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Abstract

A vertex-transitive graph is a Cayley graph if and only if it admits a group of automor-
phisms acting regularly on its set of vertices. We generalize Cayley graphs to k-uniform
hypergraphs, i.e. pairs (V, &) where £ consists of k-subsets of V, k > 2. We call a k-
uniform hypergraph Cayley if and only if the hypergraph admits a group of automorphisms
acting regularly on the vertex set of the hypergraph. We compare our definition with two
other generalizations of Cayley graphs to hypergraphs found in the literature, and argue that
ours is the most general; the other generalizations are special cases of the one proposed in
this article. We present some basic properties of Cayley hypergraphs, discuss the connec-
tion of this concept to some recent results concerning hypergraphs, as well as connections
to our ongoing project of constructing k-uniform hypergraphs whose full automorphism
group is isomorphic to a prescribed finite group G and acts regularly on the vertices of the
hypergraph.
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1 Introduction

Hypergraphs are natural generalizations of graphs in which instead of edges, which are
subsets of the vertex set of size 2, one admits hyperedges, which are subsets of the vertex
set of arbitrary sizes. If all the hyperedges of a hypergraph are of the same size k, one
talks about k-uniform hypergraphs. Since Cayley graphs constitute an important subclass
of the class of vertex-transitive graphs, it is reasonable to assume that generalizing Cayley
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graphs to k-uniform hypergraphs might lead to interesting insights into the theory of vertex-
transitive k-uniform hypergraphs (and possibly even to further insights into the theory of
vertex-transitive graphs).

A large part of the importance of Cayley graphs within the class of vertex-transitive
graphs stems from the fundamental fact that Cayley graphs are characterized by the ex-
istence of a regular group of automorphisms. Regular group actions are the most natural
transitive group actions, and appeared already in the classical proof of Cayley’s theorem:
Given a finite group G, the left regular permutation representation Gy, = {04 | g € G}
of G is defined via left multiplication by the elements of G on itself, o,(h) = gh, for all
g, h € G. The key property of the left regular permutation representation of a group G is
the existence, for each pair of elements h, i’ € G, of a unique o4, mapping & to i’ In view
of this, a transitive action of a group G on a set V' is regular if and only if the stabilizer of
any vertex is trivial and/or |G| = |V|. Furthermore, if G acts regularly on V, there exists a
one-to-one correspondence ¢ : I — (G that allows one to identify the elements of V' with
the elements of G and the action of G on V' with the left regular action of G on itself. Since
our paper focuses on generalizations of Cayley graphs, and therefore on regular actions,
we will always assume that regular actions are realized as the action of G on itself via left
multiplication.

The definition of a Cayley graph used most widely today does not start off from a
regular action. Instead, it starts from a (finite) group G and a set X of elements of G,
X C G, closed under taking inverses, X = X !, and not containing 1. For a given
group G and a subset .S satisfying the above properties, the Cayley graph T' = C(G, X)
is the graph (G,€) where & = { {g,9 -z} | g € G,z € X}. Alternately, the set of
edges of I is the set of (unordered) pairs {a, b} of elements of G satisfying the property
a”' b € X. Itis clear that for any g € G the left-multiplication o, € G/, is a graph
automorphism of C(G, X) mapping {a,ax} — {ga,gax}, foralla € G and z € X,
and hence G, < Aut(C(G, X)). This fundamental connection between Cayley graphs as
defined above and regular group actions was first observed by Sabidussi in 1958 [11]:

Theorem 1.1 ([1 1]). A graph T = (V, &) is a Cayley graph if and only if it admits a group
of automorphisms G acting regularly on V', in which case T' = C(G, X), for some X C G
closed under taking inverses and not containing 1q.

One of the first to recognize the universality of structures admitting a group of auto-
morphisms acting regularly on the set of vertices was Babai in [1], where he defined the
Cayley object for any concrete category (a category admitting a faithful forgetful functor
into the category of sets) precisely via the existence of a group of automorphisms act-
ing regularly on the underlying set of the structure. This approach was later reinforced
by Pélfy in [10] who considered Cayley objects in the category of relational structures.
Nevertheless, attempts at generalizing Cayley graphs to hypergraphs available in the liter-
ature usually choose to generalize the concept of a Cayley graph using the language of the
connecting set X C . While objects defined this way tend to maintain the property of
admitting a regular group of automorphisms, they usually do not cover all hypergraphs with
this property. In our paper, we choose to follow Babai’s approach and to make the existence
of a regular group of automorphisms a characterizing property of Cayley hypergraphs:

Definition 1.2. A Cayley hypergraph (V,H) is a k-uniform hypergraph for some 1 < k <
|V|, that admits a regular group of automorphisms.
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Thus, our generalization of Cayley graphs generalizes the most important property of
Cayley graphs equivalent (in the case of graphs) to a graph being Cayley. In what follows,
we present some basic properties of automorphism groups of Cayley hypergraphs, and
compare our definition with two other generalizations of Cayley graphs to hypergraphs.
We also mention the connections of these concepts to some recent results concerning hy-
pergraphs [5, 9], as well as connections to our project of constructing k-uniform hyper-
graphs whose full automorphism group is isomorphic to a prescribed finite group G and
acts regularly on the vertices of the hypergraph [8].

2 Preliminaries

Throughout the paper, all groups considered are finite and so are the sets upon which they
act.

A hypergraph T' = (V,H) consists of a set V' and a collection # of subsets of V,
H C P(V). We will call the elements of H hyperedges or more specifically, k-hyperedges,
if they are of size k. A hypergraph is said to be k-uniform (abbreviated to a k-hypergraph) it
all the hyperedges in H are of the same size k, i.e., H C Py (V), where P (V') denotes the
set of k-element subsets of V. A hypergraph is said to be r-regular if all vertices v € V are
contained in exactly r hyperedges. A hypergraph I" = (V, H) can be alternately represented
via its bipartite incidence graph (sometimes called Levi graph) (V U H, E) with edges
corresponding to incidences between vertices in V' and hyperedges in H. A k-uniform
r-regular hypergraph (V, ) corresponds in this sense to a bipartite graph (V U H, F) in
which all vertices belonging to V" are of degree  and all vertices in H are of degree k. The
dual hypergraph T = (V,H) to a k-uniform r-regular (V,H) is the r-uniform k-regular
hypergraph whose vertices are the elements of H, hyperedges are the elements from V', and
the incidence relation is the reverse of the incidence relation of (V, H). An automorphism
of a hypergraph I' = (V,H) is a permutation of the elements of V' that preserves the
hyperedges, i.e., a permutation ¢ € Symy with the property p(H) € H if and only if
H € H. The group of all automorphisms of I" will be denoted by Aut(T").

The following lemma was originally stated in a more general way in [7].

Lemma 2.1 ([7]). Let T = (V,H) be a k-uniform hypergraph, 1 < k < |V|. Then
@) Aut(V,H) = Aut(V, Pr(V) — H);

(i) Aut(V,H) = Aut(V,{H® | H € H}), where (V,{H" | H € H}) is the (|[V| — k)-
uniform hypergraph whose hyperedges are the complements of the hyperedges in ‘H
with respect to the set V.

A finite group G admits a regular representation as the full automorphism group of
a k-uniform hypergraph if there exists a set of k-hyperedges H C Pi(G) for which
Aut(G,H) = Gp. In particular, G admits a Graphical Regular Representation (abbre-
viated to GRR) if there exists a system of 2-hyperedges (edges) € C Pa(G) such that
Aut(G, E) = G, and G admits a Digraphical Regular Representation, DRR, if there ex-
ists a system of directed edges £ C G x G such that Aut(G, E) = G,. The problem we
study in our on-going project [8] calls for finding all positive integers k, 1 < k < |G|, for
any given finite group G, for which there exists a regular representation of G as the full
automorphism group of some k-hypergraph on G.
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We conclude the section by stating the solutions to the much more specific GRR- and
DRR-problems as well as the classification of finite groups that admit regular representation
via (not necessarily k-uniform) hypergraphs which are essential with regard to the above
mentioned project.

Theorem 2.2 ([6]). Let G be a finite group that does not admit a GRR. Then G is an abelian
group of exponent greater than 2 or G is a generalized dicyclic group or G is isomorphic
to one of the 13 groups : 7.3, 7.3, 75, D3, Dy, D5, Ay, Qg X Z3, Qg X Zy,

<a,b,c | a? = b2 = c? =1, abc = bea = cab), <a,b |a® =2 =1, b~lab = a5>,
<a,b,c |a® =b% =c? =1, ab=ba, (ac)? = (bc)? = 1>,

<a,b,c |a® =b%=c3 =1, ac=ca, bc = cb, b=tab= ac>.

As a consequence of Sabidussi’s characterization, if a finite group G admits a GRR
I'=(V,&), then I" must be a Cayley graph for G.

A digraph (V, E) is a pair that consists of vertices V and aset E C V' x V of ordered
pairs of distinct vertices. An automorphism of a digraph (V, E') is a permutation ¢ of V
that preserves the set E. A Cayley digraph CD(G, X), 1¢ ¢ X C G (where we do not
require X to be closed under taking inverses), has G for its vertex set and the set of directed
edges F = {(g,9z) | g € G,z € X}. A digraph (V, E') admits a regular automorphism
group G if and only if (V, E) = CD(G, X) for some X.

Theorem 2.3 ([2]). The finite group G admits a DRR if and only if G is neither the quater-
nion group Qg nor any of 73, 73, Z.3, Z3.

Before stating the next theorem, we have to stress that the hypergraphs (G, H) consid-
ered are not necessarily assumed to be k-uniform.

Theorem 2.4 ([7]). A finite group G can be represented as a regular full automorphism
group of some hypergraph (G, H) if and only if G is not one of the groups Zs, Z4, Zs or
z2.

3 Cayley hypergraphs

Recall that we have defined a Cayley hypergraph as a k-uniform hypergraph admitting a
regular group of automorphisms, and not via a specific definition of its hyperedges. The
following theorem provides us with this ‘missing’ definition and can also be viewed as a
direct analogue of Sabidussi’s characterization of Cayley graphs.

Theorem 3.1 ([7]). Let I’ = (V,H) be a vertex-transitive hypergraph. Then I" admits a
regular group G of automorphisms (and is therefore Cayley) if and only if there exists a
collection of sets B; € P(G), 1 < i < s, such that T is isomorphic to the hypergraph

@) B9).

i=1

Specifically, if I' = (V, ) is a vertex-transitive k-uniform hypergraph, then I" admits
a regular group G of automorphisms (and is therefore k-uniform Cayley) if and only if
there exists a collection of k-sets B; € Pr(G), 1 < i < s, such that I' is isomorphic to
(G Ui BEY).
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To pursue the analogy with Cayley graphs even further, let us point out that a Cayley
graph C(G, X)) can also be viewed as the graph I' = (G, £) defined by selecting elements
X CG, 1¢ € X, X = X!, and completing the edge set in such a way that guarantees
that all permutations o, € G, are automorphisms of I', i.e.,

E={oy({lg,2}) | g€ G,z € X}.
This observation can now analogously be applied to hypergraphs as follows.

Theorem 3.2. IfT' = (V, H) is a vertex-transitive k-uniform hypergraph, then T admits a
regular group G of automorphisms (and is therefore a k-uniform Cayley graph) if and only
if there exists a set X C Pr_1(G — {1 }) such that T is isomorphic to the hypergraph

@, J (Bu{teh)).

BeX

The proof of this last statement is relatively simple and is left to the reader.

4 t—Cayley hypergraphs

As we have stated in the introduction, previous attempts at generalizing Cayley graphs to
hypergraphs did not cover all hypergraphs admitting a regular group of automorphisms.
The first of these generalizations can be found in [4], where Buratti considered (among
others) the following type of hypergraphs admitting a group of automorphisms acting reg-
ularly on their vertex sets.

Definition 4.1. Let G be a finite group, X be a subset of G \ {1¢}, and ¢ be a positive
integer satisfying 2 < ¢ < max{|z| | x € X}. The t—Cayley hypergraph t— Cay(G, X)
is the hypergraph (G, H) with H consisting of hyperedges of the form {g, gz, . .., gz! =1},
forallg € Gand z € X.

Clearly, t—Cay(G, X) is a t-uniform hypergraph if and only if 2 < ¢ < min{|z| | z €
X}. It is also fairly easy to see that G, < Aut(t— Cay(G, X)). Consequently, using
any of the equivalent definitions of Cayley hypergraphs derived in the previous section, the
class of t-uniform ¢—Cayley hypergraphs is a subclass of the class of ¢t-uniform Cayley
hypergraphs defined in this text.

It is a proper subclass, as, for example, the Fano plane PG(2,2) is a 3-uniform hyper-
graph admitting the regular action of Z~ but is not a 3—Cayley hypergraph [4]. However,
the two classes coincide for ¢ = 2 as the class of 2—Cayley hypergraphs is equal to the
class of the classical Cayley graphs which is also equal to the class of 2-uniform Cayley
hypergraphs. In this sense, Buratti is justified in his claim that t—Cayley hypergraphs con-
stitute a generalization of Cayley graphs. Nevertheless, the generalization introduced in
our paper is in our opinion a better match to Sabidussi’s concept of Cayley graphs.

On the other hand, being a narrower class than that of Cayley hypergraphs, the class
of t—Cayley hypergraphs is sometimes easier to use and search. For example, {—Cayley
hypergraphs have been recently successfully used in the context of cages in [5] where
they have been used to construct small 3-regular graphs of large girth as dual graphs to 3-
uniform 3—Cayley hypergraphs. The fact that the authors of [5] only considered 3—Cayley
hypergraphs, and avoided searching through all 3-uniform Cayley hypergraphs, sufficiently
sped up their calculations and searches to allow them to find new record 3-regular graphs.
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S Cg-hypergraphs

We conclude our text by considering a second generalization of Cayley graphs to hyper-
graphs different from that of Cayley hypergraphs considered in our paper so far. To ac-
commodate classification of finite groups G that allow for the existence of a k-hypergraph
(G, H), k > 3, satisfying Aut(G, H) = G, the paper [8] introduced the following gener-
alization of Cayley graphs.

Definition 5.1. Let G be a (finite) group, and let X7, X5, ..., Xx_1 be subsets of G that
do not contain the identity 1. The Ck-hypergraph Cy(G; X1, Xa, ..., Xp—1) is the k-
uniform hypergraph (G, H) with H being the set of all k-subsets of the form

{g,g.’L'hg(Ele, RN} g$1$2...xk71},
geG,andz; € X;,forl <i<k-—1.

Note that we strictly require that the hyperedges have exactly k vertices in order to be
included, i.e., all the vertices g, gx1,gxr122, ..., gri1x2...xr_1 must be distinct. This
is equivalent to saying z;x;41...2¢; # 1, forall1 < ¢ < j < k — 1. (This require-
ment may sometimes force H = (.) The 2-hypergraph C5(G; X) is the Cayley graph
C(G, X), and in the case when X = X; = Xo = ... = Xj_1, the resulting hyperedges
of Ck(G; X, X, ..., X) are the sets of vertices corresponding to the k-arcs of the Cayley
graph C(G, X)) that do not contain repeated vertices ([3, Chapter 17]).

Obviously, the automorphism group of a Cy-hypergraph Ci(G; X1, Xa, ..., Xi—1)
should be related to the groups Aut(C(G, X;)). For instance, since graph automorphisms
preserve k-arcs that do not contain repeated vertices,

Aut(C(G, X)) < Aut(Cy(G; X, X, ..., X)).

The next lemma presents sufficient conditions for this inclusion to become an identity. The
girth of a graph T = (V, £) is the number of edges in a smallest cycle in T'. Note that even
though some of the results presented here already appeared in [8], they were presented
without proofs.

Lemma 5.2. Let k > 2 be an integer, and C(G, X ) be a Cayley graph of girth g > 2k — 2
and valency | X| > k — 1. Then Aut(C(G, X)) = Aut(Cy(G; X, X, ..., X)).

Proof. We say that a word (or a product) zjzs...2y € X* (le, x; € X, forall 1 <
i < /) is reduced if it does not contain a generator immediately followed by its inverse:
Tiy1 # a:i_l, for 1 < ¢ < £ — 1. The girth length assumption g > 2k — 2 implies that
the C(G, X) neighborhood N¢ (g, x)(9) = {h € G | d(g,h) < k — 1} of any vertex
g is isomorphic to a regular tree of valency |X| and depth k — 1. Thus, reduced words
129 ...x¢, I < k — 1, represent vertices of distance ¢ from 14, and different reduced
words z1Z3 . .. ¢y, 1 < £ < k—1, represent different vertices of C(G, X ). The unique path
of length ¢ between 15 and x1x5 . .. x4 is the path 1, x1, T122, ..., 2122 . . . Ty.

Suppose (by means of contradiction) that there exists ¢ € Aut(Cy(G; X, X, ..., X))
that does not belong to Aut(C(G, X)). Then there exists an a« € G and & € X, such
that o(a) " 'p(az) ¢ X. Let 1) be the composition of ¢ with the left multiplications
OasOp(a)-1» P = Op(a)~1 © P O Oq. Then ¢ € Aut(Ck(G;X, X, ... 7X)), 1/)(].@) =
o)™ pla-1g) = 1g, and (&) = ¢(a)™! - p(a - 2) € X. Bach k-hyperedge of
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Cr(G; X, X, ..., X) that contains 1 assumes one of the following forms (based on our
arguments from the previous paragraph, all of these are indeed k-subsets):

{1y, 1Yz, - Y1Y2 - Ykt 1 {01 s LG Yoo oy Yo2Ys -+ Yot}

{y2_1y1_17y2_171G7y35'"ay3'~'yk—1}7"'7{yk__11"'y2 yl 7yk 1° y 7"'7yk; ]_71G}7

y; € X, 1 <1 < k — 1. The automorphism v fixes 1, and therefore must map the
hyperedges

{1G;§7,i'y27"'7£y2y3"'ykfl}v (51)

y; € X, 2 <1i <k — 1, to hyperedges containing 1. This means, in particular, that ¢)(Z),
which is assumed not to be an element of X, must belong to one of these hyperedges as
well, and therefore must be of the form ¢ (&) = x125... 2y, for some z; € X,2 < ¢ <
k — 1, which is an element of distance at least 2 from 1¢ in C(G, X).

The rest of the argument relies on counting. There are (|X| — 1)*~2 hyperedges of
the form (5.1): after choosing s, from X — {27!}, we have | X| — 1 choices to choose y3
from X — {y, '}, and so on. On the other hand, each hyperedge containing both 15 and

¥(&) = w129 . .. xe must contain the vertices 1g,x1, 122, ..., T1T2 ... 24 of the unique
path connecting lg and z1 25 . . . z;. Therefore, inspecting the list of hyperedges containing
lg, 21,129, ..., 21T . . . Ty, it is easy to see that there are at most (k — £)(| X | —1)F—1—¢

hyperedges that contain both 1 and (&) (where the number (k — ¢) is added to possibly
account for the different positions of 14 in the hyperedges; which might, but does not
have to, result in different blocks). Consequently, the (|X| — 1)*~2 distinct hyperedges
of the form (5.1) must map bijectively onto at most (k — £)(|X| — 1)*~1=* hyperedges
containing 1 and ¥(Z). Since | X| >k — 1, ( DF=2 > (k- 0)(|X]| — 1)F1=¢, for
all 2 < ¢ < k — 1, which makes an one-to-one correspondence impossible, and leads to a
contradiction. O

Corollary 5.3. Let G be a finite group that admits a GRR of girth g > 2m — 2 and
valency r. Then G can be regularly represented as the full automorphism group of some
k-hypergraph for all 2 < k < min {m,r — 1}.

A symmetric subset X, X = X!, of a group G is symmetrically irreducible if
(X —{z,27'})| < |[(X)]forall z € X. The girth of the Cayley graph C(G, X) is
larger than 4 if and only if C(G, X) does not contain triangles and cycles of length 4. This
must be the case, for example, when X = {xl, Zay ..., T} is symmetrically irreducible
and satisfying the additional conditions z? # x ,1<i#3j<r and z;x; # x;x; when-
ever 7; # x; '. Based on these observations, the above lemma guarantees the existence of
a 3-uniform regular representation C3(G, X, X) for all finite groups G that admit a GRR
C(G, X) with X of order at least 4, symmetrically irreducible, and satisfying the above
conditions. The high girth requirements imposed on the above GRR’s are certainly quite
restrictive. The following generalization of Lemma 5.2 presents a way of avoiding the need
for high girth.

Lemma 5.4. Let G be a finite group, X1, Xo,... Xip_1 be symmetric subsets of G not
containing 1g, | X;| > k, forall 1 < i < k — 1, and suppose that all reduced prod-
ucts T1xs...xy, v; € X; 1 < 0 < k — 1, represent different elements of G. Then,
Aut(Ck(G; X1,Xo,... ;kal)) < Aut(C(G, Xl))
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Proof. The counting argument is essentially identical to the one in the proof of Lemma 5.2.
O

Corollary 5.5. Let G be a finite group that admits a GRR C(G, X1), Aut(C(G, X;)) =
G. If there exist symmetric subsets Xo, X3, ..., Xx—_1 of G not containing 1, and such
that all the reduced words x1xo ... x;, x; € X;, 1 <1 < k—1, represent different elements
of Gand | X;| > k—1, forall1 <i < k—1, then Aut(Cy(G; X1, X2, ..., Xx-1)) = Gr,
and G admits a regular representation as the full automorphism group of an n-hypergraph,
Sfor all nin the range 2 < n < k.

Proof. G, < Aut(Cy(G; X1, Xa,...,Xk—_1)) by the definition of C, hypergraphs.
Aut(C’k(G;Xl,XQ, N 7Xn71)) S Aut(C(G,Xl)) = GL,
forall 2 < n < k by Lemma 5.4. O

Thus, given a finite group G and a GRR C(G, X), to construct a 3-hypergraph with a
regular automorphism group GG we just need to find a symmetric set of at least 3 elements
Y1,Y2,¥Y3,- -,y in G such that all the elements 1g,z,zy;, v+ € X and 1 < j < [, are
different (note that | X'| > 3 as C(G, X)) is a GRR). This seems to be reasonably easy and
may lead to a 3-hypergraph for essentially all finite groups G that admit a GRR.

As was the case of the use of t—Cayley hypergraphs in [5], focusing on a narrower
class of Cayley hypergraphs allows for faster exhaustive searches. Similarly, considering
the Cy(G; X1, Xa, ..., Xk_1) hypergraphs introduced in this section allows one to find
regular representations of finite groups via hypergraphs in a narrower class of possible
examples.

In the final result of our paper, we shall abandon the graphs Cy(G; X1, Xo, ..., X;_1)
in favor of yet another class of k-uniform hypergraphs. We will rely on the concept of
an r-regular rooted oriented tree of depth d, 7?65, which is an oriented tree containing
1+7+7r2+4---+7r? vertices, has a root u of out-degree r and in-degree 0, all of its vertices
of distance 1 < ¢ < d from w are of out-degree r and in-degree 1, and all of its vertices of
distance d from u are of out-degree 0 and in-degree 1.

Definition 5.6. Let G be a (finite) group, let ﬁ,kq be an oriented rooted tree whose
vertex set is a subset of G and whose root is the identity 1, and let X; = N;(1¢), the set
of vertices of ’ﬁ.,k_l of distance ¢ from 14 in 73.7k_1, 1 < i < k — 1. The k-hypergraph
Ci (G, ﬁ k—1) is the k-uniform hypergraph (G, H) with H being the set of all k-subsets of
the form

{9,921, 922,975 ..., g1},
g€ G, € X;,forl <i<k—1,andeach (z;,z;11) being an oriented edge of 7, 1.

As our first observation, we point out that none of the X;’s contain 15 and each hyper-
edge {g, 921, gx2, 923 ..., grr_1} corresponds to an oriented path

(le .731), (331,.132), cee (‘xk‘—Q"rk—l)

of length k£ — 1 in ﬁ7k_1 starting from 14 and reaching 1 € X1 (which are outward
oriented k-arcs with no repeated vertices starting in 1). Due to the fact that the sets X;
are disjoint, all the above sets are necessarily k-subsets of GG. The next observation is a
combination of results similar to those used in the proofs of Lemma 5.2 and Corollary 5.3.
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Lemma 5.7. Let G be a finite group, let X = X! be a subset of G of cardinality r,

let k be an integer, 1 < k < |X|, and let Ty _1 be an oriented rooted tree in G with
X1 = N1(1¢) = X. Furthermore, suppose that all the elements

{rleeXy1<i<k—-1}{z ' |ezeXjanda ™ ¢ X;,2 <i<k—1},
{z7lylzeXye X;,1<i#j<k—1} (5.2)
are distinct. Then Aut(Cy (G, Tr.5—1)) < Aut(C(G, X1)).

Proof. Assume all the above and suppose that there exists ¢ € Aut(Cy(G, 7y.5_1)) that
does not belong to Aut(C(G, X1)). Then there exists an ¢ € G and & € X;, such
that ¢(a) " tp(at) € X;. Let ¢ be the composition of ¢ with the left multiplications

O Tp(a)1+ ¥ = Op(a)-1 © 9 © 0a. Then ¢ € Aut(C(G, Tr-1)): (1) = p(a)~" -
o(la-1g) = 1g,and ¥ (2) = ¢(a) "' - p(a- ) ¢ X1. Each k-hyperedge of Cy(G, T k1)
that contains 15 must be one of the following

—1 —1 -1 —1
{1G,$1,I2,$3,-..,xk_l},{l’l 31G71'1 X2,T1 X3y...,Tq xk—l}v

1 -1 1 1 1 -1 1 1
{zg " xg w1, 1,0y @3, o Ty X1}y AT s Tp @1, T T2, T T3, ..., 1),

z; € X;, 1 <4 < k— 1. The automorphism # fixes 15, and therefore must map
the 2r*=2 hyperedges {1q, &, T2, T3, ..., Tp_1}, {2, 1g, 220, 823, ..., 22p_1}, 2; € X5,
2 < i < k — 1, containing both 14 and &, to hyperedges containing 1 and ¢ (&). This
means, in particular, that ¢(£), which is assumed not to be an element of X; = X, must
belong to one of these hyperedges as well, and therefore must be equal to = or !, for
some x € X;, 2 < ¢ < k — 1, or must be equal to some a:_ly, x € X,y € X,
1 <i# 5 <k — 1. We shall consider each possibility separately.

First assume that 1)(2) = x or 7!, for some * € X;, 2 < i < k — 1, and recall
that we assume that all the elements listed in (5.2) are distinct. Hence, the only hyperedges
containing both 1 and « are the hyperedges of the form {1¢, x1, 22, 23,...,2, ..., Zx—1}
or hyperedges of the form {x, zx1,zx2,...,1q,...,2T,_1} (in case x~! also belongs to
X;). Since i > 2, there are at most 7*~*~1, 4 > 1, hyperedges of the first kind (for
example, x; is the uniquely determined element from X; in ’7_;_,;&._1 on the path between
1¢ and ) and there are at most *~2 hyperedges of the second kind. Hence, there are not
enough hyperedges to map the 2r*~2 hyperedges containing 1 and 2 onto, and therefore
¥(%) # = € X, i > 2. Similarly, the only hyperedges containing 15 and 2! are the
hyperdges of the form {z~1, x 71z, 27 2y, ..., 1¢,..., 2 Lok _1 }, with at most r*~2 of
them, and the hyperedges of the form {1¢,x1,x2,x3,...,,...,Zx—1}, of which there
are at most r*~?~1. Again, there are not enough hyperedges to serve as the images of the
hyperedges containing 15 and 2.

Next consider the possibility that ¢(2) = 27 'y, € X;,y € X;, 1 < i # j <

k — 1. The only hyperedges containig 15 and 'y are the hyperedges {z~!, 2712,

ey, . 1g,. .., 27,1} (with one of the products equal to x~1y), and there are at
most 7573 of them.

We conclude that 1)(Z) must belong to X; = X, and therefore

Aut(Cr(G, Trp—1)) < Aut(C(G, X1)).
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Corollary 5.8. Let G be a finite group, let X = X! be a subset of G of cardinality r
making C(G, X1) into a GRR. Let k be an integer, 1 < k < |X|, let T, j,—1 be an oriented
rooted tree in G with X1 = N1(1¢) = X, and suppose that all the elements

{zleeXy1<i<k—-1}{o 7' |veX;andrx' ¢ X;,2<i<k—1},
{a7lyloeXiyeX;1<i#j<k-1}
are distinct. Then Aut(Cy (G, Tr.r—1)) = Gr.
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