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Abstract

We establish a uniform-in-scaling error estimate for the asymptotic preserving scheme pro-
posed in [16] for the Lévy-Fokker-Planck (LFP) equation. The main difficulties stem from not
only the interplay between the scaling and numerical parameters but also the slow decay of the
tail of the equilibrium state. We tackle these problems by separating the parameter domain ac-
cording to the relative size of the scaling e: in the regime where € is large, we design a weighted
norm to mitigate the issue caused by the fat tail, while in the regime where ¢ is small, we prove
a strong convergence of LFP towards its fractional diffusion limit with an explicit convergence
rate. This method extends the traditional AP estimates to cases where uniform bounds are
unavailable. Our result applies to any dimension and to the whole span of the fractional power.

1 Introduction

Consider the Lévy-Fokker-Planck (LFP) equation

{8tf +uv- V:vf = vv : (Uf) - (_Av)sf = 'Cs(f)v s € (07 1)7
f(O,.CU,’U) = fin(fU,'U),

where f(t,z,v) : (0,00) x R x R?  R* is the distribution function of a large group of particles,
which undergoes a free transport dynamics along with an interaction with the background, described
by the Levy-Fokker-Planck operator. In contrast to the conventional Fokker-Planck operator, here
we have (—A,)® in place of A,, which models the Lévy processes at the microscopic level instead
of Brownian motion. One way to understand (—A,)? is via the Fourier transform. Namely, for any

¢(v) € L'(RY),

(1.1)

—(=Ay)¢ = F (K[> F¢),

where

1

Qb(k) = ]:[gb](k;) — e QZ)(U)G_w'kdU, ]:_l[qb](v) — W /Rd g?)(k‘)ewkdk

are the Fourier and inverse Fourier transforms. Formally, from this definition —(—A,)® reduces to
A, if s = 1. Another way of defining this operator is through the integral representation:

) = Cp. [ K10, 0
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45T (d/2+5)
7/2|0(~s)|"
Laplacian allows particles to make long jumps at the microscopic scale, which leads to the nonlocal

effect as written in (1.2) at the mesoscopic scale.

where P.V. denotes the Cauchy principal value and Cs 4 = In principle, the fractional

In the small mean free path regime with a long time, equation (1.1) can be rescaled as

f2(0,2,v) = fin(@,v). (1.3)

Formally, f¢ converges to p(t,z)M(v) as € — 0, where M(v) is the unique normalized equilibrium
of (1.3) (see [5]) with the properties

{8238”06 +ev- vxfs — Es(fe)’

L5(M) =0, M@)dv =1, M(v) ~

as |v| — oo. (1.4)
R4

|U’d+28
Meanwhile, the limiting density p(¢, z) solves
{atp +(=Ay)%p =0,
p(0,2) = pin(z) := Jga fin(x,v)dv.

A weak convergence from f¢ to pM has been established in [2]. In Section 2, we will strengthen
this result in two aspects: first, we will show that, this convergence is strong in wa. Second, we
will provide an explicit convergence rate in terms of €. See Theorem 1 for details.

(1.5)

A notable difference between the anomalous scaling in (1.3) and classical diffusive scaling (i.e.,
s =11n (1.3)) is that the classical diffusion limit takes the form

0p+ V- (DV,p) = 0,
where D is the diffusion matrix

D:/v®v./\/ldv.

It is clear that the fat tail equilibrium (1.4) renders D unbounded and therefore necessitates the
anomalous scaling. Similar scaling has also been investigated in the framework of linear Boltzmann
equation

20 +ev-Vaf = [ 60N (M©)F(W) = ME)F @)V (1.6

where M(v) is a given heavy tailed equilibrium satisfies (1.4), and the diffusion limit is again (1.5)
(see [1, 13]).

From a computational perspective, it is desirable to design a method that performs uniformly
in €. An asymptotic preserving (AP) scheme would suffice this purpose [9]. However, due to the
algebraic decay in the tail of the equilibrium, existing methods that work for exponential decay
equilibrium (i.e., Maxwellian) cannot be applied. The reason is that these methods always reside in
a truncated velocity domain as the tail information is negligible. By contrast, when the anomalous
scaling is considered, the tail carries the most important information that cannot be ignored. For
this reason, special treatment are needed to preserve the tail information along the dynamics. This
is the main idea behind the works [3, 4, 14, 15], which all deal with the linear Boltzmann type
equation in (1.6). Even though the LFP equation shares a similar equilibrium state and diffusion
limit with the linear Boltzmann equation (1.6), its structural differences from (1.6) prohibit a direct



application of methods developed for (1.6). There are two main obstacles. The first one is because
of the differential operators involved in LFP. More specifically, the method used for (1.6) that
directly compensates the heavy tail using mass conservation does not apply to LFP since it will
violate the smoothness requirement for LEP’s differential operators. Second, the Hilbert expansion,
which is key to the design of many AP schemes [9, 14, 15], applies well to the linear Boltzmann
equation. Unfortunately we do not know how to make it work for LFP.

In [16], a new asymptotic preserving scheme was developed to alleviate the aforementioned diffi-
culties. The main idea is based on a novel type of micro-macro decomposition, with a unique macro
part that is inspired by the special choice of the test function in proving the weak convergence in
[2]. More specifically, decompose f as

ft,z,v) =n(t,z,v)M(v) + g(t, z,v), (1.7)

where 7(t, z,v) takes the form
n(t,z,v) = h(t,x + ev) (1.8)

for some function h(t,x) and M is the equilibrium state satisfying
Db M) — (—A)*M = 0, / M(v)dv = 1. (1.9)
R

Note that although 7 depends on (x,v), intrinsically it lives on a lower dimensional manifold than
f does. Direct computation using (1.8) gives

£0:n = Oy, (—Ay,)°n = 528(—Ax)877. (1.10)
Inserting (1.7) into (1.3), we get
e2°0, (MM + g) + evdu(MM + g) = By (v(PM + g)) — (=A4)*(PM + g).

By (1.9) and (1.10), it simplifies to

e250,(nM + g) + evdyg = L3(g) — ¥ (=A)*nM — I(n, M), (1.11)
where
I(p,q) = (A pq) q( Ay)’p —p(=Av)%q
e[ 2)a(e) =40,

Splitting (1.11), we introduce the following macro-micro model

orn = —(=Az)°n,
o (=Aa)n (1.12)
£¥901g + evlpg = L3(g) — 1(n, M),
with the initial condition given as
nin(xﬂ)) = pin(x+‘€v)7 gm(af,v) - fin(wav) _nin(x7U)M(v)' (1'13)

One can recover f in (1.3) by solving (1.12) and using (1.7).



To numerically solving (1.12), we propose a semi-discrete scheme based on an operator splitting:

1

T =) = = (A (1.14a)

e? n+3 n s n+i n+i n+l

AW g = L") gt LT M), (1.14D)
2s

%t(g”“ — g™ 3) 4 evd,g™ T = g, (1.14c)

where 7 is a positive constant. The choice of v will be made explicit throughout the proof (see
(4.20), (4.29) and (4.55)). The spatial derivative will be treated via the Fourier-based spectral
method, and the velocity discretization will be done by using the mapped Chebyshev-polynomial-
based pseudo-spectral method. Note that the scheme in (1.14) is slightly different from that in [16]
as we treat 7 implicitly in (1.14a) and use "' to obtain g"""% in (1.14¢). This will not introduce
extra computational cost as the Fourier-based spectral is method used for x .

The goal of this paper is to provide a rigorous foundation to the above scheme. In particular, we
will show that the scheme is indeed asymptotic preserving. Hence the convergence of the scheme
is uniform with respect to both ¢ and At. The general framework of AP schemes was laid out
in [6] and the main idea is illustrated in Fig. 1. Denote by f¢ and f° the exact solutions to the

f° fe

Figure 1: Tlustration of AP schemes.

kinetic equation (e.g., (1.1)) and macroscopic limit (e.g, (1.5)), respectively. The same notation
with subscript A represents the associated numerical solution. The key idea is that to establish a
uniform bound for || fi — f¢|| by optimizing between two routes: one is the direct error estimate in
the kinetic regimes satisfying
AP
175 - £l < 0=,
where p is the order of the adopted numerical discretization. The other is through the asymptotic
relation

(1.15)

175 — oI < || £& = AR|| + || = 2 + [ £ - 72 (1.16)

where || fR — f°|| S AP as there is no £ dependence in the equation, while ||f* — f¢|| < ¢ is guar-
anteed by the asymptotic relation at the continuum level. If the scheme is asymptotic preserving,
then we have ‘

IfA = Fll < C(A" +¢). (1.18)

fa- | <ce (1.17)

Consequently, (1.16) becomes



Finally, an optimization between (1.15) and (1.18) gives us the uniform estimate
I/~ foll < cas. (1.19)

We emphasize that throughout the procedures above, C is a constant independent of both € and
A, a property that we view as a certain uniformity of the traditional AP estimates.

This framework, albeit universal, is not easy to carry out for specific problems. Oftentimes the
bottleneck is to obtain the estimate (1.17), which can be as difficult as obtaining the uniform error
estimate directly. For this reason, despite the large number of AP schemes designed, rigorous
justification of the uniformly accuracy of these schemes is very limited. To our best knowledge,
there are only a handful of works [6, 7, 8, 10, 11, 12] that provide a rigorous stability or error
estimate, and they all are restricted to linear transport or relaxation type equations.

In this paper, we prove a uniform error estimate for the first time for the fractional kinetic
equation. In our case, the strong non-locality, both in the Lévy Fokker Planck operator itself and
in the slow algebraic decay of the equilibrium, poses tremendous difficulties in the proof as the basic
energy estimate fails immediately. To solve this problem, we propose a novel domain decomposition
as denoted in Fig. 2, which can be viewed as a generalization of the general framework described
above. In particular, we divide the domain into two regimes—Regime I with £2% > At?**% and
Regime IT with £2¢ < At?#| where the constant 3 € (0,1/4s) is specified in Theorem 2.

1 10°
0.8F
Regime II
0.6F
-— had -5
< Regime Il < 10
0.4r Regime
0.27 Regime
0 1010
0 0.2 0.4 0.6 0.8 1 10° 102 107 10°

525 625
Figure 2: Two regimes separated by the relation between 2 and At. Left: linear scale. Right: log scale.

Denote W¥P and H* as the usual Sobolev spaces. Introduce the notation L?\/t—l such that

2
FeLi = |fl2 = ///{/ldxdv < 0. (1.20)
Leaving out some details, our main result is to establish the following error estimate
Main Theorem. Suppose the initial data are smooth enough such that
1,1 ) 2 1,00 ) ) ) 2
Ufin € Waj7’[]7 Pin € ng N Wm 5 Gin, axjgzna &ijkgm S LMfl

for all 1 < 5,k < d. Then outside of an initial layer, there exist constants C,b,( > 0 independent
of € and At such that

)™ (& = F)llmr < OAE.

The specific definitions of b, ( are prescribed in Theorem 2 and Theorem 3.
Compared with the general framework outlined in (1.15)-(1.19), the main novelty in our proof
lies in the relaxation of the two key inequalities (1.15) and (1.17). In fact, owing to the slow decay



in the equilibrium which may not even have a finite first moment, we cannot obtain estimates like
(1.15) or (1.17) with a uniform constant C. Instead, we relax both upper bounds to a form of
At%® wherein one of a and b can be negative while the product as a whole is a quantity with
positive power in At. This underpins the relation between a and b and leads to the division of
the parameter domain. We expect that this generalization provides a new route for proving the
uniform accuracy for asymptotic preserving schemes.

The rest of the paper is organized as follows. In Section 2, we prove the strong asymptotic
limit from the kinetic to the macroscopic systems in the wa-norm with an explicit convergence
rate. This result will be used in obtaining the error estimate in Regime II. Section 3 consists of
two technical lemmas on commutator estimates They will appear in the error estimate in Regime
I. Finally, Section 4 is devoted to the proof of the main theorem.

2 Strong asymptotic limit

This section is devoted to establishing a strong convergence from (1.3) to (1.5) with an explicit
convergence rate. Our main tool is the Fourier transform, through which solutions are derived
explicitly. In particular, denote f(t,&, k) as the Fourier transform of f(t,z,v), i.e.,

tﬁ, //ft:nv —ieEtoR) qpdy.
R4

Then (1.3) rewrites as
{efsatf —e6 Vif =~k Vif — [k[*f,

By the method of characteristics, its solution is

—2s

FLE k) = fin(€,66 + 0=t —e€)) e~ ol recyreedu, (2.1)
Similarly, if we denote p(t,&) as the Fourier transform of p(¢, x), then from (1.5) we have
PEE) = fin(&,0)e 1,
Thus the equilibrium state in the Fourier space is
Pt M) = (€, 0)e 712 M (2:2)
The difference of the solutions in (2.1) and (2.2) is as follows.

Theorem 1. Let f and p be the solutions to (1.3) and (1.5) respectively. Let to be a fized constant
greater than Ce?*. Then for any t > to, we have

17 = pMllzz , < Cstoe llpinl +C [ 10~ Vefinllty , + Cuoe® Iofinlly ]
where Cs 4., C and Cy, are three constants that do not depend on ¢.

Some preparations for proving Theorem 1 are in place. Frist we prove an elementary lemma that
will be used repeatedly.



Lemma 1. For all s € (0,1) and a,b > 0, we have the following inequalities:

(a+b)° <a®+ 0% (2.3)
|(a+ b)25 _ (a2s + bQS)‘ < 2a5b°.

Proof. The first inequality follows from the concavity of the function = +— z® with = > 0:

(o) () = (T ars) =
a+b a+b) “\a+b a+d)

To prove (2.4), by symmetry we can assume that a > b. Denote 2 = £ € [0,1]. Then (2.4) is
equivalent to

1+ 2)% = (14 2%)

< 22°%,
or equivalently,
(1+2)% —(1+2%)<22% and (14 2%) — (1 4+ 2)% < 22° (2.5)
The first inequality in (2.5) holds since by (2.3),
(1422 <(1+2°)% =1+ 2%) 4225
The second inequality in (2.5) holds since
T4+2% —25=(1-252<(1+2)%,  z€]0,1].

Thus (2.4) holds. O

By Parseval’s identity, we will prove Theorem 1 in the Fourier space. Subtracting (2.2) from
(2.1), we have

Ft,€.k) — pt, ) M(K).
e 28 |

— fm(ﬁ, 0)e” i

(€2 etk — 26)) — Fin(€, 0 Jo T (b g aw

e (ke betlPtduw _ e t— L ki)

The following lemma quantifies the difference in the exponents in A;.

Lemma 2. Suppose tq is a fized constant greater than Ce?*. Then for any fized k and &, there
exists a constant Csz, depending only on s and ty, such that

E*QSt ’]{;‘25
| e — )+ sgdw — (Je+
0

< C’s,toES (|€|2$ + |k’28) R Y t>t.



Proof. First we reformulate the integral by decomposing ¢ into the component in the direction of
k and the one perpendicular to it: & (=& - 17 and ¢t =¢— €. Then

—QSt
J / —e€) + €| dw

72575

[|e—w|k| + (1= et + (1 — )2 |e ] dw

—QSt

S~ >~ 3

[efzw\k\Q +2e (1 —e e |k|+ (1 - e*w)€2\§]2]sdw

a b

723t

Il
S

Hence,

((a+b)° —a® =b°+a® +b°) dw.
| o o
— | €%t + S— g/ |(a +b)* —a® — b°|dw
2s 0
572st |k|25 6725t
a*dw — o — bidw — |€|*%t|.
2
0 s 0

We show that each term is of order €*. By (2.4),

[

- -

72st 572st

|(a—|—b)s—as—bs|dw§2/ azb?dw

—29t

=2 [0 R+ 267 (1 - e (L - el
725t
< 2/0 (™ k])* + (2e7(1 — e )eke k])2)(1 — ™) °e*]¢|*duw
< Ce*[[k* +1¢[*], (2.7)
where the first inequality follows from (2.3). Next,
e~ 2s5¢ —g—2s5¢ 2
/ bdw — |€[25] = 528\5125/ (1= e — 1 dw < Zejgp (2.8)
0 0
Using (2.3) again, we have
—2s —23t

e=25¢
a*dw g/ (€ k)2 + (2e(1 — &)ty [k])*dw
0
725t

€
< [0 R s (j6e + k).

e~ 45t 5
[ e < [
0 0

Since

572st k 2s
/ (€_w|]{3|)28d’w _ ’ ‘
0

> —|w\k 25qw < |k|2s — 2t
| = [ (e < e

we have, for t > tg,

e~ 25¢ |]{7’23
s
dw —
/0 a’dw 55

The desired bound follows from (2.7), (2.8) and (2.9). O

< Cooc® ([&F + K1) (29)



A corollary follows immediately from Lemma 2.

Corollary 1. Consider t > to where ty is a fized constant larger than Ce?S. Then for any fived k
and &, there exists a constant Cs 4, that only depends on s and ty such that

—2s

1 et 1
(1= Cutge) (165t 5k ) < [7 je (= )+ 6w < (14 Cugoe?) (€58 + 5.
0

Then for € sufficiently small, we have

e7 1 1
/ w%w—awﬁw%wzow%+mﬁ) (2.10)
0 2 2s

In addition,

_QSt
B I e (e

S e_%(‘£|25t+2%|k|25)057t0€s[|§‘23 4 “{3‘28]

We are now ready to prove Theorem 1.

Proof of Theorem 1. By Lemma 2 and Corollary 1, the A;-term in (2.6) satisfies
L, L 1Fale o)1 Pakag
Rd JR4
< Catoe® [ [ 1finlg 0P (e
Rd JRd

We bound A, as follows.

|k

|25
[[E[% + [RIPIPARdE < Coro® lpinll7s - (2.11)

2
1 ~ _ —2s ~ _ 672‘5t i B ve y
\|A2lliz§ ://‘w[fin(&c?f-i-e S — 2€)) = Fnl€,0)] (R e~ Jo I e regdw) g g
ol - i i T e (et egfod ’
< Hk[fm(gacgf +e ¢ t(k — gf)) — fzn(f,o)] <k> e Jo e &) +e w
(k) i .
N 2 5723,5 —w 24 2
< H(Ef + CtOEQS)akfm 1,00 <k> e fo e~ (k—e&)+e€|*°dw
k,§ Li,g
S 2 1 s m 2
< [€||U~fom||L31w + Gy, ””fi"HL}c,v] (k) e~ 3ot LZ
k,€
<l Vefuly, + ™ I furly, ] (2.12)

where we have used that for e sufficiently small and ¢ > ¢, it holds that e—e >t < Ct0625 . The second
last inequality follows from (2.10). Combining (2.11) and (2.12) leads to the desired result. O

At the end of this section, we prove a useful property regarding the decay of the derivatives of
the equilibrium state M(v).

Proposition 1. Derivatives of the equilibrium state M(v) satisfies
IVyM(v)| < Cam|M(v)],

where VP M = 0gt -+ - 9pd M(v), for a; > 0 and >4 o = m and the constant Cy, only depends
onm and d.



Proof. Let x(k) € C2° be a cutoff function with

_J 1 for ke B(0,1),
X(k)_{ 0 for |k >2.

Recall that the equilibrium M (v) has the following Fourier transform
M(k) = Ce™ B s e 0,1).
Thus its derivative in the Fourier space reads
T M(k) = C(ik)™x(k) e~ 7 4 C k)™ (1= (k) e 5 M (i)™ = (k) - (ikg) .
Taking the inverse Fourier transform, one arrives at

VT M(v) = F- (VM M(k))
= FHC(ik)™x(k)e™ = M) 4 FHC(ik)™ (1 — x(k))e = )
= Ml( )+M2( )

Since C'(ik)™(1 — x(k))e™ 2s 5 IF** is a Schwartz class function, My (v) decays faster than any polyno-
mial. Thus |[Mz(v)| < CgmM(v). For My, let

Then
Mi(v) = FHGURME) = [ 90— w)Mw)du

= g(’u — w)_/\/l(w)dw + / g(v — w)./\/l(w)dw.

|w]>3 o] w| <5l

When |w| > $[v|, we have M(w) < CM(v). Thus

/ g(v —w)M(w)dw < C’M(v)/ lg|dw < Cg M (v).
w|> 1] Rd

When |w| < 1|v|, we have |[v —w| > |v|. Since § is a Schwartz class function, in this subdomain
g(v—w) < Cy (v)~" for any . Therefore,

[ s —wM@)dw < C ) [ M@dv, L
[w<z vl Rd

The final result follows from combining the estimates for M; and Ms. ]

3 Two technical lemmas

In this section we group some technical commutator estimates that will appear in the error analysis
in the next section.

10



Lemma 3. For any function g(z,v) smooth enough, the commutator

(07 (807 = [ () (3.1)
admits the following estimate for —2s < p < % + 2s:
1) (=A0)Tdll 2, < Cll )P gllz, + 11 @) [Vogllzz,, -
Proof. We divide the integral into four parts and estimate them separately:
[(v)?, (=Av)*]g

= -dw +/ -dw —|—/ -dw —|—/ -dw.
[v—w|>1,[w|>1|v] lv—w|>1,|w|<$|v] [v—w|<1,[w|>1|v] lv—w|<1,|w|<$|v|

When [v — w| > 1 and |w| > $|v|, we have

| (w)? — ()" _
—_— w dw
H/|v—w>1,|w|>5|v| v — w|d+2s 9G0)]

Lz,
C Llatw)l if p<0
\v w|>1, |w|> [v| [o—w|dF2s p >
< ()3 . (3.2)
C‘ [v—w|>1,|w|>3|v| mdw“ it p>0.
If p < 0, then (3.2) can be estimated as follows. If %\v| < |w| < 2|v|, then
| (w)” = ()", _
/ | S ares 19(w)ldw
lo—w|>1,1v|<[w|<2l0| [V — W] ”
_ 1 ~
< C‘ (<U>pg(?)>) * <1|v|>1’v|d+28> H , < C ”(1)>p gHLiv , p< 0. (33)
Lx,v ’

where we have used Young’s inequality and the integrability of \v\dﬁ for |[v] > 1 in the last
inequality. When |w| > 2|v|, we have

| () — @] [ wpr
—_— < _ N
H/|U—w>1vlw|22lvl v — w|d+2s 19w)|dw =¢ lo—w|>1,Jw|>2Jv| [0 — w|T+2s 19(w)|dw
(v)?

<o/ W e
- H fo—w|>1jw|>2f] [0 — w| 24P )" law)ldw

2 2
Lz,v La:,v

Lz,
<[ g < (11 iyaras )|
BIGEEE L2,
<CIP 50z, | (o1 ogrvaers )
20 ]2 ) ||
§C|](v>p§(v)HL%’v, for d+2s+p>d or p>—2s,

11



where we have used Young’s inequality again. The lower bound p > —2s is to guarantee the

integrability of |v|~¢=2=P. If p > 0, then the estimate (3.2) takes the following form:

| (w)? — (v)”|
H/“’ w|>1,|w|>1v| v — ’d+2$ |g(w)|dw

L3
1 -
=C 1Iv\>1,|dﬁ <Cl®"3glL,. p=0.
Similarly, if [v — w| > 1 and |w| < [v], then
C‘  eilabul if p<0,
|/ ‘<> <>’\()\dw [v—w[>1 Jo—w] -
\v—w|>1,|w|<%\v\ "U U)|d+25 Lg . - C’ ’U ’LU|>1 Mw lf p > 0

The case when p < 0 can be estimated exactly in the same way as (3.3), which gives

<CIWPgl.. ., p<o.
Lz, ’

| (w)?” = ()",
e w)|dw
H/|v—w|>1,w<;|v| v — w|*F2 e

A more involved estimate is needed for p > 0. Note that in this region, [v| > 2 and |v — w| >
Thus we have
WP g

)P |g(w
/ 7< ) ’g(dJr)Qde <C / d+2s
fo—w|> 1, wl< b o] [V — ] L2, o> 2 wl<dlo|  |v]

2 3
— 2p—2d—4s _
- {//|>3 v Uw<;|v| |g(w)|dw] d“‘h}
2p—2d—4s PN o 3
C{//|v|>§ v V|w|<;v| v pdw] )" g(w)llzz dvdx}

1

2p—2d—4s w —2p wl dv 2 WP 7 .
{/|U|>g<”> kaguﬁ )*ra ]d} I (w)? gw)ll,s

C
1
—2d—4s d— 2 =
itp< g C{fusz (070 T A} P gz,
1

itp>g O {fupz (07 do ) gw)ly -

ifp=
The integrals in (3.4) converge since p < g + 2s. Combining (3.3)-(3.4), we have

C {f\v|>% (0)2P~2445 [ (1) dv}% | (w)? gw)llgz
| (w)? — (V)P _
H/lvw>1 W|g(w)|dw

When |v—w| < 1, we consider s < 3 and s > 3 separately. For s < 3, since [v —w| < 1, we

[ (w)” = ()P | < C{w)”.

2
Lz,v

IN

[ISUR Gl ST SlfSH

d
<ClWPgllz,, —25s<p<z+2s
12 v 2

12

3l

(3.5)

have

(3.6)



Thus

[ w)? — () | wp™
|/vw|<1 v — w|d+2s 5(w)ldw 2 =¢ /|vw<1 v — w|std-t )i L2
—1 — 1v<1 | —1 - 1 7
<clwy o il <o, . s<s (3.7)

2
Lz,v

For s > 1, we rewrite (3.1) in the region [v — w| < 1 as

/I (W) = ) dw = /| () = (O ) — g(w)]dw + bl = 807 )

v-wl<1 U — w|FHES v-wl<1 [0 — w|HHES —wl<1 [0 — w| 2
=11+ 5.
We start with the estimate of I5. Write
(W)’ = (WY +p WP 20 (w—v)+%D S(w—v)® (w—wv),
where D is the Hessian matrix
D=p(p—2)(()""¢®(, where [¢| € [Jo], [w]].

If %\v\ < |w| < 2|v|, then |D| < C’(v)p_z. If jw| < %]v| or |w| > 2|v|, then both |v| and |w| are
bounded and it holds that |D| < C (v)?~2. Altogether, we have

1Bl , < C 0P, (3.8)
Now we estimate I;. Expand g(w) as
1
G(w) = g(v) +/ Vog(tw + (1 — 1)) - (w — v)dt.
0
Then
: ! (" 2
1 < / / Vug(tw + (1 —t)v)| ——m—dtdw
Iy, < |, o, f ettt patan)
(ol 2
< C/// [/Iv vt o= w]dTo T | Veg(tw + (1 = t)v )dw] dtdvdz,
where || is between |v| and |w| and the inequalities follow from Cauchy-Schwartz. Let
r=tw+(1—th = tddw=dz, |v—z|=tlv—w
Note that (3.6) holds when |v —w| < 1. Thus
Ol e——
I3 <c/// V' - |U_Z|d+25 v g(e) | dz] dtdvdz
(=) :
V.g(2) [t 20| dt
= vt
| TRV T
lZIst];|dvas—2 L z L2,
p—1 = 2
== el (3.9)

13



Combining (3.8) and (3.9), we have

| (w)? = ()", o o 1
d < p p v s> — 1
‘ [ T g ol <O alliz 107 Wz, 925 (10
The final result follows from (3.5), (3.7) and (3.10). O

The second lemma in this section is a commutator estimate for weights and the operator L*.
Lemma 4. For 0 < b <d+ 2s, if u satisfies
lul < 5%/\4, (3.11)
then the commutator
(148 )78 L= = |V - (u(1 46 (0)Pu) = (148 () 7V, - (vu)]
+ (=207 (L + 0 () 7w) = (143 (0)) (= A)"]
satisfies the bound

1 s )
‘/ 146w (1 +0(v >) b’ [,S]ufdvdx < C(;ﬁ (146 <v>)_bu‘|3\/l—1 + Cg—4s gmin{1,2s}

M

Proof. Denote

Tyu= Vo (0(1+68(v)""u) = (1+68(v)) ™"V, - (vu),
Tyu = (=A,) (146 (0)™w) — (148 (1)) *(=A,) u.

Then [(1+ § (v))~%, £L5]u = —Tyu + Tou. Note that

o]

Tiw = vu - Vo[(1+ 6 (0)) 7 = —bu(1 46 (v) 716~ )

Then from the assumption (3.11), we have
‘/(1 +0 <v>)"’uT1uidu < Cb5—48/ 00 \pau
M|~ 146

(v)
_ —4s 5< > —4s 5< >
— Cbe /U<1 T gy My + Che /v|21 5

Mdv < Che™*%(5% + 6).

It is immediate that

Che4s / O mMdv < Che=455 [ (0) Mdu < Che=5s,
<1 140 (v) <1

Moreover,

Cbe—4s / O pdw
|

oj>1 1+ 6 (v)
_ d (v) _ 5 (v)
e 48/ Mdv + Che 48/ Mdo
i <ppj<d 146 (v) 1 1+6(v)
< Cbe155 / () Mdo+ Cbe [ Mdv < G52,
1<[<5 [v[>5

14



Therefore,
‘/(1 + 6 (v)~ uTluMdv < Che™5(6% +9). (3.12)

To estimate Tou, we first rewrite it as

o)) -b wh)~b
Tzu:Cs,d/u(w)(1+6< >‘3}_w|g;;6< ) dw.

Hence,

/ (146 (o)) PuTou Ml(v)dv

B (140 — (146 (w))™? u(v) 1
= C, // |v — u(w) dvdw

wl s (1+0(v))> M(v)
=: Syd//Jdvdw.

We proceed by separating the integration domain into |[v — w| < Cp and |v — w| > Cj for some
constant Cp > 1 to be determined and estimate the two integrals individually. Over the domain
|v —w| > Cy, we have

// Jdvdw
|v—w|>C’o

/] Q+6@)P-(+s@) 1 @l juw)] 1
B (kO JAE T e (o

//|v w|>Co, \w\< [v] //|v w|>Co,|w|>2|v] //v—w>Co,;|v|§w§2v

=:To3 + Toy + Tos.

If [v — w| > Cp and |w| < §|v], then |v| > 2Cp and

(146 (v))° — (146 (w))?| 1 1 <C(1+5(v))b 1 1
v — w4+ (140 )P M(v) = Jo|9t2s (146 (v))? M(v)

<C.

Thus,

)|  Ju@)
mzcf [ o260 1+6 w>>b @+ 0 () v

C/1+5 \/7V d/ 2 1j|uu5)u|] ﬁ\ﬁd”

U‘>§Co
1

< O+ 6 () ul}s ( | M(v>dv>2

< CCH*|I(1+ 6 (v) b3 (3.13)
If [v — w| > Cp and |w| > 2|v], then |w| > 2C; and
(146 (v)° — (146 (w))?| 1 1
v — w2 (146 (v)>* M(v)
col+d) 1 L (8 w)) )~ (3.14)

= ’w‘d+25 (1 + (5<U>)b M(’U) = (1 4 5<U>)b (U)idiQS )

15



where in the last inequality we have used C (v) ™92 < M(v) < Cy (0) "% for 0 < C) < Co. If

we choose b < d + 2s, then (1 + 6 (w))? (w) "% is a decreasing function in |w| and (3.14) implies
(140 () — (1+ 6 (w))"| 1 1

v — w42 (140 (v))> M(v)

The rest of the estimate is the same as that of To3 and we have

Toy < CCHF||(1+ 0 (v) " Pul 3,1 (3.15)

<C.

If v — w| > Cp and F|v| < |w| < 2|v|, then

(140 ()" = (140 (w))’|
(1+6{v))° B

Hence,

1 u(w) ()
3530//;Mwakamuv—w%waww@wwu+5wnhwwﬂ”“
(

1 |h(w)| |u(v)] 1
<cC / / dwdv
lo—w|>Co, L o] <w|<2fo| [V — w[2T4 (146 (w))? (140 (v)) /M(v) /M(w)

< OO0+ 6 o) ullhr. (3.16)

Combining (3.13), (3.15) and (3.16), we have
‘// Jdvdw| < CCT*||(1+ 6 (0))1ul|2,-1. (3.17)
|lv—w|>Co

For the domain |v — w| < Cp, we symmetrize the integral as

// Jdvdw

[v—w|<Co
// 1+6{(v)"—(A+6w)’  h(w) hlv)
~ 2J J jouizco v — w|d+2s (146 (w))® (L+ 0 (v))°
! ! dvdw.

M@)(L+6)P M(w)(L+6(w))?

By the mean value theorem, for (1), (n2) between (v) and (w), we have

// Jdvdw
[v—w|<Co

(L6 m) ™ Jh(w)] |h()]
N 5// v — w|d+2s=2 (1+5<w>)b(1+5<v>)bx

" 1 VM(n2) n bd 7y
M(n2)(1+6(n2))® | M(m2) (146 (n2))

)
hw)  [h()]

<“fﬂv W PB4 5 {w))P (L4 6 {w))P ¢
—1

LA+ sm) VM) | Y
M) (146 (m))? | M) 143 (m2)

- hw)l bl 1
< 8801+ o e S P T o WP Ry 519

dvdw

dvdw
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VM(n2)
where we have used M)

Jif 3[o] < ] < 2]o], then

a+om)™ .,

() <C(v) and 1o =

If |w| > 2|v|, then we have 2|v| < |w| < 2Cp and

b1 C(1+8Cy)~t b>1,
(1+6(v)) S{ C b< 1.

Therefore, we always have
(140 (m)"!
(1+0(m2))°

Since |[v —w| < Cy, if |w| > 2|v], then we have |[v| < Cp and |w| < 2Cq. If |w| < $|v], then |v] < 2C
and |w| < Cp. In both cases,

1 1 1 1 d+s
M) SCmaX{ M(w) M) } \/7\/7 . (3.19)

When 1[v| < |w| < 2|v|, since (1) is between (v), and (w), we have
1 c 1 1
TV Mw) VM)

Substituting (3.19) and (3.20) into (3.18), we have

// Jdvdw
[v—w|<Co

s 1 |u(w)|
< b3(1+ Codyxt 10 e [
1+ Cod) omul<co o — w[T2 2 (14 8 (w))? -

|u(v )! 1
(1+06(v ﬁﬁ

_ g 1 lu(v)|? 1
< ObS(1 + §Cg)maxib-1.0t o2 // dvd
< b1 +0Ch) N SIS a2 X s Y 3 2B v Tyl Bl

1

1 lu(w)|? 1 2
. (/ R e v s M(w)dvdw>

g
< Ob3(1 + 6Co)™ > =10 e ™ 02725 (1 4 6 (v)) w2 (3.21)
Summation of (3.17) and (3.21) leads to

< C(l + Cod)max{b—l,()}.

(3.20)

dvdw

M

dyo_g
/ / (146 (v))_buTgu%dxdv <C [bé(l 4 8Co) 10 022 4 o | 114 6 (o)) Pul

Choose Cy = 6761%4. Then the inequality above becomes
1 s
//(1 + 6 o)) T dado < CET) (146 ) ull3 .
Together with (3.12), this implies

/ (146 () Pul(1+ 6 (v)~ b,ﬁ]uﬁdxdu < COTET||(1+ 6 (0)) Pul|2 s + Cedsgmint1 2s)

We thereby finish the proof of the commutator estimate. O
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4 Error estimate

In this section we prove the uniform accuracy in time for the semi-discrete scheme (1.14). When ¢ is
large compared with At, it corresponds to the kinetic regime, in which we show that the numerical
error can be controlled by some positive power of At. This shows the consistency of the method.
When ¢ is small compared with At, we will leverage the asymptotic preserving property of our
scheme to control the numerical error by a certain positive power of €. The specific regimes will be
made clear later.

Given the initial data f;,(z,v), we have the initial data for p and g as

pin = (fin)y:  Gin(x,v) = fin(z,0) — pin(z + ) M(v).
Assume the initial data are chosen such that the following quantities are bounded:
ginllae=1s Nginllzae o5 10m:ginllp=15 [10viv;Ginllp-15 Mlpinllz > Nloinllwre < 400. (4.1)

Add the last two equations in (1.14) to get

]' n n S, n
O ") = = (=8, (4.2a)
825 1 n 1 n n
(0" = 0"+ ev0ng™ T = L3(g72) = g™ g™ I M) (4.2D)
Let el and e be the local truncation errors defined by
1
n o __ n+1 n n+1
e1 = 72 9E") = g(t") = 0g(t")),
1
n __ n+1 n n+1
e = S (") = n(e") — o).
Then (1.12) becomes
1 n n S n n
K Y = (")) =~ () + At (4.3)
525

7 [9) = 9] + e00ag(H) = £29(8") — (), M) + < Ate}, (43b)

Denote
N (z,v) =n(t", z,v) —n"(z,v), g (z,v) =g(t", x,v) — ¢g"(x,v)

as the numerical error. By subtracting (4.2) from (4.3), we get

1
L — i) = — (=AM + Atel, (4.4a)

At (7
2s

S (G = 37+ cv0,g" T = L — I M)+ (L = AT)(g" — ") + Ate¥e}. (4.4b)

A
Denote the error from the operator splitting as

1

ef = (L =I)(g"F —g""2)

and denote



Multiply (4.4a) by €2*M and add to (4.4b). Then the error equation (4.4) has the form
a7 — ) 4 ewd, L = L5 4 Atel + e + 2 Atel M. (4.6)
In view of (4.2a), n™ evolves independently from ¢". We summarize the properties of n™ as follows.

Lemma 5. Denote
n"(x,v) = h"(x + ev).

Then h™(y) solves
1

R (P BT = (AR R0 (y) = pinly) (4.7)

and we have

170y < 1] gy = ol I e < [0 = Dol -

Proof. Equation (4.7) directly follows from (4.2a) and (1.13) and the inequality is the result of the
dissipative property of —(—A,)*. O

We have the following estimates for errors e and ef.

Lemma 6. If (n,g) satisfies (4.1), then e}, ey defined in (4.8) and (4.9) satisfy

et aaes £ O S 0P (Ouy + Do ilgr + & 2020,
1,j=1 v
e Mllnir < 3 [[(~20)%0
Proof. Rewrite e} and ef in their integral forms:
1 ¢+l ¢+l ¢+l
el = N /t" (Ds9(s) — Dsg(t™1))d = % /t / Orrg(T,z,v)dTds. (4.8)
Similarly,
2«/.n+1 tn+1
ey = Az /t / Orrn(T, x,v)d7ds. (4.9)

Recall that n(t,z,v) = h(t,z + ev) where h(t,y) solves
Oth = =(=Ay)*h,  1(0,y) = pin(y)-
Then 0yh(t,y) satisfies
O0¢(Oph) = _(_Ay)s(atth)a Outh(0,y) = (—Ay)gspin(y)'

Note that Oun(t,z,v) = Ouh(t,z + ev). Thus we have

lezMllis < 55 [

tn+1 tn+1

/ [0rm(r, . ) -sdrds < C|(~A0) pin, (4.10)
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To bound e}, we make use of equation (1.3) for f. Note that 0y f solves the same equation as f
with initial condition

Ouf(0,z,v) = 62_45(1) Vo) (- V) fin(z,v) — el=4sy . V(L fin)
. 61745E3(U . v:cfm) + 574s£sﬁsfin-

Due to the dissipative mechanism of £*, we have

100 aas < Wfllges < € 3~ NoPBu, + B il (4.11)
t,j=1
Then
Al gl
ler a1 = Atg”/ / Orrg (T, x,v)drds| -1
Al gl
— At2/ ||a’7‘7’ f TZM)( ')HM—ldeS
1 tn+1
= At2 / /s 1077 fllp-1 + [|OrrM || pg-1d7ds.
The desired bound for e} follows from (4.10) and (4.11). 0O

Next, we bound g"*! — g”+% and ¢"t!. These are for estimating the splitting and asymptotic

errors in the fractional diffusion regime. In both cases, we start with the estimate for I(n"*!, M).

Lemma 7 (Estimate of I(n, M)). Denote n(x,v) = h(z + ev). Then for s € (0,1), we have
1) 11, M)l 2, < Clle®s
2) ID*1(, M)l pg-1 < Cllhl|grsae®, 0 <k < 2
3) [ (n, M)| < Clhllyr.00 M

Here || - [ p-1 is defined in (1.20), and D f = 8y, f, D*f = Oy, f-

Proof. 1) & 2): Since part 1) is a direct consequence of part 2) via Cauchy-Schwartz, we only show
the proof of part 2). Note that

dw

/ [(h(z + ev) = h(z + ew))|| 2 [IM(v) — M(w)]
Rd

‘fU _ w|d+25 M(U)
/ ) -dw
|’U*’LU|>E

/ -dw
1
[v—w|< =

1, M) pr <C

L3

:c|

+c|

= Clhlgz +CllEl Lz -

L3 L3

For I, we have
I(h(w + £v) = h(z + cw))ll 2 < bz + 20) |z + (e + 2w 2 < 2 Al -

Thus,

1llzz < Clhll L2

/ M) M) 1
o—w>1 v —wE S M(v)

€
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If [v — w| > 1 and |w| > |v[, then M(w) < CM(v). In this case we have

| M) - M) 1
|v—w|>%,|w\>%|v|

w2 Mo,
o—w|>L fwl>Lof [0 —w|*2 ],
1
2 2
§ C/Uw>1 mdw ||M||i% =Ce s, (412)

If v —w| > L and |w| < $|v|, then M(v) < CM(w), |v| > Z and |v — w| > 3|v|, and we have

|/ (M) - Mw)| 1
o—w|> 1 jw|<ip] v — w2/ M(v)
< c|

/ M(w) 1 dw

v—w|>L jwj< ] [v— w]FT2 /M(v)

M(w) 1
I o

L3

< O( M(v)dv)% /M(w)dw = Ce’. (4.13)

B |v]> 3
Combining (4.12) and (4.13) gives
il e < CllAllz &
For I, we rewrite it as

/ [(h(z +ev) — h(z + ew))| 2 IM(v) = M(w)]

lv—w|<1 lv — w|4t2s\/ M(v) L2

/ [(h(z + ev) — h(z + ew))| 2 [ M(v) = M(w)]
1<fo—w|<L v — w42/ M(0)

dw

12l Lz = ‘

+ dw

L3
= a1llzz + [[f22]l 2
Note that
[h(z +ev) = h(z +ew)ll 2 < e[[Vhl Lz Jv—wl,
M) = M(w) = VM(E) - (v —w), where &= (1—t)v+tw, te€(0,1).
Then for |v —w| < 1, we have

[VM(E)] < CIVM(v)| < CM(v), (4.14)

where for the first inequality we have used the fact that | — v| < 1 and the second comes as a
result of Proposition 1. Therefore Is; satisfies

1
/|v—w|<1 v — w|dr2s—2V M(v)dw

[L21llzz < € [[VA] 2

< Ce | VAl - (4.15)
2 ¢
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Similarly, for Iss, we have

/ 1 1M<v>

[T22]| 2 < Ce[[VA| 12 ( de

2
Lv

+Ce | Vhl

/ 1 ’M<v> Mw)|
1<jo—w|<L w[>1 ] |0 — wld+2s—1 VIOl
=:Ce ||Vh”L% (122’1 + 12272)‘

L3

For Iy 1, using [v — w| > $|v|, we get

/ 1 1 Qd
v
2cjol<2 \ Jo[9T2571 /M (v)

For I22, we have M(w) < CM(v). Thus,

12271 S C’/M(w)dw

1
Ipop < C HMHL})/ o= wdrz1

<oul<2 - dw < 271,
Applying (4.19) and (4.18) to (4.16), we get
[T22]| Lz < C VA 12 €.
The combination of (4.15) and (4.19) leads to
(0, M)l p=1 < C[[ VRl 2 €7
The first-order derivatives of M are

O 8%/ Wz + ev) = h(z + ew))(M(v) = M(w))

v — w[1+2s dw

dw

_ 8%/ hz +ev) — h(z +ev — cw))(M(v) — M(v — w))

|w|l+23

=€ (63:ZhaM) + I(naasz)

(4.16)

(4.17)

(4.18)

(4.19)

These can be estimated similarly as I(n, M). In particular, we have eI(d;h, M) < C'|[h|[ g2 e*F
directly following the first estimate in part 2). For I(h, d,, M), the same estimate holds since

M| < CrM,
thanks to Proposition 1. Likewise,

8vinI(7]7M) = 8’[)]' (EI(axﬂ]vM) + I(Tlﬂ 81)1‘/\/1))

= 82[(81113' n, M) + 5I(azj777 8U1M) + 61(8%777 ava> + I(ha avinM)v

and the rest of the estimate proceeds exactly the same as before.

3) We divide the integral in I(h, M) into several subdomains and estimate them individually:

dw

=

:/ Cdw + Cdw =: I3 + I,
|[v—w|>1 [v—w|<1
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For I3, we separate the two cases where |w| > 3|v| and |w| < [v|. When |w| > 1|v|, we have

M(w) < CM(v). Thus,
/ h(z + ) — h(z + ew)| | M(v) — M(w)|
\vfw|>1,|w|2%\v\

v — w[d+2s dw

1
<Ol M) [ o

|[v—w|>1 |U -

dw = C 1 e M(v).

When |w| < $|v|, we have [v] > 2, |[v — w| > J|v| and M(v) < CM(w). Therefore,

|h(z + ev) — h(x + ew)||M(v) — M(w)]
d+2s dw
o—w|>1,w|<L vl v —wl
M(w) 1
<Ol [, iusardn < C il (-2 ) [ M)
3
< Clhllo M(v).
For 14, we have
[VM(E)

I, < _ VARSI —(1- 1
1 < Ce||Vh]l4 i<t [0 _w|d+23_2dw, = (1-thv+tw, t€(0,1),

where [V M ()| has the same estimate as in (4.14). Therefore,
Iy < Ce||Vh]| o, M(v).
Combining the estimates above gives the pointwise bound of I. O

To proceed with the error estimate, we will consider two separate regimes sketched in Fig. 2.

4.1 Regime I: kinetic regime with 2 > A¢?/

First we show that when ¢ is large compared to At and ~ is chosen to satisfy (4.20) and (4.29), the
accuracy is controlled by some positive power of At. In the following estimates, we do not keep
track of the error dependence on ~y, but it is expected that the constant increases with larger values
of . So in practice, we always choose v to be a constant slightly larger than 2 that satisfies the
aforementioned conditions.

Lemma 8 (Estimate of ||g"| in Regime I). Let (n™, ¢"™) be the solution to (4.2a)—(4.2b) and h"™(x+
ev) = n™(z,v). Suppose e2° > At*F with 3 < ﬁ. Then for any ~ such that

Ao — 1 Ao —1e?
0<~vy< 0)\0 o= 0)\0 %, for some fized Ao > 1, (4.20)

1
n+§:

we have the following estimates for g™ and g
1) g™ < Ce™ (& lginllaar + Whinllgr ) Mlg"llzz, < C= (¥ llginllaa + Pinll s )

1 1
2) llg"* 2l per < Ce™ (¥llginllpamr + lhinll ) [0+

s <O (lgimllaes + Mhanlly )

3) 9"l yod Ce (%l ginllLs _, + hinllyr.o0)-

Mm-1 ‘
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Proof. 1) Without loss of generality, we assume that the final time is ¢ = 1 such that
NAt =1, 0<n<N.

By (1.14b) and (1.14c), we have

1

g = (aty— L) Hag" — I, = (a—ytev Vo) lag™ts, (4.21)

Then we have

n+1 n n+1
g o ) -1 _ syl / g _l[
m—(a v +ev-Vy) m(a—i—'y L) aM(m @\//W>
n 1In+1
— H( g ) TN
VM a v M
n+1 n+1—
) 1 [ntl-»p
— (g’”> S < ) : 122
) - (422)
where
H=(a—7v+ 51}836)_1\/%(0( +v =L tavV M =: HiHo,
with
- 1 s\ —
Hi=(a—v+ev-Vy) ta, ngﬁ(a—&—’y—ﬁ) lav M. (4.23)
It is easy to check that H; is bounded operator from L?cw to itself with bound
o
Hallzz 22, < o= 5

For Hs, we conduct the energy estimate. Suppose F' and G satisfy HoF' = G, or equivalently,

aty,, 1 1
- G am[, (VMG).

Multiply the equation by G and integrate with respect to « and v. Using the fact that

F=

[ =R = [ [ VMG VMG <0,

one has
1Gl 2, < ——|Fll2, = |HMel < (4.24)
L2, = o+ L2, 202 ,—»L2, = OK+’}/‘ .
Therefore ||H||;2 2 < af‘_:% Plugging it into (4.22), one has
a2 n+1 1 n+1 a2 p
lg" M - < | 57— lginllp—1 + — 11272 g (4.25)
o _ 42 in o pz:l o _ 2
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Note that since €2 > At?%? with 8 < 4—18 , we have

o — 42 > — ¥ >N—-~*>n—192

At2—4s8

Therefore,

042 n+1 9 n+1
2
<a2 — 72> < (1 +- j 72> < Ce’, foralln>~*+1. (4.26)

In the case when n < ¥2 + 1, recall that o? = (52S/At)2 > At2(6=1)_ Therefore, as long as 7 is
chosen such that 72 < )‘%\—gloﬂ for some fixed Ag > 1, we have

o2 n+1
(M) <t (4.27)
In sum, (4.25) continues as
n+1 [241]
o™ Mgt < Cllginlaes + = 3 1Pty € = max {67, A1}
p=1

Using Lemma 7 part 2) and Lemma 5, one has

lg™ e < Ce™ (& llginllag—s + il ry ) -

The bound for ||g"™!||,. is a direct consequence of the boundedness of [ g™ || v -1.
2) By (4.21) we have

n+i n
g 2 1 s\y—1 g n+1
=—(a+v-L Ma——= -1
VM v e Mg =
gn 1 n+1>
- s
e (\/M a
n+1 n+1—
, 17 p
— gt () - S ().
2 VM pzl “\a VM
Using the bound (4.24), we have for any v > 0,
n+1
ntl
g™ 2 = < llgimllagmr + = 32 171wt
p=1

The estimate for || g"+% | p—1 again follows from Lemma 7 part 2) and Lemma 5.
3) Denote

Ho = (a—y+ev-Vy) tala+v— L) e, Hy=(a+~v— L) o

Then by using (4.21), one can write g"*! as

1
gn+1 — rHOgn . E/HOI
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Then our goal is to find the bounds of H3 and H; defined in (4.23) with respect to the norm L% .
To this end, we will use the maximum principle argument. Let ¢; satisfies

=Hzg=(a+7—L") "ag

Then g = (O‘Tﬂ — éﬁ‘*) q1. Since g < |||, M, we have

_ |9 _ aﬂ_ls)( o ><
o= () (s ) =0

Multiply the above inequality by sgn™ (q1 - %ﬂ &4 ./\/l), where sgn™(z) = 1 if x > 0 and 0
otherwise. Then it becomes

22 i s )
a (ql a+7HMHooM> o [v " Ay MOOM

1 « + « g
— — —Ay)° — - <0. 4.2
O T Y R

Note that for any b(v), we have

S _ b+
(sgn®b)(—Ay)%b = C; g(sgn™ / v — |1+2)d > Cj a(sgn™b)(v / o — |1+2s)dw
b+( ) — (sgn¥d) (v)b" (w) ) = b (w) s
- S’d/ v — w[l+2s dw 2 G, /|v—w!1+25dw = (—A,)°b.

Therefore, (4.28) leads to

e Ut b 0 I CRal I )
- L (g — g <0.
« (ql a+7HMHooM) n a+y (M OOM -

+
Multiply the above equation by ﬁ (q1 — aiﬂ H%HOO /\/l) and integrate in v. We get

+
o ||lg
(o sl

<0

9

Mfl

which implies ¢1 < ;9 & M. Similarly, we can show that —q; < e |G|l M. Therefore,
q1 «Q
- - or Hsl|| Lo
HM ooaﬂHMHoo Hsllez = o5y

Likewise, to bound H, let go = H1g = (a — v +ev - V) tag. Then

(a_/y+8v‘va:>q2:g'
o a
Since g — |||, M < 0, we have

(a_’y+€v-V)( a
a «Q a—y

.20 s- | o
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+
Multiplying the above inequality by (qg - || G || ) and conducting an energy estimate

leads to g2 < %= H &l M. Consequently, we have
Palls < -2 ad Mol <
g < o an oz = 22

Then following the same proof as for part 1), we have

lg n+1||Lﬁ S <Oé2—72> HQz‘nHL Lt = Z( ) [V p||L§ T

This leads to

lg" Hlzee , < Cllginllzes _, +— Z 170l L5e, > = Cliginlizg _, + 5 lhinllwrec

where C' = max{e?, )\gYQH]} and we have used part 3) of Lemma 7 and Lemma 5. O

Next we bound the derivatives of ¢g"p and g"h.

Lemma 9 (Estimate of ||0,,¢" || v and H@Uig"Jr%HMq in Regime I). Suppose €2 > At?**# and

)\2 — 4625

Ay —4
2)\ a  for some fized \o > 4. (4.29)
2

Then the following bounds hold:
1) foranyi=1,2,--- .d,
100,0™  a-r < Ce*+ ' 7)LY, (00" 2| g1 < O™ + 273 LY,

where
LY = °10z,ginll m—1 + °110u; ginllp—1 + Vil g2 ; (4.30)

2) fOT any 7‘7.7 = 1727"' ad;
1
Havzv] n+1||M 1+ ||avzvg 5”/\/1—1 <C(e*+ el 4 52_55)L(2)»
where

Ly = &[0z, ginll v=1 + €110, ginll a1 + €100, gin | g1
+&°10v0, ginll a1 + Hhm”Hg : (4.31)

Proof. Taking the derivative in v; of (1.14b) and (1.14c), we have

{ Oé(avigwr% —0y,9") = ﬁs(avigwr%) —(v- 1)5vi9n+% — Oy I (", M), (4.32a)
(0, 0" = 0y, 0"V 2) + £V - V(D 0" ) = 700, g™ — €0y, g™, (4.32b)
which leads to
09" = (@ —y+ev- Vi) ala— L4y —1)"Hady,g" — dp, ")
— (=4 ev-V,) ted,, g™
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Then similar to the proof of part 1) of Lemma 8, we write

» n+1 » n 1 v,_[n-’_l
8\1/% = H1H4 (%) — H1Hy (a am ) — Hie AL, g" !
OuiGin) o 19, I"+%r
— (H+H n+1<vzm>_ U H p(vz
(H1Ha4) M I;( 1Ha)" |~ T
n+1
— > (H1Ha)P " Hie B AL, 9" P, (4.33)
p=1

where H; is defined in (4.23) and

Hy = Vlﬂ(a — LS4y — 1)_1a\//\7.

Similar to (4.24), we see that

«
[Hallzz , rz, < v (4.34)

a2

Denote ¢ = 0 - Then via iterations, (4.33) can be estimated as

(a=7)(at+y—1)
n+1
106,9" Hp1 < D0 ginllagr + ALY 0, I
p=1
n+1 o
—1 1-2s n+2—
T atfonge ],
—1—2(:1’ a—fyg t |0z, 9 .
p=1 ’
By Lemma 8 part 1), Lemma 7 part 2) and Lemma 5, we obtain
n+1
186, 9™ Hpt < 0w ginll a1 + e At [hinll g2 D
p=1
a n+1
N Csl_ssﬁm (£ 110u,gin e + [ inll gz ) D
p=1

Following the same argument as in (4.26) and (4.27), if we choose vy such that

[N —2¢e% A —2
0 < — =
<7s A At M @

for some fixed Ay > 2, then the above inequality reduces to

1008 s < Cll0uginll gt + O il 2 + O (100, ginllaus + il 1)

< Cllonginllags + O + 75 (10 ginllags + Ihinllzs) -
In addition, from (4.32a) one has

009" % = (o= L5+~ = 1) (adyg" — 0 I").
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Thus,

By, gt 2 (av.g” 11
i ] LA &,.I”“) ,
M NVM avM

which immediately leads to
1 1
100,9" 2 a1 < C([100, 9" |01 + E||3viln+1||/\/l—1)a

thanks to (4.34) with v > 1. Combining the bound for 9,,¢" above with Lemma 7 part 2) and
Lemma 5, we further have

190g™ a1 < Ol + €17%) (e uiginllags + lhinllzz) + Cllhsginllag-1 + C At hinllz
< O + &7 (100 ginll a1 + Iinllzzz) + Cl19usin g
For the second-order derivatives, differentiating (4.32a) and (4.32b) in v;, we have
(Boy0,8"™ % ~00,0,9") = L5 Do, 9" 2) = (7 = Doy, g2 = Do, 10" M), (4:350)
{ a(awg““ —&,ing”Jr%)—i-av-Vz(&)wj g™t =700, gt —eaxing"“ —sa,cjvig"“, (4.35D)
which implies

(%wjgnH =(a—y+ev- Vx)floa(oc — L+ — 2)*1(0481,1.7}].9” — Bvivjl)

—(a—~v+ev- Vgﬁ)_le(amz.@ng”Jrl + Ozj&,ignﬂ). (4.36)
Recall H; defined in (4.23) and denote
1
H5 = 7,‘/V(Oé — L? -+ Y — 2)_106\/ M.

Then (4.36) can be written as

aviv-gn+1 aviv-gn ]- 8’1}@’[}'-[ —92s n n

Jim = H1Hs5 ( \//17 ) — HiHs (a \/./i\/l) — Hlé‘l 2 At(@xi&)jg +1 +8xj8vig +1)

av-v-gin A 1 6U.v.fn+17p
= (H1H5)" (H) _ HiHs)P [ =2
)™ (“ar )~ 2
n+1
— > (HiMs)P  Hie' 2 AU(0,00, 9" P + 05, 05,9" T P). (4.37)
p=1
Similar to (4.24) and (4.34), we have
o
1Hsllzz ,r2, < "L
Denote co = m Then via iterations, (4.37) satisfies
n+1
HavingnJrlnM*l < Cn+l”8ijgin”/\/l*1 +e AL Z CpHaijInJrlipHMfl
p=1

6@ 81)3- gn+1—p ‘

+|

axjal)ign+1_p‘

L%,v)

n+1 o
+ Z o e LY N (‘ )
p=1 a=" Lo
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By Lemma 7 part 2), Lemma 5 and Lemma 8, we have

n+1
10;0,9™ 1 < M 1o 9inllpa-1 + O™ [ hin | rae® At Y P
p=1

n+1
+ Cisl_%At(s_s + 1739 (Z cp_l) X

o=y =
X (Ss”axiginHM—l + &0z, ginll m—1 + €710, gin | m—1 + HhmHHg) :
Following the same argument as in (4.26) and (4.27), if we chose «y such that
A — 4 Ay —4
A2 A2

for some fixed Ay > 4, then the above inequality reduces to

||8’UZ/U] n+1HM_1

< OO0y ginllat-r + O hinll s
O 4 &9 (& 0nginllii + 100, ginllag s + e N0uginll e + Iinllz)
< C(e™® el 275 x
% (& 10nginllair + 10, inllags + € N0uinll e + 1Bususginllags + inllgz)
Additionally, by (4.35a) one has that
Doy g" 3 = (0= L° 47 = 2) 7 (0o, 9" — Bu, ™).

This implies

n 1 mn
3ving +2 _ H4 <a'uing 1 1 v v, In+1)
VM VM avM

Therefore, for v > 2, we have
109" Hlaat < O, " i + e, Te-1)
and the desired bound follows from the estimate for ||0y,v, 9" || pq-1- O
Now we estimate the difference g"+! — g"“‘%.

Lemma 10 (Estimate of g"t! — g”*é in Regime I). For €25 > At*8 with § < 41—5, we have the
n+l _ gn+%:

min{s—&—i—m,l}
, < C ( At) 2 s—SLO’

following estimates for g

o),

where m < s + & ¢ and LO = &%||ginll p—1 + ||hm||H;;

28

1 A min{s—l—i—m,l} _ -~
Y @ ot =g, <o (E)TTT T e ey,

where m < s+ ¢ 5, 1=1,2,---,d, and LY is defined in (4.30);
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1 min{s+%—m,1} _ _
3) )™ By (g = g )|, <0 (BE)TTTTT e 2L,

where m < s + %, i=1,2,---,d and LY is defined in (4.31);

. +17 ’1
<o (3)"™E (o e 1 1),

1
P [ (~ans(gm - g
where —2s < p < s+ %.

2
Lz,v

Proof. 1) From (1.14c), one sees that
1 2s

— Z(yg" —ev - Vg™, a= . (4.38)
«

At
Then for a fixed m,

1

2
[ @t =g, = // (0)>™ g™ — g P gn - g E 20D dadu

= % / / ()2 g™ — g3 [Pyt — v Vg™t PO dady
(6

¢ n nti n — - n -
= m// @™ (lg" P + g™ 2 20 (g™ PO + 2070 |y - WP dadw.
Expand the product in the above inequality. The most difficult term is
// (0)2m |g”+%|2952(1_9)|v-Vmg”+1|2(1_6)dxdv,
which can be estimated as follows:

[ @ igm 3 et 9,67 - dade

_ 62(1_0) // <,U>2m+2(1—0) |gn+%|20|vmgn+1|2(1—9)dxdv

0 1-60
< 62(179) <// <U>2m+2(1—9) ’gn+§’2dmdv> (// <,U>2m+2(1_0) |ngn+l‘2d$d’l)) .

To use Lemma 8 to bound the right hand side of the inequality above, we need
2m +2(1 —0) < d+ 2s.
Since 6 € (0,1), this requires m < %l + s. In this case, we can choose
0 = max {1l —(d/2+s—m),0}.

and apply Lemma 8. The other terms are bounded similarly.
2) Equation (4.38) implies that

O (g = g+2) = ~{300,9™ —elv- V(009" + 009"} (4.39)
Then for a fixed m,

|0)™ 01, (g" ! = g *2)

2 m n n+i n n+i _
2, // ()™ 100, (" " = 9" T2)P10u, (¢ = g™ 2)PU T dado
C
= [ @ 10— 00— el Va(00g™) + 000" Ddad
(6]
C m n n 1
< ey [ 07 1000 + 10"

> [’,yavign+1|2(1—6) + 52(1_9)|U . vz(avign+1)|2(1—0) + |8xig”+1|2(1_9)]dxdv.
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The rest follows similarly as for part 1) by replacing Lemma 8 with Lemma 9 in the proof.
3) This part is similar to Part 2). From (4.39), we have

n+1l :l
(6]

g"t7)

Dusvy (9 {100g"" = e[v - Val(Bury0™Y) + 0000y + 02, 009" 1]}

Then for a fixed m,

2
[ (0)™ Bur; (971 = g4

2
Lz,v

m n n+ = n n41 _
= [ [0 iy (67 = )Py (97 = )P
C m n n 1 n
= m// (W)™ 0oy, (9" = g™ 2) P [y 00, 9™
—efv- vx(aijgn+1) + 8xiangn+1 + 8%‘ avig"+1]|2(1_9)dxdv
C 1 n — n _
S m// <,U>2m[|aijgn+1|29 + |6U¢Ujgn+2|29][|fyaving +1|2(1 9) + ‘812.6ng +1|2(1 6)
+€2(1—6)|U . vx(aijgn—i-l)‘Q(l—@) + |8xj8vig”+1]2(1_9)]dmdv.

The rest of the estimate follows similarly as that in part 2).

4) For simplicity, we denote g = g"*! — g™ and rewrite
(V)7 (=A0)°g = (=Ay)°((v)" g) = [(v)", (= Av)*]g,
where [+, ] is the commutator. For the first term, by interpolation we have for any p < s + g,

2 (P 9z, <C [ 107 gPdedo+ [ [ 193w 9)Pdudo

At ) min{2s+d—2p,2}

gcugﬁ<§s (675 41735 4 £275%)2, (4.40)

For the second term, from Lemma 3, we have, for —2s < p < % + 2s,
_ _ -1 _
I{0)", (=Au)*lgll 2, < Cl (W) dllrz, + [ ()7 [Vogllirz -
Substitute part 1) and 2) into the right-hand side of the inequality. Then it becomes

At ) min{s+ % —p,1}

1) (-20)lglls, < € (5 1

At min{s+%+1fp,l} d
+C (523) (7% +e'739) LY, —2s<p<s+ 2

which together with (4.40) implies

At min{s—i—%—pﬂ}
o (-0)glz, < € (52) (672 + 178 4 £259)(19 + L9),
with—23<p<s+g. ]

We are now ready to state our main theorem in Regime I. The main idea is to construct a new
weighted norm that can compensate the slow decay of the equilibrium at the tail.
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Theorem 2 (Error estimate in Regime I). Assume (4.1) and suppose
2s 2s8 : 1
% > At*, £ < min{fy, Z}’
s

where By is the biggest constant that satisfies (4.49)—(4.53). Then the solution f™* = n"M + g"
obtained from solving (1.14) with ~ chosen to satisfy (4.20) and (4.29) has the following estimate

1) ™" flpar < OAE

for 1 < b < min{d + 23,% + 357} and ((Bo,b) > 0 explicitly computable. Here f* is defined in
(4.5), nAt =T, and C is a constant depending on T.

Proof. Multiply (4.6) by the weight (1 + 6 (v))~%, where b and & are two constants that will be
made precise later. We have

o [(L 48 )P = (148 ()] 4 evdn((1+ 6 (0) P FH)
= L5((1+ 8 (0) 72 F™) + [(1 46 (0)) 0, £5] f
+ (146 ()7L =4I (" = ") + (1+ 6 (v)) e,

where
e" = At(e} + e M). (4.41)

Conduct an energy estimate for the equation by multiplying it by (149 <v>)*bfn7+1 and integrating
with respect to z and v. We obtain

5 (I +3 @) e = 0+ 8 ) 1R

< [+ )it s )t £ Ldude

M
+[[a+s e - g1+ (o)) ded
+ / / (1+ 5<u>)—2benf;1dvdx, (4.42)

where we have used the fact that [ %dv < 0 . By the definition of £° in (1.1),

(L8 ()L )
= (15 () (V- (0(g™ = g7 )~ (A0 - g1 )).

To proceed, first note that the lower bound in Part 4) of Lemma 10 can be removed. This is because
for p < —2s, we have

)7 (~au) (g™ - g

S C H<v>f2s_ (_Av)s(gn+1 o gnJr%)

2 2
Lz,v Lz,v

At min{ %435~ ,1}
<c (52) : (e~ +£25)(L) + ).
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where s~ denotes any number smaller than s. Therefore, if b satisfies

1 d
—b+ §(d +28)+1<s+ 5 or equivalently, b > 1, (4.43)
then by Lemma 10, we have the estimate

1146 (0)) "L (6" = g™ 2) || aes

A\ min{b—1,1} At min{4+3s,1}
<Cs? { (52> (e +e"»)LY + () 2 (e +e* )Ly + LY) ¢ -

828

If we further assume that

d
b<3s*+§+1, (4.44)
the above inequality becomes
At min{b—1,1}
(L4 6 (0)) L5 (" — g™ )| pr < C5™ ( 25) (67 +£259)10, (4.45)

where LY = L) + LY. This is because in Region I we have At/e? < 1.
Next, we control the commutator term [(1 4+ & (v))~?, £5]f"*!. By Lemma 4, if

Hf"HHL;j,l < Ce™%, (4.46)
then we have

‘ / (146 () F (1 + 6 (), £7] f"“ﬁdxdfu

< COTT||(1+ 6 (v) P2,y 4 Qe degmin{las), (4.47)
Here (4.46) is fulfilled by combining part 2) of Lemma 8, the bound ||g(t”)||Lj€1_1 < Ce™?% and the

fact that f* = 77"M + §". Indeed, from the argument of maximum principle that similar to the
proof of part 2) in Lemma 8, the boundedness of ||g(t")]] L, 18 guaranteed. Denote

F™ = [|(1+6 (o)™l ag--
Plug (4.45) and (4.47) into (4.42). Then we get
(F™12 — (F™)? < aAL(F"™)2 + 1, (4.48)
where

a=1+ Céﬁg*%,

At

r=C5 5m1n{1 25} | o520 A (At)min{mb?} At

= — (5_5 +€2_5S)2(L0)2 ” nHM .
Note that here we have used the fact that for b > 0, ||(1 + 6 <v>)*be”||M71 < |le™|| p4-1- Optimize
in r by choosing

min{2,2b—2} 4—8s
l+2b 2709
(2) SE a1,
0= min{1,b—1}
At b+s 1
(2 L s<d
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This correspondingly gives

min{2,2b—2} 2s

4—8s 2s
a= min{1,b-1} 25
b d+4
1+C(ezi) e, SS%
and
mnf220=2) g, M4l4 S

At 1+2b s At 14+2b S— 1
. el®) A0 (41) FHLOP + R | 5> 4

At ggmin{lb=1} 2smin{1.b—1}
At b+s —68 b+s —65(70)2 1 n||2 1
() + (&) e 0 (LO)? + e flen|3 s<3

Recall the definition of €™ in (4.41) and the estimate of e}, e§ in Lemma 6. Then [ needs to satisfy

s> % L (1-2sp) min{ff;’b_ 2} d24f4 — 258 (2‘2 :11 + 1) >0, (4.49)
(y—%m“mfi%JQ}—u%é2;f+%)zo, (4.50)
(1—235)W_25 (2_7s+b4‘;;i) >0; (4.51)

s < % . (1—2sp) min{bljrbs_ 1} d%‘:4 — 28>0, (4.52)
u—agnmmgjgl}—3ﬁzo. (4.53)

Since 5 € (0,1), it is clear that there exists Sy € (0,1) such that if 5 € (0, 8p) then the inequalities
above are satisfied. Then (4.48) leads to

el

n+1y2 aT ( 1p0\2 -
(F? < T (FO)2 4+ C— 1. (4.54)

Moreover, since F° = 0 and
46 @)™ g = 1+ 6) @) s = 278 ()™ s
the bound (4.54) reduces to

—b n aT T
1< (Cez2 —
)™ Pl < CeF )
where Cr is a constant only depends on final time 7. O

Remark 1. We can choose b = 1 + 2s, then one choice of Fy is

1
8o :{ 2s+(d+4s)(12572)’ 2
(143s)(d+4)+2s2° =2

In this case we have || (0) ™" f*[| p-1 ~ AtS, where

4 135—2416s2 1
=l TP EE ST e
- 53+9s+4s s< 1 » PO
1+3s 1+3s — 27
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4.2 Regime II: diffusive and intermediate regime with £2* < A¢?s#

We show that when ¢ is small compared with At, g" can be bounded in terms of €. In this regime,
the choice of v will depend on the relative relationship between At and e specified as follows.

Lemma 11 (Estimate of ¢ in Regime II). For €* < At?>*3, we choose vy according to

_ V3 if % < At
Y= { \/gAt’Bil Zf At < 823 < AtQSﬁ. (455)

Then

19" l2 < CAL(|| pinl| g1 + | ginll aa-1),
for n > ng outside an initial layer.
Proof. Combining the two equations in (4.21) leads to
9" = (a—v+evdy) ala+y — L) Hag" - I").
Recall the estimate (4.25), then

n+1

2 2

(07
CKQ—’}/Q

g™ g1 < o — 2 T4+

n
[0 _
ginllpg—1 + o2 ] [T 2 7P pgr. (4.56)

When €% < At and v = /3, we have o < 1, ‘afi_zw
Lemma 7 Part 2) and Lemma 5 we have ||I||\—1 < C&% ||pin| 1. Therefore,

1
<§and

< % Furthermore, by

«
aZ 2

1 1 1 1
I s < gl + e (14 5+ gt ) pilay < €= ol + gellinllae-s

Choose n > ng with ng = log Alt such that 2% < At. Then the conclusion follows from the bound

log 5
lg" 22, < Cllg™ll -

When At < 2% < At?P| v = /3At?58~1 we again have

< 1. Then (4.56) leads to

a72
aZ—2

1
lg" [ p-r < anHQmHMfl + Ce*

(67
a2 2 [pinll g1 < Atllginllp-1 + CAL || pinll g2 - H

Theorem 3 (Error estimate in Regime II). Suppose €2° < At>F and t > to with ty being a fized
constant greater than Ce?*. Then the numerical error f™ satisfies

|7

2
L, S OAL|EMI Tz + Cotoe® llpmlFa +C [ v+ Vafinllny, + Croe® [0 finllzy ]
d
+ Ce2 2 | il o + CT (= A0) o2 -

Proof. Recall the definition of the numerical error in (4.5). We have

- H(n(tnwxav) - nn(w70))M + (g(tna x?”) - gn(x’ ’U))H%%U

< 208 | M7y | +2[lg9(t" @ 0)|[7: | + 219" (@, )72, -

|7

2
L3
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Note that

lg(¢™, z, o)Lz, = 1 (", 2,0) = p(", 2) M(v) + p(t", ) M(v) = (t", 2, 0) M(V)]| 2,
<LFE" 2, 0) = p8", 2) M) 22, + 1(p(", 2) = p(t"; 2 + ev)) M(v)]| 2 -

Bound of the first term follows from Theorem 1. For the first term, write

[(p(t", 2) = p(t", 2 + ev) M(v) 13,

|p(z +ev) — p(a)? lp(x + ev) — p(x)|? o
< C//IvISI ()22 dzdv + C’//|v|>1 ()BT dedv =: Iy + Is.

For Ig, we have

2495
Is < C|pinll s //II 2(d+2 )dxdv < Ce2* || pinll o

For I5, use the change of variables

y—x
9

y=ax+ev, thenwv= , dv = E*ddy.

Then

+4s

2
I < C€d+4s// d( )| da dy < 05d+4s H(_Ax)spni < C€d+4s H(_Aﬂc)spmni )
lz—y|<1 |y —

The rest follows from Theorem 1, Lemma 6 and Lemma 11. [
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