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ABSTRACT: Pancake bonding between π-conjugated radicals challenges conventional
electronic structure approximations, due to the presence of both dispersion (van der Waals)
interactions and ”strong” electron correlation. Here we use a reimagined wave function-in-
density functional theory (DFT) approach to model pancake bonds. Our generalized self-
interaction correction extends DFT’s reference system of noninteracting electrons, by
introducing electron−electron interactions within an active space. We show that a small
variation on our previous derivation recovers a DFT-corrected complete active space method
proposed by Pijeau and Hohenstein. Comparison of the two approaches shows that the latter
provides reasonable dissociation curves for single bonds and pancake bonds, including excited
states inaccessible to conventional linear response time-dependent DFT. The results motivate
broader adoption of wavefunction-in-DFT approaches for modeling pancake bonds.

■ INTRODUCTION
Strong electron correlation in large systems remains an
outstanding challenge in electronic structure theory. Strong
correlation can occur in stretched covalent bonds,1 twisted
double bonds,2 diradicaloids,3 molecular magnets,1 mixed-
valence oxides,4 large π-conjugated systems,5−7 and any other
system whose wave function is poorly described by a single
molecular orbital (MO) configuration (single Slater determi-
nant wave function). Kohn−Sham density functional theory
(DFT) adds density-based corrections to a single MO
configuration, an approach that is practical for large systems
but often unreliable for strong correlation.8 Multireference
correlated wave function approaches provide accurate and
systematically improvable treatments of strong correlation, but
their high computational cost and non-black-box character (see
refs 9, 10) can limit routine application to large systems.
For decades, theorists have explored wavefunction-in-DFT

approaches intended to combine these methods’ strengths
without inheriting too many of their weaknesses.11−23 Our
Adiabatic Projection correction24,25 employs a flexible general-
ization of the range-separated adiabatic connection22 (used in,
for example, long-range density matrix renormalization group26

or long-range random phase approximations19), combined
with a density functional correction inspired by the Perdew−
Zunger self-interaction correction.27 In the present work, we
use the projected interaction correction to explore pancake
bonds.

■ PANCAKE BONDING
Pancake bonding provides a “hard but not too hard” example
of strong correlation in large systems. Pancake bonds involve
dimerization of π-conjugated radicals via multicenter two-
electron bonds. This highly directional interaction produces a
parallel π-stacked geometry and a shorter-than-van-der-Waals
monomer separation.28 In the solid state, pancake bonding can
contribute large bandwidths and high conductivities to organic
functional materials.29 In molecular complexes, pancake
bonding contributes an open-shell diradicaloid character30

and a fluxional bonding providing stimulus-responsive color
and magnetism,31 and has been hypothesized to contribute to
asphaltene aggregation in petroleum crude oil.32

Computationally, pancake bonds’ strong correlation is
largely localized to the radical electrons. Extant multireference
simulations of the phenalenyl dimer require only two active
orbitals.33−35 Standard DFT approaches can provide reason-
ably accurate predictions for pancake bond ground states near
equilibrium.36,37 However, DFT’s performance for full
potential energy surfaces is less well characterized. In the
present work, we will show that our generalized self-interaction
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correction25 provides a derivation of a wave function-in-DFT
ansatz proposed by Pijeau and Hohenstein.21 This approach
proves to be well-suited for modeling pancake bonds.

■ THEORY
Generalized Self-Interaction Correction. Our approach

is based on the generalized range-separated adiabatic
connection.11,13,15,17−19,22,38,39 For completeness, we briefly
review that method here. We consider a calculation on an N-
electron system. In standard Kohn−Sham DFT, we introduce a
reference system of N noninteracting electrons, whose
wavefunction is treated exactly by a single Slater determinant.
The Hohenberg−Kohn theorems ensure that the real system’s
ground-state energy and density can be obtained from an exact
wave function calculation on the noninteracting reference
system, corrected by a density functional for the Hartree-
exchange-correlation (HXC) energy.19 The Runge-Gross
theorem ensures that excited states are also available from
the reference system.40

In the generalized range-separated adiabatic connection, one
separates the electron−electron interaction operator Vee into
short-range and long-range pieces. Part of the interaction,
typically the long-range part, is reintroduced into the reference
system. The Hohenberg−Kohn theorems ensure that the real
system’s ground-state energy and density can be obtained from
an exact wave function calculation on the long-range-
interacting reference system, corrected by a density functional
for the remaining short-range HXC energy.19 The exact short-
range HXC functional may be obtained from an adiabatic
connection integration. This approach is formally rigorous,
systematically improvable, and ensures that no part of the
electron−electron interaction is “double-counted”.41

Adiabatic Projection. Our Adiabatic Projection approach
extends this generalized range-separated adiabatic connection.
Rather than separating Vee into short-range and long-range
pieces, we project Vee onto an active space. More specifically,
we consider an N-electron system whose strong correlation can
be effectively modeled by a complete active space (CAS) wave
function, including Ne active electrons in Na active orbitals
{| }p

a and Nc = (N − Na)/2 doubly occupied core orbitals

{| }i
c . (For neutral phenalenyl dimer, we use N = 174, Ne = 2,

Na = 2.) Indices p, q, r, s denote active orbitals, indices i, j, k, l
denote core orbitals. We define a two-electron projection
operator onto the active space

=
= +

+
* *P m n m n m n( , ) ( ) ( ) ( ) ( )a

p q n

n n

p
a

q
a

p
a

q
a

, 1c
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and a projected electron−electron interaction operator

=
=

V P m n
r

P m n( , )
1

( , )ee
P

m n

N

a
mn

a
, 1 (2)

(The notation P m n( , )a means that the two-electron operator
acts on electrons m and n.) We introduce the projected
operator into the reference system. Because the reference
system only includes electron−electron interactions within the
active space, a CAS wavefunction can provide the exact
ground-state of the projected-interacting reference system. The
Hohenberg−Kohn theorems ensure that the real system’s
ground-state energy and density can be obtained from an exact

wave function calculation on the projected-interacting
reference system, corrected by a density functional for the
remaining projected HXC energy. The exact projected HXC
functional may be formally defined by an adiabatic connection.
The ground-state energy of the real system E0 is the ground-
state energy of the projected-interacting reference system Eref

P ,
corrected by this projected HXC density functional:

= + [ ]E E EP P
P0 ref HXC (3)

More explicitly, let γ and Γ denote the one-electron and two-
electron reduced density matrices obtained from the reference
system’s CAS wave function. (Note that γij = 2δij for the core
orbitals.) Let t and v denote the kinetic energy and external
potential operators. The ground-state energy of the projected-
interacting reference system is

= + + +

+

E t v t v

pq rs

( ) ( )P

i
ii ii ii

pq
pq pq pq

pqrs
pqrs

ref

(4)

(Note that the projected-interacting reference system does not
include electron interactions outside of the active space, just as
the long-range-interacting reference system introduced in the
range-separated adiabatic connection does not include short-
range electron−electron interactions, and the Kohn−Sham
reference system does not include any electron−electron
interactions.) The Hartree component of the projected HXC
energy EHXC

P [ρ] combines core−core and core−active Hartree
energies

= | + |E ij ij ip iq
1
2

1
2

P

ij
ii jj

ipq
ii pqHartree

(5)

The projected XC energy also combines core−core and core−
active terms. For example, we may define the projected
Hartree−Fock-like “exact” exchange as

= +E E EP
HFX HFX

CC
HFX
CA (6)

= |E ij ji1
2 ij

ii jjHFX
CC

(7)

= |E ip qi
1
2 ipq

ii pqHFX
CA

(8)

With this definition, the expectation value of the real system’s
Hamiltonian, evaluated using the reference system’s CAS wave
function, becomes E0(CAS) = Eref

P + EHartree
P + EHFX

CC + EHFX
CA .

To proceed, we must choose an approximation for the
projected XC functional in eq 3. A trivial choice is to model
the projected XC functional as exact nonlocal exchange and no
correlation, eqs 6−8. With this choice, the ground-state energy
of the real system is modeled as E0(CAS). This is analogous to
standard generalized Kohn−Sham DFT, where one can choose
to model the entire XC functional as exact exchange. With this
choice, the ground-state energy of the real system is modeled
as the Hartree−Fock total energy.
In our previous work, we chose to model the projected XC

functional using a standard density functional approximation
for the entire core−core and core−active XC energy. We use
“DFA” to denote a density functional approximation for
exchange-correlation, and denote the corresponding core−core
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and core−active energies as EDFA
CC and EDFA

CA . We use EDFA[γ] to
specify a DFA evaluated using the electron density (and
potentially the density gradient, noninteracting kinetic energy
density, density Laplacian, and nonlocal exact exchange)
obtained from one-particle density matrix γ. With this choice,
the ground-state energy of the real system is modeled as

= + +

= + + [ ] [ ]

+E E E E

E E E E E(CAS) ( )

P P

a

0 ref Hartree DFA
CC CA

0 HFX
CC

HFX
CA

DFA DFA

(9)

The Hartree−Fock-like core−core and core−active exchange
interactions present in E0(CAS) are subtracted off in eq 9, and
replaced with the DFA, ensuring that there is no double-
counting of exchange. The active-space one-particle density
matrix is defined as = *r r r r( , ) ( ) ( )a pq p q pq In our
previous work, we motivated this choice as a generalization of
the Perdew−Zunger self-interaction correction.27 We showed
that replacing the single active space projection P m n( , )a in eq
1 with a sum of projections onto individual localized MOs

=P m n m n m n( , ) ( ) ( ) ( ) ( )i i i i i ensures that the reference
system includes only electron self-interaction, and that the
reference system’s ground-state wave function is a single Slater
determinant as in standard DFT. Combining this projection
with the choice of projected XC functional outlined above
precisely recovers the Perdew−Zunger self-interaction correc-
tion.42 A similar “wavefunction-in-DFT” approximation was
proposed previously by Malcolm and McDouall, without
derivation and with a restriction to exact exchange.14

Here, we show that a slightly different choice for the
projected XC functional recovers the density functional
correction to complete active space configuration interaction
energies proposed by Pijeau and Hohenstein.21 One may
choose to model the core−active piece of the projected XC
functional using exact exchange, and model only the core−core
piece with a density functional EDFA[γc]. The core-space one-
p a r t i c l e d e n s i t y m a t r i x γ c i s d e fi n e d a s

= *r r r r( , ) ( ) ( )c i i i ii, where as noted above γij = 2δij
for the core orbitals. With this choice, the ground-state energy
of the real system is modeled as

= + + +

= + [ ]

E E E E E

E E E(CAS)

P P

c

0 ref Hartree HFX
CA

DFA
CC

0 HFX
CC

DFA (10)

Both eqs 9 and 10 recover standard DFT when there are no
active electrons (Na = 0) and recover full CI where all
electrons and orbitals are active.
Pijeau and co-workers have identified interesting properties

of eq 10. Calculations with this approach correctly dissociate
single bonds and can improve on the Hartree−Fock
description of the part of the system outside of the active
space.21 These authors have used eq 10 to model excited
states, combining excited-state CASCI with a standard ground-
state DFA.21,43 Such calculations recover CASCI vertical
excitation energies computed with a given set of nuclear
coordinates. While the authors framed this approach as an
alternative to semiempirical CI methods, the present work
suggests instead that eq 9 and eq 10 are well-defined
approximations to the exact projected XC functional in eq 3.
The remainder of this work presents numerical results

comparing eqs 9 and 10, and a discussion of their merits for
modeling large polyradical aromatics.

■ COMPUTATIONAL DETAILS
Most calculations use the PySCF electronic structure pack-
age.44 PySCF implementation of eq 9 and eq 10 is freely
available online at github.org/bjanesko/. Calculations with eqs
9 and 10 use orbitals obtained from CASSCF calculations.
Fully self-consistent evaluation of the orbitals will be explored
in future work. Ref 45 discusses the role of orbital choice in
active-space calculations. Unless noted otherwise, all DFT
calculations use spin-symmetry-restricted Hartree−Fock orbi-
tals. Ground-state dissociation energies of all dimers are
computed relative to twice the monomer ground-state energy.
For example, CAS(2e,2o)SCF calculations on the ground-state
dissociation energy of neutral chlorine and phenalenyl dimers
are compared to CAS(1e,1o) (equivalent to restricted open-
shell Hartree−Fock) calculations on open-shell chlorine atom
and phenalenyl molecule, respectively. The right-hand panel of
Figure 4 shows that calculations with eq 10 correctly recover a
dimer dissociation energy of zero at large separations.
Calculations on Cl2 use the def2-TZVP basis set.46

Calculations on phenalenyl dimer use the 6-31G(d) basis set
following refs 34, 35, and frozen monomer geometries taken
from ref 34.
Reference values for the Cl2 ground state are obtained from

new N-electron valence perturbation theory (NEVPT2)
simulations, based on a CAS(2e,2o)SCF reference. Reference
values for the equilibrium bond length and bond energy of
neutral phenalenyl dimer in the lowest-energy singlet and
triplet states are taken from multireference coupled cluster47

MR-AQCC(2,2)/6-31G(d) calculations reported in ref 34.
Reference values for the positively charged dimer are from
MR-AQCC calculations reported in ref 35.
Figure 4 reports results from several standard DFAs: the

local spin-density approximation LDA,48 the Becke-Lee−
Yang−Parr (BLYP)49,50 and PBE generalized gradient
approximations (GGAs), the Tao-Perdew-Staroverov-Scuseria
(TPSS),51 strongly constrained and appropriately normed
(SCAN),52 and M06L53 and MN15L54 meta-GGAs, the global
hybrids B3LYP,55 O3LYP,56 M05, M05-2X, and M06.57

Calculations in Figure 6 use orbitals from a state-averaged
CAS(2e,2o)SCF calculation on the three lowest-energy states
(two singlets and one triplet). As in previous work,21

calculations with eq 10 combine a ground-state DFA with
orbitals and density matrices from the CASSCF excited states.

■ RESULTS
Chlorine Dimer. We begin by comparing eqs 9 and 10 for

a model system, the X1Σg
+ singlet ground-state potential energy

surface of chlorine dimer Cl2. Calculations with eq 9 and eq 10
use a minimal CAS(2e,2o) active space of the Cl−Cl bond’s
bonding and antibonding orbitals and the Perdew−Burke−
Ernzerhof (PBE) DFA.58 Figure 1 shows the computed PES.
The NEVPT2 reference calculations in Figure 1 give a
dissociation energy De = 56.9 kcal/mol close to the 2.49 eV
(57.4 kcal/mol) obtained in earlier multireference simula-
tions.59 CAS(2e,2o)SCF underbinds. While both eq 9 and eq
10 give accurate results near equilibrium, eq 9 gives a severely
overbound dissociation limit, 33 kcal/mol below the energy of
two Cl atoms. Equation 10 recovers the correct dissociation
limit, as seen for other single bonds.21
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The difference between eq 9 and eq 10 arises from well-
known limitations of standard DFAs. Standard DFAs can
behave erratically for “abnormal” electron densities where
charge or spin delocalizes over multiple centers.60,61 Such
densities occur in strongly correlated systems, including the
stretched Cl−Cl bond. The 2e, 2o active space used here
ensures that the density abnormality is localized to the active
space. Put another way, the densities corresponding to γ̂ and

P may be abnormal; however the density corresponding to
P is not. This explains the good performance of eq 10 for

dissociation limits. Equation 9 evaluates the density functional
on the abnormal densities from γ̂ and P. Equation 10 only
evaluates the density functional on the normal density of the
core MOs, P. Introducing a dependence on the on-top
pair density provides another route to modeling the XC energy
of abnormal densities.22

Multireference calculations are able to effectively treat
excited states, including doubly excited states unavailable in
the standard adiabatic linear-response formulation of time-
dependent DFT. Equation 10 has been applied with standard
ground-state DFAs to simulate excited states localized within
the active space.21 Here, we compare eq 9 and eq 10 for the
doubly excited 1Σu

+ ( )g u
2 2 state of chlorine dimer. Figure 2

shows the potential energy surface of this excited state,
computed relative to the dissociation limit of ground-state Cl+
and Cl− ions.59 The NEVPT2 reference calculations in Figure
2 give a minimum around 5 bohr, bound by 145 kcal/mol
relative to Cl+ and Cl−. This is somewhat deeper than the 125
kcal/mol well found in ref 59. As for the ground states in
Figure 1, eq 10 is close to the NEVPT2 reference, while eq 9 is
overbound by ∼40 kcal/mol relative to that reference.
Phenalenyl Dimer. We continue by illustrating eq 9 and

eq 10 for the pancake bond of phenalenyl dimer. Figure 3
shows the computed ground-state potential energy surfaces.
Calculations use a minimal active space Ne = Na = 2 and
compare to CAS(2e,2o)SCF, Hartree−Fock theory, and spin-
symmetry-restricted DFT with the SCAN DFA. As seen in
previous studies,33 CAS(2e,2o)SCF severely underbinds at
equilibrium, predicting a nearly unbound dimer. Spin-
symmetry-restricted Hartree−Fock theory gives a spurious
minimum above the energy of two monomers. Breaking spin
symmetry removes this spurious minimum and recovers the

correct energy at the dissociation limit, but still predicts that
the dimer is unbound. Spin-symmetry-restricted DFT gives a
reasonable treatment near the minimum, as in previous work,37

but artificially predicts that the dissociated dimer is above the
energy of two monomers, due to incorrect treatment of
“strong” correlation at large separations. As discussed in in ref
37, density functional approximations, even approximations
that do not include “long-range” dispersion, can provide
reasonable predictions for pancake bond energies and bond
lengths near equilibrium. More broadly, density functional
approximations that do not include “long-range” dispersion
interactions can capture some chemically relevant “medium-
range” electron correlation effects in organic chemistry.57,62 As
for chlorine dimer, calculations with eq 9 strongly overbind,
due to the limitations of the DFA. Calculations with eq 10
provide a reasonable treatment of the entire potential energy
surface, without spin contamination.
Figure 4 illustrates how the choice of density functional

approximation affects the predictions of eq 10. Both panels
compare spin-symmetry-restricted calculations with eq 10, to
the corresponding spin-symmetry-restricted DFT calculation.
The left panel shows bond energies at the equilibrium 3.1 Å

Figure 1. Ground-state singlet potential energy surface of chlorine
dimer Cl2, energy relative to two ground-state Cl* atoms.

Figure 2. Doubly excited 1Σu
+ potential energy surface of chlorine

dimer Cl2, energy relative to Cl+ and Cl−.

Figure 3. Ground-state singlet potential energy surface of neutral
pancake-bonded phenalenyl dimer ply2, dissociation energies relative
to two monomers ply*.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.2c08616
J. Phys. Chem. A 2023, 127, 3684−3691

3687

https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c08616?fig=fig3&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.2c08616?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


separation reported in ref 33. The right panel shows bond
energies computed at a stretched intermonomer separation.
Near equilibrium, the bond strength is largely governed by the
choice of DFA. Standard DFT and eq 10 give nearly equivalent
bond energies, for a variety of different standard approx-
imations. For the stretched separation, the situation is different.
Spin-symmetry-restricted DFT behaves erratically, due to the
delocalization errors described above. In contrast, eq 10 gives
reasonable and negligible bond energies with all of the tested
density functional approximations.
Figure 5 illustrates eq 9 and eq 10 for the half-pancake

bond42 of the cationic phenalenyl dimer, the lowest-energy
triplet state of the neutral phenalenyl dimer, and the singlet
ground state of the perfluorinated phenalenyl dimer.63 The
minimal active space for the cationic dimer includes only one
bonding electron, making the CAS(1e,1o)SCF wave function
equivalent to restricted open-shell Hartree−Fock. The minimal

active space for the neutral triplet dimer includes two same-
spin electrons, making the CAS(2e,2o)SCF wave function
equivalent to restricted open-shell Hartree−Fock. Equation 9
and SCAN DFT both overbind the cationic dimer and give
reasonable results for the triplet dimer. Equation 10 avoids the
large delocalization error64 and overbound dissociation limits
of the cationic dimer, while also providing a very accurate
treatment of the reference35 binding energies at equilibrium for
both dimers. Trends for the perfluorinated dimer are
consistent with the unfluorinated dimer.
Figure 6 shows predicted potential energy surfaces for a

doubly excited singlet state of the neutral phenalenyl dimer,
analogous to the doubly excited state of Cl2 in Figure 2. We
compute this as the first singlet excited state from a state-
averaged CAS(2e,2o)SCF calculation on phenalenyl dimer. As
in Figure 2, this state dissociates into charged closed-shell
species phe+-phe− ↔ phe−-phe+. As in Figure 2, calculations

Figure 4. Binding energies of neutral pancake-bonded phenalenyl dimer ply2, evaluated with eq 10 or spin-restricted DFT, for a variety of density
functional approximations. (Left panel) Equilibrium intermonomer separation 3.1 Å. (Right panel) Stretched intermonomer separation 6.1 Å.

Figure 5. (Left) Ground-state doublet potential energy surface of cationic phenalenyl dimer ply 2
+, dissociation energies relative to ply* and ply+.

(Center) Lowest-energy triplet potential energy surface of neutral phenalenyl dimer ply2, dissociation energy relative to two monomers ply*.
(Right) Ground-state singlet potential energy surface of perfluorinated phenalenyl dimer pfply2, dissociation energies relative to two monomers
pfply*.
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with eq 10 are close to the CASSCF value, while calculations
with eq 9 overstabilize the excited state.

■ DISCUSSION
The present work demonstrates how the adiabatic projection
approach can aid development of wave function-in-DFT
approximations capable of modeling large systems. We show
that the wavefunction-in-DFT approximation derived in ref 25
(eq 9) can be extended to provide a formal justification for the
ansatz of ref 21 (eq 10). Systematic comparisons between
these two approaches show that eq 10 is more suitable for
modeling dissociating bonds, due to its effective treatment of
DFT approximations’ systematic errors for “abnormal”
densities. We also show that eq 10 provides a viable strategy
for modeling delocalized pancake bonding, recovering the
performance of standard DFT near equilibrium,37 while also
giving a reasonable treatment of the dissociation limit. Overall,
the results motivate continued formal investigation of wave-
function-in-DFT approaches. Our results also motivate
applying the projected interaction correction to other large
pancake-bonded systems.63,65
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