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Abstract

The paper is devoted to the study of a new class of optimal control problems governed
by discontinuous constrained differential inclusions of the sweeping type involving
the duration of the dynamic process into optimization. We develop a novel version
of the method of discrete approximations of its own qualitative and numerical values
with establishing its well-posedness and strong convergence to optimal solutions of
the controlled sweeping process. Using advanced tools of first-order and second-order
variational analysis and generalized differentiation allows us to derive new necessary
conditions for optimal solutions of the discrete-time problems and then, by passing
to the limit in the discretization procedure, for designated local minimizers in the
original problem of sweeping optimal control. The obtained results are illustrated by
a numerical example.
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1 Introduction, Problem Formulation, and Discussions

The sweeping process (“processus de rafle”) was introduced by Moreau in the
1970s (see [36] with more references) and extensively studied by himself and other
researchers in the form of differential inclusion

X(t) € =N(x(1); C(1)) ae. t €[0,T],
x(0) = xg € C(t) C R™.

The sweeping process, along with its various modifications, has been utilized in a
wide range of fields such that aerospace, process control, robotics, bioengineering,
chemistry, biology, economics, finance, management science, and engineering. Addi-
tionally, the sweeping process plays a significant role in the theory of variational
inequalities and complementarity problems. In the context of mechanical and electri-
cal engineering, this process has been applied to various areas including mechanical
impact, Coulomb friction, diodes and transistors as well as queues and resource limits
among others. Several notable references for these applications include [2, 5, 6, 8, 19,
24, 25, 39].

Optimal control problems for various types of sweeping processes have been formu-
lated much more recently (see [14] and the references therein), while being recognized
as very challenging in control theory due to the high discontinuity of the controlled
sweeping dynamics and the unavoidable presence of hard state and irregular mixed
constraints. Nevertheless, for a rather short period of time, many important results
have been obtained on necessary optimality conditions for controlled sweeping pro-
cesses with valuable applications to friction and plasticity, robotics, traffic equilibria,
hysteresis, economics, and other fields of engineering and applied sciences; see, e.g.,
[1,3,7,9, 10, 13-18, 22, 23, 35, 37, 41] with more references and discussions.

Nevertheless, there are great many unsolved problems in optimal control theory for
sweeping processes with strong requirements for further applications. Some of these
issues are considered in our paper. Specifically, we address here, for the first time in the
literature on controlled sweeping processes, the case where the duration of the dynam-
ical process is included into optimization and then develop for such problems effective
techniques of deriving necessary optimality conditions based on a novel version of
the method of discrete approximations. This approach, being married to advanced
tools of first-order and second-order variational analysis and generalized differentia-
tion, allows us to obtain new necessary conditions for local optimal solutions to both
discrete-time and continuous-time frameworks of nonsmooth sweeping dynamics in
the presence of general constraints on the trajectory endpoints and process duration.
In this way, we solve a long-standing question in the theory of discrete approxima-
tions of optimal control problems (not only of the sweeping type) about handling
general measurable (not just piecewise continuous or of bounded variation) control
functions. Establishing the well-posedness and strong convergence for the novel type
of discrete approximations and then passing to the limit from the derived descriptions
of their optimal solutions, we arrive at the set of necessary optimality conditions for
local minimizers of the original sweeping control problem containing significant new
features in comparison with previously known results; see below and more discus-
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sions in Remark 5.3. The obtained optimality conditions are illustrated by a numerical
example of its own interest. Applications of the established results to solving some
practical problems from marine surface vehicle and nanoparticle modeling are given
in a separate forthcoming paper.

Let us now present a precise mathematical formulation of the problem under con-
sideration in this paper. By (P), we denote the optimal control problem of minimizing
the Mayer-type cost functional

JIx,u, T :=o(x(T),T) (1.1)
over control actions #(-) and the corresponding sweeping trajectories x (-) defined on

the variable time interval [0, T'] and satisfying the constraints

£(t) € =N(x(0); (1)) + g(x(0), u(@)) ae. t €[0,T], x(0) = xg € C(0) C R",
u(t) e U cR? ae. 1 €0, 7], (1.2)
x(T), T) € 2 x Qr C R" x [0, 00),
where 2, and Q7 are subsets of R” and [0, 00), respectively, and where C(7) is a
convex polyhedron given by

CO) = joy C/0) with CI(1) =[x e R | (i (), 3) = ;0] 0
@Il =1,j=1,....5, 1 € [0, 00). '
Recall that the normal cone of convex analysis N (x; C) is defined by
N@;C):={veR"|(v,y—x) <0, yeC}lifx e Cand N(x; C) := P ifx ¢ C.
(1.4)

The latter tells us that problem (1.2) automatically contains the pointwise state con-
straints

x(t) e C(p), ie., (xi(t),x(t)) <cj(t) forall
t € [0, T] (with different 7) and j=1,...,s. (1.5)

In fact, the sweeping dynamics intrinsically induces irregular mixed constraints on
controls and trajectories that are the most challenging and largely underinvestigated
in control theory even in particular settings.
In what follows, we identify the trajectory x : [0, T] — R" with its extension to

the interval (0, co) given by

Xe(t) :=x(T) forall t > T
and for x € Wl’z([O, T1], R"™) define the norm

lxllwiz == lxO) + 1%l L, -
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Let us specify what we mean by a W2 x L? x R, -local minimizer of (P) and its
relaxation; cf. [16] when the duration of the process is fixed.

Definition 1.1 A feasible solution (X(-), i(), T) to (P) isa W!? x L? x R - LOCAL
MINIMIZER for this problem if there is € > 0 such that J[x,u, T] < J[x, u, T] for
any feasible (x(-), u(-), T') satisfying the constraints in (P) and

T
/O (“)'ce(t) — 5| + lu) - ﬁ(t)||2> di + (T —T)? < e.

The relaxed version (R) of problem (P) is defined as follows:
minimize J[x,u, T]:= ¢(x(T), T)
on absolutely continuous trajectories of the convexified differential inclusion

x(t) € —N(x(t); C(t)) + cog(x(t), U) ae. t€[0,T], x(0) =x9 € C() CR",
(1.6)

where “co” signifies the convex hull of the set in question.

Definition 1.2 Let (X(-), ii(-), T) be a feasible solutions to (P). We say that it is a
RELAXED W!2 x L? x R, - LOCAL MINIMIZER for (P) if there is € > 0 such that

T
@(¥(),T) < @(x(), T) whenever /0 (”)'ce(t) — X0(1) H2
) = a0|2) dr + T = T) <,

where u(t) € coU a.e. on [0, T] with u(-) being a measurable control function, and
where x (-) is a corresponding relaxed trajectory of the convexified inclusion (1.6) that
can be uniformly approximated in wl2([0, T1; R") by feasible trajectories to (P)
generated by piecewise constant controls uk () on [0, T] whose convex combinations
converges to u(-) in the norm topology L%([0,T1: ]Rd).

Of course, there is no difference between W2 x L? x R -local minimizers for (P)
and its relaxed counterpart (R) in the case of convex problems, but it is also the case
for a broad range of problems without any convexity. We refer the reader to [16] for
more details and discussions on this topic.

Observe that when C (1) = R”, problem (P) reduces to the standard framework of
nonsmooth optimal control of ODE systems since our standing assumptions formulated
below impose the Lipschitz continuity of g in x. When g = 0, problem (P) takes the
form of optimal control of differential inclusions x(t) € F(t, x(¢t)) with F(x,t) :=
—N(x; C(t)). However, the principal difference between the sweeping control case
of (P) and the well-developed control theory for differential inclusions (see, e.g., [12,
31, 40] and the reference therein) is that the latter theory crucially depends on the
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Lipschitz continuity of the multifunction x — F(x, t), which is never the case of the
normal cone mapping in (P) generated by a nontrivial (constant or moving) set C(¢).

Our approach to investigate problem (P) with establishing necessary optimality
conditions for its local minimizers is based on the method of discrete approximations
developed in [27, 29, 31] for Lipschitzian differential inclusions and then extended
in [9, 10, 14-17] to various kinds of controlled sweeping processes. Note that [27]
is the only publication employing discrete approximations to handle free-time prob-
lems while in the case of Lipschitzian inclusions. Our method consists of constructing
well-posed discrete approximations of (P) whose solutions strongly converge to the
prescribed local minimizers of (P), then deriving necessary optimality conditions for
discrete-time problems, and finally establishing, by passing to the limit with the dimin-
ishing step of discretization, necessary optimality conditions for local minimizers of
(P).

The paper is organized as follows. Below in this section, we formulate assumptions
on the problem data and present a recent theorem on the existence of optimal solution
to (P) that supports our analysis.

Section 2 is devoted to the construction and justification of well-posed discrete
approximations of the continuous-time problem (P). The first novel result here of its
own interest establishes a strong W12 x L*-approximation of any feasible solution
(x,u) € W-2([0, T1: R") x L2([0, T]; RY) to (P) by appropriately extended solu-
tions to the discretized sweeping process. Based on this crucial result, we construct a
well-posed sequences of discrete optimal control problems whose optimal solutions
strongly converge to the designated local minimizer of (P).

It occurs that even if the initial data of (P) are differentiable or/and convex, the
discrete-time approximating problems inevitably become nonsmooth and nonconvex
due to geometric constraints generated by the graph of the normal cone (1.4). To tackle
these challenges, we need appropriate tools of variational analysis including first-
order and second-order generalized differentiation. Section 3 overviews the required
constructions and results.

In Sect. 4, we employ variational analysis and generalized differentiation to derive
necessary optimality conditions for discrete-time problems. This is done by reducing
the problems with discrete dynamics to nondynamical problems of nondifferentiable
programming with increasingly many geometric constraints by employing full calculus
of generalized differentiation taken from [32] and explicit second-order calculations
associated with the sweeping dynamics. Due to the strong convergence of discrete
optimal solutions established in Sect.2, the results obtained here can be viewed as
suboptimality conditions for the original sweeping control problem.

The culmination of our study is Sect. 5, where we utilize the stability of discrete
approximations and the robustness of generalized differential constructions for pass-
ing to the limit from the necessary optimality conditions for discrete-time problems.
Establishing an appropriate convergence of adjoint arcs occurs to be the most challeng-
ing aspect of this process. As a result, we obtain new necessary conditions expressed
in terms of the original problem data for the designated local minimizers of (P).
Due to the characteristic features of the sweeping dynamics, the resulting optimality
conditions include signed measures, not just nonnegative ones, which may present
significant difficulties for implementation. Nevertheless, the newly obtained support
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condition allows us to largely overcomes this obstacle. This condition is obtained by
exploiting the particular structure of the approximate adjoint equation, together with
a precise calculation of the coderivative of the normal cone mapping. Section 6 con-
tains a numerical example showing how the obtained optimality conditions make it
possible to completely solve to find the original sweeping control problem. The paper
is finished with Sect. 7 containing concluding remarks and discussions of some topics
of our future research.

In the reminder of this section, we formulate and discuss standing assumptions for
the rest of the paper. Consider the collection of active indices of inequality constraints
defined by

It x)=={je{l,....s} | (x}(0). x) = c;()}.

(H1) The set U # @ is closed and bounded in R?. The generating functions x,{ (+),and
c;(+) are Lipschitz continuous with a common Lipschitz constant L.
(H2) The uniform Slater condition is satisfied:

for every t € [0, T] there exists x € R" such that

(xi(t),x) < cj(t) whenever i =1,...,s. (1.7)

This condition yields the positive linear independence constraint qualification
(PLICQ) along x(¢) on [0, T'] with a varying time 7 formulated as follows:

Y ) =02 €Ry | = [A; =0 forall jel(t,x)]. (1.8
jel(t,x)

In [11, 21], the reader can find more discussions on this and related topics. Recall
that the (stronger) linear independence constraint qualification (LICQ) holds if the
restriction A; € Ry in (1.8) is dropped.

(H3) The perturbation mapping g: R" x U — R" is Lipschitz continuous with
respect to (x, u) whenever u € U and x belongs to a bounded subset of R” satisfying
there the sublinear growth condition

lgCx,w)l < B(1+ llx|l) forall u e U

with some given positive constant S.
Define further set-valued mapping F: [0, T] x R” x R? = R” by

F(t,x,u) == N(x;C@)) — g(x,u) (1.9)
and deduce from the classical Motzkin theorem of the alternative the representation
Fexw=1 3 axd |1 20f —g0rw, (1.10)
jel(t,x)

@ Springer



Applied Mathematics & Optimization (2024) 89:40 Page7of 55 40

where the moving set C(¢) is taken from (1.3). Then the sweeping differential inclusion
(1.2) can be rewritten as

(—x(@),u@) e F(t,x(@),u()) x U ae. t €[0,T]. (1.11)

2 Well-Posed Discrete Approximations

In this section, we aim at developing well-posed discrete approximations of the
sweeping control problem (P), which deals with constrained differential inclusions
involving free time. This method, providing finite-dimensional approximations of
infinite-dimensional continuous-time problems, definitely has some numerical flavor,
while our main attention here is paid to using the discrete approximation approach to
derive efficient necessary optimality conditions for the original problem (P).

To simplify the exposition, we employ the explicit Euler scheme to replace the time
derivative x (¢) in (1.2) by the sequence of finite differences

x(t+h)—x() A

x(t) ~ Y

s hio0,
which is formalized as follows: for each & € IN, consider a real number 7} approxi-
mating 7" and the uniform grid
k k
ty =0, ¢t =T
0 vtk ’
{tikH =t hk i =01, k1, 2.12)
with #% := Ty /k and IN := {1, 2, ...} standing for the collection of natural numbers.
The following theorem plays a principal role in the subsequent developments. It
justifies the possibility to W2 x L2-strongly approximate any feasible solution to
(P) by a sequence of extended solutions to certain discretized perturbed sweeping
processes. To proceed, recall some notation. Given a Lebesgue measurable set S € R”
with positive finite measure |S| and a Lebesgue measurable mapping f: R* — R,

denote its average by
1
][f(S) = —/f(S)ds.
S IS1 /s

Further, having some sets 2, S C R" with Q C S, define the characteristic function
lokx):=1ifx e Qand 1g(x) :=0ifx € S\ Q.

Theorem 2.1 Let (X(-), i(-)) € WH2([0, T1; R") x L2([0, T1; RY) be a feasible solu-
tion to problem (P) under the assumptions in (H1) and (H3). Then the following
assertions hold:

(i) There exists a sequence of piecewise constant control functions (uk | k € IN}
defined on [0, T'] such that uk(-) converges to ii(-) strongly in the L*>-norm topol-
ogyon|[0,T] as k — oo.
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(ii)) There exists a sequence of piecewise linear functions (x| k € IN} converging
strongly to X(-) in the W '2-norm topology on [0, T| and such that x*(0) = x(0)
forallk € IN andalli =0, ...,k — 1 while satisfying

2Ky e =NGFf): € + g Ry k@) + T Bt e e, 1)),
(2.13)

where r > 0 with h* Z -1 rk — 0 as k — oo, and where the perturbed
polyhedra C lk are defined by

ﬂ ck owith €5 = {x e R" | (x, x{ (1)) < ¢/} (2.14)

being generated by the vectors xi, (tl.k) and suitable numbers c;(] .

(iii) The piecewise linear extensions of cij and xﬁ (tik ) converge uniformly on [0, T to
cj(t)and x1(t) from (1.3), respectively. Finally, all x*(-) are Lipschitz continuous
on [0, T with the same Lipschitz constant as x(-).

Proof Let us first construct control functions u*(-) to approximate i (-). Applying [13,
Lemma 6] tou € Lz([O, T1; R™) and considering the control sequence

k=1 4k
k L i+1 _
u (1) = z(; ]{k a(s)dsLy (0. ke,
1=l i

we obtain that u¥ — i a.e. on [0, T] as k — oco. Define further the sequences

_ Ef) = #6H

vf = m (2.15)
xR () = 2 + ¢ — 1k
=X+ =1 xo)ds el ). (2.16)

RO
Fixingi = 0, ...,k — 1, denote I,i = [t[k,tikﬂ), o (t) == max{tl.k |i=0,..,k—
1, t* <1}, and

. max c;(t) if (x(1), x*(t)) <cj(t) for t € [t l+1]
C;cj = { reih )

(x(t5), xf (zﬁ)) otherwise
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whenever j = 1, ..., s. For such j, consider further the sequence

k—1

Jepy o ij
(1) = ch Lk b, (@),

i=1

We intend to show that c,{ (t) — () uniformly in [0, Tlask — oo. To proceed,
for every ¢t € [0, T] define I (¢t) := [ox (1), 0% (1) + h¥] and then fix jef{l, ..., s}
and 7 € [0, T]. If (X(D), x](D) < ¢; (@), we get (X(t), x] (1)) < ¢; () for all 1 €
[ok (1), oy (f) + h*] provided that k is sufficiently large. This tells us that c,{ @) =

max cj(t) = c; () forsome? = 7(k, j, 1) € [0 (f), o () +h¥], and hence
t€loy (1) 0% (D) +h*]

lej (D) — ¢} (D] < lej (D) — ;@) < LA
Letting (% (7), x1 (7)) = ¢;(7), it follows that ¢} (7) = ¢} (o3 (7)),

(Z(ox (D)), xL(0x (1)) = ¢](ox (D), and (X(D), x{ (D)) = c; (D),

which brings us to the relationships

lej () — ¢l (ar ()] = [(X (@), x{ (D)
— (% (ox (D)), x1. CAONE (% (D), xL (F) — xL (on (D))
(X (D) — Z(or (D), ¥, (o (D))| < Kh*

for a suitable constant K independent of k and 7. Define g (¢) := g(k (0% (1)), k(@)
k—1

and g (1) 1= gr(t) — wy(t), where wi (¢) := Z Uzk]ll,i (1), t € [0, T]. It follows from
i=0
the normal cone representation in (1.2) that, a.e. on [0, T1,

g(X (). () — X(t) = Y 2 (0)x (1),

j=1

where A (t) > 0 and A (¢) = O for each ¢ with (x(z), x;f (1)) < c¢j(t). Moreover, it is
easy to check that the numbers || ;|| L are finite since x is Lipschitz continuous, g is
bounded, and all the active inequality constraints are positively linearly independent.
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Observe that
Ge(t) = ][ [g(X(r), i (r)) + X(r))dr
Lok (1), 0% (1) +h*)

_ 7[ L), () — g (P1dr
[ok (1), 0k (1) +h*)

N

= Z][ x,{ (A j(r)dr
=1 [ox (1), 0% (1) +1*)

(2.17)

- ][ [g(x(r), u(r)) — gr(r)ldr
lox (1) 0% (1))

and define further the sequence of moving sets
k—1
Ci =) Cilu@. t<[0.T],
i=0

where C lk is taken from (2.14). In this notation, we have the relationships

N

Z][ x! )Aj(rydr
= [0k (1), 0% (1) +1F)

= Zx* 0k (1)) ][ Aj(r)dr

lok (1), 0% (1) +*)
(2.18)

N

+ ][ A (ML (r) = xl (ox (1) 1dr
; 0% (1),0% (1) +hk) / ¢
€ N(x*(ox(1)); Cl (o (1)) + Lh* B

= N @): Cka) + L' B

for a.e. t € [0, T] and a suitable constant _Z On the other hand, using the fact that
ok (s) = oy (t) forall s € I (¢) and ¢ € [0, T] leads us to the equality

][ [e(x(r), u(r)) — gu(r)ldr
ok (1),0% (1) +h*)
= ][ [e(x(r), u(r)) — g(x(ox(2), u(r)))ldr
ok (1),0% (1) +h*)

+ f [ (E (o (1)), G(r)) — gi(r)ldr.
[ok (1),0% (1) +h¥)

The uniform continuity of g with respect to x and u and the convergence of u* to i tell
us that the latter expression tends to zero as k — oco. Combining this with (2.17) and
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(2.18), we find a sequence {rl.k} such that tl.k J 0ask — oo and (2.13) is satisfied. The
remaining part of the statement is an immediate consequence of the constructions.
O

Having in hand the approximation results of Theorem 2.1 allows us to build a
sequence of discrete-time optimal control problems, which admit optimal solutions
that strongly converge to a designated local minimizer of the original sweeping control
problem (P).

Let (X(-),i(-), T) be arelaxed W!? x L? x R -local minimizer of problem (P).
Given € > 0 from Definition 1.2 and any fixed k € IV, formulate the discrete-time
optimal control problem (Py) as follows:

uk — ﬁ(t)Hz) dt

minimize Jj [xk, uk, Ti] :i= ga(x,’i< Ty) + (Tx — 7)2

+Z/ (

k
— X .
l+l i —)E(Z)

(2.19)
over (xk, uk, Ty) = (xé, x{‘, ...,x,’(‘fl,x,]g, u](‘), ull‘, e, “]1271’ Ty) satisfying the con-
straints

xf —xb e —nFFRaE xE uf) for i =0,... k-1, (2.20)
Xt = x0 € C(0), (2.21)
kT e @ x @b = (@, +8°B) x (Qr + 85, (2.22)
— X . 2
Z/k ’“ LI uf.‘—ﬁ(r)H di <e,  (223)
t

k k

S TN b fori=0,. . k—1 2.4
h—k_—i— or i =0,...,k—1, (2.24)
ubeU for i=0,.... k-1, (2.25)
H <x{<, uf) - ()E(tl.k), ﬁ(r{‘))” <efori=0,... k—1, (2.26)
Ty — T| <, (2.27)
(L (T, xk) < cj(Tp) for j=1,....5, (2.28)

where L is the Lipschitz constant of ¥, 8¢ := ||x(T) — (T,
kok ko ky . k. ~k k k k
Frt , x;u;) =N C) —glx;,u;) — 1, IB, (2.29)
and the sequence of piecewise linear functions {X*} is generated by the optimal tra-
jectory x(-) according to Theorem 2.1.

To proceed further, let us add to the standing assumptions (H1)—(H3) the following
one:
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(H4) The set 2, x Q7 is closed around (x(7), T).

In our approach to deriving necessary optimality conditions for the original problem
(P), we need to be sure that approximating problems (Px) admits optimal solutions
for large k. This can be easily deduced from Theorem 2.1 and the classical Weierstrass
existence theorem.

Proposition 2.2 Let the cost function ¢ be lower semicontinuous on R" x [0, T +€] in
addition to the assumptions in (H1), (H3), and (H4). Then the discrete approximation
problem (Py) admits an optimal solution {()Ek (tl-k) |i =0,...,k} wheneverk € IN is
sufficiently large.

Proof 1t follows from Theorem 2.1 that the set of feasible solutions to problem (Py) is
nonempty for any large k. It is obvious from the construction of (Py) that the feasible
solution sets are bounded for each k € IN. Furthermore, the constraint structures of
(Py) and the robustness (closed-graph) property of the set-valued mapping 1.4 ensure
the closedness of the feasible solution sets. The imposed lower semicontinuity of ¢
ensures that the cost function in each ( Py ) is also lower semicontinuous foreachk € IN.
Thus the claimed existence result follows from the classical (one-sided) Weierstrass
theorem. O

Now we are ready to obtain a major result establishing the W2 x L? x R -strong
convergence of optimal solutions for the discrete-time problems (P) to the designed
local minimizer (X(-), ii(-), T) of the sweeping control problem (P). This theorem
makes a bridge between solving problem (P) via its discrete finite-dimensional coun-
terparts (Py) and will be an important ingredient in what follow to derive optimality
conditions in (P) by passing to the limit from those for the discrete approximations.

Theorem 2.3 Let (X(-), ii(-), T) be a relaxed W2 x L% x R4 —local minimizer for the
original problem (P), and let ¢ be continuous around (X (T), T) under the notation and
assumptions of Proposition 2.2. Then for any extended sequence of optimal solutions
&), ak (), Ty) to (Py), we have the convergence i) = x() in the Wi-2-norm
topology on |0, T1, a*(-) = (") in the L*-norm topology on [0,T], and Ty — T
as k — oo. Moreover, the Lipschitz constant of such optimal solutions tends to L as
k — oo.

Proof We begin with verifying the inequality

lim sup J[ZX, i*, Tyl < J[%, i1, T (2.30)

k— 00

for any sequence of optimal solutions to (Py). Assuming the contrary gives us a
sequence of natural numbers k — oo and a positive number y such that

JIx, 4, T =& (T), T) < Ji[x*, d", Ty) —y forall k. (2.31)

Let (x¥, u%) be the sequence of approximate solutions constructed in Theorem 2.1.
Since xlg = xo and ¢ is continuous around (x(7), T'), we have the convergence

ok, Ty) — o&(T),T) as k — 0.
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We deduce from the extension rules in (2.15), (2.16) and the strong convergence in
Theorem 2.1 that

>/
_ /OT (Hjck(t) _ fc(z)Hz n Huf - zZ(t)H2> dt — 0

as k — oo, which implies in turn that

k
— X .
t+1 i —)E(l‘)

2
k -
u; — u(t) H

Tk (), uk (), T1 — JI[%, i, T] as k — oo.

Using the latter and the feasibility of (x¥(-), uX(-), Tx) for (Py) tells us that (2.31)
contradicts the optimality of k), @k (), T) for problems (P) when k is sufficiently
large.

To complete the proof of the theorem, it remains to show that

lim [zk =Ty — TP + /Tk (Hf"(t) 0 ”2 + |at o - aw HZ) dt] —o.
— 0 0

(2.32)

If it were not so, we would consider any limiting point ¢ > 0 of the sequence {{;} in
(2.32). For the simplicity of exposition, assume that {x — ¢ as k — oo. It follows
from the boundedness of (T} that there exists T such that T € R, T <T +e,
and Ty — T as k — oo. Consider the extended discrete trajectories x k(#) and the
extended discrete controls uk(t) on [0, T] defined by

k@) ;= #5(Ty) and @*(t) := a*(Ty) for t € (Ty, T] when Ty < T.

Dueto (2.23) and (2.25), the sequence of extended optimal solutions {(x ( ), @5 (), Tr)}
to (Py) is bounded in the reflexive space L2 ([0, T] R™) x L%([0, T] R?) x R4, and
thus it contains a weakly converging subsequence in this space, without relabeling.
Denote by (v(-), u(-), T) the limit of the selected subsequence and then let

1
X() :==x0 +/ v(t)dt forall ¢t € [0, T].
0

Since X(1) = () fora.e. € [0, T], we get without relabeling that
(F* ). id (), Tr) » (¥, (), T) as k — oo

in the weak topology of W12([0, T1; R") x L2([0, T1; R?) x R.. Then Mazur’s weak
closure theorem gives us a sequence of convex combinations of (x(-), i*(-), Ty),
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which converges to (x() (), T)stronglym w20, TI; R™)x L2([0, T RO xRy,
and hence (xk(t) i), Ty — (x(t) u(t), T) for a.e. t € [O, T] along a subse-
quence. The obtained pointwise convergence of convex combinations allows us to
conclude that #(t) € coU for ae. t € [0, T] and that X(-) satisfies the convexified
differential inclusion (1.6).

Using the sign “~” for expressions which are equivalent as k — oo brings us to

> [

- (u)ek(»—fawnz+ Jut —ao ) ar
0~

- /OT (Hmz) — 50|+ |ut - ﬁ(f>H2) a

as k — oo. Invoking the convexity in v of the function f (v, ¢
get that the integral functional

2
k -
u; — u(t)H

x(t) +

we

T . 5
ITv] :=/0 v —x@)||" dt

is lower semicontinuous in the weak topology of L>[0, T1. Similarly, the lower semi-
continuity holds for

T
Tiw) :=/0 () — ()| d.

Passing to the limit as k — oo in the cost functional, combining this with the assumed
local continuity of ¢, and using (2.30), we conclude that the triple (X(-), u(-), 7)
belongs to the prescribed W!+2 x L? x R -neighborhood of the given local minimizer
(x("), (), T) and satisfies the inequality

JIX, %, T] < JIx, a, T, (2.33)
which contradicts the fact that (X(T), #(T), T) is a relaxed W!-2 x L% x R4 -local
minimizer of (P). Thus we arrive at (2.32) and complete the proof of the claimed con-

vergence of optimal solutions from which the convergence of the Lipschitz constants
follows immediately. O

3 Tools of Variational Analysis and Generalized Differentiation

As mentioned above and will be clearly seen below, problems (P) and (Py) unavoid-
ably contain nonsmooth and nonconvex components independently of smoothness
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and convexity of the given data. This is primary due to normal cone description of the
sweeping differential inclusion and its discrete approximations generating nonconvex
graphical constraints. To deal with such problems, we need to use suitable general-
ized differential constructions of variational analysis. It has been well recognized in
the sweeping control theory that the limiting normal cone/coderivative/subdifferential
notions for sets, set-valued mapping, and nonsmooth functions introduced by the
second author are the most appropriate to derive necessary optimality conditions in
sweeping optimal control. We also employ second-order subdifferentials of extended-
real-valued functions that naturally appear in our derivation due to the very structure
of the sweeping dynamics.

Let us start with recalling the employed first-order generalized differential con-
structions following the books [30, 32, 38], where the reader can find proofs, further
material, and bibliographies. The (Painlevé-Kuratowski) outer limit of a set-valued
mapping/multifunction F': R” = R™ at x with F(x) # { is defined by

Lim sup F(x) := {y e R" | dsequences xy — X, yy —> ¥

X—>X

such that y; € F(xy), k € IN}. (3.34)

Given a set Q2 C R" and a point x € 2, the (basic, limiting, Mordukhovich) normal
cone to 2 at x is

N(%; Q) = No(x) := Lim sup N(x; ), (3.35)

xX—>X

where the (Fréchet) regular normal cone to Q at x is defined by

N(x; Q) = Na(x) == yv e R limsupM <
o llu—x]
u—x
if x € Q and N(x; Q) := 0 otherwise, and where u £ X means that u — x with

u e Q.
Associate with a set-valued mapping F: R” = R its domain and graph

dom F := {x e R" | F(x) # 0} and gph F := {(x,y) e R" x R" | y € F(x)}.
The coderivative of F at (x, y) € gph F is defined by

D*F(x,y)(u) := {v eR" ‘ (v, —u) € N(()E, ¥); gph F)} for u € R™.
(3.36)

If F: R" — R™ is single-valued and continuously differentiable (C'-smooth) around
X, then

D*F(x)(u) = {VF(X)*u} forall u e R",
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where VF (x)* is the adjoint/transposed Jacobian matrix, and where y = F(X) is
omitted. When F is single-valued and locally Lipschitzian around x, we have the
scalarization formula:

D*F(x)(u) = 0{(u, F)(x) forall u € R™. (3.37)
Given an extended-real-valued function ¢ : R" — R:= (—o0, oo] with

dom g := {x eR" | p(x) < oo} and
epip = {(x,a) e R"™ | a > p(x)}, (3.38)

the (first-order) subdifferential of ¢ at x € dom ¢ is defined via the normal cone (3.35)
to the epigraph epi ¢ by

dp(x) :={v e R" | (v, —1) € N((X, p(X)); epi @) }. (3.39)

Note that if ¢ (x) := §(x; ) is the indicator function of 2 equal to 0 for x € 2 and
oo otherwise, then d¢(x) = N (x; 2) for each x € 2. Let us emphasize that the above
normal cone, coderivative, and subdifferential constructions enjoy full calculus based
on variational/extremal principles of variational analysis.

Following [28], we define the second-order subdifferential (or generalized Hessian)
ofp: R” — Ratx € dom grelativeto y € d¢(x) viathe coderivative of the first-order
subdifferential mapping from (3.39) by

p(E, §) (W) = (D*d)(X, )W), u € R". (3.40)
If ¢ is C2-smooth around X with the (symmetric) Hessian V2¢(%), then we have
Fe@) () = | Vie@u}, ueR",

The sweeping process setting corresponds to the case where ¢(x) := §(x; 2). In this
case,

32@(X, ) (u) = D*Nq(x, 0)(u) forall T € N(X; Q) and u € R". (3.41)

The reader is referred to the book [34] for a comprehensive theory and various appli-
cations of (3.40) and related second-order constructions with extensive calculus rules
and explicit evaluations/calculations of (3.40), and particularly of (3.41), via the given
data of structured functions and sets that appear in broad frameworks of variational
analysis, optimization, and control. In this paper, we employ the following second-
order evaluations of the coderivative of the normal cone mappings Fl.k from (2.29),
providing a brief proof with the references therein.

Theorem 3.1 Given Fl.k in (2.29) with C;‘ taken from (2.14), let M > 0 be sufficiently
large. Suppose that g is locally Lipschitzian around the points in question and that
PLICQ (1.8) holds when t = tik. Then for any (x,u) € C;‘ x U and any w €
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—g(x,u) + N(x; Cll‘) N M IB, we have the upper estimate for the coderivative of Fl.k
in (x, u) with omitting the dependence ont € [tl.k, tik+ ) for simplicity:

D*FF(x, u, w)(y) C {z e R"H

Z € a<y7 _g>(-xs l/t)

+H X e+ Y pxeho)r G4

JEL, (), i eR JEIL (), B7=0

where y € dom D* N (x, w + g(x, u) — brik) as b € IB, and where

k@) = {j | (ol @) x) < ', (3.43)
) = {j € o) | (el @), y) = 0} and
1) = {j e IF o) | (<), y) > 0}, y e R™. (3.44)

Furthermore, for each t € [tik, tik+1) the equality in (3.42) holds together with

dom D* F¥(x, u, w) = {y ‘axf >0, be B, jelfx) with y+gx.u)

+brk = Y axdah, (3.45)

- 1k
jerk @

and (x] (%), y) =0 if 33 >0, (xi(th).y) >0 if 3 = o]

provided that the generating vectors {x,{ (t;?) | je 1%, x)} of the polyhedron C? are
linearly independent.

Proof Employ the sum rule from [32, Theorem 3.9(ii)], where the sets
S(x,u, w) := {(al,az) e R" x R"* | a € Fl-kl(x, u), ar € Fikz(x,u), a| +a = w}

in the aforementioned theorem reduce in our case to the form

S(x,u,w) = {(w—i—g(x,u),—g(x,u)) ceR"xR"|we
—g(x.u) + N(x: C¥) — r{‘lB} (3.46)
with FX(x,u) := N(x; C) — t*B and F&(x,u) := —g(x,u). The qualification

condition in [32, Theorem 3.9(ii)] is given in the coderivative form
D*Ff (x,u,a1)(0) N (= D*Fly(x, u. a2)(0)) = {(0, 0)},

and it holds by the assumed Lipschitz continuity of g due to the necessity part of the
coderivative criterion for Lipschitz continuity taken from [32, Theorem 3.3], which
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ensures that D*Fi"2 (x, u,ar)(0) = {(0, 0)}. It follows from the coderivative sum rule
in [32, Theorem 3.9(ii)] applied to the sum Flkl + Fik2 that

D*(Ff + F5) (x,u, w)(y) C U

(ar,a2)€S(x,u,w)

(D*Fl-kl(x, w.a))(y) + D*Fh(x, u, az)(y)) . (3.47)

For each k € IN, we use further yet another coderivative sum rule from [30, Proposi-
tion 1.62] applied to the mapping Flk] (x, u), which gives us b € IB such that

D*Ffi(x, u,an)(y) = {D*Nex (6, w + g (v, 1) = br)(v)
’ y € dom D*N .« (x, w+ g(x,u) — brik)}

with dom D*Fik1 (x,u,ar) =dom D*N i (x, w+g(x, u)— brik). Taking into account
the scalarization formula (3.37) for the Lipschitzian mapping g(x, ) yields

D*(F} + F) (x,u, w)(y) € {z e R™™ | D*N

(x.w + g(x, 1) — bTf) (y) + 3(y. —g) (x, ) }.

Using the upper estimate of the coderivative of the normal cone mapping taken from
[20, Theorem 4.5], we get

D*Nei(x, w + g(x, u) — brf)(y)
C (Span{)a{ | j € Ii,(»)} +conefx] | j e Iik(y)},O)

=l Y Jdah+ Y pixlab.o],

Jjely().a) R JEIL (9).87=0
which thus implies the inclusion in (3.42). Consider now the sets

Ji=1jelwf,x)|» >0}
Y(J) = {j el x)| (xi@).x)=0 forall jeC,},
Cy={xeR" | (x}(t}).x) =0 forall jeJ, (xj(t}).x)=0
for all je{l,...,s}\J}.

It follows from [20, Theorem 4.5] that
TWH\J ={jelif x| (x;f(t{‘),x> =0 forall j €Cy and j ¢ J}.
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This allows us to deduce from [20, Theorem 4.5] the domain representation

dom D*N .« (x, u, w+ g(x,u) — brik) = {y ‘ =pY
>0, be B, jell(x) with w=y+g(x,u)+btf

= Z Mxl @by, and (x{(5),y) =0
jerf(x)

if A > 0 while (x] (%), y) > 0 if A/ = 0}

under the fulfillment of the imposed LICQ. This completes the proof of the theorem.
O

4 Optimality Conditions for Discrete Approximations

In this section, we derive necessary optimality conditions for problems (Px),k € IN, as
formulated in (2.19)—(2.29). To accomplish this, we reduce each discrete-time problem
(Px) to a nondynamic problem of nondifferentiable programming with increasingly
many geometric and functional constraints. Employing necessary optimality condi-
tions for the latter problem, established via the generalized differential constructions
of Sect. 3, and then using generalized differential calculus rules and explicit second-
order evaluations, we arrive at the desired optimality conditions for (Py) expressed
via the given problem data. Here are the results.

Theorem 4.1 For each k € IN, let (3*(), a*(-), Ty) := (X5 (), ..., ¥k (), ub (), ...,
ﬁ],zfl(-),Tk) be an optimal solution to problem (Py) under the general assump-
tions of Theorem 3.1, and suppose that ¢ is Lipschitz continuous around the
point (X*(T}), Ty). Then there exist a number ,ug > 0 as well as vectors u* =

(,u,ll‘, el Mf) € R’ and vectors {pf eR" i =0,...,k} satisfying the conditions
k
R (o) B 70 R P EA (4.48)
i=0
i (L), x) = i) =0, j=1,....s, (4.49)
k k k ek ksk
Pici —Pi Mok MoSiy 4
nk T TRk T pk Pita

K _ (4.50)
0 vl o)+~ ([ i X — A - onh FK
€ ,h—k, + xi,uia_T > 8P Fz ’

where I//k = (wé‘, ...,1//,1:_1) with 1/fl.k € N(ﬁ{.‘; U)fori =0,...,k—1, such that we
have
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N
—pt =Y bl ). B 4 2uf(T - To) + péo
k -k T “k 7 \. ok k
€ mpdo(x"(Tr), Ty) + N ((xk, Ty); 2 % QT> 4.51)

with the data therein calculated by

Tk . ,
J— 7, th =ik for i =0,... k, (4.52)
Z Py v, (4.53)
2
% Hl i i@xﬂ—ﬁ@&
1| —F :
- H—hk i )E(tl-]c+1), L_ti-( _ L_t(tl-]c+1) (4.54)

. W (x5 —xF .
gf (Elu,é,y) = /k (ui —u(t)) dt, /k i —x() | dt).
ti ti

(4.55)

Proof For any k € IN, consider the nondynamic problem (N P) with respect to the
variable

k k ok k k k
= (xo,---,xk,uo,..-,uk_l,yo,...,yk_lﬁ),
where the starting point xg is fixed:

minimize ¢o(z) := ¢(xf,0) + (0 — T)?

(l+1)9

I -tz

subject to the functional and geometric constraints

_ (1+1)9

. 2
i (2) = Z/ H(yf—i(t),uf»‘—ﬁ(t))H dt —e <0,
=0
ko ok
wi(2) = %'—L—lfo forall i =0,...,k—1,

¢j(Z) —<x*(t)xk>—cj(l‘k)<0 j=1,...,s,
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0 .
gi(2) ::xf+1—xf——yl{‘=0, i=0,....k—1,

k
B = {0, v O | —yE e FRaE ub)), =0, k-1,
2€ B =, i1, 0) | b is fixed, (xf,6) € QF x Q%)

]

=,y 0 JubeU), i=0,. k-1

It is clear that problems (N P) and (Py) are equivalent. Denote by

. (=k —k -k _k —k -k
7= (xo,...,xk,uo,...,ukfl,yo,...,ykfl,é’)

the optimal solution to problem (N P), where we drop the index k if no confusion
arises. Employing [32, Theorem 6.5] gives us the necessary optimality conditions for
(N P) written as follows: there exist dual elements ,ulé >0, uk = (M]l‘, e ,u’;) e RS,
{pFkeR"|i=1,...,k},and

* _ ( * x % * * * * -
Z; = (Xol', vy Xgis Ugs “ﬂ“(k—l)i’in’ ...,y(k_l)i,ei ), 1= 0, ...,k,

not simultaneously equal to zero and such that we have

X N(z; E; N E) ifie{O,...,k—l},
i © {N(Z; g0 if i =k, 4.57)
K k—1
—zy— .. =2 € ugo @ + Y 1EVe (D) + D Ve (@ ph,,.  (4.58)
j=1 i=0
1o =0, j=1...5. (4.59)
Note that the inequality constraints in (N P) defined by the functionsw; asi =0, ...,k

are inactive for large k due by Theorem (2.3), and so the corresponding multipliers do
not appear in the optimality conditions.

Next we claim that in inclusion (4.57), the sets E; and Z satisfy the qualification
condition

N@GE)N(=NEE)) =10}, i=0,....k—1. (4.60)

Indeed, fixing z* € N(z; E;))N (— N(z; E;)) and employing the limiting normal cone
definition (3.35) yield

z; € N(z; E;) = Lim sup ﬁ(z; Ei)s

=z
which tells us that there are sequences zj, —> Z, Vim —> Zin,andz* — z} satisfying

(Z;km’ Vim — Zim)

<0 forall m € IN.
lvim — Zimll
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-k —_,k
This implies that (¥}, ¥, —3%) € gph Ff with —3% = —=L and h* = £, and
that
ik | —xk
(xfi ufy —yi) €N X,{‘,ﬁf,——’ﬂhk “)ieph FF), i=0,... k-1,
(4.61)

for the the corresponding components of z}, while the other components of z* are
equal to zero. Similarly, from —zf € N(z; E}) we get the inclusions

—ul, e N@; U), i=0,....k—1. (4.62)

Combining (4.61) and (4.62), and then employing the same argument as above lead
us to

x5;=0and y: =0 for i =0,...,k— L

Substitute the latter into (4.61) and using the coderivative definition (3.36) give us

—k+1 ~k
X — X
0,u};) € D*FF ()Ef, i, —#) ©0), i=0,....k—1.

Next we employ the coderivative upper estimate (3.42) in Theorem (3.1) valid under
the uniform Slater condition at y = 0. This yields u;"i =O0foralli =0,...,k—1
and thus verifies the required qualification condition (4.60).

Now we are in a position to apply the basic normal cone intersection rule from [32,
Theorem 2.16] to the sets E; and E: in question, which tells us that

ZFeENZE)+NEE) if i e{0,....k—1}.

Hence there exist I//ik eN (sz.‘; U) such that the first inclusion in (4.57) can be rewritten
by

k k =k ik‘l’l_ik k
(i iy — v =) € N (|5 == | s eph F;
for i =0,... k—1, (4.63)

while the other components of z; are equal to zero. For each k € IV, the second
inclusion in (4.57) reads as due

(i 01) € N((Ef, 0); @ x QF).
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Similarly, the only potentially nonzero component of z; is xgj,, which is determined
by the normal cone to Ej. Therefore, (4.57) tells us that

* X * * * * * * *
0 T e T = (_ X00 = Xoks TX11s > TXk—1k—10 ~Xkko U005 - > TUE—1 k—1>
* * * *
_YOO’_yllv"'v_Yk—l,k—l’_gk)'

Next we calculate the sums on the right-hand side of (4.58). It follows from the
constructions above that

WAL Zu xL 1),

—1 .
J xf

-pk if i=0,

k—1
<2Vgi(5)*pf‘+l> = pf—pr ifi=1,....k—1,
i=0 L0 Lpg it i=k,

k—1 —
_ 0
<§ ﬁVgi(z)*Pf‘H) :_E<pi‘,p§,--~,p’1§>’
i=0

A

k—1 =
(Evsorita) —Euton
=0 i=0

Applying the subdifferential sum rule to (4.56) gives us

3o (2) = dp(EF,0) + V() +2(0,...,0,6 — T) with

(t+1)6

p(2) —2/ H yl —x(1), ul —u(t))H

Differentiating the function p defined above, we easily have Vy, p(z) = 0 fori =
0,...,k,

(i+1)f (i+1)f

Vap@=2 [ @ —awndr, Vyp@) =2 / Gk - Faydr
'3 '3

fori =0,...,k — 1together with the expression
i i+ 1)@
Vop2) = LA
90(2) Z[ H( ( T )
i=0
2
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for the 0-partial derivative of p at z denoted by pg. It follows that 8¢0(z) is the

collection of elements

1O, ... 0,05 Eh
S(kkfl)u’ %{y’ ~~-,E(]§<,1)y, U+ p9+20-T)),

where (ﬁ,ﬁ‘, D) € 8(p(£,’§, ), and where

(i+1) (i+1)8

G 2/_@ ‘ (ﬁf.‘—ﬁ(t))dt,z/é Y Gk —iapar |, i=o. ...
N3 &

Thus we split the inclusion in (4.58) into the following equalities

k * k
—Xo0 — *ox = —P1>
 _ Kk k .
—Xii = Pi = Pit1» i=1,...,k—1,

N

—Xj = 1eO¢ + oy + Y iwhxd ),

j=1
kel =0, k-1,
4 .
—y?i:u’éé,-’;—zp,’;l, i=0,... k-1,
1kfl
—0F = u§® + pp +2(0 —T)) — zZ(pr,ylk)_
i=0

Clearly, (4.59) yields (4.49). It follows from (4.65), (4.67), and (4.68) that
k k

x_i*i Pigr — P U

h* h* T bk

1 Vi
= hk“osl“’ and h”

1 .
=—}7Mk5iky+191k+l for i =0,..., k-1,

(4.64)
(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

where p’é = X~ Substituting this into (4.63), we get (4.50) and then deduce from

(4.66) and (4.69) that

k—1

1 —

=Y (pFe E) = nbpe + 2u6(T — 6)
i=0

b

=k 4+ 6 and — pf — Zu 1fy = ulkof + x5,
j=1
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Since (9%, ) € dp(xf, 0) and (x7, 6;) € N((¥{, 0), 2k x QX), we arrive at

, .
. 1 .
=Pk = MG, 7 Y Pl ) — noes + 26T — )

€ ndp(Eg, 0) + N((F, 6); @ x k)

and thus justify the inclusion in (4.51).

It remains to verify the nontriviality condition (4.48). Indeed, supposing on the
contrarythat,uf.‘ =0fori =1,...5, xpi" =0fori =0,...,k— 1, and plk =0
as i = 0,...,k with taking into account that pg = Xp. We get x5, = pg = 0.
It follows from (4.64), (4.65), and (4.66) that x> = 0 for all i = 0, ..., k. Using
(4.67) tells us that u?; = O asi = 1,...,k — 1. Furthermore, (4.68) yields y%; = 0
foralli =0, ...,k — 1. Remembering that all the components of z,’.‘ different from
(x}, uf;, i) are zeros fori =0, ...,k — 1 ensures that zf =0 fori =0,...,k -1
and similarly z; = 0. Therefore z7 = 0 for all i = 0, ..., k, which violates the
nontriviality condition for (N P) and hence completes the proof of theorem. O

The discrete-time adjoint system (4.50) is actually expressed in terms of the
coderivative (3.36) of the normal cone mapping Fik from (2.29) that relates to the
second-order subdifferential (3.41). The next theorem employs the second-order
evaluation of Theorem 3.1 for such mappings to express the necessary optimality
conditions for (Py) explicitly via the given data under our standing assumptions.

Theorem 4.2 Ler (k¥ ), k), Tk) be an optimal solution to problem (Py) formulated
in (2.19)—(2.28), where the cost function ¢ is locally Lipschitzian around KT, Ty,
and where the mappings F; K are defined in (2.29). Using the notation and assumptions
of Theorem 4.1, take (Elu, Elky)from (4.55). Then foreachk € IN sufficiently large, there
exist dual elements (,uo, vk, p*) as in Theorem 4.1 together with vectors r]f.‘ e R’ for
i=0,...,kand yl.k e R fori =0, ...,k — 1satisfying the nontriviality condition

pf‘( + ” yk ” £0, (4.70)

k—1
i+ [t + X
i=0
the primal-dual relationships given foralli =0,...,k—1land j =1,...,5 by

k
X
prf - ST L ey = Y nhad () 4.71)
" /el,k(x,k)
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k k k k
Piy1 — P; /L()é:' Eﬁ MOSW -k -k
( l h* Sy €9 + Pl —8 ) i)

hk h" h
(4.72)
+ > vixlab.of,
) k k k k
fefak<——k+p,+l>u1;k< ° )

and the transversality condition at the optimal endpoint and optimal ending time

N
= > k), HE 4 2u8(T — Ty
Jj=1

+ubon) € 0 (nhe) (T, To + N (GEL T2k x 24 ), @73)

where wik € N(ﬁf.‘; U), Hy, and o asi =0, ...,k — 1 are taken from Theorem 4.1.
We also have the complementary slackness condition (4.49) together with

[l &) < c;h] =y =0, 4.74)
Je]lk( l) +pl+1>i|:>)/11520,

e (4.75)
¢I(l)k< o +pz+l>UIl>k< T 1+1)j| = 7 =0.
[x*(tk) 7y < c](tk)] — vk =0, (4.76)
[x*(tk) 7y < (z")] —s k=0 4.77)

fori =0,....,k—1land j =1,...,s.Ifthevectors {xi.(tik)l j € Iik(ff)} are linearly
independent, then we get

;> 0= [<xi(z{<), - hk’y +p{‘+1> 0} (4.78)

along with the enhanced nontriviality condition

1 4 Ik I+ I P8I+ 1wk # o. (4.79)
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Proof By the coderivative definition (3.36) and the necessary condition (4.50) in The-
orem 4.1, we get

k k k gk k <k -k
Piy1 —Pi Hobi Vi e D*Fk (7¢, ik X TN
h¥ ’ hk hk io i h¥

k gk
(_ i + Py (4.80)
foralli =0, ...,k — 1. It follows from the inclusion
. _
B — “h—k + g % ¢ NGEE; ¢k
for i =0,...,k—1 (4.81)
that there exist vectors nf.‘ € R‘j_ asi =0,...,k—1and b € IB such that

X;
btik—%—i-g(xl,u )

o ufxdah,

sk sk
Jely (x7)

which verifies (4.71) and (4.74). Applying the upper coderivative estimate (3.42) in
<k -k
-k —k M 0§ly

Theorem 3.1 at x = X;, u = u;, w := —x*h—k, and y := + le for
i=0,...,k—1givesus yl. € R® and the relationships
k k k k
Piy1— Pi _/’L()si vi
h* ’ hk hk
ksk
Mog' k-
€ a< - hkly + pl{c.l,_]? _g>(xlks uf) + Z

ek ek,
I~ 20y ol (—— P
Jelg( s +pf UL, Piti

vl ), 0) Yk e N@ Uy as i =0,... k—1.
This justifies the cpnditions in (4.72), (4.75), and (4.76). Assuming now that the gen-
erating vectors {x; (tik) | j € Il.k ()Ef‘)} are linearly independent, we arrive at (4.71) by

-k _ _k
applying the domain calculation for D* Fik (JE;‘, — x’+}‘l—kx’ +g ()Ef, 125.‘)) in Theorem 3.1.
This yields the implications

;> 0= [<xi(t{‘), - hk’y + pf+1> — 0}
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and justifies (4.78). Denote n,’i = (,u’l‘, R M’S‘) with uf‘ from Theorem 4.1 and hence
get nf e R’ asi =0,..., k. Implications (4.77) follow directly from (4.49) and the
definition of n,’i. It remains to verify the enhanced nontriviality (4.79). Supposing the
contrarythatug =0, n,’j = O,pé = O,andwk = Oyieldspfﬂ =0asi =0,...,k—1
by (4.72). This shows that the nontriviality condition (4.70) fails and so completes the
proof. O

5 Necessary Conditions in Sweeping Optimal Control

In this section, by passing to the limit as k — oo from the necessary optimality
conditions of Theorem 4.2 and combining this with Theorem 2.3 and the tools of
generalized differentiation discussed in Sect. 3, we arrive at our main results providing
necessary optimality conditions for the designated relaxed W'? x L? x R —local
minimizer in (P) under the standing assumptions imposed in Sect. 1.

Recall that Motzkin’s theorem of the alternative ensures the normal cone represen-
tation

Na@;cen=1{ Y ooxo|a/®=0t. (5.1)

Jel(t,x(1))

Having this in hands, we introduce the following notion important for our subsequent
considerations.

Definition 5.1 Let x(-) be a solution to the controlled sweeping process (1.2), i.e.,

—x(t) = Z nj(t)xi (t) — g(x(t), u(t)) forall r € [0, T),
j=1

where n; € L%([0, T]; RT) and n;j() = 0fora.e.tsuchthat j ¢ I(t, x(¢)). We say
that the normal cone to C(¢) is ACTIVE ALONG x(-) on the set E C [0, T'] if for a.e.
t € Eandall j € I(¢, x(2)) it holds that ;(z) > 0. Denoting by E|, the largest subset
of [0, T] where the normal cone to C () is active along x(-),! we say that it is simply
active along x(-) provided that Eg = [0, T'].

Note that the requirement that the normal cone is active along a trajectory of (1.2)
distinguishes (1.2) from trajectories of the classical controlled ODE X = g(x, u)
which satisfy the tangency condition (g(x(t), u(t)), x}(t)) < 0 for a.e. ¢ such that
j € I(t,x(t)) and thus x(zr) € C(¢) for all r € E. Observe also that the above
requirement holds automatically when the set I (¢, x(¢)) is empty, i.e., when x (¢) stays
in the interior of C(¢).

Theorem 5.2 Let (x(¢),u(t), T), 0 < t < T, be a relaxed W'-> x L? x R —local
minimizer to problem (P). In addition to (H1), (H3), and (H4), suppose that LICQ

' Here we mean the union of the density points of E such that the normal cone to C(¢) is active along E.
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holds along X (t), t € [0, T, and that ¢ is locally Lipschitzian around (X (T), T). Then
there exist a multiplier ;1 > 0, a nonnegative vector measure y-. = (y;, LY e
C*([0, T1; R*), and a signed vector measure yy = ()/01, ) € CH([0, T1; RS
together with adjoint arcs p(-) € wl2([0, T1; R") and q(-) € BV ([0, T]; R") such
that the following conditions hold:

o The SWEEPING TRAJECTORY REPRESENTATION
S . .
—x0) =Y _nOxl@) — g(x@).u(0)) forae t[0,T), (5.2)
j=1
where the functions nj(‘) e L2([0,T):; Ry) are uniquely determined for a.e.

tel0,T) by representation (5.2).
e The ADJOINT ARC INCLUSION

(=p@0), ¥ (1) € c0d(q(1), &)(F(1), (1)) fora.e. t €[0,T], (5.3)

where the subdifferential is taken with respect to (x,u), where Y(-) €
L2([0, T]; RY) satisfies the

Y(t) € coN(@(t): U) forae. te[0,T], (5.4)

where the right continuous representative of q(-) is given by
K ) }
q(t) = p(t) - / Y dyl(@x (@) (5.5)
@ T1 =
j=1

for a.e. t € [0, T] except at most a countable subset, and where y := y- + o.
Moreover, p(T) = q(T).

e The TANGENTIAL MAXIMIZATION CONDITION: if the normal cone (3.35) is gen-
erated as

N@i(t); U) = T*(i(t); U) == {v € R"| (v,u) <0 forall ueT(u@);U)}

(5.6)
by some tangent set T (iu(t); U) associated with U at u(t), then we have
1), u(t)) = 1), e t€[0,T]. 5.7
(v, a@)) uer%%;m(“’( ), u) forae. t€[0,T] (5.7)
In particular, the GLOBAL MAXIMIZATION CONDITION
(v, a@) =ma5<(1p(t),u) forae. t€[0,T] (5.8)
ue

is satisfied provided that the control set U is convex.
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e The DYNAMIC COMPLEMENTARY SLACKNESS CONDITIONS

(@), 20) < ;)

— /(1) =0 and n/ (1) > 0= (x](1),q(1)) =0 (5.9)

fora.e.t € [0, T1 and all indices j =1,...,s.
e The TRANSVERSALITY CONDITIONS AT THE OPTIMAL FINAL TIME: there exist
numbers 1/ (T) > 0 whenever j € I(T, x(T)) ensuring the relationships

—pM - Y I Mx{T) H) e nigET). T)
jel(T 5(T))
+N(X(T), T); 2 x Qr), 0/ (T)>0= jeI(T,x(T)), (5.10)

_ —1 T . . L. . .
where H .= T fOT (p(), x(t))dt is a characteristic of the optimal time.
e The ENDPOINT COMPLEMENTARY SLACKNESS CONDITIONS

(xi(T), (D)) < cj(T) = n/(T) =0 forall jeI(T,%(T) (5.11)

with the nonnegative numbers nf (T) taken from (5.10). .
e The NONATOMICITY CONDITION: If t € [0, T) and (x{(t),X(t)) < c; for all
j =1,...,s, then there exists a neighborhood V; of t in [0, T) such that )/OJ (V) =

yi(V) = 0 for all Borel subsets V of V;. In particular, supp(yi) and supp(yoj)
are contained in the set {t | j € 1(t, x(t))}.
o The GENERAL NONTRIVIALITY CONDITION

(/“L’ ps ||VO||TV:||V>||TV) 7&0’ (512)
accompanied by the SUPPORT CONDITION
supp(y-) Nint(Ep) = 4, (5.13)

which holds provided the normal cone is active on a set with nonempty interior.
e The ENHANCED NONTRIVIALITY.

(. p(T)) # 0,
provided that (xi ®),x(@)) <cj@)forallt €10, Tland allindices j = 1, ..., s.

Proof Given the local minimizer (x(-), ii(-), T) for (P), construct the discrete-time
problems (P) for which the existence of the optimal solutions (x(-), ux(-), Ty is
derived in Proposition 2.1 and the convergence to (X(-), ii(-), T) is obtained by The-
orem 2.3. We deduce each of the claimed necessary conditions in (P) by passing to
the limit from those in Theorem 4.2. Let us split the derivation into the five steps as
follows.
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Step 1: Sweeping arc representation and dynamic complementary slackness. Let
us begin with verifying (5.2) together with the first implication in (5.9). Using (4.55),
define the functions £¥ (1) = (£} (1), £X (1)) on [0, T] by

& k
S;‘(t) = ht_’i and éf(t) = %—I’: for t € [tl-k,tl-kﬂ) and i =0,...,k— 1.

We can easily check by the constructions that

e
[ leofa-5 L

=

=
< —

~k ~k

. X — X

= +1 i

x(t) —
hk

2
dz)

S
=y [ o
=0 tik
=k =k Ty
X2 — X2 k. . 2
ikl A dt:/ )E(t)—)zk(z)H dr.
0

hk

If follows from the strong convergence k), #* (1)) = (%(), i(-)) in Theorem 2.3
that

/OTk H%‘;‘(t)szt < /O” [x)

. 2
—)Ek(t)H di — 0 as k — oo. (5.14)

This shows that a subsequence of {5;‘ (t)} (no further relabeling) converges to zero a.e.
on [0, T']. We similarly get

2
T 2 =l 'i:l]; e 41 ?
[ leola =2 S = m ([ ot -wo ]
0 i Wi it

_ /Tk Hﬁk(t) —ﬁ(t)szt,
0
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which being combined with Theorem 2.3 ensures that

T
/0

and hence f;‘,f(t) — Oforae.t € [0,T] as k — oo along a subsequence. By the

2 Tk 2
dtf/() Hak(z)—a(z)ﬂ di — 0 as k— oo,  (5.15)

choice of xj (tik ) and the convergence in Theorem 2.3, we deduce from the robustness
of LICQ along x (-) and that the vectors {x,{ (tl.k )| j€ Il.k ()Ef‘ )} are linearly independent
foreachi =1, ...,k and all k € IN sufficiently large.

Taking nl].‘ € RS from Theorem 4.2, construct the piecewise constant functions
n*(-) on [0, T¢] by nk(t) == nf fort € [tf,¢5 ) as i = 0,....k — 1, where
nf.‘ € R’ . It follows from (4.71) that

— 3 = > nkoxl ) — g (7). @t 1)

J=1

—t*(t)B whenever ¢ € [1f,1f,}), ke IN. (5.16)

By passing to the limit in (5.16) and employing the normal cone representation (5.1)
give us —fc(t) e N(x(t); C(t)) — g(x(t), u(t)) for a.e. t € [0, T1, where the normal
cone mapping t — N(t, C(¢)) is measurable on [0, T] by [38, Theorem 14.26].
It follows for the measurable selection result of [38, Corollary 14.6] that there is
measurable

@) jerzun @) — (@) — g(¥(1), (1))

+{ > doxdo|dozop,

JEl(,x@)

which is a.e. uniquely determined due to the imposed LICQ along x (¢). Denote

o’ (1) for jel, x),
n (1) = { otherwise .17

on [0, T) and observe that each n/ (1) as j € 1,...,s belongs to L*([0, T]; Ry)
by combining (5.17), x() € L*(0,T];R"), and (H3) This verifies the claimed
sweeplng arc representatlon (5.2) for a.e. t € [0, T). To define /() at the endpoint
t =T, take nK(T) := nk from the optimality conditions for discrete approximations
in Theorem 4.2 and deduce from the nontriviality conditions in (4.70) after their
normalization that the sequence {ni} converges, along a subsequence, to some vector
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n"(T), ..., n*(T)). Combining (5.16) and (5.2) ensures that

20— 5@ =Y b — ;0] @)
j=1
+g(X@0), (1) — g(x* @), a* 1)) — TF ) B

k ik
fort e (17, 174

that

Yandi =0,...,k — 1,k € IN. It can be easily seen from the above

L2

|t - o]
j=I

< [#o -t

I {ORI0)

—g (7 (). @k (1)) HLz + kB

k Lk
whenever 1 € (¢, t; i

us

). Letting k — oo and combining this with Theorem 2.3 give

> [0 = k]l @) > 0 forae. t €[0,T] ask — oo,
jel(t,5)

and leads therefore to the a.e. convergence n*(t) — n() on [0, T] by the assumed
LICQ. Then verifies by (4.74) the first complementarity implication in (5.9).

Step 2: Adjoint arcs and maximization conditions. First we construct extensions
of the discrete adjoint variables in Theorem 4.2 to the entire interval [0, 7] for each
k. Define ¢*(¢) by extending pf piecewise linearly on [0, T] with qk(tl.k) = pl'.‘ for
i =0,...,k Construct further y*(r) and ¥¥(r) on [0, T] by

1
rio =yl vto =y for
teltf,rf ) and i=0,....k—1 (5.18)

with yk(Tk) := 0 and wk (T%) := 0. Consider the functions

Vi@ = max {¢f | tf <1, 0<i <k -1} forall t €[0,T4], ke,
and then obtain from (4.72) that, respectively,

G @), —utER @) — vr @) € d(—pugEk 1) + g* W (1) + 1¥), —g) (FF (WE (1)), i* (vE (1))

+ > yEOx] 0F ). o), (5.19)

JEI Wk (1), —nEEE O+ WK (O +RE)) UL (K (1), — L (1) g5 Wk (1) +hF))
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where Io(t,y) = {j € I, x) | (xi(t),y) = 0}, and I.(t,y) = {j €
I(t,x) | (x{(t),y) > O} forevery t € (tf,¢f, ) andi = 0,...,k — 1. Define
the adjoint arcs pk(~) on [0, T] by

T, S ,
k@) = qk(t)+/ ka}‘(r)xi(r)dr foreach ¢+ € [0, Tx].  (5.20)
t =1 ’

This shows that pX(T;) = qk(Tk), and furthermore

PR =g¢*@) — Z yj’.‘(t)xi (1) forae. t € [0, Tg]. (5.21)
j=1

For simplicity of presentation, suppose in what follows that g(x, u) is continuously
differentiable in x around the given local minimizer x(¢) uniformly in ¥ € U and
t € [0, T]. This allows us to avoid technicalities in the subsequent exposition with-
out increasing the length of the paper, while the reader can check that the arguments
below hold under the general Lipschitzian assumption in (H3) due to the uniform
boundedness and robustness of the basic subdifferential in (5.19) for locally Lips-
chitzian functions; see [32]. Taking this into account, we deduce from (5.19), (4.75),
(5.21), and the index definitions in (3.44) that

PR = =Veg B0k @), @ ok (1)))*
(— ubeb @) + 4" k@) + 1Y) (5.22)
forallt e (tl.k, tik+1) andi =0, ...,k — 1. Next we define the vector measures yk on

[0, T«] by
k—1
/dyk ::/Zyk(t)lll_k(t)dt (5.23)
By By i=0

for every Borel subset B; C [0, Ty]. It follows from the imposed aisumptions and
Theorem 2.3 that ¥ (¢) and %(¢) are uniformly Lipschitzian on [0, T'], and thus by
(4.55) we have a constant L such that

&5 < 2r*L. (5.24)
k .
Set Af == —fel + pl and AR (D) == 2000 AFL, (1) with I = [1f,1f ). i =
0,...,k —1, and observe that
k
1AM < 2u6TL +h* >l pfll. (5.25)

i=1
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By the construction of AK (1), the discrete adjoint system (5.19) can be written as

" (1) = =V, g (FF k@), @ k@) Ak (1)
+ Y Yodo+ Y voxlo. (5.26)

Jelo(t, A (1)) JEL (1, A% (1))

It follows from (H3) and the discussions above that there is K > 0 such that
Vig(x,u)|| < K for any x in a neighborhood of %(¢) as ¢ € [0, T] and any u € U.
Since all the expressions in the statement of Theorem 4.1 are positively homoge-
neous of degree one with respect to (,u,’é, Pk, g%, v*, ¢%), the enhanced nontriviality
condition (4.79) allows us to normalize them by imposing the sequential equality

k—1 k—1
e+ 1" O+ 1P Tl + D I+ > > vh el
’ e (5.27)

k—1
+EY YT vl =1,

=0 jell (A

where yl.’;. >0forall j Iik(Af) according to (4.75).
Without loss of generality, suppose that ,u'(g — pas k — oo forsome u > 0 due to

(5.27). To show the uniform boundedness of {p’o‘, e, p’,i}kE,N foralli =0,...,k—1,
k € N, we start with the observation from (4.72) that

B B 1 N .
Py = pk— hE Vg RF, by (—ﬁu’gs{; + pfﬂ) +hEY " yhxl )
j=1

foralli =0,...,k — 1. By the above uniform boundedness |V,g(x, u)|| < K, we
get the estimate

k—i
Ipfl = (1414 K) 1

k—1 .
l—i
+ (14 1K) Kubliel )
=i

(5.28)
k-t C—i 5 ‘
+ 3 (1K) TR S b
£=i j=1
On the other hand, it follows from (5.27) that
k—1 o—i s )
3 (1 +th> th Zyziji(t!‘)H < KTk forall i =0,... k—1.
(=i j=1
(5.29)
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Considering further the numbers

=3 (14 K) T Kublih

=i

fori =0,...,k— 1, we deduce from (5.24) that

~
|

1
AR <N (1 R R) T R b2k L
=i

b2 K LeXTeien* < 2ub K LT,

(5.30)

N

where the last term is bounded due to (5.27) and the convergence of Tj to T as
k — oo. Then recalling that the vectors p,’g = pi(Ty) are uniformly bounded by
(5.27), we obtain fori = 1, ...,k — 1 that

k—1
k_' s
Pl < (1+ KRS lipgl + AF + ) (4 + KRS w*
=i

N
1Y yiad ) < 257 (1 + ufKLT) < €
j—1

with a suitable constant C. Thus the boundedness of the sequence { p’é} follows from
(5.28) and the boundedness of { pf.‘ }1<i <k, which therefore justifies the boundedness of
the entire bundle {( pg, R p’,ﬁ )}xem - Taking into account that the subgradient sets for

locally Lipschitzian functions are bounded and employing (5.15) together with (5.27)
M‘ng y

tell us that the sets 9 (— + pl Ny g)(xl , uk) in (4.72) are uniformly bounded for
alli =0,...,k—1. Hence there exists a constant M > 0 ensuring that

k
e

ek ek
lV
L ph UL (- & TP )

hk

This allows us to deduce from (5.18) the estimate
I @Il < M+ pgllés Ol for 1 € [1f, 1. (5.31)

By (5.15) and (5.31), we get the boundedness of {/X(-)} in L2([0, Tx]; RY), and
so there exists a subsequence of {y/*(-)}, which weakly converges to some function
V() € L>([0, T]; RY) as k — oo.

Next we show that the functions qk (-) have uniformly bounded variations, i.e., the
norm sequence {||¢¥|| 11} is uniformly bounded. It follows from the definitions of Iék

@ Springer



Applied Mathematics & Optimization (2024) 89:40 Page 37 of 55 40

and I”, in (3.44) that if £ € I}, (A), then

k
%3
(e (1), pi) = 2 (), £,

due to the imposed LICQ. Let L’ be a Lipschitz constant of xi foralll € Iék (Ai.‘) as
ief{l,...,k—1}and k € IN, we have the uniform estimate

o —pf
e ky Pit ky gk k
<x*(ti )7 - hk - > = (hk)2 |< (tl )1 s(l’)y - é([-l)y)' + Av

where A := L'h*(C — pk2L), and where the equality holds if ¢ € I’k 1(Af.‘_l)

while the strict inequality holds if £ € I’> kl (Ai'tl)' Therefore, for all £ I(’)k (Ai.‘) as
ief{l,...,k—1}and k € IN, we obtain that

k
<x (t ), plﬂh P,> < (;;O)z

(b, 88y — E6 )+ AL (532)

Combining (5.32) and (5.26) and then summing them over £ € Iék(Ai.‘) yield

ool Y vhad (r,-"),xf<t,-">>‘

Cell (Ab) " jerl (ab

k
Mo O ky sk k
e Do ). 8 — G,
tell (Ab
D D, Vg G A AN+ Y vk +sa
el (A JEILL(AD

=

for all i € {l,...,k — 1} and k € IN. Observe further that the functions
k gk k
3 §iy ~ -y N ,

Wﬂ I (t) are bounded in L' in k. Indeed, it follows from Theorem 2.1
i=1

that
k k k ok
vy ~ Siy _ e = X X(tfyy) — X))
(hk)Z hk hk hk
L Ao = F xf) -6 _4L
hk hk hk - hk ’

and therefore we have the estimate

hx

k 1 gk k
T é(i+1)y B giy

o

IL,; (tHdt < 4L.
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The functions ) ; _01 Vi g(xk "k)*Ak 11() are bounded in L' uniformly in k£ by
k—1

(5.25), while the functions Z Z yi];- Jl( 1]5-)(~) are bounded in L' uniformly in k
i=0 jerl, (ak

due to the normalization condition (5.27). Similarly,

. Z vhelab| < (hk)2”v” I — &5yl Toll - Vg Y, @)*1 - 1A%

()k(Al)
+o Y vi+B
jell (ak)

for each v € span{x;f(t,.k) | j € Iék(Af)} =: V[.k, i =0,...,k— 1, and the constants
o= Zlel(';k(A’.‘) alsand B := Zlel(’;k(A’.‘) alsA.Pickany v € R", and foreachk € IN
andi =1, ..., k denote vf := proj y« (v). Then

k _ k

Y Jw D vy = [ek Y vhada |t
=1 el i=1 Jelf (b

ko k
"
< Z TR 8 — &6,

(5.33)
+h"lev - Vg G @Dl - IAF]

i=1
raty Y thB

i=l jerl , (Ab

where the right-hand side of the inequality is bounded uniformly in k due to the above
arguments and the normalization condition (5.27). For all v € R”, we deduce from
(5.26) that

k k
Piv1 — Pi
hk

=—<v, ng(x uk)Ak , Z )/, (fik)>

jel(’)k(Af.‘

(v, ¢ (1) = (v, )

- <v, S vkad (tl-k)>

jeIl (ab)
whenever t € (tk t Jrl) It follows from (5.33) that
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Tx
/O (v, g <r>>|dr<h"Z||v|| Vg G ad)l - AL

i=1

k
+h"2|< > vk )> | + ¥
i=1

k
JeIi (A%

k
> <v, Yo vk (rk>>

i=1 ]GI; (A{‘)

for all vectors v € R”, and that the right-hand side of the above inequality is bounded
uniformly in k£ and v. This ensures that the sequence {”‘}k”Ll([o,ﬂ];R") | k € IN}
is bounded. Applying now Helly’s selection theorem gives us a function of bounded
variation ¢ (-) such that qk(t) — ¢(t) as k — oo pointwise on [0, T].

Observe that since the sequence of measures {dg* := ¢*dt} has uniformly bounded
total variation, its subsequence converges weakly* in C*([0, T]; R®) to a measure dg.
It follows from (5.22), (5.27), and the uniform boundedness of qk(~) on [0, Tk] that
the sequence { p¥(9)} is bounded in W2([0, T;]; R") and thus weakly compact in
this reflexive space. Moreover, the normalization condition (5.27) ensures the posi-

k—1
tive measures d yﬁ = Z Z yil; 1 ¥ dt have uniformly bounded total variations.
=0 jerl, (ap)
k—1
Therefore, it follows from (5.21) that the measures d yé‘ = Z Z yi’; 1 Ik dt have
=0 jelg (ah)
uniformly bounded variations as well. Since V, / =0 forall j ¢ I(’)k(A YU It k(A ),

we get, up to a subsequence, that vk —> v, y> N Y-, and VO N yowithy =y~ +y0,
where w* stands for the weak* convergence in the corresponding space. Mazur’s the-
orem tells us that there exists a sequence of convex combinations of { AONAI0)N
which converges to some (p(-), ¥ (-)) € L*([0, T]; R") x L*([0, T]; R") a.e. point-
wise on [0, T']. This gives us (5.3) by passing to the limit along (5.19) as k — oo with
the usage of (5.14) and (5.15) up to choosing the right continuous representative of
q. We also get the convergence

Ty S '
| /, ZV}‘(r)xi(r)dr

/(tT Zdy/(r)x*(r)H — 0 as k— o0

forall 7 € [0, Tx] except a coulltable subset of [0, Tk] by the weak™ convergence of
the measures yk to y in C*([0, T]; R™); cf. [40, p. 325] for similar arguments. Hence
we have the convergence
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Tr S .
/ > vi@xi(nde
-’

s

- / _ Y dy!(@xi(r) on [0,T] as k — oo
T2
j=1

and thus arrive at (5.5) by passing to the limit in (5.20). The claimed condition p(T) =
q(T) follows directly by passing to the limit in the equalities KTy = ¢"(Ty),
k € IN. The second complementary implication in (5.9) follows from (4.78) under
LICQ while arguing by contradiction with the usage of the established a.e. pointwise
convergence of the functions involved therein. To verify now (5.4), recall from The-
orem 4.1 that l/fl.k € N(ﬁf; U)fori =0,...,k — 1. By the construction of wk(~) in
(5.18), the piecewise constant extension of ﬁf.‘ to [0, T], and the conic structure of
N(-; U) we get that

Y (1) € N(d*(1); U) forall t e[rf,tf,) and i =0,....k—1. (534

Then the desired result follows by passing to the pointwise limit in (5.34) along a
subsequence of k — oo with employing the strong L2-convergence of i*(-) — ii(-)
from Theorem 2.1, the robustness of the normal cone with respect to perturbations
of the initial point, the strong Lz—convergence of convex combinations of I//k(~) to
¥ (-), and the boundedness of {/(-) on [0, T] due to (5.3) under (H3) and q(-) €
BV ([0, T]; RM).

Finally in this step, it remains to verify the fulfillment of the tangential maxi-
mization condition in (5.7) and its global version in (5.8). Note that the duality
correspondence in (5.6) generated by any tangent set 7 (u(z); U) always yields the
convexity of N(u(t); 2). We deduce (5.7) directly from (5.4), (5.6), and the inclu-
sions 1/fl.k S N(ﬁ{?; U)fori =0,...,k—1of Theorem4.2 as k — oo.If U is convex,
the maximization condition (5.8) follows from (5.7) due to the structure (1.4) of the
normal cone in convex analysis.

Step 3: Transversality and complementary slackness at the optimal final time. Let
us verify the endpoint inclusion (5.10), which combines the transversality conditions
on p(T) with the additional condition on the optimal time interval [0, T1. First we
examine the passage to limit on the left-hand side of (4.73) as k — oo. Having

(=" (T, 2u5(T = Tw)) — (=p(T). 0)
and considering gj from (4.54) give us the relationships (where the symbol “~" means
the equivalence as k — ©0):

~k —k
X — X - _ _
(% — X(6), ity — u(ri))

k—1 2

o=y %

i=0
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2
i+1
k

hk

—k —k
X — X.
+1 = —k -
( : : = X(tiy1), u; —u(ti+1)>

k—1

1
= 101,05 >

i=0
Lit1
g
t
X 2 tit1
it —a)| dr— G + 1)/
t
k—1

1] — Tit1
“5X

=0

(i 0 — &,

(¥ = £ien). @ — s ) Hz dr]

H (fck(z) i), i) — zz(t)) H2 di

_ TL]{ OTk H (i"(;)—)é(t),ﬁ"(t)—ﬁ(z))szt -0

as k — oo due to the strong convergence in Theorem 2.3. To evaluate H¥ in (4.53), we
employ (2.15), (4.52), and the convergences in Theorem 2.3 together with the uniform
convergence p*() = p(-) on [0, T] while getting

) = LS _
H" = 2 i 5)) = = Z/ (P*(ti1). ¥ (1)) dt
i=0 kj—o 7

1=l phig . 1 T« .
~ = / (o), M @)dt = = / (P @), X @)dr
TkizyJu Tx Jo
1 /T . B}
— T/ (p@),x(t))dt :== H as k — o0
T Jo

by the Lebesgue dominated convergence theorem.
To proceed further, we examine the passage to the limit on the right-hand side
expression in (4.73). Note that

Lim sup d(ub@) GX(Tx), Ty) = ndex(T), T)

k— 00

due to the robustness of the basic subdifferential (3.39). Relying on the discrete nec-
essary optimality conditions of Theorem 4.2, define n*(T) := nf and deduce from

the normalization of the nontriviality conditions in (4.70) that a subsequence of {n],j}
converges, without relabeling, to some vector (n'(T), ..., n*(T)). It follows from
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(4.73) and representation (1.10) that for each k € IN we have the inclusion

—pE— g = Y ) e NG CP), (5.35)
JEIFED

’,g jxi (t,’c‘ ) and
using the boundedness of ,u’é by (5.27) together with the convergence of { p,’i } and {i,’j}
allows us to select a subsequence of {¥} converging to some ¢ € R”. It follows from
the robustness of the normal cone in (5.35), the convergence of )E,/(‘ — X(T), and the
inclusion I} (xf) C I(T, %(T)) for all k sufficiently large that ¢ € N (x(T); C(T)).
Observe that the set Qﬂ‘c X QkT in (2.22) admits the representation

where ’7]1;' =0if j € {1, ...,s}\I,f()E,]g). Denoting ¢¥ := Z.iel,f(f,’ﬁ) n

Qf x Q% = [(xf, To) € R" x [0, 00) | dist((xf, To), (R x Q7)) < 85},
Applying [33, Proposition 2.7] if ()E,’(‘, Ti) € €, x Q7 and the normal cone definition
if (6F, Tp) ¢ Qx x Qr, we get

Lim sup N ((&f, Tx); 28 x Q%) = N(&(T), T); Qx x Q7).

k— 00

Passing now to the limit in (4.73) as k — oo verifies the transversality inclusion

—pM— Y 0@, 7)€ popET).T) + N(GET). T): Q x Q).
jel(T,x(T))

together with the implication in (5.10). Finally, the fulfillment of the endpoint com-
plementary slackness conditions in (5.11) follows directly from the above proof by
passing to the limit as k — oo in their discrete counterparts established in (4.77) of
Theorem 4.2. '

Step 4: Measure nonatomicity. Take t € [0, T) with (x] (1), (1)) < c;j(t) for
all j = 1,...,s and by continuity of x(-) find a neighborhood V; of ¢ such that
(x1(0), (1)) < cj(tr) whenever t € V; and j = 1,...,s. Invoking Theorem 2.3
tells us that (xi (t5), X5 (t5)) < ¢;(t}) if tf € V, forall j = 1,...,sand k € IN
sufficiently large. Then we deduce from (4.76) that y;‘ (t)y=0asj=1,...,sonany
Borel subset V of V;. Hence

lyfilev) = /V dllyfll = /V lyf @)t =0 (5.36)

by the construction of y* in (5.23). Passing to the limit therein and taking into account
the measure convergence obtained in Step 2, we get ||y [[(V;) = 0, which justifies the
claimed nonatomicity condition.

Step 5: Nontriviality and support conditions. We begin with the proof of the non-
triviality condition (5.12) under the general assumptions of the theorem. Defining
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nlj‘. () = Zf‘:—é nl’.‘jl[tk & 1)(t) and remembering that i > xin W2 ask — oo, we
i+

obtain that n'; — n/ strongly in L. If the normal cone is active along x () only for

somet € E C [0, T] with nonempty interior, then Definition 5.1 of the active normal

cone tells us that for all ¢+ € int(E() there exists k(¢) such that n’; (t) > 0 whenever

k > k(t) and j € I(t, x). Consequently, for each t € int(Ep) and j € I(t, x), we get

by recalling condition (4.78) obtained under LICQ that

k sk
. MOE'
<X>{ (tlk)v - hkly + pl]'(+1> =0.

The latter equality being combined with condition (3.44) implies that j € Iék (Af.‘),
and so that I>k(Af) = () for all k > k(z). This allows us to check that the support
of the weak™-limit of the last summand in (5.26) doesn’t intersect the interior of Ej.
Thus we arrive at the claimed support condition (5.13).

To proceed with the proof of the general nontriviality condition (5.12), suppose on
the contrary that © = O and that p(z) = Oforall¢ € [0, T]together with yy = y~ = 0.
This implies by recalling (5.5) that ¢ = 0. Then ,ul(g — 0, p¥ — 0 uniformly, and
g* — 0 pointwise. Moreover, we actually have from the above that g* — 0in L' as

k—1
k — oo0. Since yf are positive measures, it follows that kllm n* Z Z yi];- =0.

—> 00 N N X
i=0 jerl, (ak

As a consequence, we get by recalling (5.25) that all the summands on the right-hand
side of (5.33) vanish as k — oo uniformly with respect to the unit vectors v. This tells
us in turn that

k—1

S| T ] <o
=0 e,

The above arguments together with (4.72) ensure also that limy_, Zf‘;& ||¢,~k | =0,

which clearly contradicts (5.27) and therefore justifies (5.12).

It remains to verify the fulfillment of the enhanced nontriviality in the theorem
under the imposed interiority assumption. Suppose on the contrary that © = 0 and
that p(T) = 0 while (x{(¢), X(#)) < ¢;(t) forsucht € [0, T]andall j = 1,...,s.
It follows from the nonatomicity condition together with (5.5) that y~ = yp = 0, and
SO

q) = p@) — / B Zdyj(t)x,{(t)dr = p(¢) forall ¢ € [0, T] \ A,
@715

(5.37)
where A C [0, T] is a countable set. Moreover, the transversality condition (5.10)

implies that all 7/ (T) vanish. Then, since p is a solution to a linear homogeneous
equation with the vanishing final condition, it must be identically 0, and thus the failure
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of the enhanced transversality contradicts the fulfillment of the general nontriviality
condition (5.12). This completes the proof of the theorem. (]

Remark 5.3 Let us briefly compare the necessary optimality conditions for controlled
sweeping processes established in Theorem 5.2 with the recent results in this direction
related to our paper:

e The results of Theorem 5.2 significantly improve the necessary optimality condi-
tions obtained in [16] for a particular case of problem (P), where the duration of
the process is fixed, the endpoint constraints are absent, and the sweeping set C
is not moving. Even in this particular case, our novel results provides essentially
new information on local optimal solutions to (P) including the new support con-
dition in both active and nonactive settings for the normal cone along the optimal
solution (this important notion was missed in [16]). Furthermore, the nontriviality
condition in [16, Theorem 7.1], which is subject to a possibly worse degeneration,
requires LICQ. Now we establish the new nondegeneracy condition involving both
positive and signed measures, the new enhanced nontriviality condition obtained
in the normal (Fritz John) form, consider the general case of measurable optimal
controls, and avoid the smoothness assumption on the mapping g(x, u#) in (1.2)
with respect to both variables (x, u) as well as the additional full rank assumption
on V, g along the solution. This is done by developing the novel version of the
method of discrete approximations of its independent interest.

e Observe that if the normal cone is inactive along the optimal couple (x, ), i.e., in
(5.2) all coefficients nf, j=1,...,s, vanish on [0, T], then (x, u) is an optimal
couple also for the (classical) dynamic ¥ = g(x, u), subject to the state constraint
x(t) € C(r) for all + € [0, T]. Nevertheless, the index set I may be nonempty,
and so the signed measured yy may be nonvanishing. Therefore, in this case, the
necessary conditions in classical state constrained optimal control problems are not
recovered. This is due to the fact that the class of admissible trajectories is larger
than in the classical state constrained problems as it may contain competitors of
(x, u) for which the normal cone is active on a set of positive measure.

e In [22], Hermosilla and Palladino address a fixed-time version of problem (P)
without additional endpoint constraints under a set of assumptions that are gener-
ally different from ours. They developed a powerful continuous-time penalization
technique and derive necessary optimality conditions that are essentially different
from those in Theorem 5.2. Note that the necessary optimality conditions in [22]
contain a full sweeping counterpart of the Pontryagin maximum principle, while
with a nontriviality condition that may degenerate and thus requires further inves-
tigations. The possible degeneration, like in our case, is due to the presence of
signed measures.

e De Pinho, Ferreira and Smirnov have recently considered in [18] a fixed-time
sweeping optimal control problem similar to that in [22], but with endpoint con-
straints and under a different set of assumptions in comparison with [22] and
our current paper. In particular, the assumptions of [18] cover the moving poly-
hedral sets C(¢) in the sweeping process (1.2) only under certain relationships
between the generating vectors of the polyhedron, which may fail to hold even
for polyhedral sets in R?. In [17], the same authors develop a continuous-time
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smooth approximation method allowing them to derive a sweeping counterpart of
the Pontryagin maximum principle by passing to the limit from optimal control
of smooth ODE systems that are constraint free and thus leads to a normal form
of the maximum principle. The necessary optimality conditions obtained in [17,
18] are independent from those in [22] and in our paper. See also the new paper
by Nour and Zeidan [37] for further developments.

e In [41], the authors develop smooth approximation procedures and derive nec-
essary optimality conditions of the maximal principle type for sweeping-related
optimal control problems governed by subdifferential operators on fixed-time inter-
vals, where the imposed assumptions are generally different from those discussed
above.

6 lllustrative Example

In this section, we elaborate in detail a two-dimensional example of a free-time sweep-
ing optimal control problem with endpoint constraints. The given example illustrates
how the obtained necessary optimality condition work and allow us to explicitly deter-
mine optimal solutions.

Example 6.1 In R?, consider problem (SP) formulated as follows:
. 1 5
minimize J[x,u,T]=¢ox1(T),T) =T + E(xl(T) — )

subject to the sweeping dynamics and endpoint constraints

Mo N <x1 : C(t)) 40
2 2 “ (6.38)
X1 ’

X2

with 1 (0) = 8, x(T) =1,

where o € R is a parameter, g(x, u) := (0,u), u € U :=[-2,2] fort € [0, T], and
the moving set is defined by

11 1
Ct) = {x = (x1, x2) ) <(x1,x2), (ﬁ ﬁ)> <5 - Lz} (6.39)

It follows from [11], which proof can be easily modified for free-time sweeping control
systems, that the formulated problem (S P) admits an optimal solution (x(-), it (-), T),
where (x, i) € W% x L2. To proceed with the usage of the obtained necessary
optimality conditions to explicitly calculate optimal solutions to (SP), observe first
that we can represent the dynamics in the form

1

(2) (t) = (M?[)) — @) (f) where 3(1) > 0 forae. ¢ € [0, T]

V2
(6.40)
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accompanied by the relationships

1 1 1 t
, A\—= — — - = 0.
<(’”(” 72(2)) <ﬁ ﬁ)>< N R

Employing Theorem 5.2 along a whZx L2 x R -local minimizer (X(-), i(-), T), we

get:

L (p(®), ¥ (1)) € V(ga(u)(x(t), u(t)), where q(t) = (q1(t), q2(1)) for ae. t €
[0, T'] (by (5.3)). .

2. ¥(t) € N@(@);U) forae. t € [0,T] (by (5.4)), ie., (¥(@),u(t)) =

max (Y (1), u) forae.r €[0,T].
ue[—2,2]
1

(@Y _(p1) _ 7
3.q() = (qz(t)) = <p2) /(Z’T]d)/(f) (\/%) (by ((5.5)).

1 S
B n(T) ‘@ =u n) -« + 0 for some p > 0 and A € R.
—P2 % 0 A

410 > 0= (@), 1,1, 1) =1-

1 /T,
?/0 (p, x(t))dt = 1 (by(86)).
5. n(t) = 0 fora.e. ¢ € [0, T] such that X1 (z) + ¥2(t) < 1 — ¢, and n(t) > 0 =
1

(a (@), <f>)=o
V2l
fora.e. r € [0, T'] (by (5.9)).
6. (v, ps Ivollry » lly=llzy) #0and y =y~ + yo.
7. The following support conditions hold:

S

supp(y0) U supp(y=) C {r [ X1(2) + X2(1) =1 — 1}
supp(y-) Nint(Ep) = @, provided that int(Eg) = int({r | n(¢z) > 0}) is nonempty.

To utilize these conditions, first we obtain from 1 that p(¢z) = O fora.e. ¢ € [0, T],

which implies that p = <p !
P2

follows from 2 that g» () = ¥ (t) € N(u(t); U), i.e.,

is constant on [0, 7] and that Y(t) = ga(2). It

g>(1)ii(t) = max g2 (H)u forae. t € [0, T).
uelU

Note that the initial point (0, 0) belongs to the interior of the moving set C(¢) and
the boundary of C(0) intersects the y-axis exactly at the target line {y = 1}; see
Fig. 1. Since the unconstrained movement of x may occur only along the y-axis and
bdC(r) N {(0, y) | y € R} = {(0, 1 — 1)}, it follows that at the final time T we have
(x1(T), %2(T)) € bdC(T), ie., x1(T) = —T. Denote by 1;, € (0, T] the first time
when x (¢) hits the boundary bd C(¢); see Fig. 2.

Observe that C(r) = Co — v(t), where Co = {(x1,x2) | x; + x» < 1} and
v(t) = (%, %). With the change of variables y := x 4 v, we get that y(¢) € Cq for all
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Fig.1 The initial point (0, 0) X2
belongs to the interior of the
moving set C (1)

‘ X1

t, N(y; Cop) = N(x; C(t)), and
1 1
y() € =N(y(); Co) +v(t) + (0, u(?)) = =N (y(1); Co) + (E’ 3 + u(t)> .

Itis well known (see, e.g., [4, Theorem 10.1.1]) that in this case, the dynamics coincides
with

. . 11
Y(t) = Proj 7(y(n);Co) (5, 5 + M(I)) . (6.41)

This implies, in particular, that the normal cone is active at a.e. t with u(z) > —1 and
x1(¢) + x2(t) = 1 — t. In other words, for such ¢ the sweeping dynamics reads as
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tellingus that x1 (f) = — 1# and x;(t) = ”2;1 provided that the normal cone constraint

is active on the whole interval [#;, t]. Since x; (¢;) = 0, it follows from the above that

t—t 1 [
Xo(t) = —x; () + 1 —1 = h—i——/u(s)ds—i—l—t
2 2 /i
t+ 1t 1/’
=1- — ds.
5 +2 : u(s)ds

This implies by 5 that for a.e. t with x{ () + x2(f) =1 —tand u > —1 a.e. on [13,, 1]
we have

NG N +1
() = (- Gi(0) = (0, u(t)) . ﬂ>>=<(u2 )( >>=“ .
< (%5 )\ 5 V2

Observe also that, in the limit case where () = —1, the trajectory moves downwards
parallel to the y-axis while always remaining in bd C(¢) without any action of the
normal cone. Moreover, it follows from (6.41) that if i(¢) < —1 on an interval /, then
the normal cone constraint doesn’t play any role, and on / the sweeping dynamics
reduces to the classical one x = g(x, u).

Observe further that the cost function depends only on the final time and on the
final position. Without loss of generality, we assume for simplicity of computations
that the control is constant as long as the dynamics remains the same. In particular,
we may suppose that the control is constant, say i = u1, on [0, #;]. This implies that
up > —1, otherwise #;, = oo. Then the final time #;, can be expressed through the
formula

-5

1
= ———, 6.42
h up+1 ( )

and if X(T) + %2(T) € bd C(T), ie., 51(T) + ¥2(T) = 1 — T, we deduce from
%2(T) = 1 that

%1(T) = —T. (6.43)

There are the following three cases to consider:

Casel: 1, =T,ie.,x1(t) =0and %,(r) < 1 forallr < T, but ¥,(T) = 1. This is
impossible since the boundary of C(#) is moving down and (0, 1) € bd C(0).

Case 2: 1, < T and u(t) > —1forae.t € [tp, T1. In this case, as previously
discussed, the normal cone is active on the whole interval [#;,, T]. Therefore, by §
we have ql(t) + q2(t) = 0 a.e. on [t, T] giving us p1 + p2 = ﬁy((t,?]) =
V2 2v0((ty, T]) for a.e. t € [t;, T]. This implies, in particular, that the measure y is
concentrated at the final time 7. Thus we get:

@ p1+ p2=v20dT).
(b) p1x1(T) + pa = uT obtained by 4
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Fig.2 The first time when x ()
hits bd C(t)

\ X1

Fig.3 Whent, < T and - X2
u(t) > —1forae.t €[t,, T]

—n(T)
V2o
(d) —p1 + p2 = u(x1(T) — @) — A obtained by 4 and (c).

©) pp= — ) obtained by 4.

Assuming first that © = 0 yields

p1=p2+Ar, and pr6(T) + 1) = —ax1(T).

By thg nontriviality condition and (b), we have that p» # 0, and so 0@ = -1
with T = 1 provided that A = 0; see Fig.3. In this case, the cost is p(—1,1) =
1+ 3(-1—a).

Moreover, for any A, our computation of n(z) yields p» = —% — X by (¢).
Involving (a), we deduce that yo({T}) = ﬁpz + % Thus g» = p2 — \szyo({T}) =

—%, which yields u; = up = 2, since up > —1 provided that A # 0. Ifinstead u = 1,
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then items (a)—(d) bring us to the following system:

pr+p2=20(ThH,
I'=p1xi(T) + p2 = =Tp1+ pa,
__nD_,_ I1tuw
P2 = NG _— )
—p1+p2=xi(T) —a — 4.

)‘-’

We get therefore that 7 (1 4+ p;) = p». The two cases may happen: either p; = —1,
orpy # —landT = {2 Then gy = p» — (T = p2 = (p1 + p2) = —p1.
If p1 # O then u; = up = 2, and in this case there is only one trajectory that satisfies
the necessary conditions, with the final cost

S 1
pE(M),T) =1+ (-1 -a?, (6.44)
that agrees with the cost that we computed _if uw = 0.1If p =0, then p, = T, so
that T = =% and q» = pr — %yo({T}) = p— %5—% =2 # 0,_which
yields u; = up = 2. It follows that A = —py — H% = —py + % =T+ %,
andso T = —a — % Since in this case (¥1(T), ¥2(T)) € bd C(T), we know that
x(T) = :T. The shortest time to reach the target with the strategy of case 2 is
obviously 7' = 1,so that T = —« — % makes sense only if @ < —%. The cost is
+ ) > > (6.45)
at+ -, —a—=)=—a—- .
¢ 2 2 8
that coincides with the cost in (6.44) for @ = —%, while it performs better if & < —%.

Case 3: The third possibility occurs when the normal cone is active on some inter-
val [1, ], while it is not active on the nontrivial interval (t, T]. By the previous
computation, the latter means that t) < —1 on (z, T] implying that fl(t) = 0 and
J?z(t) =u3 € [=2, —1] on (z, T). In this case, we have

_ 1 | |
2T = 51 (1) = — +2”2(r—rh)=— +2”2 (T_u1+1)’ (6.46)

together with ¥ (T) = —T if uz3 = —1, and

=0 =xT) -H@+0@) =T -us -5 +1-1

_ 14+ up 1 (6.47)
=(T - — 1-r1.
( Tusz + > (r u1+1>+ T

Since n(T) = 0, the necessary conditions 4 and 5 can be rewritten, respectively, as
" { —(p1.p2) = (G (T) — ). 1),
p1x1(T) + p2 = uT.
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5.q1() +q2(t) =0a.e.on[t, 7).
Moreover, we have y = yp on [1,, 7), y ({t}) = yo({t}) + v~ ({r}), and y = y- on
(t, T], where y- = 0 if u3 > —1. It follows therefore that

pr=—h pi=pla—5 (), and piFi(t) = uT + A.

Furthermore, by 5’ we get0 = p; + p2» — «/Z(yo((t, )+ y- (7, T])) a.e.on |, 1),
which implies that the support of yy is contained in {7}, telling us that

p1+p2 = V2(n({rh + y-(r. T]) and

g =pr— % (v{z) +y=([r.T]) on [0, 7].

Since x1(T) < 0 from the structure of the problem, it follows from 4’ that p; # 0,
and so yo({t}) + ¥~ ([t, T])) < O provided that © = 1 and A = 0. The maximization
condition 2 now reads as

0>¢qgre Nu(t); U) forae. t € (0, 1),

whichyields u(f) =2on (0, r) when u = l and A = 0. Thus 75, = 1 by (6.42). Taking
p2 = —A # 0 gives us necessarily that  # 0. Then if p; = 0, then x1(T) = « and
the cost is ¢ (o, —) = —a, while for p; # 0 we get g» # 0 and u = 2 on (0, 2) as
previously discussed. Continuing our analysis, consider the cases:

(i) If w = 0, then p;y = p» = 0, and for ¢ € (¢, ) we have 0 = q((¢) + q2(t) =
—«/Z(yo({r}) + y- ([, T])) implying that g = g2 = 0. There are two possi-
bilities: either u3 = —1, or y~ = 0, that implies y9p = 0, which violates the
nontriviality condition.

(ii) If u = 1, then the two subcases may occur on the final interval (, T):

(a) If u3 = —1, then n = 0 on [z, T1, while the trajectory keeps contact with the
boundary of the moving constraint. In this case X1 (T) = —T as already explained,.
Taking into account the expressions of x1 and x;, we obtain that T = %t — %, and
the final cost is

N IR SR Y M A
gt =gt =y T\t 2 TY)

which attains its minimum at T = —% — %a. In this case, the optimal cost is

J=— - (6.48)

This solution is meaningful if and only if @ < —2 since in this case T > 1 as

previously discussed. Comparing (6.44) and (6.48) shows that (6.48) performs
better than (6.44).
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X2 X2

(a) The object is at the second switching time 7 (b) The object reaches the target

Fig.4 The strategy with a downwards switching

(b) If uz < —1, then the dynamics is fcl =0, );cz = u3. In this case, pp = g2 = 0on
(t, T), and so no information comes from the maximization condition. However,
since the second summand of the final cost depends only on X{(7), i.e., on the
second switching time t, and we already proved that in the two first intervals the
optimal (constant) control corresponds to the maximal speed, it is obvious that the
best performance is obtained when u3 = —2. Hence the strategy with u3 = —1,
whose cost was computed in (6.48), is not optimal. Therefore, in the case where
u3 = —2, the optimal performance can be computed directly. We deduce from
(6.46) and (6.47), with u; = up = 2 and u3 = —2, that

G (T) = f10) = 2 (7 -
X1 =X1(7) = ) T 3 s
— 5 1
T=>t—-,

4 4
G0 =
B =—

Observe that this strategy makes sense if and only if X2(7) > 1, which is equivalent
to T > t. The final cost can be computed accordingly as a function of 7 and of the
parameter o:

EC N 4 JRETTE LY N A
e(1), 1) =t -7 +5 (51— 5+a) .

Thus the optimal switching time 7 is
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which makes sense if and only if T > 1, ie. o < _T“’ and the optimal value is
expressed by the formula

.. 135 6.4
p1(T), 1) = -5 — co. (6.49)

The cost value in (6.49) is strictly smaller than the cost values in (6.44), (6.48), and
(6.45) by o < —2, i.e., the strategy with a downwards switching perform better than
the strategy without switching for the same parameter value «; see Fig. 4.

7 Concluding Remarks

This paper develops a novel version of the method of discrete approximations to study
a challenging class of free-time optimal control problems for sweeping processes with
the nonsmooth controlled dynamics and endpoint constraints. Being of its own inter-
est, this method combined with powerful tools of (first- and second-order) variational
analysis and generalized differentiation allows us to derive a new set of necessary opti-
mality conditions for discrete-time and continuous-times sweeping control systems
governed by moving polyhedra. The obtained illustrated by an instructive example.
Their applications to practical models of marine surface vehicles and nanoparticle
dynamics are given in [26].
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