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ABSTRACT

Synthetic Aperture Radar (SAR) systems emit pulses of (Ra-
dio Frequency) RF energy from an antenna into the environ-
ment over short intervals in time. Reflected RF energy is
received coherently by a receiving antenna and signal pro-
cessing focusing algorithms process the received signals us-
ing one of many potential focusing algorithms to form 2D im-
ages of the scene. Formation of these images requires highly
accurate knowledge of the antenna state, e.g., the position,
orientation and their velocities, when transmitting and receiv-
ing RF signals. This information is typically obtained using
a combination of a high-quality Global Positioning System
(GPS) receiver and a highly-accurate Inertial Navigation Sys-
tem (INS). SAR dependence on GPS and INS data prohibit
SAR image formation in GPS-denied contexts which limit
the application of this technology. This work investigates ap-
proaches for focusing SAR images when GPS is unavailable.

Index Terms— Synthetic Aperture Radar (SAR), Spot-
light SAR, Radar signal processing, radar back projection,
GPS-denied environments

1. INTRODUCTION

Synthetic Aperture Radar (SAR) systems emit pulses of (Ra-
dio Frequency) RF energy from an antenna into the environ-
ment over short intervals in time. A receiving RF antenna
received the reflected RF energy and signal processing focus-
ing algorithms process the received signals to form 2D images
of the scene. Applications of SAR includes target recognition
[1, 2], mapping difficult terrain [3], ocean surveillance [4],
mapping and tracking geological phenomena [5], and map-
ping forest cover and biomass [6].

Formation of SAR images requires highly accurate knowl-
edge of the antenna state, i.e., position, orientation and ve-
locity, at the time RF signals are transmitted [7, 8]. This
information is typically obtained using a combination of a
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high-quality Global Positioning System (GPS) receiver and
a highly-accurate Inertial Navigation System (INS). SAR
dependence on GPS and INS data prohibits SAR image for-
mation in GPS-denied contexts and this restriction limits the
application of this technology. This article investigates the
theory and methods for focusing SAR images when an abso-
lute position for the antenna, typically provided by via GPS,
is unavailable. To do so, we revisit the first-principles of SAR
image formation and derive a non-linear algorithm for SAR
focusing in GPS-denied contexts.

This article proposes steps that allow the focusing of SAR
images in GPS-denied contexts. Contributions of this work
include: (1) specification of a canonical coordinate system
for processing SAR signals taken from unknown poses, (2)
specification of a focusing performance functional sensitive
to relative pose error within the canonical coordinate system,
and (3) analysis of the sensitivity of the performance func-
tional to pose error to define necessary and sufficient criteria
for pose recovery and successful SAR focusing.

We demonstrate our approach for GPS-denied SAR fo-
cusing by focusing on real-world SAR data as provided by
the GOTCHA data set [9]. Our approach for GPS-denied
SAR focusing consists of three steps: (1) choose a model and
canonical coordinate system for the unknown vehicle trajec-
tory, (2) construct a likelihood function that detects coherent
structure in focused SAR images given a trajectory, and (3)
execute a search to find extremes of the likelihood function
that correspond to candidate values for the unknown antenna
initial poses of the trajectory. Completion of these steps yields
estimates for the antenna pose changes for each pulse emitted
during the formation of the synthetic aperture.

2. RELATED WORK

Existing work on SAR’s sensitivity to motion error exists in
[7, 8, 10, 11] which discusses auto focus algorithms. Auto fo-
cus algorithms seek to correct motion error to improve SAR
image quality. Yet, auto-focus algorithms such as [8, 11] do
not address gross, i.e., large-scale, motion errors and are re-
stricted to situations where the approximate trajectory is al-
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Fig. 1: The canonical coordinate system used for analysis.

ready known within a fraction of the nominal radar wave-
length, λ. Specifically, these methods are applicable for rela-
tive trajectory corrections on the order of ∼ λ

20 (see [7] p. 48).
For many applications, e.g., X-band radar where λ ≈ 3cm.
this requires small relative motion errors, ϵ < 1 − 2mm.
As such, existing work does not consider the difficult prob-
lem of finding antenna trajectories whose relative pose errors
fall into the ϵ > 2mm regime. Solution for larger errors re-
quires finding a solution to a non-deterministic polynomial-
time hard (NP-hard) optimization problem [8] and the com-
putational complexity of solving this problem seems to have
deterred the academic community investigating solutions.

3. METHODOLOGY

Vehicle trajectory during the SAR aperture is modeled as N
unknown pose changes ∆T1,...,N relative to a default initial
absolute pose T0 defined in a canonical coordinate system
as seen in Fig. 1 and requires an initial guess for the ve-
locity, v0, at the initial pose T0. Our trajectory model is
considered to be well-approximated by a smooth 3D curve
which allows the trajectory to be modeled as a 3D space-
curve model. Our curve model is a parametric 3D space curve
C(X(s), Y (s), Z(s)) where variation along each coordinate
system axis is modeled as a polynomial function of the curve
arc length, s, e.g., X(s) = ΣK

k=0αks
k. The curve is then

sampled to generate a sequence of 3D antenna trajectory pose
changes required by the SAR focusing algorithm.

The likelihood of a candidate trajectory being correct is
assessed by the performance function. Several performance
functions were considered, e.g., image entropy and total vari-
ation, and it was found that the SAR image column entropy
outperformed other methods for detecting SAR image coher-
ence. The column entropy function calculates the total en-
tropy of the each column in the focused image according to
the equation H(Y |r = r0) =

∑
y∈Y p(y) log p(y).

4. RESULTS

Our experimental results are broken into 4 parts: 1) Sensi-
tivity to Aperture Initial Pose Errors, 2) Sensitivity to Aper-
ture Pose Change Errors, 3) Necessary Criterion for Search-
ing the Solution Space, 4) Demonstration of a Candidate So-

(a) Ground Truth (b) ϵ(x0) = −30m.

(c) ϵ(y0) = −30m. (d) ϵ(z0) = +30m.

Fig. 2: (a-d) show the impact of initial pose error for the initial
pose parameters.

lution. Experiments are performed using 400 pulses from the
GOTCHA dataset which provides the phase history, antenna
frequency, bandwidth, and antenna position data required to
focus the phase history into SAR images.

4.1. Sensitivity to T0 Aperture Initial Pose Errors

Fig. 2 shows results of an experiment using the GOTCHA
dataset where absolute motion error have been introduced to
the ground truth trajectory. One can see that errors in the ini-
tial antenna pose serve to shift the position of the focused tar-
get phase center in the SAR image away from the true target
phase center, but do not otherwise degrade the quality of the
focused SAR image. Experimental results indicate that image
quality will remain intact despite large error in the initial pose
parameters.

4.2. Sensitivity to ∆T1,...,N Aperture Pose Change Errors

Fig. 3 shows results of an experiment using the GOTCHA
data set where relative motion errors have been introduced by
the addition of Gaussian noise. One can see that small errors,
e.g., ϵ(x, y, z) = λ

10 , in the pose change position parameters
cause significant degradation in the focused SAR image. Ex-
perimental results indicate that image quality is highly sensi-
tive to errors in the antenna pose change parameters. Specifi-
cally, structures are visually evident for values of the error for
the regime E[ϵ(x, y, z)] = λ

10 . This qualitative measure of
visual quality provides insight on the ”breakdown region” for
being able to focus a SAR image.
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(a) σ(ϵ(x, y, z)) = λ
100

(b) σ(ϵ(x, y, z)) = λ
20

(c) σ(ϵ(x, y, z)) = λ
10

(d) σ(ϵ(x, y, z)) = λ
2

Fig. 3: (a-d) show the impact of error in pose changes for
zero-mean Gaussian noise with increasing variance.

4.3. Necessary Criterion for Searching the Solution Space

Figure 4(a-c) show the error surface geometric structure and
numerical behavior for the column entropy performance func-
tional for a collection of trajectories in the vicinity of the cor-
rect trajectory. Images show the surface attributes of the per-
formance functional characterize the “basin of attraction/trust
region” [12, 13] of this functional which is similar for ar-
bitrary excerpts from the GOTCHA data. Our focusing ap-
proach consists of conducting a search procedure with suffi-
ciently small sample intervals to guarantee that at least one
sample will fall within the basin of attraction as depicted in
Figures 4(a-c).

4.4. Demonstration of a Candidate Solution

An experiment is constructed for reconstructing SAR images
by estimating the positions of the antenna during aperture for-
mation using a parametric 3D space curve with only the first
50 pulses every 45 degrees. The search was done using a grid
search over candidate trajectories based on the slope coeffi-
cients of the space curve where the (X,Y, Z) coefficients can
each vary by ±0.005 with a step size of 0.001. The column
entropy function was used to assess the candidate trajectory
that will assume a minimum at trajectories that result in co-
herently focused phase history SAR images. For the entire
GOTCHA dataset, the average position error from the esti-
mated trajectory to the ground truth trajectory is 0.0427mm,
0.0547mm, and 0.428mm for the X , Y , and Z positions re-
spectively. The standard deviation of the position error was
0.0449mm, 0.048mm, and 0.0424mm for the X , Y , and Z
positions respectively. The results for the GOTCHA dataset
were consistent for all passes, polarities, and azimuth angles

as seen from the example result in Table 1.

5. CONCLUSION

Formation of SAR images requires highly accurate knowl-
edge of the antenna state at the time RF signals are transmitted
which is typically obtained using a combination of GPS and
INS. SAR dependence on GPS and INS data prohibit SAR
image formation in GPS-denied context and this restriction
limits the application of this technology. Existing work does
not consider the difficult problem of finding antenna trajecto-
ries whose relative pose errors fall into the ϵ > 2mm. regime.
Here, we demonstrated that by using the canonical coordi-
nate system that changes to the initial pose parameters that it
will shift the focused target phase center, changes to the pose
change position parameters greater than λ

10 cause significant
degradation in the focused image, and that by searching for
candidate trajectories within the solution space that coherent
focused SAR images will be formed.
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(a) (b) σx (c) σy

Fig. 4: (a) shows a chart of the column entropy performance functional for trajectories close to the true trajectory. Images are
shown within the basin of attraction (focused) and away from it (incoherent). (b,c) show views of the surface basin of attraction
for in the canonical x (down-range) and y (cross-range) directions. The trust region curvature dictates sampling interval for
the non-linear search to ensure the sample interval is sufficiently small to guarantee that such trust regions are detectable in the
search for plausible pose change parameter values.

Pass 1, HH, 0 Degree Pass 2, HV, 315 Degree Pass 5, VH, 225 Degree Pass 8, VV, 90 Degree

Ground Truth

Initial

Reconstructed

Table 1: Four examples of focused SAR images from the GOTCHA dataset.
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[13] J. J. Moré, “Recent developments in algorithms and
software for trust region methods,” in Mathematical
Programming The State of the Art: Bonn 1982, pp. 258–
287. Springer Berlin Heidelberg, 1983.

7913

Authorized licensed use limited to: University of North Carolina at Charlotte. Downloaded on June 19,2024 at 02:30:24 UTC from IEEE Xplore.  Restrictions apply. 


