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An Energy-Based Framework for
Robust Dynamic Bipedal Walking
Over Compliant Terrain
Bipedal locomotion over compliant terrain is an important and largely underexplored
problem in the robotics community. Although robot walking has been achieved on some non-
rigid surfaces with existing control methodologies, there is a need for a systematic
framework applicable to different bipeds that enables stable locomotion over various
compliant terrains. In this work, a novel energy-based framework is proposed that allows the
dynamic locomotion of bipeds across a wide range of compliant surfaces. The proposed
framework utilizes an extended version of the 3D dual spring-loaded inverted pendulum
(Dual-SLIP) model that supports compliant terrains, while a bio-inspired controller is
employed to regulate expected perturbations of extremely low ground-stiffness levels. An
energy-based methodology is introduced for tuning the bio-inspired controller to enable
dynamic walking with robustness to a wide range of low ground-stiffness one-step
perturbations. The proposed system and controller are shown to mimic the vertical ground
reaction force (GRF) responses observed in human walking over compliant terrains.
Moreover, they succeed in handling repeated unilateral stiffness perturbations under
specific conditions. This work can advance the field of biped locomotion by providing a
biomimetic method for generating stable human-like walking trajectories for bipedal robots
over various compliant surfaces. Furthermore, the concepts of the proposed framework
could be incorporated into the design of controllers for lower-limb prostheses with
adjustable stiffness to improve their robustness over compliant surfaces.
[DOI: 10.1115/1.4064094]
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1 Introduction

Despite significant advances in the design of bipedal robots, most
existing control methodologies focus primarily on locomotion over
rigid terrain [1]. In real-world applications though, bipedal robots
often encounter unforeseen non-rigid terrains with highly variable
ground properties [2,3]. Therefore, in contrast to humans who are
considered the “gold standard” of robotic-legged locomotion,
consistent performance and safety cannot be guaranteed [4]. As a
result, the need emerges for a terrain-specific framework that enables
stable locomotion with robustness to various compliant terrains.
In previousworks, bipedal robots have been exposed to compliant

surfaces to validate the robustness of proposed control frameworks,
in both simulation and real experiments [5–8]. Nonetheless, only
distinct existing and simulated compliant terrains have been tested,
hence limiting the claimed robustness. On the other hand, several
control approaches have taken into account the terrain dynamics by
modeling the foot-ground interaction through simple and more
complex models [9–12]. Although some of these methods enabled
locomotion of passive models and underactuated robots over a wide
range of compliant surfaces, they are not scalable or generalizable to

other bipeds, as they rely on specific robot or model structures and
parameters. Furthermore, recently developed methods focus on
estimating the terrain parameters (e.g., stiffness) and classifying the
terrain type, which could potentially allow the employment of
distinct control strategies for specific terrains [1,2,13]. As a result,
there is a need for a general control framework applicable and
scalable to different bipeds that models the ground properties and
enables robust locomotion over various compliant terrains.
Previous research efforts employed simple mechanical

“templates” to understand fundamental properties of locomotion
for highly complicated-legged robots and organisms, including
single and double-legged robots, as well as people with or without
amputation [14–19]. The 2D dual spring-loaded inverted pendulum
(Dual-SLIP) model stands out against other models of human
walking, due to its human-like center of mass (CoM) vertical
oscillations and vertical ground reaction force (GRF) responses
[20]. In addition, themodel has also been very useful for robotics due
to its ability to describe the double support periods inherent in
human walking and to support online planning [21,22]. A three-
dimensional version of the model (3D Dual-SLIP) capable of
producing human-like CoM lateral sway has also been proposed
[21]. Although control approaches based on actuated variations of
the 3D Dual-SLIP model have addressed walking on rigid, rough,
and uneven surfaces [23,24], the behavior of the 3D Dual-SLIP
model over compliant surfaces has not been studied.
The leg stiffness of legged robots and models has been shown to

be critically associated with their robustness to perturbations and
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disturbances, as well as their energy consumption [10,11,25–34]. In
Refs. [25–27], the leg stiffness of planar monopedal and bipedal
spring-mass models was found to be associated with self-stability
and robustness against perturbations in the system’s state and terrain
height variations. In Refs. [28–30], the 2D Dual-SLIP model was
extended to have variable leg stiffness, resulting in the bipedal
variable SLIP (V-SLIP) model. Moreover, control strategies
adjusting the leg stiffness of the V-SLIP have been shown to
stabilize the model, improve its robustness to external force
disturbances, allow it to switch between different walking speeds,
and improve energy efficiency. Recently, this model was further
extended by adding actuated ankle joints and finite-sized feet, which
allowed for increased step length during walking compared to the
traditional 2D Dual-SLIP model [33]. Lastly, adjusting the hip
torsional stiffness of a planar passive walker was shown to improve
adaptability in different and varying compliant environments
[10,11]. In addition to the above simulation-based works, the
importance of leg stiffness has also been demonstrated in actual
designs, where adjusting leg stiffness has been shown to improve the
energy efficiency and robustness to perturbations of monopedal
robots [31,32,34]. In summary, the adjustment of leg stiffness is
shown to improve robustness and reduce energy expenditure in
legged systems walking on both rigid and non-rigid terrains.
According to biomechanics research, humans and birds adjust the

stiffness of their legs based on ground stiffness [35–38]. More
specifically, it was found thatwhen humans hop or run on surfaces of
different stiffness, leg stiffness increases for decreasing ground
stiffness values [35,36]. Moreover, it has been shown that runners
increase leg stiffness when transitioning from hard to softer surfaces
[37]. Similarly, guinea fowl exhibit increased leg stiffness when
running down a visible step [38]. Therefore, previous research in
biomechanics further motivates the exploitation of leg stiffness
adjustments to achieve locomotion over compliant surfaces.
In this work, a novel energy-based framework is proposed that

allows the dynamic locomotion of bipeds across various compliant
surfaces. The proposed framework utilizes an extended variation of
the 3D Dual-SLIP model and a bio-inspired controller that adjusts
the leg stiffness of the model to achieve stable walking with
robustness to extremely low ground-stiffness perturbations [39].
Specifically, the bio-inspired controller has led to stable locomotion
after expected one-step unilateral ground-stiffness perturbations at
stiffness levels as low as 30 kN=m [39], resembling the ground
stiffness of a foam pad [40]. An energy-based methodology is
introduced for tuning the bio-inspired controller to enable dynamic
locomotion with robustness to a wide range of low-stiffness
unilateral one-step perturbations. Additionally, the similarity
between the GRF responses observed in humans and the proposed
model is investigated, and the performance of the controller under
repeated stiffness perturbations is explored. It must be noted that the
proposed framework can generate reference trajectories for a wide
variety of biped robots, without requiring these robots to have
adjustable leg stiffness. These results can advance the field of
bipedal locomotion, by providing stable reference trajectories to
bipeds and humanoids traversing compliant terrains, as well as
improving the robustness of prosthetic deviceswith tunable stiffness
[41–43].

2 Materials and Methods

A variation of the three-dimensional biped walking 3D Dual-
SLIP model was recently proposed to address locomotion over
compliant surfaces [39]2. There, a novel bio-inspired controller was
proposed to handle expected one-step unilateral perturbations of

extremely low ground stiffness. Both the extended model and the
bio-inspired controller are briefly analyzed in this section, while the
energy conservation of the system is explored in depth, togetherwith
its relation to tracking accurately periodic symmetric walking gaits.

2.1 The Extended 3D Dual-Spring Loaded Inverted Pendu-
lum Model. A variation of the 3D Dual-SLIP model was recently
proposed that supports locomotion over compliant surfaces, whilst
maintaining its human-like properties, such as vertical CoM
oscillations, vertical GRF responses, and lateral sway [39]. As
shown in Fig. 1, the model consists of a point mass supported by two
massless spring legs with foot masses attached to their endpoints.

Specifically, m > 0 denotes the point mass, pc ¼ ½ xc yc zc �> 2
R3 the CoM position, while for each leg i 2 A,Bf g, pf ,i ¼
½ xf ,i yf ,i zf ,i �> 2 R3 represents the foot position, ki the leg

stiffness, mf ,i the foot mass, and li ¼ pc � pf ,i 2 R3 the vector

spanning from the foot to the point mass; both legs share the same
rest length l0 > 0 of this vector. Similarly in Ref. [39], h 2 R and
/ 2 R denote the forward and lateral touchdown angles,
respectively3.
The 3D Dual-SLIP model is a hybrid system, switching between

single support (SS) and double support (DS) dynamics. During the
SS phase, the following dynamics govern the motion of the system

m€pc ¼ Fs,i þ mg

mf ,i€pf ,i ¼ Fg,iẑ� Fs,i þ mf ,ig

Fs,i ¼ ki l0 � jjlijjð Þbli
Fg,i ¼ kg,i �zf ,ið Þh � bg,i _zf ,i zf ,ið Þh

(1)

while during the DS phase, the motion of the system is governed by
the following slightly different dynamics

m€pc ¼ Fs,A þ Fs,B þ mg

mf ,A€pf ,A ¼ Fg,Aẑ� Fs,A þ mf ,Ag

mf ,B€pf ,B ¼ Fg,Bẑ� Fs,B þ mf ,Bg

(2)

where Fs,i is the spring force from leg i 2 A,Bf g, €pf ,i is the

acceleration of each foot mass, l̂i is the unit vector along the leg in

support i, g ¼ ½ 0 0 �9:81 �> 2 R3 is the gravity acceleration

Fig. 1 Theextended3DDual-SLIPmodelpreviouslyproposed to
support locomotion over compliant surfaces [39]

2Although the extended model and the proposed controller were first introduced in
Ref. [39], certain sections presenting themodel are revisited to allow for amore detailed
and complete analysis of the proposed framework in this work. Moreover, this work
builds upon the previous work of Ref. [39] and introduces an energy-based framework
for the tuning of the proposed controller, compares the GRF responses between the
model and humans over compliant terrain, and evaluates the system on repeated
unilateral low-stiffness perturbations.

3Note that the forward touchdown angle is defined here slightly different than that in
Ref. [21].
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vector, and kg,i > 0 and bg,i > 0 denote the stiffness and damping
parameters of the ground underneath each leg, and h is equal to 1.5
for a Hertzian nonadhesive contact. The damping parameter of the
ground is considered a function of the stiffness

bg,i ¼ 1:5cakg,i (3)

where ca is constant and equal to 0.2, as in Ref. [15].
As in Ref. [39], the walking steps of the 3D Dual-SLIP model are

described by consecutive Midstance (MS) gait events, taking place
during the SS phase when _zc ¼ 0. As the swing leg comes in contact
with the ground at Touchdown (TD), the system switches to DS
dynamics. The minimum vertical position of the CoM is attained at
LowestHeight (LH),while the system switches back to SS dynamics
at LiftOff (LO),when the leg in support leaves the ground.Note here
that the subsequentMS events correspond to different legs providing
support.

2.1.1 Periodic Gaits and Linear-Quadratic Regulator (LQR)
Controller. In this work, we utilize a nonlinear optimization
technique to derive appropriate values for both the state and control
variables, resulting in periodic, left-right symmetric walking
patterns. Let x be a slice of the full 3D Dual-SLIP state derived at
the MS event, and u be the discrete control input to the system,
respectively

x ¼ xc � xf ,i yc � yf ,i zc _xc _yc½ �>,
u ¼ h / k½ �>, k ¼ kA ¼ kB

(4)

with i 2 A,Bf g again denoting the supporting leg, and the rest of the
quantities following the same definition as in Sec. 2.1.
With xn and un denoting the state and control variables at the n-th

MS event, the state at the followingMS gait event can be calculated
as xnþ1 ¼ f ðxn, unÞ, where the mapping f is computed numerically
by integrating the hybrid dynamics of the 3D Dual-SLIP model in
accord with the sequence of the MS, TD, LH, and LO events. In
order to achieve periodic and left-right symmetric walking gaits,
where nominally xnþ1 ¼ Axn, with A ¼ diag 1,�1, 1, 1,�1ð Þ, a
quarter-period (MS to LH) nonlinear optimization method is
adopted to determine a suitable set of state and control variables
[21]. Specifically, the optimization’s goal is to guarantee that the
CoM projection on the ground during the LH event is positioned
precisely between the two supporting feet. In turn, this can be
accomplished by minimizing the following index

min
u0,z0

�������� 12 xf ,A þ xf ,B x0,u0ð Þð Þ � xc tLH; x0, u0ð Þ
��������2

(

þ
�������� 12 yf ,A þ yf ,B x0, u0ð Þð Þ � yc tLH; x0, u0ð Þ

��������2
(5)

where the system is initiated at MS, tLH denotes the first LH time
instance, and x0, u0 represent the initial MS state and control input
variables, respectively. Similar to Ref. [21], the optimization search
for x0 is constrained to the following family of states

x0 ¼ x0,d y0,d z0 _x0,d _y0,d½ �,
s:t: x0,d ¼ 0 m, y0,d ¼ 0:05 m, _y0,d ¼ 0 m=s

(6)

where the forward velocity _x0,d at MS is selected by the user, while
the optimizer specifies values for zo and the input variables u0 to
minimize the cost function (5). Therefore, for a selected forward
velocity, the half-step optimizer identifies a optimal set of initialMS
state and control input variables x0, u0, which ensure that the ground
projection of theCoMwill be located right in between the two feet in
support at the LH event, and by extension lead to a periodic, left-
right symmetric walking gait.
The aforementioned methodology was implemented for a

forward velocity of 1m=s and the model parameters shown in

Table 1, and the following optimal set of parameters was obtained
through the nonlinear least-squares function lsqnonlin in MATLAB

TM

x0 ¼ x0,d y0,d z0 _x0,d _y0,d½ �
¼ 0 m 0:05 m 0:99m 1 m=s 0m=s½ � (7)

u0 ¼ h0 /0 k0½ �>
¼ 107:26 deg 10:94 deg 14163:54 N=m½ � (8)

Under nominal conditions, an obtained optimal set of parameters
x�0,u

�
0 would result in a periodic left-right symmetric gait, where

x�n ¼ Anx�0, given that the control parameters are chosen so that
u�n ¼ Bnu�0 withB ¼ diag �1, 1, 1ð Þ to capture the alternating sign of
the forward touchdown angle in every step. However, in non-
nominal conditions under the influence of disturbances xn 6¼ x�n,
where xn represents the actual value of the state at the n-thMS event,
meaning that the system will not achieve the desired periodic gait.
To tackle this issue and guarantee that xn will approach the desired
periodic behavior, an identity discrete-time, infinite-horizon LQR
controller is employed, described by the following control law

un ¼ u�n þ BnKAn xn � x�n
� �

(9)

which regulates the control input in everyMSevent to ensure that the
state converges to the desired periodic gait4.
Although the half-step optimization analyzed earlier is not valid

for uneven terrains [23], it can be utilized for surfaces with high
ground stiffness values. As a validation of the modified dynamics
and the methodology for achieving periodic gaits, rigid terrain was
simulated first by testing locomotion over a surface with a high
ground stiffness of kg,A ¼ kg,B ¼ 50 MN=m [39]. For all simula-
tions, the optimal parameter values found in (7)–(8) and the identity
LQR controller (9) were used, while the corresponding model
parameters are listed in Table 1. The system response is shown in
Fig. 2, where although more than 100 steps were achieved, for
brevity only the system response up to the 25th step is shown.
Moreover, during locomotion over this ground stiffness, the vertical
GRF response for each leg (Fg,A and Fg,B) exhibits the characteristic
double-peaked shape observed in human walking [20], as illustrated
in Fig. 3.

2.1.2 Energy Conservation and Error Tolerance. As shown in
Sec. 2.1, the 3D Dual-SLIP model is unactuated, and hence no
energy can be injected into or removed from the system.
Specifically, among the control inputs, only the leg stiffness ki is
associated with the energy of the system, as shown by the following
equation:

EMS ¼ 1

2
mjj _pcjj2 þ

1

2
ki l0 � jjlijjð Þ2 þ mgzc (10)

where EMS is the total energy of the system at theMS event. It can be
seen from (10) that the total energy at MS is affected by the leg
stiffness ki both directly, through the spring energy, and indirectly,
through the displacement zc of the mass and its velocity _pc. We

computed the sensitivity @EMS

@k of the total energy at MS with respect

Table 1 Model parameters of the 3D Dual-SLIP model on
compliant terrain

Parameter Value Units

Point mass (m) 80 kg
Foot masses ðmf ,A=BÞ 1 kg
Leg rest length ðl0Þ 1 m

4For the full derivation of the time-invariant feedback gain K of the identity LQR
controller the reader is referred to Ref. [39].
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to the leg stiffness numerically and we found it to be signifi-

cant: 0:7020m2. However, the sensitivity
���� @f

@k

���� of the return map

with respect to the leg stiffnesswas found to be low, namely, 0.0049.
As a result, this prevents the LQR controller from applying
significant changes in leg stiffness, hence rendering the leg stiffness
value practically constant during walking.
Regarding energy losses for the system, it should be noted that all

contacts are assumed to be frictionless in the 3D Dual-SLIP model,
while for a sufficiently small foot mass ðmf ,i � mÞ, its total energy
can be assumed to be negligible compared to the total energy of the
system. However, there are energy losses during locomotion due to
the damping properties of the ground. Naturally, the magnitude of
the energy losses depends on the damping of the terrain, which in the
scope of this work has been assumed to be linearly dependent on the
ground stiffness, as (3) indicates. For extremely high ground
stiffness values, despite the corresponding high damping, energy
losses are minimal, for the excessive interaction forces Fg,A=B

constrain the vertical movement of the foot masses ( _zf ,A=B ! 0). For
instance, for walking on rigid terrain (kg,A=B ¼ 50 MN=m) using the
optimal parameters values (7)–(8), an identity LQR controller, and
themodel parameters of Table 1, the system is losing energy at quite

a small rate (0:0028 J per step). Therefore, it can be assumed that the
total energy of the system is practically conserved during
locomotion over rigid surfaces.
The initial total energy of the system is determined by the model

parameters and the utilized set of optimal gait parameters x�0, u
�
0. As

a consequence, during locomotion over rigid surfaces, each optimal
set of gait parameters can be associated with a specific value for the
conserved total energy of the system. For the optimal parameters of
(7)–(8) and the model parameters of Table 1, the initial total energy
is equal to EMS0 ¼ 815:9032 J.
In order to explore the robustness of the LQR controller presented

in the previous subsection, we investigated the influence of applying
disturbances on the initial MS state of the system x�0. As it was
explained above, by adjusting the initial MS state, the initial total
energy of the system is generally modified. Therefore, if the system
converges, it will do so at a set of MS states and control inputs that
correspond to the modified total energy level. As a result, for
disturbed initial conditions that lead to an initial total energy
different than the undisturbed one (EMS0 ), a steady-state error will be
observed. This is true because the utilized identity LQR controller
was designed specifically for the undisturbed set of optimal gait
parameters x�0, u

�
0. As expected, due to the fact that the return map

sensitivity to leg stiffness is extremely low, the LQR controller
utilized practically the same leg stiffness throughout the experi-
ment5. This intuitively explains why the LQR controller is unable to
bring the system back to its nominal total energy, thereby leading to
a nonzero steady-state error.
Based on the above, we focused only on perturbed initial MS

states that correspond to a total energy equal to the one for the
unperturbed case (EMS0 ). As shown in Fig. 2, with the LQR
controller, the regular 3D Dual-SLIP model can tolerate relatively
large MS state errors. Specifically, the system was able to handle
deviations up to 0:4m=s from the desired lateral velocity _y0, while
an error of � 0:0118 mwas applied to the initial vertical position z0
to maintain the initial total energy equal to its unperturbed value
EMS0 . Therefore, it is shown that by exploiting the energy
conservation of the model, the unactuated 3D Dual-SLIP model is
able to tolerate relatively large MS state errors. This is of high
importance, as Liu et al. had implied that only the actuated 3DDual-
SLIP model was able to handle disturbances of that magnitude [44].
As a result, the importance of energy conservation in the error

Fig. 2 State (a) and control (b) input error response with zero and with a large initial MS state error (Dz 1ð Þ520:0118 m,
D _y 1ð Þ5 0:4 m=s) using the LQR controller

Fig. 3 Response of the vertical GRF for each leg during two
steps over a rigid ground stiffness 50kN=m

� �
. Red and blue lines

correspond to theverticalGRFsFg,A andFg,B appliedat the feet of
leg A and B, respectively. Solid green and magenta horizontal
lines on the horizontal axis of the figure indicate the duration of
the SS andDS phases, respectively. Dashed vertical red and blue
lines denote the time instances of the MS, TD, and LO gait events
associated with the leg A and B, respectively, while black lines
denote the time instancesof the LHgait events. The subscripts of
the MS, TD, and LO gait events represent the associated leg.

5For a 100-step simulation using the parameters of (7)–(8), an identity LQR

controller, and the model parameters of Table 1, a sensitivity of jj @f@k jj ¼ 0:0049 and an

average leg stiffness of 14163:546 2:58� 10�4 N=m were found.

021008-4 / Vol. 146, MARCH 2024 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/dynam

icsystem
s/article-pdf/146/2/021008/7219779/ds_146_02_021008.pdf by U

niversity O
f D

elaw
are, Panagiotis Artem

iadis on 20 June 2024



tolerance of the unactuated 3DDual-SLIPmodel is highlighted here,
which has been unexplored by previous works, including that of Liu
(2015). Recall that Fig. 2 depicts only the first 25 steps for brevity,
although the system was able to achieve more than 100 steps,
indicating stable performance [20].

2.2 Bio-Inspired Proposed Controller. The response of the
3D Dual-SLIP model to one-step unilateral low ground-stiffness
perturbations was recently investigated, aiming to achieve periodic
gait over compliant surfaces [39]. In brief, after identifying a set of
optimal gait parameters for achieving periodic gait, the locomotion
of the model was simulated over rigid terrain (50 MN=m). At the np
step of the model, a one-step unilateral low ground-stiffness
perturbation was induced in the system, while the ground stiffness
returned to rigid after the completion of the step. Similar
perturbations have been induced previously in humans for gait
rehabilitation and for understanding human locomotion using a
novel instrumented device [45–47].

To handle such perturbations, a bio-inspired controller was
recently proposed that adjusts the leg stiffness values of the 3DDual-
SLIPmodel,mimicking the samebehavior observed in humans [39].
In more detail, biomechanics research shows that humans and birds
adjust the stiffness of their legs based on ground stiffness [35–38].
Specifically, Ferris et al. showed that the stiffness of both legs
increases for runners during their first stepwhen transitioning from a
hard to a softer surface [37]. Moreover, as the transition between
surfaces is expected, a tendency to pre-adjust the increased leg
stiffness is observed during the final step of the runners on the hard
surface. Mimicking this behavior, the recently proposed bio-
inspired controller increased the stiffness of the legs in the 3D
Dual-SLIP model, managing to achieve robust dynamic walking
over ground-stiffnesses as low as 30 kN=m [39].

The bio-inspired controller is a modified version of the LQR
controller mentioned in (9), which allows the adjustment of the
stiffness in the legs of the 3D Dual-SLIP model when necessary
(Fig. 4). As a reminder, the LQR controller consists of the following
control law: un ¼ ½hn /n kn�> ¼ u�n þ BnKAnðxn � x�nÞ, which
adjusts the control input un at the MS event of each step n,
guaranteeing convergence of the state xn to the desired periodic gait
characterized by the nominal state x�n and control input u

�
n.

In more detail, initially—before the perturbation is encountered—
at every step n the LQR controller derives a leg stiffness value kn as
part of the control input un, which is shared by both legs
(kA ¼ kB ¼ kn). When the TD event takes place during the
perturbation step np, the stiffness of the leg about to touch the ground
is amplified to kA ¼ k1knp , where k1 > 1 represents a control gain and
knp is the leg stiffness value determined by the LQR controller.
Similarly, the stiffness of the other leg (already in support) is also
amplified to kB ¼ k2knp , where k2 > 1 is also a separate control gain.
When theMS event of the next step (np þ 1) takes place, the stiffness

of the leg about to touch down on a rigid surface is set back to
kB ¼ knpþ1,while the stiffness of the perturbed legmaintains the same
control gain kA ¼ k1knpþ1. When the following MS event happens,
the perturbed legwill be in swing phase (LO) and about to touch down
on a rigid surface. As a result, for every step n > np þ 1, the LQR
controller will be again determining the shared stiffness of both legs
kn. The 3DDual-SLIPmodel togetherwith the bio-inspired controller
constitute an actuated system, which allows adjusting rapidly the leg
stiffness values of the model. However, it is not necessary for a
bipedal robot to adjust the stiffness of its legs, in order to track desired
trajectories generated by this actuated system.
To understand the effect of the proposed controller on the total

energy of the system during a one-step unilateral ground-stiffness
perturbation, consider, as a representative example, the total energy
response for a ground stiffness perturbation of 30 kN=m induced at
step np ¼ 10 shown in Fig. 5. It can be seen that before the
perturbation step npð Þ, the 3D Dual-SLIP model walks on rigid
stiffness terrain with its total energy being practically conserved, as
was expected fromSec. 2.1.2.When the TD event takes place during
the perturbation step, the control gains k1, k2 are applied, resulting in
the amplified leg stiffness values kA ¼ k1knp and kB ¼ k2knp . As the
leg in support continues to compress at TD, energy is injected into
the system by amplifying the leg’s stiffness. In contrast, amplifying
the stiffness of the leg that has just touched the ground is not
injecting energy, as its length is equal to the rest length at TD.
Moreover, at that point the ground stiffness perturbation takes place
and the foot of the perturbed leg starts “sinking” into the ground,
leading to significant energy loss due to the damping of the ground.
When the MS event of the np þ 1 step happens, the leg that is
experiencing the perturbation, now in support, retains the same
amplified stiffness, while the stiffness of the leg about to touch down

Fig. 4 Outline of the bio-inspired controller proposed in Ref. [39]

Fig. 5 Response of the total energy of the system for a ground
stiffness perturbation of 30kN=m induced at step np510 using
the control gains k1 56 and k2 5 2 for the proposed controller
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on a rigid surface is decreased to kB ¼ knpþ1. This decrease in leg
stiffness does not remove energy from the system, as it takes effect at
the next TD event, where the corresponding leg is at rest length. At
the LO event of the np þ 1 step, the stiffness perturbation has been
completed, hence from that point on the total energy of the system is
again conserved, as it was before the perturbation. Finally, at theMS
event of the np þ 2 step, the perturbed leg has its stiffness also
decreased back to kA ¼ knpþ2, where again the total energy of the
system is not affected.
Therefore, during a ground stiffness perturbation, the system

initially gains some energy due to the amplified leg stiffness and then
loses some energy due to the compliant nature of the terrain, at a rate
that depends on both the damping of the terrain and the control gains
of the proposed controller. As a result, the new conserved value of
the total energy after the ground stiffness perturbation depends on its
magnitude and on the control gains of the proposed controller.

3 Results

In this section, the tuning of the proposed controller is analyzed,
the GRF response of the model is compared to the one observed in
humans, and the performance of the proposed controller is evaluated
under repeated unilateral low-stiffness perturbations. Similar to
previous sections, for all simulations the optimal parameter values
found in (7)–(8) and an identity LQR controller were used, while the
corresponding model parameters are listed in Table 1. All one-step
unilateral low ground-stiffness perturbations took place at the tenth
step np ¼ 10ð Þ. All the processing and the simulations were
completed in MATLABTM version 9.7 (R2019b), using the
nonlinear least-squares function lsqnonlin and the embedded
variable step integrator ode4.

3.1 Control Gains Tuning for the Proposed Controller.
Previously in Ref. [39], it was stated that the control gains of the
proposed controller can be tuned for a specific stiffness perturbation
so that the steady-state error is minimized. However, as mentioned
in Sec. 2.1.2, the steady-state error response of the system is
associated with the total energy of the system, which is conserved.
As shown in Sec. 2.2, the conserved total energy of the system after
the ground stiffness perturbation is affected significantly by the
control gains of the proposed controller. Therefore, to analyze how
the gains k1 and k2 of the proposed controller can be tuned for a
specific stiffness perturbation, their relationship with the total
energy of the system is investigated here.
In order tominimize the steady-state error for the state response, it

is necessary for the system to have the same total energy before and
after the perturbation. Therefore, the steady-state error can be
minimized by identifying a set of control gains for the proposed
controller that will lead to a nearly zero total energy difference
before and after the perturbation. For this purpose, an exhaustive
grid search was performed across a range of control gains for
different ground stiffness perturbations. For this analysis, the total
energy difference was defined as follows:

DE ¼ EMSnpþ2
� EMSnp

(11)

where EMSnp
and EMSnpþ2

are the total energies of the system at the
MS events of steps np and np þ 2, respectively. Three representative
examples of such exhaustive grid searches for ground stiffness
perturbations of 30, 60, and 90 kN=m are shown in Fig. 6. As it can
be seen, for every control gain combination that leads to a total of
100 successful steps, either a negative or a positive DE will be
achieved.Moreover, combinations belonging to each category seem
to form two distinct clusters, noted as green (DE > 0) and red
(DE < 0) areas in Fig. 6. Therefore, the combinations of interest
with DE ¼ 0 lie at the borders between those two clusters.
Furthermore, as the ground stiffness receives lower values, the
size of the positiveDE (green) cluster, initially increases 60 kN=mð Þ,
and then it decreases significantly for extremely low-stiffness values
30 kN=mð Þ. A similar trend is observed for the number of control

gain combinations that lead to DE ¼ 0, and by extension to zero
steady-state error. Moreover, as ground stiffness decreases, in
general, higher control gains are required to achieve 100 steps. It
should be noted that these are extremely low-stiffness values that
result in an excessive vertical penetration of the leg experiencing the
perturbation into the ground that exceeds 10 cm (10%of themodel’s
leg length at rest) for the lowest ground stiffness of 30 kN=m [39].

For illustration purposes, the total energy evolution of the
system for combinations leading to a positive, negative and zeroDE
is presented in Fig. 7(a), for a ground-stiffness perturbation of
90 kN=m. In addition, the corresponding responses of the CoM
vertical position zc and velocity _zc in phase space are depicted in
Fig. 7(b), where it can be seen that before the perturbation, where the
total energy is conserved, the system tracks a cyclic closed trajectory
noted in blue line. After the perturbation, it is shown that for positive
(orange line), zero (yellow line), and negative (purple line) DE, the
system converges in steady-state to larger, similar, and smaller
cyclic closed trajectories, respectively. Therefore, by selecting
control gains that lead to DE ¼ 0, the system can converge after the
perturbation back to the initial tracked closed trajectory, hence
driving the steady-state error to zero.
It can be seen in Fig. 6 that multiple combinations of gains exist

that satisfy the DE ¼ 0 condition. For that reason, for each ground
stiffness perturbation, an optimal set of control gains is defined as the
combination that satisfies the energy condition with the lowest
possible control gains. This choice would minimize control effort in
a real robot implementation. As shown in Ref. [39], for the model
and optimal parameters utilized for this work, the proposed
controller is employed only when the ground stiffness is lower or
equal to 200 kN=m, as for higher values the standard LQR controller
would suffice (k1 ¼ k2 ¼ 1). For that reason, optimal control gains
were identified only for stiffness values lower or equal to 200 kN=m.
The optimal control gains identified for stiffness values up to
30 kN=m are illustrated in Fig. 8, while a nonlinear curve fitting was
applied for each control gain using a nonlinear least-squares
algorithm. Specifically, the following nonlinear curve was fitted to
the data

kfw kgð Þ ¼ c1e
�c2kg � c3ln c4kgð Þ (12)

where w 2 1, 2f g, and c1, c2, c3, c4 2 R are the four parameters to
be tuned for each fitted curve, kf1 and kf2. As shown in Fig. 8, both
control gains increase exponentially as the perturbation ground
stiffness decreases, while they converge to 1 for ground stiffness
values higher than 200 kN=m. Moreover, the decaying exponential-
logarithmic curve fitting matches quite accurately the identified
combinations, hence providing a convenient and precise way of
identifying optimal control gains for any kind of ground stiffness
perturbation. The tuned parameters for the nonlinear curve fitting for
each control gain are reported in Table 2. It should be noted that the
tuned gain parameters are specific to the employed optimal gait
parameter values ðx0, u0Þ and model parameters reported in (7)–(8)
and Table 1, respectively. Therefore, the fitting process, as well as
the identification of the control gains of the proposed controller
across different ground stiffness values using (12), would need to be
repeated for different model variations or baseline gaits.

3.2 Comparison of Ground Reaction Force Profiles
Between Humans and the 3D Dual-Spring-Loaded Inverted
PendulumModel. As mentioned in the introduction, the 3D Dual-
SLIP model has been established as an accurate model of human
walking, as it produces human-like CoM vertical oscillations and
lateral sway, as well as vertical GRF responses. However, these
findings have only been verified for locomotion over rigid terrain
[20,21]. In order to explore how accurately the 3DDual-SLIPmodel
captures human walking over compliant terrain, the vertical GRF
responses of a human and themodel during a one-step unilateral low
ground-stiffness perturbation are compared.
Specifically, a healthy human subject (age: 25, height: 1:91m,

weight: 87:59 kg) was asked to walk on a unique robotic device, the
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Variable Stiffness Treadmill (VST) [47,48]. The VST has been used
in numerous studies for understanding the human gait on compliant
terrain [49–55]. In short, the VST is a split-belt treadmill that allows
for repeatable unilateral stiffness perturbations, by dynamically
decreasing the vertical ground stiffness of the left belt, while humans
walk on it. For our experiment here, the subject walked at a speed of
1m=s for 20 consecutive gait cycles over rigid terrain 1MN=mð Þ and
then experienced 10 consecutive one-step unilateral ground-
stiffness perturbations of 90 kN=m under the left leg. The vertical
GRF response under the subject’s left leg was recorded at 60Hz
using a force sensor map (Medical Sensor 3150TM, Tekscan, Inc.,
South Boston, MA) placed underneath the left belt of the treadmill.

The recorded GRF data were filtered with a 4th-order zero-phase
Butterworth filter (cutoff at 4Hz). For the vertical GRF responses of
the 3DDual-SLIPmodel, the model was simulated walking at 1m=s
over rigid terrain 50MN=mð Þ and experiencing one-step unilateral
ground-stiffness perturbations at 90 kN=m after ten steps over rigid
terrain. Three different simulations were conducted for the stiffness
perturbations, where in each one the proposed controller was
utilized with control gains k1 ¼ 1:4 and k2 ¼ 1, k2 ¼ 1:36, and
k2 ¼ 2, leading to DE < 0, DE ¼ 0, and DE > 0, respectively.
The average recorded human and simulated model GRF
responses during the stance phase for all conditions are shown in
Fig. 9.

Fig. 6 Representative examples of exhaustive grid searches across a wide range of control gains for ground
stiffnessperturbationsof30kN=m (a), 60kN=m (b), and90kN=m (c). Horizontal andvertical axescorrespond to
the control gains applied on the stiffness of the legs stepping on the compliant kAð Þ and the rigid kBð Þ surface,
respectively. Green and red nodes correspond to control gain combinations that achieved 100 steps and led to
positive and negative changes in total energy DE before and after the perturbation, respectively, while black
crosses (3) indicate combinations that failed to achieve 100 steps. Shade of colored nodes illustrates the
magnitude of the energy change; paler combinations are associated with larger energy changes.
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As can be seen, the human and model responses are quite similar
to each other for both conditions, i.e., rigid and compliant terrain.
Specifically, for walking over rigid terrain, similarly to Fig. 3, the
model again matches the characteristic double-peaked shape also
exhibited by the human subject, which is typically observed in
human walking [20,37,56]. For the one-step unilateral stiffness
perturbations, in the human subject case, the GRF response agrees
with [37], where the first peak and the valley of the GRF seem to be
lower in magnitude compared to the rigid terrain, while the second
peak seems to be higher. Moreover, both the peaks and the valley
appear to take place at later stance phase percentages, again
compared to the rigid ground response. Similarly, for all three
variations of the proposed controller, the 3D Dual-SLIP model also
exhibits a lower magnitude for the first peak, which becomes more
evident for control gains with larger DE. In contrast, the magnitude
of the second peak seems to increase for control gains with larger
DE, while it stays similar to rigid ground levels for DE ¼ 0.
Regarding the valley, it appears to be higher in magnitude for all
three control gains compared to the rigid ground level, while control
gains with larger DE appear to lead to smaller increments. Lastly,
both the peaks and the valley appear to occur earlier in the stance
phase for compliant terrain, which seems to become more evident
with control gains that cause largerDE. Therefore, in general, the 3D
Dual-SLIP model appears to behave in a qualitatively similar
fashion with humans during locomotion over compliant terrain,
while control gains with DE > 0 seem to produce more human-like
GRF responses, in terms of the magnitude of the two peaks and the
valleys. It should be noted that modeling accurately human walking
over rigid and compliant terrain is not the goal of this work. The
qualitative comparison above was only performed to gain some
intuition regarding the similarity of the extended model to human
behavior over compliant terrain.

3.3 Repeated Unilateral Stiffness Perturbations. So far, the
behavior of the system to a single one-step unilateral ground-
stiffness perturbation has been analyzed. However, as we are
interested in biped locomotion over compliant surfaces, the
performance of the proposed controller over repeated unilateral
stiffness perturbations needs to be investigated.
In order to explore whether the proposed controller can handle

consecutive one-step unilateral stiffness perturbations, the mini-
mum number of steps n over rigid terrain between two such
perturbations will be identified, for different pairs of various ground
stiffness values. Specifically, for these simulations, the system was
first initialized and walked over rigid terrain for np � 1 steps, and
then it experienced a one-step unilateral perturbation of ground
stiffness s1, exactly as described in Sec. 2.2. After that, the system
walked again over rigid terrain for n steps, and then experienced
again a one-step unilateral perturbation of ground stiffness s2,
followed by locomotion over rigid terrain until either failing or
reaching a total of 100 steps. An overview of the above procedure is
depicted in Fig. 10. For each perturbation, the control gains of the
proposed controller were tuned to maintain DE ¼ 0, as discussed in
Sec. 3.1. Theminimumnumber of steps n required for achieving 100
steps for all pair combinations ( s1-s2) across five ground stiffness
values of 200, 150, 110, 70 and 30 kN=m are reported in Table 3. As
it can be seen, two steps with the perturbed leg over rigid terrain
(corresponding to five total steps) are necessary for the system to
handle most cases of successive perturbations, while in some cases
as in when s2 ¼ 30 kN=m, only one step with the perturbed leg
(corresponding to three total steps) are required. Therefore, it is clear

Fig. 7 Representative examples of total energy (a) and phase
space (b) response (zc versus _zc) of the model for control gains
that lead to DE >0, DE 5 0 and DE <0. For this example, the
system was simulated using a stiffness perturbation of 90kN=m
at np510with control gains k151:4 and k252, k251:36, and k251,
for the DE >0, DE 50 and DE <0 cases, respectively. Blue lines
represent the system response before the perturbation (B.P.),
while orange, yellowandpurple linesdepict the system response
after the perturbation (A.P.) in steady-state for a positive, zero,
and negative DE , respectively. The red cross (3) indicates the
initial condition of the system.

Fig. 8 Optimal control gains of the proposed controller with
respect to the perturbation ground stiffness. Blue diamonds (�)
and orange crosses (3) represent the identified optimal control
gains for the stiffness of the leg stepping on compliant k1ð Þ and
rigid k2ð Þ surfaces, respectively, while blue andorangesolid lines
denote the corresponding fitted nonlinear curves. The corre-
sponding coefficients of determination R2 for each fitted curve
are reported in the legend of the figure.

Table 2 Derived parameters for the nonlinear curve fitting
applied to the optimal control gains shown in Fig. 8

c1 c2 c3 c4

kf1 227310 0.3488 0.4622 0.0005

kf2 41.4691 0.1112 0.2777 0.00008
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that the passive nature of the proposed system and controller allows
for repeated stiffness perturbations only if a minimum number of
stepswith the perturbed leg (2 or 1) on rigid surface are introduced in
between the two compliant surface perturbations. A further
discussion on this follows below. Additionally, it should be

mentioned that in all combinations, although 100 steps were
achieved, a steady-state error was observed, which intensified as the
perturbation ground stiffness values decreased. This indicates that
the total energy difference is nonzero for the second perturbation,
despite the tuning of the proposed controller. Although the total
energy is immediately stabilized after the first perturbation to its
nominal value (DE ¼ 0), the LQR controller requires a number of
steps to regulate the introduced state error. As a result, if there is a
state error when the second perturbation takes place, tuning the
proposed controller with the control gains identified in Sec. 3.1,
might not lead to DE ¼ 0, hence resulting in a steady-state error. It
should be noted that perhaps a different set of control gains could be
identified to handle two back-to-back repeated perturbations, but
this methodology would not generalize for any number of such
perturbations. A video demonstrating the 3D Dual-SLIP model
experiencing repeated one-step unilateral ground-stiffness pertur-
bations is available at the website address found in the footnote.6

4 Discussion

This work presents a new framework for dynamic locomotion of
bipeds across very compliant surfaces. Although bipeds have
achieved robust locomotion over compliant terrain in previous
works [5,6,8–12], there is a need for a general framework applicable
to different bipeds that allows for stable locomotion over various
compliant terrains. To fill this gap, the 3D Dual-SLIP model was
previously modified to support locomotion over compliant terrain
for the first time [39]. There, a novel bio-inspired controller was also
proposed enabling the adjustment of the stiffness for both legs of the
model and it was shown that stable gait after one-step unilateral
ground-stiffness perturbations can be achieved, for ground stiffness
values as low as 30 kN=m [39]. In this paper, we extended this work
by introducing an energy-based methodology for the systematic
tuning of the bio-inspired controller, to allow for dynamic walking
with robustness over a wide range of low-stiffness unilateral one-
step perturbations. Furthermore, human vertical GRF responses
over compliant terrain were recorded and compared to the
equivalent GRF responses of the extended 3D Dual-SLIP model,
showing that this model in a closed-loop with the proposed
controller produces qualitatively human-like responses even over

Fig. 9 Comparison between the vertical GRF responses observed in the 3D Dual-SLIP
model and a human on rigid and compliant surfaces. Blue solid and dashed lines
correspond to the average humanvertical GRF responses during a step over rigid and a
one-step unilateral ground-stiffness perturbation at 90kN=m, respectively. The orange
solid line denotes the 3D Dual-SLIP vertical GRF response for a step over rigid terrain,
while orange dashed, dotted and dash-dotted lines illustrate the model vertical GRF
response during stepping on terrain with stiffness of 90kN=m using control gains
leading to DE <0, DE 5 0, and DE >0, respectively. The left and right vertical axes
represent the human and model GRF as a percentage of body weight (BW). The
horizontal axis represents time as a percentage of the stance phase.

Fig. 10 Outline of the two one-step unilateral low ground-
stiffness perturbations. Top and bottom figures present the
ground stiffness levels under the legs B and A, respectively. A
ground stiffness of 50kN=m corresponds to rigid terrain, while
the ground stiffness values s1 and s2 are selected to test all pair
combinations across the five ground stiffness values of 200, 150,
110, 70 and30 kN=m. Superscript andsubscript in eachgait event
indicate the corresponding leg (A or B) and the step number,
respectively.

Table 3 Required minimum number of total and perturbed-side
(in parenthesis) steps between two one-step unilateral low-
stiffness perturbations for achieving steady-state. For all pair
combinations, a total number of at least 100 steps was achieved

s2 kN/m

200 150 110 70 30

s1 kN/m

200 5(2) 5(2) 5(2) 5(2) 3(1)
150 5(2) 5(2) 5(2) 5(2) 3(1)
110 5(2) 5(2) 5(2) 5(2) 3(1)
70 5(2) 5(2) 5(2) 5(2) 3(1)
30 5(2) 5(2) 5(2) 5(2) 5(2)

6https://www.youtube.com/watch?v=IfyqaeqL3dc
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compliant terrain. Therefore, we anticipate that the proposed
framework will be useful in achieving human-like walking with
bipedal robots over compliant terrains, as well as modeling human
walking over such surfaces. Moreover, the proposed system and
controller were shown to be capable of handling repeated unilateral
low ground-stiffness perturbations, given that a sufficient number of
steps over rigid terrain take place between consecutive perturba-
tions. Lastly, it should be noted that the framework proposed in this
work can lead to stable gait over very soft terrains of stiffness down
to 30 kN=m, which can result in excessive penetration of the
perturbed leg into the ground exceeding 10% of its length at rest.
As shown in the previous subsection, the 3D Dual-SLIP model is

able to handle repeated one-step unilateral ground-stiffness
perturbations with the bio-inspired controller, as long as they occur
every 3(1) to 5(2) steps. In other words, the proposed scheme can not
handle perturbations that happen with less than 3 steps in between,
even at moderate ground stiffness levels 200 kN=mð Þ [15]. As a
consequence, transitions from rigid to compliant terrain for both legs
cannot be supported as well, hence ruling out the locomotion of the
model over compliant terrain. The underlying reasons behind this
limitation of the proposed controller will be analyzed below.
First, the proposed controller is based on a standard discrete-time

LQR controller that is being invoked discretely only at every MS
event. As a result, the control inputs of the model can only be
updated once per step. The proposed controller inherits this limiting
property, although it allows for the additional adjustment of the leg
stiffness control input during the perturbation. This feature restricts
significantly the performance of the proposed controller, as it is not
reacting fast enough to regulate any introduced state errors, which
can destabilize the system.
Secondly, the amount of energy that the proposed controller can

inject into the system is limited. In this work, it was shown that in
order to minimize steady-state error, the total energy of the model
has to remain the same before and after a ground stiffness
perturbation, during which considerable energy is lost. As analyzed
in Sec. 2.1.2, out of all the control inputs of the model, only the leg
stiffness can affect the total energy of the system. However, as
shown in Sec. 2.1.2, the LQR controller does not apply significant
changes in leg stiffness, while the proposed controller, although
capable of adjusting leg stiffness considerably, can act only once per
step perturbation. Therefore, when stiffness perturbations are
applied at every consecutive touchdown, the proposed controller
is unable to inject sufficient energy in time to counteract the energy
losses due to the ground damping.
Therefore, it is clear that there is a need for a continuous control

input that would be able to regulate significantly the energy of the
system whenever necessary. Research in biomechanics has shown
that the ankle joint is crucial for propulsion and balance during
standing and walking while being one the largest sources of
mechanical power during walking [57]. At the same time,
rehabilitation research has focused extensively on replicating these
effects through lower-limb assistive devices [58]. Hence, by
introducing an actuated ankle joint into the model, the system
would be able to regulate introduced state errors and balance energy
losses rapidly and continuously. Although similar extensions have
been proposed in previous works for bipedal models [27,33,59], to
the best of our knowledge there has not been such an extension
neither for the 3D Dual-SLIP model nor to enable locomotion over
compliant terrain. Therefore, future work will explore whether an
extended 3D Dual-SLIP model with ankle-actuated finite-sized feet
could overcome the aforementioned limitations of the model, and
possibly support locomotion over compliant terrain.
Furthermore, it should be noted that this work investigates ground

stiffness perturbations under the assumption that they are expected
and of known properties. In other words, in order to tune
appropriately the control gains of the proposed controller, both the
timing and the magnitude of the ground stiffness perturbation have
to be known a priori. This limitation could be addressed by
estimating the ground stiffness in real-time based on the foot-ground
interaction force Fg,A=B and states of the system, such as the vertical

positions of the feet zf ,A=B. Similar schemes have been implemented
in previous works on bipeds, for both real robots and simulated
models, where ground stiffness was accurately estimated in real-
time without introducing significant delays into the system [1,2,60].
In order to highlight the importance of estimating the ground
stiffness in real-time, the system’s performance in scenarios
involving a disparity between expected and actual perturbations is
briefly analyzed here. Consider the case where a single one-step
unilateral ground-stiffness perturbation of 90 kN=m is expected, but
a significantly lower ground stiffness of 60 kN=m is encountered.
Therefore, this is equivalent to not utilizing the optimal control gains
to handle an expected ground-stiffness perturbation. In this case, the
proposed controller will lead to a nonzero total energy difference
before and after the perturbation (DE 6¼ 0), hence resulting in some
steady-state error. However, this does not imply that the system will
fail immediately. As shown in Fig. 6, the model is able to achieve
100 steps for various combinations of control gains in the
neighborhood of the optimal control gains. Additionally, even for
the combinations where 100 steps cannot be achieved (indicated by
black crosses in Fig. 6), the model typically continues to walk for a
large number of steps. Therefore, the ability to estimate the ground
stiffness in real-time would be highly beneficial, by allowing the
selection of appropriate control gains for the proposed controller
leading to the desired behavior. Furthermore, based on the above
analysis, this would enable the robot to continue walking and
potentially reach steady-state, even under the presence of some error
in the estimation of the ground stiffness magnitude.
Lastly, it has to be noted that the energy-based methodology

proposed in this work depends on the model parameters of the
system, as well as the selected optimal state-control pair of variables
(x�0, u

�
0). As a result, for a different model and gait parameters, the

exhaustive grid searches (Fig. 6) would need to be repeated.
Consequently, the identified optimal control gains for various
ground stiffness values (Fig. 8), as well as the fitted nonlinear curves
reported in this work (Table 2) would need to be recalculated.
Nonetheless, it’s crucial to emphasize that this computation-
intensive procedure is intended to be carried out offline, eliminating
the need for any real-time computations during the actual
locomotion of the target robot. Moreover, the suggested approach
lends itself to offline implementation for a range of optimal state-
control pairs (representing different gait parameters), hence
facilitating the creation of a comprehensive gait library consisting
of stabilizing controllers tailored to a particular robot [61,62]. In
addition, the principles of the analysis presented in this work are
generalizable and can be applied to various biped robots with
different structures and parameters. As a result, the proposed
methodology could be followed in order to first identify a set of
optimal initial conditions that result in periodic left-right symmetric
gait (7)–(8), then design an LQR feedback law to regulate state
errors (9), after that identify the necessary optimal control gains of
the proposed controller for different ground stiffness perturbations
(3.1), and finally produce stable reference walking gaits for the
bipedal robot in question. Specifically, stable reference trajectories
for the CoM and the feet of the model would be generated, which in
turn could be utilized for the real-time control of the physical robot
through a task-space controller [21,23,24,63–65]. It should be noted
that similar to previousworks employing actuated versions of the 3D
Dual-SLIP [21,23,66], the physical robot would not have to
implement the actuation mechanism employed by the model to
track the generated trajectories. Therefore, for this work, the robot is
not required to adjust the stiffness of its legs, in order to track the
reference CoM trajectories and footstep locations produced by the
extended 3D Dual-SLIP model and the bio-inspired controller.
Based on our model analysis, locomotion over compliant terrains

appears to be inherently linked to energy losses caused by ground
damping. Specifically, as the ground becomes more compliant, it
results in greater energy dissipation, necessitating higher leg
stiffness for the 3D Dual-SLIP model to handle single steps on
such surfaces. While bipedal robots using the proposed framework
do not need to modify leg stiffness to manage low ground-stiffness
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one-step perturbations, they will still encounter energy losses when
traversing compliant terrains. In order to handle this consequence,
compliant elements could be incorporated into the design of legged
robots, as they improve efficiency, performance, and robustness
against impacts and uncertainties [31,32,67]. However, the presence
of compliance in robots can complicate their mechanical design and
control [68]. For that reason, certain methodologies should be
followed for the design of both the compliant components and the
controllers to preserve the compliant nature of the system
[17,67,69]. Therefore, by introducing compliant elements and
implementing suitable control methodologies, the robustness of
legged robots on compliant surfaces can be enhanced.
In conclusion, this paper proposes an energy-based framework for

dynamic walking of bipeds across compliant surfaces, including
extremely soft ones. An extended variation of the 3D Dual-SLIP
model supporting locomotion over compliant terrain is utilized,
while a novel bio-inspired controller is employed to regulate one-
step unilateral perturbations of extremely low stiffness. Addition-
ally, an energy-based methodology is introduced for the tuning of
the bio-inspired controller to allow for dynamic walking with
robustness across a wide range of low ground-stiffness one-step
unilateral perturbations. Lastly, the extended model equipped with
the proposed controller is shown to produce qualitatively human-
like vertical GRF responses even for locomotion over compliant
terrain, while it succeeds handling even repeated unilateral stiffness
perturbations under specific conditions. As stable walking with
robustness across various very soft surfaces is an open problem in
legged locomotion, this work can significantly advance the field of
biped locomotion by generating stable walking trajectories for
bipeds and humanoids traversing compliant terrains, whilst
improving the robustness of lower-limb prostheses with adjustable
stiffness.
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