibrium equation and the compatibility equation. If the initial conditions
are in an equilibrated state, namely satisfying the governing equations in a
steady state, they can simply be ignored as we need only to solve the perturbed
state.

3 Variational Formulation

In this section, we derive a variational formulation for the model problem (1)
and propose a fully-discrete EG method. The standard notation for the L2-
and Sobolev spaces and their associated inner products and norms will be used
here. Also, for any subset Γ of ∂Ω, Hm

0 (Ω) = {v ∈ Hm(Ω) | v = 0 on Γ}.
In order to derive a variational problem, we multiply (1a), (1b), and (1c) by

v ∈ [H1
0,Γd

(Ω)]d, w ∈ H1
0,Γp

(Ω), and s ∈ H1
0,Γr

(Ω), respectively, and integrate
by parts. Then, the resulting variational formulation reads as follows: At every
time t ∈ (0, T ], find (u(·, t), p(·, t), θ(·, t)) ∈ [H1(Ω)]d × H1(Ω) × H1(Ω) such
that u = uD on Γd, p = pD on Γp, and θ = θD on Γr and satisfy, for all
(v, w, s) ∈ [H1

0,Γd
(Ω)]d ×H1

0,Γp
(Ω)×H1

0,Γr
(Ω),

au(u,v)− α(p,∇ · v)− 3αTKdr(θ,∇ · v) = (f ,v) + (tN ,v)Γt ,
(6a)

c0(pt, w) + α(∇ · ut, w)− 3αm(θt, w) + ap(p, w) = (g, w) + (qN , w)Γf ,
(6b)

Cd(θt, s) + 3αTKdrθ0(∇ · ut, s)− 3αmθ0(pt, s) + aθ(θ, s) = (η, s) + (sN , s)Γh ,
(6c)

where the bilinear forms au(·, ·), ap(·, ·), and aθ(·, ·) are defined by

au(u,v) := 2µ(ε(u), ε(v)) + λ(∇ · u,∇ · v) ∀u,v ∈ [H1(Ω)]d,

ap(p, w) := (K∇p,∇w) ∀p, w ∈ H1(Ω),

aθ(θ, s) := (D∇θ,∇s) ∀θ, s ∈ H1(Ω).

The well-posedness of the same variational problem as (6) except for an extra
nonlinear coupling term −K∇p · ∇θ in the temperature equation (6c) was
studied in [9], where they studied the standard CG method for the model.

4 Discretization by Enriched Galerkin Method

Let Th = {K} be a shape-regular triangulation of the domain Ω into triangu-
lar or rectangular elements with a mesh size h = max

K
hK , where hK is the

diameter of K ∈ Th. We denote by Eh the set of all edges in the mesh and by
EIh the set of all the interior edges. For each K ∈ Th, denote the boundary of
K by ∂K and the outward unit normal vector to ∂K by nK . If e ∈ EIh, we
assign to e a fixed unit normal vector ne.
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The EG formulation requires jump and average operators. First, let us
define the following broken Sobolev subspace on Th: For any real number > 0,

Hs(Th) = {w ∈ L2(Ω) | w|K ∈ Hs(K), K ∈ Th},

equipped with a broken inner product (w, q)Th =
∑

K∈Th(w, q)K . Then, for

any function w ∈ Hs(Th) with s > 1/2 and e ∈ EIh, let

[[w]] = w+ − w− and {w} =
1

2
(w+ + w−),

where w± = (w|K±)|e. Here, K± are the two neighboring elements of e. If
e ∈ ∂Ω, then e belongs to only one triangle K, and we define

[[w]] = {w} = (w|K)|e.

The above definitions of the broken Sobolev space and jump and average oper-
ators can be naturally extended to vector-valued functions. We will use the
same notations in that case.

For the spatial discretization of the weak form (6) by our EG method, let
us introduce our LF-EG space [18] for the displacement and LC-EG space
[14, 16] for the pressure and temperature on Th. First, let Pk(E) be the space
of all polynomials of degree at most k ≥ 0 on a set E and Qk(E) be the space
of all polynomials on a set E that are of degree ≤ k in each of the variables xi
for i = 1, . . . , d. We then let PCG1 and QCG1 be the standard linear and bilinear
CG finite element spaces on triangular and quadrilateral meshes. That is,

PCG1 :=
{
ψ ∈ H1(Ω) | ψ|K ∈ P1(K) ∀K ∈ Th

}
,

QCG1 :=
{
ψ ∈ H1(Ω) | ψ|K ∈ Q1(K) ∀K ∈ Th

}
.

We use a notation CCG1 for PCG1 on a triangular mesh and QCG1 on a
quadrilateral mesh.

To define the LF-EG space, we need the following discontinuous space:

DDG1 =
{
ψ ∈ [L2(Ω)]d | ψ|K = cK(x− xK), cK ∈ R ∀K ∈ Th

}
,

where x = [x1, · · · , xd]T and xK is the center of K ∈ Th. Then, the LF-EG
space for the displacement is constructed by enriching the vector-valued CG
space, [CCG1 ]d, by this space DDG1 . That is,

Vh := [CCG1 ]d ⊕ DDG1 ,

in which the direct sum above is true because [CCG1 ]d ∩DDG1 contains only the
zero constant function.
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To define the LC-EG space for the pressure and temperature, let PDG0 be
the piecewise constant space on Th:

PDG0 =
{
ψ ∈ L2(Ω) | ψ|K ∈ P0(K) ∀K ∈ Th

}
.

Then, the LC-EG space is defined as

Wh := CCG1 + PDG0 .

Both Vh and Wh require only one additional local degree of freedom per
element compared to the linear CG spaces regardless of the dimension d.

These EG spaces are equipped with the following energy norms:

‖v‖V =
(
‖ε(v)‖20,Th + βuh−1

e ‖ [[v]] ‖20,Eh
) 1

2 ∀v ∈ Vh,

‖w‖W =
(
‖∇w‖20,Th + βph−1

e ‖ [[w]] ‖20,Eh
) 1

2 ∀w ∈ Wh.

The penalty parameter βp in the norm ‖ · ‖W can be replaced by βθ. Indeed,
we use the same value for βp and βθ in all of our numerical experiments to be
presented in Section 6.

To discretize (6) in time, we employ the backward Euler method for sim-
plicity. However, higher-order time-stepping methods can also be considered
in practice to achieve the same convergence orders in space and time. For
a positive integer N , ∆t = T/N is the time step and tn = n∆t. For any
known function φ(t), the function value at time tn is denoted by φn. That is,
φn = φ(tn). In our EG method, (unh, p

n
h, θ

n
h) is an approximation of (un, pn, θn),

where n = 0, . . . , N . We use the following notation for the backward difference
formula of a time derivative of both vector-valued and scalar-valued functions:

Dtφ
n+1 =

φn+1 − φn

∆t
.

Finally, our fully-discrete mixed EG method reads as follows: Given
(unh, p

n
h, θ

n
h) ∈ Vh ×Wh ×Wh for 0 ≤ n ≤ N − 1, find (un+1

h , pn+1
h , θn+1

h ) ∈
Vh ×Wh ×Wh such that

auh(un+1
h ,v)− αbh(v, pn+1

h )− 3αTKdrbh(v, θn+1
h ) = gu

h(tn+1; v), (7a)

c0(Dtp
n+1
h , w) + αbh(Dtu

n+1
h , w)− 3αm(Dtθ

n+1
h , w) + aph(pn+1

h , w)

= gph(tn+1; w), (7b)

Cd(Dtθ
n+1
h , s) + 3αTKdrθ0bh(Dtu

n+1
h , s)− 3αmθ0(Dtp

n+1
h , s) + aθh(θn+1

h , s)

= gθh(tn+1; s), (7c)

for ∀(v, w, s) ∈ Vh ×Wh ×Wh, where the bilinear forms are defined as

auh(w,v) := 2µ(ε(w), ε(v))Th + λ(∇ ·w,∇ · v)Th − 〈{σ(w)ne} , [[v]]〉EIh∪Γd
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− 〈[[w]] , {σ(v)ne}〉EIh∪Γd + βu〈h−1
e [[w]] , [[v]]〉e∈EIh∪Γd ,

aph(q, w) := (K∇q,∇w)Th − 〈{K∇q · ne} [[w]]〉EIh∪Γp − 〈{K∇w · ne} , [[q]]〉EIh∪Γp

+ βp〈h−1
e [[q]] , [[w]]〉EIh∪Γp ,

aθh(q, s) := (D∇q,∇s)Th − 〈{D∇q · ne} [[s]]〉EIh∪Γr − 〈{D∇s · ne} , [[q]]〉EIh∪Γr

+ βθ〈h−1
e [[q]] , [[s]]〉EIh∪Γr ,

bh(v, w) := (∇ · v, w)Th − 〈{w} , [[v]] · ne〉EIh∪Γd ,

and the linear functionals are defined as

gu
h(t; v) := (f(t),v)Th + 〈tN (t),v〉Γt − 〈uD(t),σ(v)ne〉Γd

+ βu〈h−1
e uD(t),v〉Γd ,

gph(t; w) := (g(t), w)Th + 〈qN (t), w〉Γf − α〈w, (uD)t(t) · ne〉Γd
− 〈K∇w · ne, pD(t)〉Γp + βp〈h−1

e pD(t), w〉Γp ,
gθh(t; s) := (η(t), s)Th + 〈sN (t), s〉Γh − 3αTKdrθ0〈s, (uD)t(t) · ne〉Γd

− 〈D∇s · ne, θD(t)〉Γr + βθ〈h−1
e θD(t), s〉Γr ,

where he = |e|
1
d−1 and |e| denotes the length of e in two dimensions and the

area in three dimensions. Also, βu > 0, βp > 0, and βθ > 0 are penalty
parameters, which are assumed to be constants in this paper.

4.1 Well-posedness and conservation properties

We start with this subsection with continuity and coercivity lemmas that
will be useful for the well-posedness and convergence analysis of the proposed
method. The detailed proofs are available in the paper [20] by the authors.

Lemma 4.1 There exist constants Cau , Cap , and Caθ > 0, all independent of h,
such that

auh(v,w) ≤ Cau‖v‖V‖w‖V ∀(v,w) ∈ [H1(Th)]d × [H1(Th)]d, (8a)

aph(q, w) ≤ Cap‖q‖W‖w‖W ∀(q, w) ∈ H1(Th)×H1(Th), (8b)

aθh(q, s) ≤ Caθ‖q‖W‖s‖W ∀(q, s) ∈ H1(Th)×H1(Th). (8c)

Lemma 4.2 There exist constants Cb and Cb̃ > 0, both independent of h, such that

bh(v, w) ≤ Cb‖v‖V‖w‖0 ∀(v, w) ∈ [H1(Th)]d × L2(Ω), (9a)

bh(v, w) ≤ Cb̃‖v‖0‖w‖W ∀(v, w) ∈ [H1(Ω)]d ×H1(Th). (9b)

Lemma 4.3 For large enough βu, βp, and βθ > 0, the bilinear forms auh ,a
p
h, and aθh

satisfy the following coercivity conditions: there exist κu, κp > 0, and κθ > 0, such
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that

κu‖v‖2V ≤ auh(v,v) ∀v ∈ Vh, (10a)

κp‖w‖2W ≤ aph(w,w) ∀w ∈ Wh, (10b)

κθ‖s‖2W ≤ aθh(s, s) ∀s ∈ Wh. (10c)

Lemma 4.4 The fully-coupled and fully-discrete EG method (7) for solving the
thermo-poroelasticity problem (1) has a unique solution, provided that the penalty
parameters βu, βp, and βθ are large enough.

Proof Given a unique solution from the previous time step n, we want to prove the
existence and uniqueness at each time step n + 1 for n = 0, . . . , N − 1. Thanks to
the finite dimensionality of the solution space, it suffices to prove the uniqueness at
each time step. To this end, consider the following homogeneous problem

auh(un+1
h ,v)− αbh(v, pn+1

h )− 3αTKdrbh(v, θn+1
h ) = 0, (11a)

c0(pn+1
h , w) + αbh(un+1

h , w)− 3αm(θn+1
h , w) + ∆taph(pn+1

h , w) = 0, (11b)

Cd(θn+1
h , s) + 3αTKdrθ0bh(un+1

h , s)− 3αmθ0(pn+1
h , s) + ∆taθh(θn+1

h , s) = 0 (11c)

for ∀v ∈ Vh, ∀w ∈ Wh, and ∀s ∈ Wh. We wish to prove that the solution to
this homogeneous problem is only a trivial solution. Then, take v = θ0u

n+1
h , w =

θ0p
n+1
h , s = θn+1

h in (11) to obtain

θ0a
u
h(un+1

h ,un+1
h ) + c0θ0(pn+1

h , pn+1
h ) + θ0∆taph(pn+1

h , pn+1
h )

+ Cd(θn+1
h , θn+1

h ) + ∆taθh(θn+1
h , θn+1

h )− 6αmθ0(θn+1
h , pn+1

h ) = 0.

Using the coercivity of the bilinear forms auh ,a
p
h, and aθh in (10) for large enough

βu, βp, and βθ and applying the Cauchy-Schwarz and Young’s inequalities to the
last term, we obtain the following lower bound for the left-hand side of the above
equation, which is less than 0 as the right-hand side is equal to 0:

θ0κu‖un+1
h ‖2V + c0θ0‖pn+1

h ‖20 + θ0κp∆t‖pn+1
h ‖2W

+ Cd‖θn+1
h ‖20 + κθ∆t‖θn+1

h ‖2W − 3αmθ0

(
‖θn+1
h ‖20 + ‖pn+1

h ‖20
)

= θ0κu‖un+1
h ‖2V + (c0 − 3αm)θ0‖pn+1

h ‖20 + θ0κp∆t‖pn+1
h ‖2W

+ (Cd − 3αmθ0)‖θn+1
h ‖20 + κθ∆t‖θn+1

h ‖2W ≤ 0.

Therefore,
‖un+1
h ‖V = ‖pn+1

h ‖W = ‖θn+1
h ‖W = 0,

from which we see the homogeneous system (11) has only a trivial solution. �

We will now show that our EG method conserves mass and energy (or
enthalpy) [22] on each mesh element. To see this, let us fix an interior element
K ∈ Th and integrate the mass and energy balance equations, (1b) and (1c),
by parts over K. If we let qp = −K∇p and qθ = −D∇θ, we have

〈qp · nK , 1〉∂K = (g, 1)K − c0(pt, 1)K − α〈ut · nK , 1〉∂K + 3αm(θt, 1)K ,
(12a)
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〈qθ · nK , 1〉∂K = (η, 1)K − Cd(θt, 1)K − 3αTKdrθ0〈ut · nK , 1〉∂K
+ 3αmθ0(pt, 1)K . (12b)

The above equations, (12a) and (12b), represent the local mass and energy
conservation equations satisfied by the true solution p and θ, respectively. The
following lemma derives discrete counterparts of these conservation equations
satisfied by our EG method.

Lemma 4.5 The EG method defined in (7) satisfies discrete local mass and energy
equations.

Proof To derive a discrete counterpart of (12a), take w = 1K in (7b), where 1K
is a characteristic function. Then, using the fact that ∇w = 0 and the divergence
theorem, we can obtain

− 〈
{
K∇pn+1

h · nK
}
, 1〉∂K + βp〈h−1

e

[[
pn+1
h

]]
, 1〉∂K

= (gn+1, 1)K−c0(Dtp
n+1
h , 1)K−α〈

{
(Dtu

n+1
h · nK

}
, 1〉∂K +3αm(Dtθ

n+1
h , 1)K .

Therefore, by defining the normal component of our numerical fluid flux qn+1
p,h by

qn+1
p,h · nK = −

{
K∇pn+1

h · nK
}

+ βph−1
e

[[
pn+1
h

]]
,

we can obtain a discrete counterpart of (12a):

〈qn+1
p,h · nK , 1〉∂K = (gn+1, 1)K − c0(Dtp

n+1
h , 1)K − α〈

{
Dtu

n+1
h · nK

}
, 1〉∂K

+ 3αm(Dtθ
n+1
h , 1)K . (13a)

Similarly, by defining our numerical thermal flux qn+1
p,h by

qn+1
θ,h · nK = −

{
D∇θn+1

h · nK
}

+ βθh−1
e

[[
θn+1
h

]]
,

we can obtain a discrete counterpart of (12b):

〈qn+1
θ,h · nK , 1〉∂K = (ηn+1, 1)K − Cd(Dtθ

n+1
h , 1)K

− 3αTKdrθ0〈
{
Dtu

n+1
h · nK

}
, 1〉∂K + 3αmθ0(Dtp

n+1
h , 1)K . (13b)

�

5 A Priori Error Estimates

In this section, we establish the error estimates for the fully discrete EG
method. To define an approximate initial solution (u0

h, p
0
h, θ

0
h) and to aid

our convergence analysis, we first consider the following elliptic projection
(ūh, p̄h, θ̄h) ∈ Vh ×Wh ×Wh of the true solution (u, p, θ) defined by:

auh(ūh,v) = auh(u,v) v ∈ Vh, (14a)
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aph(p̄h, w) = aph(p, w) w ∈ Wh, (14b)

aθh(θ̄h, s) = aθh(θ, s) s ∈ Wh. (14c)

Assume that our numerical solution at the initial time t = 0 is defined by
elliptic projections of the initial solutions given in (5):

u0
h = ū0

h, p0
h = p̄0

h, and θ0
h = θ̄0

h. (15)

Then, we have the following error estimates.

Theorem 5.1 For 1 ≤ n ≤ N , let (un, pn, θn) be the true solution and (unh, p
n
h, θ

n
h)

be the numerical solution of the EG method at time tn. Assume that the true solution
and initial and boundary data satisfy sufficient regularity conditions and that c0 −
3αm > 0 and Cd − 3αmθ0 > 0. Then, provided that the penalty parameters βu, βp,
and βθ are large enough and ∆t = O(h)� 1, we have the following optimal a priori
error estimates:

max
1≤n≤N

‖un − unh‖
2
V + ∆t

N∑
n=1

(
‖pn − pnh‖

2
W + ‖θn − θnh‖

2
W
)

≤ C
[
h2
(
‖u0‖22 + ‖p0‖22 + ‖θ0‖22 + ‖ut‖2L2(0,T ; H2(Ω)) + ‖pt‖2L2(0,T ; H1(Ω))

+‖θt‖2L2(0,T ; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,T ; H1(Ω)) + ‖utt‖2L2(0,T ; L2(∂Ω))

+‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
. (16)

The proof of this theorem will be conducted in several steps. First, note that
the errors in the solution variables can be split into two parts:

u− uh = χu + ξu, p− ph = χp + ξp, θ − θh = χθ + ξθ,

where

χu = u− ūh, χp = p− p̄h, χθ = θ − θ̄h,
ξu = ūh − uh, ξp = p̄h − ph, ξθ = θ̄h − θh.

We will first analyze the auxiliary error at the first time step, (ξ1
u, ξ

1
p, ξ

1
θ), then

use it to analyze the errors at subsequent steps. Then, the main result, (16), is
a consequence of the error estimates of the elliptic projections to be proved in
subsection 5, the auxiliary error estimates (32) to be proved in subsection 5,
and the triangle inequality.

5.1 Preliminary lemmas

In this subsection, we will present some useful lemmas to be repeatedly used in
our analysis. First, one key ingredient for the error estimates is the interpola-
tion operators ΠVh : [H1(Ω)]d → Vh and ΠWh : H1(Ω)→Wh. They are defined
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in [18, Section 4] and [14] and their useful properties and error estimates are
studied there too. To make our paper self-contained, we present them here
without proof.

Lemma 5.1 There exists an interpolation operator ΠVh : [H1(Ω)]d → Vh that
satisfies

(∇ · (v −ΠVhv), 1)K = 0 ∀K ∈ Th, (17a)

|v −ΠVhv|j ≤ Ch
m−j |v|m, 0 ≤ j ≤ m ≤ 2, ∀v ∈ [H2(Ω)]d, (17b)

|∇ · (v −ΠVhv)|j ≤ Ch1−j |∇ · v|1, 0 ≤ j ≤ 1, ∀v ∈ [H2(Ω)]d, (17c)

‖ΠVhv‖V ≤ C‖v‖1 ∀v ∈ [H1
0,Γd(Ω)]d, (17d)

‖v −ΠVhv‖V ≤ Ch
m−1‖v‖m, 1 ≤ m ≤ 2 ∀v ∈ [H2(Ω)]d, (17e)

where C > 0 is a generic constant independent of h.

Lemma 5.2 There exists an interpolation operator ΠWh : H1(Ω)→Wh that satisfies

(w −ΠWh w, 1)K = 0 ∀K ∈ Th, (18a)

|w −ΠWh w|j ≤ Chm−j |w|m, 0 ≤ j ≤ m ≤ 2 ∀w ∈ H2(Ω), (18b)

‖w −ΠWh w‖W ≤ Ch‖w‖2 ∀w ∈ H2(Ω). (18c)

Lemma 5.3 We have the following error estimates for the elliptic projection
(ūh, p̄h, θ̄h) defined in (14):

‖u− ūh‖0 + h‖u− ūh‖V ≤ Ch2‖u‖2, (19a)

‖p− p̄h‖0 + h‖p− p̄h‖W ≤ Ch2‖p‖2, (19b)

‖θ − θ̄h‖0 + h‖θ − θ̄h‖W ≤ Ch2‖θ‖2. (19c)

Proof To prove the energy norm error estimate in (19a), first subtract auh(ΠVhu,v)
from both sides of (14a) to get

auh(ūh −ΠVhu,v) = auh(u−ΠVhu,v).

Take v = ūh − ΠVhu and use the coercivity condition (10a) and the continuity
condition (8a) on the left- and right-hand side of the above equation, respectively,
to obtain

κu‖ūh −ΠVhu‖
2
V ≤ Cau‖u−ΠVhu‖V‖ūh −ΠVhu‖V .

This inequality, together with (17e), yields

‖ūh −ΠVhu‖V ≤ Ch‖u‖2.

Then, the desired error bound can be obtained by using the triangle inequality. We
can prove the energy norm error estimates for p̄h and θ̄h in (19b) and (19c) in the
same manner. Using these results in the standard duality arguments, we can prove
the L2-norm error estimates. �
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Lemma 5.4 Let φ ∈ C2(0, T ; Hm(Th)) be a scalar or vector-valued function for
some m > 0, and let E be a set belonging to either Eh or Th. Then, we have the
following Taylor expansions and error bounds:

φn = φ0 +

∫ tn

0
φt(s) ds, (20a)

Dtφ
n+1 =

1

∆t

∫ tn+1

tn
φt(s) ds, (20b)

Dtφ
n+1 = φn+1

t +
1

∆t

∫ tn+1

tn
(s− tn)φtt(s) ds, (20c)

and

‖φn‖j,E ≤ C(‖φ0‖j,E + ‖φt‖L2(0,tn; Hj(E))), 0 ≤ j ≤ m, (21a)

‖Dtφn+1‖j,E ≤ (∆t)−
1
2 ‖φt‖L2(tn,tn+1; Hj(E)), 0 ≤ j ≤ m, (21b)

‖Dtφn+1 − φn+1
t ‖j,E ≤ (∆t)

1
2 ‖φtt‖L2(tn,tn+1; Hj(E)), 0 ≤ j ≤ m. (21c)

Note that the error estimates in (21b) are particularly true for φ = χψ,
where ψ = u, p, or θ. Hence, we have the following corollary.

Corollary 5.1 Let ψ = u, p, or θ. Then, on any set E belonging to either Eh or Th,

‖Dtχn+1
ψ ‖j,E ≤ (∆t)−

1
2 ‖χψt‖L2(tn,tn+1; Hj(E)), j = 0, 1. (22)

Another inequality to be used frequently in our analysis is the following:

Lemma 5.5 For any symmetric bilinear form c on X × X for some Hilbert space
X, we have

c(a− b, a) ≥ 1

2
(c(a, a)− c(b, b)) ∀a, b ∈ X. (23)

5.2 Auxiliary error estimates

Lemma 5.6 For 0 ≤ n ≤ N − 1, let (un+1, pn+1, θn+1) be the true solution and
(un+1
h , pn+1

h , θn+1
h ) be the numerical solution of the EG method. Then, they satisfy

the following equations:

auh(ξn+1
u ,v)− αbh(v, ξn+1

p )− 3αTKdrbh(v, ξn+1
θ )

= αbh(v, χn+1
p ) + 3αTKdrbh(v, χn+1

θ ), (24a)

c0(Dtξ
n+1
p , w)Th + αbh(Dtξ

n+1
u , w)− 3αm(Dtξ

n+1
θ , w)Th + aph(ξn+1

p , w)

= −c0(Dtχ
n+1
p , w)Th − αbh(Dtχ

n+1
u , w) + 3αm(Dtχ

n+1
θ , w)Th

+ c0(Dtp
n+1 − pn+1

t , w)Th + αbh(Dtu
n+1 − un+1

t , w)

− 3αm(Dtθ
n+1 − θn+1

t , w)Th , (24b)

Cd(Dtξ
n+1
θ , s)Th + 3αTKdrθ0bh(Dtξ

n+1
u , s)− 3αmθ0(Dtξ

n+1
p , s)Th + aθh(ξn+1

θ , s)
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= −Cd(Dtχ
n+1
θ , s)Th − 3αTKdrθ0bh(Dtχ

n+1
u , s) + 3αmθ0(Dtχ

n+1
p , s)Th

+ Cd(Dtθ
n+1 − θn+1

t , s)Th + 3αTKdrθ0bh(Dtu
n+1 − un+1

t , s)

− 3αmθ0(Dtp
n+1 − pn+1

t , s)Th , (24c)

Proof It is easy to check that the true solution (u, p, θ) satisfies the following system
at time tn+1 :

auh(un+1,v)− αbh(v, pn+1)− 3αTKdrbh(v, θn+1) = guh(tn+1v), (25a)

c0(pn+1
t , w)Th + αbh(un+1

t , w)− 3αm(θn+1
t , w)Th + aph(pn+1, w) = gph(tn+1; w),

(25b)

Cd(θn+1
t , s)Th + 3αTKdrθ0bh(un+1

t , s)− 3αmθ0(pn+1
t , s)Th + aθh(θn+1, s)

= gθh(tn+1; s) (25c)

for ∀(v, w, s) ∈ Vh×Wh×Wh. Subtracting (7) from (25) and doing some algebraic
manipulations, we obtain the desired error equations in (24). �

We will first analyze the auxiliary error at the first time step, (ξ1
u, ξ

1
p, ξ

1
θ),

then use it to analyze the errors at subsequent steps.

Lemma 5.7 Assume that

c0 > 3αm and Cd > 3αmθ0. (26)

Then, provided that the penalty parameters βu, βp, and βθ are large enough, we have
the following auxiliary error estimates:

‖ξ1
u‖2V + ‖ξ1

p‖2W + ‖ξ1
θ‖

2
W + ‖ξ1

p‖20 + ‖ξ1
θ‖

2
0

≤ C
[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,∆t; H1(Ω)) + ‖pt‖2L2(0,∆t; H1(Ω))

+‖θt‖2L2(0,∆t; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,∆t; L2(Ω)) + ‖ptt‖2L2(0,∆t; L2(Ω))

+‖θtt‖2L2(0,∆t; L2(Ω))

)]
. (27)

Proof Consider (24) with n = 0. Take (v, w, s) = (θ0ξ
1
u, θ0∆tξ1

p,∆tξ
1
θ) in the

equation and use (ξ0
u, ξ

0
p, ξ

0
θ) = (0, 0, 0), then add the three resulting equations to

obtain

θ0a
u
h(ξ1

u, ξ
1
u) + θ0∆taph(ξ1

p, ξ
1
p) + ∆taθh(ξ1

θ , ξ
1
θ) + c0θ0(ξ1

p, ξ
1
p)Th

+ Cd(ξ1
θ , ξ

1
θ)Th − 6αmθ0(ξ1

θ , ξ
1
p)Th

= θ0αbh(ξ1
u, χ

1
p) + 3θ0αTKdrbh(ξ1

u, χ
1
θ)− αθ0∆tbh(Dtχ

1
u, ξ

1
p)

− 3αTKdrθ0∆tbh(Dtχ
1
u, ξ

1
θ) + αθ0∆tbh(Dtu

1 − u1
t , ξ

1
p)

+ 3αTKdrθ0∆tbh(Dtu
1 − u1

t , ξ
1
θ)− c0θ0∆t(Dtχ

1
p, ξ

1
p)Th + 3αm∆tθ0(Dtχ

1
p, ξ

1
θ)Th

− Cd∆t(Dtχ
1
θ, ξ

1
θ)Th + 3αmθ0∆t(Dtχ

1
θ, ξ

1
p)Th + c0θ0∆t(Dtp

1 − p1
t , ξ

1
p)Th

− 3αmθ0∆t(Dtp
1 − p1

t , ξ
1
θ)Th + Cd∆t(Dtθ

1 − θ1
t , ξ

1
θ)Th



Springer Nature 2021 LATEX template

EG for thermo-poroelasticity 15

− 3αmθ0∆t(Dtθ
1 − θ1

t , ξ
1
p)Th :=

14∑
i=1

φi. (28)

We can bound below the left-hand side (LHS) of (28) using the coercivity condi-
tions in (10) for the first three terms and applying the Cauchy-Schwarz and Young’s
inequalities to the last term to obtain the following lower bound:

LHS ≥ θ0κu‖ξ1
u‖2V + θ0κp∆t‖ξ1

p‖2W + κθ∆t‖ξ1
θ‖

2
W

+ (c0 − 3αm)θ0‖ξ1
p‖20 + (Cd − 3αmθ0)‖ξ1

θ‖
2
0.

We also want to bound the right-hand side of (28). Applying (9a) to the first two
terms and (9b) to the next four terms, then using the Cauchy-Schwarz and Young’s
inequalities, (19), and (21), we can bound the first six terms as follows:

6∑
i=1

φi ≤
1

2
(θ0κu‖ξ1

u‖2V + θ0κp∆t‖ξ1
p‖2W + κθ∆t‖ξ1

θ‖
2
W )

+ C(‖χ1
p‖20 + ‖χ1

θ‖
2
0 + ∆t‖Dtχ1

u‖20 + ∆t‖Dtu1 − u1
t ‖20)

≤ 1

2
(θ0κu‖ξ1

u‖2V + θ0κp∆t‖ξ1
p‖2W + κθ∆t‖ξ1

θ‖
2
W )

+ C
[
h2
(
‖p1‖21 + ‖θ1‖21 + ‖ut‖2L2(0,∆t; H1(Ω))

)
+ (∆t)2‖utt‖2L2(0,∆t; L2(Ω))

]
≤ 1

2
(θ0κu‖ξ1

u‖2V + θ0κp∆t‖ξ1
p‖2W + κθ∆t‖ξ1

θ‖
2
W )

+ C
[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,∆t; H1(Ω))

)
+ (∆t)2‖utt‖2L2(0,∆t; L2(Ω))

]
.

The rest of the terms can be bounded similarly.

14∑
i=7

φi ≤ ε1∆tθ0‖ξ1
p‖20 + ε2∆t‖ξ1

θ‖
2
0

+ C∆t(‖Dtχ1
p‖20 + ‖Dtχ1

θ‖
2
0 + ‖Dtp1 − p1

t ‖20 + ‖Dtθ1 − θ1
t ‖20)

≤ ε1∆tθ0‖ξ1
p‖20 + ε2∆t‖ξ1

θ‖
2
0 + C

[
h2
(
‖pt‖2L2(0,∆t; H1(Ω)) + ‖θt‖2L2(0,∆t; H1(Ω))

)
+(∆t)2

(
‖ptt‖2L2(0,∆t; L2(Ω)) + ‖θtt‖2L2(0,∆t; L2(Ω))

)]
.

Putting together the lower-bound and upper-bound of (28), we have

θ0κu‖ξ1
u‖2V + θ0κp∆t‖ξ1

p‖2W + κθ∆t‖ξ1
θ‖

2
W

+ (c0 − 3αm − ε1∆t)θ0‖ξ1
p‖20 + (Cd − 3αmθ0 − ε2∆t)‖ξ1

θ‖
2
0

≤ C
[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,∆t; H1(Ω)) + ‖pt‖2L2(0,∆t; H1(Ω))

+‖θt‖2L2(0,∆t; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,∆t; L2(Ω)) + ‖ptt‖2L2(0,∆t; L2(Ω))

+‖θtt‖2L2(0,∆t; L2(Ω))

)]
for some positive constants ε1 and ε2. Thanks to the assumptions in (26), the coeffi-
cients in front of ‖ξ1

p‖20 and ‖ξ1
θ‖

2
0 can be made positive for sufficiently small ε1 and

ε2. Therefore, we obtain the desired error estimate. �
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Lemma 5.8 Assume the conditions in (26), ı.e., c0−3αm > 0 and Cd−3αmθ0 > 0,
and that the penalty parameters βu, βp, and βθ are large enough. Then, we have the
following auxiliary error estimates:

max
2≤n≤N

‖ξnp ‖2W + max
2≤n≤N

‖ξnθ ‖
2
W + ∆t

N∑
n=2

(
‖Dtξn+1

u ‖2V + ‖Dtξnp ‖20 + ‖Dtξnθ ‖
2
0

)
≤ C

[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,T ; H2(Ω)) + ‖pt‖2L2(0,T ; H1(Ω))

+‖θt‖2L2(0,T ; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,T ; H1(Ω)) +

1

h
‖utt‖2L2(0,T ; L2(∂Ω))

+‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
. (29)

Proof First note that (24a) holds at every time step n, 1 ≤ n ≤ N−1. Therefore, we
can obtain the following equation with the discrete time derivative for 1 ≤ n ≤ N−1:

auh(Dtξ
n+1
u ,v)− αbh(v, Dtξ

n+1
p )− 3αTKdrbh(v, Dtξ

n+1
θ )

= −auh(Dtχ
n+1
u ,v) + αbh(v, Dtχ

n+1
p ) + 3αTKdrbh(v, Dtχ

n+1
θ ). (30)

Take v = θ0∆tDtξ
n+1
u , w = θ0∆tDtξ

n+1
p , and s = ∆tDtξ

n+1
θ in (30), (24b), and

(24c), respectively, add the three equations, then use the definitions of the elliptic
projections in (14), rearrange the terms to collect the terms in a similar form so that
we can analyze multiple terms together. Then, we can obtain

θ0∆tauh(Dtξ
n+1
u , Dtξ

n+1
u ) + θ0a

p
h(ξn+1

p , ξn+1
p − ξnp ) + aθh(ξn+1

θ , ξn+1
θ − ξnθ )

+ c0θ0∆t(Dtξ
n+1
p , Dtξ

n+1
p )Th + Cd∆t(Dtξ

n+1
θ , Dtξ

n+1
θ )Th

− 6αmθ0∆t(Dtξ
n+1
θ , Dtξ

n+1
p )Th

= αθ0∆tbh(Dtξ
n+1
u , Dtχ

n+1
p ) + 3αTKdrθ0∆tbh(Dtξ

n+1
u , Dtχ

n+1
θ )

− αθ0∆tbh(Dtχ
n+1
u , Dtξ

n+1
p )− 3αTKdrθ0∆tbh(Dtχ

n+1
u , Dtξ

n+1
θ )

+ αθ0∆tbh(Dtu
n+1 − un+1

t , Dtξ
n+1
p ) + 3αTKdrθ0∆tbh(Dtu

n+1 − un+1
t , Dtξ

n+1
θ )

− c0θ0∆t(Dtχ
n+1
p , Dtξ

n+1
p )Th + 3αmθ0∆t(Dtχ

n+1
p , Dtξ

n+1
θ )Th

+ 3αmθ0∆t(Dtχ
n+1
θ , Dtξ

n+1
p )Th − Cdθ0∆t(Dtχ

n+1
θ , Dtξ

n+1
θ )Th

+ c0θ0∆t(Dtp
n+1 − pn+1

t , Dtξ
n+1
p )Th − 3αmθ0∆tθ0(Dtp

n+1 − pn+1
t , Dtξ

n+1
θ )Th

− 3αmθ0∆t(Dtθ
n+1 − θn+1

t , Dtξ
n+1
p )Th + Cd∆t(Dtθ

n+1 − θn+1
t , Dtξ

n+1
θ )Th

:=

14∑
i=1

Φi.

Now, take summation over time from n = 1 to M − 1 on both sides for an arbitrary
integer 2 ≤M ≤ N . Then, using the Cauchy-Schwarz and Young’s inequalities, (23),
and the coercivity and continuity of the bilinear forms, the left-hand side is bounded
below by

LHS ≥ θ0κu∆t

M−1∑
n=1

‖Dtξn+1
u ‖2V +

θ0
2

(κp‖ξMp ‖2W − Cap‖ξ
1
p‖2W )
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+
1

2
(κθ‖ξMθ ‖

2
W − Caθ‖ξ

1
θ‖

2
W ) + (c0 − 3αm)θ0∆t

M−1∑
n=1

‖Dtξn+1
p ‖20

+ (Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20. (31)

We also need to bound the right-hand side. For the first four terms, we use the
continuity condition (9a) of the bilinear form bh, then apply the Cauchy-Schwarz
and Young’s inequalities and use (22) along with the projection errors (19) and the
trace inequality to obtain

M−1∑
n=1

4∑
i=1

Φi

≤ 1

2
θ0κu∆t

M−1∑
n=1

‖Dtξn+1
u ‖2V +

1

6
(c0 − 3αm)θ0∆t

M−1∑
n=1

‖Dtξn+1
p ‖20

+
1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20 + C∆t

M−1∑
n=1

(
‖Dtχn+1

u ‖2V + ‖Dtχn+1
p ‖20

+‖Dtχn+1
θ ‖20

)
≤ 1

2
θ0κu∆t

M−1∑
n=1

‖Dtξn+1
u ‖2V +

1

6
(c0 − 3αm)θ0∆t

M−1∑
n=1

‖Dtξn+1
p ‖20

+
1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20 + Ch2

(
‖ut‖2L2(0,T ; H2(Ω))

+‖pt‖2L2(0,T ; H1(Ω)) + ‖θt‖2L2(0,T ; H1(Ω))

)
.

We similarly bound the next two terms. But, in this case, we use (21c) and that

‖Dtun+1 − un+1
t ‖2V = ‖ε(Dtu

n+1 − un+1
t )‖20 + βu‖h−

1
2

e (Dtu
n+1 − un+1

t )‖20,∂Ω

due to the continuity of u and ut across the interior edges (faces). As a result, we
have

M−1∑
n=1

6∑
i=5

Φi

≤ 1

6
(c0 − 3αm)θ0∆t

M−1∑
n=0

‖Dtξn+1
p ‖20 +

1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20

+ C∆t‖Dtun+1 − un+1
t ‖2V

≤ 1

6
(c0 − 3αm)θ0∆t

M−1∑
n=0

‖Dtξn+1
p ‖20 +

1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20

+ C(∆t)2
(
‖utt‖2L2(0,T ; H1(Ω)) +

1

h
‖utt‖2L2(0,T ; L2(∂Ω))

)
.

Once again, we bound the rest of the terms in the same manner as before.

M−1∑
n=1

14∑
i=7

Φi
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≤ 1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20 +

1

6
(Cd − 3αmθ0)∆t

M−1∑
n=1

‖Dtξn+1
θ ‖20

+ C
(
‖Dtχn+1

p ‖20 + ‖Dtχn+1
θ ‖20 + ‖Dtpn+1 − pn+1

t ‖20 + ‖Dtθn+1 − θn+1
t ‖20

)
≤ 1

6
(c0 − 3αm)θ0∆t

M−1∑
n=0

‖Dtξn+1
p ‖20 +

1

6
(Cd − 3αmθ0)∆t

M−1∑
n=0

‖Dtξn+1
θ ‖20

+ C
[
h2
(
‖pt‖2L2(0,T ; H1(Ω)) + ‖θt‖2L2(0,T ; H1(Ω))

)
+(∆t)2

(
‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
.

Now, using the bound for the left-hand side in (31) and collecting the above bounds
for the terms on the right-hand side, then combining with (27), we arrive at

1

2
θ0κu∆t

M−1∑
n=1

‖Dtξn+1
u ‖2V +

1

2
θ0κp‖ξMp ‖2W +

κθ
2
‖ξMθ ‖

2
W

+
∆t

2

M−1∑
n=1

(c0 − 3αm)θ0‖Dtξn+1
p ‖20 +

∆t

2

M−1∑
n=1

(Cd − 3αmθ0)‖Dtξn+1
θ ‖20

≤ C
[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,T ; H2(Ω)) + ‖pt‖2L2(0,T ; H1(Ω))

+‖θt‖2L2(0,T ; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,T ; H1(Ω)) +

1

h
‖utt‖2L2(0,T ; L2(∂Ω))

+‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
.

Note that all coefficients on the LHS are positive. Since this inequality holds for
any arbitrary integer M between 2 and N , the discrete Gronwall lemma yields the
desired error estimate (29). �

Lemma 5.9 Assume the conditions in (26) and that the penalty parameters βu, βp,
and βθ are large enough. Also, assume that ∆t = O(h) � 1. Then, we have the
following auxiliary error estimate:

∆t

N∑
n=0

(
‖ξnp ‖2W + ‖ξnθ ‖

2
W
)

+ max
0≤n≤N

‖ξnu‖2V + max
0≤n≤N

‖ξnp ‖20 + max
0≤n≤N

‖ξnθ ‖
2
0

≤ C
[
h2
(
‖p0‖21 + ‖θ0‖21 + ‖ut‖2L2(0,T ; H2(Ω)) + ‖pt‖2L2(0,T ; H1(Ω))

+‖θt‖2L2(0,T ; H1(Ω))

)
+ (∆t)2

(
‖utt‖2L2(0,T ; H1(Ω)) + ‖utt‖2L2(0,T ; L2(∂Ω))

+‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
. (32)

Proof Take v = θ0∆tDtξ
n+1
u , w = θ0∆tξn+1

p , and s = ∆tξn+1
θ in (24) and add the

three equations and take summation over time from n = 1 to M − 1 for an integer
2 ≤M ≤ N to obtain

M−1∑
n=1

(
θ0a

u
h(ξn+1

u , ξn+1
u − ξnu) + θ0∆taph(ξn+1

p , ξn+1
p ) + ∆taθh(ξn+1

θ , ξn+1
θ )

)
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+

M−1∑
n=1

(
c0θ0(ξn+1

p − ξnp , ξn+1
p )Th + Cd(ξn+1

θ − ξnθ , ξ
n+1
θ )Th

)

− 3αmθ0∆t

M−1∑
n=1

(
(Dtξ

n+1
θ , ξn+1

p )Th + (Dtξ
n+1
p , ξn+1

θ )Th

)

=

M−1∑
n=1

[
αθ0∆tbh(Dtξ

n+1
u , χn+1

p ) + 3αTKdrθ0∆tbh(Dtξ
n+1
u , χn+1

θ )

− αθ0∆tbh(Dtχ
n+1
u , ξn+1

p )− 3αTKdrθ0∆tbh(Dtχ
n+1
u , ξn+1

θ )

+ αθ0∆tbh(Dtu
n+1 − un+1

t , ξn+1
p ) + 3αTKdrθ0∆tbh(Dtu

n+1 − un+1
t , ξn+1

θ )

− c0θ0∆t(Dtχ
n+1
p , ξn+1

p )Th + 3αmθ0∆t(Dtχ
n+1
p , ξn+1

θ )Th

+ 3αmθ0∆t(Dtχ
n+1
θ , ξn+1

p )Th − Cdθ0∆t(Dtχ
n+1
θ , ξn+1

p )Th

+ c0θ0∆t(Dtp
n+1 − pn+1

t , ξn+1
p )Th − 3αmθ0∆t(Dtp

n+1 − pn+1
t , ξn+1

θ )Th

+Cd∆t(Dtθ
n+1 − θn+1

t , ξn+1
θ )Th − 3αmθ0∆t(Dtθ

n+1 − θn+1
t , ξn+1

p )Th

]
:=

14∑
i=1

Ti. (33)

We can bound the left-hand side (LHS) of (33) from below, similarly to what we did
to obtain (31). However, we use the following form of summation by parts to deal
with the last term:

M−1∑
n=1

(φn+1 − φn)ψn+1 +

M−1∑
n=1

φn+1(ψn+1 − ψn)

= φMψM − φ1ψ1 +

M−1∑
n=1

(φn+1 − φn)(ψn+1 − ψn).

Then,

LHS

≥ 1

2
θ0(κu‖ξMu ‖2V − Cau‖ξ

1
u‖2V ) + ∆t

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)
+

1

2
c0θ0(‖ξMp ‖20 − Cap‖ξ

1
p‖20) +

1

2
Cd(‖ξMθ ‖

2
0 − Caθ‖ξ

1
θ‖

2
0)

− 3αmθ0(ξMp , ξMθ )Th + 3αmθ0(ξ1
p, ξ

1
θ)Th − 3αmθ0(∆t)2

M−1∑
n=1

(Dtξ
n+1
p , Dtξ

n+1
θ )Th

≥ 1

2
θ0(κu‖ξMu ‖2V − Cau‖ξ

1
u‖2V ) + ∆t

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)
+

1

2
c0θ0(‖ξMp ‖20 − Cap‖ξ

1
p‖20) +

1

2
Cd(‖ξMθ ‖

2
0 − Caθ‖ξ

1
θ‖

2
0)

− 3αmθ0
2

(
‖ξMp ‖20 + ‖ξMθ ‖

2
0 + ‖ξ1

p‖20 + ‖ξ1
θ‖

2
0

)
− 3

2
αmθ0(∆t)2

M−1∑
n=1

(
‖Dtξn+1

p ‖20 + ‖Dtξn+1
θ ‖20

)
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≥ 1

2
θ0κu‖ξMu ‖2V + ∆t

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)
+

1

2
(c0 − 3αm)θ0‖ξMp ‖20 +

1

2
(Cd − 3αmθ0)‖ξMθ ‖

2
0

− 1

2
θ0Cau‖ξ

1
u‖2V −

1

2
(c0Cap + 3αm)θ0‖ξ1

p‖20 −
1

2
(CdCaθ + 3αmθ0)‖ξ1

θ‖
2
0

− 3

2
αmθ0(∆t)2

M−1∑
n=1

(
‖Dtξn+1

p ‖20 + ‖Dtξn+1
θ ‖20

)
.

As this lower-bound of the LHS is bounded above by the right-hand side (RHS) of
(33), we can obtain

1

2

(
θ0κu‖ξMu ‖2V + (c0 − 3αm)θ0‖ξMp ‖20 + (Cd − 3αmθ0)‖ξMθ ‖

2
0

)
+ ∆t

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)

≤ RHS + C

[
‖ξ1

u‖2V + ‖ξ1
p‖20 + ‖ξ1

θ‖
2
0 + (∆t)2

M−1∑
n=1

(
‖Dtξn+1

p ‖20 + ‖Dtξn+1
θ ‖20

)]
.

(34)

To complete the analysis, we turn to bound the RHS. First, rewrite T1 using sum-
mation by parts and bound it using the continuity of bh, the Cauchy-Schwarz
and Young’s inequalities, and appropriate Taylor expansions and projection error
estimate as follows:

T1 = αθ0

M−1∑
n=1

bh(ξn+1
u − ξnu , χn+1

p )

= αθ0

(
bh(ξMu , χMp )− bh(ξ1

u, χ
1
p)−∆t

M−1∑
n=1

bh(ξnu , Dtχ
n+1
p )

)

≤ 1

8
θ0κu‖ξMu ‖2V + C

[
‖ξ1

u‖2V + ‖χMp ‖20 + ‖χ1
p‖20 + ∆t

M−1∑
n=1

(
‖ξnu‖2V + ‖Dtχn+1

p ‖20
)]

.

Similarly,

T2 ≤
1

8
θ0κu‖ξMu ‖2V + C

[
‖ξ1

u‖2V + ‖χMθ ‖
2
0 + ‖χ1

θ‖
2
0 + ∆t

M−1∑
n=1

(
‖ξnu‖2V + ‖Dtχn+1

θ ‖20
)]

.

The rest of the terms, T3, . . . , T14, can be bounded in the same manner as in the
proof of Lemma 5.8. This will lead us to the following upper-bound of RHS:

RHS

≤ 1

4
θ0κu‖ξMu ‖2V +

∆t

2

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)

+ C

[
∆t

M−1∑
n=1

(
‖ξn+1
p ‖20 + ‖ξn+1

θ ‖20
)

+ ‖ξ1
u‖2V + ‖χMp ‖20 + ‖χ1

p‖20 + ‖χMθ ‖
2
0

+‖χ1
θ‖

2
0 + ∆t

M−1∑
n=1

(
‖Dtχn+1

u ‖20 + ‖Dtχn+1
p ‖20 + ‖Dtχn+1

θ ‖20
)
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+∆t

M−1∑
n=1

(
‖Dtun+1 − un+1

t ‖20 + ‖Dtpn+1 − pn+1
t ‖20 + ‖Dtθn+1 − θn+1

t ‖20
)]

≤ 1

4
θ0κu‖ξMu ‖2V +

∆t

2

M−1∑
n=1

(
θ0κp‖ξn+1

p ‖2W + κθ‖ξn+1
θ ‖2W

)

+ C

[
∆t

M−1∑
n=1

(
‖ξn+1
p ‖20 + ‖ξn+1

θ ‖20
)

+ ‖ξ1
u‖2V + h2

(
‖p0‖21 + ‖θ0‖21

+‖ut‖2L2(0,T ; H1(Ω)) + ‖pt‖2L2(0,T ; H1(Ω)) + ‖θt‖2L2(0,T ; H1(Ω))

)
+(∆t)2

(
‖utt‖2L2(0,T ; L2(Ω)) + ‖ptt‖2L2(0,T ; L2(Ω)) + ‖θtt‖2L2(0,T ; L2(Ω))

)]
.

Now, use this upper-bound and error estimates for the auxiliary errors at time t1 in
(27) and those for the discrete time derivatives in (29) to bound the right-hand side
of (34). Finally, applying the discrete Gronwall lemma, we arrive at the desired error
estimate (32). �

6 Numerical Experiments

This section presents a set of numerical experiments aimed at validating the
theoretical results presented in Section 5 and demonstrating the effectiveness
and robustness of the proposed EG method. The computations are performed
using deal.II, a finite element library [23], on quadrilateral meshes.

6.1 Example 1. Optimal convergence for smooth solutions

To verify the optimal convergence rate of the proposed method as proven in
Theorem 5.1, we evaluate the method’s performance on smooth solutions. The
spatial domain is Ω = (0, 1)2, the final time is T = 0.1, and the following
manufactured analytical solution is used:

u = [sin(πxt) cos(πyt), cos(πxt) sin(πyt)] , p = cos(t+x−y), θ = sin(t+x−y),

from which the right-hand side functions f , g, and h are obtained. The physical
parameters are chosen to be simple numbers: α = λ = µ = c0 = Cd = 1,

(0, 0)

(1, 1)

Γbottom

Γtop

Γleft Γright

Case Boundary conditions

I Γd = Γp = Γr = ∂Ω

II
Γd = Γf = Γh = Γtop ∪ Γbottom

Γt = Γp = Γr = Γleft ∪ Γright

Fig. 1: Example 1: Boundary labels (left) and boundary conditions for two
test cases (right).
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αT = 0.3, αm = 0.001, Kdr = (3λ+ 2µ)/3, θ0 = 1, and K = D = I, where I
is the 2× 2 identity matrix. The penalty parameters are chosen as βu = βp =
βθ = 1000.

As for boundary conditions, we consider two different combinations of
boundary conditions. For case I, we impose pure Dirichlet boundary condi-
tions for all three variables directly found from the exact solution. For case
II, we use mixed boundary conditions, where we impose Neumann boundary
condition for u and Dirichlet boundary conditions for p and θ on the left and
right sides, whereas we impose Dirichlet boundary condition for u and Neu-
mann boundary conditions for p and θ on the top and bottom sides. These
boundary conditions for the two cases are summarized in Figure 1.

We solved the EG method and measured errors on five uniform meshes,
starting with the initial mesh and timestep sizes of h = 0.25 and ∆t = 0.01,
halving them in each refinement cycle. The errors were measured in ‖u −
uh‖L∞(0,T ; H1(Th)), ‖p − ph‖L2(0,T ; H1(Th)), and ‖θ − θh‖L2(0,T ; H1(Th)) norms,
respectively. The convergence results are summarized in Figure 2, illustrating
the expected optimal convergence rates for both cases.

(a) Case I (b) Case II

Fig. 2: Example 1: Convergence results.

6.2 Example 2. Solution with a large λ

In this example, we test our EG method against a solution with a large λ
value. The error constant in our error estimates (16) depends on the Lamé
constant λ; hence the performance of our method may not be as good when λ
is large. In this case, we can extend the EG method (7) by slightly modifying
the bilinear form auh and the linear functional gu

h as follows. On a triangular
mesh, we simply add an additional penalty term λ2γuhe〈[[∇ ·w]] , [[∇ · v]]〉EIh
to the bilinear form auh . On the other hand, it requires more modification on a
quadrilateral mesh, where, in addition to a new penalty term, we also use the
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reduced integration for the divergence operator in both auh and gu
h :

auh(w,v) := 2µ(ε(w), ε(v))Th + λ(P0∇ ·w,P0∇ · v)Th
+ 〈{(2µε(w) + λ P0∇ ·w)ne} , [[v]]〉EIh∪Γd − 〈[[w]] , {(2µε(v) + λ P0∇ · v)ne}〉EIh∪Γd

+ βu
〈
h−1
e [[w]] , [[v]]

〉
e∈EIh∪Γd

+ λ2γuhe〈[[P0∇ ·w]] , [[P0∇ · v]]〉EIh (35a)

and

gu
h(t; v) := (f(t),v)Th + 〈tN (t),v〉Γt − 〈uD(t), (2µε(v) + λ P0∇ · v)n〉Γd

+ βu
〈
h−1
e uD(t),v

〉
Γd
, (35b)

where P0 is the local L2-projection onto the piecewise constant space PDG0 .
No error estimates have yet been proved independently of λ for these modified
methods. However, the following numerical test shows promising results for
the case of a large λ.
Here, our manufactured solution is

u =

[
sin(πxt) sin(πyt) +

1

λ
xt, cos(πxt) cos(πyt) +

1

λ
yt

]
,

p = cos(t+ x− y), and θ = sin(t+ x− y)

in a computational domain Ω× I = (0, 1)2 × (0, 0.1]. The functions f , g, and h
are obtained from the exact solution. For boundary conditions, we employ pure
Dirichlet boundary conditions for all variables. Note that ∇ ·u = 2t/λ→ 0 as
λ → ∞ at any time t. We used the following physical parameters: α = µ =
c0 = Cd = 1, αT = 10−6, αm = 10−8, λ = 106, Kdr = (3λ+ 2µ)/3, θ0 = 1, and
K = D = I. As before, we used βu = βp = βθ = 1000. But, we also used an
additional penalty parameter γu = 10−5 in (35). With the above physical and
penalty parameters, we performed the same convergence study as in Example
1. The convergence behaviors of the EG method are illustrated in Figure 3,
where we see the optimal convergence rates for all three variables even when
λ is very large. In other words, no Poisson locking is shown.

6.3 Example 3. Injection and production of the fluid

This example considers a more realistic scenario in, for example, geothermal
reservoir simulations, where we simulate injection-production processes in the
domain. Our spatial domain is Ω = (0, 1)2 with injection and production wells
situated at (0.25, 0.5) and (0.75, 0.5), respectively.The injection and production
functions for the pressure and temperature are defined as

g(x, y) = gce
(−1000(x−x1)2−1000(y−y1)2) − gce(−1000(x−x2)2−1000(y−y2)2), (36a)

h(x, y) = hce
(−1000(x−x1)2−1000(y−y1)2) − hce(−1000(x−x2)2−1000(y−y2)2) (36b)
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Fig. 3: Example 2: Convergence results with a large λ value.

with gc = 1, hc = 10, (x1, y1) = (0.25, 0.5) and (x2, y2) = (0.75, 0.5), while
the external force function f = 0. Regarding the boundary conditions, we
impose the homogeneous Dirichlet boundary condition for u (uD = 0) and the
homogeneous Neumann boundary conditions for both p and θ (qN = sN = 0)
on the entire boundary ∂Ω. The initial conditions are set to be u0 = 0, p0 = 0,
and θ0 = 100. Additionally, the following physical parameters are used: λ = 10,
µ = 1, αT = 10−4, αm = 10−6, α = 1, c0 = 10−5, Cd = 10.0, θ0 = 100, K =
10−4I, and D = I. The penalty parameters were set to βu = βp = βθ = 1000.
Finally, we used the mesh and time step sizes h = 0.02, and ∆t = 0.001, and
the final time is T = 1.

The simulation results at the final time are shown in Figures 4-6. First,
Figure 4 (a) presents the vector fields of the displacement, where we clearly
observe the expansion and compression of the medium due to injection and
production, respectively. Figure 4 (b) provides another perspective, illustrating
the deformation of the mesh by the projected displacement. Figures 5 and 6
illustrate the pressure and temperature profiles. We note that the temperature
solution is more diffusive than the pressure due to the larger conductivity than
the permeability value.

Fig. 4: Example 3: Displacement, u, at T = 1 illustrated by vector fields (left)
and a deformed mesh (right).
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Fig. 5: Example 3: Pressure, p, at T = 1 (left) and a cross-section across the
line y = 0.5 (right).

Fig. 6: Example 3: Temperature, θ, at T = 1 (left) and a cross-section across
the line y = 0.5 (right).
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6.4 Example 4. A solution in a heterogeneous medium
and local conservation property

In this final example, we consider a heterogeneous domain Ω = (−0.5, 0.5)2

with a larger permeability and conductivity zone in the center of the domain
than the rest of the domain, as shown in Figure 7 (left). Specifically, the perme-
ability and conductivity values are K = 10−1I and D = I in the middle layer
and K = 10−4I and D = 10−3I in other layers. As in Example 3, we simulate
injection-production processes realized by the source and sink functions defined
as in (36) with gc = hc = 10−2, (x1, y1) = (−0.25, 0), and (x2, y2) = (0.25, 0).
Also, the external force function is f = 0. We imposed the homogeneous Neu-
mann boundary conditions for all three variables on the entire boundary ∂Ω.
The initial conditions are set to be u0 = 0, p0 = 0, and θ0 = 1.

The rest of the data are as follows: λ = 1, µ = 1, c0 = 10−2, Cd = 1,
αT = 10−4, αm = 10−6, α = 1, and θ0 = 1. This time, we used the following
penalty parameters: βu = βp = βθ = 100. We also used mesh and time step
sizes of h = 0.01 and ∆t = 0.1 with T = 20.

Figure 7 depicts vector fields of the displacement, u, while Figure 8 depicts
the pressure and temperature solutions at the final time. These figures show
that all three solutions have no oscillations or non-physical phenomena near
the material interfaces.

As one of our primary interests is the local conservation properties of our
EG method, we measured the residuals in the discrete local mass and energy
conservation equations, (13a) and (13b). It is well-known that the classical
CG method lacks these properties. Hence, for comparison’s sake, we solved the
same problem using the bilinear CG method and measured the residuals in
the continuous local mass and energy conservation equations, (12a) and (12b).
More specifically, we measured the absolute difference between the left- and
right-hand sides of these conservation equations on each mesh element K ∈ Th.
The residuals of the local mass conservation equations, (13a) and (12a), are

K = 0.1I
D = I

K = 10−4I
D = 10−3I

(a) Example 4: domain (b) Vector fields of u

Fig. 7: Example 4: Heterogeneous medium with injection and production wells
(left) and the vector fields of u at T = 20 (right).
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(a) p (b) θ

Fig. 8: Example 4: (a) Pressure and (b) temperature profiles at T = 20.

denoted by Rp, and those of the local energy conservation equations, (13b)
and (12b), are denoted by Rθ. Note that Rp and Rθ are piecewise constant
functions on the mesh Th. Figures 9 and 10 show the residuals at the final time
of the simulation. The figures show that the EG method produces several-
order magnitude smaller residuals than the CG method for both the mass and
energy conservation equations. Also, it appears that while the larger residuals
in the CG method are concentrated near the wells, those in the EG method
are mostly near the domain boundary in the middle layer. We also monitored
the maximum residuals over time, that is, ‖Rθ‖L∞(Ω) and ‖Rp‖L∞(Ω) for 0 <
t ≤ T , for mass and energy conservation equations. These results are depicted
in Figure 11, where we observe that the maximum residual values for mass
and energy conservation in the EG method decrease over time as the system
approaches its equilibrium state. However, the maximum residual values in the
CG method remain nearly constant during the entire simulation period.

(a) Rp from EG (b) Rp from CG

Fig. 9: Example 4. Residual, Rp, in the local mass conservation equations at
the final time.
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(a) Rθ from EG (b) Rθ from CG

Fig. 10: Example 4: Residual, Rθ, in the local energy conservation equations
at the final time.

(a) ‖Rp‖L∞(Ω) (b) ‖Rθ‖L∞(Ω)

Fig. 11: Example 4. Maximum local mass and energy residuals over time.
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