EVERY REAL-ROOTED EXPONENTIAL POLYNOMIAL IS THE
RESTRICTION OF A LEE-YANG POLYNOMIAL

LIOR ALON, ALEX COHEN, AND CYNTHIA VINZANT

ABSTRACT. A Lee-Yang polynomial p(z1,...,2,) is a polynomial that has no zeros in the
polydisc D™ and its inverse (C\ D)". We show that any real-rooted exponential polynomial
of the form f(x) = >77_¢;je’* can be written as the restriction of a Lee-Yang polynomial
to a positive line in the torus. Together with previous work by Olevskii and Ulanovskii, this
implies that the Kurasov-Sarnak construction of N-valued Fourier quasicrystals from stable
polynomials comprises every possible N-valued Fourier quasicrystal.

1. INTRODUCTION

A multivariate polynomial p € Clzy,..., z,] is called Schur stable if it has no zeros in
the product D™ of the open unit disk, D = {z € C : |z| < 1}. Following [12], we call p a
Lee-Yang polynomial if it has no zeros in " both for @ =D and Q = {2z € C : |z| > 1}.

Equivalently, p is a Lee-Yang polynomial if both p and pf = | z;-iegj (p)p(l [z, 1) 2,)
are Schur stable, where for each j, deg; (p) denotes the degree of p in the variable z;.
For any Lee-Yang polynomial p(z1,...,2,) = >, ca?i" -+ 25" and vector £ = ({1,...,4,)

n
in R, the univariate exponential polynomial

f(z) = plexp(izl)) = p(e™™, ... ") = Z caee)
(6%
is real-rooted. That is, any point z € C with f(z) = 0 has imaginary part equal to zero.
The main result of this paper is to establish the converse, namely that every real-rooted
exponential polynomial comes as such a restriction, up to multiplication by non-vanishing
exponent. Given a tuple of real numbers, say wy, ..., ws, denote the dimension (as a Q-vector
space) of their Q-linear span by dimg{ws, ..., ws}.

Theorem 1.1. Let f(z) = Zj‘:o c;eN® where ¢, ...,cs € C* and Xo,...,\s € C, ordered

such that Im(\g) = ming<j<s Im(\;). Let n = dimg{Im(A; — Ao), ..., Im(Xs — Xo)}. If f(x)

is real rooted, then there is a Lee-Yang polynomial p € Clzy,. .., z,] and £ € R such that
f(x) = e*"p(exp(izL)),

and the entries of £ are Q-linearly independent.

We prove this theorem in Section

Remark 1.2. The construction in Theorem is not unique, however the dimension n
is optimal. If ¢ € Clzy,...,2,] and v € R™ are such that f(z) = e*%g(exp(izv)), then
Im(A; — Ag), ..., Im(As — A\g) are in the Q-linear span of the entries of v, so m > n.

Example 1.3. In |10, Lemma 2|, Olevskii and Ulanovskii show that the function

1, » . »
?(emx_e 17rx+€€m_€e z:v)
(4
1

f(x) = sin(nz) + esin(z) =
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is real rooted for any real £ with |e] < 3. Here (Ao, A1, Ao, A3) = i(—m, —1,1, 7). The entries of
(Im(A;—Xg), Im(Ag—Ag), Im(A3—XNg)) = (7—1, 741, 27) span a two-dimensional vectorspace
over Q. We can realize the function f(x), up to an exponential multiple, as the restriction
of the Lee-Yang polynomial p(z1, z2) = % (2120 — 1 + €29 —e21) to (21,22) = exp(ixf) for
L= (m—1,7+1). Namely,

Aox

f(l') _ 62_ (€i27m: — 14 56i<7r+1)x . Eei(ﬂ—l)x) _ erwp(eXp(llfL'E)).
1

We discuss this example further in Example to illustrate the general construction in
Theorem . It is worth mentioning that the case ¢ = & also follows from [5, Equation (43)].
o

Our main motivation for Theorem comes from recent developments in the study of
crystalline measures and Fourier Quasicrystals. To state these, let S(R) denote the space
of Schwartz functions: smooth functions f : R — C with sup,cp [z"-4= f(z)| < oo for all
n,m € Zso. The elements of the dual space S'(R) are called tempered distributions, and
we focus on these that are also measures. A tempered measure 1 is a complex valued Borel
measure on R that satisfy | [ fdu| < oo for all f € S(R). Such a measure y is said to be
discrete if there is a discrete (locally finite) set A C R and complex coefficients (a,)zea such
that [ fdp =, .5 axf(2), and its absolute value || is the non-negative measure defined
by replacing a, with |a,| for all z € A (there can by p € S'(R) with || ¢ S'(R)). The
Fourier transform is a linear automorphism of S(R), and the Fourier transform of y € S'(R)
is defined by duality, [ fdj:= [ fdu, for all f € S(R).

A crystalline measure, according to Meyer [9], is a discrete and tempered measure p €
S'(R) whose Fourier transform [ is also discrete. A Fourier Quasicrystal(FQ), according to
Lev and Olevskii [7], is a crystalline measure p for which || and |4i] are also tempered. We
say that p is N-valued if p(7) € N for every interval [ C R, i.e., a, € N for all z € A.

The first example of an N-valued FQ which is not periodic (or a linear combination of
such) was constructed by Kurasov and Sarnak [5]. They showed that if p(zy,...,2,) is a
Lee-Yang polynomial and £ € R} then the discrete measure p1 = fi,0, with A = {z € R :
p(exp(izl)) = 0} and a, equal to the multiplicity of  as a zero of p(exp(izf)), is an N-valued
FQ. The inverse question was asked by Olevskii and Ulanovskii [10] who showed that any
N-valued F'Q, 1 = > ., @205, can be associated with a real-rooted exponential polynomial
f, such that A = {x € R : f(z) = 0} and the coefficients a, are the multiplicities of the
zeros of f. The results of |5l [10] together with our Theorem yields:

Corollary 1.4. A measure ;1 on R is an N-valued Fourier quasicrystal if and only if i1 = pip e,
for some Lee-Yang polynomial p(z1, ..., 2,) and positive frequencies £ € R}.

In future work, we establish the connection between properties of N-valued Fourier qua-
sicrystal and its associated Lee-Yang polynomial in more detail.

Notation. For vectors z = (z1,...,2,) and a = (aq,...,q,), we use z% to denote
) ) ) ) ?
(e 71 o . . .
||;.L:1 z;? and exp(z) for (e*',...,e™). For the positive and negative real lines, we use

Ry ={zeR:2>0}and R_ = {z € R:z <0}, respectively.
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2. AMOEBAS AND A REDUCTION

In this section, we prove several useful lemmata, including a reduction to purely imaginary
exponents and a connection to amoebae, in the sense of Gelfand, Kapranov, and Zelevinsky.

Lemma 2.1. Let f(z) = 3 °_c;eN® where co, ..., ¢ € C* with distinct X, ..., € C,

ordered such that Im(Xo) < Im();) for all j > 1. If f is real-rooted, then \; = Ao+ iw;, with
w; € Ry, for all j > 1. Namely, for all x € C,

f([E) = €>\O$ <Cg + Z Cjeiwjz) .
7=1

Proof. Let conv(A) be the convex hull of the s+ 1 points A = {Ag, A1, ..., As} in the complex
plane C ~ R2. To every edge e of the polygon conv(A) we associate a normal vector
ne € C ~ R% If e has endpoints \j, A, then n, = i(\; — A\x). For each such edge e and
e > 0, define the infinite strip I.(¢) = {tn. + 2z : t € R, |z] < €}. A century old result
by Polya [11] (see also Langer’s review paper [0, Theorem 8|) says that the zero set of f is
unbounded and all but finitely many of the zeros lie in the strips I.(¢), for suitable choices of
e > 0, where e ranges over the edges of conv(A). Furthermore, each of these strips contains
infinitely many zeros. In particular, if f is real-rooted then there can be only one strip and
its direction is real, i.e. n, € R. Therefore conv(A) is a line segment whose normal is real.
It follows that for every j > 1, the numbers \; — Ay are purely imaginary. By our choice of
ordering, the values w; = Im(\; — Ag) = (A; — Ag)/¢ are also nonnegative. Note that since
Ao, - - -, As are distinct, each w; cannot be zero and so is strictly positive. [l

Lemma 2.2. Let f(x) = co+ D7, c;€™i" where cg,...,cs € C* and wy,...ws € Ry. Let
n = dimg(wy, .. .,ws). Then there exists a polynomial p € Clzy, ..., z,] and a positive vector
£ € R} with Q-linearly independent entries (dimg(€) = n) for which

f(@) = plexp(izL))
for all x € C. In particular, p(0) = ¢y which is non-zero by assumption.

Proof. Let R C Q° denote the set of Q-linear relations on the entries of w = (wy,...,ws)
and L C Q7 its orthogonal complement. That is, we define R = {r € Q° : (w,r) = 0} and
L=R'tobe {veQ®:(v,r)=0Vre R}. By assumption, L is an n-dimensional Q-linear
subspace of Q° and so Lg = L®y R = {v € R* : (v,r) = 0 Vr € R} is an n-dimensional
R-linear subspace of R®.

Consider the intersection of Lr with the nonnegative orthant R%,. This is a rational
polyhedral cone of dimension at most n that contains the vector w. By Carathéodory’s
Theorem, w can be written as a nonnegative combination of some choice of n extreme rays
of this cone. In particular, we can choose integer representatives vy, ..., v, € Z%, of these n
extreme rays and write w = Z?Zl ¢;v; for some £; > 0. Moreover, since spanQ_{wl, ce, Wt
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has dimension n over Q and the vectors v; have rational entries, the entries of £ = (¢1,...,¢,)
must be linearly independent over Q. In particular, none of the values ¢; can be zero, giving

e=(ly,...,0,) €R".

Let A € Z%5® be the n x s matrix with rows vy, ..., v,. Then by construction w = ATE.
Consider the polynomial p(z1,...,2,) = co+ 5, ¢;z*9) where where a(1), ..., a(s) are
the columns of A. By construction, for every j = 1,...,s, we have w; = (£, a(j)), giving
(exp(iz€))*V) = e*e()) = ¢z Therefore, for any x € C,

p(exp(izf)) = ¢y + Z ;e O
j=1
Definition 2.3. The amoeba A(p) of a polynomial p(z) € Clz,...,z2,] is the image of
the variety of p under the map (C*)" — R™ taking (z1,...,2,) to (logl|z],...,log|z,|).
Equivalently,

Alp) ={x e R" : 30 € (R/27Z)" s.t. p(exp(x +i0)) = 0}.

It is a classical theorem by Gelfand, Kapranov, and Zelevinsky that every connected
component of the complement A(p)¢ = R" \ A(p) is open and convex [4]. See also [2, B].
The real logarithm z +— log|z| maps the outer disc C \ D onto R, so p does not vanish in
(C\ D)" if and only if R? C A(p)°. Similarly, the real logarithm maps the punctured disk
D\ {0} =DNC* onto R_, so p does not vanish in (D NC*)™ if and ounly if R C A(p)c. If
we further ask that p(0) # 0, then p has no monomial factors, in which case its zero set in
(C*)™ is dense in its zero set in C™ (both in the Euclidean and Zariski topologies on C").
See e.g. [13, Lemma 7.1, p. 121]. The next lemma follows.

Lemma 2.4. A polynomial p(z) € Clz1,. .., z,] with p(0) # 0 is Schur stable if and only if
R™ C A(p)® and is a Lee-Yang polynomial if and only if R® UR"} C A(p)°.

The amoeba of a polynomial p = ) _ caz™ has a close connection to its Newton polytope
Newt(p) = conv(supp(p)) where supp(p) = {a € Z" : co # 0}.

In particular, every connected component E of the complement A(p)¢ can be associated to
integer point B € Newt(p) N Z™, and the recession cone of such a convex region F coincides
with the normal cone of Newt(p) at 3,

No={weri@w) - max @w}.

acNewt(p)

See [3, Proposition 2.6]. For the sake of completeness, we provide a proof of the following
simplification:

Proposition 2.5 (see Proposition 2.6 of [3]). Let p = ) caz® € Clz,...,2,| and let
L € R" with Q-linearly independent entries.
(1) Thereis a unique vertex B € Newt(p)NZ"™ that mazimizes (B, £) = MaXqecNewt(p) (Ot £)-
(2) Suppose that the ray R, £ = {t€ : t > 0} lies in A(p)¢, and let E denote the
connected component of A(p)¢ containing R, L. Then E contains the interior of the
normal cone at 3, int(Ng) C E.

Proof. Since Newt(p) is convex and compact, then the maximum of a — (o, £) is attained
at a vertex. The map a — (a, £) is injective on the vertices of Newt(p), as the vertices are
integer and the entries of £ are Q-linearly independent. This proves (1).
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Let 3 be the unique maximizer. Since its a vertex of Newt(p), then the normal cone of
Newt(p) at 3,
Ng=<weR": (B,w)= max (a,w);,
s (B,w) = max (p)< )
is a full-dimensional polyhedral cone. Consider the open convex polyhedron

Pa = {w e R (9.w) +log cal > ma (e w) + logcal +1020) | 0 = supp(p)]

We claim that Pg € E. To see this, note that for any w € Pg, the strict inequality
lcge® ™| > maxasg Mcae!®™)| > DB lca!®™)| holds, and therefore p(exp(w + i0)) #
0 for any 8 € (R/27Z)", so w ¢ A(p). Therefore Pg C A(p)°. Recall that (3,€) >
maxqexg(a, £), so for sufficiently large t € R, t€ € Pg, showing that E is the connected
component of A(p)® containing Pg.

Now suppose that w € int(Ng), and let w = w — £, for sufficiently small € > 0, so that
w € int(N3g) as well. For large enough ¢ > 1, tW belongs to Pg C E. Since R,£ C E and E
is convex, we see that it also contains w = (1 — 1)(:Z5€) + (tw). O

Lemma 2.6. Let p € Clz, ..., 2,], with p(0) # 0 and £ € R} with Q-linearly independent
entries. If the set {t€:t € R*} is disjoint from the amoeba of p, then there exists a Lee-Yang
polynomial q € Clz, ..., 2] and vector £ € R} with Q-linearly independent entries for which

p(exp(izl)) = q(exp(izf)).

Proof. Let E, and E_ denote the connected components of A(p)¢ containing R, £ and R_2,
respectively. By Proposition [2.5 with £ (resp. —£), the connected component E (resp. E_)
contains a full-dimensional rational polyhedral cone C (resp. C_) whose interior contains
£ (resp. —£). Let C denote the intersection of the rational polyhedral cones C and —C_
and the nonnegative orthant RZ,. Then C'is a pointed full-dimensional rational polyhedral
cone containing £. Moreover the amoeba of p is disjoint from int(C) U int(—C).

The same argument as in the proof of Lemma allows to choose extreme rays of C
which are integer vectors, vyi,...,v, € C'NZ", such that £ = 2?21 ¢;v; with £; > 0. Since
the entries of £ are Q-linearly independent, we conclude that Ej > 0 for all j, giving £ € R?.

Let A denote the n x n matrix with rows vy, ..., v,, so that AT€ = €. Let a(l),...,a(n) be
the columns of A, and consider the polynomial ¢(z1,...,2,) = p(z?) = p(zoW), ... z*™),
For any x,0 € R" and any a(k) = (aix, ..., k) ,

exp(x + Z’g)a(k) _ H e(@iTib)aje — e(AT(XH'@))k.
j=1

From this we see that q(exp(x +10)) = p(exp(AT(x +i0))) and that the amoeba of ¢ is the
set of x € R” such that ATx belongs to the amoeba of p.
By construction, any conic combination Z?:1 x;v; with z; > 0 belongs to the interior of

the cone C. Thus, ATx € int(C) C A(p)° for any x € R”, which means that R C A(q)°.

The same argument applies to R” and int(—C'), so A(g) is disjoint from R” UR™. Since
q(0) = p(0) # 0, then ¢ is a Lee-Yang polynomial by Lemma Finally note that,

g(exp(iz€)) = p(exp(izAT€) = p(exp(izL)),
for any x € C. O
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FIGURE 1. The amoeba A(p) and line spanned by £ from Example [2.7]

Example 2.7 (Example cont’). Consider the real-rooted exponential function

e~ f(x) = €™ (sin(nz) + esin(z)) = % (—1 — T T geilmthe 612”)
i

discussed in Example The entries of w = (7 — 1,7 + 1,27) span a two-dimensional
vector space over Q. Following the proof of Lemma the set R of QQ linear relations on
w = (wy,ws,w3) = (mr — 1,7+ 1,2m) is spanned by r = (1,1,—1). If L = R* then L ®¢ R
is Lg = {(v1,v2,v3) € R® : v1 + vy — v3 = 0}. The intersection of Ly with the nonnegative
orthant is a two-dimensional cone with extreme rays spanned by v; = (1,0,1) and vy =
(0,1,1). Then w = ¢1vy + lov, for the positive vector £ = ({1,0,) = (1 — 1,7+ 1) € R%.

Take the matrix A = <1 01

01 1) with rows vi, vy and columns Ay, Ay, A3 € Z%,. We

construct p(zy, 20) by replacing €™ in the expression above with (21, 25), which gives
1
p(21,22) = % (=1 —€z1 + €20+ 2129) .

By construction, e =% f(z) = p(exp(ixzf)). The amoeba of p for ¢ = 1/4 is shown in Figure
As we will see in Section 3| below, the real rootedness of p(exp(izf)) guarantees that the
amoeba A(p) is disjoint from R_£U R £.

The Newton polytope of p is the unit square [0, 1]2. The vertex maximized by a — (e, £)
is (1,1) and the normal cone of Newt(p) at the vertex (1,1) is R%,. Similarly, the ver-
tex (0,0) achieves the maximum inner product with —€ and the normal cone at (0,0) is
R%,. By Proposition it follows that R? UR? are disjoint from the amoeba A(p). Since
p(0) = % # 0, we conclude by Lemma that p is a Lee-Yang polynomial. o

3. ALMOST PERIODIC FUNCTIONS

Exponential sums are intimately related with the notion of almost periodic functions,
developed by Harald BOhIE. He defined this notion for functions on the real line |1, p.32] and
proved the “Fundamental Theorem of Almost Periodic Functions” [1, p.80], which states that
the space of almost periodic functions is the closure of the set of exponential polynomials with

Tt is worth mentioning that Harald Bohr was the younger brother of Niels Bohr, one of the founding
fathers of quantum theory and the 1922 physics Nobel laureate.
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purely imaginary exponents (real frequencies) in the space of bounded continuous functions
from R to C. Here we need the following slight generalization.

Definition 3.1. Given an open strip I, = {x +iy : = € R, |y| < h} in the complex plane,
a holomorphic function f on [, is said to be almost periodic function on [, if for any
e > 0 there is a relatively dense set 7. C R such that |f(z +7) — f(2)| < € for any 7 € T
and any z € I,. By relatively dense, we mean that there exists some R = R(e) > 0 such
that 7. has nonempty intersection with every interval of length R in the real line.

According to [8, Theorem 1, p. 266], if f(z) = > >°_, cje™i® where ¢y, ...,c; € C* and
wo, - - .,ws € R, then for any h > 0, fn(x) := f(x + ih) is almost periodic in the upper half
plane, and so f is almost periodic in the strip I,. With this, we may restate |8, Lemma 1,
p. 268| for exponential polynomials instead of almost periodic functions.

Lemma 3.2. [8 Lemma 1, p. 268] Suppose that f(x) = ijo c;€™i" where ¢y, ..., cs € C*
and wy, ..., ws € R. Given any h > 0 and 0 > 0 there is a uniform lower bound

|f(z +iy)| > m(h,d) >0,
for allz € R and y € (—h, h) such that |v + iy — z| > 6 for every zero z € C with f(z) = 0.

Corollary 3.3. If £ € R" has rationally independent entries and p € Clz, ..., z,] has the
property that f(x) = p(exp(ixf)) is real rooted, then for every t € R* and 0 € (R/27Z)",
plexp(t€ +i0)) # 0. That is, the set {tl : t € R*} is disjoint from the amoeba A(p) of p.

Proof. Let t € R* and let f(x) := f(x + it) = p(exp(—t€ + ixf)). The zero set f; lies on
the line Im(z) = —t since f was real rooted. Fix arbitrary h > 0 and 0 < ¢ < ||, so that

Lemma [3.2] gives
Ip(exp(tl + izk))| = | fi(z)| > m(h,0) > 0,

uniformly over x € R, since |x — z| > [t| > 0 for every zero fi(z) = 0. Since the entries of £
are Q-linearly independent, the set {exp(t€ + iz€) : x € R} is dense in {exp(t€ +i0) : O €
(R/27Z)"} in the Euclidean topology on C™. By the continuity of p,

[p(exp(t€ +i0))| = m(h,d) >0,
for any 0 € (R/27Z)". O

4. PROOF OF THE MAIN THEOREM

Proof of Theorem[L.1. Let f(z) = Y>°_, c;eN® where ¢, ...,cs € C* and A, ..., A\, € C,
where Im(\g) < Im(};) for all j > 1 and suppose that f(z) is real rooted. By Lemma

(@) = ( +Y )
j=1

with real positive frequencies w; = Im(\; — Xg) > 0 for j > 1. Let n = dimg(wy, ..., ws).
By Lemma there is a polynomial p € C[z, ..., z,] with constant coefficient ¢y # 0 and
vector £ € R, with rationally independent entries for which

f(x) = *"p(exp(ix)).
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Since f is real rooted, then by Corollary[3.3] the set {t€ : t € R*} is disjoint from the amoeba
A(p) of p. Together with Lemma this guarantees the existence of a Lee-Yang polynomial
q € Clz, ..., 2,) and vector £ € R’} for which

g(exp(izf)) = plexp(izt)) = e % f(x). O
REFERENCES

[1] Harald Bohr. Almost periodic functions. Courier Dover Publications, 2018.

[2] Mikael Forsberg. Amoebas and Laurent series. ProQuest LLC, Ann Arbor, MI, 1998. Thesis (Takn.dr)—
Kungliga Tekniska Hogskolan (Sweden).

[3] Mikael Forsberg, Mikael Passare, and August Tsikh. Laurent determinants and arrangements of hyper-
plane amoebas. Adv. Math., 151(1):45-70, 2000.

[4] I. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky. Discriminants, resultants and multidimensional
determinants. Modern Birkhauser Classics. Birkhduser Boston, Inc., Boston, MA, 2008. Reprint of the
1994 edition.

[5] Pavel Kurasov and Peter Sarnak. Stable polynomials and crystalline measures. Journal of Mathematical
Physics, 61(8):083501, 2020.

[6] Rudolph E Langer. On the zeros of exponential sums and integrals. Bulletin of the American Mathe-
matical Society, 37(4):213-239, 1931.

[7] Nir Lev and Alexander Olevskii. Fourier quasicrystals and discreteness of the diffraction spectrum.
Advances in Mathematics, 315:1-26, 2017.

[8] B. Ja. Levin. Distribution of zeros of entire functions. American Mathematical Society, Providence, RI,
1964.

[9] Yves F Meyer. Measures with locally finite support and spectrum. Proceedings of the National Academy
of Sciences, 113(12):3152-3158, 2016.

[10] Alexander Olevskii and Alexander Ulanovskii. Fourier quasicrystals with unit masses. Comptes Rendus.
Mathématique, 358(11-12):1207-1211, 2020.

[11] George Poélya. Geometrisches iiber die Verteilung der Nullstellen gewisser ganzer transzendenter Funk-
tionen. 1920.

[12] David Ruelle. Characterization of Lee-Yang polynomials. Annals of Mathematics, pages 589-603, 2010.

[13] Igor R. Shafarevich. Basic algebraic geometry. 2. Springer, Heidelberg, third edition, 2013. Schemes and
complex manifolds, Translated from the 2007 third Russian edition by Miles Reid.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE, MA, U.S.A
Email address: 1ioralon@mit.edu

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE, MA, U.S.A
Email address: alexcoh@mit.edu

UNIVERSITY OF WASHINGTON, SEATTLE, WA, U.S.A.
Email address: vinzant@uw.edu



	1. Introduction
	2. Amoebas and a reduction
	3. Almost Periodic Functions
	4. Proof of the main theorem
	References

