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Reducing the LQG Cost With Minimal
Communication

Oron Sabag , Peida Tian , Victoria Kostina , Senior Member, IEEE,
and Babak Hassibi , Member, IEEE

Abstract—We study the linear quadratic Gaussian (LQG)
control problem, in which the controller’s observation of
the system state is insufficient to attain a desired quadratic
control cost. To achieve the desired LQG cost, we introduce
a communication link from the observer (encoder) to the
controller (decoder). We investigate the fundamental trade-
off between a desired LQG cost and the required commu-
nication (information) resources, measured with the condi-
tional directed information. The optimization domain is all
encoding–decoding policies, and our first result is the opti-
mality of memoryless encoders that only transmit Gaussian
measurements of the current system state. Additionally, it
is shown that even if the controller’s measurements are
made available to the encoder it does not reduce the min-
imal directed information. The main result is a semidefi-
nite programming (SDP) formulation for that optimization
problem, which applies to general time-varying linear dy-
namical systems in the finite-horizon scenario, and to time-
invariant systems at infinite horizon. For the latter scenario
of time-invariant systems, we show that it is unnecessary
to consider time-varying policies as a simple and optimal
time-invariant policy can be directly constructed from the
SDP solution. Our results extend a seminal work by Tanaka
et al. to the scenario where the controller has access to a
noisy measurement of the system state. We demonstrate
the viability of this extra resource by illustrating that even
low-quality measurementsmay have a significant impact on
the required communication resources.

Index Terms—Communication channels, convex opti-
mization, LQG, networked control systems, optimal control.

I. INTRODUCTION

N ETWORKED control systems possess an inherent tension
between the control performance and the resources that

are allocated to communicate by different nodes of the system.
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Fig. 1. LQG setting with a noisy observation yt. The control perfor-
mance (the quadratic cost) is improved using a communication link (the
dashed line) from the observer to the controller.

Despite the great advances on important questions in this theme
such as data rate theorems for stabilizability of dynamical sys-
tems [1], [2], [3], [4], [5], [6], [7], [8], there are still fundamental
questions that remain open, such as the tradeoff between com-
munication resources and the control cost [9], [10], [11], [12],
[13], [14], [15]. In this article, we investigate this tradeoff on
a simple, yet fundamental, topology consisting of the classical
linear quadratic gaussian (LQG) setting with a communication
link from an observer who has access to the system states to the
controller.
The networked control setting investigated in this article is

described in Fig. 1. It consists of an LQG system whose state is
xt with a noisy measurement yt, and a communication link
between a full observer and the controller. The operational
objective is to reduce the achievable control cost at the expense of
communication resources. The communication link introduced
between an encoder and a decoder (colocatedwith the controller)
serves as an information pipeline to the controller that also has
an access to the LQG measurements yt. Based on its (full)
observation of the state, the encoder transmits extra information
to the controller resulting in a reduction of the control cost.
This problem can also be viewed as the rate-constrained LQG
setting [16] with side information available to the controller (the
measurement yt) [14], [17], [18], [19]. The objective here is to
characterize the minimal communication resources subject to
a strict constraint on the control performance measured by a
quadratic cost.
The communication (information) resources are measured by

the conditional directed information. The directed information is
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s uit a bl e f or s c e n ari os  w h er e t h e o p er ati o ns of t h e i n v ol v e d u nits
ar e s e q u e nti al, e. g., s c al ar a n d  m ulti pl e i n p uts  m ulti pl e o ut p uts
( MI M O) c h a n n els  wit h f e e d b a c k [ 2 0], [ 2 1], [ 2 2] a n d t h e c a us al
r at e dist orti o n f u n cti o n i n t h e c o nt e xt of c o ntr ol pr o bl e ms [ 1 0],
[ 1 3].  T h e dir e ct e d i nf or m ati o n is als o cl os el y r el at e d t o t h e  mi n-
i m al e x p e ct e d l e n gt h of v ari a bl e-l e n gt h c o d e w or ds, as  w ell as t o
t h e  mi ni m al bl o c kl e n gt h of fi x e d-l e n gt h q u a nti z ers i n n et w or k e d
c o ntr ol s yst e ms [ 1 1, S e c. II- C]. Fr o m o p er ati o n al p ers p e cti v e,
t h e c o n diti o n al dir e ct e d i nf or m ati o n c o nsi d er e d h er e s er v es as a
l o w er b o u n d t o t h e  mi ni m al e x p e ct e d l e n gt h of v ari a bl e-l e n gt h
pr e fi x-fr e e c o d e w or ds [ 9], [ 1 8] ( S e e als o S e cti o n  VI).  T h e c o n-
tr ol p erf or m a n c e i n o ur pr o bl e m f or m ul ati o n is  m e as ur e d b y t h e
q u a dr ati c c ost of t h e st at es a n d c o ntr ol si g n als.  T h e o pti mi z ati o n
pr o bl e m is f or m ul at e d f or t w o s c e n ari os c orr es p o n di n g t o t h e
fi nit e- h ori z o n a n d i n fi nit e- h ori z o n r e gi m es.

F or t h e fi nit e- h ori z o n pr o bl e m,  w e c o nsi d er ti m e- v ar yi n g
li n e ar d y n a mi c al s yst e ms, a n d  w e f or m ul at e t h e  mi ni m al c o n-
diti o n al dir e ct e d i nf or m ati o n as a c o n v e x o pti mi z ati o n pr o b-
l e m.  T h e o pti mi z ati o n pr o bl e m h as a s e mi d e fi nit e pr o gr a m mi n g
( S D P) f or m ( m or e pr e cis el y, m a x  l o g - d e t f or m) a n d c a n
b e i m pl e m e nt e d usi n g st a n d ar d s ol v ers e v e n f or l ar g e h ori z o ns.
We t h e n s h o w t h at t h e s ol uti o n t o t h e o pti mi z ati o n pr o bl e m
c a n b e r e ali z e d b y t hr e e d esi g n st e ps: 1) c o m p ut ati o n of  L Q G
c o ntr oll er g ai ns; 2) s ol uti o n of t h e c o n v e x o pti mi z ati o n pr o b-
l e m; 3) a  K al m a n filt er i m pl e m e nt e d at t h e c o ntr oll er. F or t h e
i n fi nit e- h ori z o n pr o bl e m  w h er e t h e d y n a mi c al s yst e m  m atri c es
ar e ti m e-i n v ari a nt,  w e s h o w t h at t h e o pti mi z ati o n pr o bl e m c a n
b e f or m ul at e d a fi nit e- di m e nsi o n al S D P.  M ost i m p ort a ntl y,  w e
s h o w t h at t h e o pti m al e n c o di n g p oli c y is a si m pl e, ti m e-i n v ari a nt
G a ussi a n  m e as ur e m e nt of t h e st at e t h at c a n b e c o m p ut e d fr o m
t h e c o n v e x o pti mi z ati o n.

O ur r es ults g e n er ali z e t h e  w or k b y  Ta n a k a et al. [ 1 6]. S p e cif-
i c all y,  w e i n v esti g at e t h e  m e as ur e m e nt-f e e d b a c k  L Q G s etti n g,
w hil e [ 1 6] ass u m e d t h at t h e  L Q G  m e as ur e m e nt is a bs e nt ( y t = 0
i n Fi g. 1 ).  T h us, t h e c o ntr oll er i n o ur s etti n g is b as e d o n t h e f usi o n
of t h e c o m m u ni c ati o n li n k i nf or m ati o n a n d t h e  L Q G  G a ussi a n
m e as ur e m e nt.  T w o k e y c h a n g es i n o ur S D P f or m ul ati o n ar e
t h e o bj e cti v e f u n cti o n t h at i n cl u d es a n a d diti o n al t er m d u e t o
t h e st u d y of c o n diti o n al dir e ct e d i nf or m ati o n r at h er t h a n t h e
dir e ct e d i nf or m ati o n i n [ 1 6], a n d a n e w li n e ar  m atri x i n e q u alit y
( L MI) c o nstr ai nt  w hi c h r e pr es e nts t h e err or c o v ari a n c e r e d u cti o n
d u e t o t h e  L Q G  m e as ur e m e nt y t .  T o fi n d t h e o pti m al p oli c y
str u ct ur e,  w e st u d y a r el a x e d o pti mi z ati o n pr o bl e m  w h er e t h e
L Q G  m e as ur e m e nts ar e a v ail a bl e t o t h e e n c o d er as  w ell.  We t h e n
s h o w t h at e v e n i n t his r el a x e d s c e n ari o, t h e o pti m al e n c o d er is
a  m e m or yl ess  G a ussi a n  m e as ur e m e nt of t h e s yst e m st at e.  T h us,
t h e k n o wl e d g e of t h e  L Q G  m e as ur e m e nts at t h e e n c o d er d o es
n ot r e d u c e t h e  mi ni m al c o m m u ni c ati o n r es o ur c es.  T his e xt e n ds
a n o bs er v ati o n  m a d e i n [ 1 7] f or t h e s c al ar s etti n g.

T h e pr o bl e m of c o ntr ol u n d er c o m m u ni c ati o n c o nstr ai nts  wit h
si d e i nf or m ati o n h as r e c e ntl y attr a ct e d  m u c h i nt er est [ 1 4], [ 1 7],
[ 1 8], [ 1 9], [ 2 3]. I n [ 1 7], a s c al ar v ersi o n of t h e pr o bl e m i n Fi g. 1
w as s ol v e d. I n [ 1 8], a sli g htl y l ess g e n er al pr o bl e m t h a n Fi g. 1
w as c o nsi d er e d.  T h e y c o nj e ct ur e d t h at a li n e ar,  m e m or yl ess
p oli c y is o pti m al a n d pr o vi d e d a n S D P f or m ul ati o n f or t h eir
o pti mi z ati o n.  T h eir c o nj e ct ur e a n d t h e S D P f or m ul ati o n ar e s u b-
s u m e d i n t h e c o nf er e n c e v ersi o n of t h e c urr e nt  m a n us cri pt [ 2 4],

p u blis h e d pri or t o [ 1 8].  A d diti o n all y, [ 1 8] s h o w e d t h at t h e
c o n diti o n al dir e ct e d i nf or m ati o n is  wit hi n a c o nst a nt g a p fr o m
t h e o p er ati o n al pr o bl e m of v ari a bl e-l e n gt h c o di n g  wit h si d e
i nf or m ati o n a v ail a bl e t o t h e c o ntr oll er a n d t h e e n c o d er.  T his
is o bt ai n e d b y c o nstr u cti n g a pr a cti c al c o di n g s c h e m e a n d a n a-
l y zi n g its p erf or m a n c e.  W h e n t h e si d e i nf or m ati o n is a v ail a bl e
t o t h e c o ntr oll er o nl y ( as  w e ass u m e i n o ur s etti n g), t h e  mi ni m al
dir e ct e d i nf or m ati o n is a ti g ht er l o w er b o u n d [ 2 3], b ut it d o es n ot
a p p e ar t o h a v e a c o m p ut a bl e f or m. I n [ 1 4], t h e r at e- dist orti o n
c o u nt er p art of t h e c o ntr ol pr o bl e m st u di e d h er e is c o nsi d er e d. It
is s h o w n t h at if t h e p oli c y is r estri ct e d t o b e li n e ar a n d t h e  L Q G
c ost a d mits a n u p p er b o u n d at all ti m es, a si m pl e o pti mi z ati o n
pr o bl e m c a n b e r e ali z e d f or t h e c orr es p o n di n g r at e- dist orti o n
pr o bl e m.  T h e r es ult pr es e nt e d b el o w i n  T h e or e m 1 c o n fir ms t h e
o pti m alit y of t h e p oli c y c o nj e ct ur e d i n [ 1 8] a n d of t h e li n e ar
p oli c y ass u m e d i n [ 1 4].

T h e r est of t his arti cl e is or g a ni z e d as f oll o ws. S e cti o n II
i ntr o d u c es t h e n ot ati o n, s etti n g a n d t h e pr o bl e m d e fi niti o n.
S e cti o n III pr es e nts o ur  m ai n r es ults. S e cti o n I V pr es e nts n u-
m eri c al e x a m pl es. S e cti o n  V pr o vi d es t h eir pr o ofs. Fi n all y,
S e cti o n  VI c o n cl u d es t his arti cl e

II.  SE T TI N G  A N D P R O B L E M D E FI NI TI O N

A li n e ar d y n a mi c al s yst e m is d es cri b e d b y

x t + 1 = A t x t + B t u t + w t t ≥ 1 ( 1)

w h er e x t ∈ R n i s t h e s yst e m st at e, u t ∈ R m i s t h e c o ntr ol
si g n al, a n d w t ∼ N ( 0, Wt ) is a n i.i. d. dist ur b a n c e  wit h W t 0 .
T h e i niti al st at e x 1 i s distri b ut e d a c c or di n g t o P 1 |0 0 a n d is
i n d e p e n d e nt of w t f or all t.  A n ois y  m e as ur e m e nt of t h e st at e is
a v ail a bl e t o t h e c o ntr oll er

y t = C t x t + v t ( 2)

wit h v t ∼ N ( 0, Vt ) . F or a fi x e d ti m e- h ori z o n T , t h e L Q G
q u a dr ati c c ost is d e fi n e d as

J (x T + 1 , u T ) = E

T

t = 1

x ∗
t + 1 Q t x t + 1 + u ∗

t R t u t ( 3)

wit h Q t 0 a n d R t 0 , a n d s u p ers cri pts d e n ot e v e ct ors st art-
i n g at ti m e t = 1 , e. g., x T + 1 ( x 1 , . . . , x T + 1 ) .

T h e o bj e cti v e is t o d esi g n a s yst e m s u c h t h at t h e  L Q G c ost
d o es n ot e x c e e d a c ost t ar g et d e n ot e d b y Γ .  N at ur all y, if t h e
m e as ur e m e nts y t ar e s uf fi ci e nt t o att ai n Γ , t h e cl assi c al s ol uti o n
t o t h e  L Q G pr o bl e m is s atisf a ct or y, a n d t h er e is n o n e e d t o
e x p a n d. I n t h e ot h er e xtr e m e, t h e  L Q G c ost is l o w er b o u n d e d
b y t h e  L Q G c ost att ai n e d b y a f ull y o bs er v er, i. e., y t = x t .
O ur i nt er est li es i n t h e s c e n ari o  w h er e Γ is b el o w t h e o pti m al
L Q G c ost att ai n a bl e  wit h t h e p arti al o bs er v er ( 2) b ut a b o v e t h e
o pti m al  L Q G c ost att ai n a bl e  wit h t h e f ull o bs er v er. I n t his c as e,
t h e i ntr o d u cti o n of a c o m m u ni c ati o n/i nf or m ati o n li n k (s e e t h e
d as h e d li n e i n Fi g. 1 ) b et w e e n a f ull o bs er v er ( e n c o d er) a n d
a c o ntr oll er ( a d e c o d er)  will h el p t o att ai n t h e d esir e d  L Q G
c ost Γ .

A ut h ori z e d li c e n s e d u s e li mit e d t o: C A LI F O R NI A I N S TI T U T E O F T E C H N O L O G Y. D o w nl o a d e d o n J u n e 1 7, 2 0 2 4 at 2 1: 2 9: 2 6 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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T h e e n c o d er is c h ar a ct eri z e d b y t h e s p a c e of s e q u e n c es of
B or el  m e as ur a bl e st o c h asti c k er n els t h at c a n b e c o m p a ctl y r e p-
r es e nt e d b y t h e c a us all y c o n diti o n e d k er n els

P (f T ||x T )

T

t = 1

P ( ft |f
t − 1 , x t ) ( 4)

wit h ft ∈ R n . Si mil arl y, t h e d e c o d er ( c o ntr oll er) is a c a us all y
c o n diti o n e d pr o b a bilit y distri b uti o n

P (u T ||f T , y T )

T

t = 1

P ( u t |u
t − 1 , f t , y t ) . ( 5)

B y t h e c o nstr u cti o n, t h e e n c o d er – d e c o d er p air s atis fi es at all
ti m es

P (u t , ft |f
t − 1 , u t − 1 , x t , y t )

= P (u t |u
t − 1 , f t , y t ) P (ft |x

t , f t − 1 ) . ( 6)

T h e o v er all j oi nt distri b uti o n c a n b e s u m m ari z e d usi n g t h e o n e-
st e p u p d at e

P (x t , y t , u t , ft |x
t − 1 , y t − 1 , f t − 1 , u t − 1 )

= P (y t , x t |x t − 1 , u t − 1 ) P (u t , ft |f
t − 1 , u t − 1 , x t , y t ) . ( 7)

T h e c o m m u ni c ati o n r es o ur c es ar e  m e as ur e d b y t h e dir e ct e d
i nf or m ati o n fr o m t h e e n c o d er t o t h e c o ntr oll er c a us all y c o n di-
ti o n e d o n t h e p arti al o bs er v ati o ns at t h e c o ntr oll er [ 2 5], [ 2 6]

I (x T → f T ||y T ) =

T

t = 1

I ( x t ; ft |f
t − 1 , y t ) ( 8)

w h er e I (X ; Y |Z ) is t h e  m ut u al i nf or m ati o n b et w e e n X a n d Y
c o n diti o n e d o n Z .

T h e o bj e cti v e of t his arti cl e is t o s ol v e t h e o pti mi z ati o n
pr o bl e m

mi n I (x T → f T ||y T )

s.t. J (x T + 1 , u T ) ≤ Γ ( 9)

w h er e t h e  mi ni m u m is o v er p oli ci es of t h e f or m ( 6).
W h e n t h e  m e as ur e m e nt y t i s a bs e nt, t h e o pti mi z ati o n pr o bl e m

i n ( 9) si m pli fi es t o t h e dir e ct e d i nf or m ati o n I (x T → f T ) t h at
w as i n v esti g at e d i n [ 9], [ 1 6].  T o s e e t h at t h e c o n diti o n al dir e ct e d
i nf or m ati o n  m e as ur es t h e i nf or m ati o n e n c a ps ul at e d at t h e e n-
c o di n g p oli c y, ass u m e t h at t h e tt h el e m e nt i n t h e c o n diti o n al
dir e ct e d i nf or m ati o n s atis fi es

I (x t ; ft |f
t − 1 , y t ) = I (x t ; ft |f

t − 1 , y t ) . ( 1 0)

T h e n, t h e ri g ht h a n d si d e e xtr a cts t h e st at e u n c ert ai nt y at
t h e c o ntr oll er  wit h a n d  wit h o ut t h e e n c o di n g v ari a bl e ft ,
i. e., I (x t ; ft |f

t − 1 , y t ) = h (x t |f
t − 1 , y t ) − h (x t |f

t , y t ) w h er e
h (x |y ) d e n ot es t h e c o n diti o n al diff er e nti al e ntr o p y of x gi v e n
y . S p e ci fi c all y, t h e diff er e n c e r e fl e cts t h e f a ct t h at ft i s c ostl y
w hil e y t i s a n at ur al o c c urr e n c e of t h e d y n a mi c al s yst e m  wit h o ut
a n y c ost.  T h es e ar g u m e nts ar e f or m ali z e d i n  T h e or e m 1 a n d
L e m m a 1.  We  will als o s h o w a r el ati o n b et w e e n t h e o pti m al
c o n diti o n al dir e ct e d i nf or m ati o n a n d t h e  K al m a n filt eri n g t h e or y
wit h t w o i n d e p e n d e nt  m e as ur e m e nts.

III.  RE S U L T S

T his s e cti o n pr es e nts o ur r es ults. First,  w e pr o vi d e a si m-
pl e str u ct ur e f or t h e o pti m al p oli c y i n  T h e or e m 1.  T h e n,  w e
pr es e nt pr eli mi n ari es o n  K al m a n filt eri n g t h e or y t o e x pr ess t h e
dir e ct e d i nf or m ati o n i n its t er ms.  We t h e n pr o vi d e a s e mi d ef-
i nit e pr o gr a m mi n g f or m ul ati o n of t h e o pti mi z ati o n pr o bl e m
a n d pr es e nt t h e o pti m al s yst e m d esi g n. Fi n all y, S e cti o n III- E
i n cl u d es t h e f or m ul ati o n a n d t h e s ol uti o n f or t h e i n fi nit e- h ori z o n
pr o bl e m.

A.  O pti m al  P oli c y  Str u ct ur e

T h e first r es ult is t h e o pti m al str u ct ur e of t h e o bs er v er ( e n-
c o d er) a n d c o ntr oll er ( d e c o d er) p oli ci es:

T h e or e m 1 ( O pti m al p oli c y str u ct ur e): If t h e o pti mi z ati o n
pr o bl e m i n ( 9) is f e asi bl e, a n o pti m al p oli c y is gi v e n b y

ft = D t x t + m t

u t = − K t E [x t |f
t , y t ] ( 1 1)

w h er e m t ∼ N ( 0, Mt ) is i n d e p e n d e nt fr o m (x t , y t , f t − 1 ) a n d
K t i s a c o nst a nt gi v e n b y t h e  L Q R c o ntr oll er (s e e ( 1 9), b el o w).

M or e o v er, t h e k n o wl e d g e of t h e  m e as ur e m e nts y t at t h e
e n c o d er d o es n ot r e d u c e t h e o pti m al dir e ct e d i nf or m ati o n c o ntr ol
pr o bl e m i n ( 9).

T h e t h e or e m si m pli fi es si g ni fi c a ntl y t h e  m a xi mi z ati o n d o-
m ai n fr o m t h e g e n er al p oli c y i n ( 6) t o t h e s et { (D t , Mt ) }

T
t = 1 .

Aft er  T h e or e m 2 b el o w,  w e s h o w a n e x pli cit c o nstr u cti o n of
t h es e o pti mi z ati o n v ari a bl es. It is als o s h o w n t h at D t ar e  wi d e
m atri c es.  T h e e n c o di n g r ul e r e v e als t h at ft i s a n af fi n e f u n cti o n
of t h e st at e  wit h a n a d diti v e  G a ussi a n n ois e t h at r e d u c es t h e
c o m m u ni c ati o n r es o ur c es (i. e., t h e dir e ct e d i nf or m ati o n).  We
e m p h asi z e t h at o ur pr o bl e m f or m ul ati o n d o es n ot i m p os e a n y
str u ct ur al c o nstr ai nts o nt o t h e e n c o di n g p oli c y s u c h as li n e ar,
m e m or yl ess, or h a vi n g a  G a ussi a n distri b uti o n.  T h e c o ntr ol
si g n al u t i s t h e st a n d ar d  L Q G c ert ai nt y e q ui v al e n c e c o ntr oll er.
T h us, si mil ar t o t h e s c al ar c as e i n [ 1 7], t h e s e p ar ati o n pri n ci pl e
b et w e e n t h e c o ntr oll er g ai n a n d t h e esti m ati o n is pr es er v e d h er e
t o o.  T h e pr o of of  T h e or e m 1 a p p e ars i n S e cti o n  V.

T h e or e m 1 e xt e n ds [ 1 6,  T h. 1] a n d r e c o v ers it  w h e n y t , t h e
o bs er v ati o n, is a bs e nt.  T h e e xt e nsi o n of [ 1 6] t o o ur s etti n g is
n ot tri vi al (s e e e. g., [ 1 4], [ 1 8] f or pr o gr ess o n t h at pr o bl e m), a n d
i n v ol v es t h e st u d y of a r el a x e d o pti mi z ati o n pr o bl e m  w h er e, at
ti m e t, t h e v e ct or y t i s als o a v ail a bl e t o t h e e n c o d er. F or t his
r el a x e d o pti mi z ati o n pr o bl e m,  w e s h o w t h at t h e o pti m al p oli c y
is of t h e f or m ( 1 1). I n ot h er  w or ds, e v e n if t h e si d e i nf or m ati o n is
a v ail a bl e at t h e e n c o d er, it c a n n ot r e d u c e t h e c o n diti o n al dir e ct e d
i nf or m ati o n.  T his is c o nsist e nt  wit h t h e o bs er v ati o n  m a d e i n [ 1 7]
i n t h e c o nt e xt of t h e s c al ar s yst e m.

B.  K al m a n  Filt er  Wit h  T w o (I n d e p e n d e nt)  M e a s ur e m e nt s

As is e vi d e nt fr o m t h e o pti m al str u ct ur e i n  T h e or e m 1, t h e
e n c o di n g f u n cti o n ft i s a n ois y  m e as ur e m e nt of t h e s yst e m st at e,
a n d its a d diti v e n ois e is i n d e p e n d e nt of t h e ot h er  m e as ur e m e nt
y t .  T h us, t h e o pti m al s yst e m h as a str u ct ur e of a n  L Q G s etti n g
wit h t w o i n d e p e n d e nt o bs er v ati o ns.  H o w e v er, f or t h e p ur p os e
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of o pti mi zi n g t h e c o m m u ni c ati o n r es o ur c es, ft h as a c ost,  w hil e
y t i s a n at ur al o c c urr e n c e of t h e s yst e m. I n t his s e cti o n,  w e
pr o vi d e s h ort pr eli mi n ari es o n  K al m a n filt eri n g a n d pr es e nt t h e
c o n diti o n al dir e ct e d i nf or m ati o n i n  K al m a n filt eri n g t er ms.

F oll o wi n g a st a n d ar d c o n v e nti o n,  w e d e n ot e t h e err or c o v ari-
a n c e  m atri c es  wit h r es p e ct t o b ot h  m e as ur e m e nts y t a n d ft a s

P t |t − 1 C o v (x t − E [x t |f
t − 1 , y t − 1 , u t − 1 ] )

P t |t C o v (x t − E [x t |f
t , y t , u t − 1 ] ). ( 1 2)

Si n c e t h e c o m m u ni c ati o n r es o ur c es s h o ul d b e  m e as ur e d  wit h
r es p e ct t o t h e o bs er v ati o n ft o nl y,  w e d e fi n e t h e i nt er m e di at e
err or c o v ari a n c e  m atri x c orr es p o n di n g t o t h e pr e di cti o n err or
aft er o bs er vi n g y t o nl y [ E q n. ( 1 4) s h o w n at t h e b ott o m of t his
p a g e]

P +
t |t − 1 C o v (x t − E [x t |f

t − 1 , y t , u t − 1 ] ) ( 1 3)

T h e f oll o wi n g l e m m a f or m ali z es s e v er al r el ati o ns b et w e e n
t h e err or c o v ari a n c es.

L e m m a 1 ( Err or c o v ari a n c e  m atri c es): L et P 1 |0 0 b e t h e
c o v ari a n c e  m atri x of x 1 .  T h e n, f or a fi x e d p oli c y { (D t , Mt ) } t ,
t h e err or c o v ari a n c e  m atri c es c a n b e u p d at e d as

(P +
t |t − 1 ) − 1 = P − 1

t |t − 1 + S N R Y
t ( 1 5 a)

P t |t = (( P +
t |t − 1 ) − 1 + S N R F

t ) − 1

= ( I − L F
t D t ) P

+
t |t − 1 ( 1 5 b)

P t + 1 |t = A t P t |t A
T
t + W t ( 1 5 c)

w h er e L F
t = P +

t |t − 1 D T
t ( D t P

+
t |t − 1 D T

t + M t )
− 1 , S N RFt =

D T
t M − 1

t D t , a n d S N RYt = C T
t V − 1

t C t .
T h e i d e ntiti es ar e st a n d ar d i n  K al m a n filt eri n g t h e or y e. g.,

[ 2 7,  C h. 9. 3. 2], a n d t h eir pr o ofs ar e o mitt e d f or br e vit y.  Als o
n ot e t h at t h e i n v ers es e xist si n c e W t 0 a n d P 1 |0 0 . It n o w
f oll o ws t h at t h e dir e ct e d i nf or m ati o n c a n b e e x pr ess e d as

I (x T → f T ||y T ) =

T

t = 1

h ( x t |y
t , f t − 1 ) − h (x t |y

t , f t )

=
1

2

T

t = 1

l o g d et(I − L F
t D t ) . ( 1 6)

N ot e t h at t h e  m atri x (I − L F
t D t ) i s t h e  m ulti pli c ati v e t er m of

t h e err or r e d u cti o n  w h e n c o m p uti n g P t |t fr o m P +
t |t − 1 .  T h er ef or e,

t h e c o n diti o n al dir e ct e d i nf or m ati o n  m e as ur es t h e r e d u cti o n i n
err or c o v ari a n c e  wit h r es p e ct t o ft o nl y, as d esir e d.

C.  S D P  F or m ul ati o n

D es pit e t h e el e g a nt r e pr es e nt ati o n of t h e o bj e cti v e f u n cti o n
i n ( 1 6), it is n ot cl e ar  w h et h er ( 9) c a n b e f or m ul at e d as a
c o n v e x o pti mi z ati o n si n c e its i n v ers e i n cl u d es a pr o d u ct of t w o
o pti mi z ati o n v ari a bl es (I − L F

t D t )
− 1 = I + P +

t |t − 1 S N R F
t . O ur

n e xt r es ult s h o ws a c o n v e x o pti mi z ati o n f or m ul ati o n f or ( 9).
T h e or e m 2 ( S D P f or m ul ati o n): F or a fi x e d P 1 |0 0 , t h e

o pti mi z ati o n pr o bl e m ( 9) c a n b e f or m ul at e d as t h e c o n v e x o pti-
mi z ati o n

i nf
{ P t |t ,Π t } T

t = 1

Λ −
1

2

T − 1

t = 1

l o g d et(I + ( A t P t |t A
T
t + W t ) S N R Y

t )

−
1

2

T

t = 1

l o g d et  Πt

s.t. Tr( Φ 1 P 1 |0 ) +
T

t = 1

Tr Θ t P t |t + Tr( S t W t ) ≤ Γ

P t |t − Π t P t |t A
T
t

A t P t |t A t P t |t A
T
t + W t

0 , Π t 0 , t < T

P T |T = Π T 0

Ω t 0 , t = 1 , . . . , T (( 1 4) b el o w), ( 1 7)

w h er e t h e c o nst a nt  m atri c es Φ t A T
t S t A t − K T

t ( B T
t S t B t +

R t ) K t a n d { Θ t }
T
t = 1 c a n b e c o m p ut e d fr o m ( 1 9) b el o w, a n d t h e

c o nst a nt Λ is gi v e n b y

Λ = −
1

2
l o g d et(P − 1

1 |0 + S N R Y
1 ) +

1

2

T − 1

t = 1

l o g d et W t . ( 1 8)

T h e o pti mi z ati o n pr o bl e m i n  T h e or e m 2 is c o n v e x o pti mi z a-
ti o n  wit h r es p e ct t o t h e d e cisi o n v ari a bl es (P t |t , Π t ) , a n d c a n
b e s ol v e d usi n g st a n d ar d s ol v ers, e. g., [ 2 8], [ 2 9], [ 3 0] 1 . It will
b e s h o w n i n t h e pr o of of  T h e or e m 2 i n S e cti o n  V b el o w t h at
t h e a u xili ar y d e cisi o n v ari a bl e Π t e v al u at e d at t h e o pti m al p oi nt
is e q u al t o (P − 1

t |t + A T
t W − 1

t A t )
− 1 .  H o w e v er, it is n e c ess ar y t o

i ntr o d u c e t his v ari a bl e i n or d er t o c o n v ert t h e o bj e cti v e t o h a v e
a st a n d ar d c o n v e x f or m.  T h e n, t h e e q u alit y c o nstr ai nt r es ulti n g
fr o m t h e c h a n g e of v ari a bl e Π t = ( P − 1

t |t + A T
t W − 1

t A t )
− 1 c a n b e

( o pti m all y) r el a x e d t o a n i n e q u alit y t h at is e q ui v al e nt t o t h e  L MI
a b o v e.  T h e o pti mi z ati o n pr o bl e m e xt e n ds [ 1 6,  T h. 1] t o t h e c as e
w h er e t h e  L Q G  m e as ur e m e nt y t i s a v ail a bl e t o t h e c o ntr oll er,
a n d r e c o v ers it b y c h o osi n g C t = S N R Y

t = 0 . I n t his c as e, t h e

1 S o m e s ol v ers r e q uir e t o  writ e t h e d et er mi n a nt of I + ( A t P t |t A
T +

W t ) S N R Y
t i n a s y m m etri c f or m  w hi c h c a n b e d o n e usi n g S yl v est er’s d et er-

mi n a nt t h e or e m.

Ω 1
P 1 |0 − P 1 |1 P 1 |0 C T

1

C 1 P 1 |0 C 1 P 1 |0 C T
1 + V 1

Ω t
( A t − 1 P t − 1 |t − 1 A T

t − 1 + W t − 1 ) − P t |t ( A t − 1 P t − 1 |t − 1 A T
t − 1 + W t − 1 ) C T

t

C t ( A t − 1 P t − 1 |t − 1 A T
t − 1 + W t − 1 ) C t ( A t − 1 P t − 1 |t − 1 A T

t − 1 + W t − 1 ) C T
t + V t

f or t = 2 , . . . , T. ( 1 4)
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Fi g. 2. Tr a d e off s b et w e e n t h e c o n diti o n al dir e ct e d i nf or m ati o n a n d t h e
L Q G c o st  w h e n t h e  S N R of t h e si d e i nf or m ati o n v ari e s.

c o nstr ai nts o n Ω t si m plif y t o (A t − 1 P t − 1 |t − 1 A T
t − 1 + W t − 1 ) −

P t |t 0 a n d P 1 |0 P 1 |1 .

D.  S y st e m  D e si g n

I n t his s e cti o n,  w e c o nstr u ct a t hr e e-st e ps r e ali z a bl e p oli c y
usi n g t h e r es ults fr o m t h e pr e vi o us s e cti o n.

1)  C o ntr oll er  G ai n: T h e c o ntr oll er g ai ns ar e i n d e p e n d e nt
of t h e  m e as ur e m e nts a n d t h e v ari a bl es fr o m t h e o pti mi z ati o n
pr o bl e m.  T h e g ai ns c a n b e c o m p ut e d fr o m a b a c k w ar d  Ri c c ati
r e c ursi o n,  wit h t h e i niti al c o n diti o n S T = Q T , as

S t − 1 = A T
t S t A t − K T

t ( B T
t S t B t + R t ) K t + Q t − 1

K t = ( B T
t S t B t + R t )

− 1 B T
t S t A t

Θ t = K T
t ( B T

t S t B t + R t ) K t . ( 1 9)

2)  C o v ari a n c e  M atri c e s: Gi v e n t h e s e q u e n c e { Θ t }
T
t = 1 , t h e

o pti m al { P t |t }
T
t = 1 c a n b e d et er mi n e d fr o m t h e c o n v e x o pti mi z a-

ti o n pr o bl e m i n  T h e or e m 2, a n d o n e c a n c o m p ut e

S N R F
t = P − 1

t |t − ( A t − 1 P t − 1 |t − 1 A T
t − 1 + W t − 1 ) − 1 − S N R Y

t .

A n a p pli c ati o n of t h e si n g ul ar v al u e d e c o m p ositi o n ( S V D) d e-
c o m p ositi o n S N R F

t = D T
t M − 1

t D t d et er mi n es t h e p ar a m et ers
{ (D t , Mt ) }

T
t = 1 of t h e o pti m al p oli c y i n  T h e or e m 1.

3)  K al m a n  Filt er: T h e  K al m a n g ai n is d e fi n e d as

L t = P t |t − 1 H T
t ( H t P t |t H

T
t + N t )

− 1 ( 2 0)

w h er e H t
C t

D t

, Nt
V t 0

0 M t

.

T h e  K al m a n u p d at e is d o n e i n t w o st e ps

x̂ t + 1 |t = A t x̂ t + B t u t

x̂ t = x̂ t |t − 1 + L t
y t − C t x̂ t |t − 1

ft − D t x̂ t |t − 1

( 2 1)

w h er e t h e c o ntr ol si g n al is u t = − K t x̂ t .

E. I n fi nit e- H ori z o n  S etti n g

I n t his s e cti o n,  w e f or m ul at e a n d s ol v e t h e o pti mi z ati o n
pr o bl e m ( 9) i n t h e i n fi nit e- h ori z o n r e gi m e. I n t his s c e n ari o,  w e
c o nsi d er ti m e-i n v ari a nt s yst e ms, i. e., A t = A , B t = B , W t =

W , C t = C , V t = V a n d ti m e-i n v ari a nt c ost  m atri c es Q t = Q ,
R t = R .  T h e o pti mi z ati o n pr o bl e m is d e fi n e d as

i nf li m s u p
T → ∞

1

T
I (x T → f T ||y T )

s.t. li m s u p
T → ∞

1

T
J (x T + 1 , u T ) ≤ Γ ( 2 2)

w h er e t h e i n fi m u m is t a k e n  wit h r es p e ct t o t h e s e q u e n c e of
st o c h asti c p oli ci es gi v e n i n ( 6).

T h e s ol uti o n str u ct ur e is si mil ar t o t h e fi nit e- h ori z o n s ol uti o n
i n  T h e or e m 2. I n p arti c ul ar,  w e c o nstr u ct a c o ntr oll er b as e d o n
a s ol uti o n t o a c o n v e x o pti mi z ati o n pr o bl e m.  We b e gi n  wit h t h e
c o ntr oll er d es cri pti o n.

1)  C o ntr oll er  G ai n: A ss u m e t h at (A,  B ) is st a bili z a bl e a n d
(A,  Q 1 / 2 ) i s o bs er v a bl e o n t h e u nit cir cl e.  T h e n,  w e d e fi n e S̄ t o
b e t h e u ni q u e st a bili zi n g s ol uti o n f or t h e  Ri c c ati e q u ati o n

A T S A − S − A T S B (B T S B + R ) − 1 B T S A + Q = 0 . ( 2 3)

B y h a vi n g t h e st a bili zi n g s ol uti o n,  w e c a n pr es e nt t h e S D P- b as e d
s yst e m d esi g n i n t h e i n fi nit e- h ori z o n r e gi m e.

T h e or e m 3: If t h e p air (A,  B ) is st a bili z a bl e a n d t h e p air
(A,  Q 1 / 2 ) i s o bs er v a bl e o n t h e u nit cir cl e, t h e i n fi nit e- h ori z o n
o pti mi z ati o n pr o bl e m ( 2 2) c a n b e f or m ul at e d as t h e c o n v e x
o pti mi z ati o n

mi n
P, Π

1

2
l o g d et W −

1

2
l o g d et(I + S N R Y ( A P  A T + W ))

−
1

2
l o g d et  Π

s.t. Tr ( Θ P ) + Tr W S̄ ≤ D,

P − Π P A T

A P  A P  A T + W
0 , Π 0 .

A P  A T + W − P (A P  A T + W )C T

C (A P  A T + W ) C (A P  A T + W )C T + V
0

( 2 4)

w h er e S̄ i s gi v e n i n ( 2 3), a n d Θ = K T ( B T S̄ B + R )K .
M or e o v er, l et P b e t h e o pti m al s ol uti o n i n ( 2 4) a n d c o m p ut e

S N R F = P − 1 − ( A P  A T + W ) − 1 − S N R Y ( 2 5)

a n d its S V D d e c o m p ositi o n as S N R F = D T M − 1 D .  T h e n, o p-
ti m al ti m e-i n v ari a nt e n c o d er a n d d e c o d er ar e gi v e n b y

ft = D x t + m t

u t = − K x̂ t ( 2 6)

w h er e m t ∼ N ( 0, M), K = ( B T S̄ B + R ) − 1 B T S̄ A , a n d x̂ t i s
c o m p ut e d r e c ursi v el y usi n g t h e  K al m a n filt er i n ( 2 1).

T h e or e m 3 s h o ws t h at t h e o pti mi z ati o n pr o bl e m i n t h e i n fi nit e-
h ori z o n r e gi m e is c o m p ut ati o n al y si m pl er t h a n t h e fi nit e- h ori z o n
r e gi m e s ol v e d i n  T h e or e m 2. I n t h e pr o of of  T h e or e m 3,
T h e or e m 1 is us e d f or t h e str u ct ur e of t h e o pti m al p oli c y,
h o w e v er, it is i nt er esti n g t o n ot e t h at  w e als o s h o w t h at a
ti m e-i n v ari a nt l a w is o pti m al  w hil e i n  T h e or e m 2 t h e o pti m al
p oli c y is ti m e- v ar yi n g.  T h e  m ai n i d e a t o s h o w t his pr o p ert y is
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t h e c o n v e xit y of t h e o bj e cti v e. I n p arti c ul ar, o n e c a n us e J e ns e n’s
i n e q u alit y t o s h o w t h at t h e e v al u ati o n of t h e o bj e cti v e at t h e
c o n v e x c o m bi n ati o n of t h e d e cisi o n v ari a bl es is s m all er t h a n
t h e a v er a g e d s u m of o bj e cti v es at all ti m es.  T his f a ct c a n b e
e x pl oit e d i n t h e i n fi nit e- h ori z o n r e gi m e t o s h o w t h at t h e c o n v e x
c o m bi n ati o n of t h e d e cisi o n v ari a bl es s atis fi es t h e st ati o n ar y
c o nstr ai nts pr es e nt e d i n  T h e or e m 3.  T h e pr o of of  T h e or e m 3 is
gi v e n i n S e cti o n  V- C.

I V.  EX A M P L E S

A.  Si d e I nf or m ati o n  R e d u c e s t h e  Mi ni m al  Dir e ct e d
I nf or m ati o n

I n t his s e cti o n,  w e st u d y a n u m eri c al e x a m pl e t o s h o w t h e
b e n e fits of si d e i nf or m ati o n a n d dis c uss t h e tr a d e offs b et w e e n
c o m m u ni c ati o n r es o ur c es a n d c o ntr ol p erf or m a n c e.  We s et t h e
m atri c es A,  B,  W,  Q,  R t o b e t h e s a m e as t h os e i n [ 1 6, S e c.  V]

A =

⎡

⎢
⎢
⎢
⎣

0 .1 2 0 .6 3 − 0 .5 2 0 .3 3

0 .2 6 − 1 .2 8 1 .5 7 1 .1 3

− 1 .7 7 − 0 .3 0 0 .7 7 0 .2 5

− 0 .1 6 0 .2 0 − 0 .5 8 0 .5 6

⎤

⎥
⎥
⎥
⎦

B =

⎡

⎢
⎢
⎢
⎣

0 .6 6 − 0 .5 8 0 .0 3 − 0 .2 0

2 .6 1 − 0 .9 1 0 .8 7 − 0 .0 7

− 0 .6 4 − 1 .1 2 − 0 .1 9 0 .6 1

0 .9 3 0 .5 8 − 1 .1 8 − 1 .2 1

⎤

⎥
⎥
⎥
⎦

W =

⎡

⎢
⎢
⎢
⎣

4 .9 4 − 0 .1 0 1 .2 9 0 .3 5

− 0 .1 0 5 .5 5 2 .0 7 0 .3 1

1 .2 9 2 .0 7 2 .0 2 1 .4 3

0 .3 5 0 .3 1 1 .4 3 3 .1 0

⎤

⎥
⎥
⎥
⎦

( 2 7)

a n d t h e c ost  m atri c es Q,  R ar e s et t o b e i d e ntit y  m atri c es.
We st art b y st u d yi n g a n  L Q G s yst e m i n  w hi c h t h e si d e

i nf or m ati o n t o t h e d e c o d er is gi v e n b y C = I a n d V = 1
ρ I

wit h ρ > 0 , s o t h at S N RY = ρ I . F or e a c h ρ = 0 .1 , ρ = 1 , a n d
ρ = 1 0 ,  w e s ol v e ( 2 4) f or e a c h  L Q G c ost c o nstr ai nt Γ i n t h e r a n g e
Γ ∈ [ 3 0, 9 0] a n d pl ot t h e o pti m al v al u e of ( 2 4) as a f u n cti o n of
Γ i n Fi g. 2 .  T h e c as e  wit h o ut si d e i nf or m ati o n st u di e d i n [ 1 6]
c a n b e e q ui v al e ntl y vi e w e d as t h e c as e  wit h ρ = 0 .

I n Fi g. 2 ,  w e c a n s e e t h at f or a n y fi x e d Γ , t h e  mi ni m al c o n-
diti o n al dir e ct e d i nf or m ati o n d e cr e as es as ρ (t h e si g n al-t o- n ois e
r ati o of t h e si d e i nf or m ati o n) i n cr e as es.  T h e r e d v erti c al li n e
c orr es p o n ds t o t h e  mi ni m al c ost t h at c a n b e att ai n e d  wit h cl e a n
o bs er v ati o n a v ail a bl e at t h e c o ntr oll er.  T h e i nt ers e cti o n  wit h t h e
L Q G c o nstr ai nt a xis c orr es p o n ds t o t h e  L Q G c ost t h at is a c hi e v e d
wit h o ut c o m m u ni c ati o n, i. e., usi n g t h e si d e i nf or m ati o n o nl y. It
is als o i nt er esti n g t o n ot e t h at a fi x e d i nf or m ati o n l e v el, t h e g ai n
d u e t o t h e pr es e n c e of y t i n cr e as es f or a n i n cr e asi n g c o ntr ol c ost.

I n all c ur v es  wit h si d e i nf or m ati o n, t h e  mi ni m al dir e ct e d
i nf or m ati o n c o n v er g es t o z er o as t h e  L Q G c ost i n cr e as es t o
i n fi nit y.  H o w e v er, i n t h e c as e  wit h o ut si d e i nf or m ati o n, t h e
c ur v e c o n v er g es t o s o m e c o nst a nt k n o w n as t h e  mi ni m al r at e
n e e d e d t o st a bili z e t h e s yst e m A [ 3 1].  T his r at e c a n b e c o m p ut e d
as R = i l o g2 m a x { 1 , |λ i ( A )| },  w h er e λ i ( ·) d e n ot es t h e it h

Fi g. 3. Tr a d e- off b et w e e n t h e c o n diti o n al dir e ct e d i nf or m ati o n a n d t h e
L Q G c o st  wit h diff er e nt si d e i nf or m ati o n  S N R  m atri c e s.

ei g e n v al u e of its ar g u m e nt.  T h e f a ct t h at t h e c ur v es c o n v er g e
t o z er o f oll o w fr o m t h e d et e ct a bilit y of t h e p air (A,  C V 1 / 2 )
(i n d e e d, C V 1 / 2 = ρ − 1 / 2 I i s a f ull-r a n k s o t h at t h e p air is
o bs er v a bl e).  We pr o c e e d t o st u d y a s c e n ari o i n  w hi c h t h e si d e
i nf or m ati o n i m pli es t h at t h e p air is n ot d et e ct a bl e.  H er e,  w e fi x
t h e si d e i nf or m ati o n v ari a n c e t o b e t h e i d e ntit y  m atri x V = I
(i. e., ρ = 1 ), b ut c h a n g e t h e o bs er v a bilit y  m atri x C a c c or di n g
t o t w o s c e n ari os. I n t h e first, t h e  m atri x C h as di m e nsi o ns
r × 4 f or 0 ≤ r ≤ 4 , a n d is gi v e n b y C (r ) = [ 0 r × ( 4 − r ) , Ir ].
Cl e arl y, if r = 0 , t h er e is n o si d e i nf or m ati o n, a n d if r = 4 it
is t h e f ull- o bs er v a bl e  m atri x st u di e d i n Fi g. 2 wit h ρ = 1 . I n
t h e ot h er c as e,  w e c ar ef ull y c h o os e C t o b e ort h o g o n al t o o n e
of t h e u nst a bl e ei g e n v e ct ors of A , i. e., t h e ei g e n v e ct or  w h os e
c orr es p o n di n g ei g e n v al u e is λ 1 = − 1 .7 1 2 4 .  O n e c h oi c e of s u c h

a m atri x is C =

⎡

⎢
⎣

1 1 1 3 .7 5

2 .1 1 1 1 1

1 1 0 4 .5 6

⎤

⎥
⎦ .

I n Fi g. 3 , t h e  mi ni m al dir e ct e d i nf or m ati o n is pl ott e d as a
f u n cti o n of t h e  L Q G c ost Γ .  As e x p e ct e d, it c a n b e o bs er v e d
t h at t h e c o m m u ni c ati o n r es o ur c es ar e d e cr e asi n g as t h e si d e
i nf or m ati o n di m e nsi o n is i n cr e asi n g. F or all o bs er v a bilit y  m a-
tri c es C (r ) wit h 1 ≤ r ≤ 4 , t h e c ur v es t e n d t o z er o as t h e c ost
Γ gr o ws t o ∞ .  O n t h e ot h er h a n d, t h e c ur v es t h at c orr es p o n d
t o r = 0 fr o m [ 1 6], a n d t h e o bs er v a bilit y  m atri x C t e n d t o a
c o nst a nt  w h e n t h e c ost is l ar g e.  T his c o nst a nt c a n b e c al c ul at e d
as t h e  mi ni m al r at e n e e d e d t o st a bili z e t h e s yst e m. I n t h e bl u e
c ur v e, it is R = i l o g2 m a x { 1 , |λ i ( A )| } = 1 .1 6 8 5 a n d f or C
it is R = l o g 2 |λ 1 ( A )| = 0 .7 7 6 w h er e λ 1 i s t h e o nl y u nst a bl e
ei g e n v al u e t h at c a n n ot b e o bs er v e d vi a C .

B.  S c al ar  S y st e m s

F or s c al ar s yst e ms,  wit h o ut t h e  L Q G  m e as ur e m e nt (C = V =
0) , t h e s ol uti o n t o ( 2 4) [ 6], [ 9], [ 1 6] is

1

2
l o g A 2 +

W Θ

Γ − W S̄
, ∀ Γ > W S̄ ( 2 8)

w h er e S̄ i s t h e u ni q u e s ol uti o n t o t h e  Ri c c ati e q u ati o n a n d c a n
b e s ol v e d i n cl os e d-f or m as

S̄ =
( A 2 + B 2 − 1)  + (A 2 + B 2 − 1) 2 + 4 B 2

2 B 2
. ( 2 9)

I n t h e f oll o wi n g r es ult,  w e pr o vi d e a cl os e d-f or m f or t h e s c al ar
pr o bl e m.  T h e pr o of is i n S e cti o n  V- D b el o w.

A ut h ori z e d li c e n s e d u s e li mit e d t o: C A LI F O R NI A I N S TI T U T E O F T E C H N O L O G Y. D o w nl o a d e d o n J u n e 1 7, 2 0 2 4 at 2 1: 2 9: 2 6 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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C o r oll ar y 1: W h e n A,  B,  W,  C, V ar e s c al ars, Q = R = 1
a n d |A | > 1 , t h e o pti m al v al u e of t h e o pti mi z ati o n ( 2 4) is

1

2
l o g A 2 +

W Θ

Γ − W S̄

−
1

2
l o g 1 + S N R Y W +

A 2 ( Γ − W S̄ )

Θ
( 3 0)

w h e n W S̄ < Γ ≤ W S̄ + Θ P ; a n d is 0  w h e n Γ > W S̄ +
Θ P ,  w h er e P is t h e u ni q u e p ositi v e s ol uti o n t o t h e q u a dr ati c
e q u ati o n

A 2 S N R Y P 2 + ( 1 − A 2 + S N R Y W )P − W = 0 ( 3 1)

a n d S̄ i s gi v e n i n ( 2 9) a n d Θ = ( A B S̄ ) 2

1 + B 2 S̄
.

B y c o m p ari n g ( 2 8) a n d ( 3 0), t h e i nf or m ati o n g ai n d u e t o t h e
pr es e n c e of t h e  L Q G  m e as ur e m e nt is t h e n o n n e g ati v e e x pr essi o n

1

2
l o g 1 + S N R Y W +

A 2 ( Γ − W S̄ )

Θ
. ( 3 2)

N ot e t h at t h e g ai n is a n i n cr e asi n g f u n cti o n of S N R Y .  Als o, t h e
g ai n is u p p er b o u n d e d b y ( 2 8)  w hi c h is a c hi e v e d  wit h e q u al-
it y  w h e n Γ = W S̄ + Θ P si n c e P s atis fi es 1 + S N R Y ( W +
A 2 P ) = A 2 + W

P [ s e e ( 3 1)].
R e m ar k 1: I n [ 1 7], t h e r at e dist orti o n pr o bl e m  w hi c h c or-

r es p o n ds t o t h e c o ntr ol pr o bl e m st u di e d i n t his arti cl e h as b e e n
s ol v e d f or t h e s c al ar c as e.  T o r e v e al [ 1 7,  T h. 7] fr o m  C or oll ar y 1,
l et d Γ − W S̄

Θ i n or d er t o  writ e ( 3 0) as

−
1

2
l o g d S N R Y +

1

A 2 d + W
. ( 3 3)

V. P R O O F S

I n t his s e cti o n,  w e pr o v e o ur r es ults.  We st art  wit h  T h e or e m 1
o n t h e o pti m al p oli c y str u ct ur e.

A.  Pr o of of  T h e or e m 1 ( O pti m al  P oli c y  Str u ct ur e)

T h e pr o of f oll o ws fr o m t h e f oll o wi n g cl ai ms t h at  will b e
s h o w n c o ns e c uti v el y t h er e aft er.

1) I nst e a d of  mi ni mi zi n g o v er st o c h asti c k er n els
P (u t |u

t − 1 , f t , y t ) i n ( 5), it is s uf fi ci e nt t o  mi ni mi z e o v er
u t t h at is a d et er mi nisti c f u n cti o n of f t , y t .

2)  T h e  mi ni mi z ati o n d o m ai n is r el a x e d b y all o wi n g e n c o d ers
of t h e f or m P (ft |y

t , x t , f t − 1 ) i nst e a d of P (ft |x
t , f t − 1 )

[i n ( 4)]. I n  w or ds, t h e n e w e n c o d er h as a d diti o n al a c c ess
t o t h e o bs er v ati o n y t .

3) It is s uf fi ci e nt t o  mi ni mi z e t h e r el a x e d o pti mi z ati o n pr o b-
l e m o v er P (ft |y

t , x t , f
t − 1 ) , i. e., t o l et t h e e n c o d er d e p e n d

o n x t r at h er t h e t u pl e x t .
4) It is s uf fi ci e nt t o  mi ni mi z e t h e r el a x e d o pti mi z ati o n pr o b-

l e m o v er  G a ussi a n e n c o d er o ut p uts, i. e,

ft = D t x t + λ t y
t + γ t f

t − 1 + m t ( 3 4)

w h er e m t ∼ N ( 0, Mt ) .
5) It is s uf fi ci e nt t o  mi ni mi z e t h e r el a x e d o pti mi z ati o n pr o b-

l e m o v er

ft = D t x t + m t . ( 3 5)

6)  T h e o pti m al c o ntr ol is u t = − K t E [x t |f
t , y t ],  w h er e K t

i s t h e c o ntr ol g ai n.
B y cl ai m 5, t h e  mi ni mi z er of t h e r el a x e d o pti mi z ati o n pr o b-

l e m is i n t h e ori gi n al  mi ni mi z ati o n d o m ai n ( 6).  T h us, b ot h
o pti mi z ati o n pr o bl e ms h a v e a c o m m o n  mi ni mi z er, a n d u t i s
a c o m p ositi o n of a  K al m a n filt er a n d c ert ai nt y e q ui v al e n c e
c o ntr oll er.

Cl ai m 1: Fr o m t h e f u n cti o n al r e pr es e nt ati o n l e m m a [ 3 2], o n e
c a n  writ e u 1 = Λ( f1 , y 1 , W1 ) f or s o m e d et er mi nisti c f u n cti o n
Λ( ·) a n d r a n d o m v ari a bl e W 1 t h at is i n d e p e n d e nt of (f1 , x 1 , y 1 ) .
L et f̃1 ( f1 , W1 ) , a n d n ot e t h at I (x 1 ; f1 |y 1 ) = I (x 1 ; f̃1 |y 1 ) .
M or e o v er, t h e j oi nt distri b uti o n of u 1 a n d x 1 i s u n aff e ct e d b y
a bs or bi n g t h e c o ntr oll er’s r a n d o m n ess t o t h e e n c o d er (st o c h as-
ti c)  m a p pi n g s o t h e  L Q G c ost r e m ai ns t h e s a m e.  T his pr o c e d ur e
c a n b e i n d u cti v el y r e p e at e d t o d er a n d o mi z e u t at all ti m es.

Cl ai m 2: Tri vi al, si n c e t h e  mi ni mi z ati o n d o m ai n is i n cr e as e d.
Cl ai m 3: H er e  w e s h o w t h at a l o w er b o u n d o n t h e o b-

j e cti v e f u n cti o n c a n b e a c hi e v e d usi n g e n c o d ers of t h e f or m
P (ft |y

t , x t , f
t − 1 ) .  C o nsi d er t h e l o w er b o u n d

I (x T → f T ||y T ) =

T

t = 1

I ( x t ; ft |y
t , f t − 1 )

≥

T

t = 1

I ( x t ; ft |y
t , f t − 1 ) . ( 3 6)

F or a fi x e d s e q u e n c e of d et er mi nisti c  m a p pi n gs t h at c h ar a ct eri z e
u t , t h e l o w er b o u n d ( 3 6) a n d t h e  L Q G c ost ar e f ull y d et er mi n e d
b y { P (x t , y

t , f t ) } t ≥ 1 .
We  will n o w s h o w b y i n d u cti o n t h at P (x t , y

t , f t ) is d e-
t er mi n e d b y { P (fi |y

i , x i , f
i − 1 ) } i ≤ t . F or t = 1 , t his cl ai m is

tri vi al. F or t h e i n d u cti v e st e p, ass u m e t h at P (x t − 1 , y t − 1 , f t − 1 )
i s d et er mi n e d b y { P (fi |y

i , x i , f
i − 1 ) } i < t .  N o w, c o nsi d er

P (x t , y
t , f t ) = P (ft |x t , y

t , f t − 1 ) P (x t , y
t , f t − 1 )

a n d n ot e t h at P (x t , y
t , f t − 1 ) c a n b e  writt e n as

x t − 1

P ( y t |x t ) P (x t |x t − 1 , y t − 1 , f t − 1 ) P (x t − 1 , y t − 1 , f t − 1 )

w hi c h is fi x e d b y t h e s e q u e n c e { P (fi |y
i , x i , f

i − 1 ) } i < t d u e t o t h e
m e as ur e m e nt c h ar a ct eristi cs ( 2), t h e f a ct t h at u t − 1 i s a d et er mi n-
isti c f u n cti o n of (y t − 1 , f t − 1 ) a n d t h e i n d u cti o n h y p ot h esis.

Cl ai m 4: First, t h e diff er e nti al e ntr o p y fr o m ( 3 6) is r e writt e n
f or t > 1 as

h (x t |y
t , f t − 1 ) = h (y t , x t , x t − 1 |y t − 1 , f t − 1 )

− h (y t |y
t − 1 , f t − 1 ) − h (x t − 1 |x t , y

t − 1 , f t − 1 )

= h (y t , x t |x t − 1 , u t − 1 ) + h (x t − 1 |y t − 1 , f t − 1 )

− h (y t |y
t − 1 , f t − 1 ) − h (x t − 1 |x t , y

t − 1 , f t − 1 ) .
( 3 7)

We pr o c e e d t o l o w er b o u n d t h e  m ut u al i nf or m ati o n usi n g ( 3 7).
T o t h at e n d,  w e d e fi n e a  G a ussi a n pr o b a bilit y  m e as ur e G (·) wit h
first a n d s e c o n d or d er  m o m e nts t h at ar e i d e nti c al t o t h e o n es
u n d er t h e  m e as ur e P .  All diff er e nti al e ntr o p y ar e c o m p ut e d  wit h
r es p e ct t o P u nl ess a s u bs cri pt G a p p e ars.  C o nsi d er t h e l o w er

A ut h ori z e d li c e n s e d u s e li mit e d t o: C A LI F O R NI A I N S TI T U T E O F T E C H N O L O G Y. D o w nl o a d e d o n J u n e 1 7, 2 0 2 4 at 2 1: 2 9: 2 6 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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b o u n d

T

t = 1

I ( x t ; ft |y
t , f t − 1 )

( a )
= h (x 1 ) − h (x T |y T , f T ) +

T

t = 2

h ( y t , x t |x t − 1 , u t − 1 )

− h (y t |y
t − 1 , f t − 1 ) − h (x t − 1 |x t , y

t − 1 , f t − 1 )

≥ h (x 1 ) − h G ( x T |y T , f T ) +

T

t = 2

h ( y t , x t |x t − 1 , u t − 1 )

− h G ( y t |y
t − 1 , f t − 1 ) − h G ( x t − 1 |x t , y

t − 1 , f t − 1 ) ( 3 8)

w h er e (a ) f oll o ws fr o m ( 3 7), a n d t h e i n e q u alit y f oll o ws fr o m
t h e g e n er al o bs er v ati o n t h at h P ( x |y ) ≤ h G ( x |y ) f or a n y pr o b-
a bilit y  m e as ur e G t h at h as t h e s a m e  m e a n a n d c o v ari a n c e as P .
I n p arti c ul ar, c o nsi d er

− h P ( x |y ) + h G ( x |y )

= l o g (P (x |y )) d P (x , y ) − l o g (G (x |y )) d G (x , y )

= l o g (P (x |y )) d P (x , y ) − l o g (G (x |y )) d P (x , y )

≥ 0 ( 3 9)

w h er e i n t h e s e c o n d e q u alit y t h e  m e as ur e c a n b e c h a n g e d si n c e
l o g G (x |y ) is a q u a dr ati c f u n cti o n of x , y a n d P a n d G h a v e
i d e nti c al first a n d s e c o n d  m o m e nts.  T his is a dir e ct e xt e nsi o n
of a cl assi c al r es ult f or t h e u n c o n diti o n e d, s c al ar c as e [ 3 3,  T h.
8. 6. 5].

C o n v ers el y, t h e l o w er b o u n d c a n b e a c hi e v e d b y c h o osi n g
ft wit h a  G a ussi a n distri b uti o n. S p e ci fi c all y, f or s o m e fi x e d
i n p uts { P (ft |y

t , x t , f
t − 1 ) } t ≥ 1 , a j oi ntl y  G a ussi a n distri b uti o n is

f or m e d b y b orr o wi n g t h e first a n d s e c o n d or d er st atisti cs of t h e
j oi nt.  L et D t x t + λ t y

t + γ t f
t − 1 b e t h e li n e ar  mi ni m u m  m e a n

s q u ar e esti m at or of ft a n d m t b e its err or c o v ari a n c e.  T h e n,
ft ∼ N (D t x t + λ t y

t + γ t f
t − 1 , m t ) , a n d it c a n b e s h o w n t h at

t h e s e c o n d- or d er st atisti cs of { P (x t , y
t , f t ) } t ≥ 1 ar e u n aff e ct e d

si n c e t h e r el ati o n b et w e e n t h e r a n d o m v ari a bl es ar e all li n e ar.
Fi n all y, n ot e t h at t h e  L Q G c ost d e p e n ds o n { P (u t , x t ) }

T
t = 1

vi a its s e c o n d  m o m e nts. Si n c e t h e s e c o n d  m o m e nts of G a n d
P ar e t h e s a m e, t h e  L Q G c ost is u n aff e ct e d.  T o s u m m ari z e,  w e
s h o w e d t h at  w e  m a y r estri ct t h e o pti mi z ati o n d o m ai n t o  G a ussi a n
i n p uts of t h e f or m ft = D t x t + λ t y

t + γ t f
t − 1 + m t wit h o ut

l oss of o pti m alit y.
Cl ai m 5: B y  Cl ai m 4, t h e o bj e cti v e of t h e r el a x e d o pti mi z ati o n

pr o bl e m c a n b e  writt e n as

t

I (x t ; D t x t + λ t y
t + γ t f

t − 1 + m t |y
t , f t − 1 )

=
t

I ( x t ; D t x t + m t |y
t , f t − 1 ) ( 4 0)

w h er e t h e e q u alit y f oll o ws si n c e λ t y
t + γ t f

t − 1 i s c o nst a nt  w h e n
c o n diti o n e d o n (y t , f t − 1 ) . F or t h e  L Q G c ost, si n c e u t i s a

d et er mi nisti c f u n cti o n of (y t , f t − 1 ) , t h e eff e ct of λ t y
t + γ t f

t − 1

c a n b e e m b e d d e d i nt o t h e c o ntr oll er’s f u n cti o n.
Cl ai m 6: I n t h e pr e vi o us st e ps,  w e s h o w e d t h at ft = D t x t +

m t i s o pti m al.  We n o w s h o w t h at u t h as n o aff e ct o n t h e o bj e cti v e
f u n cti o n.  T h er ef or e, f or a fi x e d ft ,  w e h a v e a cl assi c al  L Q G
pr o bl e m  w h os e s ol uti o n is j ust a  K al m a n filt er  wit h t h e c o ntr ol
g ai n d e fi n e d i n ( 1 9).  C o nsi d er t h e o bj e cti v e

T

t = 1

I ( x t ; ft |y
t , f t − 1 )

=
T

t = 1

h ( x t |y
t , f t − 1 ) − h (x t |y

t , f t )

=
1

2

T

t = 1

l o g d et(P +
t |t − 1 ) − l o g d et(P t |t )

( a )
=

1

2

T

t = 1

l o g d et(P +
t |t − 1 )  + l o g d et(( P +

t |t − 1 ) − 1 + S N R F
t )

=
1

2

T

t = 1

l o g d et(I + P +
t |t − 1 S N R F

t ) ( 4 1)

w h er e (a ) f oll o ws fr o m  L e m m a 1.  Als o, b y  L e m m a 1, P +
t |t − 1

d e p e n ds o n t h e c h oi c e of S N R F
t o nl y.  T h er ef or e, t h e o bj e cti v e

is u n aff e ct e d b y u t .

B.  Pr o of of  T h e or e m 2

Usi n g  L e m m a 1, t h e o pti mi z ati o n pr o bl e m c a n b e  writt e n as

mi n
1

2

T

t = 1

l o g d et(P +
t |t − 1 ) − l o g d et(P t |t )

s.t. Tr( Φ 1 P 1 |0 ) +

T

t = 1

Tr ( Θ t P t ) + Tr( S t W t ) ≤ Γ

(P +
t |t − 1 ) − 1 = ( P t |t − 1 ) − 1 + S N R Y

t , t = 1 , . . . , T

P − 1
t |t = ( P +

t |t − 1 ) − 1 + S N R F
t , t = 1 , . . . , T

P t + 1 |t = A t P t |t A
T
t + W t ( 4 2)

w h er e t h e  mi ni mi z ati o n is o v er t h e c o v ari a n c e  m atri c es
{ P +

t |t − 1 } T
t = 1 .  We first r e writ e t h e o bj e cti v e i n a c o n v e x f or m,

c o nsi d er

1

2

T

t = 1

l o g d et(P +
t |t − 1 ) − l o g d et(P t |t )

=
1

2
l o g d et(P +

1 |0 ) −
1

2
l o g d et(P T |T )

+
1

2

T − 1

t = 1

l o g d et(P +
t + 1 |t ) − l o g d et(P t |t ) . ( 4 3)

E a c h t er m i n t h e s u m c a n b e  writt e n as

l o g d et(P +
t + 1 |t ) − l o g d et(P t |t )
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( a )
= − l o g d et(I + P t + 1 |t S N R Y

t ) + l o g d et P t + 1 |t P
− 1
t |t

( b )
= − l o g d et(I + P t + 1 |t S N R Y

t ) + l o g d et W t

+ l o g d et( P − 1
t |t + A T

t W − 1
t A t )

( c )
= − l o g d et(I + P t + 1 |t S N R Y

t ) + l o g d et W t

+ i nf
Π t

l o g d et  Π− 1
t

s.t. 0 ≺ Π t ( P − 1
t |t + A T

t W − 1
t A t )

− 1

( d )
= i nf

Π t

− l o g d et(I + P t + 1 |t S N R Y
t )

− l o g d et  Πt + l o g d et W t

s.t.
P t |t − Π t P t |t A

T
t

A t P t |t A t P t |t A
T
t + W t

0 , Π t 0 ( 4 4)

w h er e (a ) f oll o ws fr o m  L e m m a 1, (b ) f oll o ws fr o m  L e m m a 1 a n d
S yl v est er’s d et er mi n a nt t h e or e m, (c ) f oll o ws fr o m i ntr o d u ci n g
a n a u xili ar y p ositi v e d e fi nit e  m atri x Π t a n d fr o m t h e  m o n o-
t o ni cit y of l o g d et(·) a n d, fi n all y, (d ) f oll o ws fr o m t h e  m atri x
i n v ersi o n l e m m a a n d S c h ur c o m pl e m e nt.

We  will n o w c o n v ert t h e c o nstr ai nts t o h a v e a st a n d ar d  L MI
f or m. First, n ot e t h at t h e o bj e cti v e h as n o d e p e n d e n c e o n S N RF

t .
T h us,  w e c a n r e d u c e t his v ari a bl e i n t h e c o nstr ai nts of t h e
o pti mi z ati o n i n ( 4 2) as

(P +
t |t − 1 ) − 1 = ( P t |t − 1 ) − 1 + S N R Y

t

P − 1
t |t ( P +

t |t − 1 ) − 1

P t + 1 |t = A t P t |t A
T
t + W t . ( 4 5)

T h e first t w o c o nstr ai nts c a n b e c o m bi n e d as

P − 1
t |t ( P t |t − 1 ) − 1 + S N R Y

t

= ( P t |t − 1 ) − 1 + C T
t V − 1

t C t . ( 4 6)

B y t a ki n g t h e i n v ers e of b ot h si d es a n d a p pl yi n g t h e  m atri x i n v er-
si o n l e m m a,  w e c a n e q ui v al e ntl y  writ e t h e r es ult e d i n e q u alit y,
usi n g t h e S c h ur c o m pl e m e nt of a  m atri x, as

Ω t =
P t |t − 1 − P t |t P t |t − 1 C T

t

C t P t |t − 1 C t P t |t − 1 C T
t + V t

0 . ( 4 7)

T h e d eri v ati o n is c o m pl et e d b y s u bstit uti n g i n ( 4 7) P t + 1 |t =
A t P t |t A

T
t + W t f or t = 1 , . . . , T − 1 .

T o s u m m ari z e,  w e s h o w e d t h at t h e o pti mi z ati o n pr o bl e m ( u p
t o t h e c o nst a nt Λ) is

mi n
{ P t |t } T

t = 1 ,{ Π t } T − 1
t = 1

Λ −
1

2
l o g d et(P T |T )

+
1

2

T − 1

t = 1

− l o g d et(I + ( S N R Y
t )

1
2

× P t + 1 |t ( S N R Y
t )

1
2 ) − l o g d et  Πt

s.t. Tr( Φ 1 P 1 |0 ) +

T

t = 1

Tr ( Θ t P t ) + Tr( S t W t ) ≤ d

P t |t − Π t P t |t A
T
t

A t P t |t A t P t |t A
T
t + W t

0 , Π t 0

Ω t 0 , ( 4 8)

w h er e Λ = 1
2

T − 1
t = 1 l o g d et W t + 1

2 l o g d et(P +
1 |0 ) .  T o o bt ai n

t h e cl os e d f or m i n  T h e or e m 2,  w e s u bstit ut e (P +
1 |0 ) − 1 = P − 1

1 |0 +

S N R Y
1 a n d d e fi n e Π T P T |T .

C.  Pr o of of  T h e or e m 3

T o si m plif y n ot ati o n,  w e d e fi n e t h e o bj e cti v e of t h e o pti mi z a-
ti o n pr o bl e m as

f s ( P )
1

2
l o g d et W −

1

2
l o g d et(I + ( A P  A T + W )S N R Y )

+
1

2
l o g d et(P − 1 + A T W − 1 A ) ( 4 9)

a n d t h e c o nstr ai nts s et as

D 0 { P 0 | Tr( Θ P ) + Tr W S̄ ≤ D, Ω( P ) 0 } , ( 5 0)

w h er e

Ω( P )
A P  A T + W − P (A P  A T + W )C T

C (A P  A T + W ) C (A P  A T + W )C T + V
.

We als o d e fi n e

R T ( P )
1

T

1

2
l o g d et(I + ( A P  A T + W )S N R Y )

−
1

2
l o g d et(A P  A T + W ) ( 5 1)

a n d pr es e nt t w o t e c h ni c al l e m m as n e e d e d f or t h e pr o of of
T h e or e m 3.

L e m m a 2: F or a s e q u e n c e of  m atri c es { P t |t } t ≥ 1 , l et P̄ T
1
T

T
t = 1 P t |t b e t h eir u nif or m c o n v e x c o m bi n ati o n.  T h e n, f or a n y

s e q u e n c e { P t |t } t ≥ 1 t h at s atis fi es Ω t 0 , t h er e e xists { T i } i ≥ 1

s u c h t h at li mi → ∞ P̄ T i
∈ D 0 .

L e m m a 3: L et T i b e a s e q u e n c e as i n  L e m m a 2, a n d
{ P T i |T i

} t ≥ 1 i s a s e q u e n c e t h at s atis fi es t h e c o nstr ai nts i n ( 1 7).
T h e n, u n d er t h e c o n diti o ns of  T h e or e m 3,

li m s u p
i → ∞

R T i
( P T i |T i

) ≥ 0 .

T h e pr o ofs of  L e m m a 2 a n d  L e m m a 3 a p p e ar b el o w.  We ar e
n o w r e a d y t o pr o v e t h e  m ai n r es ult i n t his s e cti o n.

Pr o of of T h e or e m 3: T h e o pti m al str u ct ur e f or t h e p oli c y
d eri v e d i n  T h e or e m 1 is tr u e f or a n y ti m e h ori z o n.  T h er ef or e,
w e c a n utili z e  T h e or e m 1 t o  writ e t h e o pti mi z ati o n pr o bl e m o v er
t h e ti m e- v ar yi n g d e cisi o n v ari a bl es p oli c y as

i nf
{ P t |t 0 } t ∈ N

li m s u p
T → ∞

1

T
( Λ T −

1

2
l o g d et P T |T )

+
1

2 T

T − 1

t = 1

l o g d et(P − 1
t |t + A T W − 1 A )
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−
1

2 T

T − 1

t = 1

l o g d et(I + ( A P t |t A
T + W )S N R Y )

s.t. li m s u p
T → ∞

1

T
Tr( Φ 1 P 1 |0 )

+
1

T

T

t = 1

Tr Θ t P t |t + Tr( S t W ) ≤ Γ

Ω t =
P t |t − 1 − P t |t P t |t − 1 C T

t

C t P t |t − 1 C t P t |t − 1 C T
t + V t

0 , t ∈ N ( 5 2)

w h er e t h e c o nst a nt  m atri c es Φ a n d Θ t ar e gi v e n i n  T h e or e m 2,
a n d t h e c o nst a nt Λ T i s gi v e n b y

Λ T = −
1

2
l o g d et(P − 1

1 |0 + S N R Y ) +
1

2

T − 1

t = 1

l o g d et W. ( 5 3)

B y t a ki n g t h e li mit i n ( 5 2) o v er t h e ti m e-i n d e p e n d e nt q u a nti-
ti es,  w e h a v e 1

T Λ T → 1
2 l o g d et W a n d 1

T Tr ( Φ 1 P 1 |0 ) → 0 . T h e
L Q G c ost c o nstr ai nt is si m pli fi e d b y n oti n g t h at S t c o n v er g es
t o t h e st a bili zi n g s ol uti o n of t h e  Ri c c ati e q u ati o n i n ( 2 3), S̄ , b y
t h e ass u m pti o n t h at t h e (A,  B ) is st a bili z a bl e a n d (A,  Q 1 / 2 ) i s
c o ntr oll a bl e o n t h e u nit cir cl e.  T his i n t ur n i m pli es t h at Θ t → Θ .

N e xt,  w e d e fi n e

f r, T ( { P t |t }
T
t = 1 )

1

2 T

T

t = 1

l o g d et(P − 1
t |t + A T W − 1 A )

+
1

2
l o g d et W −

1

2 T

T

t = 1

l o g d et(I + ( A P t |t A
T + W )S N R Y )

( 5 4)

i n or d er t o c o m p a ctl y e x pr ess t h e o pti mi z ati o n pr o bl e m as

mi n
{ P t |t } t ∈ N

li m s u p
T → ∞

R T ( P T |T ) + f r, T ( { P t |t }
T
t = 1 )

s.t. li m s u p
T → ∞

1

T

T

t = 1

Tr Θ P t |t + Tr( S̄ W ) ≤ Γ

Ω t =
P t |t − 1 − P t |t P t |t − 1 C T

t

C t P t |t − 1 C t P t |t − 1 C T
t + V t

0

P t |t − 1 = A P t − 1 |t − 1 A T + W ∀ t ∈ N ( 5 5)

w h er e R T ( ·) w as d e fi n e d i n ( 5 1).
We c a n n o w pr es e nt t h e  m ai n st e ps t h at c o nstit ut e t h e pr o of

of t h e l o w er b o u n d i n  T h e or e m 3

mi n li m s u p
T → ∞

R T + f r, T ( { P t |t }
T
t = 1 )

( a )

≥ mi n li m s u p
i → ∞

R T i
+ f r, T i

( { P t |t }
T i
t = 1 )

( b )

≥ mi n li m s u p
i → ∞

f r, T i
( { P t |t }

T i
t = 1 )

( c )

≥ mi n li m s u p
i → ∞

f s ( P̄ T i
)

( d )

≥ mi n
P ∈ D 0

f s ( P ) ( 5 6)

w h er e:
a) f oll o ws r el a xi n g t o t h e li mit s u pr e m u m fr o m T i t o T ;
b) f oll o ws fr o m t h e n o n n e g ati vit y of li m s u p R T i

. s h o w n
b el o w as  L e m m a 3;

c) f oll o ws fr o m t h e c o n v e xit y of t h e f u n cti o n − l o g d et(I +
(A P  A T + W )S N R Y ) − l o g d et(P − 1 + A T W − 1 A ) ;

d) f oll o ws fr o m  L e m m a 2.
N ot e t h at t h e l eft- h a n d si d e of ( 5 6) is t h e o pti mi z ati o n pr o bl e m

d eri v e d i n ( 5 5).  T h us,  w e s h o w e d a si n gl e-l ett er l o w er b o u n d t o
t h e o pti mi z ati o n pr o bl e m ( 2 2). F urt h er m or e, f or a  m atri x P ∈
D 0 , t h e ti m e-i n v ari a nt c art esi a n pr o d u ct t ≥ 1 P s atis fi es t h e
ti m e- d e p e n d e nt c o nstr ai nts i n ( 5 5) a n d t h e r es ulti n g o bj e cti v e i n
t h e o pti mi z ati o n pr o bl e m ( 5 5) is f s ( P ).  T h es e st e ps c o n cl u d e
t h at ( 2 4) is a l o w er t o ( 2 2).

I n t h e l ast st e p,  w e s h o w t h at t h er e e xists a ti m e-i n v ari a nt
p oli c y t h at a c hi e v es t h e l o w er b o u n d i n ( 5 5).  N a m el y,  w e s h o w
t h at f or e a c h c o v ari a n c e  m atri x P ∈ D 0 i n ( 5 6), t h er e e xists a
ti m e-i n v ari a nt p oli c y t h at  m a k es t h e o bj e cti v e i n ( 5 5) e q u al t o
f s ( P ).  T o t his e n d,  w e c o nstr u ct a ti m e-i n v ari a nt p oli c y gi v e n b y
t h e p air (D,  M ) as f oll o ws:  Gi v e n P , c o m p ut e (D,  M ) m atri c es
usi n g t h e S V D d e c o m p ositi o n D T M − 1 D = P − 1 − ( A P  A T +
W ) − 1 − S N R Y wit h M 0 .  B y c o nstr u cti o n,  w e h a v e t h at P
is a s ol uti o n t o t h e  Ri c c ati e q u ati o n

A P  A T − P + W − A P  H T ( H P H T + Ṽ ) − 1 H P A T = 0
( 5 7)

w h er e H
C

D
, Ṽ

V 0

0 M
.  T h e cl os e d-l o o p  Ri c c ati

e q u ati o n of ( 5 7) c a n b e r e writt e n as

(A − Ξ H )P (A − Ξ H ) T − P + W + Ξ Ṽ Ξ T = 0 ( 5 8)

w h er e Ξ = A P  H T ( H P H T + Ṽ ) − 1 . Fr o m t h e ass u m pti o n
W 0 , t h e cl os e d-l o o p s yst e m (A − Ξ H ) is st a bl e.  T h er ef or e,
(A,  H ) is d et e ct a bl e a n d P is t h e u ni q u e  m a xi m al s ol uti o n t o
t h e  Ri c c ati e q u ati o n.  T h e d et e ct a bilit y of (A,  H ) a n d P 1 |0 P
2 g u ar a nt e e t h e c o n v er g e n c e of t h e f or w ar d  Ri c c ati r e c ursi o n

P t |t = A P t − 1 |t − 1 A T + W

− A P t − 1 |t − 1 H T ( H P t − 1 |t − 1 H T + Ṽ ) − 1 H P t − 1 |t − 1 A T

( 5 9)

t o t h e  m a xi m al s ol uti o n of t h e  Ri c c ati e q u ati o n.  T h e pr o of is
c o m pl et e d b y c o m p uti n g t h e li mit i n ( 5 5) usi n g t h e c o n v er g e n c e
of ( 5 9).  T his c o n cl u d es t h e pr o of of  T h e or e m 3.

Pr o of of L e m m a 2: F or > 0 , d e fi n e D { P
0 | Tr( Θ P ) + Tr( W S̄ ) ≤ Γ a n d ( 6 0) } .

A P  A T + W − P (A P  A T + W )C T

C (A P  A T + W ) C (A P  A T + W )C T + V

− I 0

0 0
.

( 6 0)

2 If t his is n ot t h e c as e, o n e c a n i n cr e as e t h e c o v ari a n c e b y i g n ori n g t h e
m e as ur e m e nts f or s e v er al ti m e i nst a n c es
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B y t h e ass u m pti o n, Ω t 0 , f or all t ≥ 1 .  C o nsi d er t h e ti m e-
i n v ari a nt c o nstr ai nt

Ω( P̄ T ) =
1

T

T + 1

t = 1

Ω t

+
− 1

T P 1 |0 + 1
T P T + 1 |T + 1 − 1

T P 1 |0 C T

− 1
T C P 1 |0 − 1

T C P 1 |0 C T − 1
T V

− 1
T P 1 |0 − 1

T P 1 |0 C T

− 1
T C P 1 |0 − 1

T C P 1 |0 C T − 1
T V

. ( 6 1)

B y t h e b o u n d e d n ess of P 1 |0 a n d V , f or e a c h > 0 , t h er e e xists
T s u c h t h at P̄ T ∈ D f or all T ≥ T .  T h e  L Q G c o nstr ai nt is
tri vi all y s atis fi e d at P̄ T b y t h e li n e arit y of t h e tr a c e o p er at or.  T h e
b o u n d e d n ess of D a n d D 0 f oll o ws fr o m t h e b o u n d e n ess of a
l ar g er s et i n [ 3 4].  T h er ef or e, t h es e s ets ar e c o m p a ct, a n d t h er e
e xists a li mit p oi nt i n ∩ > 0 D e q u al t o D 0 .

Pr o of of L e m m a 3: We c a n  writ e

R T i
( P T i |T i

) =
1

T i

1

2
l o g d et(I + ( A P T i |T i

A T + W )S N R Y )

−
1

2
l o g d et(A P T i |T i

A T + W )

=
1

T i

1

2
l o g d et(P − 1

T i |T i − 1 + S N R Y ) − 1 . ( 6 2)

I n or d er t o s h o w t h e n o n n e g ati vit y of t h e li mit, o n e c a n f oll o w
t h e st e ps i n [ 3 4,  L e m m a 3] al o n g  wit h t h e f a ct t h at t h e li miti n g
err or c o v ari a n c e li mi → ∞ P̄ T i

,  m ust b e b o u n d e d i n all dir e cti o ns
t h at ar e n ot ort h o g o n al t o A .

D.  Pr o of of  C or oll ar y 1

Pr o of: W h e n A,  B,  W,  C, V ar e s c al ars a n d Q = R = 1 ,
S̄,  K, Θ als o b e c o m e s c al ars a n d t h e o pti mi z ati o n ( 2 4) r e d u c es
t o

i nf
P, Π ∈ R

1

2
l o g W −

1

2
l o g ( 1  + S N R Y ( A 2 P + W ))

−
1

2
l o g  Π

s.t. Θ P + W S̄ ≤ Γ

P − Π A P

A P  A 2 P + W
0 , Π > 0

A 2 P + W − P C (A 2 P + W )

C (A 2 P + W ) C 2 ( A 2 P + W ) + V
0 . ( 6 3)

Si n c e |A | > 1 ,  w e c a n e asil y v erif y usi n g ( 2 9) t h at S̄ > 0 (i n
f a ct, S̄ > 1 ) a n d t h us K > 0 a n d Θ > 0 .  T o si m plif y t h e P S D
c o nstr ai nts, n oti c e t h at a 2 × 2 m atri x X is p ositi v e s e mi d e fi nit e
if a n d o nl y if Tr( X ) ≥ 0 a n d d et( X ) ≥ 0 .  Wit h t his o bs er v ati o n,
w e c a n si m plif y t h e c o nstr ai nts f urt h er as

0 < P ≤ mi n
Γ − W S̄

Θ
, P

0 < Π ≤ mi n P + A 2 P + W,
W P

A 2 P + W
( 6 4)

w h er e P is d e fi n e d as t h e u ni q u e p ositi v e s ol uti o n t o ( 3 1). Si n c e

W P

A 2 P + W
≤

W

A 2
≤ W < P + A 2 P + W ( 6 5)

t h e c o nstr ai nt o n Π is f urt h er si m pli fi e d t o 0 < Π ≤ W P
A 2 P + W .

Als o n oti c e t h at f or a n y fi x e d f e asi bl e P , l o g  Π is  m a xi mi z e d at
W P

A 2 P + W .  T h e n, t h e o pti mi z ati o n pr o bl e m is f urt h er si m pli fi e d
as

i nf
P ∈ R : ( 6 4 )

1

2
l o g A 2 +

W

P
−

1

2
l o g 1 +

C 2

V
(A 2 P + W ) .

( 6 6)

L et g (P ) b e t h e f u n cti o n s u c h t h at t h e o bj e cti v e f u n cti o n is
writt e n as − 1

2 l o g g (P ), i. e.,

g (P )
P ( 1  + C 2

V ( A 2 P + W ))

A 2 P + W
. ( 6 7)

It t h e n s uf fi c es t o s h o w t h at g (P ) is a n i n cr e asi n g f u n cti o n i n
P > 0 .  T his c a n b e a c c o m plis h e d b y r e writi n g g (P ) as

g (P ) =
1

A 2

C 2

V
( A 2 P + W ) −

W

A 2 P + W
−

C 2 W

V
+ 1

( 6 8)

w hi c h is i n cr e asi n g i n P > 0 si n c e W > 0 .  T h er ef or e,  w h e n
W S̄ < Γ ≤ W S̄ + Θ P , t h e o pti m al v al u e is gi v e n b y

−
1

2
l o g g

Γ − W S̄

Θ
( 6 9)

w hi c h e q u als ( 3 0).  W h e n Γ > W S̄ + Θ P , t h e o pti m al v al u e is
gi v e n b y

−
1

2
l o g g (P ) . ( 7 0)

Fi n all y, o n e c a n v erif y t h at g (P ) = 1,  w hi c h i m pli es t h at t h e
o pti m al v al u e e q u als 0 f or Γ > W S̄ + Θ P usi n g t h e f a ct t h at
P is t h e s ol uti o n t o ( 3 1).

VI.  C O N C L U SI O N

I n t his arti cl e,  w e f or m ul at e d a n d s ol v e d a n o pti mi z ati o n
pr o bl e m f or r e d u ci n g t h e  L Q G c ost usi n g a n a d diti o n al c o m-
m u ni c ati o n li n k. It  w as s h o w n t h at t h e o pti m al e n c o di n g l a w
is a  m e m or yl ess  G a ussi a n  m e as ur e m e nt of t h e st at e,  w hil e t h e
o pti m al c o ntr oll er i n h erits t h e st a n d ar d  L Q G c o ntr ol l a w.  T h e
si m pl e p oli c y str u ct ur e is utili z e d t o s h o w t h at t h e  mi ni mi z ati o n
of t h e c o n diti o n al dir e ct e d i nf or m ati o n s u bj e ct t o a c o ntr ol
c o nstr ai nt c a n b e f or m ul at e d as a st a n d ar d c o n v e x o pti mi z ati o n
pr o bl e m. F or t h e fi nit e- h ori z o n r e gi m e, t h at c o n v e x o pti mi z ati o n
pr o bl e m c o nsists of a s e q u e n c e of d e cisi o n v ari a bl es,  w hil e
i n t h e i n fi nit e- h ori z o n r e gi m e, it si m pli fi es t o a si n gl e-l ett er
o pti mi z ati o n pr o bl e m.  T h e e x a m pl es ill ustr at e t h e b e n e fits of
t h e  L Q G s etti n g  wit h si d e i nf or m ati o n c o m p ar e d t o t h e s etti n g
wit h o ut si d e i nf or m ati o n e v e n if t h e  m e as ur e m e nt h as a l o w
S N R.

A ut h ori z e d li c e n s e d u s e li mit e d t o: C A LI F O R NI A I N S TI T U T E O F T E C H N O L O G Y. D o w nl o a d e d o n J u n e 1 7, 2 0 2 4 at 2 1: 2 9: 2 6 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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The optimization problem studied in this article serves as
a lower bound to the operational problem of minimizing the
expected length of prefix-free codewords subject to a constraint
on the control cost (see, e.g., [18], [23]). In [18], it is shown
that if the LQG measurement is available to the encoder and the
controller, then our optimization problem also serves as an upper
bound to the operational problem (up to an additive constant
term). A natural research direction is the construction of upper
bounds to theoperational problem in thepractical scenariowhere
the LQG measurements are available to the controller only.
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