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P
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p(z1, z2, . . . , zn) = det(diag(z1, . . . , zn) + U),

U n⇥ n

p 2 C[z1, z2, . . . , zn] p(a) a = (a1, . . . , an) 2 Cn
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µ
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p(z1, z2, . . . , zn) =
P

↵ c↵z↵
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Qn

j=1 z
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j

` = (`1, . . . , `n) 2 Rn
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f(x) = p(exp(ix`)) = p(eix`1 , . . . , eix`n) =
X
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ixh↵,`i,

f(x) = 0 ) Im(x) = 0 exp(ix`) 2 Dn
[(C\D)n Im(x) 6= 0

f(x) = 0 m(x) x f
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p(z1, z2, . . . , zn) ⇤ f(x) = p(exp(ix`))
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X
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N
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2
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5
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[0, 10⇡] p(eix, eiy) (x, y) = t` 0  t  10⇡
R2/(2⇡Z)2

N µ =P
x2⇤ m(x)�x ⇤ (m(x))x2⇤

f
f f(x) = p(exp(ix`))

p ` 2 Rn
+ Q

µ 2 S
0
(R) N µ = µp,`

n 2 N p 2 C[z1, z2, . . . , zn]
` 2 Rn
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A ⇢ R dimQ(A) Q Q
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Q
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P
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A
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µp,`([x, x+ T ]) =
hd, `i

2⇡
T + err(x, T ) |err(x, T )|  |d|,
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2⇡ |d|
hd,`i p(z) =

Qn
j=1(1 � zj)dj 2 LYd(n) µj

2⇡
`j
Z µp,` =

Pn
j=1 djµj 0

|d| µp,`([�✏, ✏]) = |d| ✏ > 0 err(�✏, 2✏) =
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p ⇢p,`

p p 2 LYd(n) ` 2 Rn
+

Q
x 2 Rn q(z) = p(exp(ix)z) = p(eix1z1, . . . , eixnzn)
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q 2 R[z] d q d D� d

q d D�(q)
q a1, . . . , ad q b1, . . . , bd

D�(q) bj  aj  bj+1 j
C[y, z]d y1, . . . , yn z1, . . . , zn

dj (yj, zj)
(P1

(C))n P1
(K) K

K2
\{(0, 0)} (a, b) ⇠ (�a,�b) � 6= 0

p 2 C[y, z]d � 2 (C⇤
)
n p(�1y1, . . . ,�nyn,�1z1, . . . ,�nzn) = �dp(y1, . . . , yn, z1, . . . , zn)

[a : b] ([ai : bi])i2[n] 2 (P1
(K))

n

a = (a1, . . . , an) b = (b1, . . . , bn) I ✓ [n] [aI : bI ]

([ai : bi])i2I 2 (P1
(K))

I

p (P1
(K))

n

[a : b] 2 (P1
(K))

n I = {i 2 [n] : ai 6= 0}

[a : b] 2 (P1
(K))

n ai 6= 0 i Kn

[ai : bi] $ bi/ai i 2 I bi 6= 0 j 62 I aj 6= 0

bi = 1 aj = 1



D� : C[y, z]d ! C[y, z]d D�(q) = q + �
nX

j=1

yj@zjq.

D
|d|
� D� |d| =

Pn
j=1 dj

d 2 Zn
�0

Sd = {q 2 C[y, z]d : coe↵(q, zd) = 1 q(1, z) H+ H�}

S�
d = {q 2 Sd : q rq (P1

(R))n}.
Sd ✓ R[y, z]d

q(1, z)
a 2 Rn q(1, a + t ) 2 C[t] rj 2 R j = 1, . . . , |d|

zd q 1 t|d|

q(1, a + t ) 1 q(1, a + t ) =
Q|d|

j=1(t � rj)
q = g + ih g, h 2 R[y, z]d h(1, a+ t ) 2 R[t]

a 2 Rn h(1, a) = 0 a 2 Rn

h ⇤
q 2 C[z1, . . . , zn]d H+ H�

q + zn+1

Pn
j=1 @zjq C[z1, . . . , zn+1] a 2 Rn b 2 Rn

�0

q +
Pn

j=1 @zjq q z = a + tb
�1  µ1  �2  . . .  �|d|  µ|d| {�j}j {µj}j

q +
Pn

j=1 @zjq q

D(q) = q + zn+1

Pn
j=1 @zjq

D((z+ )
d
) = (z+ )

d

 
1 + zn+1

nX

j=1

dj(zj + wj)
�1

!
.

Im(zj) > 0 Im(wj) > 0

j Im(�(zn+1)
�1
) > 0 Im((zj + wj)

�1
) < 0 j

Pn
j=1 dj(zj + wj)

�1
6=

�(zn+1)
�1

D((z + )
d
) 6= 0 D((z + w)

d
) 2

R[z1, . . . , zn, zn+1, w1, . . . , wn] H+

H� D

⇤
q 2 Sd I ✓ [n] qI q yj = 0 zj = 1

j 62 I qI 2 SdI qI qI( I , zI) H+ H�
q 2 S�

d qI 2 S�
dI

qI rqI (P1
(R))I

1 = coe↵(q, zd) = q(0,1) = qI(0I ,1I) qI
1 = coe↵(qI ,

Q
i2I z

di
i )

Q
j 62I z

dj
j ·qI(1I , zI) q(1, z)

(0I ,1[n]\I) qI(1I , zI)
qI [aI : bI ] 2 (P1

(R))I i 2 I
@yiq @ziqI ak = 0 k 2 I



I I 0 = {i 2 I : ai 6= 0} i 2 I 0

@yiqI0 @ziqI0 [aI0 : bI0 ]

i 2 I ai 6= 0 ai = 1 q(y, z)
zi 7! zi + biyi i 2 I bi = 0 i 2 I

q 2 S�
d @yjq @zjq [a : b]

a = (1I ,0[n]\I) b = (0I ,1[n]\I) j 2 I j 62 I
I q

dj (yj, zj) yj@yjq + zj@zjq = djq q yj
zj @yjq [a : b]

q̃(s, t) = q(a � tej,b + s1I) 2 R[s, t]
'(z) = �1/z

'I(z) i '(zi) i /2 I zi
Q

j 62I z
dj
j · p('I(z))

p(z)

Y

j 62I

(�zj)
dj · q(1,'I(z)) = q((1I ,�z[n]\I), (zI ,1[n]\I)) 2 R[z]

q̃ zj = t zk = 0

k 2 [n]\(I [ {j}) zi = s i 2 I q̃
q̃(0, 0) = q(a,b) = 0

@sq̃|(s,t)=(0,0) =

 
X

i2I

@ziq

!
|(y,z)=(a,b) = 0 @tq̃|(s,t)=(0,0) =

�
�@yjq

�
|(y,z)=(a,b) 6= 0.

q̃(s, 0) = q(a,b+ s1I) s
P

i2I di q( , ) = 1

k @k
s q̃|(s,t)=(0,0)

k k � 2 s↵t� q̃
� � 1 ↵ � k � 2 h(�1,�k), (↵, �)i  �k
(↵, �) = (k, 0) (↵, �) = (0, 1)

in(�1,�k)q̃ = ask + bt a, b 2 R⇤

k � 2

c 2 H+ ck = �
b
a i (s, t) = (c, i) 2 H

2
+ ⇤

q 2 Sd � > 0 D�(q) 2 Sd D
|d|
� (q) 2 S�

d

q 7! q + �
Pn

i=1 @ziq

R[z] D
|d|
� q

(P1
(R))n D

|d|
� q(1,b+ t1) 2 R[t]

b 2 Rn
D

|d|
� q(1, z) z 2 Rn

D
|d|
� q(1, z) [a : b] aj 6= 0

j D
|d|
� q(1, z)

[a : b] 2 (P1
(R))n I = {i : ai 6= 0} I 6= [n] bj = 1

j 62 I I = ; [a : b] = [0 : 1] D
|d|
� q(0,1) = coe↵(D

|d|
� q, zd) 6= 0

; ( I ( [n]



qI 2 R[yi, zi : i 2 I] q yj = 0 zj = 1 j 62 I
D� yj = 0 zj = 1

(D�q)|{yj=0,zj=1:j /2I} =

 
q + �

nX

i=1

yi@ziq

!
|{yj=0,zj=1:j /2I} = qI + �

X

i2I

yi@ziqI = D�qI .

D�qI( I , I) = D�qI( I ,
�1
I ) = 0 qI 2 SdI

|dI |  |d| D�qI 2 SdI

D
|d|
� (qI)(1, zI) ( I ,

�1
I )

D
|d|
� (qI) [ I :

�1
I ] = [aI : bI ]

D
|d|
� (q) [a : b] ⇤

Sd S�
d Sd

R[y, z]d) S�
d(R)

µ 2 R
Gµ R[y, z]d Gµ(q) = q(µy, z)

zd

� 2 [0, 1] D
|d|
1��G� � 6= 1

Sd S�
d � = 1 D

|d|
0 G1(q) = q

� = 0 D
|d|
1 (zd) 2 S�

d(R)
Sd S�

d D
|d|
1 (zd) ⇤
Sd {q 2 R[y, z]d : coe↵(q, zd) = 1}

S�
d

q 2 S�
d q (P1

(R))n
(S1

)
n
= {(y, z) 2 R2n

: y2j + z2j = 18j} V = {(y, z) 2 (S1
)
n
: D1q(y, z) = 0}

D1q D�q � = 1

U = {g 2 R[y, z]d : coe↵(g, zd) = 1, g(y, z)q(y, z) > 0 (y, z) 2 V }.

V (S1
)
n

min(y,z)2V g(y, z)q(y, z)
g U {g 2 R[y, z]d : coe↵(g, zd) = 1}

q 2 U U ✓ S�
d

q 2 U q D1q (P1
(R))n

y = 1 q(1,b) = 0

[1 : b] 2 (P1
(R))n j @zjq(1,b)

{@ziq(1,b) : i = 1, . . . , n}Pn
i=1 @ziq(1,b) q(1,b) = 0

D1q = q +
Pn

i=1 @ziq [1 : b]
[a : b] 2 (P1

(R))n I = {i 2 [n] : ai 6= 0}

qI
(P1

(R))I qI D1qI [aI : bI ]

q D1q [a : b]
U ✓ S�

d a 2 Rn b 2 Rn
+ {�j}j D1q(1, a+ bt)

{sj}j q(1, a+ bt)
�1 < µ1 < �2 < . . . < �|d| < µ|d| q

D1q(1, a+bt) g 2 U g(1, a+bt) 2 R[t] |d|



d
D1q(1, a+bt) |d|

a 2 Rn b 2 Rn
+ g 2 S�

d

⇤
�

LYd x 2 [0, 2⇡)n

LYd(x) = {p 2 LYd : p(exp(ix)) 6= 0}

LY
�
d(x) = {p 2 LYd(x) : p rp Tn

}.

q 2 C[y, z]d Sd S�
d ��1

· q(1, z)
LYd(x) LY

�
d(x) � eix1 , . . . , eixn

C[z]d

p(z1, . . . , zn) 7!p†(z1, . . . , zn) = zdp (z̄1�1, . . . , z̄n�1),
X

↵

a↵z
↵
7!

X

↵

a↵z
d�↵

=

X

↵

ad�↵z
↵,

C[z]d

C[z]ind := {p 2 C[z]d : p = p†} =

(
X

↵d

a↵z
↵

: a↵ = ad�↵ ↵

)
,

p† p

C · C[z]ind := {cp : c 2 C, p 2 C[z]ind} = {p 2 C[z]d : p† = cp c |c| = 1}.

C[z]ind

Qn
j=1(dj + 1)

(z↵+zd�↵
) i(z↵�zd�↵

) ↵  d C·C[z]ind

1+ dim(C[z]ind)

⇣
2
Qn

j=1(dj + 1)

⌘
C[z]d

q = eixp x 2 [0, ⇡) p 2 C[z]ind

x p eix = (eix/e�ix
)
1/2

= (q(z)/q†(z))1/2 p = e�ixq

C · R[y, z]d q 7! ��1
· q(1, z) C · C[z]ind

C · C[z]ind =

(
c
X

↵d

a↵(�i)|↵|(z+ exp(ix))↵(z� exp(ix))d�↵
: a↵ 2 R, c 2 C

)
.

p(z) =
P

↵d a↵(�i)|↵|(z + exp(ix))↵(z� exp(ix))d�↵ a↵ 2 R
z�1

= (
1
z1
, . . . , 1

zn
)

p†(z) = zd
X

↵d

a↵(i)
|↵|
(z�1

+ exp(�ix))↵(z�1
� exp(�ix))d�↵

= (exp(�ix))d
X

↵d

a↵(i)
|↵|
(exp(ix) + z)↵(exp(ix)� z)d�↵

= (� exp(�ix))dp(z),

cp 2 C[z]ind c = (i exp(�ix/2))d



D�,x : C[z]d ! C[z]d D�

� = (�1, . . . ,�n) �j

✓ = xj x = (x1, . . . , xn) 2 Rn p 7! (��1
� D� � � · phom)|y=1 phom =

ydp(z1/y1, . . . , zn/yn) p(z) =
P

↵d a↵(�i)|↵|(z+ exp(ix))↵(z� exp(ix))d�↵

D�,xp(z) = p(z) + �
nX

j=1

X

↵d

↵ja↵(�i)|↵|(z+ exp(ix))↵�ej(z� exp(ix))d�↵.

p 2 LYd(x) � > 0 � D�,x(p) 2 LYd(x)
(D�,x)

|d|
(p) 2 LY

�
d(x) LYd(x) C · C[z]ind

LY
�
d(x) LYd(x) LY

�
d(x)

p 2 LYd(x) LY
�
d(x) �·p

C⇤Sd C⇤S�
d(x) ⇤

P(C[z]ind) p
z � ei✓ ✓ 2 [0, 2⇡]

LYd(x)

p⇤ 2 LY
�
d(x) ��1

�D
|d|
1 zd

D
|d|
1 zd = (1 +

nX

j=1

yj@zj)
|d|

· zd =

X

↵

✓
|d|

↵

◆
y↵@↵

z z
d
=

X

↵d

✓
|d|

↵

◆
d!

↵!
y↵zd�↵

↵ 2 Zn
�0 |↵|  |d|

�|d|
↵

�
=

|d|!
(|d|�|↵|)!↵1!···↵n!

d!
↵! =

Qn
j=1

⇣
dj !
↵j !

⌘
� P(LYd(x))

p⇤(z) = ��1
· D

|d|
1 zd =

X

↵d

✓
|d|

↵

◆
d!

↵!
(z� exp(ix))↵(�i(z+ exp(ix)))d�↵.

C[z]ind C[z]dP
↵ a↵z

↵
7!
P

↵ ad�↵z↵

d 2 Zn
�0 LYd

C · C[z]ind dim(LYd) =
Qn

j=1(dj + 1) + 1

C · C[z]ind

LY
�
d = {p 2 LYd : p rp Tn

}

LYd LY
�
d

{(p, a,b) 2 C · C[z]ind ⇥ Rn
⇥ Rn

: p(a+ ib) = 0 ((a2j + b2j < 18j) (a2j + b2j > 18j))}

C · C[z]ind

LYd

p 2 LYd x 2 [0, 2⇡)n p(exp(ix)) 6= 0 p 2 LYd(x)
p rp Tn p LY

�
d(x)

LYd(x) ✓ LYd C · C[z]ind p
LY

�
d(x) ✓ LY

�
d ⇤
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p(eix, eiy) (x, y) = t`
⌃p 2⇡

(x, y) = t` mod 2⇡

⌃p

x 7! p(exp(ix`))
{x` mod 2⇡ : x 2 R} ⇢ Rn/2⇡Zn

⌃p := {x 2 Rn/2⇡Zn
: p(exp(ix)) = 0}.

µp,` ⌃p

` 2 Rn
+ Q

p 2 LYd(n) ⌃p ⇢

Rn/2⇡Zn n� 1

sing(⌃p) n � 2

p x 2 ⌃p

rp|z=exp(ix) = 0 m(x) > 1

p p ⌃p

q(exp(ix)) ⌃p

q 2 C[z1, . . . , zn] n� 2

p q q(exp(ix)) ⌃p

F (x) = p(exp(ix)) ⌃p

sing(⌃p)

⌃p n�1 p 2 LYd(n) Zp Cn

p Zp \Tn n� 1 dim(⌃p) = n� 1

x 7! exp(ix) Zp \ Tn

Zp

p Zp

Zp rp = 0 p
> 1 '(x) = eix

x 2 sing(⌃p) z = exp(ix) 2 sing(Zp) ⇤



⌃p

⌃p 2n
(0, 2⇡]n�1 d = (2, 2, . . . , 2) 2n = |d|

p 2 LYd ⌃p |d|

p 2 LYd(n) ⌃p |d|

⌃p =

|d|[

j=1

⌃p,j,

(0, 2⇡]n�1 'j : (0, 2⇡]n�1
! ⌃p,j

'j(y) := (y, 0) + ✓j(y, 0) mod 2⇡,

= (1, 1, . . . , 1) ✓j : Rn
! R 'j

'�1
j (reg(⌃p)) ⇢ (0, 2⇡]n�1

x p(exp(ix)) ⌃p,j x
p

sing(⌃p) =

[

1i<j|d|

⌃p,i \ ⌃p,j.

⌃p p

p =
QN

j=1 q
cj
j

(qj)Nj=1 cj 2 N
pred :=

QN
j=1 qj p

⌃pred = ⌃p pred ⌃pred

⌃p p
⌃p,j

p

✓j : Rn
! R j = 1, . . . , |d|

1

2

3

4

1

2

3

4

0
0

0
0

2𝜋𝜋

2𝜋𝜋 2𝜋𝜋

2𝜋𝜋 4𝜋𝜋

⌃p

p 2 LY(2,2) ✓j(y, 0)
y 2 (0, 2⇡]



p =
P

↵ a↵z
↵
2 LYd(n) x 2 Rn

px(s) 2 C[s]

px(s) = p(seix1 , . . . , seixn) =

|d|X

j=0

0

@
X

|↵|=j

a↵e
ihx,↵i

1

A sj.

px |d| adeihx,dis|d|

(ei✓j(x))|d|j=1 m(✓j,x) ei✓j(x) px
x p(exp(ix)) ei✓j(x) = 1

p 2 LYd(n) |d|
✓j : Rn

! R (ei✓1(x), . . . , ei✓|d|(x)) px
✓1(x)  . . .  ✓|d|(x)  ✓1(x) + 2⇡ x 2 Rn b⌃p ⌃p

Rn

p(exp(ix)) = ade
ihd,xi

|d|Y

j=1

�
1� ei✓j(x)

�
, b⌃p =

|d|[

j=1

✓�1
j (2⇡Z).

✓j ✓j(x + t ) = ✓j(x)� t x 2 Rn t 2 R ✓j
` 2

Rn
�0 �t`max  ✓j(x+ t`)� ✓j(x)  �t`min

`min `max `
✓j reg(b⌃p) x 2 Rn

m(✓j,x) ei✓(x) px
x 7! m(✓j,x) Mj ⇢ Rn

dim(Mj)  n� 1 sing(b⌃p) =
S|d|

j=1(✓
�1
j (2⇡Z) \Mj)

x 2 Rn

|d|X

j=1

✓j(x) = hd,xi+
|d|X

j=1

✓j(0).

2⇡Zn
(✓1, . . . , ✓|d|)

✓(x+ 2⇡ ) ⌘ �hd, i✓(x) mod 2⇡,

2 Zn � (1, 2, . . . , |d|) 7! (|d|, 1, 2, . . . , |d|� 1)

x0 2 Rn

p(exp(ix)) m < |d|

0 = ✓1(x0) = . . . = ✓m(x0) < ✓m+1(x0)  . . .  ✓|d|(x0) < 2⇡.

x0 2 Rn p(exp(ix0)) = 0

m < |d| s = 1 px0(s) m (sj(x0))
|d|
j=1

px0 sj(x0) = ei✓j(x0)

0 = ✓1(x0) = . . . = ✓m(x0) < ✓m+1(x0)  . . .  ✓|d|(x0) < 2⇡.



px x 2 Rn px0

(sj(x))
|d|
j=1 px x 2 Rn Rn

sj : Rn
! S1 ✓j : Rn

! R ✓j(x0)

Rn

✓1  . . .  ✓|d|  ✓1 + 2⇡ px
adeihd,xi px(s) = adeihd,xi

Q|d|
j=1

�
s� ei✓j(x)

�

p(exp(ix)) = px(1) = ade
ihd,xi

|d|Y

j=1

�
1� ei✓j(x)

�
.

b⌃p p(exp(ix)) Rn ✓�1
j (2⇡Z)

{x+ t : t 2 R} x 2 Rn

px+t (s) := p(sei(t+x1), . . . , sei(t+xn)) = px(se
it
).

✓j(x+ t ) = ✓j(x)� t.

x 7! m(✓j,x)
Mj

p(k)x (s) k s px(s) x 2 Rn
\Mj

m = m(✓j,x) x0 x p(k)x0 (sj(x0
)) = 0

k < m p(m)
x0 (sj(x0

)) 6= 0 sj x

s(x0
) p(m�1)

x0 (s) = 0

(s,x0
) = (sj(x),x) sj Rn

\ Mj ✓j
✓j(x + t ) = ✓j(x) � t j

m(✓j,x + t ) = m(✓j,x) x 2 Rn t 2 R m(✓j,x0
)

x 2 ✓�1
j (2⇡k) ⇢ b⌃p x /2 Mj

x ✓�1
j (2⇡k) m(x) x

p(exp(ix)) m(✓j,x) x 2 ✓�1
j (2⇡Z) ⇢ ⌃p

m(x) b⌃p sing(b⌃p) sing(b⌃p) = [
|d|
j=1(✓

�1
j (2⇡Z) \Mj)

[
|d|
j=1Mj n� 1

dim(Mj)  n � 1 Mj Mj

x 2 [
|d|
j=1Mj

x + t 2 sing(b⌃p) t 2 R sing(b⌃p)

n � 2 {(x, t) 2 Rn
⇥ R : x + t 2 sing(b⌃p)}

n� 1 [
|d|
j=1Mj

Rn Mj [
|d|
j=1Mj

n� 1

r✓j(x) 2 Rn
0 j x 2 Rn

\ [
|d|
j=1Mj

x 2 Rn
\ [

|d|
j=1Mj r✓j|x = r✓j|x+t

✓j(x) = 0 x 2 reg(b⌃p)
b⌃p



F red
(x) = pred(exp(ix)) pred p x 2 reg(b⌃p)

F red
(x) b⌃p

x r✓j(x) rF red
(x)

rF red
(x)

r✓j(x) 2 Rn
r✓j(x) · = �1

r✓j(x) 2 Rn
0

✓j(x1) � ✓j(x2) x2�x1 2 Rn
�0

x1 x2 Rn
\X X = [

|d|
j=1Mj

' : [1, 2] ! Rn '(1) = x1,'(2) = x2 '0
(t) 2 Rn

�0

t ' ✓j � ' t
'(t) /2 X X n�1

' X
X ' ✓('(2)) � ✓('(1))
x 2 Rn, t 2 R ` 2 Rn

�0 x1 = x+t`min , x2 = x+t`,
x3 = x+ t`max x3 � x2 2 Rn

�0 x2 � x1 2 Rn
�0

✓j(x+ t`max )  ✓j(x+ t`)  ✓j(x+ t`min ),

✓j(x)� t`max  ✓j(x+ t`)  ✓j(x)� t`min.

px(s) = adeihd,xi
Q|d|

j=1

�
s� ei✓j(x)

�
s = 0

p( ) = px(0) = ad(�1)
|d|ei(hd,xi+

P|d|
j=1 ✓j(x)) 6= 0 x 2 Rn

hd,xi +
P|d|

j=1 ✓j(x)

ei(hd,xi+
P|d|

j=1 ✓j(x)) = (�1)
|d| p( )

ad

hd,xi+
|d|X

j=1

✓j(x) =
|d|X

j=1

✓j( ), x 2 Rn.

✓(x + 2⇡ ) ⌘ �hd, i✓(x) mod 2⇡ x 2 Rn

2 Zn � (1, 2, . . . , |d|) 7! (|d|, 1, 2, . . . , |d| � 1) ✓(x) =

(✓1(x), . . . , ✓|d|(x)) = ei
= e1 ei x 2 Rn px

px+2⇡e1

✓(x+2⇡e1) = �r✓(x)+2⇡
0  r  |d| 2 Zn x px

r
r r + 1 px

px+2⇡e1 x
r r = d1 x0

minj|d| m(✓j,x)

x0 2
b⌃p m = m(x0) < |d|

0 = ✓1(x0) = . . . = ✓m(x0) < ✓j+1(x0)  . . .  ✓|d|(x0) < 2⇡.



r = (k1, . . . , kn) ✓(x0 + e1) = �r✓(x0) + 2⇡
�r✓(x0) ✓(x0)

dX

j=1

kj =
dX

j=1

✓(x0 + e1)�
dX

j=1

✓(x0) = �2⇡d1.

✓j(x0+ e1)� ✓j(x0) 2 [0, 2⇡] 2⇡kj = ✓j(x0+ e1)� ✓j0(x0) j0

|✓j0(x0)� ✓j(x0)| < 2⇡ kj 2 {0,�1} j
d1 �1

v := �r✓(x0)

v = (✓|d|�r+1(x0), ✓|d|�r+2(x0), . . . , ✓|d|(x0), ✓1(x0), . . . , ✓|d|�r(x0)),

v1  . . .  vr vr+1  . . .  v|d| vr+1 = 0 < vr < 2⇡ v + 2⇡
kj = �1 j  r kj = 0 j > r

r = d1
⇤

T (y, t) = (y, 0) + t
⇡ : Rn

! Rn/2⇡Zn
⌦ := T ((0, 2⇡]n)

2⇡Zn ⇡ : ⌦ ! Rn/2⇡Zn y 7! T (y, ✓j(y, 0))
x 7! (x1�xn, . . . , xn�1�xn) ✓j

'j(y) = ⇡(T (y, ✓j(y, 0))) (0, 2⇡]n�1

⌃p,j

✓j(T (y, t)) = ✓j(y, 0)� t

✓j(T (y, t)) 2 2⇡Z () 'j(y) = ⇡(T (y, t)).

⌃p,j ⇢ ⌃p y 2 (0, 2⇡]n�1 t = ✓j(y, 0) ✓j(T (y, t)) = ✓j(y, 0) � t = 0

T (y, t) 2 b⌃p ⇡(T (y, t)) = '(y) 2 ⌃p

⌃p ⇢ [
|d|
j=1⌃p,j ⌦ := T ((0, 2⇡]n) 2⇡Zn

⇡ : ⌦ ! Rn/2⇡Zn x 2 ⌃p ⇢ Rn/2⇡Zn

(y, t) 2 (0, 2⇡]n�1
⇥ (0, 2⇡] ⇡(T (y, t)) = x T (y, t) 2 b⌃p

✓j(T (y, t)) 2 2⇡Z j 'j(y) = ⇡(T (y, t)) = x
x = ⇡(T (y, t)) 2 ⌃p

x j 'j(y) = x j
ei✓j(T (y,t))

= 1 m(x) x p(exp(ix))
p x 2 sing(⌃p) () m(x) > 1 () x 2 ⌃p,i \ ⌃p,j

i 6= j
'j(y0) = ⇡(T (y0, t)) 2 reg(⌃p) T (y0, t) 2 reg(b⌃p)

✓j T (y0, t) = (y0, 0) + t
✓j (y0, 0) ✓j((y, 0) + v) =

✓j(T (y, t) + v) + t v 2 Rn,y 2 Rn y 7! T (y, ✓j(y, 0)) 'j

y0 ⇤

mingap(p) (✓j)
|d|
j=1



p 2 LYd(n) (✓j)
|d|
j=1

mingap(p) = min[✓j+1(x)� ✓j(x)] 1  j  |d| x 2 [0, 2⇡]n,

✓|d|+1 = ✓1+2⇡ mingap(p) > 0 p
sing(⌃p) = ; rp(z) 6= 0 z 2 Tn p(z) = 0

z = exp(ix) 2 Tn
(ei✓j(x))|d|j=1 pz

mingap(pz) ✓j+1(x) � ✓j(x) 1 

j  |d| x 7! x + t mingap(pz) = 0

✓j+1(x + t ) = ✓j(x + t ) = 0 t eitz = exp(x + t )

p mingap(p)
mingap(pz) x 2 [0, 2⇡]n mingap(p) > 0 mingap(pz) > 0

z 2 Tn p Tn

p sing(⌃p) = ; ⇤

p
p(z) = det(1�D(z)S)

S D(z) = diag(z1, . . . , zn, z1, . . . , zn)

p (ei✓j(x))|d|j=1

px(s) D(exp(ix))S

p 2 LYd (✓j)
|d|
j=1

` 2 Rn
+ x 2 R f(x) = p(exp(ix`))

m m ✓j(x`) 2 2⇡Z
p(exp (ix`))

[a, b] ⇢ R

µp,`([a, b]) =

|d|X

j=1

|{x 2 [a, b] : ✓j(x`) 2 2⇡Z}|.

✓j(a`) > ✓j(b`) j x 7! ✓j(x`)
[a, b] [✓j(b`), ✓j(a`)] ⇢ R ✓j(a`) � ✓j(b`)

|{x 2 [a, b] : ✓j(x`) 2 2⇡Z}| = |[✓j(b`), ✓j(a`)] \ 2⇡Z| = ✓j(a`)� ✓j(b`)

2⇡
+ errj,

|errj|  1 err :=
P|d|

j=1 errj |err|  |d|

µp,`([a, b]) =

|d|X

j=1

✓j(a`)� ✓j(b`)

2⇡
+ err =

hd, `i

2⇡
|b� a|+ err.

[a, b] = [x, x+ T ] err(x, T ) = err



xj+1 > xj f(x)
I ⇢ (xj, xj+1)

0 = µp,`(I) 
hd, `i

2⇡
|I|+ err ) |I|  2⇡

|err|

hd, `i
 2⇡

|d|

hd, `i
,

|I| xj+1 � xj ⇤

⌃p

` ⌃p

p ` Q
p

` 2 Rn
+ Rn/2⇡Zn

` t x 7! x + t` mod 2⇡ Rn/2⇡Zn

t > 0 x 2 ⌃p ⌃p ⌧`(x)
x 7! x+ ⌧`(x)` mod 2⇡ ⌃p

2⇡

τℓ (x) Tℓ (x)

x

A
mℓ (A)

T`, ⌧` m`

p ` = (⇡, 1)
(x, y) = t` mod 2⇡ t 2 [0, 44]

⌃p p 2 LYd(n) ` 2 Rn
+

⌧` : ⌃p ! R+ T` : ⌃p ! ⌃p

⌧`(x) := min{t > 0 : x+ t` 2 ⌃p}, T`(x) := x+ ⌧`(x)`.

m` ⌃p A ⇢ ⌃p

m`(A) := lim
✏!0

voln(A✏`)

2✏
, A✏` := {x+ t` : x 2 A, |t| < ✏},

voln n Rn/2⇡Zn



h : ⌃p ! C
⌃p n� 1

n Rn/2⇡Zn

p p =
QM

j=1 q
cj
j

pred :=
QM

j=1 qj dred
m(x)

exp(ix) p

p 2 LYd(n) ` 2 Rn
+ Q

x0 2 ⌃p (xj)j2Z f(x) =

p(exp(i(x0 + x`))) (T j
` (x0))j2Z T`

x0 h : ⌃p ! C
(T j

` (x0))j2N (x0 + xj`)j2N x0

lim
N!1

1

N

NX

j=1

h(T j
` (x0)) =

1

(2⇡)n�1hdred, `i

Z

⌃p

h(x)dm`(x)

lim
N!1

1

N

NX

j=1

h(x0 + xj`) =
1

(2⇡)n�1hd, `i

Z

⌃p

m(x)h(x)dm`(x),

m`(⌃p) = (2⇡)n�1
hdred, `i

R
⌃p

m(x) dm`(x) = (2⇡)n�1
hd, `i

{xi}i2N f(x) = p(exp(i(x0 + x`)))
x0 = 0 x0 2 ⌃p {ki}i2N f

k0 = 0 T i
` (x0) = x0+ki` m(T i

` (x0))

ki f i 2 N
h : ⌃p ! C

lim
R!1

1

R

X

kiR

h(T i
` (x0)) =

1

(2⇡)n

Z

⌃p

hdm`.

⌃p,j h = �A

A ⇢ ⌃p,j ⌃p A✏` = {x+ t` : (x, t) 2 A⇥ [�✏, ✏]}
Rn/2⇡Zn ` Q

voln(A✏`)

(2⇡)n
= lim

R!1

length ({t 2 [0, R] : x0 + t` 2 A✏`})

R
.

A = {ki : T i
` (x0) 2 A} ⇢ R ✓j(x0 + ki`) 2 2⇡Z ki 2 A A ⇢ ⌃p,j

t 7! ✓j(x0 + t`)
A

✏ > 0 2✏ [ki � ✏, ki + ✏] ki 2 A

{t 2 [0, R] : x0 + t` 2 A✏`} 2✏ [0, R]

2✏ 2✏ |A \ [0, R]| = 2✏
P

kiR h(T i
` (x0))



voln(A✏`)

(2⇡)n
= lim

R!1

 
2✏

1

R

X

kiR

h(T i
` (x0)) +

1

R
O(✏)

!
= 2✏ lim

R!1

1

R

X

kiR

h(T i
` (x0)).

2✏ ✏ ! 0 h = �A

h
PN

j=1 cj�Aj

Aj ⇢ ⌃p ⌃p

h
h : ⌃p ! C h = h1 � h2 + i(h3 � h4) hj

m`(⌃p)
R
⌃p

m(x)dm`(x)

T R
P

kiR m(T i
` (x0)) = |{xi < R}|

hd,`i
2⇡ R +O(1) h = m

1

(2⇡)n

Z

⌃p

m(x)dm`(x) = lim
R!1

1

R

X

kiT

m(T i
` (x0)) = lim

R!1

|{xi < R}|

R
=

hd, `i

2⇡
.

R
⌃p

m(x)dm`(x) = (2⇡)n�1
hd, `i p pred

m`(⌃p) =
R
⌃p

dm` = (2⇡)n�1
hdred, `i pred

⌃p m`

x 2 reg(⌃p) m`(sing(⌃p)) = 0 dim(A)  n�2 A = sing(⌃p)

dim(A✏`)  n� 1 voln(A✏`) = 0

R
⌃p

hdm`

m`(⌃p)
= lim

R!1

P
kiR h(T i

` (x0))

|{ki  R}|
= lim

N!1

PN
i=1 h(T

i
` (x0))

N
.

P
xiR h(x0 + xi`) =

P
kiR m(T i

` (x0))h(T i
` (x0))

R
⌃p

m(x)h(x)dm`(x)R
⌃p

m(x)dm`(x)
= lim

R!1

P
xiR h(x0 + xi`)

|{xi  R}|
= lim

N!1

PN
i=1 h(x0 + xi`)

N
.

⇤

⌧` m`

⌧` m` ⌧` m`

reg(⌃p)

d� d voln Rn/2⇡Zn n̂ n̂(x) 2 Rn
�0

x 2 reg(⌃p) n� 1 dxj

dx1 ^ dx2 ^ . . . ^cdxj ^ . . . ^ dxn



m` d�
reg(⌃p)

dm` = hn̂, `id� =

nX

j=1

`j(�1)
j+1dx1 ^ dx2 ^ . . . ^cdxj ^ . . . ^ dxn.

⌃p,j 'j : (0, 2⇡]n�1
! ⌃p,j

h : ⌃p,j ! C
Z

⌃p,j

h(x)dm`(x) = �

Z

(0,2⇡]n�1

h('j(y))hr✓j(y, 0), `idy,

` =
Z

⌃p,j

h(x)dm (x) =

Z

(0,2⇡]n�1

h('j(y))dy.

m`(sing(⌃p)) = 0 m`

reg(⌃p) A ⇢ reg(⌃p)

A ✏ > 0  =

(1, ...,n�1) d = d� A✏`

t n̂ d� d voln
d voln = ddt voln(A✏`) =

R
A |hn̂(), 2✏`i|d = 2✏

R
Ahn̂(), `id > 0

` 2 Rn
+ n̂() 2 Rn

�0  2 A

m`(A) := lim
✏!0

voln(A✏`)

2✏
=

Z

A

hn̂, `id�.

hn̂, `id� n� 1

! =

nX

j=1

`j(�1)
j+1dx1 ^ dx2 ^ . . . ^cdxj ^ . . . ^ dxn,

reg(⌃p)

y 2 (0, 2⇡]n�1

'j(y) 2 reg(⌃p) D = D'j|y n ⇥ (n � 1)

(s, i) @('j)s
@yi

|y x = 'j(y)

nX

k=1

`k(�1)
k+1dx1 ^ dx2 ^ . . . ^cdxk ^ . . . ^ dxn =

nX

j=k

`k(�1)
k+1Dkdy,

Dj (n � 1) ⇥ (n � 1) D j
` n ⇥ n M =

�
D `

�

det(M) =
Pn

k=1 `k(�1)
k+1Dk `

det(M) = �hr✓j(y, 0), `i v = (
@✓j(y,0)

@y1
, . . . , @✓j(y,0)@yn�1

) 2 Rn�1

D Ds,i = vi i 6= s Di,i = vi + 1 'j(y) = (y, 0) + ✓j(y, 0)
M

M̃ =

✓
idn�1

˜̀

v `n

◆
, ˜̀= (`1 � `n, `2 � `n, . . . , `n�1 � `n),



det(M) = det(M̃) = `n � hv, ˜̀i,
hv, ˜̀i = hr✓j(y, 0), `� `n i = hr✓j(y, 0), `i � `n hr✓j(y, 0), i = �1

det(M) = �hr✓j(y, 0), `i
hr✓j(y, 0), i = �1 ⇤

p 2 LYd(n) ` 2 Rn
+

⌧` : ⌃p ! R+

` 2 Rn
+ ⌧` : ⌃p ! R+ 2⇡ |d|

hd,`i

f(x) = p(exp(ix`)) xj+1 > xj

⌧`(x) = xj+1 � xj x = xj` mod 2⇡.

xj+1 = xj x 2 sing(⌃p)

x 2 sing(⌃p) U ⇢ ⌃p x

{0, ⌧`(x)} ⇢ {⌧`(x) : x 2 reg(⌃p) \ U}.

⌧`(x) x 2 reg(⌃p) 0 sing(⌃p) = ;

p p pred ⌧`

mingap(p)

`max
 inf ⌧` 

mingap(p)

`min
,

`max `min ` mingap

` Rn
+

⌧(x, `) := ⌧`(x) reg(⌃p) ⇥ Rn
+

{(x, `) 2 reg(⌃p)⇥ Rn
+ : T`(x) 2 reg(⌃p)}

p pred

⌧` p ⌧`
⌃p

c⌃p ⌧`(x) = ⌧`(x mod 2⇡) x 2 c⌃p ⇢ Rn

⌧ c⌃p ⇥ Rn
+

⌧(x, `) = ⌧`(x) = min{t > 0 : p(exp(i(x+ t`))) = 0}.

⌧`(xj`) = xj+1�xj xj+1 > xj p(exp(ix`))

⌧`(x) 
2⇡|d|
hd,`i p(z) p(e�ix1z1, . . . , e�ixnzn)

⌧`( ) p(exp( )) = 0 f(x) = p(exp(ix`))
0 = x0 < x1 ⌧`( ) = x1 � x0 

2⇡|d|
hd,`i

p(exp( )) = 0

2 c⌃p

c⌃p

2 reg(c⌃p)
c⌃p p(exp(ix))

p

0 = ✓1( ) < ✓2( )  . . .  ✓|d|( ) < 2⇡,



U ⇢ b⌃p ✓1(x) = 0

✓j(x) 2 (0, 2⇡) x 2 U j � 2 t > 0

p(exp(i(x + t`)) = 0 ✓2(x + t`) = 0 (x, `) 2 U ⇥ Rn
+

⌧ = ⌧(x, `) ✓2(x + ⌧`) = 0 (x, `)
(x, `, t) 7! ✓2(x + t`)

(x, `) 7! T`(x) = x+ ⌧(x, `)` U ⇥Rn
+

⌦ := {(x, `) 2 U ⇥ Rn
+ : T`(x) 2 reg(b⌃p)}

U ⇥ Rn
+ (x0, `0) 2 ⌦ ✓2(x + t`) (x, `, t) (x0, `0, ⌧(x0, `0))

⌧(x, `) (x0, `0)

2 sing(c⌃p)
b⌃p m = m( )

p(exp(ix))

0 = ✓1( ) = . . . = ✓m( ) < ✓m+1( )  . . .  ✓|d|( ) < 2⇡.

U ⇢ c⌃p

U = [
m
j=1Uj, Uj := {x 2 U : ✓j(x) = 0},

b⌃p = [
|d|
j=1✓

�1
j (2⇡Z) tj(x, `)

t ✓j(x+ t`) = 0 tj U ⇥ Rn
+ ⌧( , `) = tm+1( , `)

✓|d|+1 = ✓1 + 2⇡ m = |d| j  m x 2 Uj \ reg(b⌃p)

✓j+1(x) > 0 ⌧(x, `) = tj+1(x, `) xn ! xn 2

reg(b⌃p) n xn 2 reg(b⌃p) \ Uj

n j ⌧(xn, `) = tj+1(xn, `) n

lim
n!1

⌧(xn, `) = tj+1( , `) =

(
⌧( , `) j = m

0 1  j < m� 1
,

tj+1 ✓j+1( ) = 0 j + 1  m
sing(⌃p) 6= ; ⌧` reg(⌃p)

sing(⌃p) = ; ⌧` ⌃p = reg(⌃p)

⌧`,j(x) t ✓j+1(x + t`) = ✓j(x)

✓j+1(x)� ✓j+1(x+ ⌧`,j(x)`) = ✓j+1(x)� ✓j(x)

✓j+1(x)� ✓j(x)

`max
 ⌧`,j(x) 

✓j+1(x)� ✓j(x)

`min
,

x 2 Rn
1  j  |d|

mingap(p)

`max
 min

x,j
⌧`,j(x) 

mingap(p)

`min
,

x 2 c⌃p j ✓j�1(x) = 0

mod 2⇡ ✓j(x) > ✓j�1(x) ⌧`(x) = ⌧`,j(x) minx,j ⌧`,j(x)  inf ⌧`
inf ⌧` = 0 inf ⌧` > 0 sing(⌃p) = ; ⌧`,j(x) > 0

x j ⌧`,j(x + t ) = ⌧`,j(x) t



✓j�1(x+t ) = 0 mod 2⇡ ⌧`(x+t ) = ⌧`,j(x) inf ⌧` = minx,j ⌧`,j(x)
⇤

p 2 LYd(n) p =
QN

j=1 q
cj
j

` 2 Rn
+ Q qj

mp(x) x fp(x) = p(exp(ix`))
mp(x) = 0 fp(x) 6= 0 mj(x)
fj(x) = qj(exp(ix`)) f(x) =

QN
j=1 (fj(x))

cj

m(x) =
PN

j=1 cjmj(x)

µp,` =

X

x2⇤

mp(x)�x =

NX

j=1

cj
X

x2⇤j

mj(x)�x =

NX

j=1

cjµqj ,`,
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p(z) = 1� e�i'zd ' 2 R `n+ f(x) = p(exp(ix`))
{'+

2⇡
hd,`ik : k 2 Z}

p 2 LYd(n) p(0) 6= 0 zd

p(0) = 1 p(z) = 1 + azd |a| 6= 1

|d| ! 2 C a z = (!, . . . ,!) p Dn
(C\D)n

p 2 LYd(n) p(z) = 1� e�i'zd f(x) = 1� ei(hd,`ix�')

' 2 R f(x) = 0 () x� ' 2
2⇡

hd,`iZ f 0
(x) 6= 0 ⇤

p 2 LYd(n) ` 2

Rn
+ Q f(x) = p(exp(ix`)) ⇤

(m(x))x2⇤

m(x)  |d| x 2 ⇤ limR!1
|{|x|<R : x2⇤, m(x)=1}|

|{|x|<R : x2⇤}| = 1

N 2 N � 2 R dimQ(�) = N |⇤ \ �|  c
c = c(|d|, N) |d| N dimQ(⇤) = 1

m(x)  |d|
f(x) (kj)j2Z kj > 0 j > 0 kj < 0 j < 0

lim
N!1

|{�N  j  N : m(kj) > 1}|

2N
= 0.

p† 2 LYd p†

p†(exp(ix`)) = 0 () p(exp(�ix`)) = 0

lim
N!1

|{1  j  N : m(kj) > 1}|

N
= 0.



p m(kj) > 1 kj` 2 sing(⌃p)

kj` = T j
` (k0`) kj h
sing(⌃p) |{1  j  N : m(kj) > 1}| =

PN
j=1 h(T

j
` (k0`)) h

lim
N!1

1

N

NX

j=1

h(T j
` (k0`)) /

Z
h(x)dm`(x) = m`(sing(⌃p)) = 0.

⇤

(C⇤
)
n

exp : Cn
! (C⇤

)
n

G ⇢ (C⇤
)
n N N

G = {exp(A ) : 2 ZN
} A 2 Cn⇥N

G = {exp(A ) : 2 QN
} A d (C⇤

)
n

H = {exp (By) : y 2 Cd
} B 2 Zn⇥d d

zH z = exp(x) zH = {exp (x+ Ay) | y 2 Cd
}

B d

V ⇢ (C⇤
)
n N

D G (C⇤
)
n N G

G \ V r zjHj ⇢ V r 

e(N+1)(6D(
n+D
D ))

(5D(
n+D
D ))

zH ⇢ (C⇤
)
n d  n� 2

` 2 Rn Q k 2 R
exp (ik`) 2 zH

B 2 Zn⇥d d H = {exp (By) : y 2 Cd
}

exp (ik`) exp (ik0`) zH exp (i(k � k0
)`) 2 H (k� k0

)` =
By+2⇡ 2 Zn,y 2 Cd B Cn

(n�d)
Q By dimQ(By)  d

dimQ((k � k0
)`) = dimQ(By + 2⇡ )  d+ 1 < n.

k � k0
6= 0 dimQ((k � k0

)`) = dimQ(`) = n ⇤
p, ` ⇤ V ⇢ (C⇤

)
n

p (C⇤
)
n V |d| N 2 N � ⇢ R

dimQ(�) = N � = {h , i : 2 QN
} 2 RN A 2 Cn⇥N

j i`j 2 CN G = {exp(A ) : 2 ZN
}

G = {exp(A ) : 2 QN
} = {exp(it`) : t 2 �}

x 2 ⇤ \ � () exp(ix`) 2 G \ V.

G N r = r(|d|, N)

ziHi ⇢ V G \ V ⇢ z1H1 [ . . . [ zrHr

x 2 ⇤ \ � exp(ix`) 2 ziHi i n� 1

p



dim(ziHi)  dim(V )� 1 = n� 2 i = 1, . . . , r ziHi
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hd� dred, `i

hd, `i
, c⌧ :=

1

(2⇡)n�1hd, `i
.

f : R�0 ! C
Z

fd⌫p,` := c0f(0) + c⌧
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c⌧ =
1R

⌃p
m(x)dm`(x)
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⌫p,` = ⌫q,` q(z) := p(exp(ix0)z) x0 2 Rn

µp,`([x1, xN+1]) = N +O(1)

µp,`([x1, xN+11]) =
hd,`i
2⇡ (xN+1 � x1) +O(1) N ! 1

E(⇢) := lim
N!1

PN
n=1 xj+1 � xj

N
= lim

N!1

xN+1 � xj

N
=

2⇡

hd, `i
.

⌫p,` � = 0

p � > 0

qi qj qj(z) = qi(exp(i�`)z) z
qi = qj qi

⌫p,`

⌫p,`

� = xj+1�xj I
� ⌫p,`(I) > 0

µp,` ⌫p,`
µp,` ⇤

⇤ �1,�2
�1
�2

/2 Q
dimQ(⇤) = 1

⌫p,`
⌫p,`

⇤
f : R ! C f �⌧`
⌧` reg(⌃p)

h(x) :=
m(x)� 1

m(x)
f(0) +

1

m(x)
f(⌧`(x)),

lim
N!1

1

N

NX

j=1

h(xj`) =
hd� dred, `i

hd, `i
f(0) +

1

(2⇡)n�1hd, `i

Z

⌃p
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