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Abstract. We give a construction of generalized cluster varieties and gen-
eralized cluster scattering diagrams for reciprocal generalized cluster al-
gebras, the latter of which were defined by Chekhov and Shapiro. These
constructions are analogous to the structures given for ordinary clus-
ter algebras in the work of Gross, Hacking, Keel, and Kontsevich. As a
consequence of these constructions, we are also able to construct theta
functions for generalized cluster algebras, again in the reciprocal case,
and demonstrate a number of their structural properties.
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1. Introduction

The theory of cluster algebras was originally introduced by Fomin and Zelevin-
sky in 2000 as a tool for studying total positivity [17]. Since their initial
appearance, cluster algebra structures have also arisen in a diverse array of
mathematical settings, including Poisson geometry [22], higher Teichmiiller
theory [44,56], category theory [37,54], discrete dynamical systems [36,42],
Donaldson-Thomas theory [41,48], representation theory of quivers and finite-
dimensional algebras [38], enumerative properties of associahedra [6,7], and
various areas of mathematical physics. Two particularly celebrated structural
features of cluster algebras are the Laurent phenomenon and positivity. Al-
though the Laurent phenomenon was proved in the original work of Fomin
and Zelevinsky, a proof of positivity for skew-symmetric (resp. arbitrary) clus-
ter algebras did not appear until the work of Lee and Schiffler in 2015 [55]
(resp. Gross, Hacking, Keel, and Kontsevich in 2018 [33]).

Generalized cluster algebras were introduced by Chekhov and Shapiro
to study the Teichmiiller spaces of Riemann surfaces with holes and orbifold
points of arbitrary order [9,10]. In this generalization, the hallmark binomial
exchange relations of ordinary cluster algebras are replaced with polynomials
with arbitrarily many terms. Consequently, to define the exchange polynomi-
als, we need an additional finite set of coefficients, which we denote as {a; ;}
and typically treat as formal variables. Generalized cluster algebra structures
have since been discovered in the representation theory of quantum affine alge-
bras [27,28], the representation theory of quantum loop algebras [29], the study
of exact WKB analysis [35], the cyclic symmetry of Grassmannians [19], the
study of the Drinfeld double of GL,, [23-26], and in certain Caldero—Chapoton
algebras of quivers with relations [43].

Generalized cluster algebras exhibit many of the same structural proper-
ties as ordinary cluster algebras. For instance, in [10], Chekhov and Shapiro
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show that generalized cluster algebras exhibit the celebrated Laurent phenom-
enon and admit the same finite-type classification as ordinary cluster algebras.
Further, Chekhov and Shapiro prove that generalized cluster algebras exhibit
positivity when the initial cluster has size two and conjecture that positivity
holds in general. This was followed by work of Nakanishi which gives structural
results for the subclass of reciprocal generalized cluster algebras where the ex-
change polynomials are required to be palindromic and monic [49]. Follow-up
work by Nakanishi and Rupel [50] further related reciprocal generalized cluster
algebras to pairs of skew-symmetrizable cluster algebras which they refer to
as companion algebras.

Inspired by their proof of positivity for ordinary cluster algebras, in this
paper, we describe how the methods of Gross, Hacking, Keel, and Kontsevich
can be extended to the case of reciprocal generalized cluster algebras. To this
end, we show that the definitions of cluster varieties and cluster ensembles, as
defined by Fock and Goncharov [16], may be generalized to obtain generalized
cluster varieties associated to reciprocal generalized cluster algebras.

Because generalized cluster algebras exhibit many of the same structural
properties as ordinary cluster algebras, another natural question is whether
bases defined for ordinary cluster algebras have natural extensions in this gen-
eralized setting. Many subclasses of cluster algebras have known bases, includ-
ing the cluster monomial basis for finite type, the generic basis for affine type
[4], the generic basis for acyclic type [20,21], and the bangle and band bases
for cluster algebras of surface type [47]. In addition to their proof of positivity
for cluster variables, Gross, Hacking, Keel, and Kontsevich also proved the
existence of the theta basis for arbitrary cluster algebras [33].

Their proofs, both of positivity and the existence of the theta basis,
used scattering diagrams, a tool from algebraic geometry. Scattering diagrams
were first introduced in two dimensions by Kontsevich and Soibelman in [40]
and then in arbitrary dimension by Gross and Siebert in [32] as a tool for
constructing mirror spaces in mirror symmetry.

The main results of this paper parallel the work of Gross, Hacking, Keel,
and Kontsevich and construct generalized cluster scattering diagrams and their
theta functions in the context of reciprocal generalized cluster algebras. More
precisely, we construct generalized cluster varieties whose rings of regular func-
tions are generalized cluster algebras. Simultaneously, we develop scattering
diagrams which lie in the tropicalization of the Fock—Goncharov dual of said
varieties. This allows us to establish theta functions for such algebras.

Structure of the Article

We begin, in Sect.2, by providing background that compares and contrasts
the cases of ordinary and generalized cluster algebras. This section concludes
with an in-depth description of cluster varieties, cluster scattering diagrams,
and theta functions for the case of ordinary cluster algebras.

In Sect. 3, the definitions of generalized cluster varieties and generalized
cluster scattering diagrams are given, with an emphasis on the changes that
need to be made to extend to the setting of generalized cluster algebras. These
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definitions are given in full detail so that the reader already familiar with the
ordinary case can skip Sect.2 and begin here instead. Many of our results are
given for the subclass of reciprocal generalized cluster algebras. This restriction
is necessary in the proof of Theorem 3.25, which establishes the mutation in-
variance of generalized cluster scattering diagrams. We explain in Remarks 3.9
and 3.36 the motivation behind some of the definitions chosen in this paper.
A generalized cluster scattering diagram appears in Example 3.23, and one in
the presence of principal coefficients appears in Example 3.38.

After constructing generalized cluster scattering diagrams, we give a con-
struction of the scheme Ag.,y from these diagrams and show in Theorem 3.41
that Agcat is isomorphic to the generalized A cluster varieties in the case with
principal coefficients. Note that while one may follow [31] to construct schemes
from generalized cluster scattering diagrams, it does not directly follow that
the algebra of the scheme is the associated generalized cluster algebra until
one shows that the spaces Agcat and A are isomorphic.

Section 4 introduces broken lines and theta functions in the context of
generalized cluster scattering diagrams. One major result of this section is:

Theorem 1.1. (Theorem 4.8) The generalized cluster monomials can be ex-
pressed in terms of theta functions.

Another major result is the sign-coherence of g-vectors:

Theorem 1.2. (Theorem 4.15) Given fized data as defined in Definition 3.1,
consider an initial generalized torus seed s = {(e;, (a;;))} as defined in Defi-
nition 3.2. The torus seed s defines the usual set of dual vectors {f; = di_le;*}.
If s’ is a mutation equivalent generalized torus seed, then the i-th coordinates
of the g-vectors for the cluster variables in s’ are either all non-negative or all
non-positive when expressed in the basis {f1,..., fn}

In Sect. 5, we define theta functions on A and X and describe the product
structures of particular collections of theta functions on Apin, A, and X'. As a
consequence, we show that theta functions on Ay, form a (topological) basis
for a topological R-algebra completion of up(Apyin) in Corollary 5.7.

Finally, we conclude with Sect.6 where we illustrate the relationship be-
tween generalized cluster algebras, their associated generalized cluster scatter-
ing diagrams, and the aforementioned companion algebras. These companion
algebras were introduced by Nakanishi and Rupel [50] and encode much of the
same structural data as the associated generalized cluster algebra.

Remark 1.3. As we were completing our paper, the preprint [45] by Mou was
posted. Our work in this paper is independent of and contemporaneous to his
work, but comparing our distinct approaches may be useful in future work. In
particular, we note that we work with a different subclass of generalized cluster
algebras. Our work concerns generalized cluster algebras in the sense of [10]
that satisfy the reciprocity condition used by [49,50]. In the subclass that we
consider, the exchange polynomials and wall-crossing automorphisms cannot
necessarily be written as products of binomials with positive coefficients. We
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explain the relevance of this hypothesis on the format of wall-crossing auto-
morphisms in Remark 4.9.

Remark 1.4. Preliminary versions of the present paper appeared in [12] and
[39].

2. Background

Ordinary cluster algebras were introduced by Fomin and Zelevinsky in 2002
to study total positivity and dual canonical bases in semisimple groups [17].
An ordinary cluster algebra A with clusters of size n is a commutative subring
of an ambient field F of rational functions in n variables. One of the hallmark
structural properties of an ordinary cluster algebra is that it can be presented
without enumerating its entire set of generators and relations. Instead, an or-
dinary cluster algebra can be presented by specifying a set of cluster seed data:

a collection of n distinguished generators {1, ..., 2, }, where the z; are known
as cluster variables and the entire subset as a cluster; a collection of coeffi-
cients {y1,...,yn}; and an exchange matriz B which encodes the exchange

relations between cluster variables. From the seed data, one can generate the
remainder of the cluster variables and coefficients via an involutive process
called mutation. The full set of cluster variables generates A as a subring of
F.

Another hallmark property of ordinary cluster algebras is that the ex-
change relations encoded by B are binomial, i.e., they have the form

Zpx), = monomial + monomial.

One natural question is to ask what happens when these binomial relations
are replaced by other types of polynomials. In this paper, we consider a gener-
alization of this type, introduced by Chekhov and Shapiro, which is described
in more detail in the following subsection.

Computing the full set of cluster variables requires multiple iterations of
mutation. For any choice of initial cluster, a sequence of mutations can be used
to express every cluster variable in terms of that initial cluster. Remarkably,
in a phenomenon known as the Laurent phenomenon, these expressions turn
out to be Laurent polynomials. Perhaps even more remarkably, these Laurent
polynomials have strictly non-negative coeflicients. This property is referred
to as positivity. Although the Laurent phenomenon was proved in Fomin and
Zelevinsky’s original paper, positivity for arbitrary ordinary cluster algebras
remained conjectural until the work of Gross, Hacking, Keel, and Kontsevich
in 2018 [33].

2.1. Generalized Cluster Algebras

One natural generalization of a cluster algebra, introduced by Chekhov and
Shapiro [10], is to allow the characteristic binomial exchange relations to in-
stead contain arbitrarily many terms. The resulting algebras, referred to as
generalized cluster algebras, have already been the object of significant study.
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The introduction of generalized cluster algebras was originally motivated
by the study of Teichmiiller spaces of Riemann surfaces with holes and orbifold
points of arbitrary order [8,9]. In particular, drawing on the work of Felikson,
Shapiro, and Tumarkin [14,15] which defines ordinary cluster algebras from
orbifolds, in [10], Chekhov and Shapiro show that triangulations of orbifolds
provide a geometric model for a certain subclass of generalized cluster algebras
and demonstrate positivity for such cases.

For the somewhat broader subclass of reciprocal generalized cluster alge-
bras, which we will define later in this section, Nakanishi shows in [49] that
much of the structural theory of cluster seeds for ordinary cluster algebras
still holds. In particular, Nakanishi extends the notions of c-vectors, g-vectors,
and F-polynomials to the generalized setting and then used these notions to
write formulas for the generalized cluster variables and coefficients. In [50],
Nakanishi and Rupel subsequently define companion algebras of reciprocal
generalized cluster algebras and showed that these companion algebras, which
are themselves ordinary cluster algebras, encode much of the structural data
of the original generalized cluster algebra. We discuss companion algebras in
much greater detail in Sect. 6.

In this section, we review some of the basic definitions and properties
of generalized cluster algebras, largely following the structure of definitions in
[49]. Two important differences in our presentation, however, are that we use
the wide convention rather than the tall convention (i.e., our B matrix would
be the matrix BT in [49]) and that we use r; in the place of d;. We make this
latter change in notation to avoid a conflict with the usage of d; that arises in
our discussion of ‘fixed data’ in the context of scattering diagrams.

Let (P,®) be a semifield and F be isomorphic to the field of rational
functions in n independent variables with coefficients in PP.

Definition 2.1. A labeled generalized cluster seed is a quintuple ¥ = (x,y, B,
[ri;],a) such that

e x = (z1,...,2,) is a free generating set for F,

e y is an n-tuple with elements in P,

B = [b;;] is an n x n skew-symmetrizable matrix with entries in Z,

[ri;] is an n x n diagonal matrix with positive integer entries whose i-th
diagonal entry is denoted r;,

and a = (ai,j)ie[ane[m_l] is a collection of elements in P. We later will
consider these a; ;’s to be formal variables in a ground ring R = k[a; j].

We refer to x = (x1,...,2,) as the cluster of ¥,y = (y1,...,Yyn) as the coeffi-
cient tuple, B as the generalized exchange matriz, [r;;] as the exchange degree
matrix, and a as the exchange coefficient collection. The elements z1,...,x,
are the cluster variables of ¥ and y1,...,y, are its coefficient variables.

Together, the exchange degrees {r;} and the exchange coefficient collec-
tion a determine a set of exchange polynomials 1 +a; ju+---+ ai,m_lu”*l +
u" € ZP[u]. The structure of the exchange relations for mutation in direction
k are determined by the kth exchange polynomial. We will work in the same
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specialized setting as [49] and impose the additional requirement that
Qi3 = Qjr;—s,

i.e., all exchange polynomials are reciprocal polynomials. Although this condi-
tion does not hold for all generalized cluster algebras, restricting our attention
to this subset allows us to focus on a more tractable subclass of generalized
cluster algebras.

Definition 2.2. For a generalized cluster seed ¥ = (x,y, B, [r;;], a), generalized

mutation ,u,(:) in direction k is defined by the following exchange relations:

) b t=korj=k
bij + 7 ([=bikl+bkj + bik[brs]+) 4,5 #k

/

, y,;l i=k
Y; = b; Tk —b; .
F e () @) ik

-1 n (b1 \"™* Tikoansdy .
_ {xk (szlxj e e

N

@:ioak,syz
[
ak,s - akﬂ“k—S’

where [ + |+ = max( -0) and
o~ bij
Ui ==Y H z;. (1)

Remark 2.3. The mutation relation for b}, in Definition 2.2 is for the general-
ized exchange matrix, B. This is equivalent to writing that the matrix formed
by the product B(r;;], whose entries we abbreviate as (br);;, mutates according
to the relation

(br)i; = (br)i 4 ([=(br) i)+ (0r) ks 4 (br) i [(07)kz]+)-

On the matrix level, this reflects the fact that mutation commutes with right
multiplication by [r;;], that is, pg(B[ry]) = ,L&ECT)(B)[TM], where u denotes
ordinary matrix mutation and u,(:) denotes the generalized matrix mutation
given in Definition 2.2.

Remark 2.4. In their original paper, Chekhov and Shapiro use matrices B and
B in their exchange relations [10]. Their B matrix is our Blr;;] matrix and their
([ matrix is our B matrix. Note that if the matrix B is skew-symmetrizable,
then the matrix B(r;;| is also skew-symmetrizable.

The generalized cluster algebra associated with a particular generalized
cluster seed can then be defined as:

Definition 2.5. The generalized cluster algebra A = A(x,y, B, [r;;],a) associ-
ated to a generalized cluster seed X is the ZP-subalgebra of F generated by
the cluster variables x = {2;};c[, of X.
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It is important to note that there is some potential for notational con-
fusion because it is also common to simply write A when referring to the
A-variety. Typically, it is clear from context whether A refers to a (general-
ized) cluster algebra or (generalized) cluster variety and, therefore, we use this
notation to be consistent with the literature.

Finally, we can give a statement of the Laurent phenomenon for general-
ized cluster algebras.

Theorem 2.6. (Theorem 2.5 of [10]) Let A = A(x,y, B, [ri;],a) be an arbitrary
generalized cluster algebra. Its cluster variables can be expressed in terms of
any cluster of A as Laurent polynomials with coefficients in ZP.

Note that in the above theorem, the Laurent polynomial coefficients are
in ZP. Although these coefficients are in fact strictly non-negative for certain
subclasses of generalized cluster algebras [1,10], there is currently no proof of
positivity for arbitrary generalized cluster algebras. Because ordinary cluster
scattering diagrams were used to prove positivity for arbitrary ordinary cluster
algebras, the conjectural positivity of arbitrary generalized cluster algebras is
a powerful motivator for defining generalized cluster scattering diagrams.

Remark 2.7. For the remainder of the paper, we use the geometric language of
(generalized) cluster varieties rather than the combinatorial language of (gen-
eralized) cluster algebras. These two viewpoints are two sides of the same coin
but the geometric language will be more conducive for defining (generalized)
cluster scattering diagrams.

2.2. Ordinary Cluster Varieties

Before we can embark on any discussion of scattering diagrams, we must first
establish some basic definitions. In this section, we will largely follow the expo-
sition in [16,30] and will develop these ideas in the context of ordinary cluster
algebras. In Sect. 3, we modify these definitions for the new context of gener-
alized cluster algebras and explain how the ordinary definitions in this section
can be recovered as specializations.

We begin with definitions of fized data and torus seed data, from [30],
which together encode the information of a cluster seed. We will work over
characteristic zero field k.

Definition 2.8. The following data are referred to as fized data, denoted by I':

e The cocharacter lattice N with skew-symmetric bilinear form {-,-} : N x
N — Q.

e A saturated sublattice Ny C N called the unfrozen sublattice.

e An index set I with |I| = rank(IN) and subset I, C I such that |l =
rank(Nyg

o A set of positive integers {d;};cs such that ged(d;) =1

e A sublattice N° C N of finite index such that {Ny¢, N°} C Z and {N, NyeN
N°} CZ

e A lattice M = Hom(N,Z) called the character lattice and sublattice
M° = Hom(N°,7Z).
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The name ‘fixed data’ refers to the fact that these data are fixed under muta-
tion.

Definition 2.9. Given a set of fixed data, the associated torus seed data are a
collection s = {e; }ier such that {e;};cs is a basis for N, {e;}; € I is a basis
for Ny, and {d;e;}icr is a basis for N°. The torus seed data defines a new
bilinear form

[,]s: NXxN—=Q
les, e5]s = €5 = {ei, ej}d;

which gives the skew-symmetrizable matrix as in the cluster literature.

Remark 2.10. Because we use the “wide” convention for the exchange matrices
of cluster algebras, our B and € matrices coincide. In the “tall” convention, used
by Fomin and Zelevinsky [17], the matrices are instead related by a transpose,
i.e. then ¢ = BT.

A choice of torus seed s = {e;};cs defines a dual basis {e} };cr for M and
a basis {f; = d;lef}ie 1 for M°. It also defines two associated algebraic tori:

Xs = T = Spec k[N],
As = Tve = Spec k[M°].

The torus Xs has coordinates y1,...,yn, where y; = 2% and the torus Ag
has coordinates z1,...,x,, where x; = 2fi. Although it is common in some
portions of the literature to use the notation Ai,..., A, for the coordinates
of Ag and X1,...,X,, for the coordinates of X, our choice of notational con-
vention is consistent with a large portion of the cluster algebra literature (c.f.:
[17,49,50]) and, in particular, is consistent with the original definition of gen-
eralized cluster algebras [10].

The bilinear form {-,-} : NxN — Q naturally defines maps pj : Nys — M°
and p3 : N — M°/NZ as

pi(n € Nu) = (' € N {n,n'}),
ps(neN)=(n"€ NyNN°+— {n,n'}).

Based on these maps, we can then choose a map p* : N — M° such that we
have the restriction p*| N, = P1 and the composition of p* with the quotient
map M° — Mo/Nj; agrees with p3. It is important to note that the choice of p*
is not unique because there is more than one possible choice of map N/Nys —
N Tt is also important to note that for an arbitrary choice of fixed data, the
map pj : Ny — M° is not necessarily injective. It is, however, always injective
for the principal coefficient case discussed in Sect.2.2.1. The assumption that
p;i is injective is sometimes referred to as the injectivity assumption.

The injectivity assumption is, in fact, a crucial ingredient in many of
the arguments given by Gross, Hacking, Keel, and Kontsevich for arbitrary
ordinary cluster algebras and therefore many of their results are proved via
the principal coefficient case. For the same reason, we will also work via the
principal coefficient case in our generalized setting.



624 M.-W. Cheung et al.
Because the fixed data and torus seed data encode information from a
cluster seed, there should also be a notion of mutation.

Definition 2.11. Given torus seed data s and some k € I, a mutation in
direction k of the torus seed data is defined by the following transformations
of basis vectors:

—€L i=k

r {ei + [eik]+ek 1#£k

i 4k

The basis mutation induces the following mutation of the matrix [e;;]:

fl= {_fk + Zjel.,f[_ekj]+fj 1=k
VY

—€;j k=iork=j
e = el ik = | e k #i,j and €rer; <0
€ij + leixler; k #14,7 and epex; > 0

Note that mutation of torus seeds is not an involution, so fu(u(s)) # s.
Mutation of torus seed data s in direction k defines birational maps uy : Xs —

Xy and pg : As — A, ) via the pull-backs
2™ = 2™ (1 + 2V ke for m e MO, (2)
piz™ = 2"(1 4 z¢%) ekl for p e N, (3)

where vy, := p7(ex). Explicitly, using dual bases, one can compute
vk =enleg] = Y enifi
J€L.y

Some of the most iconic equations in the study of cluster algebras are the
mutation relations for the cluster variables and coefficients. We can explicitly
see the familiar forms of those mutation relations by applying u;;, to the cluster
variables z; = 2fi and Yy = 2%

—1 €kj —€kj .
x IT =+ J] = i=k
sz; = b <€kj>0 J €k <0 J ) (4)

—€ik
. (1) ik
gt = L (140 7 (5)
Yy 7 =k.

Remark 2.12. Equations (4) and (5) can be obtained from Egs. (2) and (3) by
setting n = e; and m = f;. For example, consider the mutation of z; = zfi
and y; = 2 in direction k. If ¢ = k, then

MZ(y;c) _ /’LZ (Ze;€> _ Ml*c (z—ek) — ¢ (1 +Z€k)_[_€k7€k] -y — ylzl

and
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uz(x;q) == /J“z (Zf;v) = ,LLZ (Zifk{kzjeluf[iekj]*—fj)

— et e [menil+ £ (1+ Z'Uk:)_<dkek7_fk+zj61uf[_€7€j]+fj>

_ Z_fk- H Z[_Ekj]+fj (1 +Z’Uk)(dk5k7fk)
JE€Tus
1
-l H Sl—erilt £i 1+ H kit
J€Lur J€Lut
L H 2ekifi H €k T
j€ILut, €x; <0 j€ILus, €x; >0
— 1 TEkj H €kj
=T H Z; + z; .
E)cj<0 Ekj>0

If i # k, then
pi(wh) = i () = i (e lendeer)

— peitleir]tex (1+ Z@k)*[eiﬂﬁikhek,%]
— % Hlein]+en (1+ Zek)_[eivek]
= zliglenlven (1 4 pery e

If ;5 > 0, then

gorgleandien (14 o) T = g0 (14 gmo) T = g (14 gmommlenden) T
If ;5 < 0, then
Lei el ven (14 2o0) " = e (1 n Z*Sgn(eik)ek)_eik .

Hence, in both cases, we have
—sgni(e; ik
i () = i (1 )
Finally, uj(2}) = p} (Zf{) = uj (Zfi) = Zf'i(]_ + Z’Uk)-(dkek,fi> =zl =g,

Let ¥ be a directed infinite rooted tree where each vertex has |I,¢| out-
going edges, labeled by the elements of I,s. Let v be the root of the tree and
associate some initial torus seed s with mutation class [s] to v. To indicate this
choice of initial seed, we write T,. In some contexts, we write T to indicate
both the rooted infinite tree and the torus seed associated to the root vertex.
An edge with label k € I corresponds to mutation in direction k. Hence,
any simple path beginning at vertex v determines a sequence of mutations
according to the sequence of attached edge labels. These mutation sequences
determine an associated torus seed s, for each vertex w of ¥,. We can also
attach copies of X5, and Ag,, to each vertex w.
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Proposition 2.4 of [30] then allows the collection {As, }, where w ranges
over all vertices of T, to be glued along the open pieces where the py given in
Equation (2) are defined. This produces a scheme A, known as the A cluster
variety. Similarly, the collection {Xs, } can be glued using the py given in
Equation (3) to obtain a scheme X, known as the X' cluster variety.

The upper cluster algebra associated with a cluster variety V is defined as
up(V) :=T(V,Oy) [2]. Let L be an arbitrary lattice and T}, := Spec k[L*]. A
global monomial on V' = |J, T1, s is a regular function on V' that restricts to a
character on some torus 77, s in the atlas for V. For A-type cluster varieties, the
set of global monomials is exactly the set of cluster monomials. The ordinary
cluster algebra ord(V') is defined as the subalgebra of up(V') generated by the
set of global monomials on V.

2.2.1. Principal Coefficients. As mentioned in the previous section, many of
the important results of [33] were obtained via the principal coefficient case.
Recall that an ordinary cluster algebra with principal coefficients, using the
wide convention for exchange matrices, is an ordinary cluster algebra where the
nxn exchange matrix has been extended to a 2nx2n skew-symmetrizable block
matrix whose upper right block is the n x n identity matrix and whose lower
right block is the n x n zero matrix [18]. Including this additional information
requires the following modifications to the fixed and torus seed data:

Definition 2.13. ([30, Construction 2.11]) Given fixed data I', the fixed data
for the cluster variety with principal coefficients, I',in, are defined by

e The double of the lattice N, N = N @ M°, with skew-symmetric bilinear
form given by

{(n1,m1), (n2,ma)} = {n1,n2} + (n1,m2) — (n2, m1).

Here, (-,-) : N x M° — Q denotes the canonical pairing given by evalua-

tion, (n,m) — m(n).

The unfrozen sublattice ]\N/'uf = Nut @ 0 = Ny

The sublattice N° := N°@® M of N.

The lattice M = Hom(N,Z) = M & N°.

The lattice M° = M° & N, which has sublattice M.

The index set I given by the disjoint union of two copies of 1.

The unfrozen index set, fuf given by thinking of the original Is as a

subset of the first copy of I.

e A collection of integers {d;}, ; taken such that within each disjoint copy
of I, the d; agree with the original torus seed s.

For a cluster algebra with principal coefficients, there is an implicit choice
of the tropical semifield P = Trop(yi, - - ., ¥,) in Definition 2.1.

Definition 2.14. (Construction 2.11 of [30]) Given a torus seed s, the torus
seed with principal coeflicients sp;in is defined as

Sprin = {(87;,0)’ (07 fl)}zEIN
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For ease of notation, we will use 7 and j to denote indices corresponding to
basis elements of the form (e;,0) and « and 3 to denote indices corresponding
to basis elements of the form (0, f,). Because of the way the collection {d;}
is chosen, the entries of the matrix € defined by the principal fixed data are
determined by the following relationships:

€5 = €ij, €3 = (51'5, and €aj = —(Saj.

That is, € is a block matrix of the form

-]

where Id denotes the |I| x |I| identity matrix.

As before, the choice of sy defines dual bases for M and M°. The
previous choice of a map p* : N — M?° allows us to define a map p* : N — M°
as

p*(e;,0) = (p"(e:), e1),
p*(oafa) = (_fouo)
The new map p* : N — M° is now necessarily injective. In fact, p* : N — M°

is actually an isomorphism.
The choice of spyin also defines the associated algebraic tori

X := T37 = Spec k[N],
As i i= To = Spec k[M°].

The principal cluster varieties Xprin and Apuin are then obtained by gluing
along the birational mutation maps iy : X5, — Xy (s, a0 g 2 A
Auk(spm,> , as previously.

There are several important observations to make about the principal
cluster varieties. First, the ring of global functions on Apin is the upper clus-
ter algebra with principal coefficients at the seed s. Second, Apin has useful
relationships with the cluster varieties X and A which arise from the natural
inclusions

Sprin

pF:N — M °
n (p*(n),n)
and
7N — M°, (6)
n— (0,n). (7)
For any torus seed s, the map p* induces the exact sequence of algebraic
tori:
1= e — A, B X — 1.
The map p : As,,;, — &s defined by this exact sequence commutes with the

mutations p, on As . and X, yielding a morphism p : Apin — X' Similarly,
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the Tvo action on A,

is the X-variety.
The map 7* induces the projection 7 : Apyin — Thr. Let A; := 771 (¢).

Then the fiber A., where e € T} is the identity element, is the A-variety.

yields a Tyo action on Apyin. The quotient Apyin/Tneo

Sprin

2.3. Cluster Scattering Diagrams

Scattering diagrams first appeared in the literature in two dimensions, in work
by Kontsevich and Soibelman [40], and then in arbitrary dimension in the
work of Gross and Siebert [32]. Our discussion of cluster scattering diagrams
will loosely follow the structure of the exposition in Section 1 of [33].

To construct a cluster scattering diagram, we begin with a choice of fixed
data ' and initial seed data s and let k be a field of characteristic zero. Let
o C Mg be a strictly convex top-dimensional cone and define the associated
monoid P := ¢ N M° such that pj(e;) € J := P\P* for all i € ;. Here,
P* = {0} is the group of units of P and J is a monomial ideal in the polynomial
ring k[P]. Let 11513] denote the completion of k[P] with respect to J.

The construction also requires the assumption that pj : Ny — M° is an
injective map. It is important to note that this assumption does not hold for
all choices of fixed data, but does hold for fixed data corresponding to the prin-
cipal coefficient case. Because arbitrary cluster algebras can be considered as
specializations of the principal coefficient case, it is sufficient for the injectivity
assumption to hold for that case.

Set

J\f+ = N; = { Z a;€;

ST AT

a; ZO,Z(M >O}

and choose a linear function d : N — Z such that d(n) > 0 for n € N*.

—

Definition 2.15. ([33, Definition 1.4]) A wall in My is a pair (9, f5) € (NT,k[P])
such that for some primitive ng € N,

1. fo € ]k/[-ls] has the form 1+ Z;i1 cjszf(”‘l) with ¢; € k

2. 0 Cng C Mg is a (rank(M) — 1)-dimensional convex rational polyhedral

cone.

We refer to 0 C My as the support of the wall (9, f5).

—

Let m denote the ideal in k[P] which consists of formal power series with
constant term zero.

Definition 2.16. ([33, Definition 1.6]) A scattering diagram © for N and s
is a set of walls {(9, f5)} such that for every degree k > 0, there are a finite
number of walls (0, f) with f, # 1 mod m*+L.

For a scattering diagram 2,
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Supp(®) := [ J 2,
0ED
Sing(D) := (U 80) U U 01 N0y
ED 01,09€D

dim(91Nd2)=n—2
are defined as the support and singular locus of the scattering diagram. When
D is finite, its support is a finite polyhedral cone complex. A (n—2)-dimensional
cell of this complex is referred to as a joint. In this case, Sing(D) is simply
the union of the set of all joints of ®. A wall 0 C ng is called incoming if
pi(ng) € 0. Otherwise, d is called outgoing.
Each wall o € © has an associated wall-crossing automorphism.

Definition 2.17. ([33, Definition 1.2]) For ng € NT, let mo := pi(ng) and
[ =142, cxz" € k[P]. Then p; € k[P] denotes the automorphism

pf(z’rn) _ anf{ng,m)
where n{ generates the monoid Rxgng N N°.

These wall-crossing automorphisms can be composed to compute auto-
morphisms associated to paths on the scattering diagram that pass through
multiple walls. Such compositions are called path-ordered products.

Definition 2.18. Let « : [0,1] — Mg\Sing(®) be a smooth immersion which
crosses walls transversely and whose endpoints are not in the support of ®.
Let 0 <ty <ty <--- <ts <1 be a sequence such that at time ¢; the path ~
crosses the wall 9; such that f; # 1 mod mF+!. Definition 2.16 ensures that
this is a finite sequence. For each i € {1,...,s}, set ¢ := —sgn({n;,7'(t:))),
where n; € NT is the primitive vector normal to 9;. For each degree k > 0,
define

k _ €Es €
Pyo =Pp, o oby,
where py, is defined as in Definition 2.17. Then,
Pro = klirgo ps,Q'
We refer to p, o as a path-ordered product.

A scattering diagram ® is consistent if p, o depends only on the end-
points of . Two scattering diagrams, © and @', are considered equivalent if
Py o = P o for all paths v for which both path-ordered products are defined.

Gross, Hacking, Keel, and Kontsevich consider a particular scattering
diagram, which we refer to as the cluster scattering diagram. This diagram is
defined by the fixed and torus seed data as follows.

Definition 2.19. Given a set of fixed data I" and torus seed s, let v; = pi(e;)
for all ¢ € L. The initial scattering diagram Diy, s is defined as

Dins 1= {(e#, 14 2%) i € Ty}
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The following theorems are two of the main results of [33].
Theorem 2.20. ([33, Theorem 1.12, 1.13]) There is a scattering diagram Ds
such that

1. Dy is consistent
2. gD Qin,s
3. Ds\Din,s consists of only outgoing walls

The scattering diagram s is equivalent to a scattering diagram whose walls
(0, foy all have wall-crossing automorphisms of the form fo = (14 2™)¢ for
some m = p*(n), n € N, and positive integer c. In particular, all the nonzero
coefficients of fy are positive integers. The diagram is unique up to equivalence.

Ezxample 2.21. Consider the ordinary cluster algebra A (x,y, [_01 é]) with
seed data s = ((1,0), (0,1)). This algebra has initial scattering diagram

Dins = { (0,41 4+ 2029 ((1,005,1 4+ 200) ],

which can be drawn as

We can see that Dj, s is not consistent by computing p%@m’s(z(o’l)) as:

— z

L1 2 (0.1) (1 + 2(71,0))“0’1)«(0*”))

Z((!,l)

1+ 2(-10

L) (1 n Z(Dyl))(((),l).(l,l)))

1 4 2(=1,0) (1 + z((),l))((*lyﬂ)-(liJ))

02
g

2 (0,1) (1 + Z(O,l))
1+ 201 4 2(=1,0)

2 0,1) (1 + Z(—l,o))“‘]‘l)‘(n'l)> (1 4 20 (1 + z(—l.o))<<0‘1)"(”’l)>)

14 20D (1 ¥ Z(_lvu))((ﬂ,l).((),l)) 4 2(-10) (1 + z(_l)u))<(71,n)A(n.1))

0,
—

L(0.1) (1 4200 4 z(—m))
1+ z(0.1)
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20,1 (1+z(0,1))<(("l)‘(71’“)> (1+z("*l) (1+Z(tv.l))<(“‘l)'(71"))>+Z(—1,1) (1+Z(u.1>)<(’1‘1)‘(’1'“)>>

14201 (1+z(0.1))<(0v1),(*1«0)>

LB
—

— L0 (1 + z(’m)) .

In a consistent diagram, for any loop 7, we should get p, o, , (2™) = 2™.
Whereas, here p, o, . (2(OY) # 20D, Making the diagram D;, s consistent
requires adding the single wall 93 = (Rzo(l, -1),1+ z(’l’l)). Following the
same loop 7 as above, our calculation now has the additional step

L(0.D) (1 n z(—lyl)) 23, (0.1) (1 n Z(_Ll))((O,l)»(fl,fl)) .

(1 + 2010 (14 201) “1’1)’(1’1”)

0,1
Z( ) <1+Z(_171)>

- 1 + Z(_lal)
_ 01

and now p, o, (z(o’l)) = 201 TIn this example, the necessary wall-crossing au-
tomorphism can be seen by inspection of p, o, . (2(**V). In cluster scattering
diagrams with more than one outgoing wall, it is difficult to determine the sup-
port and associated wall-crossing automorphisms of those walls by inspection
of a similar calculation. Instead, there is a simple algorithm to produce D¢ from
Din,s which was introduced in two dimensions by Kontsevich and Soibelman
[40] and then extended for arbitrary dimension by Gross and Siebert [32].

Mutation Invariance of Ordinary Cluster Scattering Diagrams. An ordinary
cluster algebra can be equivalently specified by any possible choice of initial
cluster - there is no particular canonical choice. In the language of scattering
diagrams, this means there should be no special choice of torus seed data. If two
torus seeds, s and s’ are mutation equivalent, we should therefore expect that
the corresponding cluster scattering diagrams ®4 and g are also equivalent.
This expectation reflects the fact that ©g and D4 encode information about
the same ordinary cluster algebra.

To make the notion of mutation invariance precise, we must define the
following half-spaces and piecewise linear transformation:

Definition 2.22. (Definition 1.22 of [33]) For k € I, define
Hi+ == {m € Mg : (e, m) > 0},
Hy— :={m € Mg : {ex, m) < 0}.
The piecewise linear transformation Tj : M° — M?° is defined as
Ti(m) := {:+Uk<dkek7m> ﬂmliz:t

The shorthand notation T}, _ and T}, 4 is sometimes used to refer to T}, in the
respective regions Hy — and Hy 4.
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Intuitively, the map T} gives us a way to “mutate” cluster scattering
diagrams. By applying the map T}, to D, we obtain a new cluster scattering
diagram Ty (®s) via the following algorithm (Definition 1.22 of [33]):

1. The wall 05 = (e, 1 + 2¥¢) is replaced by 0} = (e, 1+ 27%),
2. For each wall (0, f5) € Ds\{0x}, there are either one or two walls in

Ti(Ds). The potential walls are

(T (@ N Hy,—), Tk~ (fo)) and (T (0 N Hy,+), Th,+(fo)),

where T 1 (f») denotes the formal power series obtained by applying
Tj + to each exponent in fy. The first wall is dropped if dim(d) NH,— <
rank(M)—1 and the second wall is dropped if dim(d)NHy, 4 < rank(M)—
1.

The following theorem justifies why we should think of the action of T} as
mutation of the cluster scattering diagram.

Theorem 2.23. ([33, Theorem 1.24]) If the injectivity assumption holds, then
Ty.(Ds) is a consistent scattering diagram and the diagrams D, (s) and Ty(Ds)
are equivalent.

Applying Theorem 2.23 multiple times gives the equivalence of T}, o
- 0Ty, (Ds) and Dy, where s and s’ are related by an arbitrary sequence of
mutations pig, ..., tg,, i.e. 8" = pg, 0+ o g, (s).

One frequently used semifield structure on Z is the max-plus structure,
where addition of elements is taken to be the maximum and multiplication to
be ordinary addition. We denote this semifield structure as Z” and refer to it
as the Fock—Goncharov tropicalization. The map T}, given in Definition 2.22
is in fact the Fock—Goncharov tropicalization of the birational mutation map
pr © As — As defined by the pullback pjz™ = 2™(1 + z”’f)*<d’cek’m> as in
Equation (2).

Chamber Structure. The map T} also gives rise to a chamber structure on
the cluster scattering diagram ©g. Within Dg, there are two important named
chambers.

Definition 2.24. Given a torus seed s, we define CI C My as
CH = {m € Mg|(e;,m) >0 for i € Iz},
Cg :={m € Mg|(e;;m) <0 for i € I}.

When s is clear from context, we omit the subscript and simply write C*. We
refer to C* as the positive chamber and C~ as the negative chamber.

The chambers CZ are closures of connected components of Mg\ Supp(Ds).
Similarly, the chambers ka(s) are closures of connected components of Mg\
Supp(D,,,(s))- We can observe that this means the chambers 7} 1(lek (S)) are
closures of connected components of Mg\Supp(®s). Further, C& and
T, 1(ka (S)) share a codimension one face with support e;-. This creates the
following chamber structure on a subset of Mg\Supp(Ds).
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Let T, be the infinite tree with root v defined in Sect.2.2. Let w be an
arbitrary distinct vertex of ¥5. Then the sequence of edges between v and
w determines a map T, : Ty, o --- 0T}, : Mr — R. By Theorem 2.23, we
know that T,,(Ds) = Ds, and so the chambers C5 := T, (CE)) are closures
of connected components of Mg\Supp(Ds).

Definition 2.25. (Definition 1.32 of [33]) Let AS denote the set of chambers
{C*} where w runs over the vertices of T5. The elements of AT are referred
to as cluster chambers.

In fact, this chamber structure coincides with the Fock—-Goncharov cluster
complex [16]. For further details, see Construction 1.30 and Section 2 of [33].

The chamber structure of a cluster scattering diagram is determined by
the structural properties of the associated cluster algebra. The Laurent expan-
sion of a cluster variable with respect to a particular initial cluster can be spec-
ified via two statistics: its F-polynomial and its g-vector. In [18], Fomin and
Zelevinsky give a definition of g-vectors in terms of a particular Z"-grading of
the ring of Laurent polynomials in x whose coefficients are integer polynomials
in y. Gross, Hacking, Keel, and Kontsevich [33] give a description of g-vectors
as the tropical points of theta functions. In the context of cluster scattering
diagrams, there is a correspondence between the g-vectors and the support
of the walls of the diagram. There is then also a correspondence between the
cluster chambers and initial seeds of the cluster algebra.

2.4. Theta Basis for Ordinary Cluster Algebras

One of the major results of the work of Gross, Hacking, Keel, and Kontsevich
[33] is the existence of the theta basis, a canonical basis for ordinary cluster
algebras. The collections of the theta functions which form this basis can be
defined on scattering diagrams via combinatorial objects called broken lines.

Definition 2.26. ([33, Definition 3.1]) Let © be a scattering diagram, mg be
a point in M°\{0}, and @ be a point in Mg\Supp(D). A broken line with
endpoint @ and initial slope mg is a piecewise linear path v : (—o0,0] —
Mg\Sing(®) with finitely many domains of linearity. Each domain of linear-
ity, L, has an associated monomial c;z™% € k[M°] such that the following
conditions are satisfied:
L 4(0)=Q
2. If L is the first domain of linearity of v, then ¢y z™L = z™o.
3. Within the domain of linearity L, the broken line has slope —m;—in
other words, 7/(t) = —my, on L.
4. Let t be a point at which + is non-linear and is passing from one domain
of linearity, L, to another domain of linearity, L', and define

D ={(0, /) €D:1(t) €.}
Then the formal power series Pl t+€),@t(CLsz) contains the term

crr 2™,

Broken lines allow for a beautifully concrete and combinatorial definition
of a theta function:
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Definition 2.27. ([33, Definition 3.3]) Suppose D is a scattering diagram and
consider points mo € M°\{0} and Q € Mg\Supp(®). For a broken line
with initial exponent mg and endpoint @, we define I(y) = mg, b(y) = Q, and
Mono(v) = ¢(7)z"("), where Mono(y) is the monomial attached to the final
domain of linearity of 7. We then define

VQ,me = ZMono(fy),
kY

where the summation ranges over all broken lines v with initial exponent my
and endpoint (). When mg = 0, then for any endpoint ) we define ¥¢ o = 1.

One of the key steps in proving that the theta functions form a basis is to
show that the cluster variables and cluster monomials, i.e. products of cluster
variables from a particular cluster, are themselves theta functions. Although
we will not reproduce the full proof, we will highlight several important in-
termediate properties and results. For the full set of definitions and technical
details of the proof, we refer the reader to [33, Sections 3, 4, 6, and 7].

One important property is that theta functions with the same initial
slope mg but with distinct endpoints Q and @’ are related by a path-ordered
product.

Theorem 2.28. ([33, Theorem 3.5]) Let © be a consistent scattering diagram,
mo be a point in M\{0}, and consider a pair of points Q and Q" in Mg\ Supp(D)
such that Q and Q' are linearly independent over Q. Then for any path v with
endpoints Q and Q' for which p, o is defined, we have

ﬂQ"mo =Py (ﬁQ,mo)'

Another important property is the existence of a bijection between broken
lines in the diagram Ds and in the diagram D, (). Because the diagrams D
and D, (s) correspond to the same cluster algebra, this is a clearly desirable
property if the theta functions are going to form a canonical basis. That is,
any choice of initial cluster (i.e., cluster corresponding to the positive chamber)
should produce the same canonical basis, up to isomorphism. For V = Ay,

Proposition 2.29. ([33, Proposition 3.6]) The transformation Ty, gives a bijec-
tion between broken lines with endpoint ) and initial slope mqg in Dg and broken
lines with endpoint Ty (Q) and initial slope Ty,(mo) in D, (s). In particular,

0#k(5) _ Tk,+ (ﬂ%,mo) Qe Hk7+
Te(Q), Tk (mo) Tk,— (ﬁSQ,mo) Q S Hk,—v

where the superscript indicates which scattering diagram is used to define the
theta function and T, 1 acts linearly on the exponents in U, ., .

Although Proposition 2.29 gives a bijection between cluster scattering
diagrams generated by seeds that are related by a single mutation, repeated
applications of the proposition yield such bijections for any pair of cluster
scattering diagrams which correspond to the same cluster algebra.
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Finally, the theta functions have structure constants with an elegant com-
binatorial definition in terms of pairs of broken lines. Let p1, ps, and ¢ be points
in M 2 and z be a generic point in M]R <- There are finitely many pairs of broken
lines 71,72 such that +; has initial slope pi, both 71 and v, have endpoint z,
and the sum of the slopes of their final domains of linearity is ¢. Define

az(p1,p2,q) = > c(n)e(vz).

(v1,72)
1(v:)=pi,b(yi)==
F(y1)+F(v2)=¢
For points z sufficiently close to ¢, the constant a,(p1, p2, ¢) is independent of
the choice of z and we write a(p1,p2,q) := a.(p1,p2,q) [33, Proposition 6.4].
Products of theta functions can then be written as

p1 19;02 = Z a(p11p27q)19q S up(jls)rin) ®k[N:’] k[N]
quS

9

Hence, the theta functions form a legitimate vector space basis.

Moving from proving results about theta functions on scattering diagrams
to proving results about the ordinary cluster algebras requires formalizing the
connection between cluster scattering diagrams and cluster varieties. To do so,
Gross, Hacking, Keel, and Kontsevich construct a space Agcay from the cluster
scattering diagram ®g by attaching a copy of the torus T to each cluster
chamber of ®g and then gluing these copies according to the birational maps
given by the wall-crossing automorphisms. Up to isomorphism, this space is
independent of the choice of torus seed s within a given mutation class. Gross,
Hacking, Keel, and Kontsevich then show that the space Agcat 18 isomorphic
to the cluster variety As.

Once this identification is made, it is then possible to formalize the rela-
tionship between the theta functions and cluster monomials. Consider a set of
fixed data I and torus seeds s, s,, = (€],...,€,). In this geometric context, a
cluster monomial on s,, is defined as a monomial on Tno ,, C A of the form

™ where m = Y, a; f/ with all a; non-negative. Such monomials extend to
regular functions on A. A cluster monomial on A is then a regular function
which is a cluster monomial on some torus seed of A. The following theorem
identifies the cluster monomials on A with theta functions.

Theorem 2.30. ([33, Theorem 4.9]) Let T' be a set of fixed data which satisfies
the Injectivity Assumption and s be a choice of torus seed. Consider a point
Q € CS and m € o N M° for some cluster chamber o € Af. Then Vg m is a
positive Laurent polynomial which expresses a cluster monomial of A in terms
of the initial torus seed s. Further, all cluster monomials can be expressed in
this way.

Gross, Hacking, Keel, and Kontsevich define the middle cluster algebra
to prove that the theta functions form a basis for the ordinary cluster algebra.
Their proof works primarily with Ay, and is then extended to A4 and X
using the fact that these varieties appear as a fiber and quotient, respectively,
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of Apsin. Let AY . denote the Langlands dual of Apyin, defined in Sect.6.1.

prin
The middle cluster algebra associated with Ay, is then defined as

mid (Aprin) = @k - 9,

qeEO

where © C AY;,(Z") is the collection of mg such that for any generic point
Q € 0 € AT, there are only finitely many broken lines with initial slope mq
and endpoint Q. The structure constants o, (p1, p2,q) make mid (Apn) into
an associative and commutative k[N]-algebra.

Gross, Hacking, Keel, and Kontsevich show there are canonical inclusions
ord (Aprin) C mid (Aprin) - up (Aprin) )

and that, therefore, the theta functions form a basis for the ordinary cluster
algebra when the ordinary cluster algebra and upper cluster algebra coincide.
For the definitions of ord(Apyiny and up(Apin), see Sect. 2.2.

3. Generalized Cluster Scattering Diagrams

In this section, we describe the construction of cluster scattering diagrams
for reciprocal generalized cluster algebras and prove important properties of
such diagrams. Definitions of generalized fixed data, generalized torus seed
data, generalized cluster varieties, and other fundamental objects are given in
Sect. 3.1. The construction of generalized cluster scattering diagrams is then
given in Sect.3.2. The restriction to reciprocal generalized cluster algebras
will be necessary in the proof of Theorem 3.25, which establishes the mutation
invariance of generalized cluster scattering diagrams. Subsequently, Sect. 3.3
defines mutation at the diagram level and verifies that our generalized cluster
scattering diagrams are mutation invariant. Section 3.4 extends the description
of the chamber structure to generalized cluster scattering diagrams, thereby
showing that the Fock—Goncharov cluster chambers are the maximal cones of
a simplicial fan. In Sect. 3.5, we extend the definitions from Sect. 3.1 for the
principal coefficient case. Finally, in Sect. 3.6, we describe how to construct
a space Agcat from a generalized cluster scattering diagram and then how to
identify Agcat with the A-variety.

3.1. Fixed Data, Seed Data, and Generalized Cluster Varieties

We begin by updating some definitions for the generalized setting. First, we
update the definition of fixed data to include data from the exchange degree
matrix [r;].

Definition 3.1. The following data are referred to as generalized fized data,
denoted TI':

o A lattice N called the cocharacter lattice with skew-symmetric bilinear
form {-,-} : N x N — Q.

e A saturated sublattice Ny C N called the unfrozen sublattice.

e An index set I with |I| = rank(N) and subset I,y C I such that |I¢| =
rank(Nys).
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A set of positive integers {d; };c; such that ged(d;) = 1.

A sublattice N° C N of finite index such that { Ny¢, N°} C Z and {N, Ny
N°} C Z.

A lattice M = Hom(N,Z) called the character lattice and sublattice
M° = Hom(N°, Z).

A set of positive integers {r;}icr.

A collection {a; ;}ier, jer,—1) of formal variables.

The adjective ‘fixed’ refers to the fact that these data are fixed under mutation.

Note that the exchange polynomial coefficients {a; ; };c T, jelri—1] are for-
mal variables, rather than elements of k. As such, we must work over the
ground ring R = kla; ;], where k is a field of characteristic zero, rather than
over k as in the ordinary case. In doing so, we follow the work of [3] on cluster
varieties with coefficients. In particular, this will be necessary in the proof of
Proposition 5.8, but is not necessary to construct cluster scattering diagrams
and theta functions or to express generalized cluster monomials as theta func-
tions.

We also establish the notion of a generalized torus seed, also denoted s.

Definition 3.2. Given a set of generalized fixed data, we can define associated
generalized torus seed data s = {(e;, (aivj))}z‘elufje[m—l] such that the collec-
tion {e;}ier,, satisfies the conditions for ordinary torus seed data and each

(@i ;) is a tuple of formal variables taken from the collection specified in the
fixed data.

Analogous to the ordinary case, this defines a dual basis {e} };er for M
and {f; = d;lez‘}iel for M°. Note that when r; = 1 for all ¢, our definitions
reduce to the definitions for an ordinary torus seed.

We will confine our attention to the subclass of reciprocal generalized
cluster algebras:

Definition 3.3. A generalized torus seed s is called reciprocal if its scalar tuples
(ai,;) satisfy the reciprocity condition a; ; = a; r,—;. We refer to the associated
algebra as a reciprocal generalized cluster algebra.

Note that in the definition [10] of a generalized cluster algebra, the mu-
tations of the exchange polynomial coefficients ay, s are of the form

!
A s = Qkrp—ss

and, therefore, mutation does not introduce new exchange polynomial coef-
ficients. This allows us to include the collection of all exchange polynomial
coefficients {a; ;} in the fixed data and work over the ground ring R = kl[a; ;]
when working with generalized cluster algebras. Because we work only with
reciprocal generalized cluster algebras, whose exchange polynomials are fixed
under mutation, we do not necessarily need to include the exchange polynomial
coefficients a; ; in the seed data. However, we include the (ordered) exchange
polynomial coeflicients as part of that data to allow for future extension to
arbitrary generalized cluster algebras.
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Ezxample 3.4. The generalized cluster algebra

Az |5 o] o 9 @aan )

has generalized fixed data I' with a rank 2 lattice N = N°, the dual lattice
M=M° d=(1,1),r=(3,1), I = I+ = {1,2}, and skew-symmetric bilinear
form {-,-} : N x N — Z specified by the exchange matrix. One possible choice
of generalized torus seed data is

s ={(ex = (1,0),(1,a,a,1)), (e2 = (0,1), (1,1))}.

Definition 3.5. Given generalized torus seed data s and some k € I¢, a muta-
tion in direction k of the generalized torus seed data is defined by the following
transformations of basis vectors and exchange polynomial coefficients:

o €; + rk[ﬁik]Jrek: 1#k
. —eg 1=k
fli= —Ji e X jer menil Sy i=k
7 .
fi i Fk
aﬁm = Qg —s
The basis mutation induces the following mutation of the matrix [e;;]:
—€ij k=iork=j
Egj = {eéaeé}dj =4 €5 k#1,j and €pep; <0
€ij + Tk|€ik‘€k:j k 75 i,j and €ik€kj Z 0.
Note that when all r, = 1, the formulas in Definition 3.5 coincide with
those in Definition 2.11. Given generalized torus seed data s, we can then define
associated algebraic tori Ag and X5. As we are working over the ground ring

R = Kla;,;], we will consider the tori over the ring R = k[a, ;]. More precisely,
for a lattice L, let

Tr(R) := Spec (R[L*] ®x R) = T1, X Spec(R).
This notation then allows us to state the following definition:

Definition 3.6. A choice of generalized torus seed data s defines the tori:
Xs =T (R) = T Xk Spec(R) = Spec (k[N]) xk Spec(R)
As = Tno(R) = Tyo Xk Spec(R) = Spec (k[M°]) xk Spec(R).
Just as in the ordinary case, there are several common notational con-
ventions for the coordinates of these algebraic tori. We will use y1, ..., y, for

the coordinates of X5 and z1, ..., x, for the coordinates of Ag to be consistent
with the prevailing notation for ordinary and generalized cluster algebras.

Definition 3.7. We define birational maps py : Xs — ka(s) and py @ As —
A, (s) via the pull-back of functions
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) —(drex,m)

ppz™ =2 (1 g 2% e gy 2T DVR TR (8)
—[n,ex]

MI’;Z” =" (1 + ak,lzek et ak’rkilz(rk’_l)ek + Z?"kek) (9)
for n € N and m € M°.

Remark 3.8. The exchange relations given in Definition 2.2 can be recovered
from equations (8) and (9) by setting m = f; and n = e;. Consider the muta-
tion of z; = 2zf and y; = 2% in direction k. If i = k, then

pilh) = wi (2 = i (700) = 270 (L 2oy TEemed e
and
i) = i (=74
- (fowrk. z]guf[fewhfj)
—fetri Zjer lerilt £
—(drer,—futre X, [—enile £i)

=z
(1 + ar1 2" o Q12T z”‘”)

Tk

) (drer, fr)
— Z*fk H Z[*6m]+f] <1 + ak,lzvk +o 4t ak’rk_lz(rk.fl)vk + ZTkUk:)
JE€Lut
_ —(drep;[erj]l+ fi)
H (1 + ak,lzvk’ 4+ -+ ak,m—lz(m 1oy + Zrlc'Uk)
JE€Lut
Tk
— ,—fr H Slmerile fi <1 +apa2 o+ akyrk712,(1"1971)11;c + vak)
JE€Lus
Tk Tk
=z H Slensl fi 14 ara H Zokifi | 4o 4 H 26k
JE€ Lt J€ Lyt J€L s
Tk Tk
_ -1 [=bk;l+ H brj H by
=z, H z; 1+ag x; + + z;
J€Lus J€Lue J€1ue

If i # k, then
wi (i) = ui, (z)
= <zei+’"k[fik]+ek>

) —leit+rr[ein]+er, ex]
— yeitrrlei]ier (1 +ap12% -+ ak,rkflz(rkil)ek + Zrkek)

e Trl€in]+er ek (re—1)ey Tkek ~lessen]
= 2T "k 1+apq 12+ +agr,-12 +z

€ik

= i (z[e'zk]-%-ek)?‘k (1 +ap 2% 4+ ak’m_lz(rk—l)ek + ZTk-ek)_

b; Tk Tk — re\ —bi
=i (u) " (U @y eyt )
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and

wr(xh) = uy, (quf) =pu (Zf1) = fi (14 ap 2" + -+ Zrkvk)_<dkekvfk>

Remark 3.9. Let us examine why the r; — 1 scalars are included as extra data
in fixed data. We note that in Definition 2.2, which is the definition of gener-
alized cluster algebras from [49, Definition 2.2], Nakanishi [49, Equation (2.1)]
emphasised that his d; (which is our r;) are not the scalars used to make the
exchange matrix skew-symmetric. While Eqs. (8) and (9) appear to be two
different type of mutations, we should always bear in mind that the y vari-
ables come from the cluster algebras with principal coefficients, i.e. one can
obtain the A mutation in Eq. (9) from Eq. (8) as the A case with princi-
pal coefficients. Although the notation is developed in later sections, one can
jump ahead to Remark 3.36 to see how we can obtain the X mutations from
the Appn mutations. One can further consult Example 3.20 to see the effect
that varying the r; values can have even when the resulting exchange matrices
associated to the companion algebras (Sect. 6) are ‘the same’.

We are now working over polynomial ring R = k[a; ;] instead of a char-
acteristic zero field k. Proposition 2.4 in [30] can be generalized to this setting
by working through [34]. We will state the version in [3] for this setting.

Proposition 3.10. ([3, Lemma 3.10]) Let {S;} be a collection of integral, sep-
arate schemes of finite type over a locally Noetherian ring R, with birational
maps fij : Si — Sj for all i,j, with fi; = Id and fjx o fi; = fir as rational
maps. Let U;; C S; be the largest open subscheme such that fi; : Usj — fi;(Usj)
is an isomorphism. Then there exists a scheme

S:=Js

which is obtained by gluing the S; along the open sets U;; via the maps fij.

As in the ordinary setting, let ¥, be a directed infinite rooted tree where
each vertex has |I¢| outgoing edges, labeled by the elements of Is. An edge
with label & € I, now corresponds to generalized mutation in direction k.
Hence, any simple path beginning at vertex v determines a sequence of muta-
tions and an associated generalized torus seed s,, for each vertex w of ¥,. We
attach copies of X5, and As, to each vertex w.

Definition 3.11. The generalized A cluster variety is the scheme
.A = U -As
s€¥
obtained using Proposition 3.10 to glue the collection of algebraic tori {Ag}sex
according to the birational maps pu : As — Ay, (s) specified in Definition 3.7.
Analogously, the generalized X cluster variety is defined to be the scheme

X::UXS

seT
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obtained by gluing the collection {Xs}sex according to the birational maps
P Xs — X#k(s)'

For readability, we will often refer to the these schemes simply as the A-
variety and X-variety when it is clear from context that they are generalized
cluster varieties rather than ordinary cluster varieties.

The upper generalized cluster algebra up(V') associated to a generalized
cluster variety V is defined as up(V) := I'(V, Oy ). Equivalently, it is defined
in [23] as

up (A) := ﬂ Rzt ..zt c F.

clusters{z1,...,xn } of A

The generalized cluster algebra gen(V') associated to a generalized cluster va-
riety V' is the subalgebra of up(V') generated by the set of global monomials
on V.

Intuitively, we expect that the construction of the generalized A-variety
and X-variety should not depend on the choice of seed—that is, mutation
equivalent seeds s and s’ should yield isomorphic schemes. The two smaller
commutative diagrams in the following proposition show that structures of
the tori given in Definition 3.6 are compatible with generalized torus seed
data mutation. This induces a similar compatibility for A and X.

Proposition 3.12. Let K = ker(p}) and K° = K N N°. For a given general-
ized torus seed s and mutation direction k € [n], the following diagrams are
commutative:

Txo As P X, T

FoR ok

Tigo — Auk(s) L Xuk(s) — T~

T(N/N':/) — X As E— TNO/(NufﬂNO)
J/: J,“k J{Hk J{:
Tinynz, — Xuis) Aurts) = TN j(NyN°)

Proof. There are several unlabeled maps in the above commutative diagrams.
Those maps come from the following structures, as described in [30]:

1. The inclusion K C N induces a map X5 — Tk~.

2. The inclusion K° — N° induces a map Txo — As.

3. Let N5 := {m € M° : (m,n) = 0 for all n € Ny}. Then the inclusion
Nj; C M° induces a map As — Tno /(N nNo)-

4. The choice of the map p* : N — M?° defines a map p : As — Xs. The
map p* : N — M° induces maps p* : K — Nz and p* : N/Ny — (K°)*
which define maps p : Tiv/(nnne) — Tk~ and p : To — T(N/N‘jf).

Using the definitions of these maps, p, and ug, it is straightforward to check
the commutativity of each square. O
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3.2. Generalized Cluster Scattering Diagrams

As in the ordinary case, we will be interested in a particular scattering diagram
which is defined by the generalized fixed and torus seed data. To define this
diagram, which we refer to as the generalized cluster scattering diagram, we
begin by modifying the definition of a wall to reflect the fact that we are now
working over the ground ring R = k[a; ;] rather than over k.

As before, we assume that the map pj : Nys — M° is injective. This Injec-
tivity Assumption ensures that we are able to choose a convex top-dimensional
cone ¢ C Mg with associated monoid P := o N M° such that pi(e;) €
J = P\P* for all i € I . If pj is not injective, then P may fail to be
full-dimensional. Although injectivity is not guaranteed for an arbitrary set
of fixed data, it is guaranteed in the principal coefficient case, which we will
discuss in Sect.3.5. For this reason, the results in Sect.5 are proved via the
principal coefficient case and then extended to arbitrary generalized cluster
varieties.

As in Sect. 2.3, set

N+ = N:_ = { Z a;€;

ie]uf

a; ZO,Zai >0}

and choose a linear function d : N — Z such that d(n) > 0 for n € N*.
Definition 3.13. A wall in Mg is a pair (0, f5) € (N, ]?[F]) such that for some
primitive ng € N1,

1. foe I?[F] has the form 1+ Z;‘;l cjszf("O) with ¢; € R.
2. 0 Cng C Mg is a (rank M — 1)-dimensional convex rational polyhedral
cone.

We refer to @ C Mg as the support of the wall (9, f).

Let m now denote the ideal in ]?[I?] which consists of formal power series
with constant term zero. The definitions of a scattering diagram, wall-crossing
automorphism, and path-ordered product must then either be updated to re-
flect the change in go\und ring or read with the understanding that m now

—

denotes an ideal in R[P] rather than in k[P]. We give the statements of these
definitions in the generalized setting below, for the sake of completeness.

Definition 3.14. A scattering diagram ® for N* and s is a set of walls {(0, f5)}
such that for every degree k > 0, there are a finite number of walls (9, f5) € D
with f, # 1 mod mF+!,

Definition 3.15. For ng € N, let mg := p}(ng) and f =1+ Y ;o cpzh™ €

—

E[-F\’]. Then py € R[P] denotes the automorphism
pf(zm) _ Z'mf(né,?n}

where ng generates the monoid Rxgng N N°.



Cluster Scattering Diagrams and Theta Functions 643

Definition 3.16. Let v : [0,1] — Mg\Sing(®) be a smooth immersion which
crosses walls transversely and whose endpoints are not in the support of .
Let 0 <ty <ty <--- <ts <1 be asequence such that at time ¢; the path v
crosses the wall d; such that f; # 1 mod mF+1. Definition 2.16 ensures that
this is a finite sequence. For each i € {1,...,s}, set ¢ := —sgn({n;,v'(¢;))),
where n; € N7T is the primitive vector normal to 9;. For each degree k > 0,
define

k w_ €Es €
Pyo =Pp, ©roby,
where py, is defined as in Definition 3.15. Then,
py0 = lim pl 5.
We refer to p, o as a path-ordered product.

Generalized cluster scattering diagrams have the same notions of equiva-
lence and uniqueness as ordinary scattering diagrams. To define them, we first
define the initial scattering diagrams for generalized cluster algebras.

Definition 3.17. Let v; = pj(e;) for i € I,s. Then we define
gin,s = {(ef, 1+ ai)lz”i + ai’QZQU"’ —+ -4 ai7ri_1z(”_1)7’i =+ vai)}iejuf.
Similar to [33, Theorem 1.12], we obtain:

Theorem 3.18. Given a generalized torus seed s, there exists a consistent scat-
tering diagram D such that Dips C Ds and D\Dpn s consists only of walls
0 C ng with pi(ng) € 0. The scattering diagram Ds is unique up to equivalence.

Proof. The proof given in Section 1.2 and Appendix C of [33] for ordinary
cluster scattering diagrams holds in our generalized setting. That proof is a
special case of results from [32] and [40] and holds in our setting because it
does not require that the wall-crossing automorphisms are strictly binomial.
O

The generalized cluster scattering diagram Dy is the unique (up to equiv-
alence) consistent scattering diagram obtained by adding walls to Dy s.

Example 3.19. The generalized cluster algebra from Example 3.4 has bira-
tional maps u1, uo defined by the pullbacks

pr 2" =2"(1+ 4z 4 z(20) 4 ZG.0))=[n00)]
51 2™ = 21+ a2 4 z(02) 4 5(03))=((1.0)m)
P oz = 2" (1 + 2 (0:1))=[n.0.1)]

a2 =2"(1+ 210 ={(0.1);m)

Since the p* map is injective in this case, the initial A scattering diagram is
of the form

Dins = {((0, 1)1, 14+ 210 (1,005, 1 + azO 4 202 4 »O3)))

which can be drawn as
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~

fbl =1+ 2(71,0)

0l 1 4 gz 4 202 4 03)
1//’}/

Consider the paths v (drawn in red, on the left) and 4" (drawn in blue, on
the right). We can demonstrate that the diagram ®;,¢ is not consistent by
computing p- »,, . and p,/ », .. We compute p, o, _ as

in,s in,s* in,s

20D 22, S0 (14 0500 1 g09) 1 509) (o)

= 2(1,1) (]_ —+ az(o,l) + az(0>2) + 2(0)3))
2 200 (14 2019) (D,0.1)

1+az®b (1—&-2(_1’0))<(0’1)’(0’1)> +az®? (14 Z(—l,o))((072)’(0-,1)>
+Z(Oa3) (1 + 2(71,0))«073),(071))

= (LY (1 + z(_l’o)) (1 +az®Y (1 + z(_1’0)>

+az%? <1 + 2(71’0)>2 + 203 (1 + z(l’o)>3) .

Similarly, we compute p,/ o, . as

in,s

L(L1) 21 (1) (1 4 (=10
ENCRY (1 + Z(—LO))
L2, (1) (1 1 az0D 4 ,(0.2) 4 (03)

(1 + 210 (1 +azOD 4 0202 4 z(073)) “1’0)’(1’0)))

)) ((1,1),(0,1))

)<(1’1)7(170)>

(7170)
_ (L) ( (0,1) (0,2) (0,3)) Z
z 14+az""" +az""" +2 <1+ (1 00D ¢ a0 1 z(073))

— (1 T azO0D) 402 4 03) ZH,O)) ,
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Observe that p, o,,. # Py 0., Hence, Dy, s is by definition not consistent.
Making the diagram consistent requires adding four walls:

0y = (RZO(L —3),1+ z(_l’?’)) ,

0y = (R>o(

( ~0(2,-3),1 4 2(-23)
(

06 = ( So(1,=1),1 4+ azhY 42722 4 z(_?”?’)) .

1,-2),1 4 az"h? 462729 4 2(73’6)> ,

The consistent diagram is shown in Example 3.23.

Example 3.20. Consider the family of generalized cluster algebras

Apr = ((3317332)7(9172/2)7 [_(;)1 1)02] : ﬁ)l 0} ’(al>a2)> :

T2
where r1b; = roby = 2. Each generalized cluster algebra has I = I,s = {1,2}
and skew-symmetric bilinear form {-,-} : N x N — Q given by {e;,e;} = J;;.
The rest of the generalized fixed data associated to each such generalized
cluster algebra is summarized in the following table:

A2,2),a,1) A2,1),(1,2) A,2),2,1) A,1),2,2)

b (2,2) (2,1) (1,2) (1,1)

r (1,1) (1,2) (2,1) (2,2)

N span{e;, es} span{ey, ea} span{ey, es} span{e, es}

N° span{2ey,2e3}  span{2ej,es} span{e;,2es}  span{ej,es}

M span{ej, e5} span{ej,es}  span{ej,e3}  span{e, e}

Me° span{iej, 1es} span{iej,e3} span{ej,le;} span{ei,es}

{ai,j} 0 {a2,1 = a} {a1,1 = a} {al,l =a,az1 = b}'

Let e; = (1,0) and ez = (0, 1). One natural choice of a set of generalized
torus seeds for this family of generalized cluster algebras is

SAe2),a1) T ((e1,(1,1)), (2, (1,1))),

SAn1),a,2) T ((e1,(1,1)), (e2,(1,a,1))),

SA<1,2),(2,1) = ((61, (la a, 1))a (627 (L 1))) )

SAa1),2,2) T ((81, (13 a, 1))7 (627 (1a b, 1))) .

For this set of generalized torus seeds, we have
_ 1 (0,2) 1 (—2,0)

Dindzman = {((LOH1+202) (0,05 142729,
Dindins) 10 = {( 0t 1+ Z(o,l)) 7 ((07 DY 14 az(20 +Z(—4,0))}7
DinAim s = L (L0 1+ 20 (0,1 14205 L

Din s am) = )1 az0D Z(o,2)> 7 <(0’1)¢7 14 b ("1 4 z(—2,0)>}.



646 M.-W. Cheung et al.

%
A2,2),1,1) fDrT =14 202
_ (~2,0)
ot f%+ =it
0 fa; =14 Z(_2”‘2(n+1))
_ —2(n+1),2n
ot fax*lﬂLZ( (n+1),2n)
0y f= v
. (1— 2(-22))2
070y - f
%
A(211)1(112) faJ =1+ 20D
faar =1+ az(720 4 (=40
of i 1 4+ qz(2041)n+2) o o (—4(n+1),2(n+2)) n odd
o fon = 1 4 z(~(H+1),(n+2)/2) n even
f 1+ z(=2(n+1),n) n odd
o foy = 1 + qz(~(+Dn/2) 4 (=2(n+1).n) n even
%
fag =1+ az®? 4 ;04
A1.2),2,1) for =1+ 2(=1.0)
1+ z(=m2(n+1) n odd
Dar fa'n_ = 14+ az(—n/2.n+1) + ,—n:2(n+1) n even
) 1+ az*(n+4),2(n+3) + Z(*Q(n+4),4(n+3)) n odd
for =91 4 s-ornyzmes) n even
o f - DT
%
faE =1+ az(710) 4 2(=2.0)
A, 2,2) f%+ =1+ bz0 4 202
B 14+ bz(—(’n+1),7L) -+ z(—2(7L+1),2n) n odd
of for = 14 az(—FDm) 4 (-2+1.20) 1 oven
14 az(-mnth) g (=202 41))  odd
o fa* =
ai n 14 bz(mmntl) 4 (=2n2(n+1)  py even
2
05 f

FicURE 1. The known ordinary cluster scattering diagram
for A(2,2),(1,1) and partially computed generalized cluster scat-
tering diagrams for A1 2) (2,1), A2,1),(1,2), and A(1,1),(2,2) dis-
cussed in Example 3.20
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Table in Fig. 1 shows the known cluster scattering diagram for A3 2y (1,1) and
partially computed cluster scattering diagrams for A 2) (2,1, A(2,1),(1,2), and
A(171)’(2,2). While Theorem 3.18 guarantees the existence of consistent gener-
alized cluster scattering diagrams, the wall structures of the diagrams are not
explicitly laid out.

Observe that when a = b = 0, the generalized cluster scattering diagram
for A(1,1),(2,2) reduces to the known cluster scattering diagram for Az 2y, (1,1),
where the wall-crossing automorphisms are known. See [53] for the X setting,
and [11, Figure 2] for the A setting. For A 2 (2,1), A(2,1),(1,2)> and A 1y,(2,2)
the incoming walls can be computed by definition and the outgoing walls in
the cluster complex follow from the generalized mutation rule. It is difficult,
however, to determine what wall-crossing automorphism f should be attached
to the limiting ray to make the diagram consistent.

3.3. Mutation Invariance of Generalized Cluster Scattering Diagrams

We must slightly tweak the mutation of ordinary scattering diagrams. We use
the same definitions of Hj 4+ and Hj —, but modify the definition of T}, and
the procedure for applying T} as follows:

Definition 3.21. We define the piecewise linear transformation T} : M° — M°
as

m + revg(dieg,m) m € Hy 4
Tk(m) . {m m € Hy,

As before, we sometimes use the shorthand T _ and T} 4 to refer to T in,
respectively, the regions Hy + and Hy, —.

Definition 3.22. The scattering diagram T (Ds) is obtained from ®g via the
following procedure:

1. For each wall (9, f5) in Ds other than ¥, := (ef,1 + ag2" + -+ +
a,‘k_lz(”@’l)”k + z"k% ) there are either one or two corresponding walls
in T (Ds). If dim(d N Hy,—) > rank(M) — 1, then add to Ty (Ds) the wall
(T (0NHk,—), Tk, — (fo)) where the notation T}, +(fp) indicates the formal
power series obtained by applying T} + to the exponent of each term of
Jo. I dim(dNHy, ) > rank(M) —1, add the wall (T, (0NHy, 1), Tk 4 (f2))-

2. The wall 05 in D¢ becomes the wall 9}, = (e,ﬁ7 l4+a1z7% 4+ 4+ ap,1
Z—(T’k—l)U}c + Z—rkvk) in Tk(gs)

Example 3.23. Consider the generalized cluster algebra

oY R B R R NER Ty

with seed data s = (((1,0), (1,a,a,1)),((0,1),(1,1))). Note that the injectivity
assumption is satisfied in this example. For this algebra, we have ry = 3, r, =1,
and d; = dy = 1. By definition, this means that

€12 = {e1,ea}dy =1

€21 = {eg,el}dl =-1
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v1 = pi((1,0)) = (0,1)
va = pi((0,1)) = (=1,0)

and the initial cluster scattering diagram is
Dins = {((1,0), 1+ 2019),((0,1), 1 + a2V 4 020 4 209 L

Adding walls to make D, ¢ consistent, we obtain the following:

02
fﬁl =1+ Z(_LO)
ct . 0,1 0,2 0,3
fos =1+ az®V 4 202 4 (03
0 Jo, =1+ 2713
fb4 =1 + az(*LQ) + az(*274) + 2(73’6)
fog =1+ 20729
fos =1+ az(7hY 4 q2(722) 4 5(=339)
06
03 04 05

By definition, we have the half-planes

Ho+ ={(0,y) :y >0}
Ha - ={(0,y) 1y <0}

which are shown on ®g in blue, for Hs y, and red, for Hy . To mutate in
direction k£ = 2, we will use the linear transformation

Because T5 fixes the walls in 3 _, the only walls that change under T are 9;
and 02 NR>(0, 1). Because the support of 91 is e3 = (1,0), it is transformed
via the procedure outlined in (2) of Definition 3.22 and becomes

o) = (eg, 1+2017)
To determine the image of 92 NRx>¢(0, 1), we compute
TQ((07 1)) = (Oa 1) + (7170)«07 1)a (Oa 1)> = (717 1)

Because T; is a linear transformation, we know that 75((0,2)) = (—2,2) and
T5((0,3)) = (—3,3). As such,

TQ(DQ n Rzo(o, 1)) = (Rzo(—l, 1), 1+ (1(_1’1) + G,Z(_2’2) + Z(_S’B))

and we draw T5(Ds) as
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(01, 14 210

C+

0g

02 03 04 03

where fo,, foss fous fos, and fo, are the same automorphisms as in ®s. We can
also compute the new basis vectors e} and e} using Definition 3.5:

6/1 =e1 + 7“2[612]+62

=(1,0)+ (0,1)
= (1’1)
ey = —ey = (0,—1).

Because A has exchange polynomials with reciprocal coefficients, the exchange
polynomial coefficients are fixed under mutation. So we have

pa(s) = (((1,1), (1, a,a,1)),((0, 1), (1,1))).
Recall that by definition, the basis vectors e; = (1,0) and e = (0,1) of the
original torus seed s form a basis for the lattice V. Observe that the vectors
el = (1,1) and €5 = (0,—1) obtained via torus seed mutation are another
choice of basis for N.

Each cluster mutation u can be defined by a triple (n,m,r) € N x M x
Z>o with (n, m) = 0. Emulating the notation of [30], we denote this mutation
as fi(n,m,r)- It is defined by the pullback

(n,m’)

Mzn,m,r) (Zml) =" (1 +ar™ 4 a2 Zrm) )

where a1,...,a,_1 are scalars and r € Z>g.

Recall from Sect. 2.3 that we refer to the max-plus tropicalization of Z as
the Fock-Gonacharov tropicalization and denote it as ZT. Let p : Ty — T
be a positive birational map. Then p” : N — N denotes the induced map
TN(ZT) — TN(ZT).

Proposition 3.24. (Analogue of Proposition 2.4 of [33]) The map Ty, : M° — M°
given in Definition 3.21 is the Fock—Goncharov tropicalization of the map
Ky, drer,ri)-

Proof. The map (4, e, vp,ry.) * e — Thro is defined by the pullback

) (dkek,m)
Mzkvk,dkek,rk) (zm) =z" (1 +az 4+ 4 arkflz(rk_l)vk + wa)
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By definition, ji(q, e, v.,r) has Fock-Goncharov tropicalization
N — N

z = x + rp[{dpek, )]+ vk

ey v,k

Observe that when x € Hy, _, then (drer,z) < 0 and the above map reduces
to x — x. When = € Hy 4+, then (dxek,) > 0 and the map reduces to z —
x4+ rrvg(diek, ). Hence, the tropicalization agrees exactly with our definition
of T}, as desired. O

Theorem 3.25. ([33, Theorem 1.24]) If the injectivity assumption holds, then
Tk (Ds) is a consistent scattering diagram for NL(S). Moreover, the diagrams
D,s) and T(Ds) are equivalent.

We need to show that T3 (Ds) is a scattering diagram for g, (s) and
N:k (s)° As in the ordinary case, the major technical hurdle in doing so is the
fact that the wall-crossing automorphisms of Dg and D, () live in different

completed monoid rings. Those in Dg live in R[P], where P is the monoid

—

generated by {v;}icr,,. Those in D, (5) live, instead, in R[P’], where P’ is the
monoid generated by {v}}ier,,-

To overcome this difficulty, we define an additional monoid P which con-
tains both P and P’. Let ¢ C M° be a top-dimensional cone which contains
the vectors {v; }icr,, and —vg, such that o N (—o) = Ruy. For a fixed choice of
o,let P:=oNM°and J=P\(PNRu,)=P\P".

Even after choosing an appropriate monoid P, we still have to deal with
the fact that the wall-crossing automorphism associated to the wall

0, = <€$7 14 ag 12" 4+ ap 12D 4 ZU’“) =: (e, fr)

— —

is an automorphism of the localization R[P]; rather than the ring R[P], where

the completions are with respect to the ideal J. Let p,, € R[P] 7, denote the
automorphism associated with crossing 9, from Hj, — into Hy, 1. By definition,

Po,. (Zm) _ Zm(l + ak,lzvk N ak,rk—lz(rkil)vk + Z’Ulc)*<dk8k,m>.

We can then define

NS* =38 " aiei | ai € Zog fori # kyar € Z, and Y a; >0
i€ 1us i€Iue\ {k}
Because s’ = (s\{vx}) U {—vg}, the conditions of this definition mean that
Nk = NSJ,“k. As such, we can use the abbreviated notation N** without
introducing any ambiguity.
To allow us to work in P, we need to slightly modify the definition of a
scattering diagram:

Definition 3.26. Given the monoid P and ideal J, a wall is a pair (9, f,) such
that for some primitive ng € N*1*,
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1. fo € R[P] has the form 1 + Y32 ¢,2"?" (") and is congruent to 1 mod
J,

2. and @ C ng C Mg is a (rank(N) — 1)-dimensional convex rational poly-
hedral cone.

For a seed s, the slab is 05 = (eé‘, 1+ap12" +---+ ak,rk_lz(’"’“*l)”’“ + 2Vk).
Because vy, € P , the slab does not qualify as a wall under the above definition.
So we extend the definition of a scattering diagram ® such that:

1. © contains a collection of walls and potentially the slab 0, and
2. for k > 0, we have f, = Imod J* for all but finitely many walls of D.

In this modified scattering diagram, crossing a wall or slab (9, f5) induces

an automorphism pil € R[P] Iz Note that the localization at fj, is only really

—

required when crossing 0, as otherwise f, lives in R[P].
The proof of Theorem 3.25 requires the following result:

Theorem 3.27. (Analogue of Theorem 1.28 of [33]) There exists a scattering
diagram Dy such that

L4 Qis 2 33in,s;

o D \D,ns consists of only outgoing walls,

e and the path-ordered product p o € R[P], depends only on the endpoints
of 7.
Such D is unique up to equivalence. Further, because Dg is also a scattering
diagram for NG, it is equivalent to Ds. Moreover, this implies that the only
wall contained in ei‘ is the slab 0y,

The proof given in [33] in the ordinary setting also holds in our generalized
setting. Because that proof is quite lengthy, we do not reproduce it here.
We will also need the following definition:

Definition 3.28. A codimension two convex rational polyhedral cone j is a joint
of the scattering diagram @ if either every wall @ C n* that contains j has
direction —p*(n) = —{n, -} tangent to j or direction not tangent to j. In the
first case, where every wall is tangent to j, we call the joint parallel. In the
second case, we call the joint perpendicular.

We are now prepared to prove Theorem 3.25:

Proof. Let s = {e;}ier be a fixed choice of generalized torus seed and s’ :=
ur(s) = {€;}ier. From Theorem 3.27, we know that the scattering diagrams
for s and s’ are unique up to equivalence and therefore we can choose repre-
sentative scattering diagrams D¢ and Dg.

Notice that if 2™ € J* for some i > 0, then z7+=(™) ¢ Ji  As such,
Tr(Ds) is also a scattering diagram for the seed s’ in the slightly extended
sense of Definition 3.26. To use Theorem 3.27 to show that Dy and Ty (Ds)
are equivalent, we need to (1) verify that Tj(Ds) is consistent and (2) show
that both diagrams are equivalent to diagrams with the same set of slabs and
incoming walls.
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We can begin by showing that Tj(Ds) is consistent. To do so, we need to
show that p. 7, (p,) = id for any loop « for which the path-ordered product is
defined. Because s is consistent and so by definition p, » = id whenever the
path-ordered product is defined, one strategy is to show that p, 1, (0,) = P2,
and, therefore, p., 1, (p,) = id. In areas of D, where T} is linear, the consistency
of a loop in Ty (®s) is an immediate consequence of linearity since each wall is
crossed either not at all or in both possible directions.

Therefore, we need only be concerned about when + is a loop around a
joint j of ®¢ which is contained in the slab dj;. Given such 7, we can subdivide
it as v = 1727374 where 7y crosses 0y, v2 C Hy,+ contains all the crossings of
walls in ®g which contain j and lie in Hy, 4, 3 crosses 04, and y4 contains all
the crossings of walls in ®g that contain j and lie in Hj, . We can also assume
that it has a basepoint @ in Hy, _.

One example of a possible subdivision of v is shown below:

He,+
[

Q

M.

V4

Let py, denote the wall-crossing automorphism for crossing 9, from Hj, _ into
Hp,+. Similarly, let py, denote crossing 9 from Hj, — into Hy 4. Explicitly, we
have
1 7<dkek,m>
pak(zm) = M (1 + ak7lzvk 4+t a/k,rk—lz(rk_ YUk + ZTk”k)

7<dkek,m>

Poy (z™) = 2™ (1 + ak,lz_vk ot @kﬂ-k—lz_(m_l)vk + Z—Tk'l)k)

Because 0 is the only wall contained in e}, we know that p,, o, = Ppo,
and Py, o, = py,. Let o : k[M°] — k[M°] be the automorphism «(z™) =
zmrevi(deerm) induced by Ty, 4. Let v] = p*(el). Because €} = —ey, observe
that the slab for s’ is

0, = ((e;c)l, 1+ ak,lz”;v N ak,rkflz(m_l)% + val,c)
_ (elJc_’ 14+ ak,lzivk N ak,rk—lzi(rkil)vk + Z*’l‘k’l)k) ,
We can then observe the following relationships:

Py, T (25) = Poy,

_ -1

Pre, T (Ds) = @O Py, 0
|

Pys T (@s) = Po
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Pra T (D5) = Pya,Ds-

So we have

Py Ds = Py, @5 OPry3,05 © Prya,©5 © Py, D5
= Py, @, © pa_kl O Py, @5 © Poys
Py, Te(®s) = Pra, T (®s) © P T (Ds) © Prya. Ti(Ds) © Py, T (D)
= Py, 0, © Pa_;j caopy,m,0a " opy,

and showing that p, o, = p,, 1, (9,) reduces to showing that alto Po; = Poy-
Using the fact that ay ; = aj,r,—, observe that

at (pa; (Zm))

—(dxex,m)
=t (zm (1 +agiz" "+ + ak,rkflz_(r"_l)v’c + z_”v’“) e >

—(drex,m)
m—11v5 m — s —(r.—1 —r
=z Tk (i er,m) (1 + ak,1z vk + -+ ag,r,—12 (rie—1)ve + 2z Tkvk)

—(drer,m)
=" <z””k (1 +ag1z” 4+ ak’rk_lzf(mfl)v’“ + zfrkv’“)) o

—(drex,m)
= Zm (’ZT}CU}c + ak,lz(rk_l)vk ot akvrk‘ilzvk + 1) -
B —({drex,m)
= 27 (7 a2 a2 1)
= Po, (Zm) )

as desired. As such, we have that p, o, = p, 7, (9,) and, therefore, p, 7 (p,) =
id and Ty (Ds) is consistent.

Next, we want to show that T} (Ds) and Dy have, up to equivalence, the
same set of slabs and incoming walls. Recall that ®;, ¢+ contains only the slab
and incoming walls of @y, so it will suffice to show that the incoming walls
and slab of Ty (Ds) appear in Dy s.

First, observe that if 8 C n' is an outgoing wall in Ds, then it is mapped
to an outgoing wall in T} (®s). This follows from the definition—recall that
0 is outgoing if pj(n) & 0. Because T}, is injective, having pi(n) ¢ 0 implies
Ti(pi(n)) & Tx(9). Hence, we need only consider the slab and incoming walls
of Ti,(Ds). Equivalently, we consider the walls of Tj(Din,s)-

Recall that the slab for s’ is D;C = (eé‘,l + ap1z” % + -0+
ak,rk,lz’(rrl)”k + z’T’c”k), which appears in both i, ¢ and Ty (Dins) by

definition. Next, we consider the walls 9; = (e}, 1+ a;12% + -+ + 2"V) for
i # k. To do so, we need to divide our argument into three cases based on
whether (v;, er) is positive, zero, or negative. Because 0; is an incoming wall,
it will necessarily lie in both Hj 1 and Hj .

Case 1: If (ey,v;) = 0, then the two halves of 9; € Dj, s are mapped to the
walls

((61J_ N Hk,+)7 1+ aiylzTiﬁ(vi) +e ai,T‘i—lsz#((riil)vi) + sz#(rivi))a
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((ef N Hp, )1+ a;12T0=0) 4o gy, g2 e (rimDva) 4 T (rivi))

whose union is the wall

e) T 1+ ai12% 4 g, 2TV T

( z) ) 1, 1,75
because having (v, ex) = 0 means that v; = Ty +(v;) = v;. Because €] = ¢;,
the above wall in Ty (Dins) is the same as the wall

((eé)l,1+ai,1z”§ +.__+am_1z(m—1)v; +ij;)’

which we know by definition appears in Djy g.

Case 2: Suppose (e, v;) > 0. We must consider where d; N Hy, 4+ is mapped by
Ty.. This portion of 9; becomes the wall

i = (Tk(Hk,+ Net) 1+ aiz™t W) o gy, g 2T (i bv) ZT’C”'(”W))
in Ty (Ds). To see that ?; | is incoming in T (D )iy s, observe that pi(e;) = v; €
(Hi,4+ Ne;-) and therefore Ty (pi(e;)) = Tr(v;) € 0} ;. To argue that 9] , also
appears as an incoming wall in D/, we need to show that Ty, (Hx +Ne;-) C (ef)+
and that T}, 4 (v;) = v]. Observe that for m € Hy 1 Ne;,
(€}, Ti(m)) = (e; + ri[eir]+ex, m + rrv{dieg, m))
= (e;,m) + (e, rrvr{drer, m)) + (rileix)rex, m)
+{rl€ix)+ ek, revr (drer, m))
= ri(dier, m)(e;, vk) + rilein]+ (€r, m)
= ri(dier, m){(e;, pi(ex)) + redi{es, ex }{ex, m)
= rrdi{ek, e;} ek, m) + ridi{e;, ex } ek, m)
= rrdi(ex,m) {ex, e} + {ei,er})
=0
and, therefore, Ty(m) € (e;)+. Next, observe that

)
)
}
)

Ty, (vi) = vi + TrvR(drer, vi)
= v; + redyoger, pi(ei))
= v; + redpvr{es, ex}
= U; + TkERVE
=pi(e;) + rreirps(ex)
={e;, } + reenfer, -}
= {e; +rreier, -}
— ()
= pi(e})
= .

As such, 9; N'Hj, 4+ € Dg is mapped to the wall
0 = (Tk(Hk,+ Nei), 14 ag 2%+ + a1 2770 4 Zﬁ) € Ti(Din,s)
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which is half of the wall
((6;)L7 1+ aiﬁlzvg + -+ ai,m,lz(”_l)“é + ZU;) S gin,s'-
Case 3: Finally, let (ey, v;) < 0. The half of d; with support 9;NHy, — is mapped
by T}, to
D;,_ = (Tk(Hk,f N eﬁ-)7 14+ ai,lZTk,—(Ui) R aimi_lZTk,f((Tz—l)vz) + ZTk:,—(TzUz)) )

Since Ty, (m) = m for m € Hy,_ Nei- and Ty _(v;) = v;, we have

v, —

0 _ = (Hk,— Nef,14ai12% + -+ aip,_12M DV 4 z(”“i) )

Because (e, v;) = {e;, ex} < 0, we know that €;, = di{e;, er} < 0. Therefore,
e, = e; + leix]rer = e
i =pile;) = pilei) = v

and so 9} _ is simply half of the wall

v

((e;)L) 1+ ai,lzug 4oy ai,riilz(m—l)v; + Zv"w;) € Dins-

Hence, we see that after dividing some of the walls of ©;, ¢ into two
halves, the diagrams Ty (®in,s) and i, ¢ have the same set of incoming walls.
Therefore, up to the same halving of walls, the diagrams T (Ds) and Dy also
have the same set of incoming walls. O

3.4. Chamber Structure

Analogously to the ordinary case, the generalized T}, map defined in Sect. 3.3
determines a chamber structure on the generalized cluster scattering diagram
Ds. Because this structure arises in the same manner as in the ordinary case,
the exposition in this section will largely focus on stating properties and results
that are necessary for proofs in later sections. For more details about the
ordinary case, we refer the reader to either Sect.2.3 or [33].

Let ¥, be the infinite rooted tree defined in Sect. 3.1, s,, be the generalized
torus seed associated to vertex v, and w # v be an arbitrary vertex in ‘T,.
Then the sequence of edge labels k1,...,k; on a simple path between v and
w determine a map Ty, = Ty, o --- 0Ty, : Mr — Mg, where each T}, is
defined with respect to the basis vector eg; in the mutated generalized torus
seed fig,_, o0 g, (s,) rather than the original generalized torus seed s,. It
follows from Theorem 3.25 that T, (Ds) = Ds,,, where s,, denotes a generalized
torus seed associated with the vertex w.

Let ¥ be a set of generalized fixed data that satisfies the injectivity as-
sumption and s be a choice of associated generalized torus seed. By construc-
tion, Ds must include a collection of incoming walls with support {ei }rer,,-
As in the ordinary case, we define

CH={me Mg : (e;,;m) >0 for all i € I},
C; :={m € Mg : (e;,m) <0 for all i € [},

Sw



656 M.-W. Cheung et al.

and refer to CJ as the positive chamber. The chambers CZ are closures of con-

nected components of Mg\Supp(Ds). Let C/i (s) denote the chambers where

either all {(e},m) > 0 or (e}, m) < 0, respectively. Then C;i(s) is similarly the
un(s))- Hence, Tk_l(C;fk(s)) is
the closure of a connected component of Mp\Supp(®s) which shares a codi-
mension one face, given by eé-, with CF. This extends to generalized torus
seeds related to s by longer mutation sequences. Let w be a vertex of T that
is reachable from the root vertex via a simple path of arbitrary length. It fol-
lows from Theorem 3.25 and the previous paragraph that C := T.;! (Csiw ) is
a closure of a connected component of Mg\Supp(Ds). It is important to note,
however, that the collection of cones CF will not always form a dense subset
of MR.

Let C denote the chamber of Supp(®s) which corresponds to the vertex
w € Tg and AF denote the collection of chambers C as w runs over the
vertices of T5. As before, we refer to elements of Al as cluster chambers.
This chamber structure coincides with the natural generalization of the Fock—
Goncharov cluster complex.

closure of a connected component of Mg\Supp(D

Definition 3.29. (Analogue of Definition 2.14 of [16]) Fix a set of generalized
fixed data ¥ and an associated generalized torus seed s. Then for a generalized
torus seed s’ = {(e}, (a; ;))} which is reachable via a mutation sequence from
s, the Fock—Goncharov cluster chamber associated to s’ is the subset {a €
AY(RT) : (2T () < 0 for all i € I}, which is identified with the subset
{z € AY(RY) : (2%)%(x) < Oforalli € I}} via the canonical sign-change
map i : A (RT) — AV (R?).

Lemma 3.30. (Analogue of Lemma 2.10 of [33]) Let ¥ be a set of generalized
fized data which satisfies the injectivity assumption and s be an accompanying
choice of generalized torus seed. Let s’ = {(e}, (a} ;))} be a distinct generalized
torus seed which is reachable via some mutation sequence from s. Then the
positive chamber Cf, ¢ Mg , = AY(RT) (which can be identified with A¥ (R")
via the sign-change map i) is the Fock—Goncharov cluster chamber associated
to s’. Therefore, the Fock—-Goncharov cluster chambers are the mazimal cones
of a simplicial fan and A" is identified with A for every choice of generalized

torus seed s which gives an identification of AV (RT) with Mg .-

Proof. The proof given by [33] holds in the generalized setting, because we
showed in Proposition 3.24 that our modified T} map is the Fock—Goncharov
tropicalization of the generalized mutation map fi(., d,ey.,r.)- O

It follows from the previous proposition, when the injectivity assumption
holds, that:

Theorem 3.31. (Analogue of Theorem 2.13 of [33]) For any set of initial data,
the Fock-Goncharov cluster chambers in A (RT) are the mazimal cones of a
simplicial fan.
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3.5. Principal Coefficients

The injectivity assumption is not satisfied in most cases. We can still han-
dle those cases when we include principal coefficients in the setting. We will
now rephrase the construction for generalized cluster algebras with principal
coefficients.

Definition 3.32. Given generalized fixed data T', the generalized fixed data
I'prin for the principal coefficient case is defined in the same way as for or-
dinary cluster algebras, with the additional requirement that ¥ = (r,r), i.e.
that 7 consists of two copies of r with ¥; = r; for ¢« € I, and we now include
the collection {a; ;}icr., jefri—1]-

Definition 3.33. Given a generalized torus seed s, the generalized torus seed
with principal coefficients is defined as

Sprin ‘= s = {((61', 0),31'), ((07 fi)’ai)}iel-

We can then use these updated definitions to define the cluster varieties
with principal coefficients. Recall that we work over the ring R = k[a; ;].

Definition 3.34. Given a generalized torus seed s, we define the associated
algebraic tori

X = T37(R) = Spec k[N] xi Spec(R),
As, i = Txo (R) = Spec k[M°] xj Spec(R).

The generalized A cluster variety with principal coefficients and generalized X
cluster variety with principal coefficients are then defined as in the ordinary
case.

As before, the generalized A-variety is given by the fiber A, and the
generalized X-variety is given by the quotient Apyin/Tno.

Proposition 3.35. (Analogue of Proposition B.2 of [33]) Given a set of gener-
alized fized data T':

1. There is the following commutative diagram, where the dotted arrows are
only present if there are no frozen variables:

p
At I Apm'n P X P pmn <T A
b |
t — TM ****** > TK* {------ TM «— €

where t s any point in Thy, e € Thr s the identity, and p is an isomor-
phism which is canonical if there are no frozen variables.
2. There is a torus action of Tno on Aprin; Tro on A; TNL on X; and T+,

on Aprin, where K° is the kernel of the map N°® M — N* uf given by
(n,m) +— pi(n) —m. The action of Tno and T, on Ty is such that the
map T : Aprin, — Tar is Tiyo-equivariant and Tz, -equivariant. The map
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D Aprin — X = Aprin/Tno is a Tyo-torsor. Furthermore, there is a map
Two — TNJ] such that p is compatible with the actions of these tori on,

respectively, Aprin and X. Hence, T : Aprin — X/TNLf 15 a Ts=, -torsor.

Proof. Because the map definitions remain the same, the proof given in [33]
holds in the generalized setting. O

Remark 3.86. In Sect. 5.2, we will define theta functions in both the A and X
cases. Here, we briefly preview the content of Lemma 5.15. From the discussion
above, Apin is a Tivo-torsor over X'. Hence, the global functions on X are given
by Tno-invariant global monomials ¥, on Apyin, where m lies in the cluster
complex of Apin and in the slice w™!(0) for w : (m,n) — m — p*(n). This
leads to the slicing that we will illustrate in Example 3.38. We can further
understand the discussion in terms of mutation maps. In the A, case, the
A mutation in direction k given in Equation (8) is

,uZZ(m’n) — y(m,n) (1 + ak’lz(v’“’ek) 4t ak’Tkilz(rk_l)'('Ukvek)

+ 5Tk (Vkek)

)

> —{(drex,0),(m,n))

for (m,n) € M°®N. Having (m,n) € w~1(0) implies that (m,n) = (p*(n),n).
This yields the mutation transformation

#Zz(p*(n))n) — Z(p*(’ﬂ),n) (1 + ak’lz(vk’ek) + -+ ak,rkilz(rkfl)'(vk)ek)

—{(dier,0),(»" (n),n))
4 T ('Uk;ek)>

By the change of variable z(® (")) s 2" we obtain

—(drer,p*(n))
ppz" = z" (1 +ag 2% 4t ag 12T z”e“)

n e (re—1)ex rie —{n.dier}
=z (1+ak712’“+~~+ak7rk_1z k ’“+z’“’“>

n e (rx—1)e rie ~[nex]
=z (1+ak,1z’°—|—~~+ak’rk,1z k ’“—}—z’“’“) ,

which is precisely the X mutation from Equation (9). We further emphasize
that the change of variables z(1("):") s 27 exactly matches the treatment
in Fomin—Zelevinsky [18] of cluster algebras with principal coefficients, see

Eq. (1).

Next, we update the definition of the initial generalized cluster scattering
diagram.
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Definition 3.37. Given a generalized seed s, let v; := (vi, €;) = (pi(e;), €i). The
corresponding initial Ap,i, scattering diagram, according to Definition 3.17, is
of the form

Qﬁ?sm = {((eu 0)h, 1+ ai 12" + -+ ag,, 1207V 4 Z“’M)} .

The following example examines the scattering diagram 33;4"““ for a gen-
eralized cluster algebra with principal coefficients. Beginning with this scat-
tering diagram @;4 P for the case with principal coefficients, we outline how
to obtain the scattering diagrams for the A4 and the X" cases. In this particular
two-dimensional example, the A scattering diagram is well defined; however,
this is not true in general as the injectivity assumption fails. Formally, we can
only define the A and & theta functions in scattering diagrams with princi-
pal coefficients, as discussed in Sect.5.2. One can then construct 4 and X
diagrams which give us the A and X theta functions. The following example
illustrates this idea.

Example 3.38. Consider the generalized cluster algebra with B = [(1) _01],

d = (1,1), and [ry;] = B ﬂ, as in Example 3.4. The generalized fixed data

Tpuin has index set T = T U T, Iy = {1,2}, d = (1,1,1,1), 7 = (3,1,3,1) and
lattices N = N @ M°, N° = N°@® M, M = M @& N°, and M° = M° @ N, all
of which have basis {(1,0,0, 0), (0,1,0,0),(0,0,1,0),(0,0,0,1)}. By definition,
we have

Apin 91 = ((0,1,0,0)*,1 4 2(~1.00.D)
in,s 52 — ((1)07070)L7 1+ G,Z(O’l’l’o) + az(O,Q,?,O) + 2(0,3,3,0))

which can be completed, using the definition of consistency, to give a gen-
eralized cluster scattering diagram for Ap.n, denoted 9;4"“". Because this
diagram is four dimensional, the figure below shows the projection of Df prin
onto M° with labels that indicate the corresponding walls and wall-crossing

automorphisms in Apyi,. To illustrate this projection, consider the wall 51 S
A

D™ with support (0,1,0,0)+ C R?, i.e. the three-dimensional hyperplane
span{(1,0,0,0),(0,0,1,0),(0,0,0,1)}. When we project from M]§ onto Mg,
the wall 9, is projected onto R(1,0) C R2, i.e. the one-dimensional hyperplane
span{(1,0)}. Similarly, 9, is projected onto R(0,1), i.e. the one-dimensional
hyperplane span{(0,1)}.

The A scattering diagram can be obtained from the projection M°GN —
M, (m,n) — m. The walls of the A diagram will be the same as in Fig. 2 while
the wall functions are of the form 1+ 2™ rather than 1+ z("™ listed in Fig. 2.

Next, we can obtain the scattering diagram for X5 from ’)3;4"“". A full
discussion of this construction is laid out in [13, Section 2.2.1]. As in the earlier
remark, the idea is to take the slicing

w(0) ={m € M°:m=p*(n),n € N}
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09
—1,0,0,1
51 =1 + Z( )
f_52 =14 aZ(O,l,LO) 4 a2(0’2’2’0) 4 2(0,3,3,0)
- —~1,3,3,1
A

fﬁ =1 +az(—1,2,2,1) +CLZ(_2’4’4’2) +Z(—3,6,6,3)
4

f5 -1 +Z(72,3,3,2)

3, f5, = 1+ azChIID 4 (72222 4 (=3.3.33)
03 04 05

FIGURE 2. 2-Dimensional projection of the scattering dia-

prin

gram Dg

of @;4"““. As we later point out in Sect. 5.2, restrictions of path-ordered prod-
ucts to w=1(0) are well defined for paths + that lie entirely in the slice. For
as demonstrated in the

prin

example, consider the wall 93 and a path 5 in 53;4
projection below:

By definition, for (0,—1,—1,0) lies in the slice, we have

ps (Z(o,—l,—m)) — ,(0-1,-1,0) (1 4 (-1.33.1)

— ,(0-1,-1,0) (1 4 2(71,3,3,1)) '

)«Q—lrﬂiﬂi—&—lﬁﬁh

By change of variables z(® (") 27 the path-ordered product becomes
py (20750) = 20=1 (1 4 2B:D) from which we can read off the wall-crossing
automorphism for 93 as fp, = 1421, Similar computations for the remaining
walls allow us to draw D2, as follows.
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01

for =1+ 200

fo, = 14+ az10 4 q220 4 ,(3.0)
0, Jos =1+ PR

fo, =14 az?V 4 q2(42) 4 (63

foy =1+ 232

fos = 1+ aztV 4 a2 4 263

[

05 04 03

Alternately, note that the wall 9 in Z):lp““ has support containing either
R (p*(n),n) or R>g - (p*(n),n). Hence, in this 2-dimensional setting the wall
?) in ®~ has support given by either R-n or R>q-n for n € N.

3.6. Building A,.,; from a Generalized Cluster Scattering Diagram

In this section, we parallel the exposition in Section 4 of [33], which describes
how to build the space Ageay from an ordinary scattering diagram and then
identifies Agcay with the A variety. We review relevant portions of their con-
structions and statements, pointing out where modifications are needed to
extend the results to generalized cluster algebras with reciprocal coefficients.

Let T" be a set of generalized initial data such that the diagram g yields
a cluster chamber structure A}. We will often want to discuss multiple copies
of the lattices N, M, N°, and M° which arise from different choices of seed
s. To allow us to distinguish between these copies, we index both the seeds
and lattices by either the vertices v of T, or chambers o of AT. For example,
the seed s, gives rise to the diagram Ds, on the lattice Mg o . The chambers
in D, give the Fock-Goncharov cluster complex A™ under the identification
Mg, =AY (RT). Because the space A (RT) is independent of the choice of
the initial seed s, there is a canonical bijection between the cluster chambers
of Ds, and Ds , as a consequence of this identification.

Definition 3.39. ([33, Construction 4.1]) Given a seed s, we want to construct
a space, Ascats using the chambers o € Af. For distinct 0,0’ € A, there
exists a path 7 from ¢’ to o. This path gives rise to an automorphism p o, :

—

R[P] — R[P] which depends only on the choice of ¢ and ¢’ and is independent
of choice of path.

For each chamber in AJ, attach a copy of the torus Tio , := Tyo. If ¢
is chosen such that it lies in the support of the cluster complex, then the wall-
crossing automorphisms attached to walls crossed by v are birational maps of
T'no. Therefore the path-ordered product p, o, can be viewed as a well-defined
map of fields of fractions p, o, : R(M°) — R(M°) which induces a positive
birational map ps o : Tno o — TNo .
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The space Agcat,s is constructed by gluing the collection of tori {Tve » }, enf
using the birational maps {ps,o'}, ,reas according to the method described
in Proposition 2.4 of [30].

Proposition 3.40. (Analog of Proposition 4.3 of [33]) Let s be a seed, v be the
root of Ts, and v’ be any other vertex of Ts. Let ,uf/ﬂ) s Mg, — M be the Fock—

v’

Goncharov tropicalization of ity o @ Thro v — Taso . The restriction uf, v

o
o’

o’ to the corresponding cluster chamber o := pZ, (0') in AY and induces an
1somorphism

o'

— M to each cluster chamber o’ of AL | gives a linear isomorphism from
v

Tv/7g : TN",U — TNO)O./,

When o ranges across all the cluster chambers of A;rv, the isomorphisms Ty »
glue together to yield an isomorphism between Ascats, and Ascat’sv,,

Proof. We follow the structure of the proof in [33]. In general, v and v’ are
related by a composition of mutations and s, is the inverse of that com-
position. Proving this statement for arbitrary v and v, then, essentially con-
sists of proving the statement for the special case where v and v’ are re-
lated by a single mutation. In this case, uf,)v =T, ! and the isomorphism

Tyro : Tno o — TNo 1, (o) is induced by the restriction Tk_l‘Tk(U).

To show that gluing together these isomorphisms for all o € A;“U gives an
isomorphism between Agcat s, and Ascat,sv,, we need to show commutativity
of the diagram

T”U/ o
TNO,O' — TNOJ/

Pa,&l J/pa/,ﬁl

TN°,5’ ﬁ TN°7&’

where ¢ and & are chambers in Al and o’ = Ty(0) and ¢’ = Ty(6) are
chambers in ASU,. Note that the map p, 5 indicates a wall-crossing in D and
P, & indicates a wall crossing in D .

If o and & both fall in Hy _, then commutativity is immediate because
T}, fixes the wall-crossing automorphism on the wall between ¢ and 6. If both
chambers fall in Hj, 4, then commutativity follows from Theorem 3.25 because
by definition the path-ordered product between a given pair of points is equal
in equivalent diagrams. Hence, the important case to consider is when ¢ and
o are on opposite sides of the wall with support eé‘.

Without loss of generality, we can assume that o is the chamber in Hy -,
where ey, is non-negative. We know that the only wall in ©4 contained in eé- is
the slab 9, = (eﬁ, 14+ag12"+--- +ak7,~k,1z(”_1)”’“ + 2"V ). In Dy, the slab
contained in e% is ), = (eﬁ, 14+ ap127% +---+ ak7r,€,1z_(’“k_1)”’° + z 7RV,
As such, the only way for o and & to be on opposite sides of ej- is for the wall
between them to be 9 in Dg and 9}, in Dy . Pictorially, we can envision:
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o€ Hg - /P~

14+ ap12% + -+ 2"k
o€ Hi+ \

in ®g and similarly

= Hk,Jr /p// ~
9,0 1 —Vg —TLVE
1+ a1z +-t+z
o' € Hk,f \

in ®g. We can then compute that

Ty o (por,5/(2™))
=Ty, (zm(l tap1z" 4 dap, 12 TV 4 zfr‘“”k)fwkek’m))
=T o ()T 0 (L araz™" 4 a1z (6700 g~ (dicm))
=pl , ™) ul, ((1 Fapaz " 4t ag, 1z D Z—Tkvk)—(dkck,m))
_ kal (Zm)TkA <(1 Fap 1z +---+ak,rr1z_(”_l>“’° +Z—rkvk)—<dkek,m>>
— 2 (e ) (1 4 g 12 gy gz (TR DV ek = (dier,m)
—,m (Z—T’kvk)—<dkekvm> (1+ag 2% 4 +ak,rk712_('ﬂk—1>”’c + 2wy~ (dier,m)
= 2™ (2 g1 2TV gy, 2% 4 1) (ke ™)
=" (1 a1z o ap 12TV 4 TR
=pss (7).

Because Hj 4 and Hjy,— are reversed in s and Dy, our assumption that

m € Hy + in Ds means that m € Hy — in Dy . As such, 2™ =T} - (2™) and we
have Ty, (p% 5/(2™)) = ph 5 (T 5(2™)) and the desired commutativity holds.

v o o’,&'

Note that this computation relies on the reciprocity condition ax; = ak,r,—i-
O

)*(dkek1m>

Theorem 3.41. (Analogue of Theorem 4.4 of [33]) For a given generalized torus
seed s, let v denote the root of Ts and v’ be another arbitrary vertez in Ts. Let
w o P Mg — Mp, be the linear map uay/ and ¢y 2 To v — Tino o be

v,v’

cl

v'Es
the map between the associated tori. Then the collection {¢y .} glue to give
an isomorphism

As = UTN° - Ascat,s = UTNO,U’

v’

and the diagram

.AS —_— As cat,s

! |

ASUI — Ascat,sv/
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commutes, where the horizontal maps are the isomorphisms that were just
defined, the right-hand vertical map is the isomorphism described in Proposi-
tion 3.40 and the left-hand map is the natural open immersion As — As , .

Proof. The proof of this theorem is identical to that of Theorem 4.4 from
[33]; previous propositions check that despite the differences in wall-crossing
automorphisms, we have the necessary commutativity of diagrams. O

This allows us to identify the rings of regular functions on Agc.y and As.

Definition 3.42. ([33, Definition 4.8]) Let I" be a generalized fixed data and
s be an associated initial generalized torus seed. Let s,, = (e},...,€el) be a
generalized torus seed with dual basis {(e})*}; and f! = d; '(e})*. A cluster
monomial in s,, is a monomial in Tno, C A of the form 2™ with m =
Yo a;f] for a; € Z>o. We refer to any regular function which is a cluster
monomial in some seed of A as a cluster monomial on A.

4. Broken Lines and Theta Functions

Broken lines have a similar definition in the generalized setting as in the ordi-
nary setting, with the caveat that we now work over the ground ring R = k[a; ;]
and so the monomials attached to the domains of linearity of a broken line lie
in R[M°] rather than k[M°].

Definition 4.1. Let © be a generalized cluster scattering diagram, mg be a
point in M°\{0}, and @ be a point in Mg\Supp(D). A broken line with
endpoint @ and initial slope mg is a piecewise linear path v : (—o0,0] —
Mg\Sing(®) with finitely many domains of linearity. Each domain of linear-
ity, L, has an associated monomial crz™% € R[MP°] such that the following
conditions are satisfied:
L 4(0)=Q
2. If L is the first domain of linearity of -, then ¢y z™L = z™o.
3. Within the domain of linearity L, the broken line has slope —m,. In other
words, v'(t) = —my on L.
4. Let t be a point at which + is non-linear and is passing from one domain
of linearity, L, to another, L', and define

Dy = {(D,fa) €D ’Y(t) S D}
Then the power series Pyl t+6)7©t(cLsz) contains the term ¢/ 2™z’
As in Definition 3.15, here the power series Poleiso

the ground ring R and may contain many more terms than in the ordinary
case.

o,(crz™r) is over

The definition of a theta function in terms of broken lines remains the
same, except that we are now working over the ground ring R.

Definition 4.2. Suppose D is a generalized cluster scattering diagram and con-
sider points my € M°\{0} and Q € Mg\Supp(D). For a broken line v with
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initial exponent mg and endpoint @, we define I(y) = mg, b(y) = @, and
Mono(y) = ¢(v)zF ) where Mono(y) is the monomial attached to the final
domain of linearity of v. We then define

VQ,my = Z Mono(7),
B!

where the summation ranges over all broken lines v with initial exponent mg
and endpoint ). When mg = 0, then for any endpoint ) we define ¥g,o = 1.

We show that just as in the ordinary case, theta functions defined via
generalized cluster scattering diagrams satisfy several crucial properties, such
as the following: the collection of them include cluster monomials, agreement
of theta functions and path-ordered products for cluster monomials, and Lau-
rentness.

Theorem 4.3. ([33, Theorem 3.5]) Let D be a consistent scattering diagram, mg
be a point in M\{0}, and consider a pair of points @ and Q" in Mg\Supp(D)
such that Q and Q' are linearly independent over Q. Then for any path v with
endpoints Q and Q' for which p, o is defined, we have

ﬁQ/fmo =Pyo (79Q7’m0)'

Proof. As in the ordinary setting, this is a special case of the results of Section
4 of [5]. Those results do not assume that the wall-crossing automorphisms are
binomials and are therefore also applicable to our setting. O

In Sect. 3.3, we discussed the mutation invariance of generalized cluster
scattering diagrams. It is also important that the theta functions exhibit this
mutation invariance. Recall that the positive chamber of a cluster scattering
diagram corresponds to a choice of initial torus seed s for the associated gener-
alized cluster algebra. If the cluster scattering diagrams ®g and D¢ are related
by a single application of the map T}, then the initial torus seeds are related
by a single mutation, i.e. 8’ = py(s). The following proposition exhibits a bi-
jection between the sets of broken lines and theta functions defined on ®g and
Dy

Proposition 4.4. (Analog of Proposition 3.6 of [33]) The transformation T}
gives a bijection between broken lines with endpoint Q and initial slope mg in
Ds and broken lines with endpoint Ty (Q) and initial slope Ty (mo) in D, (s)-
In particular,

9 s) = T+ (ﬁ%,mo) Q € Hy+
50 = 1, () Q<M

where Ty, + acts linearly on the exponents in 192277710.

Proof. We follow the structure of the proof of Proposition 3.6 from [33].

Let v be a broken line in a scattering diagram ®g and T () denote the
composite map T o7 : (—oo,0] — Mg. If any domain of linearity of 7 is in both
Hi,+ and Hy, —, we can subdivide that domain of linearity at the point where
it crosses between Hj ;. and Hj . As such, we can assume for any domain
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of linearity L that (L) falls either entirely inside Hj 4 or entirely inside
‘Hy,,—. For any domain of linearity L that has been subdivided in this way, the
associated monomial ¢y 2™~ will be sent to either cpzTr+(mL) op ¢f 2Tk~ (ML)
depending on the portion of L being considered. We know from Theorem 3.25
that ©,, ) = Tk(Ds), so we can think about T} (Ds) when thinking about the
broken line in D, (s)-

We know that ekJ- lies on the boundary between Hj 4 and Hy —. So to
understand what happens to the subdivided domains of linearity, which orig-
inally were in both Hj 4+ and Hjy —, we need to analyze what happens when
7 crosses e,C First, consider the original broken line v in ®g. Suppose that
one domain of hneamty, L, has been subdivided into L; and Lo such that ~
crosses ell( at the point where it passes from the first domain of linearity, L1,
to the second domain of linearity, Lo. By definition, we know that when the
monomial ¢y, 2”1 passes through eﬁ, it is mapped to

m v (re—1)v TRV |<dkek’mL1>‘
cr, 2t (1—|—akvlzk+~~+ak“_1z k k2t k)

and that cr,2™2 must appear as a term in this polynomial.
We can then consider the image of v in Ty(Ds). If Ly C Hy,_ and
Ly C Hy 4, then cLQZT’Cv+(mL2) must appear as a term in the polynomial
CLIZTk,+(mL1) (14 + Z’“k”k)‘(‘ikekale)

_ ClemL1+Tk:1’k<dk€kale) (14 + Zrkvk)—(dkek,le>

ZClele (Z—'rkvk(1+__.+Zrkvk))*<dkek1mL1>

)*(dkekvmh)

Clele (Z*Tk”k + ak’lzf(rk*U”k- 44 ak,rk—lzivk +1
. —(dgeg, )

= CleTk’*(le) (Z*Tkvk tapz DU g Ak rp—12" "% + 1) RERMTILL )

Due to the assumption that the exchange polynomials have reciprocal coeffi-

cients, i.e., that ay; = ax,r,—; - this polynomial is equal to

—(drer,mrL,)
CleTk,f(le) (1 + ak,lzivk R ak,rk—lzi(rkil)vk + Z*W%)

and, therefore, Ty () satisfies the rules for bending as it crosses
0 = (e, 14 ap1z2 % 4+ Q12 TFT DV 4 TTROR)

in Ty (Ds). Similarly, if L; € My and Ly C Hy,—, then cp, 2w (me2) =
cr, 2™z must appear as a term in

Ty, —(mp,) e ZTRVE) (dger,mr,)

cL, % 1+
_ (dreg,mpy)
=cr, 2" (1 +ag,12"F 12TV 4 zr’“”’“) !

_ (dpek,mLy)
= cp, 201 (L gy o127 4ot ag g2 i)
_ —(rp— _ (drersmpy)
=cp, 2™ (ZTkUk (27" +ag . 12 (re=1ve ... 4 ap127% + 1)) L

_ (r— _ (dger,mr,)
:Clele‘H"kUk<dkek7mL1) (1+ak,1z ko dag 12 (re=D)vk 4, "‘kvk) 1

_ (. — _ (drex,mpy)
:cleTkv+(mL1) (1+ak,1z Uk b ape—12 (re=Dvk 4 » rk“k) !
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and, therefore, Ty (y) also satisfies the rules for bending at ), in this case. As
such, we’ve verified that for any broken line v in Dy, its image Ty () is also a
broken line in D, sy = Tx(Ds). To see that T}, is, in fact, a bijection, we must
verify that T}, ' (Tk(7)) = 7. First, we define T, ' : @, () — Ds as

T (m) = m m e Hy |
g m — ryvy(drer,m) meH,

where H;, , and H;, _ are defined relative to e;.. Notice, however, that because
mutation in direction k sends ey to e, = —ex, we have H;€7+ = Hp,— and
k. = Hi,+. As such, showing that T (T (7)) = ~ amounts to showing
that T, i 0Ty _ =id and T, 1o Ty + = id. The first equality follows trivially
from the definitions and we can verify the second by observing that
Tkii 0Ty +(m) = T,;i (m + revk(dier, m))
= (m + rrvg{dier, m)) — rpvg{dier, m + ryvg (dier, m))
=m + rrvg{dgeg, m) — revg{dieg, m) — ryvi{dier, revg (drek, m))

=m — rivg{dier, m)(drek, rLvk)-

By definition, we know that vy = pi(ex) and so (drex, rrvr) = 0 and the above
expression reduces to T) ! 0Ty 4 (m) = m, as desired. O

In fact, such a bijection exists for any pair of diagrams ®g and Dg where
s and s’ are mutation equivalent. The explicit bijection can be obtained by sim-
ply iterating the previous proposition for each step in the mutation sequence
between s and s’ (Fig. 3).

The following proposition is crucial in showing that the generalized clus-
ter variables are, in fact, theta functions.

Proposition 4.5. [33, Proposition 3.8] For a point Q in Int(CY) and a point
m in C3 N M°, we have

19Q,m =z™M.

Proof. The proof of this proposition is identical to the proof given for the
ordinary version in [33]. The fact that the wall-crossing automorphisms now
contain additional terms, which offer more options for scattering, can be ac-
counted for in the choice of the normal vectors n; in that proof. O

One immediate corollary is that the cluster monomials are also theta
functions. As with ordinary cluster algebras, this is a highly desirable property
for a basis for generalized cluster algebras.

Corollary 4.6. [33, Corollary 3.9] Let o € A} be a cluster chamber. Then for
any points Q@ € Int(c) and m € o N M°, we have Vg m = 2™

Proof. The result follows from Propositions 4.4 and 4.5. 0

As in the ordinary case, Theorem 4.3 and Corollary 4.6 give us a way
to compute theta functions using path-ordered products within the cluster
complex. This was noted also in [52, Theorem 5.6], which relies on [33, Theorem
3.5] and [33, Corollary 3.9].
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(71,‘71)

Z(—l,—l)

(_17_1)
o Z(O,—l)

Z(O,—l) Z(Ov_l) z(ov_]-) \
\

FIGURE 3. The broken lines for 9 _1) o in g for the gen-
eralized cluster algebra and generalized torus seed from Ex-
ample 3.4

Proposition 4.7. Consider mo € M°\{0} such that there exists a path v from
mo to some point Q in the positive chamber Ct which passes through finitely
many chambers. Then

ﬁQﬂno =Py (Zmo).

Proof. By assumption, we know that the path v from mg to @ passes through
finitely many chambers. Let o7 denote the first chamber through which
passes and let @’ be a point in o7 which lies on 7. By Proposition 4.5, we
know that ¥/ m, = 2™. Let Q" be a point in CJ such that the coordinates of
Q' and Q" are linearly independent over Q and let 7/ denote a path between
Q' and Q" which follows « until within the interior of the positive chamber
CJ, at which point it goes to Q" rather than Q. By Theorem 4.3, we know
that dqrme = Py (VQrmy) = Py (27°).

Because both path-ordered products and theta functions are independent
of the exact location of their endpoints within the interior of a chamber, we
therefore have
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ﬂQN-,mO = ﬁQ,mo = p.y/(ZmO) = p»Y(ZmO).
O

We can then establish a weaker version of Theorem 4.9 of [33], without
the guaranteed positivity of Laurent polynomial coefficients:

Theorem 4.8. For generalized fized data T', which satisfies the injectivity as-
sumption, and a choice of initial generalized torus seed s, consider a point
Q € C and a point m € o N M° for some chamber o € Af. Then ¥¢ .,
expresses a cluster monomial of A in s as a Laurent polynomial. Moreover, all
cluster monomials can be expressed as V¢ » for some choice of Q and m.

Proof. The proof of Theorem 4.9 from [33] holds in the generalized setting,
except for the proof of positivity. O

Remark 4.9. The proof of positivity in [33] uses an earlier result, Theorem
1.13, for which we do not currently have a generalized analogue. In particular,
[33, Theorem 1.13] states (in the case of ordinary cluster algebras) that the
scattering diagram ®g is equivalent to one such that all walls can be expressed
as (9, fy) where fo = (1 + 2™)° with m = p*(n) for some n € NT which is
normal to ? and ¢ € Z~g. In [45], Mou works under the assumption that walls
are indeed expressed in this restricted way, and is able to obtain positivity in
that setting. Since we are allowing polynomial exchanges that are not simply
binomials, we allow ourselves to work with scattering diagrams that are not
necessarily equivalent to one with walls only of this form.

4.1. The g-Vectors in Cluster Scattering Diagrams

Recall from Sect.2.3 that g-vectors can be defined as the tropical points of
theta functions. This formulation allows for a definition of g-vectors on all
types of ordinary cluster varieties (Aprin, A, and X). In this section, we give the
analogous definition in the context of generalized cluster scattering diagrams
and generalized cluster varieties.

There is a Tyo action on Ay, that can be specified at the level of cochar-
acter lattices as

N° — N° @ M,
0 (n,p"(n)).
Under this To action, each cluster monomial on Ay, is a Tno-eigenfunction
as stated in Sect.5.2. Via this action, choosing a generalized torus seed s
determines a canonical extension of each cluster monomial on A to a cluster
monomial on Apyin. This allows us to define the g-vector of a cluster monomial

of A.

Definition 4.10. (Analogue of Definition 5.6 of [33]) The g-vector with respect
to the generalized torus seed s associated to a cluster monomial of A is the
T'no-weight of its lift determined by s.

There is another way to characterize g-vectors which is extensible to the
other types of generalized cluster varieties.
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Definition 4.11. (Analogue of Definition 5.8 of [33]) Consider the generalized
cluster variety A = |J, Two s. Let T denote a cluster monomial of the form 2™
on a chart Tyo o where s’ = {(e},a})}. Identify AY(RT) with Mg, Because
(2¢)T(m) < 0 for all i, m is identified with a point in the Fock-Goncharov
cluster chamber CJ; C AY(RT). Define g(Z) to be this point in CJ; C AV (RT).

Definition 4.12. (Analogue of Definition 5.10 of [33]) Consider a generalized
cluster variety V = |J,T1s. Let f be a global monomial on V and s be a
generalized torus seed such that f |TL5 C V is the character z™ for m €
Hom(L,Z) = L*. Then the g-vector of f, denoted g(f), is the image of m
under the identifications VY(ZT) = Ty« s(Z7) = L*.

From Definitions 4.11 and 4.12, we obtain the following corollary.

Corollary 4.13. (Analogue of Corollary 5.9 of [33]) Let s be a generalized torus
seed and T be a cluster monomial on the associated generalized A-variety. The
seed s gives an identification A (RT) = Mg _ under which g(T) is the g-vector
of the cluster monomial T with respect to s.

We can then extend the definition of a g-vector beyond the generalized
A-variety to any type of generalized cluster variety.

Definition 4.14. (Analogue of Definition 5.10 of [33]) Consider a generalized
cluster variety V' = |J,T1s. Let f be a global monomial on V and s be a
generalized torus seed such that the restriction f |TL,S C V is the character
2™ for some m € Hom(L,Z) = L*. We then define the g-vector of f, denoted
g(f), as the image of m under the identifications VV(ZT) = Ty s(ZT) = L*.

Although it is not a priori clear from this definition, we will see in
Lemma 5.15 that this definition of g-vector is actually independent of the
choice of generalized torus seed s. As in the ordinary case, this formulation
of g-vectors allows for a very quick and elegant proof that the g-vectors are
sign-coherent.

Theorem 4.15. (Analogue of Theorem 5.11 of [33]) Consider an initial gener-
alized torus seed s = {(e;, (ai;))}, which defines the usual set of dual vectors
{f; = d;ter}. If §' is a mutation equivalent generalized torus seed, then the
ith coordinates of the g-vectors for the cluster variables in s’ are either all
non-negative or all non-positive when expressed in the basis {f1,..., fn}

For both Corollary 4.13 and Theorem 4.15, the proof given in [33] holds in
the generalized setting as well, using the appropriate analogues of intermediate
results.

5. The Product Structure of Theta Functions

In this section, we develop a number of properties satisfied by theta functions
and show how this allows us to construct the A- and X-generalized cluster
varieties from Apyin. To begin, we recall some useful notation from Sect. 2.4.
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For a broken line ~, let Mono(y) = ¢(7)2"(") be the monomial attached to
its final domain of linearity. Then c(7) denotes the coefficient and F'() the
exponent in that final domain of linearity. Let I(+) and b(v) denote the initial
slope and endpoint, respectively, of ~.

With this notation, we can then define structure constants for the mul-
tiplication of theta functions.

Proposition 5.1. (Analogue of Definition-Lemma 6.2 in [33]) Let p1, p2, and q
be points in M and z be a generic point in M]R There are at most finitely
many pairs of broken lines 1,2 such that ; has initial slope p;, both broken
lines have endpoint z, and F(y1) + F(v2) = q. Let

az(p1,p2,q) = Z 6(71)6(72)'
(71,72)
I(vi)=pi,b(vi)==
F(m)+F(v2)=q

The o (p1,p2,q) are linear combinations of the formal variables {a; ;}.

Proof. The proof of this proposition is identical to that given in [33], except
that in the generalized setting, the broken line monomials lie in R[P] instead
of k[P]. However, this does not change the essence of the proof. O

We then obtain the following decomposition of products of theta func-
tions:

Lemma 5.2. (Analogue of Proposition 6. 4(3) of [33]) Let p1,p2, and q be points
in M° and z be a generic point in Mﬂ‘g Then

19171 'ﬁpz = Z OCZ(Q)(Pl,PQaQ)ﬁq
qeM?
for z(q) sufficiently close to q. When z is sufficiently close to q, a.(p1,p2,q)
is independent of the choice of z and we can simply write a(p1,p2,q) =
az(plaPQaQ)'

Proof. The argument given in [33] for the analogous result for ordinary clus-
ter scattering diagrams holds in our generalized setting. No portion of that
argument assumes that the wall-crossing automorphisms are binomials. O

5.1. The Product Structure of Theta Functions for A,

In this section, we will describe the product structure of theta functions on
Aprin and show that the collection of theta functions gives a topological basis
for a topological R-algebra completion of the upper cluster algebra of Apyin.
Later, in Sect. 5.2, we will descend to the A and X cases using the fact that
the A-variety appears as a fiber of Apin — T and the X-variety appears as
the quotient Apyin/Tno.

We wish to associate a formal summation quAgﬂn(ZT) a(g)(q)9,, with
coefficients a(g)(q) € kla; ;], to each universal Laurent polynomial g on Apin.
In doing so, we follow the structure of Section 6 of [33] for the ordinary case,
with modifications when necessary to accommodate our generalized setting.
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We begin by giving such a summation for a fixed choice of generalized torus
seed s, then show that the coefficients a(g)(q) are, in fact, independent of the
choice of generalized torus seed.

Fix a choice of generalized torus seed s = {(e;, {a;,;})}. Recall that in the
generalized setting, we are working over the ground ring R = k[a; ;] rather than
over k. Let y; := 2% and Is = (y1,...,Yn) C Rly1,-..,yn]. When principal
coefficients are taken as the frozen variables, there is a partial compactification

prin 71;111 constructed in the same manner as in [33, Construction B.9].

Then, set

A?yl,...,yn),R,k = SpeC R[yl, cee 7yn]/I§+1a

—s —s
- n
-Aprin,k = 'Aprin XAZ m A(thynhk'

The map 7 : Aprin — T induces a map 7 : ﬂ;rin — Agl
then subsequently induces a map = : Azrin, K — Al

Y1y--sYn ), RoK” Let

—s . —s
up (Aprin) = %inup <Aprin,k)
For any g € up(Apin), we have z"g € up(Apuns) where 2" is some
monomial in the y;. This fact induces the inclusion

——s=
up(Aprin) - up(Aprin) ®R[Ns+] R[N] (10)
where N; C N denotes the monoid generated by ey, ...,e,. Let mn : M =

M° @ N — N be the projection map and define M+ = 7y (NS). Let
P C MS" be the monoid generated by (vi,e1),..., (Vn,en).

We begin by establishing the following proposition, which defines canon-
ical functions ¥, on up(jzrin) ®pn+ BR[N] for ¢q € M2+ and then shows
that two particular collections of such 9, form bases for up(j;rin, 1) For each
o € Al let Q, denote a generic point in o.

Proposition 5.3. (Analogue of Proposition 6.4(1,2) of [33])
~o,+ . . .
1. Given a point ¢ € Mg , the function Vg, 4 5 a regular function on
Vs,o.k- As 0 varies, the Vg, 4 glue to yield a canonically defined function
ﬂq,k € up (z‘z%n,k) .
2. For q € AJ., and k' >k, Oqn] 46 L= gk Hence, the collection
prin,

{0qk}k>0 canonically defines a function

—s

Vg € up <Aprin> ® gva) RINT-
Let can(Apyiny denote the R-vector space

b r,

qeAY. (ZT)

prin
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The ¥4 are linearly independent, so there is a canonical inclusion of R-
vector spaces

Can(.Ap,.m) C up (./Tl;rm) ®R[NS+] R[N}
Proof. The proof given in [33] for the ordinary case holds in our setting. O

To associate a formal summation > a(g)(¢)?, to each universal Laurent
polynomial g on Apyin, we will first associate a formal summation > as(g)(¢)Y,
which depends on the choice of generalized torus seed s. To do so, we must
first define the function «s.

Proposition 5.4. (Analogue of Proposition 6.5 of [33]) There is a unique in-
clusion

Qs Up (j;rm) OR[N R[N| < Homiets ('A;)/'rin(ZT) — MS", R)
given by the map g — (¢ — as(g)(q)). For alln € N, as(2™ - g)(g+n) =
as(9)(q)-

Proof. One consequence of Proposition 5.3 and Lemma 5.2 is that every g €

o

up(Z;in) can be uniquely expressed as a convergent formal sum

q€M§,+
as(g)(q)¥q where the coefficients ag(g)(g) lie in R. This immediately implies
the desired unique inclusion. O

Definition 5.5. (Analogue of Definition 6.6 of [33]) Let g be a universal Laurent
polynomial on up(Apin). On the torus chart Th,  of Apin, We can write

o —

9 =2 eiie Ps(9)(q)z?. Because 2™y € UP(erin) for some m € M?, we can
also write a formal expansion g = quM; as(9)(g)9,. Let

Sos={a€ My : Os(9)(@) # 0}, Sy i={a € M s asl9)(@) # O},
and Py be the monoid generated by {(v;, €;) }icr,,-

It follows from the construction of the theta functions that Sy s C Sy +
Ps.

We are then ready to prove that on up(Apin), the function oy is actually
independent of the choice of generalized torus seed s.

Theorem 5.6. (Analogue of Theorem 6.8 of [33]) There is a unique function
o up (Aprin) — Homgess (A, (ZT) ,R)

prin
such that
1. The function « is compatible with the R[N]-module structure on up (Aprin)
and the N-translation action on A;,frm (ZT), i.e.
a(z"-g)(z+n) =a(g)(z)
for all g € up (Aprin), n € N, and z € A}, (ZT).
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2. For any s, the formal sum quAV (27) a(g)(q)0, converges to g in up
prin
8. If z™ - g lies in up (.71
Moreover,

2hg = > a(z" - g)(q)9, mod (IF*1)
7N,s (@) ENS\ (N g1

s
prin |’

then a (2" - g) (¢) = 0 unless Tn(q) € Ng".

and the coefficients a(z" - g)(q) are the coefficients for the expansion of
S

2" - g when it is viewed as an element of up (Xprin) and written in terms

of the collection {V, : q € M:+\M§I::i-1}
4. For any generalized torus seed s’ reachable from s via a sequence of mu-

tations, the map « is the composition of inclusions

up (Aprin) C up(/zz\/”'n) ®R[N§] RIN]] C Homets ( Zrm(ZT) = Mso'vk)

from Proposition 5.4 and Eq. (10). This maps the cluster monomial A €
up (Aprin) to the delta function bgay, where g(A) € Ay, (Z7) is its
g-vector.

Moreover, a(g)(m) = as (g)(m) for any generalized torus seed s’.

Proof. The proof given in [33] for the ordinary case holds in our generalized
setting, with minor modifications due to the polynomial mutation maps of the
generalized setting. For details, see Theorem 4.10.5 of [39]. O

This theorem implies, as a corollary, that the theta functions form a
topological basis for a natural topological R-algebra completion of up(Apyin)-

Corollary 5.7. (Analogue of Corollary 6.11 of [33]) Forn € N, let the map
n* : Homgers(AYin (Z7), k) — Homgers(AY, 0 (Z7), k)

prin prin
denote precomposition by translation by n on A;frm(ZT). Let up(Aprin) C
Homgers (A, (ZT) be the vector subspace of functions f such that for each
generalized torus seed s, there exists n € N such that the restriction of n*(f)

to AY (ZT)\W;,}S((N#);C) has finite support for all k > 0. Then, we have the

prin
mnclusions

—

up(Apmn) C Up(Apmn) = m Up(j;)mn ®R[Ns+] R[N] C Homsets(.sz,m-n(ZT), k)

and up(Aprin) 15 a complete topological vector space under the weakest topology
so0 that each inclusion up(Aprin) = (g up(ﬁz)rm ®ping) RIN] is continuous.

Let 9, = 64 € up(Aprin) be the delta function associated to g € AY,,.(ZT).

prin
Then {0q}qcav. zr) is a topological basis for up(Aprn) and there is a unique

prin
topological R-algebra structure on up(Aprin) such that 9,-9, =Y a(p,q,r)0,
with structure constants a(p,q,r) as in Proposition 5.1.
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Next, we show that the theta function 9¢ ,,, for @ € ¢ € AT and
mo € A, (ZT), is a universal Laurent polynomial on R[M°®].

prin
Proposition 5.8. (Analogue of Proposition 7.1 of [33]) Let s = {(e;, (a;;))}
be a generalized torus seed. Fix some mqg € A;/Tin(ZT). If for some generic
choice of Q € o € AT there are finitely many broken lines v in Dg with
I(y) = mo and b(y) = Q, then this holds for any generic Q' € o' € A™T.

Hence, Vg m, € R[M?®] is a universal Laurent polynomial.

Even though our statement is similar to the one in [33, Proposition 7.1],
there are several significant differences in the proof. Because the positivity of
theta functions in the generalized setting has not yet been proven, we cannot
make use of this positivity as in the argument given in [33] for the ordinary
setting. Because we only consider ¥¢ for Q,Q" € A™, however, we make use
of the fact that the chambers in the cluster complex can be associated with
generalized torus seed data for which the wall functions are simply the mu-
tation maps. Hence, we can assert the positivity of the wall functions within
the cluster complex. For this proof, we need a; ; to be formal variables rather
than simply arbitrary elements in P. Hence, we consider the generalized cluster
algebras over the ring R when defining the fixed data.

Proof. By Theorem 4.3, we know that for basepoints @ and Q' in different
chambers, the theta functions ¥ m, and ¥¢g: m, are related by a composition of
wall-crossings. When the basepoint varies within a chamber, the corresponding
theta function does not change. Hence, it is sufficient to check that if Q € o
and Q' € ¢’ are in adjacent chambers with @’ close to the wall o N ¢’, then
YQ,m, having finitely many terms implies that ¥¢g/ ,,, also has finitely many
terms.

Fix some generalized torus seed s. Let the wall ¢N¢’ be in ng- for ng € N°
with (ng,@) > 0 and denote the wall-crossing automorphism when moving
from @ to Q" by p. Recall that a chamber of D is called reachable if there
exists a finite, transverse path between that chamber and the positive chamber
CS C Ds. By Lemma 2.10 of [33], there exists a bijection between torus seeds
that are mutation equivalent to the initial torus seed s and reachable chambers
of Ds. A consequence of this bijection, as described in [46], is that there exists
a sequence of mutations p, , ..., g, and corresponding piecewise linear maps
Tkyy- -y Tk, such that 8" = pg, o+ o g, (s), Dy = Tk, o+ T, (Ds), and
Ty, , 00Ty (0") C Hy, — foreach i € {1,...,(}.

Recall that p(z™) = 2™ f{no:m) “When both chambers, o and o’ are reach-
able, f has the form 14a129+- - -+a,_1 2" D942 for some g € nd- C M° and
r € Z~¢. In particular, note that f is a Laurent polynomial where aq,...,a,_1
are formal variables. One can verify that f has this form by recalling that the
wall-crossing automorphisms associated with the positive chamber C; C Dy
have the form 1 + a2 + --- + 2"*"* for some k € I and then applying
the appropriate sequence of piecewise linear maps T%,, ..., 1), to obtain the
wall-crossing automorphism p.
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Monomials z™ can be classified into three groups, based on the sign of
(ng,m). The arguments for (ng,m) = 0 or (ng,m) > 0 given in [33] will work
here also. Briefly, when (ng, m) = 0, the monomial is fixed by p and so these
terms coincide in 9q m, and ¥gs m,. When (ng, m) > 0, the monomial z™ is
sent to 2™ f{"0™) which is by definition a polynomial. So each such z™ in
YQ,m, corresponds to finitely many terms in 9¢ -

The last case is when (ng,m) < 0. Consider a broken line in ©g with
endpoint @’ € ¢’ C Dg and a monomial of the form cz™ with (ng,m) < 0
attached to its final domain of linearity. To complete the proof, it remains to
show that there are finitely many such broken lines. By way of contradiction,
assume that there actually infinitely many.

The direction vector of such a broken line must be towards the wall cNo’,
so its final domain of linearity can be extended to some point Q” € 0. When
crossing o N ¢’ from ¢’ into o, we have

(—=no,m)
cz™ 2™ (1 +a12?+ - ap_2" V4 z”’) .
Note that the primitive normal vector —ng appears in this wall-crossing com-
putation rather than ng because by assumption (ng, Q) > 0, so ng is directed
into the chamber ¢ rather than into ¢’. The fact that a1, ..., a,_; are all formal
variables means that there are no cancellations. Because ¥ ., is independent
of the location of () within the chamber o, this means there are infinitely many
broken lines with initial slope my and endpoint @), a contradiction. O

Definition 5.9. ([33, Definition 7.2]) Let © C AY,; (ZT) be the collection of

prin
mg such that for any generic point Q € o € AT, there exist finitely many
broken lines with initial slope mg and endpoint Q.

Theorem 5.10. (Analogue of Theorem 7.5 of [33]) Let
ANZ) = | on A (2Z")
ceAT
be the set of integral points in the chambers of the cluster complex. Then
1. AT (Z) c ®e.
2. There is an inclusion of R[N]-algebras
gen(Apriny C up(Aprin,s) QRN R[N,
where each cluster monomial Z € gen(Appiny is identified with ¥g(z) €
up(Aprins) @ g+ RIN], where g(Z) € AT(Z) denotes the g-vector of Z.

Proof. The proof of (1) follows from Corollary 4.6 and Proposition 4.7.

For (2), we know from Proposition 5.8 that each ¢, is a universal
Laurent polynomial in R[Z\Ai °], for all p € Apin(ZT) and Q € A*. When
p € A1 (Z), we know by Theorem 5.6(4) that ¥¢ , is the corresponding cluster
monomial. The inclusion follows from Proposition 5.3. d

As an immediate consequence, we obtain:
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Corollary 5.11. (Analogue of Corollary 7.6 of [33]) There are canonically de-
fined non-negative structure constants

a: AXTzn(ZT) X Aszn(ZT) X A;/mn(ZT) - ZZO U {OO}
that are given by counts of broken lines.

As in the ordinary case, we can verify that the theta functions are well
behaved with respect to the canonical torus action on Apyin.

Proposition 5.12. (Analogue of Proposition 7.7 of [33]) For ¢ € AY,..(Z),

Wy € up(Aprin) s an eigenfunction for the natural Tr, action on Apf;znwith
weight w(q) given by the map w : M° = (N°)* — (K°)*. Moreover, Vg is an
eigenfunction for the subtorus Tyo C Ty, with weight w(q) given by the map
w: M° — M° defined by the mapping (m,n) — m — p*(n).

Proof. The proof given in [33] for the ordinary case holds in the generalized
case as well, since we still have w(v;, e;) = v; — p*(e;) = 0, by definition. O

5.2. From Ay, to A; and X

As in the ordinary case, our results for Apn induce similar results on the A
and X varieties. In this section, we adapt the results of section 7.2 of [33] for
our generalized setting.

Similar to the ordinary case, the choice of generalized torus seed data
s = {(e;, (a;;))} gives a toric model for the generalized cluster variety V. The
generalized torus seed s specifies a fan X y. More precisely, the fans for the
A and X cases are

ES,A = {0} @] {Rzoei NS qu},
ES,X = {0} U {—Rzovi NS qu}.

The fan Xy then defines a toric variety TV (3s v ). Note that in our setting we
consider the toric varieties with base change to the ground ring R. The cluster
varieties can be seen as (up to codimension 2) blowups ¥ — TV (Zgy/) of the
toric varieties along the closed subschemes given by the mutation maps. Note
that we can simply follow [30, Construction 3.4] which does not necessarily
depend on the mutations being binomials but only on the mutation functions
being polynomials in a single variable.
These toric models allow us to determine the global monomials:

Lemma 5.13. (Analogue of Lemma 7.8 of [33]) For m € Hom(Ls,Z), the char-
acter 2™ on Ty, s C V is a global monomial if and only if 2™ is regular on
TV (3s,v). The character 2™ is reqular on TV (Zg,v) if and only if (m,n) >0
for the primitive generators n of each ray in Xy . When V is an A-type clus-
ter variety, the set of global monomials exactly coincides with the set of cluster
monomials. That is, every global monomial is a monomial in the variables of
a single cluster with non-negative exponents on the non-frozen variables.

Proof. The proof given in [33] for the ordinary case holds in the generalized
setting, with one minor change: the support of Z; is now defined by the zero
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locus of polynomials rather than binomials, i.e., its support is now 1+4a; ;2% +
R ai’n,lz(”*l)”i + 2% = (0 rather than 1+ z"¢ = 0. Subsequent portions
of the proof still hold after this change is made.

Note also that the proof in the ordinary case uses the Laurent phenom-
enon. Because the Laurent phenomenon holds in the reciprocal generalized
setting, see Theorem 2.6, this portion of the proof extends to our setting with-
out modification. O

Definition 5.14. For a generalized cluster variety V = |J T, let CJ (Z) C
VV(ZT) denote the set of g-vectors for global monomials that are characters
on the torus Ty s C V and A{;(Z) C VV(ZT) denote the union of all Cf(Z).

Recall that A; = 7 !(¢), where 7 is the canonical fibration Ay, —
Ty Consider the maps p : Ay, — AY and € : XY — A/, which have
tropicalizations

p(myn) — m,

&' in = (=p(n), —n).
The map pT identifies AY(ZT) and the quotient of AY.. (Z) by the natural

prin
action of N. Let w : AY;, — Tye be the weight map given by w(m,n) =
m — p*(n). Because ¢ identifies X'V with the fiber of w : AY . — Taso over the

prin

identity element e, the map &7 identifies XV (ZT) with w=1(0).

Lemma 5.15. (Analogue of 7.10 of [33])

1. When V is a generalized A-variety, CS (Z) is the set of integral points of
the cone Cg in the Fock—Goncharov cluster complex which corresponds to
the seed s.

2. For any type of generalized cluster variety, Ct(Z) is the set of integral
points of a rational convex cone CF and the relative interiors of CI as
s wvaries are disjoint. The g-vector g(f) € VV(ZT) depends only on the
function f. That is, if f restricts to a character on two distinct seed tori
then the g-vectors they determine are the same.

3. Form € wil(O)ﬁA;mn(Z), the global monomial ¥, on Aprir, s invariant
under the Tno action and thus gives a global function on X = Appin/To.
This is a global monomial and all global monomials on X occur in this
way. Moreover, m = g(Vy,)-

Proof. The proof given in [33] for the ordinary case holds in our generalized
setting, as we have proven analogs of all the necessary previous results. We
quickly review the proof given in [33] to point out each place where we are
instead using an analogous result for the generalized setting.

First, consider (1) for a generalized A-variety. By Lemma 3.30 and Lemma
5.13, the positive chamber CZ is the Fock—Goncharov cluster chamber associ-
ated to s and a maximal cone of a simplicial fan. By Theorem 3.31, A% (Z)
forms a simplicial fan.

The A case, which includes Apyin, of (2) follows from Sect.4.1. The X
case follows from the Ay case. Recall that the map p @ Apin — A given
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by Znm)  ym=p"(n) makes Aprin into a Tivo-torsor over X. Hence, pulling
back a monomial on A yields a Tyo-invariant global monomial on Api,. By
Proposition 5.12, we have the inclusion A% (Z) C w=1(0)N Aj\prm' Conversely,

suppose m € w~1(0) and m = g(f) for some global monomial f on Apyin.
Then there exists some generalized torus seed s = {(e;,a;)} such that f is
represented by a monomial 2™ on Ty . Since m € w~1(0), it must be of the
form m = (p*(n), n) for some n € N. By Lemma 5.13, m is non-negative on the
rays R>q(es, 0) of X 4,,,, and therefore n is non-negative on the rays —R>qv; of
Ys,x and 2" is a global monomial on X. As such, AT (Z) = w™1(0) OAZPM (Z)
and the cones for X" are given by intersecting the cones for Ay, with w=1(0).
This also gives (3). O

Broken Lines and Theta Functions for the A and X Cases. The maps p and
w allow us to define broken lines for the A and X cases. Recall that each wall
in ’Df"““ has an associated wall-crossing automorphism that is a power series
in 2" (M1 for some n. Hence, w(m,n) = w(p*(n),n) = 0 for every exponent
which appears in one of these wall-crossing automorphisms.

First, consider the X’ case. Suppose -y is a broken line in 33;4"““ with both
I(y) and the initial domain of linearity lying in w1 (0). Because every exponent
that appears in a wall-crossing function lies in w~=1(0), the monomials attached
to each subsequent domain of linearity must also lie in w~!(0). In particular,
this means that F(y) and b(7y) both lie in w=1(0). We define the set of broken
lines in XV (R”) to be the set of such broken lines. The X' theta functions are
the theta functions defined by those broken lines. Next, consider the A case.
Here, the set of broken lines in AY(RT) is defined as {p” (7)} where v ranges
over the set of broken lines in AY;, (RT). Similarly, the A theta functions are
the theta functions defined by those broken lines.

To define functions on the A and X varieties, we would restrict to the
set ©. Hence, we define

O(X) := O (Apin) Nw™(0),
O(A;) = p" (O (Aprin)) -
Because AY(Z7T) is identified with the quotient of AY.. (ZT) under the

natural N-action, it follows that @(Aprin) is invariant urrleer N-translation
and, therefore, ©(Apyin) = (pT)_l (O(Ay)). In fact, any section X : AV (ZT) —
Jin(ZT) of p™ will induce a bijection between ©(Apin) and ©(A;) x N.
The space A; = UsTyo s consists of tori glued by birational maps that
depend on t. When tropicalized, however, these maps are independent of ¢ and
so it is natural to define Ay (ZT) := AY(ZT). With that notation, we can state

the following results for A; and X:

Theorem 5.16. (Analogue of Corollary 7.13 of [33]) For X,
1. There are canonically defined structure constants

a: XY x XV(Z") x XV(Z") — Zso

given by counts of broken lines.



680 M.-W. Cheung et al.

2. The subset ©(X) contains the g-vector of each global monomial, i.e.

A+(Z) C O(X).

Theorem 5.17. (Analogue of Theorem 7.16 of [33]) For V = Ay,
1. Given a choice of section ¥ : AY(ZT) — AY,..(ZT), there exists a map

prin
ay A (ZT) x A (Z") x AY(Z") — kU {oo},
given by the mapping

(B0 = S aa,, (0(p), S(a), () + 1) 2" (2)
neN
if the summation is finite. Otherwise, ay (p,q,r) = 0o. If p,q, 7 € O(Ay),
then the summation will be finite.
2. The subset © contains the g-vector of each global monomial, i.e. A‘J; (z%) c

0.
By taking t = e, we obtain these statements for A.

For both, the arguments given in [33] for the ordinary setting still hold
in our generalized setting.

6. Companion Cluster Algebras

Given a generalized cluster algebra, Nakanishi and Rupel define the notion of
companion algebras, which are a pair of ordinary cluster algebras associated
to the generalized cluster algebra [50].

Recall that (P, @) is an arbitrary semifield. Let QP denote the field of
fractions of this semifield and QP(x) = QP(z1, ..., z,) denote the field of ratio-
nal functions in the algebraically independent variables x1,...,x,. In earlier
sections we referred to QP(x) as F, but here it will be convenient to write
QP(x) since we will also want to discuss fields of rational functions in other
sets of algebraically independent variables.

Fix a generalized cluster seed ¥ = (x,y, B, [ri;],a). The corresponding
fixed data T' has lattices N, M, M°, N° and collections of scalars {d;} and
{ri}, as specified in Definition 3.1. Consider the initial generalized torus seed
data be s = {(e;, (ais))}, where {e;} forms a basis for N, {d;e;} for N°, and
{fi= d%e;“} for M°. As usual, we let v; = pi(e;) € M° for i € L.

Let A denote the generalized cluster algebra defined by Y. We can then
state the definitions of the companion algebras as:

Definition 6.1. ([50]) Let 'x = x¥/* = (Fuy,... ta,) = (xi/”,...,:vi/r")
in QP(x'/*) The left companion algebra of A is the ordinary cluster algebra
LA c QP(x'/") with seed (Ex, Ly, Blrij]). Let Lcj, L'g;, and “F; denote the
c-vectors, g-vectors, and F-polynomials of T A.

Definition 6.2. ([50]) Let fx = x and By = y* = (Byy, ..., By,) = (y7*, ..., y0).
The right companion algebra of A is the ordinary cluster algebra #.A C QP(x)
with seed (x,y", [ri;] B). Let fc;, Bg;, and ®F; denote the c-vectors, g-vectors,
and F-polynomials of ®A.
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Remark 6.3. Note that because the mutation formulas used in this article are
the transpose of those used by Fomin and Zelevinsky [17], our definitions of
the companion algebras are not identical to the definitions given in [50]. As
compared to Nakanishi and Rupel, we switch the roles of the exchange matrices
[ri;]B and Blr;;] in the definitions of the left and right companion algebras.

6.1. Langlands Duality and Tropical Duality

In this subsection, we largely restrict our attention to ordinary cluster algebras
and quickly review background material about two types of duality. We also
briefly state the definition of the Langlands dual in the generalized setting. In
the next subsection, we will discuss one way that these notions appear in the
context of generalized cluster algebras.

Langlands Duality. In [16], Fock and Goncharov give the following definitions
for the Langlands dual of a set of fixed data and a torus seed:

Definition 6.4. Given fixed data I' and torus seed s, let D :=lem(dy,...,dy).
The Langlands dual of T is the fixed data I'V defined by NV := N°, IV :=1,
IY, = I, and dY := d; 'D with Q-valued skew symmetric form {-,-}V :=
D=1{.)-}. The Langlands dual of s is the torus seed sV := (dyey,...,dpey,).

In the generalized setting, this definition is updated as follows.

Definition 6.5. Given generalized fixed data I' and generalized torus seed s, the
Langlands dual of T is the generalized fixed data I'V defined as in the ordinary
case, with the addition that ry = lem(ry,...,7,)/r; and the collection of
formal variables {a; ;} remains the same. The Langlands dual of s is then the
generalized torus seed sV := {(ei, (] ;) }ierjepry —1-

From these definitions, we can observe the following relationship between
the bilinear forms of " and T"V.

1
{ei,ejkd; = E{dieia dje;}

D
= —D_l{djej,diei} (d)
= —{ej, e/} (d).

It follows that e;; = —e; and that, on the matrix level, e = —(e")”. Recall
from Definition 2.9 that the exchange matrix B (in the Fomin—Zelevinsky

sense) can be represented as
bij = €ij = {ei, €;}d;

for a given choice of torus seed s. Hence, the Langlands dual of an ordinary
cluster algebra defined by the exchange matrix B = [¢;;] is simply the ordinary

cluster algebra defined by —BT = [—55}
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Tropical Duality. The study of cluster algebras often involves a different type
of duality, called tropical duality. In [18], Fomin and Zelevinsky define ¢-vectors
and g-vectors as the tropicalizations of the A and X cluster variables. As noted
in earlier sections, Gross, Hacking, Keel, and Kontsevich showed in Lemma
2.10 of [33] that given a choice of seed data s, Mg , = AY(R”), where AY(R")
denotes the tropicalization of the Fock—Goncharov dual variety. By explaining
the connection between the lattices used in [33] and the c-vectors and g vectors,
we can connect these seemingly disparate statements.

Consider the fixed data I" and choice of initial torus seed data sin = (€in,;)-
By definition, the basis vectors of Ny, are {ei, ;}icr and the basis vectors of
Mg~ are {fin,i}ier, where fin,;, = diiei*n,i. Recall that A cluster variables have
the form 2™ with m € Mg and that the X’ cluster variables have the form
2™ with n € Ny, . Because the c-vectors and g-vectors are the tropicalizations
of these cluster variables, we can express them as cg, ; = Y Cik€in,x and
8eini = 2ok Jikfin k-

Now, consider an arbitrary seed s = (es ;). Now, the lattice Ng has basis
vectors {es,; }icsr and the lattice M has basis vectors { fs; }ier. The correspond-
ing A and X cluster variables have g-vectors and c-vectors which we can write
as gsi = fsi = Dop GikSink and ¢s; = €si = Y, Cik€in,k- We denote by CS
(respectively, GS) the integer matrix with columns ¢y, ..., Cy,.s (respectively,
with columns g, .. .,8,.), Where € = [¢;;] is the matrix defined by s;,.

Nakanishi and Zelevinsky proved the following identity, referred to as a
tropical duality, between the c-vectors and g-vectors.

Theorem 6.6. ([51, Theorem 1.2]) For any torus seed s and the associated

matriz € = [e;;] = [{es,e;j}d;], take €n = € and let €5 denote the matriz
associated with the torus seed s. Then,
(@) =(c ) (11)

We can also understand this tropical duality in the language of cluster
scattering diagrams. In the previous subsection, we saw that replacing € with
—€7 in the fixed data T is equivalent to considering its Langlands dual, T'V.
Consider some choice of torus seed s = {es; }ier associated to I'. As explained
above, the associated collections of g-vectors and c-vectors are, respectively,
{fs,i} and {es;}. The associated collections of g-vectors and c-vectors of the
Langlands dual torus seed data s* are therefore { fY; = d;D~' f;} and {eJ; =
dies i}, respectively. One can immediately see that the bases {fs;} and {e:’ ;=

dies,;} are dual, because
<€;/,iafs,i> = <di€s,i>di_le:,i> = <€s,i;e:,i> =1,

which implies the tropical duality in the language of seed basis vectors.

6.2. Fixed Data for the Companion Algebras

Fix a generalized cluster seed ¥ = (x,y, B, [ri;],a), which defines the gen-
eralized cluster algebra A. We will assume that 4 is a reciprocal general-
ized cluster algebra, so we can use our construction of cluster scattering dia-
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grams for reciprocal generalized cluster algebras. The corresponding general-
ized fixed data I" has lattices N, M, M°, N°; index sets I and I,; collections of
scalars {d;} and {r;}; and the collection of formal variables {a; ;}icr je[r,—1]s
as specified in Definition 3.1. Consider the initial generalized torus seed data
s = {(e;,(ai;))}icr, where {e;}icr forms a basis for N, {d;e;};cr for N°,
{er}ier for M, and {f; = d%e;-*}ief for M°. As usual, we let v; = pi(e;) € M°
for i € I.

As explained in earlier section, the generalized cluster algebra A has an
associated pair of companion algebras, “.A and ®.A. We can explicitly described
the fixed data associated with the left and right companion algebras. In doing
so, we will use the superscript © to indicate when we are considering an object
in a generic companion algebra and the superscripts © and R, respectively,
to denote the corresponding notions in the left and right companion algebras.
The data associated with the left and right companion algebras in the following
table:

Left Right
{ 3 } {'7 } { ) }
CdL Ldv‘, =d;r; Rdi _ %
cei ei = Fe; = rie;

* *
Cfi “fi lemLez = d}ne: = fi tf= Rb,Rez‘ = %%6: =i
Cn LN =N RN = span {rie;}
Cne LN® = span {r;(die;)} RN° = span {d;e;}
Cum LM = span {ef} =M RM = span {Le;}
“m° “M® = span {"f;} *M° = span {"f,}
le in =z x;/r Rl‘v; =z i =ux;
gy’i Lyi _ Zhe’ — 2% — vi Ry _ leeyﬁ — pTici — ,y;'r‘z
Cg ng‘ = (vises) — 7 R?;i = (rivimies) — g
Ui Fo, :{Leiw}:{eiw}:vi Rvi:{Rei,'}:{riei,'}iﬁvi

C(dies, f:) (Mditei, U fi) = (diries, - fi) =1 ((difes, M fi) = (diri  (rie), fi) = 1

Observe that if d; = 1 for all 4, then the left and right companion algebras
are Langlands dual (up to the scalar factor lem({r;};cr)) to each other. The
term % being rational may raise some questions. Note that it is possible for
a right companion algebra to have fixed data such that some ®d; are non-
integral. In fact, ®d; will be non-integral whenever r; # 1. To ensure that
all ®d; are integral, one could scale Bd = (Rd;) by a factor of lem(r;). Any
computations done using a cluster scattering diagram generated by the scaled
fixed data would then require that we account for this scaling. Further, this
rational lattice is consistent with the fact that [50] defines this companion
algebra as a subalgebra of QP(z/*).

In fact, the unscaled fixed data BT can still be used to define a sensible
cluster scattering diagram that allows for easy computation of cluster variables,
etc. To understand the impact of non-integral values of ®d; on the construction
of a cluster scattering diagram, we can consider the impact on the associated
lattices and initial cluster scattering diagram. It is clear that ®N will always
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be an integral lattice, since *N = span{r;e;}. The scaling of Re; guarantees
that ®N° is always an integral lattice since

di
Rye = span {RdiRei} = span {Tiei} = span {d;e; } .
T

Note that this scaling also means that
r; 1

1 *
Rajo R _ R _ *
M° = span{ fi}—span{Rdi( e;) }—span{d ei}

i T4

1
= span {ef} = span{f;}.
d;
By definition, ®A has initial scattering diagram
Ry, _ R, \L R, _ )L TiV;
Ou = {(Ce) 142"} = (et 1+27)
1&luf

where all the wall-crossing automorphisms have integral exponents. As such,
the algorithm for producing a consistent scattering diagram that was intro-
duced by Kontsevich and Soibelman in two dimensions and then extended
to higher dimensions by Gross and Siebert can be applied to ®®j,. Likewise,
other major results of Gross, Hacking, Keel, and Kontsevich [33] which rely
on the wall-crossing automorphisms having integer exponents still hold for the
resulting consistent scattering diagram.

1€l

Ezxample 6.7. Consider the generalized cluster algebra from Example 3.23,

A (x,y, {_01 (1)] , E’) ﬂ (L,a,a, 1),(1,1))) .

This generalized cluster algebra has companion algebras:

L= <(x}/37x2),(y1,y2), [03 (IJD

Ry — ((ml,xz)»(yiw)’ [—01 g]>

Recall from Example 3.4 that A has fixed data d = (1,1), r = (3,1), I =
I = {1,2}, N = N° = (e1,ez3), M = M° = (e}, e}), and skew-symmetric
form {-,-} : N° x N° — Z specified by the exchange matrix. The fixed and
seed data of its associated companion algebras, in terms of the fixed data of
the generalized cluster algebra, are summarized in the following table.

LA EA

Cd (3a 1) (%’ 1)

Ce; e, e 3eq, ea

©fi Lf1, f2 f1, fo

CN span {ey, e} span {3eq, ez}
CNPe span {3eq, ez} span {e1, ez}
M span {e},es} span { e}, €3}
SMO span {%flafz} span {f1, f2}

v V1, V2 3v1, V2
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The cluster scattering diagrams for “A and ®.A are shown below (on the
top and bottom, respectively). Although the data in the above table is stated
in terms of the fixed data of the generalized cluster algebra, the following
ordinary cluster scattering diagrams are drawn from the fixed data of the
companion algebras and the wall functions are stated in terms of the “x; and
Rg;. In this example, we note that the generalized and companion fixed data
mostly coincide, but notably

1
Lfl = §f1’ Rel = 3eq, and By = 30y.

Because of this, we need to be careful to avoid confusion about which variables
are being used when writing the wall functions. The wall functions in the
following diagrams use the variables of the companion algebra, but could also
be written using the variables of the generalized algebra. For instance, observe
that

L _ L ("v2) _ L_—3("f1) _ L_(—-3,0) _
for=1+"2 14"2 14"z 1

+(tz) =1+ (x1/3)*3 =1+4+a7t=1+2"

02
Lp =14 Ly(=30)
Ly =14 5,00
5 Lp =1+ L(~3.3)
03 zfm =1+412-%2)
or  Lfo, = 141509
0605 Lf% =14+ LZ(—B,l)
02
Rp =14 Ry(-10)
Rp 14 R 03
o Rp g4 By (-13)
Rp =14 R (=30
Rp 4 Ry(-23)
N Ry 1482
03 04 05

Remark 6.8. Note that under the hypothesis d; = 1, the left and right com-
panion algebras are, up to isomorphism and the scalar factor lem({r;}icr),
Langlands dual according to the definition given in Sect.6.1. In particular, let
A be a reciprocal generalized cluster algebra where all d; = 1 with companion
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algebras A and BA. Let “T" and BT denote the fixed data of A and A,
respectively, then

(LF)V ~ Rp and (RF)V ~ LT, up to the scalar factorlem({r;}ics).

Based on the explicit fixed data of the companion algebras, we can make
several other useful observations. First, the c-vectors of the left companion
algebras and the generalized algebras coincide because the torus seed basis
vectors are the same. On the other hand, for the g-vectors, we have

1
L
g ’:7,9,‘
S, ] T S,7

1
=— g Gjifin,i
Tj 2

1 T
L
== E —Gji fini-
L R

K2

Hence, we have "g_,; = [:—;gji]iel as in Corollary 4.2 of [50]. We can
similarly deduce that the g-vectors of the right companion algebras and the
generalized algebra are the same, since f; = ©f;. The c-vectors are related as

R —
Cs,j = 7jCs.j

=rj E CjiCin,i

7
r
J. R
= E ~Cji Cin,i,
— T
K3

which also agrees with Corollary 4.1 of [50].

We can also explore the relationship between mutation of the generalized
cluster algebra and mutation of its associated companion algebras. Consider a
reciprocal generalized cluster algebra A with fixed data I'. Again, let us con-
sider a fixed generalized torus seed s and the associated scattering diagram
with principal coeflicients, ®g prin. The fixed data for the left and right com-
panion algebras of A are as specified earlier in this section. By definition, the
initial scattering diagram for ©A is of the form

LDiSrfprin = {(Lbk = (rkdkemO)L,Lfak =1+ z(”’“’e’“)> , for k € qu} .

Note that the dual lattice of “M° is *N° = span{r;d;e; };cr. Hence, the prim-
itive vectors normal to the wall 9, in "D, have the form (frydyes,0).
By convention, we will choose to use the primitive normal vector (ripdgeg,0)
when calculating path-ordered products. Now, consider the cluster variables

Lgi = 2(vie) and let
vi= > Fvi e = Tk - (refi)-
k k

Mutating “¢; in direction k is equivalent to applying the wall-crossing auto-
morphism associated with "9, to the monomial z(¥i¢$), Hence, we can calculate
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1 (E3:) by computing

- kL€ Vi,€i
Lﬁlji = Z(L,u7;7€i) '&) Z(,U@,Ei) (Lfak)<( kdi k,O),( ))

= Z(Lvmei) (Lfak)<deke’“’z.ieILviijJ'>

_ ) (g, Y Srertrudeen bt

Observe that

L -
(redrer Lvi‘Lf‘> = dekLUz“<€k Lf> = Tk;dk;Lvi‘<6k 71 e;) = vij J=k
o s I dy 0  j#k

Hence, we have

L L L Loy .
LyAi _ Z( v;,€5) [ Z( v;,€5) (Lfbk) Vij )

Recall that the variables of the generalized cluster algebra and the left compan-
ion algebra are related by Yz; = xi/” and “y; = y;. Recall also that Yv; = v;
and therefore Lyj; = (v = pvie) = U;- Hence, we can rewrite the above
map as

L L.
G 0% o (viseq) (Lfbk) ”ﬂ»Tk’

which agrees with the F-polynomial transformation given in Proposition 4.3 of
[50]. The analogous computation for mutation in the right companion algebra
also agrees with Proposition 4.6 of [50].
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