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investigation of ANN-based efficient estimation and inference on general TEs with increasing dimensional confounders, without 
known sparsity. 

In this paper, we propose an ANN-based, root-n consistent, asymptotic normal, and efficient estimator of general multi-valued TE. 
Our TE estimator is obtained by directly optimizing a generalized objective function that involves an ANN-approximated nonpara
metric Propensity Score (PS) function, which is the only nuisance function to be estimated. Theoretically, we derive a new convergence 
rate of the ANN estimator for the nuisance function under mild conditions when the number of confounders is allowed to grow with the 
sample size (n). Our method can be naturally used to estimate general TEs, including the average, quantile, and asymmetric least 
squares TEs. In addition, our optimization procedure enables us to easily construct convenient weighted bootstrapped confidence sets, 
without the need of estimating the asymptotic variances that are of complicated forms for quantile TEs and asymmetric TEs.1 

Feedforward ANNs are effective tools for solving the classification and prediction problems with high dimensional covariates and 
big data sets. The basic idea is to extract linear combinations of the inputs as features, and then model the target as a nonlinear function 
of these features. It has been shown in the literature (Barron, 1993; Chen and White, 1999; Hornik et al., 1994; Klusowski and Barron, 
2018) that when the unknown target function admits a Fourier representation with a bounded moment, its ANNs approximator enjoys 
a fast approximation rate, making ANNs a promising tool to potentially break the notorious “curse of dimensionality” in nonparametric 
multivariate regression. This Fourier function class is recently named “Barron class” by E et al. (2022), who claim it is one right 
function space to address the curse of dimensionality problem. Nevertheless, it is of interest to investigate how the Barron class is 
related to some classical function spaces such as the Sobolev space (Stone, 1994; Wasserman, 2006) commonly used in the 
nonparametric regression literature.2 Moreover, it is still unclear how the moment of the Fourier transform appeared in the ANN 
approximation error bounds depends on the dimension of the covariates. This moment is implicitly treated as a constant in the existing 
works on ANNs (Barron, 1993; Chen and White, 1999; Klusowski and Barron, 2018) as they consider fixed dimensions. 

In this paper, we introduce a mixed smoothness class, and show that it is a subset of the Barron class. For any function in the mixed 
smoothness class, we derive an upper bound for the moment of its Fourier transform in terms of the dimension of the covariates. 
Functions in this mixed smoothness class need to be at least one order smoother in each coordinate than those in the standard Sobolev 
ball. We show that the nonlinear ANN estimators for functions in the mixed smoothness class have fast convergence rates. We also 
show that the conventional linear sieve approximators still suffer the “curse of dimensionality” when the target function belongs to the 
mixed smoothness class. Our new theoretical results enhance readers’ understanding why single hidden layer ANNs perform better 
than nonparametric linear smoothers when estimating functions in a mixed smoothness class with increasing dimensional covariates. 

While the development of credible inferential theories for the ANN-based estimator of TEs is essential to test the significance of the 
various causal effects, it is also a daunting task because of the complex nonlinear structure of the ANNs. In this paper, we establish the 
root-n asymptotic normality of our ANN-based TE estimator when the number of the confounders is allowed to grow with the sample 
size. Different from the earlier works on semiparametric efficient estimation and inference for TEs (see, e.g., Ai et al., 2021; Chen et al., 
2008; Hirano et al., 2003; Robins et al., 1994), our semiparametric inferential theory allows for settings with diverging dimensional 
confounders. To the best of our knowledge, our paper is the first to provide a thorough theoretical justification for the ANN-based 
inferential procedures for general TEs when the dimension of the confounders can grow with the sample size. 

Our ANN-based TE estimator is obtained directly from a generalized optimization procedure without estimating the Efficient In
fluence Function (EIF). The estimated EIF approach requires estimating two nuisance functions nonparametrically, while our opti
mization based procedure involves estimating one nuisance function only. Recently, Farrell et al. (2021) proposed an ANN-based 
Doubly Robust (DR) (or EIF based) estimator of average TEs, which involves estimating both OR and PS nuisance functions via 
ANNs. They assume that both nuisance functions belong to the standard Sobolev (or Hölder) ball and the dimension of the confounders 
is fixed. Although the EIF estimation-based method is commonly used for estimating average TEs, see for example Cao et al. (2009), 
Tan (2010), van der Laan and Rose (2011), Rotnitzky et al. (2012), Kennedy et al. (2017), Chernozhukov et al. (2018), it can be more 
difficult to apply in quantile, asymmetric and other complex TE settings, as these TE parameters can enter the estimated EIF equation in 
a nonlinear and non-separable fashion. When the nuisance functions are trained by nonlinear machine learning algorithms, it becomes 
even more computationally challenging to estimate the EIF in these complex settings. Our TE estimator is obtained directly from 
optimizing an objective function with a plug-in ANN-based estimator of the PS nuisance function, so a weighted bootstrap procedure 
can be conveniently applied for conducting inference without estimating the EIF nor the asymptotic variance function. To better 
illustrate our ANN-based TE estimation and inference procedures, we focus on using the ANNs with one hidden layer in the main text, 
and discuss the extension to ANNs with multiple hidden layers in the online supplement. 

Finally, for those readers who care about efficient estimation of the averaged treatment effect (ATE) only, we also propose an ANN- 
based efficient estimator of the ATE obtained from the ANN estimated OR nuisance function. Under standard regularity conditions, our 
proposed ANN-PS and ANN-OR estimators for ATE have the same asymptotic distribution, and are both asymptotic efficient when the 
number of covariates is fixed. We show that, unlike the estimators using IPW and DR methods, the ANN-OR based ATE estimator can 
achieve the root-n asymptotic normality without imposing the strict overlap condition on the PS function. Consequently, the ANN-OR 
based ATE estimator is more robust than the ANN-PS based estimator when the true unknown PS function is close to zero. In our Monte 
Carlo simulations, we also observe that ANN-OR based ATE estimator performs slightly better than ANN-DR ATE estimator, which in 

1 See our online supplement for consistent estimation of the asymptotic variances. Nevertheless, our simulation studies indicate that bootstrapped 
CSs are more accurate than the CSs based on estimated asymptotic variance.  

2 The minimax optimal rate in root-mean squared error norm for estimating a function in the standard Sobolev ball is known, and no 
nonparametric estimator can avoid the “curse of dimensionality” for the standard Sobolev ball. 
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π̂ ( ) Ê[1( ≤ β)| = ,X = ] π∗( ) E[1( ≤ β)| = ,X = ]
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Table 1 
The summary statistics of the estimated ATEs for Model 1 with p = 5.   

IPW OR DR Oracle  

ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN 
n = 1000               

bias 0.0008 0.0584 0.0594 0.0523 0.0562 0.0015 0.0010 0.0586 0.0574 0.0151 0.0144 0.0012 0.0026 0.0006 
emp_sd 0.0758 0.0907 0.0924 0.0830 0.0844 0.0789 0.0713 0.0906 0.0930 0.0769 0.0828 0.0726 0.0752 0.0668 
est_sd 0.0701 0.0923 0.0903 0.0511 0.0483 0.0715 0.0701 0.0923 0.0903 0.0511 0.0483 0.0715 0.0701 0.0686 
cover_rate 0.9275 0.9025 0.8750 0.6700 0.6400 0.9250 0.9425 0.9050 0.8900 0.8000 0.7450 0.9425 0.9325 0.9600 
est_sd_boot 0.0771 0.0901 0.0922 0.0821 0.0853 0.0791 0.0751 0.0902 0.0924 0.0773 0.0841 0.0737   
cover_rate_boot 0.9375 0.8850 0.0888 0.9025 0.8950 0.9375 0.9475 0.8875 0.8875 0.9275 0.9350 0.9500   
n = 2000               
bias 0.0007 0.0578 0.0585 0.0495 0.0425 0.0008 0.0009 0.0591 0.0571 0.0127 0.0131 0.0010 0.0007 0.0010 
emp_sd 0.0524 0.0684 0.0675 0.0620 0.0634 0.0563 0.0499 0.0685 0.0677 0.0564 0.0575 0.0502 0.0523 0.0498 
est_sd 0.0488 0.0652 0.0637 0.0371 0.0370 0.0508 0.0488 0.0652 0.0637 0.0371 0.0370 0.0508 0.0493 0.0485 
cover_rate 0.9375 0.8175 0.8100 0.6250 0.6500 0.9175 0.9500 0.8175 0.8050 0.7875 0.7575 0.9475 0.9475 0.9475 
est_sd_boot 0.0573 0.0679 0.0665 0.0612 0.0645 0.0599 0.0493 0.0685 0.0697 0.0563 0.0572 0.0505   
cover_rate_boot 0.9475 0.8275 0.8400 0.8400 0.8575 0.9400 0.9500 0.8275 0.8225 0.9200 0.9075 0.9500   
n = 5000               
bias 0.0001 0.0558 0.0545 0.0407 0.0225 0.0002 0.0003 0.0558 0.0545 0.0043 0.0073 0.0003 0.0009 0.0010 
emp_sd 0.0334 0.0397 0.0390 0.0362 0.0376 0.0335 0.0312 0.0397 0.0389 0.0324 0.0327 0.0305 0.0322 0.0309 
est_sd 0.0309 0.0413 0.0403 0.0244 0.0258 0.0307 0.0309 0.0413 0.0403 0.0244 0.0258 0.0307 0.0306 0.0307 
cover_rate 0.9350 0.7350 0.7175 0.5700 0.7400 0.9250 0.9475 0.7375 0.7150 0.8500 0.8450 0.9525 0.9400 0.9600 
est_sd_boot 0.0331 0.0402 0.0401 0.0355 0.0365 0.0337 0.0308 0.0399 0.0402 0.0327 0.0331 0.0305   
cover_rate_boot 0.9475 0.7350 0.7225 0.7850 0.8725 0.9475 0.9575 0.7350 0.7250 0.9325 0.9250 0.9525    
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Table 2 
The summary statistics of the estimated ATEs for Model 1 with p = 10.   

IPW OR DR Oracle  

ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN 
n = 1000               

bias 0.0010 0.0635 0.0655 0.0574 0.0536 0.0010 0.0064 0.0637 0.0640 0.0264 0.0279 0.0037 0. 0073 0.0077 
emp_sd 0.0855 0.0900 0.1127 0.0887 0.0915 0.0859 0.0793 0.0901 0.1041 0.0825 0.0832 0.0785 0.0823 0.0666 
est_sd 0.0789 0.0943 0.0982 0.0547 0.0512 0.0784 0.0789 0.0943 0.0982 0.0547 0.0512 0.0784 0.0789 0.0695 
cover_rate 0.9250 0.9075 0.8675 0.6725 0.6500 0.9275 0.9400 0.9075 0.8800 0.7775 0.7375 0.9450 0.9325 0.9550 
est_sd_boot 0.0884 0.0923 0.1089 0.0893 0.0921 0.0864 0.0798 0.0913 0.0965 0.0833 0.0856 0.0778   
cover_rate_boot 0.9350 0.8950 0.8825 0.8925 0.8950 0.9375 0.9475 0.8950 0.8650 0.9150 0.9125 0.9450   
n = 2000               
bias 0.0034 0.0659 0.0661 0.0584 0.0462 0.0032 0.0001 0.0660 0.0675 0.0227 0.0266 0.0009 0.0012 0.0050 
emp_sd 0.0597 0.0660 0.0692 0.0634 0.0629 0.0657 0.0543 0.0661 0.0683 0.0588 0.0590 0.0519 0.0558 0.0501 
est_sd 0.0532 0.0668 0.0667 0.0397 0.0382 0.0539 0.0532 0.0668 0.0667 0.0397 0.0382 0.0539 0.0530 0.0492 
cover_rate 0.9250 0.8275 0.8225 0.6050 0.6400 0.9250 0.9400 0.8250 0.8275 0.7825 0.7475 0.9650 0.9400 0.9500 
est_sd_boot 0.0604 0.0668 0.0687 0.0624 0.0628 0.0649 0.0560 0.0664 0.0679 0.0590 0.0595 0.0530   
cover_rate_boot 0.9475 0.8250 0.8250 0.8125 0.8375 0.9425 0.9500 0.8275 0.8350 0.9025 0.8875 0.9525   
n = 5000               
bias 0.0015 0.0679 0.0670 0.0565 0.0362 0.0012 0.0001 0.0679 0.0670 0.0158 0.0177 0.0009 0. 0017 0.0020 
emp_sd 0.0363 0.0439 0.0439 0.0416 0.0419 0.0357 0.0332 0.0440 0.0439 0.0376 0.0376 0.0319 0.0345 0.0319 
est_sd 0.0322 0.0422 0.0418 0.0258 0.0267 0.0319 0.0322 0.0422 0.0418 0.0258 0.0267 0.0319 0.0323 0.0311 
cover_rate 0.9275 0.6100 0.5975 0.4225 0.6150 0.9250 0.9425 0.6125 0.6000 0.7875 0.7700 0.9500 0.9475 0.9550 
est_sd_boot 0.0368 0.0441 0.0443 0.0420 0.0423 0.0349 0.0333 0.0440 0.0442 0.0376 0.0378 0.0323   
cover_rate_boot 0.9475 0.6550 0.6475 0.6575 0.7875 0.9450 0.9525 0.6250 0.6175 0.8275 0.8150 0.9525    

X. Chen et al.                                                                                                                                                                                                           



logit{E(Di|Xi)} = 0.5
(
X∗

i1X∗
i2 − 0.7sin

((
X∗

i3 + X∗
i4

)(
X∗

i5 − 0.2
))− 0.1

)
,

E
(
Y∗

i (1)
⃒⃒
Xi
) = E(Yi|Xi,Di = 1) = 0.3

(
X∗

i1 − 0.9
)2 + 0.1

(
X∗

i2 − 0.5
)2

−0.6X∗
i2X∗

i3 + sin
(− 1.7

(
X∗

i1 + X∗
i3 − 1.1

)+ X∗
i4X∗

i5

)+ 1,

E
(
Y∗

i (0)
⃒⃒
Xi
) = E(Yi|Xi,Di = 0) = 0.64

(
X∗

i1 − 0.9
)2 + 0.16

(
X∗

i2 + 0.2
)2

−0.6X∗
i2X∗

i3 + sin
(− 1.7

(
X∗

i1 + X∗
i3 − 1.1

)+ X∗
i4X∗

i5

)− 1;

logit{E(Di|Xi)} = 0.1
(
X∗

i1 + X∗
i2 − 2X∗

i3 + 3X∗
i4 − 3X∗

i5

)
,

E
(
Y∗

i (1)
⃒⃒
Xi
) = E(Yi|Xi,Di = 1) = 4X∗

i1 + 3X∗
i2 − X∗

i3 − 5X∗
i4 + 7X∗

i5 + 1,

E
(
Y∗

i (0)
⃒⃒
Xi
) = E(Yi|Xi,Di = 0) = 4X∗

i1 + 3X∗
i2 − X∗

i3 − 5X∗
i4 + 7X∗

i5 − 1,

∗
′ =

∑ ′/
= ( ′− )/ + ≤ ′ ≤ , ≤ ≤ ∗( ) = E( ∗( )⃒⃒X )+ ϵ = { , } ϵ ∼ . . . N ( , ) ≤ ≤

= ( ( ) − . ) = ( , ..., )⊤∼ . . . N ( ,Σ) Σ = {σ ′} σ ′ = . | − ′| ≤ ,
′ ≤ (⋅) ≤ ≤ , ≤ ≤ =

∗
′ / ’ ′ = , ...,

= =

= =
= ( ( /σ ) − . ) σ = ( , ..., )⊤

• = ⊤ + η ∼ . . . N ( , Σ∗) Σ∗ = {σ ′} σ ′ = . | − ′| ≤ , ′ ≤
∼ . . . N ( ,Σ∗) η ∼ . . . N ( , ) =

• ∼ . . . N ( ,Σ) Σ = {σ ′} σ ′ = . (| − ′|) ≤ , ′ ≤ ( ) = ⌈ / ⌉ ⌈ ⌉ 

=

– =



JournalofEconometrics238(2024)105555

16

Table 3 
The summary statistics of the estimated QTEs by the IPW method for Model 1 with p=5.   

Q1 Q2 Q3  

ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN 
n=1000                   

bias 0.0045 0.0601 0.0589 0.0630 0.0684 0.0036 0.0012 0.0534 0.0574 0.0507 0.0539 0.0025 0.0098 0.0363 0.0407 0.0286 0.0302 0.0067 
emp_sd 0.1266 0.1358 0.1418 0.1274 0.1301 0.1235 0.1075 0.1116 0.1166 0.1055 0.1074 0.1099 0.1196 0.1151 0.1201 0.1121 0.1130 0.1206 
est_sd 0.1414 0.1403 0.1596 0.1398 0.1405 0.1404 0.1238 0.1240 0.1447 0.1241 0.1249 0.1222 0.1251 0.1232 0.1412 0.1237 0.1247 0.1243 
cover_rate 0.9500 0.9275 0.9375 0.9350 0.9250 0.9525 0.9675 0.9550 0.9500 0.9675 0.9650 0.9575 0.9600 0.9650 0.9650 0.9650 0.9625 0.9625 
est_sd_boot 0.1259 0.1378 0.1432 0.1275 0.1305 0.1278 0.1091 0.1154 0.1171 0.1087 0.1072 0.1093 0.1231 0.1131 0.1241 0.1172 0.1187 0.1236 
cover_rate_boot 0.9350 0.9225 0.9300 0.9275 0.9175 0.9375 0.9600 0.9500 0.9475 0.9500 0.9475 0.9500 0.9575 0.9450 0.9500 0.9575 0.9550 0.9600 
n = 2000                   
bias 0.0046 0.0604 0.0560 0.0631 0.0646 0.0037 0.0004 0.0547 0.0523 0.0454 0.0467 0.0014 0.0056 0.0494 0.0506 0.0372 0.0369 0.0043 
emp_sd 0.0928 0.1029 0.1012 0.0944 0.0944 0.0954 0.0819 0.0883 0.0884 0.0828 0.0844 0.0831 0.0852 0.0872 0.0888 0.0848 0.0860 0.0864 
est_sd 0.0900 0.0986 0.0976 0.0984 0.0989 0.0933 0.0791 0.0870 0.0872 0.0871 0.0875 0.0804 0.0814 0.0860 0.0871 0.0862 0.0867 0.0824 
cover_rate 0.9325 0.8650 0.8750 0.9000 0.8875 0.9425 0.9350 0.9050 0.9050 0.9300 0.9225 0.9325 0.9550 0.9100 0.9175 0.9425 0.9350 0.9375 
est_sd_boot 0.0911 0.1014 0.1023 0.0954 0.0968 0.0961 0.0811 0.0889 0.0892 0.0857 0.0853 0.0842 0.0841 0.0872 0.0891 0.0857 0.0871 0.0858 
cover_rate_boot 0.9400 0.8675 0.8925 0.8750 0.8650 0.9450 0.9425 0.9100 0.9025 0.9125 0.9200 0.9500 0.9375 0.9150 0.9200 0.9375 0.9350 0.9450 
n = 5000                   
bias 0.0034 0.0594 0.0560 0.0456 0.0255 0.0029 0.0033 0.0489 0.0478 0.0367 0.0188 0.0036 0.0026 0.0454 0.0460 0.0320 0.0176 0.0014 
emp_sd 0.0560 0.0600 0.0591 0.0555 0.0559 0.0570 0.0514 0.0545 0.0539 0.0520 0.0522 0.0517 0.0494 0.0513 0.0508 0.0497 0.0503 0.0490 
est_sd 0.0558 0.0624 0.0607 0.0624 0.0639 0.0531 0.0493 0.0546 0.0537 0.0546 0.0557 0.0510 0.0508 0.0542 0.0540 0.0542 0.0551 0.0513 
cover_rate 0.9575 0.8625 0.8600 0.9125 0.9575 0.9575 0.9400 0.8675 0.8675 0.9200 0.9525 0.9475 0.9625 0.8900 0.8850 0.9300 0.9575 0.9675 
est_sd_boot 0.0560 0.0614 0.0603 0.0576 0.0578 0.0560 0.0509 0.0553 0.5420 0.0534 0.0539 0.0509 0.5010 0.0517 0.0515 0.0508 0.0512 0.5010 
cover_rate_boot 0.9575 0.8575 0.8550 0.8825 0.9325 0.9575 0.9500 0.8725 0.8725 0.9075 0.9500 0.9500 0.9600 0.8575 0.8550 0.9200 0.9325 0.9625  
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Table 4 
The summary statistics of the estimated QTEs by the IPW method for Model 1 with p=10.   

Q1 Q2 Q3  

ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN ANN GLM GAM RF GBM DNN 
n=1000                   

bias 0.0019 0.0717 0.0750 0.0700 0.0696 0.0023 0.0047 0.0544 0.0541 0.0507 0.0472 0.0033 0.0030 0.0488 0.0476 0.0394 0.0367 0.0036 
emp_sd 0.1585 0.1345 0.1634 0.1325 0.1364 0.1592 0.1437 0.1195 0.1485 0.1179 0.1206 0.1437 0.1332 0.1185 0.1529 0.1193 0.1208 0.1331 
est_sd 0.2530 0.1444 0.4770 0.1442 0.1487 0.2630 0.2639 0.1269 0.4708 0.1269 0.1312 0.2684 0.2034 0.1253 0.4458 0.1255 0.1294 0.2109 
cover_rate 0.9675 0.9200 0.9950 0.9350 0.9375 0.9675 0.9425 0.9450 1.0000 0.9475 0.9525 0.9450 0.9575 0.9325 1.0000 0.9350 0.9500 0.9575 
est_sd_boot 0.1623 0.1345 0.1552 0.1376 0.1425 0.1687 0.1523 0.1231 0.1253 0.1198 0.1225 0.1523 0.1376 0.1203 0.1623 0.1198 0.1256 0.1392 
cover_rate_boot 0.9325 0.9150 0.9125 0.9300 0.9250 0.9350 0.9350 0.9350 0.9375 0.9400 0.9475 0.9500 0.9325 0.9225 0.9375 0.9000 0.9225 0.9350 
n = 2000                   
bias 0.0030 0.0663 0.0678 0.0632 0.0535 0.0023 0.0015 0.0576 0.0580 0.0529 0.0421 0.0005 0.0105 0.0613 0.0620 0.0527 0.0426 0.0087 
emp_sd 0.1070 0.1040 0.1083 0.1008 0.1016 0.1109 0.0937 0.0902 0.0943 0.0874 0.0872 0.0954 0.0873 0.0855 0.0890 0.0833 0.0830 0.0923 
est_sd 0.1057 0.1021 0.1149 0.1019 0.1052 0.1134 0.0919 0.0889 0.1026 0.0889 0.0917 0.0939 0.0913 0.0878 0.1001 0.0878 0.0904 0.0919 
cover_rate 0.9425 0.8775 0.8850 0.8900 0.9150 0.9475 0.9200 0.8900 0.9175 0.9100 0.9250 0.9350 0.9425 0.9125 0.9325 0.9275 0.9400 0.9525 
est_sd_boot 0.1072 0.1043 0.1097 0.1011 0.1045 0.1122 0.0932 0.0901 0.0994 0.0883 0.0892 0.0952 0.0885 0.0861 0.0923 0.0869 0.0873 0.0925 
cover_rate_boot 0.9450 0.8800 0.8000 0.8900 0.9125 0.9450 0.9325 0.8975 0.9150 0.9100 0.9175 0.9450 0.9375 0.9050 0.9125 0.9250 0.9275 0.9575 
n = 5000                   
bias 0.0065 0.0774 0.0764 0.0696 0.0472 0.0055 0.0046 0.0637 0.0633 0.0547 0.0356 0.0051 0.0021 0.0537 0.0535 0.0433 0.0273 0.0031 
emp_sd 0.0657 0.0682 0.0680 0.0650 0.0656 0.0634 0.0568 0.0580 0.0584 0.0560 0.0567 0.0532 0.0554 0.0555 0.0562 0.0549 0.0563 0.0531 
est_sd 0.0629 0.0644 0.0638 0.0644 0.0659 0.0615 0.0537 0.0556 0.0555 0.0556 0.0568 0.0531 0.0542 0.0550 0.0551 0.0549 0.0560 0.0522 
cover_rate 0.9275 0.7675 0.7725 0.8025 0.8875 0.9275 0.9350 0.7800 0.7725 0.8225 0.9075 0.9450 0.9375 0.8375 0.8300 0.8650 0.9250 0.9375 
est_sd_boot 0.0655 0.0686 0.0678 0.0648 0.0658 0.0635 0.0565 0.0577 0.0579 0.0552 0.0571 0.0545 0.0548 0.0561 0.0568 0.0552 0.0561 0.0528 
cover_rate_boot 0.9325 0.7825 0.7875 0.8125 0.8875 0.9450 0.9475 0.7900 0.7850 0.8200 0.9100 0.9525 0.9400 0.8500 0.8525 0.8675 0.9275 0.9425  
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At last, we evaluate the performance of our proposed TE estimators in the settings with p = 100 and n = 2000. In this scenario, the 
number of confounders is very large compared to the sample size, and it does not satisfy the order requirement given in Assumption 4. 
Note that when dealing with high-dimensional covariates, one often assumes a parametric structure on the regression model and 
imposes a sparsity condition such that a small number of covariates are useful for the prediction The sparsity assumption and the 
parametric structure are not required in our setting. For the purpose of dimensionality reduction, we apply Principal Component 
Analysis (PCA) to extract the first 20 leading principal components, and use them to estimate the PS and OR functions via ANNs. For 
comparison, we also use the original covariates matrix without PCA to fit the nuisance models via ANNs. The resulting TE estimators 
with and without the PCA procedure are called ANN-PCA and ANN, respectively. Tables 5–6 report the summary statistics of the ANN- 
based TE estimators for ATE, ATT, QTE and QTT for Model 1 with p = 100 and n = 2000, based on 400 simulation realizations, when 
the confounders are generated from Designs 1 & 2 given in Section 7.2. For QTE and QTT, we only report the estimated standard 
deviations and empirical coverage rates from the weighted bootstrapping, as it is difficult to estimate the asymptotic standard de
viations in the quantile settings. The ATE and ATT are estimated by the IPW, OR and DR methods, respectively, while the QTE and QTT 
are only estimated by the IPW method. 

From Table 5, for the estimation of ATE and ATT, we see that the empirical coverage rates obtained from all of the three methods, 
IPW, OR and DR, are smaller than the nominal level 0.95, and the values of bias and emp_sd are larger than those values given in 
Tables 1–2 for p = 5,10. The ANN-PCA method yields larger biases but smaller emp_sd than the ANN method. The empirical coverage 
rates from the ANN-PCA method are closer to the nominal level than those from the ANN method for both designs, but they still cannot 
reach the nominal level. It is expected that these ANN-based methods have inferior performance for p = 100 compared to the p = 5, 10 
settings, as the order assumption on the dimension p required for ANN approximations does not hold anymore when p = 100. As a 
result, the ANN-based estimators of the nuisance functions (OR and PS functions) are not guaranteed to be consistent estimators, 
yielding deteriorated performance, and those estimates further affect the estimation of ATE and ATT. The formula of est_sd involves the 
estimates of both OR and PS functions, so it is not surprising that its value is also affected. From Table 6 for the estimation of QTE and 

Table 5 
The summary statistics of the estimated ATEs and ATTs for Model 1 with p = 100 and n = 2000.    

Design 1 Design 2   

ATE ATT ATE ATT   

ANN ANN-PCA ANN ANN-PCA ANN ANN-PCA ANN ANN-PCA 

IPW bias 0.0104 0.0444 0.0205 0.0516 0.0163 0.0446 0.0197 0.0578 
emp_sd 0.0983 0.0719 0.1293 0.0790 0.1080 0.0776 0.1673 0.1005 
est_sd 0.0512 0.0651 0.0764 0.0789 0.0618 0.0733 0.0782 0.0865 
cover_rate 0.8225 0.8650 0.8025 0.8875 0.8100 0.8800 0.7650 0.8500 
est_sd_boot 0.0694 0.0668 0.0899 0.0796 0.0798 0.0737 0.1036 0.0934 
cover_rate_boot 0.8650 0.8675 0.8350 0.8900 0.8550 0.8925 0.8100 0.8825 

OR bias 0.0097 0.0379 0.0132 0.0356 0.0222 0.0388 0.0193 0.0511 
emp_sd 0.0892 0.0722 0.1163 0.0870 0.0988 0.0760 0.1356 0.0961 
est_sd 0.0512 0.0651 0.0764 0.0789 0.0618 0.0733 0.0782 0.0865 
cover_rate 0.8350 0.8900 0.8475 0.8950 0.7975 0.9150 0.8150 0.8400 
est_sd_boot 0.0625 0.0639 0.0871 0.0847 0.0714 0.0698 0.0939 0.0942 
cover_rate_boot 0.8775 0.8850 0.8575 0.9150 0.8450 0.8950 0.8575 0.8850 

DR bias 0.0101 0.0382 0.0158 0.0457 0.0195 0.0390 0.0204 0.0548 
emp_sd 0.0894 0.0723 0.1207 0.0862 0.0992 0.0765 0.1397 0.0964 
est_sd 0.0521 0.0669 0.0785 0.0807 0.0633 0.0724 0.0801 0.0849  
cover_rate 0.8375 0.8850 0.8500 0.9050 0.8025 0.8975 0.8275 0.8375  

Table 6 
The summary statistics of the estimated QTEs and QTTs by the IPW method for Model 1 with p = 100 and n = 2000.    

Design 1 Design 2   

QTE QTT QTE QTT   

ANN ANN-PCA ANN ANN-PCA ANN ANN-PCA ANN ANN-PCA 

Q1 bias 0.0157 0.0259 0.0139 0.0313 0.0132 0.0337 0.0111 0.0418 
emp_sd 0.1379 0.1101 0.1917 0.1257 0.1988 0.1210 0.2551 0.1542 
est_sd_boot 0.1305 0.1004 0.1812 0.1234 0.1753 0.1190 0.2236 0.1497 
cover_rate_boot 0.9050 0.8850 0.9125 0.8875 0.9125 0.8775 0.9050 0.8575 

Q2 bias 0.0131 0.0283 0.0249 0.0302 0.0154 0.0326 0.0055 0.0386 
emp_sd 0.1256 0.1017 0.1687 0.1123 0.1680 0.1101 0.2056 0.1315 
est_sd_boot 0.1104 0.0977 0.1447 0.1026 0.1544 0.1041 0.1869 0.1278 
cover_rate_boot 0.9225 0.9150 0.9075 0.9125 0.9300 0.9025 0.9225 0.9050 

Q3 bias 0.0265 0.0324 0.0446 0.0301 0.0248 0.0354 0.0272 0.0314 
emp_sd 0.1250 0.0966 0.1539 0.1041 0.1784 0.1077 0.2196 0.1192 
est_sd_boot 0.1213 0.0935 0.1495 0.1066 0.1647 0.1003 0.1967 0.1138 
cover_rate_boot 0.9175 0.9100 0.9025 0.8925 0.9200 0.9050 0.9175 0.8975  
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