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Abstract

Acomputationalframeworkthatleveragesdatafromself-consistentfieldtheory
simulationswithdeeplearningtoacceleratetheexplorationofparameterspacefor
blockcopolymersispresented.Thisisasubstantialtwo-dimensionalextensionofthe
frameworkintroducedin[1].Severalinnovationsandimprovementsareproposed.(1)
ASobolevspace-trained,convolutionalneuralnetwork(CNN)isemployedtohandle
theexponentialdimensionincreaseofthediscretized,localaveragemonomerdensity
fieldsandtostronglyenforcebothspatialtranslationandrotationinvarianceofthe
predicted,field-theoreticintensiveHamiltonian.(2)Agenerativeadversarialnetwork
(GAN)isintroducedtoefficientlyandaccuratelypredictsaddlepoint,localaverage
monomerdensityfieldswithoutresortingtogradientdescentmethodsthatemploythe
trainingset.ThisGANapproachyieldsimportantsavingsofbothmemoryandcom-
putationalcost.(3)Theproposedmachinelearningframeworkissuccessfullyapplied
to2Dcellsizeoptimizationasaclearillustrationofitsbroadpotentialtoaccelerate
theexplorationofparameterspacefordiscoveringpolymernanostructures.Extensions
tothree-dimensionalphasediscoveryappeartobefeasible.
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1 Introduction

Numericalsimulationsbasedonself-consistentfieldtheory(SCFT)areapowerfultooltostudy
theenergeticsandstructuresofpolymerphases[2,3,4]. However,thehighcostofthesedi-
rectcomputations,involvingtherepeatedsolutionofmultiplemodifieddiffusion(Fokker-Planck)
equations[2,5,6],hindersthescalabilityofSCFTforitsapplicationinpolymerphasediscovery.
Machinelearning(ML),whichobtainsanapproximateinput-to-outputmapfromdata,can

substantiallyreduce(aftertraining)thecomputationalcostofevaluatingquantitiesofinterest.
Consequently,therehasbeenincreasinginteresttocombine MLwithtraditionalpolymerSCFT
simulationstospeeduptheexplorationofparameterspace. Mostoftheworktodatehasbeen
focusedonseparatestagesofSCFTcomputationand/ordownstreamtasks. Forexample, Wei,
Jiang,andShi[7]trainedaneuralnetworktothesolutionofSCFT’smodifieddiffusionequa-
tionstoacceleratethecomputationsofthemeanfields. Nakamura[8]proposedtopredictthe
typeofpolymerphasebyusinganeuralnetworkwithatheory-embeddedlayerthatcapturesthe
characteristicphasefeaturesviacoarse-grainedmean-fieldtheory. Arora,Lin,Rebello,Av-Ron,
MochigaseandOlsen[9]employedrandomforeststopredictdiblockcopolymerphasebehavior.On
theotherhand,ourapproachin[1]isacompleteMLframeworkforfullSCFTsimulationviadeep
learningtoobtainbothaccurateapproximationsofthefield-theoreticintensiveHamiltonian(also
calledeffectiveHamiltonianandrepresentingtheintensivefreeenergyinthemean-fieldapproxi-
mation)andpredictionsofthe(localaverage)monomerdensityfieldatSCFTsaddlepoints.This
initialMLframeworkwasdevelopedintheone-dimensionalspatialsettingtotestthiscombination
of MLandSCFT.Theframeworkin[1]isatwo-stepcomputationalstrategy:(1)traina(fully
connected)deepneuralnetworkinSobolevspace,whichpredictstheeffectiveHamiltonianandits
gradientsimultaneously,andenforcestranslationinvarianceand(2)leveragethegradientdescent
methodontheSobolevspace-traineddeepnetwork(thesurrogateeffectiveHamiltonian)tofind
anapproximationofthemonomerdensityfieldatasaddlepointwithinitialdensityselectedfrom
thetrainingset.
Here,weproposeanefficientandsuperiorend-to-end MLframework,bothinmemoryand

computationalcost,thanthatdevelopedintheone-dimensionalspatialsetting.Thus,thisisnot
justatwo-dimensionalextensionof[1].
Theincreaseofthespatialdimensionintroducestwosignificantchallenges.First,thesizeofthe

inputdiscretemonomerdensityfieldincreaseslikendwherenisthenumberoffieldvalues(values
atgridpoints)perdimensionanddisthespatialdimension.Second,theeffectiveHamiltonian
mustbeinvariantunderbothtranslationandrotationtransformationsofthemonomerdensityfield
(andthepolymercell).Toovercomethesesalientdifficulties,weintroduceanewML-approachfor
thecompletepredictionoftheeffectiveHamiltonianandtheaveragemonomerdensity.Thisnew
frameworkhasthefollowingmaininnovations:

1. Weviewthemonomerdensityfieldsas2Dimagesandreplacethefullyconnectedneural
networkwithamoreefficientconvolutionalneuralnetwork(CNN)[10]trainedinSobolev
spacetoguaranteeaccurateapproximationsofboththeeffectiveHamiltoniananditsgradient
inavicinityofsaddlepoints.CNN’shaveprovedtobeapowerfultoolformanyimage-related
problems[11].

2. Weusearotation-invariantrepresentationofthepolymercellparametersanddesignaCNN
architecturebasedoncircularpaddingtoachievestrongrotationandtranslationinvariance.
Thisisaimprovementovertheweaktranslationinvarianceachievedbydata-enhancing[1].

3. Weemploytouseagenerativeadversarialnetwork(GAN)[12]togeneratecandidatesfor
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monomerdensityfieldsatsaddlepointswithoutmemorizingthetrainingset. Thissaves
enormouscomputermemoryandcomputationtime,andmakesitpossibletogeneratea
widerrangeofsaddlepoint,monomerdensityfieldpredictors.TheGANresultscanbeused
asthefinalmonomerdensitypredictions,whicheffectivelyeliminatesthegradientdescent
procedure.

Therestofthepaperisorganizedasfollows.InSection2,wedefinetheproblemandthe
overallstrategy. WeintroducetheCNNtrainedinSobolevspaceanddetailhowstrongrota-
tion/translationinvarianceisenforcedinSection3. WedevoteSection4tointroducethenew
approachtopredictsaddlepoint,monomerdensityfieldsbygeneratinginitialdensityfieldsviaa
GANandthenselectingthefinalpredictionwiththeSobolevspace-trainedCNN.InSection5,we
presentnumericalresultsforatwo-dimensionalABdiblockpolymersystemthatdemonstratethe
efficiencyoftheproposedmachinelearningapproachtoproduceaccurateapproximationsoftheef-
fectiveHamiltonianandsaddlepoint,monomerdensitypredictions. Wealsopresentresultsonthe
effectivenessoftheproposedMLmethodtoobtainaccurateheatmapsoftheeffectiveHamiltonian
asafunctionofthecellsizeandfurtherequipMLmethodswithefficientgradient-basedsearching
algorithmsforcellsizeoptimization.Finally,weprovidesomeconcludingremarksinSection6.

2 ProblemDefinitionandGeneralStrategy

Toformulatetheproblemandillustratethemethodology,weusetheconcreteexampleofa2D
incompressibleABdiblockcopolymermelt[2]. Therearesomeimportantfactorstoconsiderin
thisstudyofthesystem.Theseinclude:

•χN: This measuresthestrengthofsegregationofthetwocomponents(AandB).Itis
calculatedusingtheFloryparameterχandthedegreeofpolymerization(thenumberof
monomerunits)ofthecopolymerN.

•Cellvectorsa1anda2:Thesearetheadjacentsidesofthecellparallelogrambeingstudied.
TheirlengthismeasuredinunitsoftheunperturbedradiusofgyrationRg(root-mean-square
distanceofthesegmentsofthepolymerchainfromitscenterofmass.).

•f:ThisisthevolumefractionofcomponentA.

•ρ: ThisisthelocalaveragemonomerdensityofblocksA,measuredinunitsofthetotal
monomerdensityρ0.Henceforth,wewillrefertoitasthedensityfieldorsimplythedensity,
withtheunderstandingthatitiscomputedorapproximatedinavicinityofSCFTsaddle
points.

Asintheone-dimensionalcase[1],weformulatetwoproblemstosolve:

•Problem1:Learnasurrogatemap(χN,a1,a2,f,ρ)−→ H̃(χN,a1,a2,f,ρ),whereH̃ is
anaccurateapproximationofthefield-theoreticintensiveHamiltonianH,theHelmholtz
free-energyperchainatsaddlepoints.Henceforth,wesimplycallHtheHamiltonian.

•Problem2:ForspecificvaluesχN∗,a∗1,a
∗
2,f

∗,findaccuratelyandefficientlyadensityfield
ρ∗thatminimizesH̃.

ThemapH̃ inProblem1istrainedtoapproximateH inthevicinityofsaddlepoints. This
surrogatefunctionalcanthusbeevaluatedmuchmoreefficientlythanthroughdirectSCFTcom-
putationandprovidesanexpeditedwaytoscreenforthedensityfieldcandidatesinProblem2.
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Asdonein[1],werecastHas

H(χN,a1,a2,f,ρ)=χNf−
χN

|a1×a2|
ρ2dr+R(χN,a1,a2,f,ρ), (1)

byextractingtheleadingquadraticinteractiontermandfocusonlearningtheremainderR. As
thedifferencebetweenHandquadraticinteractionterms,Rcontributestopolymerentropybut
notenthalpyin(1),whichincludesapartitionfunctionforasinglecopolymerwithafieldacting
ontheAblockandtheotherfieldactingontheBblock. Thissinglechainpartitionfunctionis
evaluatedbyintegratingthecopolymerpropagatorsatisfyingtheFokker-Planckequations.Details
areshowninAppendixof[1].In(1), ×isthecrossproductandthusthedenominatorofthe
secondtermisthecell’sarea. WiththisdecompositionofH wedirectlyevaluateitsmainpart,
whichischeaptocompute,andapproximatetheexpensivepartRusingmachinelearning.
AsnotedintheIntroduction,increasingthespatialdimensionintroducestwonewsignificant

challenges:thesignficantlyincreasedsizeofthediscretizeddensityfieldandtheadditionalinvari-
ancerequirementofHunderspatialrotationtransformationsofρ.Toovercomethesechallenges,
weupgradethemethodologyintroducedin[1]asfollows.TosolveProblem1,insteadoftraining
afullyconnected,feedforwardneuralnetworkinSobolevspace,wetrainaCNNinSobolevspace
tolearntheeffectiveHamiltonian. ToimplementtheCNNonthedensityfields,weviewthese
asimagesandusethemasinputfortheCNN. Weemployaparticularrepresentationofthecell
parametersa1anda2tostronglyenforcetherotationinvariancerequirement. Moreover,bytaking
advantageofCNN’slocalshiftinvariance,wedesignaCNNarchitecturethatpreservesstrongly
globalshiftinvariance(intheone-dimensionalsettingweonlyobtainedweaklyglobalshiftinvari-
anceviadataenhancing).Tosolveproblem2,weproposeanewstrategy:useaGANtogeneratea
pollofinitialdensityfields.Inthe1Dapproach[1],ourinitialdensityfieldscomefromthetraining
set. WiththeGAN,itisnotnecessarytomemorizethetrainingsetandperformevaluationsto
selectasuitableinitialfieldcandidate.ThisGANfeaturedramaticallysavesmemoryandcompu-
tationalcostasthetrainingsetisbothlargeandhighdimensional.Inaddition,therandomness
elementintheGANincreasesthepossibilitytogenerateunseeninitialdensityfieldsandhenceit
enhancesthecapabilityoftheproposedmethodologyforthediscoveryofnewpolymerphases. We
finallyselectthepredicteddensityfieldfromthepoolastheonethatyieldsthesmallestgradient
fortheSobolevspace-trainedCNNofProblem1.Itisimportanttonotethatweonlyusedirect
SCFTsimulationstogeneratethedataneededtotraintheproposedMLmodels.

3 Methodology: ApproximationofH bya Convolu-

tionalNeuralNetwork

ForthecentralproblemofconstructingasurrogatefunctionalforH,weemploythedecomposition
(1)andfocusonlearningtheremainderRfromSCFT-generateddata. Thatis,ourproposed
approximationofHhastheform

H̃(x)=χNf−
χN

|a1×a2|
ρ2dr+NN(x), (2)

wherex=(χN,a1,a2,f,ρ)andNN(·)isanapproximationofRlearnedbyaCNN.Ittakesdensity
fieldsasimageinputsalongwithmodelparametersχN,a1,a2,f.
CNN’sareneuralnetworksdesignedtoprocessmultiplearrayslikethoseusedfordigitalcolor

images(three2Darrays,eachcorrespondingtothered,green,andbluecolors).Thus,theinputof
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Figure1:Illustrationofaconvolutionallayer.Eachoftheinputmatrixvaluesisreplacedby
aweightedsumofafewneighborsbytakinganinnerproductwithasliding,smallmatrix
ofweights(calledafilterbankorkernel)performingineffectadiscreteconvolution. The
weightsarelearnedduringtraining.Channelscanbeusedtoaccountforextradimensions
intheinputdata.Forexample,acolorimageiscomposedofthree2Darrays(channels)
correspondingtothepixelintensitiesinthered,green,andbluecolors.Channelscouldbe
usedtorepresentdepthin3Ddata.Inthisillustration,theweightedsumisdoneonelement
(2,2),withvalue8,oftheinputmatrix.

aCNNcanbeviewedasavolume,ora3Darray.Theyhavebeennotoriouslysuccessfulinavariety
ofcomputervisiontasks[13].CNN’sexploitlocalcorrelationsofdatabyusingconvolutionallayer
andpoolinglayers.Inaconvolutionallayer,eachoftheinputarrayvaluesisreplacedbyaweighted
sumofafewlocalneighborsbytakinganinnerproductwithasliding,small(3×3or5×5)matrix
ofweights(calledafilterbankorkernel)performingineffectadiscreteconvolution.Theweights
arelearnedduringtrainingusingstochasticgradientdescentmethodandadifferentkernelcanbe
usedperchannel.Figure1showsaschematicsofhowaconvolutionallayerworks.
Apoolinglayerisadownsamplingoperationthatreducesthedimensionofthefeaturemap[13].

CommonpoolinglayersincludetheMaxPoolingandtheAveragePooling,wherethemaximalvalue
ortheaveragevalueineachneighbourhoodistaken,respectively. Othertypesofpoolingarea
GlobalMaximalPoolingandaGlobalAveragePooling,wherethecorrespondingglobalvaluesare
selected.
Activationlayers,forexampleaReLUfunction,increasethenon-linearityandthelearning

abilityoftheCNN.Afterseveralstagesofconvolution,pooling,andactivationlayers,wecansend
thefeaturemapintofullyconnectedlayerstogeneratethefinaloutput. Weprovidethespecific
architectureoftheproposedCNNinSection3.1.
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Figure2:Rotationinvarianceandtranslationinvariance. ThefieldtheoreticHamiltonian
Hmustbeinvariantunderspatialtranslations(2b)androtations(2c)ofthelocal,average
monomerdensityfieldρofblocksoftypeAinadiblockcopolymermelt. Thefieldρis
representedasamatrixcorrespondingtothevaluesofthisfieldatauniformgrid.

3.1 RotationandTranslationInvariance

ThecentralgoalofProblem1istoproduceanaccurateapproximationofHwhichisinvariantunder
bothtranslationsandrotationsofthedensityfieldρ. Thisinvariancerequirementisillustrated
inFig.2,wherethedensityfieldsinpictures(b)and(c)resultfromtranslationandrotation,
respectively,ofthefieldin(a).AllthreepicturesshouldgivethesamevalueoftheHamiltonian.
Weopttorepresentthe2Ddensityfieldbythematrixofvaluesof ρatauniform(equi-spaced)
grid. Mathematically,settingx=(χN,a1,a2,f,ρ),arotationR ofthedensityfieldcouldbe
representedby

Rx=(χN,Ra1,Ra2,f,Rρ)=(χN,Ra1,Ra2,f,ρ),

whichmeansthatsuchtransformationisequivalenttorotatejustthetwocellvectors,giventhe
fixedarrangementofthedensityfieldmatrix. Thus,therotationinvariancerequirementcanbe
succinctlyexpressedas

H̃(Rx)=H̃(x). (3)

TheenthalpicpartofH̃isrotationinvariantbecause|Ra1×Ra2|=|a1×a2|.Therefore,weseek
alearnerwiththeproperty

NN(Rx)=NN(x). (4)

Toachievethisweemployarotation-invariantrepresentationof(a1,a2). Thisisthenatural
representation(l1,l2,θ),wherel1= a1,l2= a2 andθistheanglebetweena1anda2.
Since ai = Rai,fori=1,2andθ(a1,a2) =θ(Ra1,Ra2),usingthisrepresentationfor
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theinputensurestheCNNoutputpreservesstronglyrotationinvariance. Henceforth,weset
x=(χN,l1,l2,θ,f,ρ)andrewriteEq2as

H̃(x)=χNf−
χN

|l1l2cosθ|
ρ2dr+NN(x). (5)

Mathematically,therequirementoftranslationinvariancecanbeexpressedas

H̃(Tx)=H̃(x), (6)

whereTx=(χN,l1,l2,θ,f,Tρ)andTρ(i0+i,j0+j)=Tρ(i0,j0)forsome(i,j)andall(i0,j0).To
buildaCNNwiththisglobalproperty,weuseaspecialpaddingtechniqueontheboundaryofeach
layershowninFigure3b.Intheconvolutionallayerandthepoolinglayerofneuralnetworks,the
element-wiseproductofthekernelandtheinputneartheboundaryisnotwell-definedbecausethe
boundaryelementdoesnothaveneighboursoutsidetheboundary.Themostcommonsolutionisto
usezeropadding,whereweassumethatthereareneighbourswithvalueszeroneartheboundaryto
computetheconvolution,asshowninFigure3a.However,convolutionwithzeropaddingdoesnot
producetranslationinvariance.Instead,weendowtheCNNwithcircularpadding,whichissimilar
toperiodicboundaryconditionsinPDEs,whereweappendthevaluesfromtheoppositeboundary
ofthecelltoeachboundary.AsshowninFigure3b,theperiodicboundaryallowstheoutputtensor
tohavethesameelementswithashift.InCNN,“stride”referstothenumberofpixels/elements
thefilterorkernelismovedhorizontallyorverticallyacrosstheinputimage/matrix. Toachieve
globaltranslationinvariance,theconvolutionallayerandpoolinglayershouldhavestride1for
theiroperatorstocommutewiththetranslationoperator.
Wedenoteaconvolutionwithsize k,stride1andcircularpaddingasConvck,1,p(k)(),wherep(k)

isthesizeofpaddingwhichequalsto(k−1)/2whenkisoddandk/2whenkiseven(thesizeof
paddingisderivedbyhowmanyrows/columnsarerequiredtomatchthekernelsizewhenthean
boundaryelementisinthecenterofthekernel).Similarly,wedenotetheAveragePoolinglayer
withsizek,stride1andcircularpaddingasAvgPck,1,p(k)(),the MaximalPoolinglayerwithsize

k,stride1andcircularpaddingasMaxPck,1,p(k)(),theGlobalAveragelayerasGlA(),theGlobal

MaximallayerasGlM(),theelement-wiseactivationfunctionlayerasAcF(),(e.g.ReluasRelu(),
SigmoidfunctionasSigmoid(),etc.),andthefullyconnectedlayersasFC().

Lemma1.Convck,1,p(k)(),AvgP
c
k,1,p(k)(),MaxP

c
k,1,p(k)()andAcF()allcommutewiththetransla-

tionT.GlM()andGlA()areinvariantundertranslation.

Proof.SupposetheinputtensorisXandaspatialtranslationofXisTX.Then,aftertheconvolu-
tionallayerwithstride1andcircularpadding,Convck,1,p(k)(TX)onlydiffersfromConv

c
k,1,p(k)(X)

byashiftbecausetheyhavethesamesetofneighbourhoodbatchesandonlythestartingbatch
changes.Thus,Convck,1,p(k)(TX)=TConv

c
k,1,p(k)(X).Similarly,MaxP

c
k,1,p(k)(TX)=TMaxP

c
k,1,p(k)(X),

andAvgPck,1,p(k)(TX)=TAvgP
c
k,1,p(k)(X).Now,sinceAcFisanelement-wiseoperation,AcF(TX)=

TAcF(X).Finally,itfollowstriviallythatGlM(TX)=GlM(X)andGlA(TX)=GlA(X).

WedesigntheCNNwiththefollowingarchitecture:

ρ→Convc5,1,2()→Relu()

×5

→GlA()→concatwith(χN,l1,l2,θ,f)→FC()→Relu()

×3

→FC(),

where“concatwith(χN,l1,l2,θ,f)”hasthefollowingmeaning.AfterGlA()orGlM(),theoutput
isintheformofseveralchannelsandeachofwhichasinglenumber(theglobalmaximumorthe
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(a)Zeropadding

(b)Circularpadding

Figure3:Paddinginaconvolutionallayer.Theinputmatrixisenlargedwiththeentries
neededtoperformtheweightedaverageonthevaluesatbottomandtoprowsandattheleft-
mostandright-mostcolumns. Thisiscalledpadding.Inaconvolutionalneuralnetwork,
zeropadding(a)isthestandard. Here,weproposecircularpadding(b),whichconsists
ofwrappingaroundthedatavalues,leftandrightandupanddown,effectivelyenforcing
periodicboundaryconditionshorizontallyandvertically.

globalaverage),say(c1,c2,...cm)wheremisthenumberofchannels. Weconcatenatethevector
ofallthechannelswiththeparameterstoget(c1,c2,...cm,χN,l1,l2,θ,f),andputthisintoseveral
fullyconnectedlayerstomakethefinalpredictions.Hyperparameterslikethenumberofchannels
ineachconvolutionallayerandthenumberofneuronsineachfullyconnectedlayerareinAppendix
A.2.

Theorem2.Theconvolutionalneuralnetwork(7)hasshiftinvariancewithrespecttoρ.
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Proof.FromLemma1,

GlA◦(AcF◦Convck,1,p(k))
n(Tρ)=GlA◦(T◦(AcF◦Convck,1,p(k))

n(ρ)) (7)

=GlA◦(AcF◦Convck,1,p(k))
n(ρ), (8)

foranyn,where◦standsforcompositionofoperators.Sinceeachchanneloutputsonlyonesingle
numberintheend,thefullyconnectedlayerspreservesthetranslationinvariance. Ourcaseisa
specialcasewithAcF=Relu,k=5andn=5,whichinheritsthetranslationinvariance.

Notethatwecouldalsoaddpoolinglayerswithcircularpaddingintotheneuralnetwork,e.g.
AvgPck,1,p(k)(),MaxP

c
k,1,p(k)(),andthenetworkwouldstillpreservetranslationinvarianceaccording

toLemma1.Sincethearchitecture(7)withoutthepoolinglayersafterconvolutionallayersalready
worksverywellwedidnotincludethepoolinglayersforcomputationefficiency.
BasedonEq.(2)andtheconsiderationsaboveforNN(·)wehaveconstructedanapproximation

H̃totheHamiltonianwithglobaltranslationandrotationinvariance,i.e.

H̃(Rx)=H̃(x),

H̃(Tx)=H̃(x).

3.2 ConvolutionalNeuralNetworkinSobolevSpace

WeproposetotraininSobolevspacetherotationandtranslationinvariantCNNdescribedin3.1
tofullysolveProblem1andthusobtainapowerfultoolforthesolutionofProblem2.
Asintheone-dimensionalcase,thetrainingdataconsistsonlyofsaddlepoints,atwhichthe

Hamiltonianhasvanishinggradients. WeencodethisvaluableinformationintotheCNN’sobjective
function(alsocalledcostorlossfunction)totrainanapproximationH̃ thatmatchesboththe
Hamiltoniananditsgradient. ThisapproachhasseveraladvantagesoverthemorecommonL2

training.Forinstance,itmakesthepredictionmoreaccurateinthevicinityofsaddlepoints(by
imitatingthegradientbehaviourofthetruesystem)anditensurestheapproximationhasvanishing
gradientsonsaddlepointswhichisparticularlysignificantforthepredictedfieldinProblem2.
Consideringthevanishinggradientatsaddlepoints,weselectCNN’sparameterstominimize

theobjectivefunction

C(α)=

NT

i=1

H̃(xi)−Hi
2
+β

NT

i=1

∇ρH̃(xi)
2
, (9)

whereNTisthesizeofthetrainingset,βcontrolstheimportanceofthepenaltytermsongradients
andαrepresentsparametersintheCNN.Itfavoursvanishinggradientsatsaddlepointsandalso
servesasaregularizationforsmoothness.
Foreachdatapoint(xi,Hi),accordingtoEqs.(1)and(2),NN(xi)shouldmatch

Ri=Hi−χNifi+
χNi

|l1il2icosθi|
ρ2idr. (10)

Basedonthespatialdiscretization,

∇ρH̃(xi)=−
2χNi
l1il2i

∆l1i∆l2iρi+∇ρNN(xi), (11)
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where∆l1and∆l2arethespatialmeshsizeofthel1directionandl2direction,respectively.cosθi
in(10)iscancelledwiththatintheareatermsofsmallparallelogramsinthediscretizedintegral.
Thenwerewritethecostfunction(9)as

C(α)=

NT

i=1

(NN(xi)−Ri)
2+β

NT

i=1

∇ρNN(xi)−
2χNi
l1il2i

∆l1i∆l2iρi

2

, (12)

wherethenorminthesecondtermof(12)istheFrobeniusnormofmatrices.C(α)isintheform
ofthe(squared)Sobolevnormandweaimtotrainamapthatmatchesboththefunctionalandits
gradientsbyminimizingthisobjectivefunction.Atthesametime,withtheCNNarchitecture(7),
theapproximationhasrotationandtranslationinvariance.Puttingthesetwoelementstogether,
H̃ providesthedesiredsolutiontoProblem1andthesimultaneousaccurateapproximationof
gradientsnearsaddlepointswillproveusefulinthesolutionofProblem2,i.e.theultimatedensity
predictions.

4 Methodology: DensityFieldPredictionby Genera-

tiveAdversarialNetworks

Inthissection,wefocusonthesolutiontoProblem2byemployingagenerativeadversarialnetwork
(GAN)andtheSobolevspace-trainedCNNofProblem1.

4.1 GAN,cGANandDCGAN

OurmethodologytopredictsaddlepointdensitiesisbuiltbymergingGAN,cGAN(Conditional
GAN)andDCGAN(DeepConvolutionalGAN).Webrieflyintroducenextthesethreearchitectures
andthemotivationtoapplythemfordensitypredictions.
AGAN[12]isaneuralnetworkbasedonatwo-playerminimaxgamemodel:agenerator(G),

whichistrainedtogeneratefromrandomnoisetotheimagessimilartotheimagesinthetraining
setandadiscriminator(D),whichistrainedtoestimatetheprobabilitythattheinputimageis
fromthetrainingsetratherthanfromG.Afterseveralroundsoftraining,Gisexpectedtogenerate
imageswhichcouldfoolDandDisexpectedtotellthedifferencefromthetrueimageandthe
generated(“fake”)image. Thus,afterasuccessfultraining,Gtakesrandomnoiseasinputand
generatesimagesthatimitatethetrainingset. Forinstance,ifthetrainingsetarepicturesof
humanfaces,Gisexpectedtogeneratepicturesofhumanfacesbecauseitlearnedhowtoextract
thelatentfeaturesofthesetypeofimages.GandDplayatwo-playerminimaxgamewithavalue
functionV(G,D):

min
G
max
D
V(D,G)=Ex∼pdata(x)[logD(x)]+Ez∼pz(z)[log(1−D(G(z)))], (13)

whereD(x)isD’sestimateoftheprobabilitythatdataxisreal(i.e.fromthetrainingset),G(z)
isG’soutputgivennoisez,andEx∼pdata(x)andEz∼pz(z)aretheexpectedvaluesoverallrealdata
andoveralltherandominputstoG,respectively. Basedonthislossfunction,Distrainedto
maximizetheprobabilitythatD(x)=1forallthexinthetrainingsetandtheprobabilitythat
D(G(z))=0foralltheimagesgeneratedbyG.GistrainedtominimizetheprobabilitythatD
identifiesthefakeimagesandfoolsDbydrivingD(G(z))to1.
ConditionalGAN(cGAN)wasproposed[14]tosendlabelstoGforthegenerationofimages

correspondingtothelabel.ThearchitectureandtrainingofacGANissimilartothoseofGAN,
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exceptthatGhasanextrainput,thelabels.Forexample,forthecGANtrainedonMNIST,which
isadatasetcontainingtheimagesof60Khandwrittendigits,Ghastwotypesofinputs:random
noiseandlabelsofthedigits.Aftertraining,Gisexpectedtogeneratethedigitscorrespondingto
thetruelabel.
DCGAN[15]isanextendedversionofGAN,withanarchitecturewhereDismainlymadeup

ofconvolutionallayersandGismostlycomposedoftransposedconvolutionallayers.Atransposed
convolutionallayersisanupsamplinglayer,whoseoutputhaslargerdimensionsizethantheinput.
Adetailedintroductionoftransposedconvolutionallayercanbefoundin[16].Sincethetransposed
convolutionallayershavetheabilitytoexpanddimensions,wecanviewthenoisevectorofdimen-
sionnasanimagewithnchannelsandsize1×1ineachchannel.Thenbyrepeatingtransposed
convolutions,eachchannelcanbeexpandedtotheimagesize,e.g.32×32. Withthetransposed
convolutionallayersinGandconvolutionallayersintheD,DCGANhasthepotentialtogenerate
higherqualityimages.

4.2 ScftGAN

Asdescribedabove,GAN-basedmodelsattempttolearnamapfromlatentfeaturespacetoa
manifoldofimageswithsimilarstylesorfeatures. Theygeneratedatafromthismanifoldusing
arandomnoisewithfixeddimensionasaninputfromlatentfeaturespace.InProblem2,the
predictionofasaddlepointdensityfield,wecanregardallthedensityfieldsaspointsonahigh
dimensionalmanifoldMs. WeproposetoemployacGANtolearnthemapfromalatentfeature
spacetoamanifoldapproximatingMsanduseGtogeneratedensityfieldsfromit.Inorderto
predictdensityfieldsforaspecificcombinationofparameters,(χN∗,l∗1,l

∗
2,θ

∗,f∗),wealsopass
theseparameterstoGasinput.AnillustrationofcGANpredictionofhand-writtendigitsandof
densityfieldsbycGANisshowninFig.4.AftertrainingwiththestructureofMstogetherwith
therelationshipbetweenparametersanddensityfields,Gisexpectedtogeneratedensityfieldsfor
thegivenparametersfromrandomnoise.
ThenewGANarchitectureweproposefordensityfieldprediction,whichwehenceforthcall

ScftGAN,isshowninFig.5. Ggenerates“fake”densityfieldsfromrandomnoiseandthepa-
rameters(χN∗,l∗1,l

∗
2,θ

∗,f∗). Thefakedensityfieldstogetherwiththeparameters(shownas
InformationinFig.5)aresenttoD.Theseinstancesarelabeled“fake”totrainD.Thetrueden-
sityfieldsarealsosenttoD,labeledas“true”duringthetrainingprocess. Withtheeducationfrom
thetrueandfakeinstances,Distrainedtoaccuratelyclassifythem.Inturn,theresultsofDare
utilizedtoupdateGinastochasticgradientdescentmethod,bymaximizingtheprobabilitythatD
identifiesas“true”thefakeinstances(generatedbyG).TotrainDwiththerelationshipbetween
parametersandthecorrespondingdensityfield,wealsosendthetruedensityfieldwithshuffled
Information(parameters),i.e.assigningarandomInformation(parameters)fromthepooltothe
densityfields,andpenalizingtheprobabilitythatDclassifytheseastruepairs.Thisistoavoid
theriskthatDmakesadecisionwithoutconsideringtheparameters. Theknowledgethatonly
densityfieldscorrespondingtotheinputparametersshouldbegenerated,isenhancedintraining.
Furthermore,giventhatboththeHamiltonianCNNpredictorandtheScftGANareexpectedto
predictaccuratelyaroundavicinityofthetrainingset,weanticipatethattheoutputofScftGAN
willproduceavalueofH̃ closetothetrueHamiltonianaftersendingittotheCNNincasethe
ScftGANpredictionsarefarfromthetrainingdomain.
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Figure4:Illustrationofconditionalgenerativeadversarialnetwork(cGAN)forgeneration
of(a)handwrittendigitsand(b)densityfields.Aftersuccessfultraining,thecGANreceives
asinputarandomnoisezandalabel,forexamplelabel6in(a)ortheparameters(χN∗,
l∗1,l

∗
2,θ

∗,f∗)in(b),andgeneratesdatasimilartotherealdatawiththatlabel.Effectively,
atrainedcGANlearnsamapfromacompressedsetofdatafeatures(latentspace)toa
manifoldofdatawhichcloselyresemblestherealdata.

ThelossfunctionforourproposedScftGANis

min
G
max
D
V(D,G)=2∗Eρ∼pdata(ρ)[logD(ρ|y)]+Ez∼pz(z)[log(1−D(G(z|y)|y))]

+Eρ∼pdata(ρ)[log(1−D(ρ|S(y)))]+λEz∼pz(z)[H(y)−H̃(G(z|y))]
2, (14)

whereyisthetupleofparameters(χN,l1,l2,θ,f),S(y) meansarandomshuffleofallthe
Information(parameters)inthedataset(arandompermutationofInformationamongdatapoints),
andλisahyperparametercontrollinghowfarawayistheoutputfromthevicinityofthetraining
set.Thefirsttermisdoubledtobalancetheratiooftruelabelsandfalselabels(boththesecond
termandthirdtermcorrespondtofalselabels). Comparedwiththelossfunction(13)ofthe
classicalGAN,parameterinformationissenttobothGandD,andtheadditionaltermenforcesD
tooutput“0”fortheinputofwrongpairingsofparametersanddensityfields,sothatDcanlearn
thecorrectrelationshipbetweenparametersanddensityfields.ThearchitectureofGis:

z→concatwithy→ConvT4,1,0()→Bnorm()→Relu()

→concatwithy→ConvT4,2,1()→Bnorm()→Relu()

×2

→concatwithy→ConvT4,2,1()→Bnorm()→Relu()

→concatwithy→ConvT5,1,2()→Bnorm()→Relu()

×6

→ConvT5,1,2()→Sigmoid(), (15)

wherezisrandomnoise(asAppendixA.2shows,wesetthedimensionofnoise16),ConvTm,n,k()
standsfortransposedconvolutionofsizem,striden,andzeropaddingofsizek. Transposed
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Figure5:ScftGAN,aconditionalgenerativeadversarialnetwork(cGAN)forpolymerself
consistentfieldtheory(SCFT).Theinformationblockrepresentsthediblockparameters
(χN,l1,l2,θ,f).Duringtraining,thegeneratorgenerates“fake”densityfieldsfromrandom
noiseandthegivenparameters. Thegeneratedfieldandtheparametersarepassedto
thediscriminator,whichisalsofedwiththetruedensityfield. Withthisinformation,
thediscriminatoristrainedtoaccuratelyclassifyfakeortrue.Inturn,theresultsofthe
discriminator(abinaryclassification)areutilizedtoupdatethegeneratorbymaximizingthe
probabilityoffoolingthediscriminator. Aftersuccessfultraining,thegeneratorproduces
densityfieldswhichcloselyresemblethoseoriginatingfromdirectSCFT.
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convolutionisanupsamplingoperation,forinstance,ConvT4,1,0()withkernelsize4,stride1andno
paddingwillexpandaimageof1×1(theinitialsizeofeachchannel)to4×4.Theneachtransposed
convolutionConvT4,1,0willdoubletheimagesizebecausestrideis2andtheimagesizeofeach
channelachieves32×32after3operations.ThefollowingtransposedconvolutionConvT5,1,2will
notchangetheimagesizeofeachchannel.Bnorm()representsbatchnormalization,LeakyRelu()
isanactivationfunctionwhereinputvaluelessthanzeroismultipliedbyafixedscalefactor,
“concatwithy”referstotheoperationthattreatseachparameterinyasaconstantchanneland
appendtheparameterchannelstotheinputtensor. Wefrequentlyrepeatinputtingtheparameters
totheneuralnetworkstostresstheimportanceofparametersindensityfieldsprediction.
ThearchitectureofDis:

ρ→concatwithy→Conv3,1,1()→LeakyRelu()

→Conv4,2,1()→Bnorm()→LeakyRelu()

×3

→Conv4,1,0()→Sigmoid(). (16)

Theoutputisanumberbetween0and1whichmeasurestheprobabilitythattheinputdensity
fieldρisthefieldofthecorrespondingparametersy.
ThehyperparametersofGandD,likelearningrate,numberofchannelsinconvolution/transposed

convolutionlayers,etc.,arelistedinAppendixA.2.
Aftertraining,givenspecificparameters(χN∗,l∗1,l

∗
2,θ

∗,f∗),GANcanbeusedtogenerate
abatchofcandidatesfordensityfieldsbytakingvariousinputsofrandomnoise,asweshowin
Section5. Then,aswedetailnext,wecanemploytheSobolevspace-trainedCNNtoselectan
optimaldensityfield,withoptionalfine-tuning,andpredictthecorrespondingHamiltonian.

4.3 DensityFieldPrediction

SinceweperformSobolevspace-trainingfortheapproximationH̃ oftheHamiltonian,thetrue
densityfieldswillyieldsmallorvanishinggradientsofH̃.Therefore,weplugallthedensityfields
generatedbyScftGANintoH̃andcompute∇ρH̃. Weselectthedensityfieldinthepoolwiththe
smallest∇ρH̃ asthedensityfieldprediction. Theproposedprocedureofdensitypredictionis
illustratedinFig.6.
Itisimportanttocontrastthecurrentprocedurewiththeoneweemployedinthe1Dsetting[1].

Inthelatterweselectedfromthetrainingsetthedensityfieldwiththesmallest∇ρH̃ asaninitial
densityfieldandthenusetheSobolevspace-trainedH̃ toimprovethisinitialguessviagradient
descent:

ρn+1=ρn−ǫ∇ρH̃(x
n). (17)

ThereareseveraladvantagesofthenewGAN-basedapproachoverthe1Dprocedureforobtaining
adensityprediction.First,thereisnownoneedtomemorizethetrainingsetandthissavesan
enormousamountofcomputermemory. Second,thestrongdependenceofperformanceonthe
trainingsetisrelaxedsothatthealgorithmismorerobust. Third,theScftGANcouldgenerate
multiplecandidatesgivendifferentvaluesofnoise,whichbroadensthediversityofthecandidate
poolandconsequentlyincreasestheprobabilitytodiscovernewpolymerphases.Fourth,wecould
usetheresultofScftGANasaninitialguessforthegradientdescent(GD).However,astheresults
inSection5show,ScftGANitselfalreadygeneratesexcellentresultswithoutthatfine-tuningstep.
Thememoryandtimecomplexitycomparisonofthetrainingset-basedmethodwithfine-tuning

in[1]andthenewScftGANmethodareshowninTable1.Thetrainingset-basedmethodhasO(NT)

14

   
   
 T
hi
s i
s t
he
 a
ut
ho
r’
s 
pe
er 
re
vi
e
we
d, 
ac
ce
pt
ed
 
ma
nu
sc
ri
pt.
 
Ho
we
ve
r, 
th
e 
on
li
ne
 v
er
si
on
 o
f r
ec
or
d 
wil
l 
be
 d
iff
er
en
t f
ro
m t
hi
s v
er
si
on
 o
nc
e i
t 
ha
s 
be
en
 c
op
ye
dit
ed
 a
nd
 t
yp
es
et.
 

P
L
E
A
S
E 
CI
T
E 
T
HI
S 
A
R
TI
CL
E 
A
S 
D
OI
:
10
.1
06
3/
5.
01
42
60
8



Accepted to J. Chem. Phys. 10.1063/5.0142608

Figure6:Procedurefordensityfieldprediction.AbatchofNdensityfields(theNsaddle
pointsblock)isgeneratedwiththeScftGANfromaninputofN randomnoisesandthe
givendiblockparameters(informationblock).Then,theSobolevspace-trainedconvolutional
networkisemployedtoexpeditiouslyevaluate∇ρH̃ foreachfieldinthebatch. Thefinal
predictionisthefieldwiththesmallest ∇ρH̃ .

memorycost(NTisthenumberofpointsinthetrainingset)andatimecostO(NT)+O(K)for
theevaluationandselectionofinitialdensityfieldsandforKstepsinfine-tuningbythegradient
descentmethod.Incontrast,ScftGAN-basedmethodonlyneedstostoretheconstantnumberof
parameters,whichareindependentofthesizeoftrainingset.Intermsoftimecost,ScftGAN-based
methodonlyneedstoevaluateandselectcandidatesinthepoolwhichisasmallconstantcompared
toNT.

Trainingset-basedselection+fine-tunning ScftGAN
Memorycost O(NT) O(1)
Timecost O(NT)+O(K) O(1)

Table1: Memoryandcomputationalcost.NTisthesizeoftrainingsetandKisthenumber
ofgradientdescentsteps.

4.4 AlgorithmfortheOverall ML Methodology

WesummarizeinAlgorithm1theproposed MLmethodologyforHamiltonianandsaddlepoint
densitypredictions.Instep1,wegeneratethedataset(trainingset,validationsetandtestset)by
solvingSCFTequations.Instep2,welearnasurrogateHamiltonianH̃asthesumoftheenthalpic
partandaCNNremaindertrainedinSobolevspace,whichstrong,globaltranslationandrotation
invariance.Instep3,wetrainaScftGAN,consistentwith̃H,whosegeneratorGhasthecapability
topredictdensityfieldsfromparametersχN∗,a∗1,a

∗
2,f

∗andrandomnoise.Instep4,wegenerate
apoolofdensityfieldcandidatesandfromthispoolweselectthefieldρML thatproducesthe
smallest∇ρH̃ .Inthelaststep,weplugρ

ML intoH̃ topredictthecorrespondingvalueofthe
Hamiltonian.
TheSobolev-spacetrainedHamiltonianpredictorH̃ andsaddledensityfieldpredictorScft-

GANcanworktogetherasanend-to-endmachinelearningsolutionfordownstreamtasks,likethe
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Algorithm1:MLmethodtolearntheHamiltonianandtoobtainadensityfield

prediction.

1. Generatethedatasetconsistingofdatatuples(χN,a1,a2,ρ,H)by

solvingforSCFTsystem.

2.TraintheHamiltoniansurrogateH̃:

Train

H̃(x)=χNf−
χN

|a1×a2|
ρ2dr+NN(x),

byfindingNN(x)thatminimizesthelossfunction(12).

3.TrainthedensityfieldpredictorScftGAN:

TrainScftGANbyminimizing(14)usingH̃inStep1andgetthecorresponding

densitygeneratorG(15).

4.PredictionofdensitycorrespondingtoχN∗,a∗1,a
∗
2,f

∗:

forRandomnoiseni,1≤i≤Ndo

Evaluateρi=G(χN
∗,a∗1,a

∗
2,f

∗,ni)and∇ρH̃(χN
∗,a∗1,a

∗
2,f

∗,ρi)

end

ρML =argminρi ∇ρH̃(χN
∗,a∗1,a

∗
2,f

∗,ρi).

5.PredictionofthecorrespondingHamiltonian:

HML =H̃(ρML).
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optimalcellsizeandshapeoptimizationthatpeoplearegenerallyinterestedin.Themethodsand
experimentstotheapplicationareshowninSection5.3andSection5.4.

5 Results

Inthissection,wepresentresultsofnumericalexperimentsforatwo-dimensionalABdiblock
systemtovalidatetheefficacyandefficiencyoftheproposedmethods.Thedataaregeneratedfor
thefollowing,commonrangeofparameters,χN=16,l1∈[3,5.5],l2∈[3,5.5],θ∈[π/2,5π/6],f∈
[0.3,0.5]. Wesampledatapointsonequidistributednodesinthegivenintervalofeachparameter
byrunningadirectSCFTsolvertocomputethecorrespondingdensityfieldsandtheHamiltonian.
Themodifieddiffusionequationsaresolvedusingperiodicboundaryconditionsandpseudo-spectral
collocationinspacewith32×32meshpointsin2D.Auxiliaryfields,initializedwithsmoothfields
withafixednumberofperiods,arerelaxedtosaddle-pointconfigurationsusingthesemi-implicit
Seideliteration[5]. Thecelllengthsl1,l2arespecifiedratherthanrelaxedtothevaluethat
minimizestheHamiltonian. Afterbuildingthedataset(24167samples),werandomlypick70%
ofthedataastrainingset,15%asthevalidationset,and15%asthetestset.Inthegenerated
datasettherearehexagonalcylinders(HEX),lamellarphase(LAM)andsquare-packedcylinders.
OurexperimentalresultsdemonstratethecapabilityoftheSobolevspace-trainedCNNtoaccurately
approximatetheHamiltonianforbothphases,withouthavingtotrainseparatelyalearnerforeach
phase.

5.1 ApproximationoftheHamiltonian

WesummarizenextnumericalresultsontheaccuracyoftheSobolevspace-trainedCNNtoap-
proximatetheHamiltoniananditsgradient. Table2liststherootmeansquareerrorforthese
quantities. TheSobolevspace-trainedCNNachieves3digitsofaccuracyonH predictionand2
digitsofaccuracyonitsgradient.AsFig.7shows,thisexcellentaccuracyholdsfortheentirerange

HamiltonianError HamiltonianGradientError
Trainingset 0.00601 0.01173
Testset 0.00605 0.01171

Table2:(RootMeanSquare)ErroroftheCNN

ofparameters.Thisfigurewasgeneratedbyrandomlypicking25datapointsformthetestsetand
plottingboththepredictedandtheSCFTHamiltonian.Figure7showsthattheCNN-predicted
predictionisaccuratethroughouttheentirerangeofparameters.
Wealsoconductathoroughstudyontherelationshipofpredictionaccuracyandtrainingset

size.DetailedresultsanddiscussionsareinAppendixA.3.

5.2 DensityFieldPredictions

ThetrainedScftGANtakesrandomnoiseandtheparameterset(χN∗,l∗1,l
∗
2,θ

∗,f∗)asinput.
ThetrainingprocessisillustratedinFig.8. Wechoosethreerepresentativedensityfields,shown
asrows,forthisfigure. Thefirstcolumncorrespondstothe(“true”)densitycomputeddirectly
bySCFTsimulation.TheothercolumnsaretheScftGANpredicteddensity,withthesameinput
noise,afterdifferentnumberoftrainingepochs.Inthebeginning(epoch7),theScftGANpredicts
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Figure7:ComparisonoftheSCFTHamiltoniananditsconvolutionalnetworkapproxima-
tionforarandomsetof25datapoints.ThedatapointsaresortedbytheSCFTHamiltonian
vaules.
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randomdensityfieldsbutthepredictionssignificantlyimproveasthenumberoftrainingepochs
increases.

Figure8:PredictionsofdensityfieldsonthevalidationsetduringtrainingoftheScftGAN.
Eachrowshowshowthepredictionchangesforarepresentativecaseasthenumberof
trainingepochs(proportionaltostochasticgradientiterations)increases. Column1:the
true(SCFT)saddledensityfield,Columns2-5:thedensityfieldpredictedbytheScftGAN
atdifferentnumberofepochs.

AftertrainingtheScftGANwegenerate5densityfieldcandidatesbasedon5differentvaluesof
inputrandomnoiseforeachcombinationofparameters,(χN∗,l∗1,l

∗
2,θ

∗,f∗).Fromthesefields,we
selecttheonethatproducesthesmallestgradientoftheSobolevspace-trainedCNNapproximation
H̃.Todemonstratetheefficacyofthisprocedureinthepredictionofdensityfieldswetakesome
representativecasesfromthetestset. TheresultsaresummarizedinFig.9. Theleftcolumn
containsthedensityfieldscomputeddirectlybySCFTandtherightcolumnhasthedensityfields
predictedbytheScftGAN(finalizedpredictionselectedby∇H̃).Thetrueandthepredictedfields
lookindistinguishablewithintheplottingresolution.

5.3 Cellsizerelaxation

AnimportantSCFTdownstreamtaskisfindingtheoptimalcellfordensityfields.SCFTmodels
havethecapabilitytorelaxthesizeandshapeofthesimulationdomaintofindtheoptimalcell. We
shownextthatourpredictiveMLhasalsothiscapability,bypreservingtherelationshipbetween
theHamiltonianandthedensityfields,andcanbeeffectivelyemployedforthiscomputationally
intensivetask.
Theproblemcanbedefinedasfollows:forfixedχN∗,f∗,theHamiltonianandthedensity

fieldsaretotallycontrolledbythecellparameters(l1,l2,θ).Takingl=l1=l2asanexample,for
any(l,θ),wecanobtainthecorrespondingdensityfieldρSCFTandtheHamiltonianHSCFTby
directSCFTsimulation. Thus,wecangetaheatmapmapSCFT ofHSCFT asafunctionofthe
domaincellsizewithcolorrepresentingthenumericalvalueofHSCFT.Similarly,wecanuseour
MLpredictivetool,theSobolevspace-trainedCNNSbvandtheScftGAN,toproduceapredicted
heatmapmapML oftheMLpredictedHamiltonianHML.IfmapML coincideswithmapSCFT,our
MLframeworkhasthecapabilitytofindtheoptimalcellsize.Itisimportanttonotethatinthis
downstreamtaskoffindingmapML,wedonotuseanySCFTtools/dataaftertraining.
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Figure9:ComparisonoftheSCFTdensityfield(left)andthecorrespondingmachinelearn-
ingpredictionobtainedwiththecombinedScftGANandtheSobolev-spacetrainedconvolu-
tionalnetwork(right).Eachrowisacomparisonofonerepresentativecase.Theparameters
(l1,l2,θ,f)forthe5representativecasesshownareasfollows:row1:(3.4,5.2,2.01,0.48),
row2:(3.8,4.4,1.83,0.3),row3:(5.2,3.2,2.18,0.36),row4:(3.60,3.40,1.74,0.50),row5:
(3.80,3.60,2.36,0.38). 20
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Toincreasetherobustnessofthepredictedheatmap,weobtainthefinalmapML bytaking
theaverageof20predictedmapsonthesamedomain. Tofurtherassesstheeffectivenessofthe
end-to-endMLmethodwealsocomputeaheatmapmapMIXthatusesamixofSCFTandMLby
evaluatingH̃(ρSCFT),whereρSCFTisthedensityfieldcomputedbydirectSCFT,andH̃ isthe
MLHamiltoniantrainedinSobolevspace.Figure10comparesmapSCFT(firstcolumn),mapMIX

(secondcolumn),andmapML (thirdcolumn).TheremarkableagreementofmapML withmapSCFT

demonstratesthesignificantpotentialfortheproposed MLmethodology,basedontheSobolev-
trainedCNNandtheScftGAN,tobeaneffectiveend-to-endsubstituteofthecomputationally
intensiveSCFTcomputationsrequiredforthisandotherparameter-spaceexplorationtasks.

Figure10:Heatmaps(floodedcontourplots)ofthefield-theoreticHamiltonianwithrespect
tocellsize(l,θ)fortwovolumefractionsfofcomponentAofthediblock,f=0.35(firstrow)
andf=0.42(secondrow).Ineachheatmap,thehorizontalaxisislandtheverticalaxis
isθ.ThecolormaprepresentsthevalueoftheHamiltonian.Thefirstcolumncorresponds
tothedirectSCFTvalue. ThesecondcolumncorrespondstoH̃(ρSCFT),whereH̃ isthe
surrogatemaplearnedwiththeconvolutionalnetworkandρSCFTistheaveragemonomer
density(ofblocksA)obtainedfromSCFT.Finally,theheatmapsinthethirdcolumn
correspondtotheend-to-endmachinelearning-basedH̃(ρML),wherethepredicteddensity
fieldρML wasproducedwiththecombinedScftGANandtheconvolutionalnetwork.

5.4 Efficientalgorithmforcellsizerelaxation

Section5.3isaproofofconcepttodemonstratethepre-trainedScftGANisapowerfultoolfor
cellsizeanalysisandrelaxation.Findingoptimalcellshape/sizeisanimportanttaskinpolymer
design. Wecouldsimplyscreenthecellparameterspacetofindtheoptimalcellsizeminimizing
theHamiltonianasshowninFigure10.However,theparameterspacegrowsexponentiallyasthe
numberofparametersincreases.Insuchhighdimensionalspace,directsearchingforanoptimalcell
sizeiscomputationalexpensive.However,sincethesurrogateScftGANandH̃arepre-trained,we
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couldactuallyequipthemwithefficientsearcherstooptimizecellsize.Inthissection,weconsider
ageneralthree-dimensionalspaceofl1,l2,θ(l1andl2arenotnecessarilyequal)andproposeto
findtheoptimalcellsizebasedongradientdescentmethod. Ourgoalistoefficientlysolvethe
followingoptimizationproblem

argmin
l1,l2,θ

Ez∼p(z)[̃H(l1,l2,θ,χN,f,G(l1,l2,θ,χN,f,z))]. (18)

Intherestofthesection,wedenotethecellsizeparametersbyc=(l1,l2,θ).Ineachstepof
thegradientdescentmethodtofindasolutionof(18),theexpectationisestimatedbyMonteCarlo
samplingofthenoisez,andthusthegradientiterationsaregivenby

cn+1=cn−
1

Ne

Ne

i=1

∇H̃(cn,χN,f,G(cn,χN,f,zni)), (19)

whereNeisthenumberofrandomsamplesdrawnforexpectationestimation.Inabounded
domainofinterest,weuseprojectedgradientdescentmethodtoensurethesearchinghappensin
theinteresteddomain.
Weremarkthatineachstepweupdate cbasedonsamplingamini-batchofsizeNofznrather

thanonafixedpoolofz,sothealgorithmisequivalenttomini-batchstochasticgradientdescent
method.
Toenhancethechanceoffindingtheglobaloptimuminthedomain,wesampleM initial

parametercandidatesc0inthedomain,i.e.,{c01,...c
0
M}andthenupdatethembasedoniterative

schemedefinedin(19)togetM candidatesofoptimalcellsize{̃c1,...,̃cM}.Finally,theprediction
isobtainedbyselectingthecandidatewhichgeneratesthesmallestHamiltonianvalue,i.e.,

argmin
c∈{̃c1,...,̃cM}

Ez∼p(z)[̃H(c,χN,f,G(c,χN,f,z))],

wheretheexpectationisagainestimatedbyMonteCarloSampling.
Wejustintroducedamethodforglobalsearchinginthecellsizedomain. Wecouldalsosearch

inanysub-domainofcellsizewithaspecificsymmetry.Forinstance,animportantfamiliesofcells
aredefinedbythecellswiththe”p6mm”symmetrywherel1=l2andθ=

2π
3.Ifwewanttosearch

fortheoptimalcellsizewithinthesymmetryfamily,wecouldsimplysearchfor

argmin
l
Ez∼p(z)[̃H(l,l,

2π

3
,χN,f,G(l,l,

2π

3
,χN,f,z))],

wherethethegradientcouldbecomputedbythechainruleingradientdescentiterationssimilar
to(19).
WereportnowonacomparisonbetweendirectSCFTandtheproposedML-methodpredicting

theoptimalcellsize. Wetestedboththeglobalandthep6mmoptimalcellsizepredictions.Since
thereisrandomnessinthesearchingprocess,wereporttheaverageoftheabsoluteerrorin10
independentsearches.Thedomainofinterestisdefinedbyl1∈[3,5.5],l2∈[3,5.5],θ∈[π/2,5π/6].
AsTable3showsthepredictionsofoptimalcellsizehave2digitsofaccuracy.Intheheatmapof

Fig.10,thereisgenerallyaregionofgoodcellsize/shapecandidatesnearthelocal/globaloptimal,
whichdemonstratesthat2digitsofaccuracyincelloptimizationissufficientforgeneratingcell
shape/sizedesigncandidates.
Weintendtoexploreotherglobaloptimumsearchingalgorithms,suchasBayesianoptimization

ortheMonteCarlomethod,tobebuiltontopofourproposedML-basedmethodology.
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Avgdifference l1 l2 θ
Global 0.0149 0.0866 0.0261
p6mm 0.0390 0.0390 -

Table3: AveragedifferencebetweenSCFT-predictedoptimalcellsizeand ML-predicted
optimalcellsize.Theaveragedifferenceiscomputedover10independentMLpredictions.
“Global”isthecasewesearchamongallthepossiblecellsinthedomainand“p6mm”isthe
casewesearchamongcellssatisfyingl1=l2andθ=2π/3(sothereisnoneedtocompare
differenceofθinp6mm).χN=16,f=0.35,M=4,N=4.

5.5 ComputationalEfficiency

ToevaluatethecomputationalefficiencyoftheproposedMLtoolforpredictingdensityfields,we
designthefollowingnumericalexperiment. Wesample5000combinationsofparametersinthe
domainofl1∈[5.1,5.5],l2∈[4.6,5.5],θ∈[π/2,

5π
6]andf∈[0.41,0.5]andruntheSCFTcodeand

theMLtoolonaCPUfortheseparameters. WealsoruntheMLtoolonaGPUclustertofurther
assessitsefficiency.TheSCFTandMLCPUtimesaremeasuredonthesamemachine(MacBook
Pro,2.2GHzIntelCorei7Processor,16GB1600MHzDDR3Memory). TheMLGPUtimeis
reportedforaTeslaP100GPU.Figure11showsthecomputationaltimetogetthedensityfields
ona1k∼5kcombinationofparameters. Clearly,the MLapproach,oneitherCPUorGPUis
significantlymoreefficientthatthedirectSCFTapproachanditscomputationaltimegrowsmuch
moreslowlyasthenumberofexamplesincreases.Thisprovidesfurtherevidenceofthepotentialof
proposedMLmethodologytoacceleratetheexplorationofparameterspaceandphasediscovery.

6 Conclusions

Inthispaper,weproposeaMLapproachtosolvetwocentralproblemsforpolymerphasediscovery
viaSCFT:accurateevaluationoftheHamiltonianH anddensityfieldsatsaddlepoints. The
proposedMLmethodologyconsistsofaCNNtrainedinSobolevspacetosimultenouslyapproximate
H anditsgradientwithrotationandtranslationinvariance,andanGAN-basedalgorithmto
generatepoolsofdensityfieldcandidatesfromthephysicalparametersforanultimateselectionof
anoptimalfieldwiththeSobolevspace-trainedCNN.
NumericalexperimentsdemonstrateboththeefficacyandefficiencyoftheproposedMLmethod-

ologyandshowthatitstwomaincomponentscanworkinconcerttosolvethedownstreamtask
offindingtheoptimalcellsize,eithergloballyorwithinspecificsymmetry.Itisimportanttonote
thattheSobolevspace-trainedCNNyieldsanaccurateapproximationofH(anditsgradientina
vicinityofsaddlepoints)thatisremarkablyfasttoevaluate.Furthermore,wecouldalsoequipthe
proposedCNNwithotherscreeningmethods,suchasMarkovchainMonteCarlo(MCMC)orthe
HamiltonianMonteCarloalgorithm,toenhanceitspredictionofsaddlepointdensityfields.
Ourmethodologywasdevelopedforthe2Dspatialsetting. However,since3Ddatacanbe

viewedasanimagewithanadditionalchannel,webelievetheproposedCNN-basedmethodcan
alsobeemployedinthishigherdimensionalsetting.
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Figure11:Computationaltimeforthedirectselfconsistentfieldtheory(SCFT)computation
oftheaveragemonomerdensityfieldandthatbythemachinelearningmodelforasample
of5000combinationsofparametersofcellsizeandshape,l1∈[5.1,5.5],l2∈[4.6,5.5],
θ∈[π/2,5π

6
],andofvolumefraction,f∈[0.41,0.5]. FortheCPUcomparisonthesame

computerwasemployed.TheGPUtimeswereobtainedonaTeslaP100GPUcluster.

24

   
   
 T
hi
s i
s t
he
 a
ut
ho
r’
s 
pe
er 
re
vi
e
we
d, 
ac
ce
pt
ed
 
ma
nu
sc
ri
pt.
 
Ho
we
ve
r, 
th
e 
on
li
ne
 v
er
si
on
 o
f r
ec
or
d 
wil
l 
be
 d
iff
er
en
t f
ro
m t
hi
s v
er
si
on
 o
nc
e i
t 
ha
s 
be
en
 c
op
ye
dit
ed
 a
nd
 t
yp
es
et.
 

P
L
E
A
S
E 
CI
T
E 
T
HI
S 
A
R
TI
CL
E 
A
S 
D
OI
:
10
.1
06
3/
5.
01
42
60
8



Accepted to J. Chem. Phys. 10.1063/5.0142608

7 Acknowledgements

H.D.C.andY.X.acknowledgepartialsupportfromtheNationalScienceFoundationunderaward
DMS-1818821. G.H.F.andK.T.D.weresupportedbytheCMMTProgramoftheNational
ScienceFoundation(NSF)underGrantNo. DMR-2104255. Usewas madeofcomputational
facilitiespurchasedwithfundsfromtheNSF(OAC-1925717)andadministeredbytheCenterfor
ScientificComputing(CSC).TheCSCissupportedbytheCaliforniaNanoSystemsInstituteand
theMaterialsResearchScienceandEngineeringCenter(MRSEC;NSFDMR1720256)atUCSanta
Barbara.TheauthorsappreciateProf.RuimengHu’ssupportincomputationalresources.

25

   
   
 T
hi
s i
s t
he
 a
ut
ho
r’
s 
pe
er 
re
vi
e
we
d, 
ac
ce
pt
ed
 
ma
nu
sc
ri
pt.
 
Ho
we
ve
r, 
th
e 
on
li
ne
 v
er
si
on
 o
f r
ec
or
d 
wil
l 
be
 d
iff
er
en
t f
ro
m t
hi
s v
er
si
on
 o
nc
e i
t 
ha
s 
be
en
 c
op
ye
dit
ed
 a
nd
 t
yp
es
et.
 

P
L
E
A
S
E 
CI
T
E 
T
HI
S 
A
R
TI
CL
E 
A
S 
D
OI
:
10
.1
06
3/
5.
01
42
60
8



Accepted to J. Chem. Phys. 10.1063/5.0142608

References

[1]Y.Xuan,K.T.Delaney,H.D.Ceniceros,andG.H.Fredrickson. Deeplearningandself-
consistentfieldtheory: Apathtowardsacceleratingpolymerphasediscovery. Journalof
ComputationalPhysics,443:110519,2021.

[2] G.H.Fredrickson.Theequilibriumtheoryofinhomogeneouspolymers. OxfordUniversity
Press,2006.

[3] M. W. Matsen.Self-ConsistentFieldTheoryandItsApplications,chapter2,pages87–178.
John Wiley&Sons,Ltd,2007.

[4]F.Schmid.Self-consistent-fieldtheoriesforcomplexfluids.JournalofPhysics: Condensed
Matter,10(37):8105–8138,sep1998.

[5]H.D.CenicerosandG.H.Fredrickson. Numericalsolutionofpolymerself-consistentfield
theory.MultiscaleModeling&Simulation,2(3):452–474,2004.

[6]P.StasiakandM. W.Matsen.Efficiencyofpseudo-spectralalgorithmswithAndersonmixing
fortheSCFTofperiodicblock-copolymerphases.TheEuropeanPhysicalJournalE,34(10):1–
9,2011.

[7] Qianshi Wei,YingJiang,andJeffZYChen. Machine-learningsolverformodifieddiffusion
equations.PhysicalReviewE,98(5):053304,2018.

[8]Issei Nakamura. Phasediagramsofpolymer-containingliquid mixtures withatheory-
embeddedneuralnetwork.NewJournalofPhysics,22(1):015001,2020.

[9]A.Arora,T.Lin,R.J.Rebello,S.H.M.Av-Ron,H.Mochigase,andB.D.Olsen.Random
forestpredictorfordiblockcopolymerphasebehavior.ACSMacroLetters,10(11):1339–1345,
2021.

[10]Y.Lecun,L.Bottou,Y.Bengio,andP.Haffner.Gradient-basedlearningappliedtodocument
recognition.ProceedingsoftheIEEE,86(11):2278–2324,1998.

[11] M.V.Valueva,N.N.Nagornov,P.A.Lyakhov,G.V.Valuev,andN.I.Chervyakov.Application
oftheresiduenumbersystemtoreducehardwarecostsoftheconvolutionalneuralnetwork
implementation.MathematicsandComputersinSimulation,177:232–243,2020.

[12]I.Goodfellow,J.Pouget-Abadie,M.Mirza,B.Xu,D.Warde-Farley,S.Ozair,A.Courville,and
Y.Bengio.Generativeadversarialnets.InZ.Ghahramani,M.Welling,C.Cortes,N.Lawrence,
andK.Q.Weinberger,editors,AdvancesinNeuralInformationProcessingSystems,volume27.
CurranAssociates,Inc.,2014.

[13]R.Yamashita, M.Nishio,R.K.G.Do,andK.Togashi.Convolutionalneuralnetworks:an
overviewandapplicationinradiology.Insightsintoimaging,9(4):611–629,2018.

[14] M. MirzaandS. Osindero. Conditionalgenerativeadversarialnets. arXivpreprint
arXiv:1411.1784,2014.

[15]A.Radford,L.Metz,andS.Chintala.Unsupervisedrepresentationlearningwithdeepconvo-
lutionalgenerativeadversarialnetworks.arXivpreprintarXiv:1511.06434,2015.

[16]VincentDumoulinandFrancescoVisin.Aguidetoconvolutionarithmeticfordeeplearning.
arXivpreprintarXiv:1603.07285,2016.

26

   
   
 T
hi
s i
s t
he
 a
ut
ho
r’
s 
pe
er 
re
vi
e
we
d, 
ac
ce
pt
ed
 
ma
nu
sc
ri
pt.
 
Ho
we
ve
r, 
th
e 
on
li
ne
 v
er
si
on
 o
f r
ec
or
d 
wil
l 
be
 d
iff
er
en
t f
ro
m t
hi
s v
er
si
on
 o
nc
e i
t 
ha
s 
be
en
 c
op
ye
dit
ed
 a
nd
 t
yp
es
et.
 

P
L
E
A
S
E 
CI
T
E 
T
HI
S 
A
R
TI
CL
E 
A
S 
D
OI
:
10
.1
06
3/
5.
01
42
60
8



Accepted to J. Chem. Phys. 10.1063/5.0142608

A Appendix

A.1 EarlystoppingintrainingScftGAN

WeapplyanearlystoppingtechniquetoincreasethestabilityintrainingtheScftGAN.Inorderto
ensurethattheGoutputsarenottoofarfromthevicinityofthedatamanifoldandthetrained-
ScftGANisconsistentwiththeSobolev-trainedCNN,weevaluatetheperformanceH̃(G(l1,l2,θ,f))
onthevalidationsetandstopattheepochwheretheerrorsatisfiesthestoppingcriterionbelow.
Westarttheevaluationinthelast Teepochsandonlydotheevaluationinpartialepochstosave
computationaltime.Thetrainingwillstopat,

argmin
e∈esample

NV

i=1

1

NV
H̃(G(l1i,l2i,θi,fi))−Hi

2<ǫ, (A.1)

whereNV isthesizeofvalidationset,esample⊆[T−Te,T]withTasthemaximalnumberof
epochsandesamplearesampledfromthelastTeepochs.Inexperiments,wesampleesampleand
evaluatetheperformanceonthevalidationsetaboutevery7epochs(aftertrainingonevery2000
batches).

A.2 Hyperparametertuning

ThearchitectureoftheSobolevspace-trainedCNNisshowninEq.(7). Wetunethehyperparam-
etersbygreedysearchbutnotheavily. WelistinTable4thehyperparametersusedintheSobolev
space-trainedCNN.Tisthenumberofepochs,lristhelearningrate,βiscoefficientintheloss
function(12),andbatchsizeisthenumberofinstancesineachbatchduringtraining.

T lr β batchsize
5000 5×10−4 1/322 256

Table4:HyperparameterintheSobolevspace-trainedCNN.

InthearchitectureofSobolevspace-trainedCNN,thenumberofchannelsintheoutputofeach
convolutionallayersinturnare(8,16,32,8,8),thenumberofneuronsineachfullyconnectedlayers
are(64,32,16,1).
ThearchitectureoftheScftGANisdefinedbyEq.(15)andEq.(16). Thehyperparameters

intheScftGANarelistedinTable5. AsintheSobolevspace-trainedCNN,Tisthenumberof
epochs,lrislearningrate,batchsizeisthenumberofinstancesineachbatch,Teisthenumberof
epochsapplyingearly-stoppingcriterion,ǫisthethresholdvalueinearly-stoppingcriterion,λis
thecoefficientinlossfunction(14)andnzisthedimensionofrandomnoiseintheScftGAN.

T lr Te ǫ batchsize λ nz
6000 5×10−5 100 10−4 256 3×104 16

Table5:HyperparametersintheScftGAN.

InthegeneratorG,thenumberofchannelsintheoutputoftransposedconvolutionallayers
are(512,256,128,64,64,64,64,64,64,64,1).InthediscriminatorD,thenumberofchannelsinthe
outputofeachconvolutionallayersare(64,128,256,512,1).
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A.3 AnanalysisofthedependenceoftheCNNHamiltonianpre-

dictionerroronthetrainingsetsize

Inthissection,weinvestigatetheimpactofthetrainingsetsizeonthepredictionerrorofthe
Sobolevspace-trainedconvolutionalneuralnetworkinpredictingtheHamiltonian.Toachievethis,
werandomlyselectsubsetsfromthetrainingsetwithsizesthatarepowersof2,suchas64,128,
256,512,etc.Giventhestochasticnatureofthegradientdescentprocess,wetraintheCNNthree
timesindependentlyforeachsub-trainingsetofaparticularsize. Wethencomputetheaverage
rootsquareerroroverthethreerunsonboththetestsetandtrainingset,andtheresultsare
plottedinFig.12.
Ourfindingsindicatethatincreasingthenumberofdatapointsinthetrainingsetleadstoa

decreaseinboththetrainingerrorandtesterror. Moreover,thegapbetweentrainingerrorand
testerrorgraduallynarrowsdown.Thereisarelativelylargergapbetweentrainingerrorandtest
errorwhenthetrainingsetsizeisassmallas64(26).However,thisgapisfullyclosedwhenthe
trainingsizegrowsto4096(212). Nonetheless,whenNT≥256,boththetrainingerrorandthe
testerrorreachanacceptablelevel.
Inthisnumericalexperiment,werandomlyselectedthesub-trainingset,buttheremightbe

moreeffectivesamplingstrategiesthatcouldfurtherenhancemodelperformanceonsmalldata.
Webelievethatastudyofsmall-datasamplingisa meaningfulproblemthatrequiresfurther
exploration.

Figure12:Hamiltonianapproximationerrorversustrainingsetsizeonthetrainingsetand
thetestset. Thex-axisislogbased2ofNT. They-axisistheaveragerootsquareerror
over3repeatedruns.
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