MULTIPLICITY OF SINGULAR SOLUTIONS TO THE
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ABSTRACT. We prove nonuniqueness results for complete metrics with con-
stant positive fractional curvature conformal to the round metric on $” \ $¥,
using bifurcation techniques. These are singular (positive) solutions to a non-
local equation with critical non-linearity.

1. INTRODUCTION

One of the main pillars of modern Conformal Geometry is the Yamabe problem:
finding a metric with constant scalar curvature in a given conformal class on a
closed manifold M™, n > 3, which corresponds to finding positive solutions to a
nonlinear second-order elliptic PDE. A fourth-order version of this problem, for
the Paneitz—Branson Q-curvature, has been extensively studied, and leads to addi-
tional geometric and topological information. Recently, a one-parameter family of
curvatures with good conformal properties generalizing the above has been intro-
duced, see e.g. [CG11, CC16] and the survey [Gonl8]. This so-called ~-fractional
curvature, denoted by Q. for v € (0, §), is a non-local object of order 2y defined
on M™ when it is the conformal infinity of a conformally compact Einstein man-
ifold, or, more generally, the boundary at infinity of an asymptotically hyperbolic
manifold. For particular values of the parameter, () recovers classical curvatures;
for instance, () is a multiple of the scalar curvature, Q)2 is the usual @Q-curvature,
and @1 can be interpreted as the mean curvature of M with respect to its filling.

The fractional Yamabe problem consists of finding a metric in a given conformal
class (M™,[g]) with constant ~-fractional curvature @,. We remark that, in the
particular case that v = %, this is known as the Cherrier-Escobar problem for
manifolds with boundary, see [MN17] and the references therein. In general, from
the PDE point of view, a positive solution to the fractional Lane-Emden equation

PEu= Q% un 2 on M
Pu = Q5 un=>v on

yields a metric g, = un%%g whose 7-fractional curvature is Q5. Here, P$ is the
conformal fractional Laplacian operator, a pseudo-differential operator on M of or-
der 2 associated to (). In the compact setting, the fractional Yamabe problem
can be solved variationally, using an energy functional for P2; this was the initial
approach adopted in [GQ13]. Nowadays, there are many works exploiting this vari-
ational structure [GW18, KMW18, NSS21, MN22, MN23], as well as some articles
using flows [JX14, DSV17, CSS20].
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In this paper, we are interested the following singular version of the fractional
Yamabe problem, which is much less understood due to the non-local character of
the operator; in particular, because it is not well-defined across singularities.

SINGULAR FRACTIONAL YAMABE PROBLEM. Let (M™,g) be a closed Riemannian
manifold, A C M be a closed subset, and 0 < v < 5. Find a complete metric on
M\ A that is conformal to g and has constant y-fractional curvature.

We restrict our attention to the positive curvature case, which is usually the
most involved one. It is known that, on locally conformally flat manifolds, under
some additional conditions, @), > 0 implies that the singular set A has Hausdorff
dimension k < § —, see [GMS12, Zhal8]. This is reminiscent of the classical work
of Schoen—Yau [SY88] on singular metrics with positive scalar curvature, for which
the maximal dimension of the singular set is § — 1. Unfortunately, a v-fractional
curvature version of their classification results for locally conformally flat metrics
of positive scalar curvature as quotients of the sphere by Kleinian groups is still
far out of reach. Furthermore, complete metrics of positive constant y-fractional
curvature on R™ \ A have only been constructed in a few special cases with strong
assumptions on the singular set; e.g., if A is a finite set of points [ADGW20], or if A
is a prescribed submanifold of dimension k& < & — in [ACD"19, ACD"20] and in
the critical dimension k = § — v in [CD]. More general constructions are available
if one drops the completeness assumption and considers weak solutions [ACGW18].

A key example where solutions trivially exist is the round sphere M = $" with
a totally geodesic singular set A = $¥, 0 < k < n. Using the conformal equivalence

gn \ Sk: o~ Snfkfl % Hk+1
we may pull back the standard product metric gproq = ggn-+-1 + gpr+1 to obtain a
complete metric on §" \ $* with constant ~-fractional curvature equal to

(*F7) D(*=25)

M(EE) 1(=2)

see Section 3. Note that Q(n,k) > 0 if £ < § —~, but the converse does not hold.

There is a fundamental dichotomy between the cases k = 1 and k£ > 1 regarding
periodic solutions on $™ \ $%, that is, solutions which are invariant under a discrete
cocompact group of conformal transformations. On the one hand, if k¥ = 1, then
compact quotients of §" \ § = $"~2 x H? admit large families of pairwise non-
conformal metrics, all of which are locally isometric to gpro4. On the other hand, if
k > 1, then Mostow rigidity implies that there is a unique metric locally isometric
t0 gproa on each compact quotient of §™ \ §% =2 §n—k=1 x AL,

Our first main result concerns the case k = 1, in which multiplicity of solutions to
the singular fractional Yamabe problem is established using bifurcation techniques:

(1.1) Q. (n, k) == 47

THEOREM A. For alln >4 and 0 < v < ¢,, where ¢, is an increasing sequence
asymptotic to 5 — 1, there are uncountably many pairwise nonhomothetic periodic
solutions to the singular fractional Yamabe problem on §™ \ $! that bifurcate from
the trivial solution and have y-fractional curvature arbitrarily close to Q~(n,1).

The definition of (¢, ),>4 and approximate values for some small n are given in
Proposition 4.5. In particular, ¢, > 1forn > 5, and ¢,, > 2 for n > 7, so Theorem A
recovers earlier multiplicity results for solutions to the singular fractional Yamabe
problem on $" \ $! obtained for v = 1 if n > 5 in [BPS16], and for v =2 if n > 7
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in [BPS21]. Similarly to these bifurcation results, the proof of Theorem A relies on
detecting jumps of the Morse index along paths of metrics on compact quotients
8§72 x 32 of $7 \ $! as the systole of the hyperbolic surface 2 degenerates. This
is achieved with a delicate analysis of the spectrum of the operator P! making
use of the assumptions n > 4 and v < ¢,, see Propositions 3.3, 4.4 and 4.5. While
we expect the conclusion of Theorem A to hold for all 0 < v < § — 1, our methods
fail if v is in the interval [cn, 35— 1), whose length decreases to zero as n * +o0.
Our second main result deals with the case of higher dimensional singular sets:

THEOREM B. For all n > 3, given any N € N, there exists € > 0 such that if
v € (3 —¢ 3 +¢e)U(l—¢,1), then the singular fractional Yamabe problem on $™\$*
has at least N pairwise nonhomothetic periodic solutions for all 0 < k < 5§ — 1.

For v =1 and v = 2, there are infinitely many nonhomothetic periodic solutions
on §"\ 8% for all 0 < k < 2 — ~, see [BP18, Cor. 1.2] and [BPS21, Cor. CJ,
respectively. We conjecture that the same conclusion holds in the above setting,
and also for v € (1,14+¢)U (% — &, % + 5) U(2—¢,2). The only missing ingredient to
prove Theorem B for such values of v > 1 is an Aubin-type existence result for @,
which seems to be technical but doable (see Remark 2.4). The proof of Theorem B
adapts the method from [BP18, BPS21], which overcomes the restriction imposed
by Mostow rigidity combining the Aubin-type result with the existence of towers
of finite-sheeted regular coverings of compact quotients of $™ \ $* whose volume is
arbitrarily large. The reason why we need ~ to be near % or 1 is that verifying the
hypotheses in the Aubin-type existence result relies on the Positive Mass Theorem,
which is currently only known to hold for such «, see Lemma 5.2. As an alternative
to the Positive Mass Theorem, one may assume the existence of a positive Green’s
function. Under this assumption, similar nonuniqueness results have been recently
proved for the sixth-order constant @-curvature problem (v = 3) in [APW23], and
for general conformally variational invariants of higher order in [ACPW23].

Since stereographic projection gives a conformal equivalence $" \ $° = R" \ {0},
the case k = 0 in Theorem B can be recovered using the construction of Delaunay-
type solutions to the fractional Yamabe problem in [DAPGW17]. Moreover, solu-
tions with an isolated singularity have been recently shown to have infinite Morse
index in [CBDR23].

This paper is organized as follows. In Section 2, we give the necessary background
on the conformal fractional Laplacian and the y-fractional curvature. The spectrum
of the conformal fractional Laplacian on $"~*~1 x ¥*+1 is described in Section 3,

and Theorem A is proved in Section 4. Finally, we prove Theorem B in Section 5.
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10.13039/ 501100011033, and the “Severo Ochoa Programme for Centers of Excel-
lence in R&D” (CEX2019-000904-S). We would like to thank the anonymous referee
for the careful reading of our paper and thoughtful suggestions for improvements.

2. FRACTIONAL YAMABE PROBLEM

In this section, we recall the definitions of conformal fractional Laplacian and
fractional curvature, closely following [Gonl8, Sec. 2].



4 R. G. BETTIOL, M. GONZALEZ7 AND A. MAALAOUI

2.1. Fractional Laplacian and fractional curvature. Let n > 4 and consider
a conformally compact (n + 1)-dimensional Poincaré-Einstein manifold (M*,g™)
with conformal infinity (M, [g]). Near the boundary, the metric g* takes the form

1
(2.1) gt = p—z(dp2 +h,),

where p is a defining function for M in M*, and h, is a 1-parameter family of
metrics such that h,|,—0 = g. Fix 7 € (07 %), ~v ¢ IN, and consider the eigenvalue
problem on (M™T,g™") given by

(2.2) N ("{ - 72) W =0.
Supposing that ”72 — 42 is not an L2-eigenvalue (we will also assume, for later
2
purposes, that A\;(—Ag+) > % —~?), this PDE has a unique solution
W=Wip2 7 4+ Wyp2t,
under the Dirichlet condition W1|,—¢ = w, for Wi, Wy smooth solutions up to M+.

Definition 2.1. The conformal v-fractional Laplacian P$ is the operator

I'(v)
Pew=d,Ws|,—9, whered,=4" ,
¥ 0l |P y F(_,Y)
and the ~-fractional curvature of (M, g) is its zeroth order term Q% := P$(1).

The scattering operators P$ form a 1-parameter meromorphic family of self-
adjoint pseudo-differential operators on M, with poles at integer values of -y, whose
principal symbol is the same as that of (—A,)”. These operators are conformally

covariant, in the sense that a conformal change of metric g, = uz g leads to
(2.3) PE(-) = u” %5 P (u)
. b = b .

Furthermore, these operators are non-local, in the sense that they depend not only
on (M, g), but also on its Poincaré-Einstein filling (M ™, g").

The normalizing constant d, ensures that P$ can be extended to integer values
of v with an appropriate residue formula [GZ03]. This extension gives rise to local
differential operators on (M, g) that also satisfy (2.3) and, up to multiplication by
a (positive) dimensional constant, coincide with the conformally covariant powers
of the Laplacian known as GJMS operators. In particular, P} = —A, + 4&7__21)3@
is the conformal Laplacian, and P§ = (—Ag)2 + ... is the Paneitz operator.

By (2.3), the fractional curvature of a conformal metric g, = w g is:
Q,gy“ = u_% P,%u.

Thus, solutions g, to the fractional Yamabe problem on (M, g) correspond to pos-
itive solutions u: M — R to the nonlinear eigenvalue problem

(2.4) PSu=A|u|75u, A€R.

Similarly, solutions g, to the singular fractional Yamabe problem on (M, g) with
singular locus A C M correspond to positive solutions to (2.4) such that u 400
sufficiently fast at A so that (M \ A,g,) is complete. The main idea in [GQ13],
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as in the classical Yamabe problem for v = 1, is to characterize solutions to (2.4)
variationally as critical points of the energy functional

. 2 —
(2.5) ES: WT3(M) — R, ES(u) == /MuP,%u volg,

where vol, is the volume element of g, subject to the constraint

(2.6) /M |u

and look for minimizers of Ef, which turn out to be positive (see Proposition 2.3).

If w =1 is one such critical point, i.e., Q§ is constant, then its Morse index and
nullity, also referred to as Morse index and nullity of g, are the number (counted
with multiplicity) of negative eigenvalues and nullity of the Jacobi operator

27) JE= PE- 2R QE,

ﬁi@w VOlg = VOI(Ma g)y

as an unbounded self-adjoint operator on L3(M) = {v € L?(M) : [,, v voly = 0}.
Finally, note that J&: W*2(M) — W~"2(M) is a Fredholm operator of index zero.
The fact that J¢ is Fredholm follows by a standard argument from the compact
embedding of W?(M) in L?(M) and the fact that P2 is an elliptic operator with
leading term (—Ag)7.

2.2. Existence of minimizing solutions. In order to seek minimizing solutions
to the y-fractional Yamabe problem, i.e., positive minimizers of (2.5) satisfying
(2.6), one may extend the notion of Yamabe constant beyond the classical case
v =1 as follows:

Definition 2.2. The y-Yamabe constant of the conformal class [g] is given by
E5(u) e S @5 voly,
o n—2v n—2~ °
Sy wm== V01g>

=2 gueld Vol(M, g,) "=
The following Aubin-type existence result for the fractional Yamabe problem
with v € (0,1) was proven in [GQ13, CC16].

(28) A(M[g) = i (

Proposition 2.3. For a closed n-dimensional manifold (M,g) as above, we have
(2.9) — 00 < Ay(M, [g]) < A, (8", [gsn]),
where v € (0,1) and ggn is the unit round metric on $™. Moreover, if

Ay (M, [g]) < A(8", [gsn]),

then the infimum (2.8) is achieved by a positive function u € WY2(M); in other
words, g, 15 a minimizing solution to the ~y-fractional Yamabe problem on (M,g).
In addition, u € C°.

Remark 2.4. We expect that a similar result holds also for exponents v € (1,2),
following the ideas of [HY16, GM15] for the Q-curvature, since the main ingredient
is a maximum principle to show that a minimizer u of (2.8) is strictly positive. For
v € (1,2), this maximum principle was proved in [CC16, Thm 1.3].

Remark 2.5. Similarly to the classical case v = 1, a rigidity statement if equality
holds in (2.9) is known if ¥ = 3, or v = 2 and Ry > 0, Q% > 0, and Qf # 0.

2
Namely, in these cases, A, (M, [g]) = A,(5", [gs~]) if and only if (M,g) is confor-
mally equivalent to ($", gg»), see [Esc92b, HY 16].
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3. ON THE TRIVIAL SOLUTION

In this section, we examine spectral properties of the conformal fractional Lapla-
cian on compact quotients of $7\$* = §n~*F—1 x H*+1 using results from [ACDT19).
First, we recall the following elementary fact:

Lemma 3.1. The complement 8™\ $* of a totally geodesic subsphere S* in the unit
round sphere 8™, 0 < k < n, is conformally equivalent to $"~F=1 x H**1 | endowed
with the product metric gprod of metrics of constant curvature 1 and —1.

Proof. Stereographic projection using a point in $* gives a conformal equivalence
from 8"\ §* to R" \ R* = (R \ {0}) x R* endowed with the flat metric, which
can be written in cylindrical coordinates as dr? + r2d6? + dy?, where (r,0) are
polar coordinates in R"~*\ {0} and y is the coordinate in R¥. Dividing by 2, one
obtains d6? + 5 (dr? 4 dy?), which is precisely gprod = 8gn—k-1 + Gr+1. O

Denote by ¢: §7\ $*¥ — §7~F~1 x H**! the conformal equivalence in Lemma 3.1.
Forall 1 <k < § —, we call the pullback metric giv = ¢*gproa the trivial solution
to the singular fractional Yamabe problem on $” \ $*, since it is a complete metric
that, as we will now show, has constant (positive) fractional curvature, see (3.8).

The Poincaré-Einstein manifold (M, g%) with conformal infinity (M, g) given
by (87 \ 8%, guiv) = (S x HFFL g104) is clearly H? 1\ H**1, see Figure 1.

Sn—k—l

FIGURE 1. Schematic depiction of $” as the join of $* and $7~#~1.
Note that $" \ $* is conformal to the (trivial) normal bundle of
§n—k=1 C 8" and its Poincaré-Einstein filling is H**+* \ K1,

More precisely, writing g¥ in the form (2.1), we have

4 1 2\ 2 2\ 2
g =2 dp +<1—%> gSn—k—l—f—(l—i—%) SHE+1 |

and, changing variables to o = In %7 with p € (0,2), the above becomes

(3.1) gt = do? 4 sinh®(0) ggn—r—1 + cosh?(o) grr+1,

which is the usual doubly warped product presentation of the hyperbolic metric on
H"*+1\ H**! where o > 0 is the hyperbolic distance to H* .
Using (3.1), we can write equation (2.2) as follows, cf. [ACD*19, Eqn. (3.26)]:

(3.2) LW +h(o) ZW+ Agnra W+ JAN (7 — )W —0,

smh2 Cosh2
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where h(o) = Z In (sinh"_k_l(cr) coshk+1(0)). In order to compute the spectrum
of the conformal fractional Laplacian on compact quotients of $7 %=1 x H**!, we
proceed as in [ACD™19, Thm. 3.5], using separation of variables on (3.2).

On the one hand, we consider the spherical harmonic decomposition for $7~*~1.
Namely, let E,, be the eigenfunctions for the Laplacian on $”*~1, with eigenvalue
tm =m(m+n —k — 2), repeated according to multiplicity. Then, functions w on
§n=F=1 x HF! may be decomposed as w = > Wy, Ep,, where w,, = w.,(¢) for
¢ € H**1. On the other hand, we use the Fourier-Helgason transform =~ on H*+!.
The only property we shall need is that
(33) At = = (& + &) W,
we refer to [ACDT19, Appendix] for details, and recall Theorem 3.5 in that paper:

Proposition 3.2. Fir 0 <y <5, 1<k <35 —7, and let Pnsm) be the projection
of the operator PS*™" over each eigenspace (E,,). Then

—

P (w) = O4(€) W,
and this Fourier symbol is given by
1 am+&i 1 am—&i
T(H7 + 2e€) D(E + 2upsh)

(3.4) oM@ =4—2 2 L 2 2 /
! T (152 4 2oty (352 4 28t

£eR,

where

(3.5) G =\ o + ("‘TM)2

The corresponding spectrum on compact quotients can be extracted as follows:

Proposition 3.3. Consider $"~*=1 x X¥+1 endowed with the product metric Eprod
where XF1 = H* /1 is a closed hyperbolic manifold. Let 0 = \g < Ay < --+ <
M < -o- 2 400 be the Laplace eigenvalues on SF11, repeated according to their

multiplicity. If 1 <k < 5 —~, the spectrum of P3P consists of the discrete set of
etgenvalues

P+ enht) (4 4 emgh
(5 + 2B (57 4 2]

(3.6) Oy =47 m, ¢ € NU {0},

where a,, > 0 is given in (3.5) and by € C is

(3.7) be=\/he — (5)%

The corresponding eigenspace of P5™° is spanned by products of eigenfunctions of
the Laplacian on $"~*=1 and on SFt1 with eigenvalues ji,, and Xy, respectively.

Proof. This follows from Proposition 3.2, applied to functions w,,: H**' — R
that are invariant under the discrete cocompact group 7 of isometries of H**1 and
& = by, keeping in mind (3.3). O

Remark 3.4. In (3.7), we use the standard convention that, if A\, < (5)2, then

V= (B =i/(5)" -
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Corollary 3.5. For all1 < k < % —~, the fractional curvature of (8" \ $*, geriv) is

F(n+2’y) F(n_22+2’y) '
r(=5) 122

(38) Q%triv = @0’0 =47

Proof. By Definition 2.1 and Proposition 3.3, we have Q%= = P54 (1) = Qg 0,
since ($77F~1 x Xk g q) is locally isometric to ($7 %=1 x HF1 g .q), which,
by definition, is isometric to ($™ \ $¥, g,iv). Formula (3.8) then follows from (3.6),
using that ag = "_5_2 and by = gz O

We shall also denote the above quantity (3.8) by Q(n, k), as in (1.1).

Remark 3.6. Clearly, the only eigenvalues ©,, ¢ that are independent of the cocom-
pact group 7 such that £#+1 = H*+1 /7 are those of the form ©,, o. Eigenfunctions
corresponding to ©,, ¢ are compositions of the projection $"~#~1 x LF+1 — gn-k-1
onto the first factor with degree m spherical harmonics on §7~*~1

Let us observe that ©,, ; are positive real numbers, for all m, ¢ € NU{0}. Indeed,
from (3.6) and (3.7), we have that ©,, ¢ = ©(am,, be), where

(3.9) O(a,b) := ) F(% A

Clearly, ©(a,b) > 0 for all a > ag = "‘T’H and b which is either purely imaginary
and |b] < &, or real and b > 0, exactly as a,,, and by in (3.5),(3.7), since I'(z) = I'(z),
and 1 < k < § — « implies that Re [h‘%’ + %} > 0, i.e., all complex numbers z
on which I'(z) is evaluated in (3.9) have positive real part.

Moreover, the function O(a, b) enjoys the following monotonicity properties:

Lemma 3.7. Given 1 <k < § — 1, the function ©(a,b) in (3.9) satisfies:
(i) @( ,B1) > 0 for all a > ag, and0<ﬁ<ﬁ
(ii) B(a Bi) <0 for alla > ag, and 0 < B < &
(il)) 22(a,b) >0 for all a > ag, and b > 0.

Q)QJ

Proof. Since O(a,b) > 0 for the values of ¢ and b under consideration, it suffices to
show that the logarithmic derivatives of ©(a,b) satisfy the inequalities in (i)—(iii).

Computing these in terms of the digamma function (z) = 1;&;, we obtain:

o) = 3 (0 + ) o + o)
SO+ ) e e,
log ©(a,8) = § (w(*5* + =4) — v (12 + =5)

— (5 ) (55 4 o) ).

(3.10)
b



MULTIPLICITY IN THE SINGULAR FRACTIONAL YAMABE PROBLEM ON SPHERES 9

As v > 0, recall that if 2 = x + yi, where x = Rez > 0 and y = Im z > 0, then
“+oo 1 1 “+oo

Y(z+7) —P(2) :Z
j—i—x (G+z+7)—y*) — (y(2) + 22+ 7))i
VZ ((j+2)? +y)((J+z+v)2+y2) '

rrrr i W
jtz jtzty (20 +2+47)
(3.11)

We apply (3.11) with z = %7 + %. First, if b = Si is purely imaginary and
0<B< g, then using (3.11) on (3.10), and writing x4 = 1777 + # > 0, gives:

_7 1 1
—log ©(a,b) + = -
9a 18! Z G+ez)lU+er+y) (+e)+z+9)

> 0,

which proves (i). Moreover7 from (3.10), we have that if b = g1, then

0 . a — a
log ©(a, Bi) = 3 (w( 552 + =42) — (15 + =52

B
- (v ) e )

_7 ! - !
S X GraG e T Gre)G e T

T (w4 —2)(2j + a4 +a_+7) “0
2= (+e)i+e)i+es +9)0+a-+7)

since x4 —x_ = > 0, which proves (ii).
Second, if b > 0, then (3.10) simplifies as:

frlo®loh) = Relw(“ + 252) —u(i5+ )],
108 0(0.0) = — I [0(352 + 25) — w(157 + 234)].

Writing x = Rez = 1_—7 + % and y = Imz = £, we have from (3.11) and (3.12) that

0 2]+2x+’y) )
—log©(a,b) = >0, if b >0,
o " Z (G+222+v?)(G+z+7)2+y?)

which shows (iii). O

(3.12)

Proposition 3.8. The eigenvalues Oy, ¢ in (3.6) satisfy:
@m+1,0 > em,O7 and em,é-‘rl > em,€~

Proof Since m +— a,, is monotonically increasing, applying Lemma 3.7 (i) with
8= 2, we have that ©(amy1,b0) > O(am,bo), i.€., Omi10 > Om,o, which proves
the first inequality. For the second inequality, recall that ¢ — )\, is monotonically
nondecreasing and unbounded. Thus, there exists ¢, € IN such that £ — by is purely
imaginary with monotonically nonincreasing imaginary part for 0 < ¢ < £, and is
real and monotonically nondecreasing for £ > ¢,. Lemma 3.7 (ii) and (iii) imply
that ©(am,bet1) > O(am,be) for all 0 < ¢ < ¢, and £ > £, respectively. It also
follows from Lemma 3.7 (ii) and (iii) that ©(am, be,) > O(am, be, —1), since O(a, b)
is continuous. Thus, altogether, ©,, ¢11 > O, ¢ for all m,¢ € INU {0}. O
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9,3 ;A O1,3 ;A @:2,3 T O33 T
Op.2 3 O1 2 3 O3 3 O3 9 3
0,1 i O1.1 i O21 i O3, i
0,0 i O1,0 i 2,0 i O30 i

FIGURE 2. Dashed arrows indicate nondecreasing directions on the
table, while the continuous arrow indicates an increasing direction.

4. MULTIPLICITY OF SOLUTIONS ON "\ $!

Throughout this section, we assume n > 4 and k = 1, and denote by %2 = H? /7
a closed hyperbolic surface of genus gen(X2?) > 2. We shall collectively denote by
g = gprod = gsn—2 +h all the product metrics on M = $"~2 x %2 in which h € H(¥?)
is a smooth hyperbolic metric on X2, but we write

@mj(h) = @m,[, meINU {0}, { €N,
to indicate the dependence of (3.6) on h, namely via the sequence by determined
in (3.7) by the Laplace spectrum {\,} of (X% /h). Note that ©,,0, marked in
blue in Figure 2, are independent of h because A\g = 0 so by = %z for all h. Recall

that standard results for Banach manifolds can be used on the set H(%?) of smooth
hyperbolic metrics on ¥2 with the Whitney C*° topology, see [BPS16, Remark 2.1].

4.1. Morse index and nullity. Let us compute the Morse index and nullity of g
as a solution to the fractional Yamabe problem, in terms of the eigenvalues ©,, ¢(h).

Proposition 4.1. Given 0 <y < % — 1, if O ¢(h) < 222209, then m = 0 and
¢ > 1. In particular, the Morse index and nullity of g = ggn—2 + h as a solution to
the fractional Yamabe problem on M = 8772 x X2, i.e., of the critical point u =1

of the functional (2.5) subject to the constraint (2.6), are given by:
intorse(g) = # {£ € N : ©0,(h) < 2422 00},

dim ker J& = # {é € N : O (h) = 22 @O,o} .

n—2y

(4.1)

Proof. By (3.5), (3.6) and (3.7), as k = 1, we have a1 = %5+, ap = 252, and
by = %i, SO

() (=) D(21) p(s=2e)

(4.2) O =47 —-+4 —2 Op0 =47 ——* —L L,

L") D5 L") D=2
Thus, using the identity I'(z + 1) = 2T'(2) with z = %ﬂ"’, it follows that
(43) @1,0 = thz:g @070 > Z%g:: @0’0.

By Proposition 3.8, we have that ©,, ¢(h) > ©1 ¢ for all m > 1 and ¢ > 0. Together
with (4.3), this shows that if ©,, ,(h) < Zirgz ©9,0, thenm =0and ¢ > 1, i.e., Oy, ¢
is one of the eigenvalues in red on Figure 2.

As a consequence of the above, we compute the Morse index and nullity of the

Jacobi operator (2.7) on the space of L? functions on (M,g) with zero average.
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Namely, by Proposition 3.3, these are respectively given by:
intorse(8) = # { (. €) € N x N\ {(0,0)} : One(h) < 2222 Q2 ],

dim ker J& = # {(m,e) € N x N\ {(0,0)} : O, (h) = MQ%},

n—2y

where Q% = g9 = Q+(n,1) is given by (3.8), since (M, g) is locally isometric to
(8772 x H?, gproa). By the above, these quantities agree with (4.1). O

Let us define a convenient positive constant that depends on n and v < § — 1,
1+y | n—=3)2 n oy _ 1)\2
(4.4) 2= ®(a0,0):4ﬂ—r(1f +14_ )2 =4W—F(%+2 4)2,
M) T )

cf. (3.7) and (3.9), recalling that ag = ”T’?’ By Proposition 3.3, = is an eigenvalue
of P2 if and only if A = § is an eigenvalue of the Laplacian on (£2, h). These special
constants play a crucial role in our spectral analysis due to the following facts about
Laplace eigenvalues A\, = A\¢(X2 h) of a closed hyperbolic surface (%2, h):

(a) If £ > 2 gen(X?) — 2, then A¢(X,h) > 1 for all h € H(E?);

(b) Foralle > 0 and ¢ € IN, there exists h € H(X?) such that A¢(£?,h) < I +e.
Fact (a) is the main result in [OR09], while (b) is a well-known result of Buser, see
e.g. [Bus10, Thm 8.1.2]. From (a) and (3.7), it follows that if £ > 2gen(X?) — 2,
then b, > 0, and hence ©g,(h) > Z, for all h € H(X?), by the same arguments
using Lemma 3.7 in the proof of Proposition 3.8. On the other hand, using (b), we
can choose h to pinch ©¢ ¢(h) near Z for arbitrarily many £’s, namely:

Lemma 4.2. For alle >0 and { € IN, there exists h € H(X?) such that
©¢e(h) <E+e.
Proof. This is an immediate consequence of (b) and continuity of ©, see (3.9). O
We also have a generic avoidance principle for the eigenvalues Qg ¢(h), namely:
Lemma 4.3. For each ¥ > Z, the following set is open and dense in H(¥%?):
Hyy (22) = {h e H(E?) : Og(h) # 9, VL € N}

Proof. By Lemma 3.7 (iii), the function b — ©(ag,b) is strictly increasing for all
b > 0, and hence O(ag,b) > O(ap,0) = = for all b > 0. Moreover, if J > =, then

@(ao, A— >:19

is satisfied by a unique value A = A(¢) > . Thus, since O ¢(h) = ¢ if and only if
Ae(X%, h) = A(¥9), the desired result follows from [BPS16, Prop. 2.4]. O

Ll

Combining the above, we obtain the main ingredient to prove Theorem A:
Proposition 4.4. Assume that 0 <y < § — 1 and that Z in (4.4) satisfies

(4.5) 2 < M2 00,.

Then, given any product metric g = ggn—> +h on M = 8772 x ¥.2 with h € H(X?),
and any d € N, there exists a real-analytic path h(t), t € [0,1], in H(X?) such that
the corresponding path of product metrics g(t) := ggn-2 + h(t) satisfies:

(i) g(0) is arbitrarily close to g,
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(if) ker J5 = ker 5 = {0},
(iil) IMorse(g(1)) > d + imorse(8(0))-

Proof. From Proposition 4.1 and Lemma 4.3, we can choose h(0) € H(3?) arbitrar-
ily close to h, such that g(0) = ggn—2 + h(0) is nondegenerate, i.e., ker Jg(o) = {0}.
By (4.5), there exists € > 0 such that E+¢ < ng:: ©9,0- Thus, Proposition 4.1 and
Lemmas 4.2 and 4.3 imply that there exists h(1) € H(X?) such that ©g 4(h;) < E+e
for arbitrary £ € IN and g(1) = ggn-2+h(1) is nondegenerate. Choosing ¢ sufficiently
large, inorse(8(1)) — inorse(g(0)) can be made arbitrarily large, see (4.1). The exis-
tence of a real-analytic path h(t), ¢ € [0, 1] joining the prescribed endpoints h(0) and
h(1) in H(X?) follows from connectedness of the real-analytic manifold H(X?). O

In order to use Proposition 4.4, we provide the following criterion to verify (4.5).

Proposition 4.5. For eachn > 4, there exists a positive constant ¢, < 5 —1, such
that (4.5) holds if and only if 0 < v < ¢n. The sequence (cy)n>4 s increasing and
asymptotic to 5 — 1 as n / +oo. Some approzimate values of ¢, for small n are:

(4.6) cy = 0.857, c5=1.408, cg~~1.932, c;=~2.446, cg~ 2.955;
in particular, ¢, > % foralln>4, ¢, >1 foralln>5, and ¢, > 2 for alln > 7.

Proof. From (4.2) and (4.4), we have that (4.5) is equivalent to

T(E+3-3° _ntoy T(2) T2 1(
P(s-3-97 o2 T ) I

where the last step uses that I'(z + 1) = zI'(z). In turn, the above is equivalent to

M(3-3+0T(E-3-4) TE+3+00G+3-8)

Pi-3-4) P(+3-4)

(4.7)

(4.8) F(z) =

Routine computations show that F'(z) has a global minimum at = zg ~ 1.514, is
decreasing if 2 < z, and increasing if z > x¢. Moreover, F(z) is asymptotic to:

VT

2
r( -1
Thus, given n > 4, as 5 > xq, it follows that F(gf*y) < F(ng'y) forall0 < v < ¢y,

where ¢ = ¢, is the unique solution to the equation F(% — c) = F(g + c). The
asymptotic behavior of ¢, as n /' 400 is an easy consequence of (4.9). (]

Q

(4.9) F(z) as N\, 1, and F(z)~ - asz / +o0.

T
2

Remark 4.6. For n = 3, inequality (4.5) does not hold for any 0 < v < %
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4.2. Bifurcation. Let g(t), t € [0,1], be a path of metrics on M = $"72 x X2 with
constant fractional curvature and volume given by

L) T(*=52)

g(t) — 1) = 47 4
Q’Y Q'Y(n’ ) F(n;}y) F(n72472’y)7
87T(n+1)/2 )
Vol(M, g(t)) = Vol(M, gprod) = W(gen(z ) —1).
2

We say that t = t, is a bifurcation instant for g(t) if there exist sequences (t,)qen
in [0, 1] converging to ¢, and of metrics (gq)qen converging to g(t.) such that:

(i) Each g4 has constant y-fractional curvature;
(ii) gq is conformal to g(t,), but g, # g(te);
(iii) Vol(M,g,) = Vol(M, gprod)-

In other words, g, = ug > g(ty) are obtained multiplying g(¢,) by a nonconstant
conformal factor u,: M — R that satisfies (2.4) and (2.6) with respect to the metric
g(ty). Clearly, bifurcation instants correspond to values of ¢ at which the family
g(t) is not a locally unique solution to the (normalized) fractional Yamabe problem.
Following the same Bifurcation Theory framework used in [BPS16, Thm 3.4],
see also [dLPZ12, Appendix A], we now prove Theorem A in the Introduction:

Proof of Theorem A. Fix 0 < v < ¢, and let g = ggn-2 + h be a product metric on
M = 8"2x %2 with h € H(X?). By Proposition 4.5, we may apply Proposition 4.4
with any d € IN and obtain a real-analytic path of product metrics g(t), t € [0, 1],
on M satisfying properties (i)—(iii) in Proposition 4.4. Consider the corresponding
l-parameter family of functionals (I;);cj0,1) given by the restriction of the energy

functional E%(t) given in (2.5) to the submanifold of W2(M) defined by (2.6),
with respect to the metric g(¢). Recall that w is a critical point of I; if and only
if um g(t) has constant y-fractional curvature and the same volume as (M, g(t)).
Clearly, g(t) have constant y-fractional curvature Qi(t) = @Q,(n, 1), so the constant
function 1 is a critical point of I; for each ¢ € [0, 1]. Moreover, the critical point 1 is
nondegenerate for t = 0 and ¢t = 1, and its Morse index increases by at least d from
t =0tot =1, as a consequence of (ii) and (iii) in Proposition 4.4, respectively.
Finally, I; satisfy a local Palais—Smale condition as a consequence of Fredholmness
of (2.7), so a standard variational bifurcation criterion (see e.g. [ILPZ12, Appendix
A]) implies that there exists at least one bifurcation instant ¢, for g(¢).

Repeating the procedure above with h € H(X?) selected from a path of hy-
perbolic metrics, we obtain uncountably many paths g(t) along which bifurcation
occurs. These bifurcating solutions lift via the covering $" \ $! — M to pair-
wise nonhomothetic periodic solutions to the singular fractional Yamabe problem
on §" \ $!, arbitrarily close to the trivial solution and with y-fractional curvature
arbitrarily close to Q(n, 1) if they are chosen sufficiently close to g(t.). a

Remark 4.7. The above sequences of bifurcating solutions (g,),en converge to g(t.)
in the C" topology for any r > 2v. Let us sketch the proof assuming v € (0,1),

4
which is the most involved case. Writing g, = ugq > g(t,), as t — g(t) is continuous

in the C* topology, s > 2v, then Q%ﬂ — Qg(t*). Moreover, since the sequence u,
converges to 1 in W72, a standard Moser iteration argument implies convergence
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in L see, e.g., [GQ13, Thm. 3.4]. This convergence can be improved to Holder
C® for some a € (0,1), see, e.g., [Kas09]. Finally, bootstrapping the Schauder
estimates from [Sil07, Prop. 2.8], one obtains uq — 1 in C” for any r > 2. More
details on regularity issues with v € (0,1) can be found in [DAPGW17, Sec. 3.1].

Remark 4.8. It is natural to ask if the nonuniqueness proved above is geometric,
i.e., whether the different conformal factors solving (2.4) yield nonisometric metrics,
see [BPS16, Rmk 4.1] and [BP18, Rmk 2.2, Rmk. 3.8]. In principle, these different
conformal factors could be related by a change of variables, that is, there may exist a
conformal diffeomorphism that pulls back one metric to the other (hence rendering
them isometric). The only readily available information in this regard is that no
bifurcating solution on $™\ $! is isometric to the trivial solution, since the group of
conformal diffeomorphisms of ($"72 x H?, g;,0q) coincides with its isometry group.
However, some of the bifurcating solutions could be isometric among themselves.

5. MULTIPLICITY OF SOLUTIONS ON $" \ $*

In this section, we combine the Aubin-type existence result (Proposition 2.3) with
infinite towers of finite-sheeted covering maps, following a technique developed in
[BP18, Sec. 3], see also [BPS21, ACPW23, APW23], to prove Theorem B.

Recall that a group G is profinite if it is isomorphic to the limit @Gs of an

inverse system {G;}ses of finite groups. The profinite completion G of a group G
is a profinite group characterized by the universal property that any group homo-
morphism G — H, where H is profinite, factors uniquely through a homomorphism
G — H. There is a natural homomorphism G — @, and G is called residually finite
if this homomorphism is injective. The relevance of these notions for our geometric
application is that a closed manifold ¥ has coverings of arbitrarily large degree if
and only if its fundamental group has infinite profinite completion. Endowing these
arbitrarily large coverings with locally isometric Riemannian metrics, one obtains:

Lemma 5.1 (Lemma 3.6 in [BP18]). Given V' > 0 and a closed Riemannian
manifold (X,h) whose fundamental group has infinite profinite completion, there
exists a finite-sheeted reqular covering I1: ¥/ — 3 such that Vol(X',1T*h) > V.

For example, the fundamental group of a closed hyperbolic manifold (X,h) is
infinite and residually finite by the Selberg—Malcev Lemma (see [Rat94, Sec. 7.5]),
hence has infinite profinite completion. Thus, any closed hyperbolic manifold (X, h)
satisfies the hypotheses of Lemma 5.1 and hence admits finite-sheeted Riemannian
coverings by hyperbolic manifolds of arbitrarily large volume.

Lemma 5.2. If a closed Riemannian manifold (M™,g), n > 3, is not conformally
equivalent to (8™, gsn ), then there exists € > 0 such that A (M, [g]) < A, (S™, [gsn])
forallye (3 —et+e)u(l—c1+e).

2y

Proof. From Definition 2.2, we have A, (M, [g]) = infy c(g) A1(P§*) Vol(M, gu) ™ ;
in particular, A, (S", [gs]) = A1 (P8 ) Vol(S", ggn) . Since (M™,g) is not confor-
mally equivalent to (S, ggn), the Positive Mass Theorem implies that

(5‘1) A’YO (Mv [g]) < A’Yo (Sn7 [gS”])

for vg = % and v9 = 1, see [Esc92a, Esc92b] and [LP87], respectively. Thus, by
Proposition 2.3, the infimum in (2.8) is achieved for such 7, that is, there exist
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metrics g, € [g] such that A, (M, [g]) = A\i(P§*) Vol(M, gu)z% for o = L and

2
Yo = 1. As the family v + P2 is smooth, the map v = A;(Pg) Vol(M, gu)% is

continuous in a neighborhood of these -y, which finishes the proof. O

Proof of Theorem B. Recall from Lemma 3.1 that $” \ $* = §7=F=1 x TH**+! for all
0 < k < n. Choose a compact quotient M = §"~*~1 x $F+1 of the latter, and a
product metric g = ggn—x—1 +h on M, where h is a hyperbolic metric on ZF+1.
Since (M, g) is not conformal to the round sphere, by Lemma 5.2, there exists
g0 > 0such that A (M, [g]) < A, ($", [gsn]) for v € ((3 — 0, 2 +c0) U (1 —&0,1))N
((), 5= k) Here, we further impose v < 1 so that the hypotheses of Proposition 2.3
are satisfied, and v < § — k so that Q% = Q(n, k) > 0, cf. (1.1).
Two cases may occur. First, if g satisfies
Ju Qf vol,

n—2~

VOI(M, g) "

then Proposition 2.3 implies that g is not a minimizing solution to the v-fractional
Yamabe problem on (M, [g]), but there exists a minimizing solution g(;) € [g], i.e.,
g(1) attains the infimum in A, (M, [g]). In this case, set skl — yk+1 and My = M.
Second, if g does not satisfy (5.2), then we use Lemma 5.1 to find a finite-sheeted
regular covering Z’f“ — Yk such that lifting g to My := $" k1 x Z’f“ via the
corresponding product covering I1y: M; — M yields a metric IIjg with y-fractional
curvature Q- (n, k) and

(5.2) = Q4 (n, k) Vol(M,g) 7 > A, (M, [g]),

Q~(n, k) Vol (My,IT;g) ™ > A (8™, [gsn]).

Applying Lemma 5.2 to (M7, 1II5g), we obtain £ > 0 such that Proposition 2.3 yields
the existence of a minimizing solution g(;) to the y-fractional Yamabe problem on
M, conformal but not homothetic to Iljg, for v € ((% — €1, % + 51) U(l—e, 1)) N
(O, 5 — k) At this point, we have our first periodic solution on $" \ $¥, conformal
but not homothetic to the trivial solution, given by the pullback of g(;) to the
universal covering M; = §"—F=1 x HFH1 22 g\ Gk,

Since the fundamental group of Z’f“ is a finite-index normal subgroup of the
fundamental group of ¥*t1 it also has infinite profinite completion. Thus, we may
apply Lemma 5.1 to X5 and find a finite-sheeted regular covering L5 — 2i+1
such that the product covering Ily: My — M, with M, := §" k=1 x 2’5“, satisfies

2y
Q5" Vol (M, I5g1)) ™ > A (S™, [gsn]).

Applying Lemma 5.2 to (M, II5g(1)), we find £2 > 0 such that Proposition 2.3 yields
a minimizing solution g(,) to the vy-fractional Yamabe problem on Ma, conformal
but not homothetic to II3g (), for v € ((3 —e2,3 +e2) U(1 —e2,1)) N (0, % — k).
Thus, we obtain a second periodic solution on $" \ $* given by the pullback of g(2)
to the universal covering My = §"F~1 x HF+1,

Repeating this process IV times, we obtain the desired N pairwise nonhomothetic
periodic solutions to the singular y-fractional Yamabe problem on $"\ $*, given by
the pullbacks of g(;), 1 < j < N, to the universal covering M; = §"~*~1 x H+*
for v € ((% — g, % + E) Ul —e, 1)) N (O7 5 - k), where ¢ = min{eqg, e1,€2,...,en}.

Finally, let us discuss the case k = 0, for which $7\ $° =2 R"\ {0} = $"~! x R.
The above proof can be repeated mutatis mutandis, using the compact quotients
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My = $" ! x $1(L), where $!(L) = R/LZ, which form a similar tower of finite-
sheeted regular coverings with arbitrarily large volume. Applying Lemma 5.2 and
Proposition 2.3, one produces minimizing solutions at each level that lift to pairwise
nonhomothetic periodic solutions in the universal covering My = $"~! x R. (I

Remark 5.3. Similar nonuniqueness results for integer v that appear in [BP18,
BPS21, APW23, ACPW23] yield infinitely many solutions, since the iteration pro-
cess above can be repeated indefinitely, i.e., one may let N * +oo. However, it is
unclear if this is possible in our fractional setting, as there may be no uniform lower
bound on €; > 0 obtained from applying Lemma 5.2 at each step (M;;, H;‘fg(j_l)); SO
we restrict to finitely many steps 1 < j < N to ensure that e = ming<;j<ne; > 0.

Incidentally, the above limitation also means that we cannot apply the clever ar-
gument in the proof of [ACPW23, Thm. 1.3] to establish geometric nonuniqueness
of solutions. Indeed, this argument relies on letting N~ +o00 to show that failure of
geometric nonuniqueness for infinitely many periodic solutions would imply the ex-
istence of a sequence of conformal diffeomorphisms of $7~*~1 x HF+1 = M ; without
any convergent subsequence, in contradiction with the Ferrand—Obata Theorem. As
in Remark 4.8, the only readily available information here is that none of the N
solutions on $™ \ $* produced in the proof of Theorem B are isometric to the trivial
solution, because the group of conformal diffeomorphisms of (§7~F~1 x Hk+1, Eprod)
coincides with its isometry group.
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