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Abstract

We prove new results of Mattila—Sjolin type, giving lower bounds on Hausdorff dimensions
of thin sets E C R ensuring that various k-point configuration sets, generated by elements of
E, have nonempty interior. The dimensional thresholds in our previous work (Greenleaf et al.,
Mathematika 68(1):163-190, 2022) were dictated by associating to a configuration function
a family of generalized Radon transforms, and then optimizing L2-Sobolev estimates for
them over all nontrivial bipartite partitions of the k points. In the current work, we extend this
by allowing the optimization to be done locally over the configuration’s incidence relation, or
even microlocally over the conormal bundle of the incidence relation. We use this approach
to prove Mattila—Sjolin type results for (i) areas of subtriangles determined by quadrilaterals
and pentagons in a set £ C R2; (ii) pairs of ratios of distances of 4-tuples in R?; and (iii)
similarity classes of triangles in R, as well as to (iv) give a short proof of Palsson and
Romero Acosta’s result on congruence classes of triangles in R?.
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1 Introduction

This is the third in a series of papers using Fourier integral operator techniques to obtain
Mattila—Sjolin type results, by which we mean results showing that certain types of configu-
ration sets have nonempty interior when the underlying sets have sufficiently high Hausdorff
dimension. In [9, 10], we showed how to obtain such results for a wide range of configura-
tions, using estimates for generalized Radon transforms, based on analysis of them as linear
or multilinear Fourier integral operators. The current paper extends these methods and gives
several applications.

A classical result of Steinhaus [32] states that if £ C R, d > 1, has positive Lebesgue
measure, then the difference set E — E C R contains a neighborhood of the origin. E — E
can be identified with the set of two-point configurations, x — y, of points of E modulo
the translation group. In the context of the Falconer distance set problem, a theorem of
Mattila and Sjolin [24] states that if E C RY, d>2,is compact, then the distance set of E,
A(E) =:{|x —y| : x, y € E} C R, contains an open interval, i.e., has nonempty interior,
if the Hausdorff dimension dimy(E) > %. This provided a strengthening of Falconer’s
original result [5], from A (E) merely having positive Lebesgue measure to having nonempty
interior, for the same range of dimy(E). This was generalized to distance sets with respect
to norms on R? having positive curvature unit spheres in Iosevich, Mourgoglou and Taylor
[17].

Mattila—Sjolin type results, establishing nonempty interior for sets of configurations in a
set E only satisfying a lower bound on dim(E), or results that can be interpreted as such,
have been obtained by various authors. These include [1, 3, 8, 17, 19] and, more recently,
[21, 26, 29]; see also [4] for a finite field analogue, as well as [26, 27, 31] for analogues in
which Hausdorff dimension is replaced by an alternative notion of size, mainly Newhouse
thickness.

More general Mattila—Sjolin style theorems were studied by the current authors, for 2-
point configurations in [9] and k-point configurations in [10]. In those, as in the present work,
the configurations considered are ®-configurations, as defined by Grafakos, Palsson and
the first two authors [7], which can be vector-valued, nontranslation-invariant and possibly
asymmetric, i.e., among points in sets Eq, ..., E; lying in different spaces, e.g., points
and circles in R?. The approach taken was to study the L2-Sobolev mapping properties of
an associated family of generalized Radon transforms, linear in [9] or multilinear in [10].
The main step in showing that the set Ag(Eq, ..., E;) has nonempty interior is analysis
of the configuration measure v(t) (defined below); we show that this measure is absolutely
continuous and that its density with respect to Lebesgue measure, dt , is a continuous function
of the configuration parameter t € R” (or other space). This was done in [10] by representing
v(t) as the pairing of the tensor product of Frostman measures p; on some of the E; with
the value of a generalized Radon transform, R¢, acting on the tensor product of Frostman
measures on the complementary collection of 1 ;-s. Each such partition of the k variables into
two groups gives a threshold for lec_:l dimy(E;) ensuring Int (Ag(E1, ..., Ex)) # 0; the
threshold can potentially be lowered by optimizing over all such partitions. We refer to that
approach as partition optimization; for a precise statement, see Theorem 2.4 below, which is
[10, Thm. 5.2]. (See [6] for a subsequent application of partition optimization.)

The purpose of the current paper is to show that extensions of that approach, performing
the partition optimization locally or even microlocally, allow one to obtain such nonempty
interior results for an even wider range of k-point configurations, which fail to satisfy the
hypotheses of Theorem 2.4. We do this by considering open covers of the k-fold incidence
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relation defining the configuration of interest, or more generally allowing microlocal covers of
the conormal bundle of the incidence relation by open, conic sets. (This microlocal refinement
of the local method is not possible for incidence relations of codimension one, since above
each point of the incidence relation is just a line, and an open conic cover of the conormal
bundle is equivalent to an open cover of the incidence relation.) On each of these sets,
Theorem 2.4 is applicable, but with the Hausdorff dimensional threshold possibly optimized
by different partitions of the k variables as one ranges over the elements of the cover. Taking
the maximum of the thresholds needed, either locally near each point of the incidence relation
or microlocally near each point of its conormal bundle, and then optimizing over all covers,
yields a threshold which is always less than or equal to that provided by Theorem 2.4; see
Theorems 2.5 and 2.6 for the statements of the local and microlocal versions. See Sect. 2 for
the background material from [10] and the precise statements and the proofs of the theorems.

We now state some results which can be obtained using this new approach, restricting the
discussion to various three-, four- and five-point configurations in R¥.

Areas of triangles generated by vertices of quadrilaterals and pentagons in R?: In [10,
Thm. 1.1] we showed that if E ¢ R? with dimy(E) > 5/3, then the set of areas of tri-
angles with vertices in E has nonempty interior in R. For n-tuples of vertices in E, with
n > 4, one can also consider vector-valued configurations consisting of the areas of some
of the triangles they generate. In [10] we established that the collection of ordered pairs
of areas of two of the triangles generated by a quadrilateral xyzw with vertices in E, say
(Jxyz|, |xzw]), has nonempty interior in R? if dimy(E) > 7/4. Note that there are limits
on how far such results can be pushed: since |xyw| + |yzw| = |xyz| + |xzw|, the con-
figuration set of all four of these areas would lie in a hyperplane in R* and thus would
have empty interior. However, using microlocal partition optimization, we are able to obtain
() a threshold improving upon that in [10, Thm. 1.6]; (ii) a result for triples of areas of
triangles generated by a quadrilateral; and (iii) a result for triples of the areas of a fan of
triangles generated by a pentagon.

Theorem 1.1 If E C R? is compact, then

(i) if dimp(E) > 3/2, then Int {(|xyz|, [xzw]) € R? : x,y,z,w € E} # ;

(i) if dimy(E) > 7/4, then Int {(Ixyzl, lxzw]|, xyw)) e R3: x,y,z, w € E} #+ @, and
(iii) if dimy(E) > 9/5, then Int {(|xyz|, lxzw]|, [xwu]) e R : x,y,z, w,u € E} #= (.

For the proof of Theorem 1.1, see Sect. 3. Also see A. McDonald [25] for related results
of Falconer type (i.e., positive Lebesgue measure), formulated in terms of areas of parallel-
ograms generated by pairs of points in E rather than areas of triangles generated by triples.

Pairs of ratios of distances: Another result that can be obtained using microlocal partition
optimization concerns ratios of distances of 4-tuples in a set.

Theorem 1.2 If E C RY, d>2is compact and dimy (E) > (3d + 1) /4, then

Int {(Ix—yl’ |x—w|> € R? X, y,z,w € E, 7 #w, z;éy} # .
lz—wl |z—yl

In contrast, a modification of this configuration, (4.5), has nonempty interior for a larger
range of dimensions and has a more elementary proof. A discussion of these and other results
concerning configuration sets defined by ratios of distances, can be found in Sect. 4.

Congruences classes of triangles in R?, d > 4: One motivation for developing the
microlocal extension of the original partition optimization technique was from trying to
understand how a recent result of Palsson and Romero-Acosta [29] related to the FIO frame-
work of [10]. They proved the following:
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Theorem 1.3 [29]. If E C R?, d > 4, is compact with dimy (E) > (2d + 3)/3, then the set
of congruence classes of triangles with vertices in E,

{(x =yl Ix—zl, ly—zl):x,y,z€ E}, (1.1)
has nonempty interior in R3.

In Sect. 5, we present a much shorter proof of this. Both the original partition optimization
method from [10] (Thm. 2.4 below) and the local version (Thm. 2.5 below) fail to prove
Thm. 1.3, However, it can be proved using, Thm. 2.6. because the optimal partition of the
three variables varies with the normal direction to the (codimension 3) incidence relation,
even above a single point. However, it can be proved using microlocal partition optimization,
Thm. 2.6.

Similarity classes of triangles inR?, d > 3. We conclude with a result that has similarities
to both Thm. 1.2 and Thm. 1.3. Using Thm. 2.5, in Sect. 6 we prove

Theorem1.4 If E C R4, d > 3, is compact and dim (E) > (2d + 2)/3, then the set of
similarity classes of triangles with vertices in E,

{[|x -yl i lx—=z]:ly— zl] € RP? s.t. x, v,z € E are distinct } (1.2)
has nonempty interior in RP2.
(Here, [A : B : C]are standard projective coordinates on RP2.)

Before proving the theorems, in Sect.2 we recall the framework of ®-configurations and
the method of partition optimization from [9, 10].

2 k-point ®d-configuration sets

In order to state microlocal partition optimization, and for the sake of readability, we recall
from [9, 10] the framework for studying the ®-configuration sets of [7] via FIO methods and
the original (global) version of partition optimization. Suppose that X, 1 <i < k, and T,
are smooth manifolds of dimensions d; and p, resp. We sometimes denote X! x --- x X*
by X, and set dyo := dim(X) = Zle d;.

Definition 2.1 Let & € C>®(X, T). Suppose that E; C X', 1 < i < k, are compact sets.
Then the k-configuration set of the E; defined by & is

A¢(E1,E2,...,Ek):=[q>(x1,...,x’<):x"eE,», 15i5k}cT. @.1)

If E=E| =---=Ey = E, then we just write Ag(E).

We want to find conditions on the dimy¢(E;) ensuring that Ag (E1, E2, ..., Ey) has
nonempty interior. To this end, now suppose that & : X — T is a submersion, so that for
eacht e T, Z; = o1 (t) is a smooth, codimension p submanifold of X, and these vary
smoothly with t. For each t, the measure

At :=8<<I>(x],...,xk)—t) 2.2)
is a smooth density on Z;; i.e., a smooth multiple of surface measure. In local coordinates
t = (t1,...,tp) on T, At can be represented as an oscillatory integral of the form

A = / o D (@1t =) 4 (£ 1 (1) de, 2.3)
RP
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where the a(-) belongs to a partition of unity on 7', and 1(7) comes from the Fourier transform
of the delta distribution in R”. Thus, A¢ is a Fourier integral distribution on X; in Hormander’s
notation [12, 15, 16],

M € I(Zp_dlot)/4(X; N*Z),

where N*Z¢ C T*X\0 is the conormal bundle of Z;¢ and the value of the order follows from
the amplitude having order zero and the numbers of phase variables and spatial variables
being p and dq, resp., so that the order is m := 0 + p/2 — dio1/4-

We separate the variables x!, ..., x¥ into groups on the left and right, associating to ® a
collection of families of generalized Radon transforms indexed by the nontrivial partitions of
{1, ..., k}, with each family then depending on the parameter t € 7. Write such a partition
aso = (op |og), with |or|, |og| > 0, |or|+|or| = k, and let P} denote the set of all 2 —2
such partitions. We use i and j to refer to elements of o7, and og, resp. Define d9 = 3 d
anddf =3, d/,sothatdf + df = dir.

Foreach o € Py, 01 = {il, . im‘} and og = {jl, cey j‘gR|}, where without loss of
generality we may assume that ij < -+ < ijo,;| and j| < -+ < jjog|- With a slight abuse of
notation we still denote the coordinate-partitioned version of x as x,

i€oy,

x = (xp; xR) 1= (xi‘, o Xty .,xj‘“R‘) .
Write the corresponding reordered Cartesian product as
X1, x Xp = (Xil X - X X”“L‘) X (Xj‘ X - X X-/“’R‘);

again by abuse of notation, we sometimes still refer to this as X. The dimensions of the
two factors are dim(Xy) = dj and dim(Xg) = d§, resp. The choice of o also defines a
coordinate-partitioned version of each Zy,

Z¢ =A{(xr;xp) 1 @ (x) =t} C XL x Xg, (2.4)
with spatial projections to the left and right, 7y, : Z{ — X, and nx, : Z7 — Xg. The
integral geometric double fibration condition for Z{ is the requirement that

(DF)s mp:Z] — Xpand g : Z{ — Xp are submersions. (2.5)
(See [12-14].) Note that, for a given ¢, a necessary (but not sufficient) condition for (D F)
toholdis p < df Ad% := min (df, d}).

If (DF), holds, then the generalized Radon transform R, defined weakly by
Re fxp) = / S (xR,
{xr: P(xL,xg)=t}
where the integral is with respect to the surface measure induced by A¢ on the codimension
p submanifold {xg : ® (xz,xg) =t} = {xR 1 (xp,xR) € Z{’} C XR, which extends from
mapping D (Xg) — £ (Xp) to
Ry : E'(Xg) = D'(XL).

Here, £, D are the standard spaces of C* functions and those of compact support, resp., and
&', D’ their dual spaces of distributions. Furthermore,

Cy = (N*z7) = {Ger, &Ly xR, ER) : (kL. xR) € Z7, (5L, —€r) L TZ]} (2.6)
is contained in (T* X1 \0) x (T'*X\0). Thus, R{ isan FIO, R € I (X1, Xg; C{ ), where
the order m is determined as in (2) by m = 0 + p/2 — dioi/4 [15, 16]. Given the possible

@ Springer



66  Page 6 of 20 A. Greenleaf et al.

difference in the dimensions of X; and X g, due to the clean intersection calculus it is useful
to express m as

1
m=md; — 1 |d1[f —dp|.
where the effective order of R is defined to be
= (2p = dua + |5 — d5]) /4= (p = (dF A dF)) /2 @)

By standard estimates for FIO [15, 16], if C{ is a nondegenerate canonical relation, i.e., the
cotangent space projections ry : Cf — T*Xp and g : C{ — T*Xp have differentials of
maximal rank, then

RY L} (XR) = Lo (X1).

More generally, if 77 (and thus mwg) drops rank by < ¢, then there is a loss of < ¢/2
derivatives:
RY L} (Xg) — L?

r—neff”

-4 (Xp). (2.8)

Itis natural to express the estimates for possibly degenerate FIO in terms of possible losses
relative to the optimal estimates. Initially, our basic assumptions is that there is at least one o
such that (i) the double fibration condition (2.5) is satisfied, and (ii) there is a known 8% > 0
such that, for all r € R,

RS : L2 (Xg) — Lf_mgff_ g (XL), (2.9)

uniformly fort € T, or at least for t in some compact set containing any configurations that
arise from the E; of interest.

Remark 2.2 A folk theorem in microlocal analysis is that the estimates for nondegenerate
FIO or even those covered by the corank g scenario of (2.8), which are all that we use in
the concrete applications in this paper, are stable under small perturbations of the amplitudes
and phase functions in C¥ norm for N sufficiently large. This is due to the finite number
of integrations by parts that are required in the various proofs for FIO and the underlying
oscillatory integral operators; see, e.g., [11, Lem. 2.3]. Thus, once one has a single value
t = tq of the configuration parameter for which the generalized Radon transform R{ is
nondegenerate or corank ¢, one is ensured that there is a neighborhood of t ( for which this
is true and for which (2.8) holds uniformly in t. See the comment at the end of Sect. 3.1.

Now suppose that, for1 <i <k, E; C X I are compact sets. Our goal is to find conditions
on the dimy (E;) ensuring that Ag (E1, E7, ..., E;) has nonempty interior in 7. For each
i, fix an 5; < dimy(E;) and a Frostman measure u; on E; of finite s;-energy; translating
energy into L?-based Sobolev space norms, [; € L%SI__ a2 (X1). (See [22, 23] for further
background.) Define measures

ML 2= i X e X on X7 and ug := uj X X i on Xpg,

and recall the following result from [10]:

Proposition 2.3 For 1 < j <k, let X/ be a C™ manifold of dimension dj, and suppose that
uj € L? (X/) , 1 < j <k, witheach rj < 0. Then the tensor product uy @ - - - @ u

rj,comp

belongs to L? (X1 X e X X"),forr = Z]j':l Tj-

r,comp
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From this it follows that u; € L%L (Xr) and pugp € L%R (XR), where r;p =
% }iLll (SiI - dil) and rg = %Z}(Zl‘ (Sjl - djl)’ resp.
Asin [10, Eqn. 2.6], for any o € P, the configuration measure can be expressed as

v(t) = (RY (1R), L), (2.10)

which representation is justified ex post facto for s; in the admissible range. (See [10, §3.4] for
the argument.) Our basic assumption, that the boundedness (2.9) holds for the o in question,
then implies that Ry (ug) € L? —po (XL). Since up € LfL (X1), the pairing in (2.10)

TR—IM,
is bounded, and yields a continuous function of t (by continuity of the integral), if

rrR —mge — B7 +rp > 0. @2.11)

1
rr +I‘R = 5 |:<ZSZ> —dtm:| s
i=1

and using (2.7), we see that (2.11) holds iff

Noting that

k

>

i=1

%

d' +2(m%+ B°) = d'"” + p —min(dy, dg) +28°

max(dyr, dg) + p +28°.

Optimizing over all nontrivial partitions ¢ € Py leads to:

Theorem 2.4 Partition Optimization. [10, Thm. 5.2]

(i) With the notation and assumptions as above, define
so = min [ max(d., dg) + p + 287 |, (2.12)
o

where the min is taken over those o € Py for which both the double fibration condition
(2.5) holds and the uniform boundedness of the generalized Radon transforms R{ with
some loss of < B derivatives (2.9) hold. Then, if E; C X', 1 <i < k, are compact sets
with Zle dimy (E;) > so, it follows that Int (Ag (E1, Ea, ..., Ex)) # 0.

(1) In particular, ile = ... = Xk =: Xy, withdim(Xo) = d, and E C Xy is compact,
then Int (Ao (E)) £ D if

1
dimy(E) > (min max(dy, dg) + p) , (2.13)
o

where the minimum is taken over all o € Py such that (2.5) holds and the canonical
relation C{ is nondegenerate.

The threshold for Zf‘z 1 dimy(E;) in (2.12) can be thought of as the minimum over all
nontrivial partitions o of the thresholds determined by the maximum microlocal loss (relative
to the nondegenerate estimate) over all the points of Cy?. On general principle, one can
(possibly) lower a minimum of the maxima by replacing it with the maximum of the minima,
and in this setting it is not hard to do this in practice. The goal of this paper is to show that
weakening the assumptions in the original partition optimization, by working either locally
on Z; or more generally microlocally on N*Z; , can allow one to lower the needed threshold
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on dimy(E), or even to obtain a positive result when an application of the original version
of partition optimization, Thm. 2.4, would be vacuous.

In particular, in the context of Thm. 2.4 (ii) it is not necessary that any of the canonical
relations Ct ° be nondegenerate. Rather, working locally on Zy, it is sufficient that, for every
Xx € Z; there is some neighborhood U of x in Z; and some o € Py such that C¢? is
nondegenerate over U. Even more generally, working microlocally, it suffices that for every
point (x, ) € N*Z;,there exists some o € P, and a conic neighborhood i/ of (x, £) in N* Z¢
such that C¢ ? is nondegenerate on U/ (or rather the image U° of U under the o-separation
of the variables to the left and right). Since a partition of unity subordinate to an open cover
of Z; is a special, £é-independent case of a microlocal partition of unity subordinate to a
microlocal cover of N*Z;, the local version of the new approach is a special case of the
microlocal one. However, for clarity we state them separately:

Theorem 2.5 Local Partition Optimization. Suppose that there is a f > 0 such that, for
every point x € Zy there exists a neighborhood U and a partition o € Py for which the
generalized Radon transform R, localized to U, satisfies both (2.5) and (2.9) with a loss of
at most B derivatives, uniformly in t.

Then, for E C RY compact, if

dimy(E) > %(max(dL,dR)—i—p—i—Zﬁ), (2.14)
then Int (Ag (E)) # 0.

Theorem 2.6 Microlocal Partition Optimization. Suppose there exists a B > 0 such that,
forevery (x, &) € N*Z; there exist a conic neighborhood U and partition o € Py for which
the generalized Radon transform R, microlocalized to U, satisfies both (2.5) and (2.9) with
aloss of at most B derivatives, uniformly int. Then, for E C R? compact, Int (Ag (E)) # @
if

dimy (E) > %(max(dL,dR)—i-p—i-Z,B). (2.15)

Since spatial partitions of unity are special cases of microlocal ones, the local theorem will
follow immediately from the microlocal one, which in turn is proven by a straightforward
refinement of the proof in [10]. We start by forming a standard pseudodifferential partition of
unity, > Q;(x, D) = I, on X subordinate to the open cover {{} of N*Z;, supplemented by a
Up disjoint from N*Z; which completes the I to be a cover of T*X \ 0. Each Q; € \IJ?l (X),
and together their principal symbols, ¢;(x, &), form a partition of unity on 7*X \ 0. (For
Thm. 2.5, the ¢; are independent of £.) One can assume that this sum has at most 1 + |Pg|
terms. We let o/ denote a partition such that R{ satisfies (2.9) with a loss of < f derivatives
on the conic support of Q;. The surface measure A¢ from (2.2) on Z; then decomposes as

M=) 00,
1

leading to a similar decomposition of the generalized Radon transforms. Hence, the identity
(2.10) for the configuration measure can be replaced by

v®) = > (RY (ur) e ). (2.16)
1

By the analysis above, if dimy(E) is greater than the threshold in (2.15), each of the terms
in (2.16) are continuous in t, finishing the proof.
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Remark 2.7 We recall, for the proof of Thms. 1.2 below, that 8 can be taken to be r/2 if the
projection 7y, from each ¢4 drops rank by at most r (see [15, 16]).

Remark 2.8 The conormal bundle of Z; is
N*Zi = {(x, D®(X)*(r)) : x € Zy, T € R”\ 0}.

However, for the calculations needed to verify the microlocal condition in Thm. 2.6 in each
particular application, it is convenient to reorganize N*Z; by grouping each pair (x', §') €
T*X' together, and we define

ﬁ*\Z/t=[(xl,él;xz,éz;...;xk,é")2(xl,...,x";él,...,ék)GN*Zt},

and let 77; denote the natural projection onto the i-th factor, T*X".

3 Areas of triangles

We now turn to results that require a microlocal approach, starting with the proofs of the var-
ious parts of Thm. 1.1 concerning areas of triangles generated by quadruples and quintuples
of points in a planar set.

3.1 Pairs of areas of triangle in quadrilaterals

For part (i), let ® : (R%)* - RZ be
O(x,y,z,w) = (det[y —x,z—x],det[z —x, w — x])
= (0= =0t -0 @-n*), (3.1)

where | denotes rotation by 4 /2, which is of course antisymmetric. All of the entries in
D® are L of simpler expressions, and so in place of D® we work with

Dot — y—2 Z—XxX w-—Yy 0
Tlz—w 0 vw—x x-—2z]|’

and we denote the modified conormal bundle computed with D® by ﬁ*\Z/tl.

If dimy(E) > 5/3, and pu is a Frostman measure for s > 5/3, then since the set of
degenerate triangles, {(x, y, z) € R% : det[y — x, z — x] = 0}, is an algebraic hypersurface,
its Hausdorff dimension equals 5. Hence, W := {(x, y, z, w) : det[y — x, z — x] = 0} has
®*u-measure 0in R®, and without loss of generality we can assume that 4-tuples we consider
liein R® \ Wy;see[10, Sec. 4.1] for related reasoning. Thus, without loss of generality, we can
assume that for each t = (1, ) € R2, Z; = ®~!(t) can be parametrized by x, y, w € RZ,
withz =x +zZ(x, y,w,t) € R? then being the unique solution of

x-tGE-vn=n wW-0"-GC-x)=0n.

One can check that |DZ/Dy| # 0 and |Dz/Dw| # 0.
Using the above one computes

/_\._/l
N*Zy = {(x,rl(y—x—2)+tz(x—w—2); y.uzx+z,nw -y +nw-—x);

w,—13) : x,y,z € R, 7 € R? \0]. (3.2)
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From this we see that D(x, £)/D(x, t) is always nonsingular.

If r; # 0, then D(y, n)/D(y, w) is nonsingular, since | Dz/Dw| # 0. Thus, ordering the
variables x, y, z, w, in order 1, 2, 3, 4, partitioning them by o = (12|34) yields C¢ ¢ which
is a local canonical graph on U = {t; # 0}.

On the other hand, if 7, # 0 then D(w, w)/D(w, y) is nonsingular, since |Dz/Dy| # 0,
so that using o = (14/23) gives C¢ © which is a local canonical graph on U = {1, # 0}.

1L

Together, U] and U, cover ﬁ*\_Z/t ,and d;, = dr = 4 for both partitions. Picking any
particular to € Ag(E) for which the above analysis applies, it also holds for t close to
to, and the estimates for resulting nondegenerate generalized Radon transforms R{ are
locally uniform in t; cf. Remark 2.2. Thus, Thm. 2.6 applies with § = 0. It follows that if
dimy (E) > £(4 + 2+ 0) = 3/2, then Ag(FE) has nonempty interior in RZ.

3.2 Triples of areas of triangles in quadrilaterals

To prove Thm. 1.1(ii) we modify the considerations of the previous section as follows. Let
& (RH)* > R3be

dx,y,z,w) = (det[y —x,z—x],det[z —x, w — x], det[ly — x, w — x])
=(0-9 =05 -0 @-0" -0 0-0").63
As before, in place of D® we work with

y—zz—x x—y 0
DOt:=|z-w 0 w—xx—2z |,
w—yx—w 0 y—x

/_\/L

and denote the modified conormal bundle computed with D&+ by N*Z; .

Fort = (11, 1, 13) € R3, Z; = ®~1(t) is determined by
-0 @0 =—n -0 G- =n -0t Ww-x) =1
Solving the last equation first, we can solve for w with one degree of freedom:
L
w= x—l—g% +s(y —x)=x+w(x,y,s5;1), s €R,
y—x

so that w —x = w. Then, as in the previous section, without loss of generality we can assume
that det[y — x, z — x] # 0 and so one can solve uniquely for z, incorporating the dependence
of w on s:

z=x+zZ(x,y,5t) = z—x =2

Note that 9, = y — x and, as in the previous section, |[Dz/Dy| # 0,
We can parametrize the conormal bundle as

1
NZ = {0 = =D+ 0l — D) + 1 — y);

Y, T1Z — 53w; X + 2, T1(x — y) + now;

X4, —1F 4+ T3y — X)) : x,yeRz,seR,teR3\0}. (3.4)

Note that the differential of (x, &) with respect to x and any two of the three 7; is nonsin-
gular. (Here we can assume that y — x, z — w and w — y are in general position, i.e., any two
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are linearly independent, which excludes a variety W, C R® of dimension 5.) This leaves
v, s and the remaining 7; variable to use for another one of the three remaining projections.

Since d;w = y — x, one sees that D(y, n)/D(y, s, 1) is nonsingular if 73 # 0, while
D(y,n)/D(y, s, t3) is nonsingular if 7 # 0. Hence, C; 1?1** is a local canonical graph on
Uy ={r1 #0or 13 # 0}

Combining d;w = y — x with |Dz/Dy| # 0, one sees that D(z, ¢)/D(y, s, T1) is non-
singular if 7 # 0, so that Cy 131%% is a local canonical graph on U, = {1 # 0}.

Since U1, U, form an open cover of ﬁ{ and d; = dg = 4, p = 0 for all of those
partitions, we can apply Thm. 2.6, obtaining that if dimy/(E) > %(4 + 3+ 0) = 7/4, then
A g (E) has nonempty interior in R3.

3.3 Triples of areas of triangles in pentagons

For the proof of Thm. 1.1 (iii) we modify the setup for parts (i) and (ii) as follows. Define
® : (R?)> — R3, recording the areas of the three adjacent triangles pinned at x, by

Ox,y,z, w,u) = (det[y —x,z—x],det[z — x, w — x], detfw — x, u — x])

=(0-»-c-n" -0 @-vh@=-x-@-n*).
(3.5)
As before, in place of D® we work with
y—zz—xx—y 0 0

Dt =|z—w 0 w—xx—z 0 R
w—u 0 0 u—xx—w

—~—
and denote the modified conormal bundle computed with D®L by N*Z; -

/—\/l
NZ = {5 n -0+ ni—w) + s -0 v -
Z,1(x —y)+nw—x); w, 2 —2) + 131 — X);

u,r3(x—w)): (x,y,z,w,u) € Zy, TER3\0]. 3.6)

The linear coordinates 71, 72, 73 on the fibers are intrinsically defined (given that ® has
been fixed), independent of what coordinates we pick on the 7-dimensional base Z;. We

claim that on the open conic sets U; = {r; # 0} C ﬁ*\zl, j = 1,2, 3, which form
a microlocal cover, the partitions o = (14]235), (13]245), (13|245), resp., give canonical
relations C¢ ¢ which are nondegenerate. (Note that the partitions used on U and U3 are the
same, but we have to treat U, and U3 separately.) Thus, Thm. 2.6 implies that A (E) has
nonempty interior for for E ¢ R? with dimy (E) > % (max(4,6) +3+4+0) = %, proving
Thm. 1.1(iii).

To prove the claim above, we use two different coordinate parametrizations of Z; the
first is useful for establishing the claim on U and U4, and the second for U43. For the first, we
parametrize Z; by x, y, w € R2ands e R by

(i) solving the 2 x 2 system for z,

G-t G- =—n w-0"GC-x=n,
obtaining, for (x, y, w) in general position (in the complement of a hypersurface), a unique

solution z = x + Z(x, y, w, t); and
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(ii) for w # x, solving (w — x) - (u — x) = —t3 for u with one degree of freedom,
_ oL
U—x= —t3u +s5-(w—x)=ulx,w,s;n),scR.
|lw — x|
Note that D( ) D( ;)
y—x—12% w—x—2
2l £0, | —————— 22| £0; 3.7
e RN )

the first follows since the differential maps (y —x) -3y, — (y —x) -9y and (y — x)t- dy —
Cywt(y — x)t- dy + ..., and the second is similar. We also have d5i = w — x # 0.
Adapting (3.6) to this parametrization of Z;, the conormal bundle of Z; is parametrized

e
N*Zy = [(x,n(y—x D+ -—w+)+nw—x+i);y 1
X+, 10—y + 0w —x); w, —0I + i X + i, 13(x — w))

:x,y,weRz,seR,teR3\0}. (3.8)

On {11 # 0}, we can use the 71 term in the expression for £ in (3.8) together with (3.7) to
obtain |D(x, &)/ D(x, y)| # 0, while D(w, )/ D(w, 12, 13)| # 0 since Z, & are generically
linearly independent. Hence, my x w4 : C¢ 141235 — T*R* is a submersion.

On {rp # 0}, |[D(x,&)/D(x,y)| # 0 using (3.7) with the 7, term in the expression for &
in (3.8), while | D(z, ¢)/D(y, t1, 72)| # 0 from (3.7) and the generic linear independence of
x —y, w— x. Hence, m; x 3 : C¢ (1324 5 T*R* is a submersion.

To deal with U3 = {r3 # 0}, we change the parametrization to x, z, u € R2ands’ € R
by

(i) solving the 2 x 2 system for w,

=0 (w—x)=—n, u—x)"(w—2x) =1,

obtaining, for (x, z, w) in general position a unique solution w = x + w(x, z, u; t), with
|ID(u — x —w)/Du| # 0; and
(ii) for z # x, solving (z — x)T - (y — x) = 11 for y with one degree of freedom,

L @=nt

y—x = +s (z—x)=V(x,z,5;t), s eR.

1
|z — x|

With respect to these coordinates, the analogue of (3.8) is

—1
N*Zy = {(x,n(x —z+ Y+ nE—x—w)+ix—u+w);x+7J, 11— x);
2, =Ty + 0W; X + W, 1a(x —2) + 3(u — x); u, —3)
:L@ueR%yeRzeRNO} (3.9)
Arguing as above, one sees that, using the t3 term in &, for 3 # 0 we have
|D(x,&)/D(x,u)| # 0, and |D(z,¢)/D(z, 11, 12)| # 0, which shows that 7| x 73 is a

submersion. Hence, Cy (131249 ig nondegenerate on U3, and this finishes the proof of Thm.
1.1(iii).
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4 Pairs of ratios of distances

We now discuss and prove Thm. 1.2:if E C R? with dimy (E) > (3d + 1)/4, then

Int {(Ix—yl, |x—w|) eRzzx,y,z,weE, 7 #w, z;éy} # 0. 4.1
lz—wl |z—=yl
See the left 4-tuple in Fig. 1 below.
To put this in context, we discuss sets of ratios of distances more generally, recalling
related previous results and then proving some variations. It follows immediately from the
result of Mattila and Sjolin [24] that if £ C RY, dimy(E) > (d + 1) /2, then

Int{||x_y|| :x,y,z,weE,z;ﬁw};ﬁ@, 4.2)
z—w

since both the numerators and denominators range over sets containing an interval.

Later, under the higher dimensional threshold dim;(E) > (d + 2)/2, Peres and Schlag
[30, p. 248] proved a stronger, pinned version of [24]: there exists an x € E such that the
pinned distance set,

AY(E):={|x—z| : z€ E}

contains an interval, i.e., has nonempty interior. Using such a pin point x, and then fixing any
y € E, y # x, it follows immediately that for dimy (E) > (d + 2)/2,

|x — z
[x — ¥

By weakening the statement in (4.3), one can lower the threshold:

(EIxEE)(VyeE,y;éx)Int{ :zeE};é(?). 4.3)

Theorem4.1 If E C R, d>2is compact and dimy (E) > (d 4+ 1)/2, then

|x — z|

lx — vl

Remark 4.2 This improves upon our result [10, Thm. 1.4], which established (4.4) for
dimy/(E) > (2d + 1)/3 using the original partition optimization.

(3x € E) s.t.Int{ : y,zeE,y;ﬁx};ﬁQ). 4.4)

Remark 4.3 The elementary proof we give, combining known results, follows closely an
argument in a recent preprint of Borges, Iosevich and Ou [2, Sec. 2].

To prove Theorem 4.1, first recall another result of Peres and Schlag [30, Cor. 8.4] (see
also [18, 20]): if dimy(E) > (d + 1)/2, there exists x € E such that the pinned distance
set has positive Lebesgue measure, |A*(E)|; > 0. Apply this twice for one such pin point,
x, with variables z and y, resp., in the definition of A*(E). For each of these, apply log (a
bi-Lipschitz map on compact subsets of R ) to obtain

Hloglx —z| : ze E, z#x}|; >0, |{loglx—y|l:yekE, y#x};>0.
Now invoking the classical theorem of Steinhaus [32] on difference sets, one has that
Int {log|x —z| —log|x —y|: y,z€ E, y #x, z#x}# .
Applying the exponential map (a diffeomorphism R — R, ) preserves nonempty interior,

yielding (4.4) and finishing the proof of Theorem 4.1.
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y y

Fig. 1 Two pairs of ratios of distances of points in a 4-tuple. Figure on left corresponds to (4.1) from Thm.
1.2, with ratio of the lower left and upper right side lengths forming the first coordinate of ®(x, y, z, w) and
the ratio of the upper left and lower right side lengths being the second coordinate. Figure on right illustrates
(4.5) for the same 4 points, with the two coordinates of ®(x, y, z, w) being the ratios of the lengths of the
solid segments to the dotted one

The results above are motivation to study similar ones for other configuration sets con-
structed from ratios of distances. For example, one such is the following: If E ¢ R?, d > 2,
is compact with dim(E) > (d + 1)/2, then
lx —z |x —w
lx —ylI" |x =yl
(See the right 4-tuple in Fig. 1 below.) However, this follows immediately from (4.3) since,
with x and y fixed, the set in (4.5) equals the Cartesian product of the set in (4.3) with itself
and hence has nonempty interior.

However, the set that is the subject of Thm. 1.2, i.e., the one in (4.1), does not seem to
be amenable to such an approach, and we prove it using microlocal partition optimization,
Thm. 2.6,with k = 4, p = 2, which results in requiring the higher dimensional threshold,
dimy(E) > (3d + 1) /4.

To start the proof, the configuration function @ : (Rd )4 — ]Ri,

(EIer)(VyeE,y;éx)Int{< )e]Rz:z,weE};é@. (4.5)

O(x,y,z,w) = (u u) , 4.6)

lz—w| |z—yl

defines, for each t = (¢1,1) € (R+)2, an incidence relation Zy = &~ L(t). Defining
F = (Fy, F»), with

Fi=x—yl-nlz—wl, FB=x—-wl-nlz-yl
so that Z; = F~1(0), a calculation shows that Z; can be parametrized by
Zi = i(x,y,z, w) = (x,x —tiro', z,z — rew®) e R®
tx,zeR x#£2,r>0, (0 0?) € Syzy ] 4.7)
where
Seor = { (@' @) e ST x 577!
2z —x) - (1520 —0?) = (1= 0)lx — 2 + (1 = {13)r? }.

One further calculates

x=y X7y —1 Z—w 1 Z—w
= | =yl =yl lz—w| " |z—w]
DF = | W2 J ke

—w =y _X=w
T—wl 2=y TRES T el
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! —o! —Hw? fw?
= | x—z+re? POt . ro' L z—xttire'  x—z4re® |
[x—z+ra?| ““|z—x+trol] lz—x+trol|  |x—zt+ro?|

where the second representation is D F' evaluated at points of Z; in terms of the parametriza-
tion (4.7). As in Remark 2.8, we let

ﬁ*\_Z:= {(x,r’DxF; Y. T'DyF; 2, t'D.F; w, "Dy F) : (x,y,z,w) € Z¢, T GRZ\O}

be the conormal bundle of the incidence relation, with the (x, &), (y,n), (z,¢), (w, v) vari-
ables separated.

Denote the projections from N*Z; onto its four 7*R¢ factors by 7, Ty, Tz, Ty, FESPEC-
tively, each of which is a function of x, z, r, w, T with values in 7*R¢. Corresponding to the
choice of partition o = (13 |24), by the above one has

2 1

XxX—z+row Z—Xx+thro

2, —‘[zlla)z — ‘L’2t271 )
lz—x+tro'|

(my X ) (X, 2,7, 0, T) = <x, tla)] + "
|x — z + ro”|

From this one can calculate that, for r; 7= 0 and x — z + tlra)1 # 0,

D(x,§,2,¢)

Rank ———————— =3d + 1,
Dzl
and similarly, for 7o # 0 and x — z + re? £ 0,
D(x,§,z,
Rank 20520 54,

D(x,z, 0%, 7)

Note that W := {x —z +fyro! = U {x —z+rw?* = 0} is a variety of dimension
3d. Since our dimensional threshold will be dimy;(E) > (3d + 1)/4, and thus dimy (E x
E x E x E) > 3d + 1 > 3d, this exceptional set is irrelevant for the analysis. See, e.g.,
[10, Sec. 4] for several instances of this type of reasoning. Thus, if over Z; N (R4d \ W)
weletU; = {r; # 0} C ﬁ*\_Z/t, Jj = 1,2, then {U{y, U} forms an open cover of C{ on
which D(my x ;) drops rank by < d — 1. Hence, by the FIO estimates (cf. Remark 2.7),
the associated R{ loses at most 87 = (d — 1)/2 derivatives. Applying Theorem 2.6 with
codimension p = 2 and loss § = (d — 1)/2 then yields that A (E), the set in (4.1), has
nonempty interior if dimy (E) > %(Zd +24(d —1)) = (3d + 1) /4, finishing the proof of
Thm. 1.2.

5 Congruence classes of triangles in R

We now show how the result of Palsson and Romero-Acosta [29] follows easily from the
microlocal approach taken here. Let @ : (]Rd )3 — R3,

D(x,y,2) =(lx—yl, lx—zl, |y —zl),

so that Ag (E) is the set of vectors of side lengths of triangles generated by the points in
E and thus, modulo permutations, the set of congruence classes of triangles in E. Letting
X = x/|x|, one computes

—_—

X—y —x-—y 0
Dd=|x—z 0 —x—z

—_—

0 y—z —y-—z
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Furthermore, for t = (¢, 1, 13) € Ri, we can parametrize Z; as follows: We first take
x € RY to be arbitrary, and then y = x — fjw, with € se-1 arbitrary. If one writes
13— (17 +13)

7z =x — & for some & € S?~!, then one computes that |y —z| = iff - v = T

For t in the complement of a lower dimensional variety,

=+
- 2t

St o= [(Z) es o w
is a smooth (d — 2)-surface in S?~! (possibly empty), and
Zy = l(x,x —Hhw,x —hd) : x € R, weS ! e St,a)} .
Applying D®* to T € R? at these points, we obtain
N*Zq = [(x 0 + 1o x — o, — (11 — (11/B)13) 0 + (12/63)T30;
x —hd, (11/B)Be — (12 + (2/53)13) @)

cxeR weST! e Sn T 6R3\0}. (5.1)

Let i, : T,S89' < T,R4 and 175, 158t 0 — T(;)]Rd be the inclusions of the tangent
spaces, and note that for generic t,

span ITde_l, a)} = T,R and span {T@St,w, w, J)} = T(;,Rd. 5.2)

Denoting the projections into the (x, &), (y, n) and (z, ¢) variablesby ;, j = 1,2, 3, resp.,
we calculate their Jacobians with respect to (x, w, @, 71, T2, 73); to avoid clutter, we indicate
unneeded terms by *:

D7T—1d 0 0 0 0 O
"“lo Tl ‘[2175) o & 0]

Dy — [Id * ‘ * . * * *~ ] ’
0 —(m—-m/B)n)ie /BB —o 0 (1/6)(ho+Ho)
and
Drs — [Id * ' * ; * *~ * ) :|
0 (M/B)i,k, —(2+@®/B)n)i; 0 —o (A/6)(Ho—1/0)

Examining the column spaces of these and using (5.2), one sees that D is surjective except
on the line

Li:={tn=n=0}
D, is surjective except on
Ly ={n+(/B3)n3=13=0} = {11 =13 =0};
and D3 is surjective except on
Ly :={n3=n+ (/) =0}={n=1u =0}

Furthermore, for each j, the image (L) lies in the 0-section of T*R?, which causes
problems with the standard theory of FIO. Since this holds for every partition, the original
partition optimization of Thm. 2.4 is inapplicable. Furthermore, since the lines of degeneracy
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exist above all points of Z;, the merely local version, Thm. 2.5, also does not suffice, so that
one needs the full strength of the microlocal version.

SettingU; = {7 € R3 \L;}C N—*\Z/t, it follows that {{/1, U>, U3} is a conic open cover of

N*Z on which the partitions o = (1]23), (2|13), (3]12), resp., result in canonical relations
Ci? C (T*]Rd \0) X (T*]RM \0) which are nondegenerate, so that Thm. 2.6 applies with
k=3, p=3,max(dr,dr) = 2d and B = 0. Hence, for E C R4 with

dimy (E) > % (2d +3 +0) = (2d + 3)/3,

A4 (E) has nonempty interior in R?, reproving the main result of [29].

As a final comment, we remark that in their recent preprint [28], Palsson and Romero-
Acosta have extended the results of [29] to (k—1)-simplices in R4 k > 4, for some thresholds
depending on d and k. Calculations along the lines of those used above indicate that some
of the conditions required to apply Thm. 2.6 for these higher values of k appear to fail. It
would be interesting to see whether further microlocal analysis of the problem can be used
to obtain results for these higher dimensional simplices.

6 Similarity classes of triangles in R

We conclude with the proof of Thm. 1.4. Thisis a variation on the result of the previous section,
with congruence of triangles replaced by similarity and the resulting threshold lowered by
1/3; however, it can also be viewed as concerning ratios of distances, in the spirit of Sect. 4.
Justas (1.1) encodes the congruence classes of triangles with vertices in E (up to permutations
of x, y, z, which do not affect the nonempty interior statement), (1.2) encodes the similarity
classes of triangles with vertices in E. To make this more explicit, recall that the projective
plane RP? is covered by three coordinate charts,

Vo ={[A:B:C]st.A,B,CeR, a#0}, a=A, BorC.

In particular, V4 = { [1:wu:v]st (u,v)e R? }, and to prove Thm. 1.4 it suffices to show
that the configuration function

wuyirz(u—n U—ﬂ)

lx =yl x =yl
satisfies Int (Ay (E)) # ¢ for dimy (E) > 2d 4+ 2)/3.

Fort = (11, 1) € Rf_, we parametrize Z; as follows: For x € RY, write y = x +row with
r>0, we S so that |x — y| = r. In order for (x, y, z) € Z;, z must be of the form
z = x + t;r® for some @ € S9!, ensuring that |[x — z| = t;r; the further constraint that
|y — z| = ta]x — y| then becomes

w- o= 1+ —13) = at).
1
Thus @ = a(t)w + b(t)o' for some ' € ST=1 N wh, where b(t) := (1 — a?(t))?; without

loss of generality we restrict ourselves to t such that |a(t)| < 1. We can thus parametrize
the incidence relation as

Zi ={(x, x +ro, x + nat)ro + nb(t)re’) : x € R, weS o esINnot, r> 0}.
6.1)
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Writing ¥ = (¥, V,), one has

M = {(x, T1dy V1 + 12d V25 X +rw, T1dy V) + T2dy W,
x +Halt)ro+ tlb(t)l’w/, T1d; V1 + ‘L’zdz\l—’z)

:xeRd,weSd_l,w’eSd_lﬂwl,r>0,‘CERQ\O].

We show that the projection 7 : N?_Z/t — T*R? onto the first factor is a submersion,
so that Thm. 2.4 applies with o = (1|23) and no loss (8 = 0), yielding the threshold
dimy (E) > (1/3)(max(d, 2d) + 2 + 0) = (2d + 2)/3, as claimed. Strictly speaking we
are not using Thm. 2.6, but will in fact verify the nondegeneracy of | separately on two
open conic sets, {t1 # 0} and {(#; — a(t))T; — 1212 # 0}, so that the microlocal approach is
implicitly being used.
Now, one computes

d¥ =y =y =2 T @ =) = =y Pl — 2 - ),

AWy = —|x = y| |y = 2l(x — y).
Evaluating these at a point of Z; in terms of the variables in (6.1) using

X—y=—-rw, x—z=—-ta(t)yro—1tr (a(t)a) + b(t)w/) ,
x—yl=r, |x—zl=ur, |y—zl=nr,
we find that
de (U1, W) |, = (r ' (( —at)) © — b)), —r ).
Thus,
&) =m0, r,1)=(x " (1 —at) o — b)) — ntr'w).

Since the spatial component of 7r; is the identity in x, to show that the canonical relation
Ct(1 123) is nondegenerate, we need to show that rank D&/D(w, o', r, T) = d everywhere. We

have
Dé/Dw =r~ (1) —at))T1 — )iy, DE/Dty=—tr 'w,

where i, : T,S?! < T,R? is the inclusion of the tangent space of the sphere at w. Thus,
DE&/D(w, 1) is surjective on the set of T such that (1 — a(t))t; — 22 # 0.
On the other hand,

D§/Dw' = —r~'tib(t)jiy.  DE/Dr =r"" ((1 —a(t)) ® = b(t)o),
and DE&/Dty = —tr o,
where j,; : T,y (S?7! N wt) < T,/R? is the inclusion of the (d — 2)-dimensional tangent
space. As long as 7] # 0, this space and the two vectors that follow it span RY (note that
b(t) # 0) and hence D&/D(/’, 11, T2) is surjective. Since U; = {r; # 0} and Up =
{(t1 —a(t))T) — 1212 # 0} form an open cover of N*Z;, we are done.
As in the comment at the end of the previous section concerning congruences, it would

be interesting to investigate whether the microlocal approach can be applied to obtain results
for similarities of (k — 1)-simplices in R?.
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