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Abstract—In machine learning applications, the data are often
high-dimensional and intricately related. It is often of interest
to find the underlying structure and the causal relationships
among the data and represent the findings with directed graphs.
In this paper, we study multivariate time series, where each
series is associated with a node of a graph, and where the
objective is estimating the topology of a sparse graph that reflects
how the nodes of the graph affect each other, if at all. We
propose a novel fully Bayesian method with a sparse prior on the
hyperparameters. The proposed method allows for nonlinear and
multiple lag relationships among the time series. The method is
based on Gaussian processes, and it treats the entries of the graph
adjacency matrix as hyperparameters. The method employs a
modified automatic relevance determination (ARD) kernel and
allows for learning the mapping function from selected past data
to current data as edges of a graph. We show that the resulting
adjacency matrix provides the intrinsic structure of the graph
and answers questions related to causality. Numerical tests show
that the proposed method has comparable or better performance
than state-of-the-art methods.

Index Terms—Topology inference, Gaussian processes, causal-
ity, ARD kernel, Bayes, Hamiltonian Monte Carlo

I. INTRODUCTION

IN many science and engineering problems, it is essential to
determine the underlying structure of observed data/signals

as structures provide valuable insights about the system where
the data originate. Given the significance of the problem, it is
not surprising that learning underlying structures/topology of
multidimensional data has been well studied in many fields,
including biology [1], social sciences [2], and finance [3].
For example, in biology, searching the functional connectivity
within different brain areas; in social science, analyzing re-
lationships between individuals on social platforms and even
entire societies; and in finance, studying the interdependence
of financial entities [4] have been of great interest.

There are several approaches to the problem of finding
the topology of a graph. One common class of methods is
to estimate the Laplacian or adjacency matrix of the graph
under the assumption that the data are generated according to
a Gaussian Markov Random Field [5], [6]. However, these
methods produce undirected graphs because the estimated
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adjacency matrices are symmetric, which in turn limits the
applicability of the methods. To overcome this hindrance,
there has been significant research on estimating directed
graphs. A prominent approach among them is based on vector
autoregression (VAR) models [7]. For instance, in [8] and [9],
VAR models were used to quantify Granger causality of fMRI
data and to recover gene regulatory networks, respectively.
Further, kernel-based VAR models were proposed to identify
non-linear topologies [10], [11].

Another category of methods for inference of directed
graph topology is based on structural equation models (SEMs)
[12], [13]. They were initially proposed for causality learning
[14], [15]. SEMs are used to infer simultaneous relationships
while taking exogenous variables into account. This overcomes
common problems associated with the existence of exogenous
nodes or variables in topology inference and causality learning.
In [7], it was proposed to combine VAR and SEM models,
ending with SVAR models. These models consider both si-
multaneous and lagged dependencies of time series. In [16]
and [17], an SVAR model was used for inference of dynamic,
and non-linear, directed graphs, respectively. In addition to
the aforementioned approaches, from the perspective of graph
signal processing, the adjacency matrix can be viewed as
a graph filter [18]–[20]. The adjacency matrix can also be
considered to be related to Granger causality [21], motivating
the interpretation of a network of structural data dependencies
as an evidence of causal relationships.

In [22] we proposed a method based on Gaussian processes
(GPs) to reveal the structure and causality of a graph by
assuming that the function that generates data on each node is
drawn from a Gaussian process rather than being deterministic.
While this method performed well under various conditions,
it is still susceptible to overfitting [23], particularly for large
networks with numerous parameters and resulting in the esti-
mation of a dense graph topology. To address this issue, we
propose a novel fully Bayesian method to infer the topology
of directed graphs from time-series data observed at the
nodes. We assume nonlinear functional relationships among
the signals that evolve on the nodes of the graph, where the
functions, too, need to be estimated. Specifically, we suggest
employing fully Bayesian inference of Gaussian processes
with sparse priors as a tool for learning the unknown structural
mappings. We recall that the GPs are data-efficient, flexible,
and can cooperate with information from the priors. In this
paper, the arguments of the functions are not only past local
data but also past data from other nodes. The GPs are based on
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a predefined kernel, where the hyperparameters of the kernel
encode the relevance of each argument and, thus, allow for
automatic relevance determination. We introduce a modified
version of the automatic relevance determination (ARD) kernel
to set priors on the hyperparameters. Our method enables
simultaneous learning of the strength of influence from all the
selected previous data, which means that the method is not
dependent on the knowledge of specific time delays. In ad-
dition, the proposed method produces marginalized posteriors
of the hyperparameters.

The thought behind the ARD kernel has been widely used in
machine learning since it was formulated in the framework of
neural networks [24]. For example, [25] and [26] employed
ARD kernels for feature selections in support vector ma-
chines (SVMs). Additionally, [27] proposed a method to infer
causality between two-time series using the hyperparameter
of Gaussian processes with an ARD kernel. Moreover, the
idea of making inferences based on hyperparameters has
been successfully applied in many ways. For instance, [28]
introduced an online method for detecting change points,
and [29] developed a time-varying hyperparameter model to
estimate time-varying functions.

The main contribution of this paper is the introduction of a
novel fully Bayesian Gaussian process (fBGP)-based method
for inferring a sparse graph topology from time series data
observed at the nodes. The proposed method does not make
any assumptions regarding the functional relationship between
the signals of the nodes, except that the functions are suffi-
ciently smooth. The method also allows for the presence of
multiple time lag dependencies. Further, the method provides
the posterior of the hyperparameters of the model, enabling
the evaluation of their uncertainty and providing additional
insights into the graph topology. The proposed method can
also be used to make hard decisions if edges between nodes
exist or not and thereby produce a binary graph topology.

The rest of the paper is organized as follows: In Section II,
we give a brief overview of graphs, GPs, the ARD kernel, and
the Hamiltonian Monte Carlo method. Then in Sections III and
IV, we describe the proposed model and solution, respectively.
In Section V, we present in detail our algorithm. In Section VI,
we show numerical results on different cases, and in the last
section, we provide concluding remarks and outline directions
for future work.

II. PRELIMINARIES

A. Graph and Graph Signal

Consider a graph denoted by G(V, E ,W), where V is a
set of N nodes, E is a set of edges, and W is the graph’s
adjacency matrix whose elements provide information about
the relationships between the nodes on the graph. This matrix
can be symmetric or asymmetric and, thus, implying if the
graph is undirected or directed, respectively. The (n,m)th
entry of W is denoted by wnm ∈ [0,+∞), and its value
represents the strength of coupling of the nth and mth nodes.
For an undirected graph, we have wnm = wmn, and if its
value is non-zero, there is an edge between node m and node
n. Similarly, for a directed graph, if wnm is non-zero, there

TABLE I
LIST OF SOME SYMBOLS AND NOTATIONS

t, i, j – discrete time indices
T – number of observed data samples
n,m – node indices
N – size of the graph
λ – a discrete delay time index
Λ – maximum delay lag
xt ∈ RNΛ×1 – an input vector at time t

X ∈ R(T−Λ)×NΛ – a matrix with rows composed of the input
vectors

yt = Y1:N,t – a vector of graph signals on graph G at time t
yn = Y⊤

n,Λ+1:T – a vector of graph signals at node n

Y ∈ RN×T – a matrix that collects all the graph signals
Wλ – weighted adjacency matrix for delay λ
wλ

i,j – (i, j)th element of Wλ

Aλ – binary adjacency matrix for delay λ
aλi,j – (i, j)th element of Aλ

fn – function at node n
GP (·, ·) – a Gaussian process (GP)
m(·) – mean function of a GP
K(·) – kernel function of a GP
l – length-scale of a kernel function
σ2
n – amplitude of a kernel function

σ2
v – noise variance

a, b, α, β – hyper-hyperparameters of the priors

is an edge pointing from node m to node n, and the value
of wnm represents the strength of how much node m affects
node n. With a binary adjacency matrix A, an entry anm = 1
indicates the presence of an edge pointing from node m to
node n.

On a given graph, its signals are defined as follows. Con-
sider an unordered set of data S = {sk1 , ..., skN

}, which are
associated with G. We assume that to each node in G we
attach data from S, skl

, where kl, l = 1, . . . , N are indices of
the nodes. We can then order the data according to the node
indices, and this yields the N -tuple s = {s1, ...sn, ..., sN}. We
can think of s as a graph signal over G [30]. The nth element
sn in s is indexed by the node n of G.

B. Gaussian Processes

Gaussian processes are a class of stochastic processes,
which are used in machine learning for modeling functions
[23]. More specifically, let {xt, yt}, t = 1, 2, . . . , T , be T
input-output values, with x⊤

t being a row vector and yt being
a scalar, y = [y1 y2 . . . yT ]

⊤, y = f(X), with f ∈ RT×1, and
X ∈ RT×N being a matrix whose rows represent the inputs
to the function f , that is,1

X =




x⊤
1

x⊤
2
...

x⊤
T


 , y = f(X) =




f(x1)
f(x2)

...
f(xT )


 . (1)

The idea behind GPs is to assume that the function’s samples
are jointly drawn from a Gaussian distribution instead of being
deterministic. Mathematically, we have

f ∼ GP (m(X),Kθ(X)) , (2)

1In this section, the matrix X is of size T × N . In the rest of the paper,
it is (T − Λ)×N , as suggested in Table I.
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where m(X) is the mean function, Kθ(X) is the covariance
(kernel) function of the process, and θ is a vector of hyper-
parameters of the GP, i.e.,

m(X) = E[f(X)],

kθ(xi,xj) = E[(f(xi)−m(xi))(f(xj)−m(xj))]. (3)

In practice, without loss of generality, we let the mean function
to be 0, and by definition, the kernel must be positive definite
[23].

C. Automatic Relevance Determination Kernel

A commonly used kernel for GPs is the squared exponential
(SE) kernel with the following form:

kθ(xi,xj) = σ2 exp

(
− (xi − xj)

⊤(xi − xj)

2l2

)
, (4)

where θ = {σ2, l}, σ2 is one hyperparameter of the GP
that represents the amplitude of the kernel, and l is another
hyperparameter, also called a characteristic length−scale. The
symbol l reflects the relationship between the distance one
moves in the input space and how the function value changes
in the output space [23]. Informally, if l is very small, the
output is very sensitive to the change of the input, but if l is
very large, small changes in the input do not affect the output
much.

The ARD kernel is an extension of the SE kernel with the
following form:

kARD
θ (xi,xj) = σ2 exp

(
−

N∑

m=1

(xi,m − xj,m)2

2l2m

)
, (5)

where xm,i is the mth entry of xi. Different from the SE
kernel, for each component of the input vector, the ARD
kernel assigns a different length−scale, lm. If we think the
input x is a vector of features, we can use the length−scale
to decide which features to discard from the input (the ones
with small contributions or no contributions) and which not.
In the sequel, we exploit the ARD kernel to infer (causal)
relationships among the observed data.

D. Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) is a powerful algorithm
of the MCMC family that uses Hamiltonian dynamics for
drawing samples from a target distribution that are more differ-
ent than current samples while maintaining small probability
of rejecting these samples. Unlike other MCMC methods,
HMC is not plagued by issues like random walk behavior and
sensitivity to correlated parameters [31].

In HMC, we define the target variable by z, and we
introduce an auxiliary variable r. We refer to z as the state
of a modeled dynamical system (or its location) and to r as
its momentum variable. We are interested in the dynamics
of z under continuous time t. From physics we have the
relationship

r =
dz

dt
. (6)

Further, we can express the probability distribution of z by

p(z) ∝ exp (−E(z)) , (7)

where E(z) is the potential energy of the dynamical system
when it is in state z. For the momentum we have

dr

dt
=

dE(z)

dz
. (8)

The total energy of the system is

H(z, r) = E(z) + V (r), (9)

where V (r) is the kinetic energy of the dynamical system,
which we express by

V (r) =
1

2
r2, (10)

and H is the Hamiltonian function.
Then, using (6), (8), (9), and (10), we can write

dz

dt
=

∂H

∂r
=

∂V

∂r
, (11)

dr

dt
= −∂H

∂z
= −∂V

∂z
− ∂E

∂z
. (12)

The joint distribution of z and r can be expressed by

π(z, r) ∝ exp(−H(z, r)). (13)

During the evolution of the dynamical system, the value of H
remains constant. Due to Liouville’s theorem, the Hamiltonian
system also preserves its volume in phase space (meaning that
the region of the space of (z, r) changes its shape but not its
volume). The constancy of H and the preservation of volume
in phase space suggest that the Hamiltonian dynamics induces
the invariance of π(z, r). The invariance of H notwithstanding,
the variable z and r vary. When we integrate the Hamiltonian
dynamics over a finite time interval, we can make large
changes to z systematically and still have high probability of
acceptance.

In practice, the integration of the Hamiltonian equations
when implemented straightforwardly introduces numerical er-
rors. One method that allows for Liuoville’s theorem to hold
exactly is known as leapfrog discretization and it is based
on alternative updates of the target and auxiliary variables.
The updating of the discrete-time approximations of ẑ and r̂
according to this scheme is given by

r̂t+∆t/2 = r̂t −
∆t

2

∂V

∂z
|ẑt ,

ẑt+∆t = ẑt +∆tr̂t+∆t/2, (14)

r̂t+∆t = r̂t+∆t/2 −
∆t

2

∂V

∂z
|ẑt+∆t

,

where ∆t is the step size. For a detailed tutorial on HMC
sampling, interested readers could refer to [32].

III. MODEL DESCRIPTION

Assume Y ∈ RN×T collects the graph signals on a graph
G with N nodes over the entire timeline from t = 1 to T . A
column vector yt2 of Y is composed of measurements at time

2Note that yt is a column vector identical to the tth column of Y and yn

is a column vector whose elements are identical to the elements of the nth
row of Y.
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<latexit sha1_base64="gDPpOC6g9cbiEO6iEOsz05U0a0Y=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUYEMRjBPOAZAmzk9lkyOzsMtMbCEvAX/DiQRGvfo83/8bJ46CJBQ1FVTfdXUEihUHX/XZya+sbm1v57cLO7t7+QfHwqGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5O/eaIayNi9YjjhPsR7SsRCkbRSs1RN/MucNItltyyOwNZJd6ClGCBWrf41enFLI24QiapMW3PTdDPqEbBJJ8UOqnhCWVD2udtSxWNuPGz2bkTcmaVHgljbUshmam/JzIaGTOOAtsZURyYZW8q/ue1Uwxv/EyoJEWu2HxRmEqCMZn+TnpCc4ZybAllWthbCRtQTRnahAo2BG/55VXSuCx7V+XKQ6VUvXuax5GHEziFc/DgGqpwDzWoA4MhPMMrvDmJ8+K8Ox/z1pyziPAY/sD5/AE3no/r</latexit>v1,t

<latexit sha1_base64="moT4wFfABYTjw8LglI832Dy+Qh0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DgniSCOYByRJmJ7PJkNnZZaY3EJaAv+DFgyJe/R5v/o2Tx0ETCxqKqm66u4JECoOu++2srK6tb2zmtvLbO7t7+4WDw7qJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHAz8RtDro2I1SOOEu5HtKdEKBhFKzWGnez+HMedQtEtuVOQZeLNSRHmqHYKX+1uzNKIK2SSGtPy3AT9jGoUTPJxvp0anlA2oD3eslTRiBs/m547JqdW6ZIw1rYUkqn6eyKjkTGjKLCdEcW+WfQm4n9eK8Xw2s+ESlLkis0WhakkGJPJ76QrNGcoR5ZQpoW9lbA+1ZShTShvQ/AWX14m9YuSd1kqP5SLldunWRw5OIYTOAMPrqACd1CFGjAYwDO8wpuTOC/Ou/Mxa11x5hEewR84nz9j6ZAI</latexit>vN,t

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit>

...

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit>

...

<latexit sha1_base64="pQ4rervz068jPgc2DGe+ow1l0F8=">AAAB+nicbZBLSwMxFIUz9V1fU126CRbBVZmRoi4LgrgSBauFtpRM5rYNzWSG5I62jAX/iBsXirj1l7jz35g+Ftp6IPBxzg25OUEihUHP+3ZyC4tLyyura/n1jc2tbbewc2viVHOo8ljGuhYwA1IoqKJACbVEA4sCCXdB72yU392DNiJWNzhIoBmxjhJtwRlaq+UWGgh9zC7jEKhQIfSHLbfolbyx6Dz4UyiSqa5a7lcjjHkagUIumTF130uwmTGNgksY5hupgYTxHutA3aJiEZhmNl59SA+sE9J2rO1RSMfu7xsZi4wZRIGdjBh2zWw2Mv/L6im2T5uZUEmKoPjkoXYqKcZ01AMNhQaOcmCBcS3srpR3mWYcbVt5W4I/++V5uD0q+cel8nW5WDl/mtSxSvbIPjkkPjkhFXJBrkiVcPJAnskreXMenRfn3fmYjOacaYW75I+czx+26ZS5</latexit> N
o
d
e
in
d
ex

<latexit sha1_base64="KPc/m0MdUcPyjk+1QXGoFHltBAM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DgniMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup76rUdUmsfywYwT9CM6kDzkjBor3Ye9Sq9YcsvuDGSVeAtSggXqveJXtx+zNEJpmKBadzw3MX5GleFM4KTQTTUmlI3oADuWShqh9rPZqRNyZpU+CWNlSxoyU39PZDTSehwFtjOiZqiXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Ua7eVUu1m6d5HHk4gVM4Bw8uoQa3UIcGMBjAM7zCmyOcF+fd+Zi35pxFhMfwB87nDxvqjhw=</latexit>

f2

<latexit sha1_base64="TzarHlLXRqa9I3ocZWjw68Wnelg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTxJRPOAZAmzk95kyOzsMjMrhCXgD3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4dXEbz6i0jyWD2aUoB/RvuQhZ9RY6T7s3naLJbfsTkGWiTcnJZij1i1+dXoxSyOUhgmqddtzE+NnVBnOBI4LnVRjQtmQ9rFtqaQRaj+bnjomJ1bpkTBWtqQhU/X3REYjrUdRYDsjagZ60ZuI/3nt1ISXfsZlkhqUbLYoTAUxMZn8TXpcITNiZAllittbCRtQRZmx6RRsCN7iy8ukcVb2zsuVu0qpev00iyMPR3AMp+DBBVThBmpQBwZ9eIZXeHOE8+K8Ox+z1pwzj/AQ/sD5/AFGWo44</latexit>

fN

<latexit sha1_base64="dByx3eFa9GzVl8IfvV1o1Q7+XCM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6T7seb1iyS27M5BV4i1ICRao94pf3X7M0ogrZJIa0/HcBP2MahRM8kmhmxqeUDaiA96xVNGIGz+bnTohZ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9qbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7JXLVfuKqXazdM8jjycwCmcgweXUINbqEMDGAzgGV7hzZHOi/PufMxbc84iwmP4A+fzBxpmjhs=</latexit>

f1

<latexit sha1_base64="UDcqJvPKYBLNgHRCIZh9BhocFgs=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lkaIuC4K4cFHBPqAJYTKZtEMnD2YmQgkB8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57/JQzqSzr2ygtLa+srpXXKxubW9s75u5eWyaZILRFEp6Iro8l5SymLcUUp91UUBz5nHb84dXY7zxQIVkS36tRSt0I92MWMoKVljzzIHf8EDkyRKPCy9Wpc6tnA1x4ZtWqWROgRWLPSBVmaHrmlxMkJItorAjHUvZsK1VujoVihNOi4mSSppgMcZ/2NI1xRKWbTx4o0LFWAhQmQles0ET9PZHjSMpR5OvOCKuBnPfG4n9eL1PhpZuzOM0Ujcl0UZhxpBI0TgMFTFCi+EgTTATTtyIywAITpTOr6BDs+ZcXSfusZp/X6nf1auP6cRpHGQ7hCE7AhgtowA00oQUECniGV3gznowX4934mLaWjFmE+/AHxucPb7uWvQ==</latexit>yt�⇤
<latexit sha1_base64="DvIqXincXket5h0ywW3uiEpebJU=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSL4MYyI0VdFgRxWcE+oDMMmTTThmYeJBllGAf8I25cKOLWX+LOf2P6WGjrgcDHOTfk5vgJZ1JZ1rdRWlldW98ob1a2tnd298zqfkfGqSC0TWIei56PJeUsom3FFKe9RFAc+px2/fHVJO/eUyFZHN2pLKFuiIcRCxjBSlueWc0dP0CODFBWeLk6tQvPrFl1ayq0DPYcajBXyzO/nEFM0pBGinAsZd+2EuXmWChGOC0qTippgskYD2lfY4RDKt18unqBjrUzQEEs9IkUmrq/b+Q4lDILfT0ZYjWSi9nE/C/rpyq4dHMWJamiEZk9FKQcqRhNekADJihRPNOAiWB6V0RGWGCidFsVXYK9+OVl6JzV7fN647ZRa14/zeoowyEcwQnYcAFNuIEWtIHAAzzDK7wZj8aL8W58zEZLxrzCA/gj4/MHua+UFQ==</latexit>yt�1

<latexit sha1_base64="TAAMwiNdCKdAVpUW9RwqNr4g1Io=">AAAB9HicbZBLSwMxFIXv1Fetr6pLN8EiuCozUtRlQRCXFewDOkPJpJk2NPMwuVMYhoL/wo0LRdz6Y9z5b0wfC209EPg454bcHD+RQqNtf1uFtfWNza3idmlnd2//oHx41NJxqhhvsljGquNTzaWIeBMFSt5JFKehL3nbH91M8/aYKy3i6AGzhHshHUQiEIyisbzc9QPi6oBkkx72yhW7as9EVsFZQAUWavTKX24/ZmnII2SSat117AS9nCoUTPJJyU01Tygb0QHvGoxoyLWXz5aekDPj9EkQK3MiJDP3942chlpnoW8mQ4pDvZxNzf+yborBtZeLKEmRR2z+UJBKgjGZNkD6QnGGMjNAmRJmV8KGVFGGpqeSKcFZ/vIqtC6qzmW1dl+r1G+f5nUU4QRO4RwcuII63EEDmsDgEZ7hFd6ssfVivVsf89GCtajwGP7I+vwBkcSSZg==</latexit>yt

(a)

<latexit sha1_base64="Jaor0x2x6ercB8ZyZrDSpuG6Dpo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI9V7Ae0oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0XXutx65NiJWDzhOuB/RgRKhYBStdO+VeuWKW3WnIMvEm5MKzFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja9dEJOrNInYaxtKSRT9fdERiNjxlFgOyOKQ7Po5eJ/XifF8MrPhEpS5IrNFoWpJBiT/G3SF5ozlGNLKNPC3krYkGrK0IaTh+AtvrxMmmdV76J6fndeqd08zeIowhEcwyl4cAk1uIU6NIBBCM/wCm/OyHlx3p2PWWvBmUd4CH/gfP4A2PyNVg==</latexit>

1

<latexit sha1_base64="qFOQRgfCndZQ1zHWuEhu8MokBvc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GNAEI8JmAckS5id9CZjZmeXmVkhLAHvXjwo4tVP8ubfOHkcNLGgoajqprsrSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqxUL/cKRbfkzkBWibcgRVig1it8dfsxSyOUhgmqdcdzE+NnVBnOBE7y3VRjQtmIDrBjqaQRaj+bHToh51bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2eRtCN7yy6ukWS55l6VKvVKs3j7N48jBKZzBBXhwBVW4gxo0gAHCM7zCm/PgvDjvzse8dc1ZRHgCf+B8/gCmQ41D</latexit>

2

<latexit sha1_base64="2XN196PVD2oXFLF2oXdnO+ZLqLI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAIJ4kAfOAZAmzk95kzOzsMjMrhCXg3YsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMryd+8xGV5rG8N6ME/Yj2JQ85o8ZKtbtuseSW3SnIMvHmpARzVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LZU0Qu1n00PH5MQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZrwys+4TFKDks0WhakgJiaTr0mPK2RGjCyhTHF7K2EDqigzNpuCDcFbfHmZNM7K3kX5vHZeqtw8zeLIwxEcwyl4cAkVuIUq1IEBwjO8wpvz4Lw4787HrDXnzCM8hD9wPn8A0LONXw==</latexit>

N

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit>

...

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit>. . .

<latexit sha1_base64="PuFSGtplc2Zieq5sonNS+5SMJGM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DgniMYB6QLGF2MpsMmZ1dZnqFZQn4C148KOLV7/Hm3zh5HDSxoKGo6qa7K0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjcTv/XItRGxesAs4X5EB0qEglG0Uivr5eocx71S2a24U5Bl4s1JGeao90pf3X7M0ogrZJIa0/HcBP2cahRM8nGxmxqeUDaiA96xVNGIGz+fnjsmp1bpkzDWthSSqfp7IqeRMVkU2M6I4tAsehPxP6+TYnjt50IlKXLFZovCVBKMyeR30heaM5SZJZRpYW8lbEg1ZWgTKtoQvMWXl0nzouJdVqr31XLt9mkWRwGO4QTOwIMrqMEd1KEBDEbwDK/w5iTOi/PufMxaV5x5hEfwB87nD5lnkCs=</latexit>yn,t

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit>. . .

<latexit sha1_base64="O84Ms3BT5onvTqyhhN0vtq4NItI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup76rUdUmsfywYwT9CM6kDzkjBor3Yc92SuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlit3lVLt5mkeRx5O4BTOwYNLqMEt1KEBDAbwDK/w5gjnxXl3PuatOWcR4TH8gfP5A3bajlg=</latexit>

fn
<latexit sha1_base64="O84Ms3BT5onvTqyhhN0vtq4NItI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup76rUdUmsfywYwT9CM6kDzkjBor3Yc92SuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlit3lVLt5mkeRx5O4BTOwYNLqMEt1KEBDAbwDK/w5gjnxXl3PuatOWcR4TH8gfP5A3bajlg=</latexit>

fn
<latexit sha1_base64="O84Ms3BT5onvTqyhhN0vtq4NItI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup76rUdUmsfywYwT9CM6kDzkjBor3Yc92SuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlit3lVLt5mkeRx5O4BTOwYNLqMEt1KEBDAbwDK/w5gjnxXl3PuatOWcR4TH8gfP5A3bajlg=</latexit>

fn
<latexit sha1_base64="O84Ms3BT5onvTqyhhN0vtq4NItI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup76rUdUmsfywYwT9CM6kDzkjBor3Yc92SuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlit3lVLt5mkeRx5O4BTOwYNLqMEt1KEBDAbwDK/w5gjnxXl3PuatOWcR4TH8gfP5A3bajlg=</latexit>

fn

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit> ..
.

<latexit sha1_base64="6s0wywvM+hQCuKmtq4hy6zpgyuY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2m3btJht2J0IJBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdJ37rUeujVDxPY4T7kd0EItQMIpWanb7Ck2pV664VXcKsky8OanAHPVe+csOsjTiMTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWBrTiBs/m147ISdW6ZNQaVsxkqn6eyKjkTHjKLCdEcWhWfRy8T+vk2J45WciTlLkMZstClNJUJH8ddIXmjOUY0so08LeStiQasrQBpSH4C2+vEyaZ1Xvonp+d16p3TzN4ijCERzDKXhwCTW4hTo0gMEDPMMrvDnKeXHenY9Za8GZR3gIf+B8/gBRw49j</latexit> ..
.

<latexit sha1_base64="nbpYfu+05twJEk14ZduZpv+pQEg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKVVvBS8eK9gPadeSTbNtaJJdkqxSlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuRKs0ieWfGMfUFHkgWMoKNle6fHrxeKs+8Sa9YcsvuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE176KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEya52WvWq7cVkq1qyyOPBzBMZyCBxdQgxuoQwMICHiGV3hzlPPivDsf89ack80cwh84nz8t7o/8</latexit>

w1
n,1

<latexit sha1_base64="br2G+QrRYEVWybZilZ5iEQCF1Xs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISKT52BTcuK9gHtDFMJpN26GQSZiZKDf0SNy4UceunuPNvnD4W2npg4HDOudw7J0g5U9pxvq3Cyura+kZxs7S1vbNbtvf2WyrJJKFNkvBEdgKsKGeCNjXTnHZSSXEccNoOhtcTv/1ApWKJuNOjlHox7gsWMYK1kXy7/Hjf4yYeYj8Xp+7YtytO1ZkCLRN3TiowR8O3v3phQrKYCk04VqrrOqn2ciw1I5yOS71M0RSTIe7TrqECx1R5+fTwMTo2SoiiRJonNJqqvydyHCs1igOTjLEeqEVvIv7ndTMdXXo5E2mmqSCzRVHGkU7QpAUUMkmJ5iNDMJHM3IrIAEtMtOmqZEpwF7+8TFpnVfe8WrutVepX8zqKcAhHcAIuXEAdbqABTSCQwTO8wpv1ZL1Y79bHLFqw5jMH8AfW5w98cZL1</latexit>

w�
n,1

<latexit sha1_base64="ttXsKyAIm3YLaYOw3xXwK5w9b4Y=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoixceu4MaFiwr2AW0Mk8mkHTqZhJmJUkO/xI0LRdz6Ke78G6ePhbYeGDiccy73zglSzpR2nG9raXlldW29sFHc3NreKdm7e02VZJLQBkl4ItsBVpQzQRuaaU7bqaQ4DjhtBYOrsd96oFKxRNzpYUq9GPcEixjB2ki+XXq8796YeIj9XJy4I98uOxVnArRI3Bkpwwx13/7qhgnJYio04Vipjuuk2sux1IxwOip2M0VTTAa4RzuGChxT5eWTw0foyCghihJpntBoov6eyHGs1DAOTDLGuq/mvbH4n9fJdHTh5UykmaaCTBdFGUc6QeMWUMgkJZoPDcFEMnMrIn0sMdGmq6IpwZ3/8iJpnlbcs0r1tlquXc7qKMABHMIxuHAONbiGOjSAQAbP8Apv1pP1Yr1bH9PokjWb2Yc/sD5/AEqRktU=</latexit>

w⇤
n,1

<latexit sha1_base64="UG1UmyinyH00ExYEEik8M+LGN8w=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoixceu4MaFiwr2AW0Mk8mkHTqZhJmJUkO/xI0LRdz6Ke78G6ePhbYeGDiccy73zglSzpR2nG9raXlldW29sFHc3NreKdm7e02VZJLQBkl4ItsBVpQzQRuaaU7bqaQ4DjhtBYOrsd96oFKxRNzpYUq9GPcEixjB2ki+XXq8796YeIj9XJyIkW+XnYozAVok7oyUYYa6b391w4RkMRWacKxUx3VS7eVYakY4HRW7maIpJgPcox1DBY6p8vLJ4SN0ZJQQRYk0T2g0UX9P5DhWahgHJhlj3Vfz3lj8z+tkOrrwcibSTFNBpouijCOdoHELKGSSEs2HhmAimbkVkT6WmGjTVdGU4M5/eZE0TyvuWaV6Wy3XLmd1FOAADuEYXDiHGlxDHRpAIINneIU368l6sd6tj2l0yZrN7MMfWJ8/p0KTEg==</latexit>

w⇤
n,n

<latexit sha1_base64="XaWxsQuKeU8Hr0C/Tkt6VL+RbPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBB+3gBdPEsE8JFnD7GQ2GTIzu8zMKmHJV3jxoIhXP8ebf+Mk2YMmFjQUVd10dwUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HVxG8+UqVZJO/MKKa+wH3JQkawsdL904PXTeXJzbhbLLlldwq0SLyMlCBDrVv86vQikggqDeFY67bnxsZPsTKMcDoudBJNY0yGuE/blkosqPbT6cFjdGSVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQkv/JTJODFUktmiMOHIRGjyPeoxRYnhI0swUczeisgAK0yMzahgQ/DmX14kjdOyd1au3FZK1cssjjwcwCEcgwfnUIVrqEEdCAh4hld4c5Tz4rw7H7PWnJPN7MMfOJ8/Wf+QGQ==</latexit>

w1
n,N<latexit sha1_base64="EAmPZdebed2Hn/MKLCvXHpQVhnA=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoixceu4MaVVLAPaGOYTCbt0MkkzEyUGvolblwo4tZPceffOH0stPXAwOGcc7l3TpByprTjfFtLyyura+uFjeLm1vZOyd7da6okk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkrGFyN/dYDlYol4k4PU+rFuCdYxAjWRvLt0uN9l5t4iP1cnNyMfLvsVJwJ0CJxZ6QMM9R9+6sbJiSLqdCEY6U6rpNqL8dSM8LpqNjNFE0xGeAe7RgqcEyVl08OH6Ejo4QoSqR5QqOJ+nsix7FSwzgwyRjrvpr3xuJ/XifT0YWXM5FmmgoyXRRlHOkEjVtAIZOUaD40BBPJzK2I9LHERJuuiqYEd/7Li6R5WnHPKtXbarl2OaujAAdwCMfgwjnU4Brq0AACGTzDK7xZT9aL9W59TKNL1mxmH/7A+vwBqIKTEg==</latexit>

w�
n,N

<latexit sha1_base64="xFXd1dX9nULHtAg9r+9J6uDVGlc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCCymJFB+7ghsXIhXsA9oYJpNJO3QyCTMTpYZ+iRsXirj1U9z5N07bLLT1wMDhnHO5d46fMCqVbX8bhaXlldW14nppY3Nru2zu7LZknApMmjhmsej4SBJGOWkqqhjpJIKgyGek7Q8vJ377gQhJY36nRglxI9TnNKQYKS15Zvnxvnet4wHyMn58M/bMil21p7AWiZOTCuRoeOZXL4hxGhGuMENSdh07UW6GhKKYkXGpl0qSIDxEfdLVlKOISDebHj62DrUSWGEs9OPKmqq/JzIUSTmKfJ2MkBrIeW8i/ud1UxWeuxnlSaoIx7NFYcosFVuTFqyACoIVG2mCsKD6VgsPkEBY6a5KugRn/suLpHVSdU6rtdtapX6R11GEfTiAI3DgDOpwBQ1oAoYUnuEV3own48V4Nz5m0YKRz+zBHxifP3aikvI=</latexit>

w⇤
n,N

<latexit sha1_base64="jOVdAyWRklEliXLAr3W9lPAR4VM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTwmYB6QLGF20puMmZ1dZmaFsAS8e/GgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipLnvFklt2ZyCrxFuQEixQ6xW/uv2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2BG/55VXSvCh7l+VKvVKq3j7N48jDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwABQo1/</latexit>n

<latexit sha1_base64="UDcqJvPKYBLNgHRCIZh9BhocFgs=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lkaIuC4K4cFHBPqAJYTKZtEMnD2YmQgkB8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57/JQzqSzr2ygtLa+srpXXKxubW9s75u5eWyaZILRFEp6Iro8l5SymLcUUp91UUBz5nHb84dXY7zxQIVkS36tRSt0I92MWMoKVljzzIHf8EDkyRKPCy9Wpc6tnA1x4ZtWqWROgRWLPSBVmaHrmlxMkJItorAjHUvZsK1VujoVihNOi4mSSppgMcZ/2NI1xRKWbTx4o0LFWAhQmQles0ET9PZHjSMpR5OvOCKuBnPfG4n9eL1PhpZuzOM0Ujcl0UZhxpBI0TgMFTFCi+EgTTATTtyIywAITpTOr6BDs+ZcXSfusZp/X6nf1auP6cRpHGQ7hCE7AhgtowA00oQUECniGV3gznowX4934mLaWjFmE+/AHxucPb7uWvQ==</latexit>yt�⇤
<latexit sha1_base64="5eFcasawi9bgHoW9uzfMw7nKZow=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuLEkUtRlQRCXFewDmhAmk0k7dPJgZiKEEBB/xY0LRdz6Ge78G6ePhbYeuHA4517uvcdPOZPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IJBOEtknCE9HzsaScxbStmOK0lwqKI5/Trj+6HvvdByokS+J7lafUjfAgZiEjWGnJMw8Lxw+RI0OUl16hzhyuZwNcembNqlsToEViz0gNZmh55pcTJCSLaKwIx1L2bStVboGFYoTTsupkkqaYjPCA9jWNcUSlW0weKNGJVgIUJkJXrNBE/T1R4EjKPPJ1Z4TVUM57Y/E/r5+p8MotWJxmisZkuijMOFIJGqeBAiYoUTzXBBPB9K2IDLHAROnMqjoEe/7lRdI5r9sX9cZdo9a8eZzGUYEjOIZTsOESmnALLWgDgRKe4RXejCfjxXg3PqatS8YswgP4A+PzB6D7lt0=</latexit>yt��

<latexit sha1_base64="dnVUIKmRCmAT2WbnH0uOxGem9rw=">AAAB+XicbZBLSwMxFIXv1Fetr1GXboJFcGOZkaIuC4K4rGAf0BmGTJppQzOZIckUyjDgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhNydMOVPacb6t0tr6xuZWebuys7u3f2AfHrVVkklCWyThieyGWFHOBG1ppjntppLiOOS0E45up3lnTKViiXjUk5T6MR4IFjGCtbEC2869MPJUhCZFkOsLtwjsqlNzZkKr4C6gCgs1A/vL6ycki6nQhGOleq6Taj/HUjPCaVHxMkVTTEZ4QHsGBY6p8vPZ5gU6M04fRYk0R2g0c3/fyHGs1CQOzWSM9VAtZ1Pzv6yX6ejGz5lIM00FmT8UZRzpBE1rQH0mKdF8YgATycyuiAyxxESbsiqmBHf5y6vQvqy5V7X6Q73auHua11GGEziFc3DhGhpwD01oAYExPMMrvFm59WK9Wx/z0ZK1qPAY/sj6/AFg75Pr</latexit>yt�1

(b)

<latexit sha1_base64="2XN196PVD2oXFLF2oXdnO+ZLqLI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAIJ4kAfOAZAmzk95kzOzsMjMrhCXg3YsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMryd+8xGV5rG8N6ME/Yj2JQ85o8ZKtbtuseSW3SnIMvHmpARzVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LZU0Qu1n00PH5MQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZrwys+4TFKDks0WhakgJiaTr0mPK2RGjCyhTHF7K2EDqigzNpuCDcFbfHmZNM7K3kX5vHZeqtw8zeLIwxEcwyl4cAkVuIUq1IEBwjO8wpvz4Lw4787HrDXnzCM8hD9wPn8A0LONXw==</latexit>

N

<latexit sha1_base64="2XN196PVD2oXFLF2oXdnO+ZLqLI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAIJ4kAfOAZAmzk95kzOzsMjMrhCXg3YsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMryd+8xGV5rG8N6ME/Yj2JQ85o8ZKtbtuseSW3SnIMvHmpARzVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LZU0Qu1n00PH5MQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZrwys+4TFKDks0WhakgJiaTr0mPK2RGjCyhTHF7K2EDqigzNpuCDcFbfHmZNM7K3kX5vHZeqtw8zeLIwxEcwyl4cAkVuIUq1IEBwjO8wpvz4Lw4787HrDXnzCM8hD9wPn8A0LONXw==</latexit>

N

<latexit sha1_base64="twclm6SAfBM7RYiRqN58QzGsvCM=">AAAB/XicbZBLSwMxFIXv+Kz1NT52boJFcFVnpKjLiiAuK9gHtMOQSTNtaCYzJBmhDkV/ihsXirj1f7jz35hOu9DWA4GPc27IzQkSzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAZX47x5T6VisbjTw4R6Ee4JFjKCtbF8ez/rBCFqjnz3JKdLQ0XfLjllJxeaB3cKJZiq5ttfnW5M0ogKTThWqu06ifYyLDUjnI6KnVTRBJMB7tG2QYEjqrws336EjozTRWEszREa5e7vGxmOlBpGgZmMsO6r2Wxs/pe1Ux1eeBkTSaqpIJOHwpQjHaNxFajLJCWaDw1gIpnZFZE+lphoU9i4BHf2y/PQOC27Z+XKbaVUvX6a1FGAAziEY3DhHKpwAzWoA4EHeIZXeLMerRfr3fqYjC5Y0wr34I+szx+LHpRp</latexit>

W1/A1
<latexit sha1_base64="w8uzNZE1n6PwU/IZoPCbSJrQljs=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVkQxIWLCvYBbSyTyaQdOpmEmRulhIKf4caFIm79F3f+jZO2C209MHA45x7uneMngmt0nG+rsLS8srpWXC9tbG5t75R395o6ThVlDRqLWLV9opngkjWQo2DtRDES+YK1/OFl7rcemNI8lnc4SpgXkb7kIacEjXTvdoMYdffGBAJS6pUrTtWZwF4k7oxUYIZ6r/xl8jSNmEQqiNYd10nQy4hCTgUbl7qpZgmhQ9JnHUMliZj2ssnVY/vIKIEdxso8ifZE/Z3ISKT1KPLNZERwoOe9XPzP66QYXngZl0mKTNLpojAVNsZ2XoEdcMUoipEhhCpubrXpgChC0RSVl+DOf3mRNE+q7ln19Pa0Urt6mtZRhAM4hGNw4RxqcA11aAAFBc/wCm/Wo/VivVsf09GCNatwH/7A+vwB1TmSgQ==</latexit>

1 .
. .
⇤

(c)
Fig. 1. Description of the model. (a) Illustration of the network, where the arrows’ directions suggest directions of influence. Different colors represent
different time lags. (b) Illustration of the dimension of the adjacency matrix A/W, where each layer represents the adjacency matrix for a specific lag. (c)
Illustration of the decomposed network.

<latexit sha1_base64="yEauAkwy3RHPbEPygYUZFmS6trM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOgloGbCwsIpgPSI6wt9kkS/b2jt054TjyI2wsFLH199j5b9wkV2jig4HHezPMzAtiKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0TJZrxJotkpDsBNVwKxZsoUPJOrDkNA8nbweR25refuDYiUo+YxtwP6UiJoWAUrdRO+5m6wGm/XHGr7hxklXg5qUCORr/81RtELAm5QiapMV3PjdHPqEbBJJ+WeonhMWUTOuJdSxUNufGz+blTcmaVARlG2pZCMld/T2Q0NCYNA9sZUhybZW8m/ud1Exze+JlQcYJcscWiYSIJRmT2OxkIzRnK1BLKtLC3EjammjK0CZVsCN7yy6ukdVn1rqq1h1qlfp/HUYQTOIVz8OAa6nAHDWgCgwk8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/dTWPsQ==</latexit>yn,t
<latexit sha1_base64="JbRNuwPvuwqgwrtofGuGEbay6gY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi6dSxX5AG8pmu2mXbjZhdyKU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVI04S7kd0qEQoGEUrPdRL/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MafCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtC6q3lX18v6yUqvncRThBE7hHDy4hhrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+F1jPs=</latexit>

N

<latexit sha1_base64="GWwAkHcQZ//ipUDlawBxJBkTtGo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBiyep0i9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2MbzO//cS1EbFq4CThfkSHSoSCUbTSY6PUL1fcqjsHWSVeTiqQo94vf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVUvHy4rtfs8jiKcwCmcgwfXUIM7qEMTGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AeqTjQE=</latexit>
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Fig. 2. Data description. The green rectangular represents the graph signal
Y, the column vector refers to the graph signals at time t over the graph, and
the row vector refers to the graph signals on node n but time changes.

t, and yn,t is a graph signal of node n at t. Further, assume
that yn,t is a function of the previous data on all (or some of)
the nodes of G. Specifically, we consider the data model

yn,t = fn(xt) + vn,t, (15)

where fn : xt → yn,t is an unknown function, xt ∈ RNΛ×1

is a vector that contains the signals from all the nodes from
time instant t− Λ to t− 1, and where Λ is a positive integer
representing the largest time lag of a sample from the graph
that can affect a current sample of signal on the graph. Figure
1a displays the considered model.

For the signal of the nth node, we have

yn = fn(X) + vn, (16)

where vn := [vn,Λ+1, . . . , vn,T ]
⊤ ∈ R(T−Λ)×1, X ∈

R(T−Λ)×NΛ is a collection of inputs xt from t = Λ + 1 to
t = T , and yn ∈ R(T−Λ)×1 is the graph signal of node n
from t = Λ+ 1 to t = T , given as

yn := [yn,Λ+1 . . . yn,T ]
⊤
. (17)

The function fn : X → yn is modeled as a Gaussian
process, i.e.,

fn ∼ GP(0,Kn), (18)

where Kn ∈ RT−Λ×T−Λ is the kernel function and has the
following form:

Kn = σ2
n




kn1,1 kn1,2 . . . kn1,T−Λ
... kni,j

...
knT−Λ,1 knT−Λ,2 . . . knT−Λ,T−Λ


 , (19)

where σ2
n is a scalar hyperparameter, while the entries kni,j

of the kernel matrix, which models the cross-covariance of
the ith and jth lags for the nth node signal depend on the
past graph signals at all the other nodes and on some length-
scale hyperparameters, as we will explain in detail in the
following section. By formulating the model by (16), we
basically partition the entire graph into N star subgraphs, each
one associated to a single GP, that has to be estimated by
observing the (common) input and the node-specific output yn.
This approach simplifies the inference problem by breaking it
down into smaller more manageable subproblems. Throughout
the rest of this paper, we focus on node n, and all derivations
are based on this node for simplicity. Fig. 1b provides a
visualization of the proposed model.

IV. PROPOSED SOLUTION

A. Modified Automatic Relevance Determinant Kernel

We propose to model the entry kni,j in (19) by

kni,j =

exp

(
−

Λ∑

λ=1

N∑

m=1

(wλ
nm)2

(xi,(λ−1)N+m − xj,(λ−1)N+m)2

2

)
,

(20)

where the wλ
nm ∈ [0,+∞) are the length-scale hyperparame-

ters.3 With (20), as anticipated by (16), we model the inputs
of a specific node n by the past Λ values of the graph signals
coming from all the graph nodes, including n itself. To infer
the topology of the directed graph, we propose to use the set
of hyperparameters wn ∈ RΛN×1, where

w⊤
n = [w1

n1 w1
n2 . . . w

1
nN w2

n1 . . . w
2
nN . . . wΛ

nN ]. (21)

3Note that from here on we work with wλ
nm rather than ℓ as defined in

(4), where wλ
nm = 1/ℓnm. The reason is explained further in the text.



JOURNAL OF TRANSACTION ON SIGNAL PROCESSING 5

Indeed, wλ
nm can indicate which set of nodes m = 1, . . . , N

contributes to the evolution of the nth signal and which do
not, thus revealing which edges exist in the graph. Specifically,
small values of wλ

nm suggest that a slight change in the history
of node m will statistically cause a small change to node n for
a specific delay index λ, while large values of wλ

nm indicate
the opposite.

Equation (20) is a modified version of the ARD kernel,
which allows for reasonable sparse priors on the length-
scale hyperparameters, making it more convenient to use. In
the original ARD kernel, the lack of an edge requires the
length scale to be infinite. However, the modified ARD kernel
models the length-scale hyperparameters for non-edge entries
as zeros. Plenty of distributions have sharp spikes at zero (high
probability at zero), and they can be used as priors to enforce
sparsity in the estimated graph topology.

To conceptualize the model further, we can think of each
delay as a different layer of a weighted adjacency matrix
organized as a tensor, as shown in Fig. 1c.

B. Fully Bayesian GPs with Sparse Constraints

In practice, a common method to train a GP model and
obtain the optimal set of hyperparameters is to maximize the
marginal likelihood in equation (25), rather than the marginal
hyperparameter posterior in (26), both presented below. This is
because the marginal likelihood is analytically tractable when
the additive observation noise is Gaussian, as is commonly
assumed in GP regression [23] [33]. This approach is called
type II maximum likelihood (ML-II) estimation. Although the
performance of ML-II has been shown to be good enough
in many cases [27], there are still some problems to be
considered. First, the non-convexity of the marginal likelihood
surface with multiple modes can easily lead to overfitting of
the model, particularly when dealing with many hyperparam-
eters. Second, the results might converge to a local optimal
near the starting point, making the ML-II method susceptible
to the choice of initial points of the gradient-based optimizer
[23] [33].

We address these issues by proposing an fBGP method. We
refer to it as a fully Bayesian method because we estimate
all the unknowns of the GP model under the Bayesian infer-
ence paradigm via HMC. Thus, by exploiting the posterior
distribution, which combines the likelihood and prior, our
model can provide uncertainty estimates and is more robust
to overfitting. However, the posterior distribution over the
hyperparameters is highly intractable, and consequently we
rely on a Markov Chain Monte Carlo (MCMC) method for
sampling. The proposed approach can estimate a sparse graph
topology and is robust to different thresholds for deciding a
true edge.

1) The FBGP Framework: Given the data model described
by (16), the main distributions of the fBGP’s framework are

given by

priors over the hyperparameters:





wn ∼ p(wn)
σ2
n ∼ p(σ2

n)
σ2
v ∼ p(σ2

v)
,

(22)

a prior over the function: fn|X,wn, σ
2
n ∼ N (0,Kn),

(23)

a data likelihood: yn|fn, σ2
v ∼ N (fn, σ

2
vI). (24)

Based on the generative model (22)-(24), the marginal like-
lihood of the hyperparameters, marginalized over the function
fn, can be written as

p(yn|X,wn, σ
2
n, σ

2
v)

=

∫
p(yn|fn,X,wn, σ

2
n, σ

2
v)p(fn|X,wn, σ

2
n, σ

2
v)dfn. (25)

By Bayes’ rule, the marginal posterior of the hyperparameters
is obtained by the marginal likelihood and the priors over the
hyperparameters according to

p(wn, σ
2
n, σ

2
v |X,yn)

=
p(yn|X,wn, σ

2
n, σ

2
v)p(wn)p(σ

2
n)p(σ

2
v)

Z
∝ p(yn|X,wn, σ

2
n, σ

2
v)p(wn)p(σ

2
n)p(σ

2
v), (26)

where Z is the normalization constant, given by

Z =

∫
p(yn|X,wn, σ

2
n, σ

2
v)p(wn)p(σ

2
n)p(σ

2
v)dwndσ

2
ndσ

2
v .

(27)

It is important to note that wn ∈ RNΛ is a very high-
dimensional when considering a large graph or multiple delays
scenario.

2) Selection of priors: Let us bear in mind that the values
of the entries of the adjacency matrix represent the weights
of the corresponding edges. Therefore, to enforce sparsity of
the learned graph topology, it is reasonable to choose priors
that assign high probabilities to the elements of the adjacency
matrix that are close to zero.

Consider the sparse prior given in [34], written as:

p(θ) ∝ exp

(
−

N∑

m=1

θγm

)
, (28)

where θ is a vector of parameters that need to be estimated
and where θm is the mth entry of θ, and the parameter γ > 0
is considered to control the sparsity level. When the parameter
γ is equal to zero, we count the number of non-zero θm (i.e.,
we rely on the ℓ0-norm). Let wn be the argument instead of θ;
then in our problem γ = 0 corresponds to counting the number
of existing edges. However, we cannot have stable sampling
from the posterior when γ = 0 because optimization problems
involving ℓ0-norms are often infeasible [35]. So to ensure the
stability of the algorithm, we let γ = 1. Then the prior is given
as

p(wn) = exp

(
−

N∑

m=1

Λ∑

λ=1

wλ
nm

)
. (29)
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The probability density function in (29) has a spike at zero,
indicating that the probability is high when the input is close
to zero, which is exactly what is desired by the sparsity
requirement.

We have several choices for the priors of the scalar hyper-
parameter σ2

n and the noise variance σ2
v , such as

p(σ2) ∝ C, (30)

p(σ2) ∝ 1

σ2
, (31)

p(σ2) ∝ 1

(σ2)α−1
exp

(
− β

σ2

)
, (32)

p(σ2) ∝ exp

(
− (σ2 − b)2

2a2

)
, (33)

where σ2 ∈ [0,+∞) may represent either σ2
n or σ2

v . Equation
(30) is a uniform distribution with C as a constant, (31) is a
non-informative prior often used for modeling noise variance,
(32) is the inverse Gamma probability density function with
parameters α > 0 and β > 0, and the last equation is the
truncated Gaussian distribution, with a ∈ R and b > 0. The
performance of the method is usually not sensitive to the
parameters of the adopted prior.

Still, one needs to be careful when choosing the priors
because they can affect the performance of the sampling [36].
From the experiments we have done, the constant prior and
the non-informative prior work well under a mild condition,
say, low dimension and few data points. However, the half-
normal prior and inverse gamma prior are stable under various
sampling procedures, even in the 20-dimensional data set case,
we used to test our algorithm, as described in the following.

V. TOPOLOGY INFERENCE ALGORITHM

Given the fBGP framework and the posterior of the marginal
hyperparameters, we employ the HMC sampler to implement
the sampling from the marginal likelihood. As the HMC
exploits the gradient of the target distribution, it is necessary to
derive the equation of the target distribution, i.e., the marginal
hyperparameter posterior in (26), and its partial derivative with
respect to each hyperparameter.

We start by considering the logarithm of the marginal
likelihood, which for additive Gaussian noise vn ∼ N (0, σ2

vI)
is given by

log p(yn|X,wn, σ
2
n, σ

2
v)

= −1

2
y⊤
nK

−1yn − 1

2
log |K| − T − Λ

2
log 2π, (34)

where K = Kn + σ2
vI.

By combining the marginal likelihood with the priors, we
can express the log-marginal posterior distribution as,

LMP = log p(wn, σ
2
n, σ

2
v |yn,X)

= −1

2
y⊤
nK

−1yn − 1

2
log |K| − T − Λ

2
log 2π

−
N∑

m=1

Λ∑

λ=1

wλ
nm + log(p(σ2

n)) + log(p(σ2
v))− log(Z). (35)

To avoid the positive constraint, we worked with the loga-
rithms of the hyperparameters. We represent them by adding
tilde over their symbols. The partial derivative of the log-
marginal posterior, with respect to each logarithm of the
hyperparameters, is expressed by

∂LMP

∂w̃λ
nm

=
1

2
tr
(
(αα⊤ −K−1)

∂K

∂w̃λ
nm

)
+

∂ log p(wn)

∂w̃λ
nm

,

(36)
...

∂LMP

∂σ̃n
=

1

2
tr
(
(αα⊤ −K−1)

∂K

∂σ̃n

)
+

∂ log p(σ2
n)

∂σ̃n
, (37)

∂LMP

∂σ̃v
=

1

2
tr
(
(αα⊤ −K−1)

∂K

∂σ̃v

)
+

∂ log p(σ2
v)

∂σ̃v
, (38)

where α = K−1yn, and

[
∂K

∂w̃λ
nm

]

i,j

= − exp(2σ̃n)d
m
i,jk

n
i,j exp(2w̃

λ
nm), (36a)

[
∂K

∂σ̃n

]

i,j

= 2 exp(2σ̃n)k
n
i,j , (37a)

[
∂K

∂σ̃v

]

i,i

= 2 exp(2σ̃v), (38a)

where dmi,j = (ym,i+λ−1 − ym,j+λ−1)
2.

We organize the partial gradient as a vector, i.e., dLMP =
[ ∂LMP
∂w̃λ

nm
; ∂LMP

∂σ̃n
; ∂LMP

∂σ̃v
]. Based on the marginal posterior and

the gradient, we apply an HMC sampler. When the sam-
pling is completed, we use the obtained sample set Φ̃ =

{w̃(s)
n , σ̃

(s)
n , σ̃

(s)
v }Ss=1 to construct the marginal posterior dis-

tributions of the unknowns. From this posterior we can obtain
desired estimates of the unknowns. For example, the minimum
mean square estimate (MMSE) of σ2

n is obtained by

σ̂2
n =

1

S

S∑

s=1

exp(σ̃(s)
n ). (39)

The approximate marginal posterior of the hyperparameters of
the length scales are given by

qS(wλ
nm|X,yn) =

1

S

S∑

s=1

δ(wλ
nm − exp(w̃λ (s)

nm )). (40)

where δ(·) is the Dirac delta function.
To find an effective binary topology, i.e., the nonweighted

adjacency matrix, we set a threshold ϵ based on the following
criterion:

aλnm =





0, if wλ
nm < ϵ

1, otherwise
. (41)

We provide the steps of our procedure in Algorithm 1.
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Algorithm 1 fBGP Topology Inference Algorithm
1: Input: Y, Λ, ϵ, S
2: for n = 1, . . . N (in parallel) do
3: Initialize: yn = YΛ+1:T,n, X = Y1:T−Λ,:

w̃
(0)
n = 1, σ̃(0)

n = σ̃
(0)
v = log(var(yn))

4: for s = 1, . . . S do
5: Calculate LMP via Eq. (35)
6: Calculate dLMP via Eqs. (36), (37) and (38)
7: Sample Φ̃

(s)
n given LMP and dLMP

8: end for
9: Estimate the unknown parameters from Φ̃ (as per (39))

10: Find the weighted adjacency matrix by [W]n,: = w∗
n

11: end for
12: Determine the binary adjacency matrix A via (41)
13: return W,A

In the section on numerical results, we modified the code
from the gpml toolbox [37] to implement the fBGP model. We
also implemented the HMC sampler using the Statistics and
Machine Learning Toolbox in MATLAB [38]. The complexity
of the algorithm depends on the complexity of inverting the
kernel matrix and the size of the network. With N nodes and
T data points, it is O(NT 3).

VI. NUMERICAL RESULTS

We evaluate the performance of the proposed method on
three non-linear dynamic systems previously studied in our
work [22]. The results of our previous study showed that the
GP-based method outperformed the kernel-based method and
LASSO, demonstrating the feasibility of detecting multi-lag
causality. In this section, we show results of the proposed
fBGP method and compare them with results obtained by
the GP-based method (with deterministic parameters) on data
generated by the same model as in [22]. We reiterate that
both methods do not make any specific functional assumptions
except that the functions are relatively smooth.

In the first experiment, we considered a small dynamical
system [39], [40], while in the second one we worked with a
larger Lorenz 96 model [41]. Finally, with the third experiment
we demonstrate the applicability of the proposed method for
estimating causality (connectivity) over multiple delays.

A. A Discretized Lorenz Attractor

We considered a three-node network associated with a
discretized version of the Lorenz attractor [42], [43], described
by




y1,t+1

y2,t+1

y3,t+1




=




y1,t
y2,t
y3,t


+ 0.01




10(y2,t − y1,t)
y1,t(28− y3,t)− y1,t

y1,ty2,t − 8
3y3,t


+




v1,t
v2,t
v3,t


 ,

(42)

which is clearly characterized by a single (one-lag) memory
(causality). The process of learning this topology has also

Fig. 3. Discretized Lorenz attractor. An example of a histogram of the samples
obtained from the log-marginal posterior with noise variance σ2

v = 0.5. The
subplots are arranged according to the index of the 3× 3 adjacency matrix.
For each subplot, the abscissa represents the logarithm of the samples’ value,
and the ordinate represents the count in each bin.
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Fig. 4. Discretized Lorenz attractor. An example of Markov Chain samples
where 2000 of them are generated with the HMC sampler with a noise
variance σ2

v = 0.5. The subplots are arranged according to the index of
the adjacency matrix. For each subplot, the abscissa represents the index of
the samples, the ordinate represents the value of the samples, and the red lines
are the MMSE estimates.

been addressed in [39] using a kernel-based algorithm that was
specifically designed to handle the nonlinear generative model
of the data. Our previous work had already demonstrated,
under the same condition as in [39] (i.e., with v1,t, v2,t, v3,t
set to zero, and initial conditions y1,0 = y2,0 = y3,0 = 0.01),
that the GP-based method in [22] (with Λ = 1, N = 3)
outperforms the kernel-based method in terms of recovering
the graph structure, using only T = 90 samples in comparison
to the 250 samples required by [39].

Note that, we tested the proposed method on a noisy
version of the Lorenz attractor to ensure that our approach
is robust to observation noise. We compared the performance
of the fBGP method with the GP-based method from [22] to
demonstrate that the fBGP method can effectively enforce the
network’s sparsity by proper priors on the GPs length-scale
parameters and by sampling from the marginal posteriors of
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Fig. 5. One example of the elements of the inferred weighted adjacency
matrix by the fBGP and the GP-based methods with noise variance σ2

v = 0.5.
The upper small figure is the zoomed-in part of the lower figure. The circle
marks represent values inferred by the fBGP method, with red indicating the
non-edge entry and with blue indicating the edge entries. The triangle marks
show the results estimated via the GP-based method, with yellow depicting
the non-edge entry and with purple, the edge entries.
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Fig. 6. Discretized Lorenz attractor. The F-score computed by averaging
50 independent runs is shown in the figure. The lines provide the F-scores
obtained by four different thresholds by the fBGP method (in solid blue) and
the GP-based method (in dash red). The logarithm of the threshold ranges
from −7 to −4 with a step size of 1. Additionally, the lines show the F-score
for different noise variances σ2

v of 0.25, 0.5, and 1, with the logarithmic
threshold set to −4. The plot is shown for different time series lengths from
80 in steps of 10 samples to 160 samples.

the hyperparameters. Further, the simulation results show that
the proposed method is not too sensitive to the selection of
the thresholds in (41) that are used for determining causality
in the network.

To generate synthetic data, we set σ2
v equal to 0.25, 0.5,

and 1 and used the same initial value as in the previous work.
The priors for σ2

n and σ2
v were chosen as the half-normal

distribution in (33) with a = 0 and b = 1. We note that, for
benchmarking performance, the weighted adjacency matrix W
provides more informative results than the binary connectivity
matrix A. Therefore, we plot the estimated marginal posterior
of the weights w and the associated Markov chain in Figs. 3
and 4, respectively, employing T = 160 samples.

In Fig. 5, we give an intuitive comparison of the fBGP
method with the GP-based method from [22], with different
lengths of the time series (starting with a series that is T =
80 samples long and increasing their sizes to 160 samples in
increments of 10 samples). For the proposed method, the red
circle marks the only entry that quantifies as a missing edge,
while the blue circle marks depict the entries of the adjacency
matrix that correspond to existing edges. For the GP-based
method, the purple triangle marks represent edges, and the
yellow represent the only non-edge. The results show that the
entries associated with edges estimated by the two approaches
are very similar. However, there is a considerable gap between
the value of the non-edge entry learned by the two methods,
with the proposed method compressing the non-edge value to
zero and thereby demonstrating its ability to model sparsity
effectively.

When studying the binary adjacency matrix, we first deter-
mined the effective graph via (41). To provide a quantified
comparison, we assessed performance by the F-score, which
is expressed by

F-score =
TP

TP + 1
2 (FN + FP)

, (43)

where TP stands for the number of true positives, FP for the
false positives, and FN for the false negatives. Figure 6 shows
the F-score for the two approaches, with the log-threshold
log10(ϵ) increasing from −7 to −4. The results show that,
different from the GP-based method, the threshold value does
not significantly affect the estimated topology of the new
fBGP method, thus, demonstrating its robustness to threshold
selection for edge detection.

B. Lorenz 96

The Lorenz 96 model is defined as
dyn
dt

= (yn+1 − yn−2)yn−1 − yn + F, n = 1, 2, . . . , N.

(44)

Lorenz originally proposed the system to investigate funda-
mental issues in forecasting spatially extended chaotic systems
such as the atmosphere [41]. We use this system to illustrate
the proposed method’s ability to recover the topology of a
high-dimensional graph. Specifically, we generated a directed
graph with N = 20 nodes using (44). We obtained the
synthetic signals of this graph through Runge-Kutta numerical
integration with a step size of 0.1, initializing all the nodes
with y0 = F1 = 81 and then adding a value of 0.01 to the
initial value of node 1, with an observation noise σ2

v = 0.5. In
this case, one lag refers to one sample rather than one second,
and we consider a one-delay system, i.e., Λ = 1. The priors of
σ2
v and σ2

n are given by (32) and (33) with a = 0 and b = 1,
and α = 3 and β = 0.5, respectively.



JOURNAL OF TRANSACTION ON SIGNAL PROCESSING 9

5.5 6 6.5 7 7.5 8

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 7. The Lorenz 96 F-score was computed by averaging 50 independent
runs. Lines provide the F-scores obtained by two different thresholds by the
fBGP method (in solid blue), the GP-based method (in dash red), and the
graph LASSO (in dot black). Additionally, the lines show the F-score for
different noise variances σ2

v of 0.5 and 1, with the logarithmic threshold set
to −1 and −2, respectively. The plot is shown for different measurement
ratios (T/N) starting at 5.5 to 8 with a step size of 0.5.
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Fig. 8. Lorenz 96. Comparison of ROC curves for the fBGP method with
HMC sampling and the GP-based method with ML-II.

We compared the performance of three methods, namely
the fBGP method, the GP-based method, and LASSO [44]
by measuring their F-score defined by (43). The F-score was
computed by averaging 50 independent trials, where each trial
was independently run for different values of measurement
ratios (T/N). The results, presented in Fig. 7, show that the
fBGP method outperformed the other two approaches for two
different thresholds. For LASSO, the regularization parameter
was chosen to be the one with the best performance. We did
not display the results based on other thresholds because those
thresholds almost denied or accepted all the edges.

The F-score in this test shows some stronger dependence on
the threshold ϵ. Actually, to complete the edge-detection per-
formance of the proposed test, we plot the receiver operating
characteristic (ROC) for ϵ ∈ [0,+∞), as shown in Fig. 8. The
symbol PD is the correct detection probability of an existing
edge, and PFA is the false alarm probability (for existence

Ground Truth fBGPs

GPs LASSO

Fig. 9. Lorenz 96. A heatmap is presented with a measurement ratio of 8.
The first row displays the weighted topology heatmap of the ground truth
(left) and the fBGP method (right). The second row showcases the weighted
topology heatmap of the GP-based method (left) and the LASSO approach
(right). The darker shades of blue indicate stronger edges, and the color scale
ranges from 0 to 1.

of an edge). Each point in the figure represents one pair of
(PFA, PD), associated to a specific threshold ϵ. The area under
the curve (AUC) is a criterion for detection performance with a
higher value indicating better performance. The AUCs suggest
that the fBGP method improves the detection performance
with respect to the GP-based approach.

To provide an intuitive sense of the edge detection perfor-
mance, Fig. 9 represents the heatmap of the ground truth and
the simulation results of the fBGP, GP-based, and LASSO
methods, respectively. The results show that the fBGP method
can detect most of the actual edges with fewer errors than the
other two methods.

C. Multi-lag system

In the third experiment, we designed a small network to
evaluate the detection capabilities of the proposed approach
in a multiple-delay problem. Each node in the small graph
interacted with a different delay time. The data model is shown
in Fig. 10, which graphically represents the dynamical system
described by the following set of equations:

y1,t =y24,t−3 + y4,t−3 + v1,t,

y2,t =sin(y4,t−3) + 1 + v2,t,

y3,t =y4,t−2y2,t−2 + y4,t−2y1,t−2 + y3,t−2y1,t−2 − 3 + v3,t,

y4,t =sin(y3,t−1)/y3,t−1 + v4,t. (45)

The initial values of y1, y2, y3, and y4 were independently
drawn from a Gaussian distribution with zero mean and
variance of 0.52, i.e., y1,0, y2,0, y3,0, y4,0 ∼ N (0, 0.52). The
noise was drawn from a Gaussian distribution with zero mean
and a standard deviation of σ2

v = 0.25 and σ2
v = 0.5,
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Fig. 10. Data model description: the arrow directions reflect the direction
of causation. The different colors represent different delays, λ = 3 (blue),
λ = 2 (red), and λ = 1 (green).
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Fig. 11. Multiple delays. The F-score computed by averaging 50 independent
runs. The lines provide the F-scores obtained by three different thresholds by
the fBGP method (in solid blue) and the GPs method (in dash red). The
logarithm of the threshold ranges from −1 to −5 with a step size of 2. The
plot presents different lengths of time series, ranging from 48 to 128 samples,
in steps of 12.

respectively. The priors were the same as the example in the
previous subsection.

For the proposed method and the GP-based method, Fig. 11
shows the F-score against the length of the time series. The re-
sults were computed by averaging 50 independent trials. They
clearly show that the fBGP method can identify the multiple
delays better than the GP-based method under different thresh-
olds. Figure 12 displays the ROC curve for the two approaches.
Even though when the false alarm PFA is larger than 0.2, the
detection probability PD of the GPs method is greater than the
fBGP method, based on the AUC criterion, the fBGP method
significantly improves the detection performance.

It is important to note that certain parameters of the HMC
sampler must be selected to implement the method including
the update size and number of leapfrog steps. Throughout the
experiments shown in this work, we consistently set the step
size to 0.05 and the number of leapfrog steps to 50. Further,
we note that these parameters have a direct impact on the
sampling performance. This is often addressed by employing
the well-known No U-Turn Sampler [45], which is an extended
version of the HMC sampler that controls the number of
steps automatically. This method offers a potential solution
to alleviate the need of setting these parameters manually.
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Fig. 12. Multiple delays. Comparison of ROC curves of the fBGP and GP-
based methods.

VII. CONCLUSION

In this paper, we proposed a fully Bayesian Gaussian
process-based method for estimating the topology of a graph
from observed signals on the graph. The proposed method
models the entry of the weighted adjacency matrix as the
coefficient of the modified ARD kernel. Our model assump-
tions are mild, and we do not specify the functional forms
of the relationships among the graph signals, allowing our
method to detect causation among the signals on the graph.
We showed that the performance of the proposed method
is very good under different conditions, including non-linear
dynamics, large systems, and even scenarios with multiple de-
lays. Our proposed method uses priors of the hyperparameters
that promote sparsity and samples from the marginal posterior
using the HMC sampler. The experimental results suggest that
that method avoids overfitting.

Future directions of work include the following:
1) Extension of the proposed method to dynamic networks

where the topology of the network varies with time.
One promising direction involves developing algorithms
that leverage nonstationary Gaussian processes to handle
dynamic networks with time-varying topology.

2) Investigation of the scalability of the method. Note that
when the system delays Λ and the network size N
increase, the number of parameters that need to be
estimated is N2Λ. If N and Λ are large, this becomes
problematic. The ongoing work focuses on employing
feature-based Gaussian processes that reduce the dimen-
sionality issues.

3) Automatic threshold selection. Since the proposed
method provides the marginal posterior of the param-
eters, one possibility will be exploiting a binary hypoth-
esis test to determine the presence or absence of the
edges automatically.
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cardiotocography signals using Gaussian processes,” in ICASSP 2019-
2019 IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP). IEEE, 2019, pp. 2852–2856.
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