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Unmanned aerial manipulators have been growing in popularity over the years, alongside

the complexity of the tasks they undertake. Many of these tasks include physical interaction

with the environment, where a force control or sensing component is desirable. In these types

of applications, the forces and torques, or the wrench, acting on the robot by the environment

must be known. This paper presents a wrench observer based on an Extended Kalman

filter, and compares it against acceleration-based, momentum-based, and hybrid wrench

observers. Simulations using each of these observers are conducted with an underactuated

aerial manipulator composed of a hexarotor with coplanar propellers and a 2-DOF manipulator.

Measurement noise on par with what is expected in real-world applications is added to the sensor

signals, and results show that the Extended Kalman filter-based wrench observer is superior at

noise reduction and wrench estimation in many cases compared to the other observers.

I. Introduction
Aerial robots are receiving significant attention in tasks that encompass a large workspace, such as search and

rescue, mapping, and surveillance. Unmanned aerial manipulators (UAMs), or aerial vehicles with at least one robot
arm, augment those abilities by being able to manipulate objects in the environment, such as sensor placement and
removal ([1]), non-destructive testing ([2, 3]), and writing ([4]). In these tasks, the end-effector is often in contact with
the environment, and knowledge of the interaction forces and torques, or wrench, is needed to accomplish those tasks.
One method to obtain interaction wrench information is to install a force/torque sensor on the vehicle. Alternatively, the
interaction wrench can be estimated from a wrench observer.

Wrench observers are used when force/torque sensors are not cost-effective, too heavy, or cannot be mounted
where the interaction wrench will occur. Early works on fixed-base manipulators use momentum-based methods to
estimate the external wrench about the robot joints ([5, 6]), requiring only joint positions and velocities. The use of
momentum-based wrench estimation is extended to unmanned aerial vehicles (UAVs) by ([7–10]) for underactuated
UAVs. A related work using disturbance observers to compensate for ground effect is shown in [11]. Momentum-based
wrench estimation is also used on fully actuated UAVs for object pick-and-place ([12]) and human-UAV interaction
([13]). Fully actuated UAMs utilizing the same approach are shown in [14], [15], and [3].

[16] proposed a hybrid wrench observer for multirotor UAVs that built on the momentum-based observer, that relied
only on the linear accelerations and angular velocity information available on the onboard inertial measurement unit
(IMU). The hybrid wrench observer utilized the linear acceleration to estimate the external forces, while the angular
velocity is used to estimate the torques via the momentum-based observer. This eliminates the need of numerically
integrating the acceleration to obtain velocity. Other works that utilize hybrid wrench observer are [17] for pick-and-place
operations, [18] for aerial screwing, and [19] for discriminating between contact and aerodynamic forces.

Lyapunov-based, quasi-static, and Extended Kalman Filter (EKF)-based wrench observers are also shown in
literature. [20] provided a Lyapunov stability proof for a wrench observer for a quadrotor with a rigidly attached tool.
The wrench only depends on velocity and position information, and is utilized to maintain a desired contact force
with targets of different stiffnesses. [21] performed wrench estimation using a quasi-static hexarotor model with a
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1-DOF arm that is kept horizontal. [22] used an EKF to perform wrench estimation on an aerial manipulator with a
fully actuated floating base in simulation, and showed superior performance compared to momentum-based and hybrid
wrench observers when sensor noise is present. However, the motion controller used by [22] was a perfect compensator
against the external wrench, so the impact of the vehicle motion was not shown. Additionally, the wrench estimate in
operational space is not shown.

In this paper, we present an EKF-based wrench observer and compare it against acceleration-based, momentum-based,
and hybrid wrench observers. Simulation cases show the performance of these observers when external forces and
torques are applied directly to the multirotor body and robot joints, as well as when an external torque is applied to
the end-effector. Noise is added to the measurement signals to show how they affect the wrench estimates. A motion
controller is used to keep the UAM in the air after external loads are applied. We show that after all the observers
are tuned to settle within 10% of the external load within 3 seconds, the EKF-based observer is the most effective at
reducing noise from the noisiest wrench estimates in both joint-space and operational space, and provides the most
accurate estimates in operational space.

The rest of the paper is as follows: Section II describes the kinematics and differential kinematics of the aerial
manipulator; Section III describes the dynamics of the aerial manipulator. Section IV describes the motion controller
used to drive the robot. Section V describes the development of the acceleration-based, momentum-based, hybrid,
and EKF-based wrench observer. In Section VI, the wrench observer is evaluated in simulation. Finally, Section VII
concludes the paper and proposes future directions to extend the work.

II. Kinematics
Let the inertial frame be expressed as {�}, the body frame {�} be placed in the geometric center of the multirotor

body, and the frame {�} be placed at the Tool Center Point (TCP) of the end-effector, as shown in Fig. 1. The position

of {�} with respect to {�} is given by the vector p� =

[
G� H� I�

])
, and the orientation of {�} with respect to {�}

is given by the rotation matrix

X� (>�) = XI (k�)XH (\�)XG (q�), (1)

where XI , XH , and XG correspond to the rotation matrices about the I, H, and G axes, respectively, and >� =[
k� \� q�

])
are the ZYX yaw-pitch-roll Euler angles. The pose of the multirotor body {�} with respect to {�} is

given by

N� ( p�, >�) =

[
X� p�

01×3 1

]
. (2)

The homogenous transformation matrix of the end-effector with respect to the multirotor body is given by

N�
� (q) = N�

1
(@0)N

1

2
(@1) · · ·N

=
� (@=), (3)

where = is the number of joints of the robot arm and q ∈ R= is the vector of joint coordinates. The pose of {�} with
respect to {�} is given by

N� ( p�, >�, q) = N� ( p�, >�)N
�
� (q) (4)

The velocity of {�} with respect to {�},

v�
�
=

[
¤p� )
�

8� )
�

])
, is given by

v�� = P�� (q) ¤q, (5)

where P�
�
∈ R6×= is the geometric Jacobian of the robot arm. The Jacobian contribution from {�} to {�} is given by

P� ( p�, >�, q) =

[
O3×3 −Y(X� p�

�
)

03×3 O3×3

]
, (6)

where p�
�

is the position of {�} with respect to {�} and Y(·) is the skew-symmetric matrix operator performing the
cross product. The velocity of {�} in {�} is given by

v� = P�v� + P� ¤q = PZ (>�) ¤/, (7)
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where each block has the same dimension as in S. M, u, and w4 can be viewed as

M (/) =



M ?

Mi

M@


, u =



u 5

ui

u@


, w4 =



w4, 5

w4,i

w4,@


, (13)

where M ? ∈ R
3, Mi ∈ R

3, M@ ∈ R
=, u 5 ∈ R

3, ui ∈ R
3, u@ ∈ R

=, w4, 5 ∈ R
3, w4,i ∈ R

3, and w4,@ ∈ R
=

The vectors u 5 and ui can be mapped from {�} to {�} via

5� = −X� (>)43u 5 , ul = Z� (>)ui (14)

where 5� is the total thrust of the motors in the {�} frame, 43 =

[
0 0 1

])
, and ul is the moment produced by the

motors about {�}.

IV. Motion Controller
Since the UAM has an underactuated multirotor body, a cascaded controller where the outer position controller

feeds into the inner attitude controller is used. The position controller drives p�, k�, and q. Based on the outer loop, a
reference pitch and roll angles are computed, and the final joint control signals are computed in the inner loop.

A. Joint Position Control

Consider (10) without the external wrench:

u = S" + I ¤/ + M, (15)

where " is the auxiliary control signal used to drive the control signal u. " is computed via

" = Q%e + Q� ¤e, (16)

where e = /A − / and ¤e =
¤/A − ¤/, are the joint position and velocity errors, respectively, and Q% ∈ R

(6+=)×(6+=) and
Q� ∈ R

(6+=)×(6+=) are positive-definite matrices. /A and ¤/A are the reference position and velocity joint values. The
pitch and roll errors are set to zero at this point because their reference values cannot be computed until u 5 is known.

B. Attitude Control

The reference pitch and roll angles are computed based on u 5 and the current k:

bA , \ = tan

(
D 5 ,G cos(k) + D 5 ,H sin(k)

D 5 ,I

)−1

(17)

bA ,q = sin

(
D 5 ,H cos(k) − D 5 ,G sin(k)

| |u 5 | |

)−1

, (18)

where | | · | | indicates the 2-norm The errors are recomputed and used in (15) and (16) to get the final control forces and
torques for the multirotor and manipulator.

V. Wrench Observer
One method of obtaining external wrench estimates is to install a force/torque sensor on the end-effector, with

the tradeoffs being that the external wrench can only be measured at a single point on the robot, increased cost, and
increased weight. Alternatively, a wrench observer can be implemented, which provides an estimate of the interaction
wrench at the TCP when accurate joint-space position, velocity, and acceleration information is available directly,
through numerical integration or differentiation, or estimation.

Most wrench observers map the external wrench to the robot joint space [22, 24, 25]. Some wrench observers
map the joint space wrench to the TCP, but these are limited to single-body robots [14, 20]. In this work, we are
interested in the joint-space and operational-space estimates from wrench observers on a UAM. An acceleration-based,
momentum-based, and hybrid wrench observers are introduced first as baseline approaches, then the EKF-based observer
is developed, with the idea that the EKF-based method should reduce the noise present in the other approaches and have
more accurate wrench estimates.
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A. Acceleration-Based Wrench Observer

The acceleration-based wrench observer is based on the algebraic manipulation of the equations of motion. Starting
with (10), the joint-space external wrench is

w4 = S ¥/ + I ¤/ + M − u. (19)

The signal / contains noise, and if derivatives of / are required, the noise is amplified. To attenuate the noise, a
first-order filter is used:

¤̂w4 = Q�w4 − Q�w4, (20)

where Q� ∈ R
(6+=)×(6+=) is a positive-definite matrix. By substituting (19) into (20), we get

¤̂w4 = Q�

(
S (/) ¥/ + I (/, ¤/) ¤/ + M (/) − u − ŵ4

)
. (21)

To map the operational-space external wrench into joint-space, left-multiply (21) with
(
P)

)†
, where (·)† denotes the

pseudoinverse.

B. Momentum-Based Wrench Observer

The momentum-based observer utilizes knowledge of the UAM’s momentum p = S ¤/, with the block view of p

given as p =

[
p)? p)i p)@

])
. Following [5], define a residual vector

ŵ4 = Q"

[
p −

∫ (
u + I) ¤/ − M + ŵ4

)
3C − p(0)

]
, (22)

where Q" ∈ R
(6+=)×(6+=) is a positive-definite matrix. Assuming that p(0) = 0, (22) simplifies to

ŵ4 = Q"

[
p −

∫ (
u + I) ¤/ − M + ŵ4

)
3C

]
(23)

C. Hybrid Wrench Observer

The hybrid wrench observer combines the acceleration-based method for forces and the momentum-based method
for torques so that wrench estimates only use directly measurable values without the need for numerical integration or
differentiation. While this functions well for single-body UAVs, the attached robot arm on a UAM couples position,
velocity, and acceleration together. As such, forces and torques are no longer independent, and may negate the benefit of
the hybrid wrench observer.

The hybrid wrench observer is given by the first three rows of (21) and the last 3 + = rows of (23):

ŵ4 = Q�



∫ (
S?
¥/ + I?

¤/ + M ? − u 5 − ŵ4, 5

)
3C[

pi

p@

]
−

∫ ([
ui

u@

]
+ I<

¤/ −

[
Mi

M@

]
+

[
ŵ4,i

ŵ4,@

])
3C


, (24)

where

I< =

[
I)

?i I)
ii I)

@i

I)
?@ I)

i@ I)
@@ .

]
(25)

D. EKF-Based Wrench Observer

Let the process vector be

x =



/

¤/

w4


. (26)

The process vector contains the variables necessary for system propagation, and is augmented to include the external
wrench.
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The process noise and measurement noise are assumed to be white and Gaussian, and follow a probability distribution

n? ∼ N(08×1, T?)

n< ∼ N(08×1, T<),
(27)

where T? ∈ R
(6+=)×(6+=) and T< ∈ R

(6+=)×(6+=) are constant covariance matrices.
The state-transition function is formulated as

¤x = f (x, n?) =



¤/

S−1
(
u − ŵ4 − I ¤/ − M

)

08×1


+ n? . (28)

The derivative of the external wrench is set to zero, and will be corrected by the EKF in the correction step. Let the
measurement vector be written as

y =



/

¥p�

8�.


+ n<. (29)

The measurement vector contains the variables that are directly measurable. It is assumed that / is available from sources
such as motion capture systems and servo encoders, while ¥p� and 8� are acquired from the onboard IMU. The map from
the process vector to / is directly obtainable from (26), ¥p� is given by the first three rows of S−1

(
u − ŵ4 − I ¤/ − M

)
,

and 8� is given by (9).
To implement the continuous-time equations (28) and (29) into an EKF, they are first discretized using a fourth-order

Runge-Kutta method. The discretized equations are denoted

x̂: = f (x̂:−1, u:) (30)

ŷ: = h(x̂:). (31)

The EKF pseudocode is shown in Algorithm 1, where L and N are the Jacobian of (30) and (31), respectively, V is
the covariance matrix, Y is the innovation, and Q is the Kalman gain. The subscript notation =|< indicates the estimated
value at time step = given observations up to < ≤ =.

Algorithm 1 EKF Pseudocode

Initialize:

x̂0 |0 ← x̂0

V0 |0 ← V0

loop

Prediction Step:

x̂:+1 |: ← f (x̂: |: , u:)

V:+1 |: ← L:V: |:L
)
:
+ n?,:

y:+1 |: ← h(x̂:+1 |:)
Correction Step:

Y:+1 ← N:+1V:+1 |:N
)
:+1
+ n<,:

Q:+1 ← V:+1 |:N
)
:+1

Y−1

:+1

x̂:+1 |:+1 ← x̂:+1 |: + Q:+1 (y:+1 − y:+1 |:)

V:+1 |:+1 ← V:+1 |: − Q:+1Y:+1Q
)
:+1

end loop

VI. Simulation
To show that performance between the acceleration-based, momentum-based, hybrid, and EKF-based wrench

observers, a co-simulation setup is designed with Siemens Simcenter 3D (Siemens Digital Industries Software®, Plano,
TX) and MATLAB Simulink (MathWorks®, Natick, MA). The geometry and mass properties of the UAM are set up in

6



Table 1 Simcenter 3D Motion Solution Parame-

ters

Analysis Options

Print Interval Definition Fixed Print Interval

Fixed Print Interval 0.01 s

Gravity 9806.65 mm/s2

Dynamic Properties

Simulation Type Co-Simulation

Integration Method PECE

Communication Interval 0.01 s

Max Integration Step 0.001 s

Integration Tolerance 1e-6

Solution Tolerance 1e-6

Acceleration Tolerance 0.0001

Solver Acceleration Iterative

Initial Velocity Method
Moore-Penrose

Pseudo Inverse

Table 2 Simulation Gains

Gain Value

Q% 3806(15, 15, 15, 200, 600, 400, 1500, 1000)

Q� 3806(20, 20, 20, 30, 80, 80, 100, 100)

Q� 0.85O8×8

Q" 0.85O8×8

Q� 0.85O8×8

V0 024×24

T%

[
016×16 016×8

08×16 10
−5O8×8

]

T"



1O3×3

11O3×3

1O2×2

15O3×3

350O3×3



× 10
−3

Simcenter 3D, and the control and wrench observers are implemented in Simulink. During simulation, the two software
programs exchange sensor and control signals at 100 Hz.

The UAM multirotor body frame is modeled after that DJI Flame Wheel F550, with DJI 2212/920KV motors and
9450 propellers (DJI®, Nanshan District, Shenzhen). A PixRacer flight controller (Dronecode Project®, San Francisco,
CA), Raspberry Pi 4b (Raspberry Pi Foundation®, Cambridge, England), and Arduino Due (Arduino®, Somerville,
MA), are placed on the hexarotor frame. Custom attachments are made for the battery and robot arm. The robot arm
is composed of three servos modeled after the Dynamixel AX-12A (ROBOTIS®, Lake Forest, CA) servos and their
connecting structural elements. The first two servos are considered joints of the UAM, and the final servo is considered
the tool.

The entire UAM is composed of three rigid bodies: the hexarotor frame along with the motors, electronics,
attachments, and first servo body; the first servo horn through to the second servo body; and finally, the second servo
horn to the end of the manipulator. These bodies coincide with {�}, {1}, and {2} shown in Fig. 1. The axes of rotation
for {1} and {2} are about their - and . axes, respectively. The mass properties of each rigid body are computed using
Simcenter 3D about frames {�}, {1}, and {2}. These values are shown in For deriving the equations of motion Table 4,
and are used to derive the equations of motion (10).

The parameters used for the Simcenter 3D solution are shown in Table 1.
All signals, blocks, and functions in Simulink run at 100 Hz, except for the inverse kinematics, which runs at 10 Hz.

The Simulink solver runs with a fixed-step size of 0.01s using the discrete solver.
The Levenberg-Marquardt inverse kinematic algorithm is used to determine the joint positions for the motion

controller to track. The only bounds specified for the algorithm are on bA , \ and bA ,q, both of which are fixed to their
current values at every time step.

For both the motion controller and inverse kinematics, the true values of / are used, since directly using noisy signals
brings the system closer to instability. Works such as [26] are suited for state estimation of UAMs. In this work, while
the EKF-based wrench observer also yields / and ¤/ estimates, the transient response is too slow to control the UAM.

The measurements used for wrench estimation are /, ¤>�, and ¥p�. When the joint variables for wrench estimation or
control are not directly available, /, ¤>, and ¥p are numerically integrated or differentiated as necessary. Noise is added to
the measurement signals based on Table 3 before any integration or differentiation. All differentiation and integration
are done discretely; no continuous signals are used for control or estimation. The noise distribution is based on the
default parameters for the PixRacer and the encoder resolution of the AX-12A.

Four test cases are developed to evaluate the wrench observers. In cases 1) and 2), external forces and torques
exerted directly on {�} and the axes of rotation of {1} and {2}. Case 1) has nominal measurement noise as shown in
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Table 3 Noise from sensors

Joints Standard Deviation

p� 0.001 <

>� 0.011 A03

q 0.001 A03

¤>� 0.015 A03/B

¥p� 0.35 </B2

Table 4 Rigid Body Properties

Body Mass (kg) �GG , �HH , �II (kg-mm2)

Hexarotor 1.726 15536.950, 54661.920, 68965.179

Link 1 0.054 8.378, 59.917, 62.084

Link 2 0.063 27.159, 80.323, 67.032

Table 3, while Case 2) doubles the standard deviation of the measurement noise. In both cases, 5N is applied to {�}
with respect to each axis of {�}, and 2Nm is applied to each axis of {�} with respect to {�}. 0.1Nm is applied to the
axes of rotation of {1} and {2}. In cases 3) and 4), an external force of 5N and 0.2Nm is applied to {�} with respect to
{�}, with 3) having the nominal measurement noise, and 4) having twice the measurement noise. In all four cases, the
UAM is commanded to maintain the end-effector at its initial pose. All applied forces and torques are applied as a step
at C = 1s, and each case is simulated for 15 seconds.

The gains used for control and estimation are shown in Table 2. The gains for the acceleration-based, momentum-
based, and hybrid observers are selected so that the wrench estimates settle within 10% of the actual external wrench
between C = 3.5s and C = 4s. The EKF process noise covariance matrix is set assuming no process noise in / and ¤/, and
the remaining diagonal elements are tuned so that the EKF-based wrench estimates settle within 10% of the actual
external wrench before C = 4s.

A. Case 1—Joint-Space, Nominal Measurement Noise

Figures 2, 3, and 4 show direct comparisons between the applied wrench and estimated wrench for Case 1. The
plots show the force estimates along the p� with respect to {�}, torques about the {�} axes, and the torques about the q

joints. Torques about the {�} axes are shown instead of the torques about the >� axes for clarity, since the external
torque being applied to >� varies as >� varies. Figure 2 shows results for the entire simulation, and Fig. 3 emphasizes
the steady-state results between C = 4s and C = 5s, and Fig. 4 shows the results between C = 14s and C = 15s. The last
figure is included to make it easier to distinguish between the noisy estimates.

These plots show that the acceleration-based, momentum-based, and hybrid observers do settle within 10% of the
applied wrench within 3s of wrench application. None of these estimates have any overshoot, due to their low gains.
From inspection, we can see that the EKF-based observer has comparatively greater noise reduction in the ŵ4, 5 , F̂4,gH ,
and F̂4,gI estimates, and less noise reduction everywhere else. For the force estimates, we see that the hybrid and
acceleration-based estimates do not actually stabilize around the external force; instead, they sit below the external force.
This is caused by the accumulation of error when integrating the discrete signals used for simulation and estimation.
Additionally, the acceleration-based and hybrid observers have identical estimates. A related phenomenon is seen
in torque estimates about the {�} axes and q joints, where the momentum-based and hybrid wrench observers have
identical estimates. This is because the hybrid wrench observer is using the acceleration-based wrench estimation
algorithm for force estimation, and the momentum-based algorithm for torque estimation, as can be seen in (24).

Figures 5, 6, and 7 show the root-mean-square error (RMSE) using a 100 sample sliding window for Case 1. Error
is defined as the difference between the applied wrench and the estimated wrench, and is denoted as ·̃. The error is
close to zero between C = 0s and C = 1s, before growing due to the applied wrench. The estimates settle by C = 4s. By
looking at Fig. 7, we see that the EKF-based wrench observer has comparatively better estimates for w4, 5 , F4,gH , and
F4,gI , and worse estimates everywhere else. Notably, the EKF-based wrench observer is best at removing noise from
signals that have the most noise, and worse at removing noise that have little noise. This can be seen in Fig. 7, where the
magnitude of F̃4, 5G , F̃4, 5H , F̃4, 5I , F̃4,gH , and F̃4,gI are almost a magnitude larger than F̃4,gG , F̃4,@@ , and F̃4,@2

.
By looking at the mean of F4, 5G , F4, 5H , andF4, 5I , we also see that the EKF-based observer does not contain the

steady-state error that occurs in the acceleration-based and hybrid observers. A comparison between the observers for
these estimates is shown in Table 5.

From Case 1, we can see that the EKF-based wrench observer, compared to the other observers, excels at minimizing
noise-based error for signals that have large measurement noise relative to other signals, with the drawback that those
other signals errors do not benefit from the EKF-based observer. Additionally, the EKF-based observer does not have
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Table 5 Comparison of mean force (N) estimates and their percent errors compared to the applied force between

C = 10B and C = 15s for Case 1.

Acceleration Momentum Hybrid EKF

F̂ F̃% F̂ F̃% F̂ F̃% F̂ F̃%

F4, 5G 4.831 -3.384 4.946 -1.078 4.831 -3.384 5.002 0.046

F4, 5H 4.848 -3.034 4.960 -0.802 4.848 -3.034 5.004 0.086

F4, 5I 4.815 -3.698 4.957 -0.854 4.815 -3.698 5.004 0.088

Table 6 Comparison of mean force (N) estimates and their percent errors compared to the applied force between

C = 10B and C = 15s for Case 2.

Acceleration Momentum Hybrid EKF

F̂ F̃% F̂ F̃% F̂ F̃% F̂ F̃%

F4, 5G 4.440 -11.194 4.893 -2.142 4.440 -11.194 5.016 0.322

F4, 5H 4.501 -9.988 4.921 -1.590 4.501 -9.988 5.020 0.400

F4, 5I 4.3528 -12.744 4.915 -1.696 4.363 -12.744 5.025 0.504

drift error when estimating external forces, as seen with the acceleration-based and hybrid observers.

B. Case 2—Joint-Space, Doubled Measurement Noise

Case 2 has many similarities to Case 1, with the primary difference being worse estimates for all observers due
to the increased noise. Figures 8, 9, and 10 show larger errors than in Case 1. In the case of force estimates, the
acceleration-based and hybrid estimates have a larger steady-state errors than before, which can be seen when comparing
Tables 5 and 6.

Figures 11, 12, and 13 show the RMSE of Case 2, using a sliding window of 100 samples. When looking at the final
steady state with Fig. 13, we see that the force estimate RMSE by the acceleration-based observer tripled compared to
Case 1, and the torque estimates are doubled. The momentum-based observer RMSE doubles in every case except for
F4,@1

, where it only increases by a factor of 1.5. The hybrid RMSE has the same tripling in RMSE for force estimation,
and doubling RMSE for torque estimation, except for F4,@1

. The EKF-based RMSE doubles between Case 1 and Case 2.
By doubling the noise in the measurement signals, we see that the acceleration-based observer is the most negatively

impacted, followed by the hybrid observer, the EKF-based observer, then the momentum-based observer. Similar to
Case 1, we still see that the EKF-based wrench observer excels at minimizing the largest noise-based errors compared to
the other observers, but does not reduce the noise in signals with small noise. Additionally, the EKF-based observer
does not have drift error when estimating external forces, as seen with the acceleration-based and hybrid observer.

C. Case 3—Operational Space, Nominal Measurement Noise

Figures 14, 15, and 16 show the direct comparisons between the applied wrench on the end-effector and the estimated
wrench in operational space for Case 3. Figure 14 shows the results for the entire simulation, Fig. 15 emphasizes the
steady-state results between C = 4s and C = 15s, and Fig. 16 shows the results between C = 14s and C = 15s. The last
figure is included to make it easier to distinguish between the noisy estimates.

For force estimates, we see that the EKF-based estimates consistently overshoot the applied wrench by 5%, while all
other observers do not overshoot. For torque estimate, the EKF-based estimates have overshoots and an undershoot
exceeding 300% between C = 1s and C = 4s. The torque estimates provided by the other observers are dominated by
noise, making it difficult to distinguish the actual external torque. An average of the torque estimates between C = 10s
and C = 15s is shown in Table 7, showing that the average estimate across 5 seconds is within 20% for all observers.
This indicates that a low-pass filter may be added to these observers at the cost of significant lag. While noise does
dominate the signal for the acceleration-based, momentum-based, and hybrid observer, this does not necessarily mean
that accurate torque estimates without a low-pass filter are impossible in general. In this work, a combination of
the underactuated UAM platform and a basic motion controller limits the amount of torque able to be applied to the
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Table 7 Comparison of mean torque (Nm) estimates and their percent errors compared to the applied torque

between C = 10B and C = 15s for Case 3.

Acceleration Momentum Hybrid EKF

ĝ g̃% ĝ g̃% ĝ g̃% ĝ g̃%

gG 0.206 2.850 0.206 2.800 0.209 4.350 0.207 3.300

gH 0.181 -9.450 0.184 -8.050 0.162 -18.850 0.193 -3.400

gI 0.208 4.000 0.206 2.800 0.228 14.000 0.187 -6.600

Table 8 Comparison of mean torque (Nm) estimates and their percent errors compared to the applied torque

between C = 10B and C = 15s for Case 4.

Acceleration Momentum Hybrid EKF

ĝ g̃% ĝ g̃% ĝ g̃% ĝ g̃%

gG 0.216 7.900 0.216 7.750 0.239 19.250 0.213 6.650

gH 0.155 -22.500 0.164 -17.950 0.057 -71.300 0.183 -8.350

gI 0.234 17.150 0.227 13.300 0.310 55.200 0.173 -13.450

end-effector before the UAM goes unstable. If a fully actuated platform or robust motion controller are used instead,
larger torques may be applied to the end-effector, and the ratio of noise to signal can be favorable for torque estimates.
Regardless of the limitations of the current platform, the EKF-based torque estimates may be usable, as seen in Fig. 17,
18, and 19.

By looking at the RMSE shown in Fig. 17, 18, and 19, the steady-state wrench estimate by the EKF is better than
the other observers, with only the momentum-based observer occasionally having lower RMSE for the force estimates.

D. Case 4—Operational Space, Doubled Measurement Noise

Case 4 has many similarities to Case 3, with the primary difference being the worsened estimates for all observers
due to the increased measurement noise. Figures 20, 21, and 22 show larger errors than in Case 3.

By looking at the steady-state RMSE shown in Fig. 23, 24, and 25, and comparing them against Case 3, we see
that the RMSE doubles for the momentum- and EKF-based observer, while the RMSE for the other observers triples
or quadruples. This indicates that the acceleration-based and hybrid observers are more sensitive to additional noise
compared to the momentum- or EKF-based observers.

In both Case 3 and 4, we see that the EKF-based observer is the least noisy and most accurate, showing that it is
effective in estimating external wrenches under steady-state conditions.

VII. Conclusion
In this paper, acceleration-based, momentum-based, hybrid, and EKF-based wrench observers are presented, and

their performance in estimating external wrenches is shown in both joint-space and operational space. We show
that in joint-space, the EKF-based observer is effective in reducing noise in signals which contained the most noise
when compared to acceleration-based, momentum-based, and hybrid wrench observers. We also show that the
acceleration-based and hybrid observers are subject to drift while reaching steady state, causing a steady-state error. In
operational space, we show that the EKF-based observer is superior in reducing noise and obtaining the most accurate
wrench estimates out of all the observers.

Future work will focus on developing a method to obtain time-varying measurement covariance matrix so that the
EKF-based observer can make the tradeoff in real-time between fast response during transient periods, and accuracy
during steady state. Furthermore, this algorithm will be validated on hardware to demonstrate real-world viability.
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Fig. 2 Comparison of wrench observers for Case 1.
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Fig. 3 Comparison of wrench observers for Case 1 between C = 4s and C = 15s.

Fig. 4 Comparison of wrench observers for Case 1 between C = 14s and C = 15s. Note that the y-axis limits are

not identical for ŵ4,g , so that differences in estimation can be seen more easily for F̂4,gG .
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Fig. 5 RMSE using a 100 sample sliding window for Case 1.

Fig. 6 RMSE using a 100 sample sliding window for Case 1 between C = 4s and C = 15s.
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Fig. 7 RMSE using a 100 sample sliding window for Case 1 between C = 4s and C = 15s. Note that the y-axis

limits for w4,g differ significantly, so that F4,gG can be seen with greater clarity.

Fig. 8 Comparison of wrench observers for Case 2.
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Fig. 9 Comparison of wrench observers for Case 2 between C = 4s and C = 15s.

Fig. 10 Comparison of wrench observers for Case 2 between C = 14s and C = 15s. Note that the y-axis limits are

not identical for ŵ4,g , so that differences in estimation can be seen more easily for F̂4,gG .
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Fig. 11 RMSE using a 100 sample sliding window for Case 2.

Fig. 12 RMSE using a 100 sample sliding window for Case 2 between C = 4s and C = 15s.
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Fig. 13 RMSE using a 100 sample sliding window for Case 2 between C = 14s and C = 15s. Note that the y-axis

limits for w4,g differ significantly, so that F4,gG can be seen with greater clarity.

Fig. 14 Comparison of wrench observers for Case 3.
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Fig. 15 Comparison of wrench observers for Case 3 between C = 4s and C = 15s.

Fig. 16 Comparison of wrench observers for Case 3 between C = 14s and C = 15s. Note that the y-axis limits are

not identical, so that differences in estimation can be seen more easily.
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Fig. 17 RMSE using a 100 sample sliding window for Case 3.

Fig. 18 RMSE using a 100 sample sliding window for Case 3 between C = 4s and C = 15s.
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Fig. 19 RMSE using a 100 sample sliding window for Case 3 between C = 14s and C = 15s. Note that the y-axis

limits for differ significantly, so that differences in RMSE can be seen with greater clarity.

Fig. 20 Comparison of wrench observers for Case 4.

20



Fig. 21 Comparison of wrench observers for Case 4 between C = 4s and C = 15s.

Fig. 22 Comparison of wrench observers for Case 4 between C = 14s and C = 15s. Note that the y-axis limits are

not identical, so that differences in estimation can be seen more easily.
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Fig. 23 RMSE using a 100 sample sliding window for Case 4.

Fig. 24 RMSE using a 100 sample sliding window for Case 4 between C = 4s and C = 15s.

22



Fig. 25 RMSE using a 100 sample sliding window for Case 4 between C = 14s and C = 15s. Note that the y-axis

limits for differ significantly, so that differences in RMSE can be seen with greater clarity.
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