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Abstract
The frame dimension function of a frame F = { f j }nj=1 for an n-dimensional Hilbert
space H is the function dF (x) = dim span{〈x, f j 〉 f j : j = 1, . . . , N }, 0 �= x ∈ H . It
is known that F does phase retrieval for an n-dimensional real Hilbert space H if and
only if range(dF ) = {n}. This indicates that the range of the dimension function is one
of the good candidates tomeasure the phase retrievability for an arbitrary frame. In this
paperwe investigate some structural properties for the range of the dimension function,
and examine the connections among different exactness of a frame with respect to its
PR-redundance, dimension function and range of the dimension function. A subset �
of {1, . . . , n} containing n is attainable if range(dF ) = � for some frameF . With the
help of linearly connected frames, we show that, while not every� is attainable, every
(integer) interval containing n is always attainable by an n-linearly independent frame.
Consequently, range(dF ) is an interval for every generic frame for R

n . Additionally,
we also discuss and post some questions related to the connections among ranges of
the dimension functions, linearly connected frames and maximal phase retrievable
subspaces.
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1 Introduction

The phase-retrieval problem asks to determine and/or reconstruct an object after loss
of phases. Mathematically, it asks to recover a vector (signal) x in a vector space, up
to a unimodular scalar, from some phaseless measurements {m j (x)} j∈J such that
m j (λx) = m j (x) for all unimodular scalars λ. The frame-based phase retrieval
requires to perform phaseless measurements by using a frame or redundant basis.
Recall that a frame for a Hilbert space H is a sequence F = { f j } j∈J such that there
exist C1,C2 > 0 with the property

C1‖x‖2 ≤
∑

j∈J
|〈x, f j 〉|2 ≤ C2‖x‖2, x ∈ H .

In the finite-dimensional space case, frames are exactly the spanning sets, i.e.,
span{ f j } = H . Clearly, frames are generalizations of (linearly independent) bases. A
frame { f j }Nj=1 is called phase retrievable for a finite dimensional Hilbert space H if
|〈x, fi 〉| = |〈y, fi 〉| for all j implies that y = λx for some unimodular scalar λ. We
refer to [1–14, 18–21] and the references therein for some backgrounds and recent
developments on the frame-based phase retrieval.

For a finite-dimensional real Hilbert space, it is known [13] that a frame { f j }Nj=1
for H is phase-retrievable if and only if

span{〈x, f j 〉 f j : j = 1, . . . , N } = H

holds for every nonzero vector x ∈ H . For the complex Hilbert space case, this con-
dition is still necessary, but not sufficient. A frame { f j }nj=1 for H has the complement
property if either span{ f j : j ∈ �} = H or span{ f j : j ∈ �c} = H for any subset
� of {1, . . . , N }. The following is well known (c.f. [7, 13] and some generalizations
[16, 18]):

Proposition 1.1 Let { f j }Nj=1 be a frame for H . Then the following are equivalent:
(i) span{〈x, f j 〉 f j : j = 1, . . . , N } = H for every nonzero vector x ∈ H .

(ii) rank(
∑N

j=1 |〈x, f j 〉|2 f j ⊗ f j ) = dim H for every nonzero vector x ∈ H .

(iii) { f j }Nj=1 has the complement property.

In real world applications, our preferred frames may not be phase retrievable due
to some application constraints or other restrictions. Nevertheless, phase-retrieval can
still be performed on some subsets of the signal space. This naturally leads to the
problem of examining the phase retrievability for arbitrary frames. There are different
possible approaches to measure phase retrievability for a frame. Possible candidates
include the “measurements” on

(I) The subspace M with largest dimension such that F is phase retrievable when
restricted to M;

(II) The algebraic variety of S2 ∩ kerLF , where S2 = {A ∈ B(H) : A∗ =
A, rank(A) ≤ 2} and LF (A) = {〈A f j , f j 〉}Nj=1;
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(III) span{〈x, f j 〉 f j : j = 1, . . . , N } for every x ∈ H .

In a recent work [17], we investigated the exact phase retrievability in terms of
measurement (II), and phase retrievability of (usually not phase retrievable) frames
in terms of measurement (I). In this paper, we examine this issue from the frame
dimension function point of view. Listed below are few notations and terminologies
that are needed in this paper.

• H—a finite real or complex dimensional Hilbert space. We will explicitly state it
if a statement is only valid for a real Hilbert space, and otherwise it is valid for
both real and complex cases.

• B(H)—the space of bounded linear operators on H .Wealso useMd (C) orMd(R )

for B(H) in the case that H = C
d or R

d .

• S1(H)—the set of all unit vectors in H .

• Let {e j }nj=1 be an orthonormal basis for H and x ∈ H . The set supp(x) := { j :
〈x, e j 〉 �= 0} is the support of x with respect to the basis, and |supp(x)| is the
cardinality of the support.

• 〈S, T 〉 = Tr(ST ∗) is the Hilbert–Schmidt product on B(H).

• For x, y ∈ H , x ⊗ y ∈ B(H) is the rank-one operator defined by z → 〈z, y〉x .
• [N ] = {1, 2, . . . , N }, [K : N ] = { j ∈ N : K ≤ j ≤ N }, where K , N ∈ N.

• For a frameF = { f j }Nj=1 and a subset� ⊆ [N ],weuseF� to denote the subframe
{ f j } j∈� for H� := spanF�.

Definition 1.1 LetF = { f j }Nj=1 be a frame for H .Then the frame function is defined to

be the subspace-valued functionFx = span{〈x, f j 〉 f j : j = 1, . . . , N }on S1(H), and
the integer-valued function dF (x) := dimFx is called the frame dimension function
or simply dimension function of F .

Proposition 1.2 Let F be a frame for H . Then d ∈ range(dF ) if and only if there
exists � ⊂ {1, . . . , N } such that d = dim H� and fi /∈ H�c for every i ∈ �.

Proof ⇒: Let d ∈ range(dF ). Then there exists x ∈ H such that d = dF (x). Set
� = {i : 〈x, fi 〉 �= 0}. Then clearly Fx = H�. Moreover, since 〈x, f 〉 = 0 for any
f ∈ H�c , we have that fi /∈ H�c for every i ∈ �.

⇐: Let � ⊂ {1, . . . , N } be a subset such that d = dim H� and fi /∈ H�c for
every i ∈ �. Then for each i ∈ �, the restriction of fi to H⊥

�c is a nonzero linear
functional, and so {x ∈ H⊥

�c : 〈x, fi 〉 = 0} has measure zero in H⊥
�c . Thus there exists

x ∈ H⊥
�c (actually for almost all x) such that 〈x, fi 〉 �= 0 for all i ∈ �. This implies

that Fx = H� and hence d ∈ range(dF ). ��
A frame F and its proper subframe F� could share the same phase retrievabil-

ity measured by their PR-redundancy (see Sect. 2 for the definition), the dimension
functions and range of the dimension functions. Therefore, to have a meaningful clas-
sification of frames with respect to their phase retrievability, it is natural to restrict
to only those ones that have the “exact” phase retrievability. Section 2 is devoted to
establishing the connections among PR-redundancy exact, dimension function exact
and dimension range exact frames. In the real Hilbert space case, we show that PR-
redundancy exactness and dimension function exactness are equivalent. However, they
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do not necessarily imply the range exactness. Section 3 will be focused on examining
the structure of the ranges of the dimension functions. Since every frame spans the
Hilbert space H , we know that n = dim H ∈ range(dF ) for every frame F . We say
that a subset � of {1, . . . , n} containing n is attainable if range(dF ) = � for some
frame F . We first prove that range(dF ) = {k, k + 1, . . . , n} if F = { f j }Nj=1 is an n-
independent (i.e. full spark) frame, where k = min{N −n+1, n}. This clearly implies
that every (integer) interval containing n in {1, . . . , n} is attainable and range(dF ) is an
interval for every generic frame. For the general case, range(dF ) is totally determined
by the ranges of dimension functions for linearly connected frames. This allows us
to obtain variety of examples where either range(dF ) is not an interval or a subset
� is not attainable. For example, we will show that {k, n − k, n} is attainable for
every 1 ≤ k < n, and � is not attainable if 1 ∈ � and n − 1 /∈ � when n ≥ 4. In
Sect. 4, we post some questions related to the connections among ranges of the dimen-
sion functions, linearly connected frames and maximal phase retrievable subspaces.
In particular, we conjecture that range(dF ) is an interval if F is linearly connected.

2 Exactness

Recall that an exact frame is a frame that F� fails to be a frame for H for any proper
subset�ofJ . In the finite-dimensional case, exact frames are precisely the bases of H .

While high redundancy of a framemakes is really important for many applications (for
example, itwouldn’t be possible to performphase retrievalwithout enough redundancy
of a frame), “exactness” is also an important feature to require in some applications.
For this purpose, we introduced the concept of exact phase retrievable frames [17]: An
exact phase-retrievable frame is a phase retrievable frame F = { f j }Nj=1 such that F�

fails to be a phase retrievable frame for H whenever � is proper subset of [N ]. While
any generic frame of length N > 2n−1 is a non-exact phase retrievable frame forR

n,

exact phase retrievable frames for R
n do exist for every N : 2n − 1 ≤ N ≤ n(n+1)

2 .

Clearly, exact phase retrievable frames are the ones that have the exact redundancy
with respect to phase retrieval property. Based on the well-known fact (c.f. [13]) that
a frame F is phase retrievable if and only if S2 ∩ kerLF = {0}, it is reasonable to
measure the exactness of an arbitrary (not necessarily phase retrievable) frame with
respect to its phase retrievability with the following definition:

Definition 2.1 Let F = { f j }Nj=1 be a frame for a Hilbert space H . We say that F has
the exact PR-redundancy if

S2 ∩ kerLF �= S2 ∩ kerLF�

for any proper subset � of {1, . . . , N }.
Since frame dimension functions are also proper candidates formeasuring the phase

retrievability of a frame, naturally we introduce the following concept of exactness
with respect to the dimension function.

Definition 2.2 Let F = { f j }Nj=1 be a frame for a Hilbert space H . We say that F is
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(i) dimension function exact if dF �= dF�
for any proper subset � of [N ].

(ii) dimension range exact or simply range exact if range(dF ) �= range(dF�
) for

any proper subset � of [N ].
Remark 2.1 Let GF (x) = ∑N

j=1 |〈x, f j 〉|2 f j ⊗ f j (see Theorem.2.1. Property 5 in
[7]). Then dF (x) = rank(GF (x). Thus dimension function and dimension range
exactness can also be interpreted in terms of the matrix-valued map GF (x).

Next we examine the connections among the exactness with respect to PR-
redundancy, dimension function and range of the dimension function in the case that
H is a real Hilbert space. Our first main result tells us that, in the real Hilbert space
case, the exactness of PR-redundancy and dimension function are the same.

Theorem 2.1 LetF = { f j }Nj=1 be a frame for a real Hilbert space H . ThenF has the
exact PR-redundancy if and only if F is dimension function exact. The sufficient part
is also true for complex Hilbert spaces.

Proof (⇒): Assume that F is not dimensional function exact. Then there exists a
proper subset � of {1, . . . , N } such that dF (x) = dF�

(x) for every x ∈ S(H). This
implies that Fx = Gx for every x ∈ H , where G = F�. We show that S2 ∩ kerLG =
S2 ∩ kerLF , which will lead to a contradiction since F is assumed to have the exact
PR-redundancy.

We only need to show that S2 ∩ kerLG ⊆ S2 ∩ kerLF . Let R ∈ S2 ∩ kerLG .

Without losing the generality, we can assume that R = u ⊗ u + λv ⊗ v with λ = ±1.
Then we get

|〈u, f j 〉|2 + λ|〈v, f j 〉|2 = 0

for every j ∈ �.

Ifλ = 1, thenwe obtain that |〈u, f j 〉|2 = |〈v, f j 〉|2 = 0 for every j ∈ �, and hence
u, v ∈ (Gx )

⊥ for every x ∈ H . SinceFx = Gx for every x ∈ H ,we have u, v ∈ (Fx )
⊥

for every x ∈ H . In particular, we get u ∈ (Fu)
⊥ and v ∈ (Fv)

⊥. This implies that
|〈u, f j 〉|2 = |〈v, f j 〉|2 = 0 for every 1 ≤ j ≤ N , and thus R ∈ S2 ∩ kerLF .

If λ = −1, then |〈u, f j 〉|2 − |〈v, f j 〉|2 = 0 for every j ∈ �. Let x = u − v and
y = u + v. Since

|〈u, f j 〉|2 − |〈v, f j 〉|2 = −4〈x, 〈y, f j 〉 f j 〉,

we obtain that x ⊥ Gy and hence x ⊥ Fy . This implies that

0 = −4〈x, 〈y, f j 〉 f j 〉 = |〈u, f j 〉|2 − |〈v, f j 〉|2

for every 1 ≤ j ≤ N . Thus R ∈ S2 ∩ kerLF .

(⇐): In this part we assume that H is either a real or complex Hilbert space.
Suppose that F does not the exact PR-redundancy. Then there exists a proper subset
� of {1, . . . , N } such that S2 ∩ kerLG = S2 ∩ kerLF , where G = F�. We show that
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dF (x) = dG(x) for every x ∈ H , which will imply that F is not dimension function
exact.

Assume to the contrary that there exists a vector x ∈ H such that dF (x) �= dG(x).
Then Gx � Fx . Thus there exists y ∈ H such that y ⊥ Gx but y /∈ F⊥

x . This
implies that 〈x, f j 〉〈 f j , y〉 = 0 for every j ∈ � and there exists some i such that
〈x, fi 〉〈 fi , y〉 �= 0. Let u = x − y and v = x + y, and let R = u ⊗ u − v ⊗ v. Then,
from

〈R, f j ⊗ f j 〉 = −4〈x, f j 〉〈 f j , y〉,

we get that R ∈ S2 ∩ kerLG but R /∈ S2 ∩ kerLF , which contradicts with the equality
S2 ∩ kerLG = S2 ∩ kerLF . ��

The next simple example shows that the necessary part in the above theorem is not
true for the complex Hilbert space case.

Example 2.1 Let H = C
2 and

f1 =
[
1
0

]
, f2 =

[
0
1

]
, f3 =

[
1
1

]
, f4 =

[
1
i

]
.

Then it can be verified that F = { f j }4j=1 is an exact phase-retrievable frame for C
2.

However, F is not dimension function exact since dF (x) = dF�
(x) = 2 for every

nonzero vector x ∈ C
2, where � = {1, 2, 3}.

Corollary 2.2 If a real Hilbert space frame F has the exact PR-redundancy, then so
does every subframe of F .

Proof Suppose that F� is a subframe which does not have the PR-redundancy. Then
there is a proper subset � of � such that

span{〈x, f j 〉 f j : j ∈ �} = span{〈x, f j 〉 f j : j ∈ �}

for every x ∈ H . This implies that

span{〈x, f j 〉 f j : j ∈ � ∪ �c} = span{〈x, f j 〉 f j : j ∈ � ∪ �c}

holds for every x ∈ H . Let I = � ∪ �c. Then I is a proper subset of {1, . . . , N } with
the property that (FI )x = Fx for every x ∈ H . Thus, by Theorem 2.1, we have that
F does not have the exact PR-redundancy. ��

By the proof of the Theorem 2.1 we also have:

Corollary 2.3 Let F = { f j }Nj=1 be a frame for a real Hilbert space H and F� be a
subframe of F . Then S2 ∩ kerLF = S2 ∩ kerLF�

if and only if dF = dF�
.

The next result shows that range exactness is stronger than dimension function
exactness.
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Proposition 2.4 Let F = { f j }Nj=1 be a frame for a Hilbert space H . If F is range
exact, then it is dimension function exact. The converse is not true in general. However,
the converse is true if F is a phase-retrievable frame.

Proof Assume that F is not a dimension function exact. Then there exists a proper
subset � of {1, . . . , N } such that dF (x) = dF�

(x) for every x ∈ H . This clearly
implies that range(dF ) = range(dF�

). Thus F can not be range exact.
For a counterexample of the converse, let H = R

3 and F = { f j }5j=1 =
{e1, e2, e3, e1 + e2, e1 + e2 + e3}, where {e1, e2, e3} is an orthonormal basis for H .

Let Gi = F\{ fi }, x1 = e1, x2 = e2, x3 = e3, x4 = e1, x5 = e1 + e2. Then it can
be directly verified that Fxi �= (Gi )xi for each i . Thus for every proper subset � of
{1, . . . , 5} we have that dF �= dF�

and so F is dimension function exact. However,
since range(dF ) = range(dG4) = {2, 3}, we know that F is not range exact.

Now assume F is a phase retrievable frame and dimension function exact. By
Theorem 2.1, it has the exact PR-retrievability and hence it is an exact PR-frame. We
show that F is the dimension range exact. Since F is phase-retrievable, we know
that range(dF ) = {n}, where n = dim H . Let � be a proper subset of {1, . . . , N }.
Then F� is not phase-retrievable. Thus there exists a nonzero vector x ∈ H such
that (F�)x �= H , and hence dim(F�)x �= d. If dim(F�)x �= 0, then we already
have range(dF ) �= range(dF�

). If dim(F�)x = 0, then we get that 〈x, f j 〉 f j = 0
for every j ∈ �. Since F is dimension function exact, we know that f j �= 0. Thus
x ⊥ f j for j ∈ �. This implies that (F�)z ⊆ spanF� �= H for every z ∈ H . Thus
d /∈ range(dF�

) and therefore again we have range(dF ) �= range(dF�
). Thus F is

range exact. ��
Follows from Theorem 2.1 and Proposition 2.4 we get:

Corollary 2.5 Assume that F is a phase-retrievable frame for a real Hilbert space H .

Then the following are equivalent:
(i) F has the exact PR-redundancy, i.e.F is an exact phase phase-retrievable frame.
(ii) F is dimension function exact.
(iii) F is range exact.

3 Ranges of frame dimension functions

In this section, we assume that H = R
n orC

n and {e j }nj=1 is the standard orthonormal
basis for H .Weare interested in digging outmore information on R(F) := range(dF ).

There are two extreme cases for which we know that R(F) is an integer interval:
R(F) = {n} = [n : n] if F is phase-retrievable, and R(F) = {1, . . . , n} = [1 : n] if
F is a basis for H .This leads to the question of investigating the structure of R(F)with
the aim at establishing some kind of possible classifications for frames with respect
to their phase-retrievability. We first point out that R(F) could be complicated, in
particular, it does not have to be an integer interval.

Example 3.1 Let F = {e1, e2, e3, e4, e1 + e2, e3 + e4}, where {e1, e2, e3, e4} is the
standard orthonormal basis for R

4. Then a simple calculation shows that R(F) =
{2, 4}.
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Naturally, we are interested in answering the following questions: Is it true that for
every subset� of {1, . . . , n} containing n there exists a frameF such that R(F) = �?
If this is not true, what kind of structure can we say about �? In particular, under what
conditions do we have that R(F) is an interval? What can we say about two frames
F and G that have the same length and R(F) = R(G)?

In this section, we will examine the conditions under which R(F) is an integer
interval. Since dim dF (x) = n for every generic x ∈ H , R(F) has the form [� : n] if
it is an interval. While the smallest interval [n : n] = {n} characterizes all the frames
with complement property (and hence phase-retrieval frames for real Hilbert space
case), the following tells that the largest interval [1 : n] in principle characterizes all
the bases.

Proposition 3.1 LetF = { f j }Nj=1 be a frame for a Hilbert space H . ThenF is a basis
if and only if F is range exact and R(F) = [1 : n].
Proof Suppose that F is a basis. Clearly, we can assume that F = {e j }nj=1 is an
orthonormal basis. For every j ∈ [1 : n], let x = e1 + · · · + e j . Then Fx =
span{e1, . . . , e j } and hence j ∈ R(F). Thus we have R(F) = [1 : n]. It is also
obvious that a basis is always range exact.

Now assume that R(F) = [1 : n] and F is range exact. Since F is a frame,
it contains a basis, say F�, for H , where � is a subset of [N ]. This implies that
R(F�) = [1 : n]. Thus we have R(F) = R(F�). Since F is range exact, we get that
� = [N ] and so F is a basis. ��
Example 3.2 We point out that in the above proposition, the range exactness con-
dition can not be replaced by dimension function exactness: For example, let F =
{e1, e2, e3, e2+e3}.ClearlyF is not a basis. It is easy to verify the dimension function
will be different if we remove any one element from the frame. Thus F is dimension
function exact. Moreover, by selecting x to be e1, e2 + e3 and e1 + e2 respectively,
we get R(F) = [1 : 3].

One of our main results of this section is to show that R(F) is an interval if F is
n-independent.

Definition 3.1 Let A be a matrix and { f1, . . . , fm} be a (finite) sequence of vectors in
R

n or C
n . We say that

(i) A is totally k-nonsingular if every � × � submatrix of A is nonsingular for every
1 ≤ � ≤ k.

(ii) { f1, . . . , fm} is totally k-nonsingular if the matrix A = [ f1, . . . fm] is totally
k-nonsingular.

(iii) { f1, . . . , fm} is k-independent if every k-vectors in { f1, . . . , fm} are linearly
independent. An n-independent frame is also called a full spark frame.

Since every frame F = { f j }Nj=1 is similar to a frame of the form {e1, . . . ,
en, g1, . . . , gk} in the sense that there exists an invertible matrix S such that S f j = e j
for j = 1, . . . , n and S fn+i = gi for i = 1, . . . , N − n, and the similarity preserves
the frame dimension function and linear independence, it suffices to assume that F
has the form of {e1, . . . , en, f1, . . . fk}.
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Lemma 3.2 Let F = {e1, . . . , en, f1, . . . fk} be a frame for H with k < n. Then F is
n-independent if and only if A = [ f1, . . . , fk] is totally k-nonsingular.
Proof Write fi = ∑n

j=1 ai j e j for 1 ≤ i ≤ k.
(⇐): It is enough to show that {e1, . . . , em, f1, . . . , f�} are linearly independent,

where � > 0 and m + � = n. Assume that

m∑

j=1

x j e j +
�∑

i=1

yi fi = 0.

Then we get

m∑

j=1

(x j +
�∑

i=1

yiai j )e j +
n∑

j=m+1

(
�∑

i=1

yiai j

)
e j = 0.

This implies that x j + ∑�
i=1 yiai j = 0 for 1 ≤ j ≤ m and

∑�
i=1 yiai j = 0 for

m + 1 ≤ j ≤ n.

Since A is totally k-nonsingular and � ≤ k, we get that the submatrix
[ai j ]1≤i≤�,m+1≤ j≤n of A is invertible (hereweuse the factn−m = �).This implies that
y1 = · · · = y� = 0 and hence x1 = · · · = xm = 0.Therefore {e1, . . . , em, f1, . . . , f�}
are linearly independent.

(⇒): Suppose that A is not totally k-nonsingular. Thenwithout losing the generality,
we can assume that the submatrix B = [ai j ]�×� is singular for some 1 ≤ � ≤ k. Then
there exists nonzero vector y ∈ R

� such that
∑�

i=1 yiai j = 0 for every j = 1, . . . , �.
Thus we get that

�∑

i=1

yi fi =
�∑

i=1

yi

n∑

j=1

ai j e j =
n∑

j=1

�∑

i=1

yiai j e j =
n∑

j=�+1

(
�∑

i=1

yiai j

)
e j .

This implies that {e�+1, . . . en, f1, . . . , f�} are linearly dependent, which contradicts
with the n-linearly independence assumption of F . Thus A is totally k-nonsingular. ��
Remark 3.1 Although we proved for the case when k < n in the above lemma,
it can be easily generalized (with exactly the same proof) to any k: Let F =
{e1, . . . , en, f1, . . . fk} be a frame for H andm = min{k, n}.Then F is n-independent
if and only if A = [ f1, . . . , fk] is totally m-nonsingular.

Theorem 3.3 Let F = {e1, . . . , en, f1, . . . fk} be a frame for H with k < n. Then
R(F) = [k + 1 : n] if and only if A = [ f1, . . . , fk] is totally k-nonsingular.
Proof Write fi = ∑n

j=1 ai j e j for 1 ≤ i ≤ k.
“⇐”: Assume that A is totally k-nonsingular. We first show that dim Fx > k for

every nonzero vector x = (x1, . . . , xn). This is clearly true if |supp(x)| > k since
in this case e j ∈ Fx for every j ∈ supp(x). So we can assume that |supp(x)| ≤ k.
Without losing the generality, we can assume that supp(x) = {1, . . . ,m} with m ≤ k.
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Assume to the contrary that dim Fx = � ≤ k.Thenm ≤ � ≤ k since e1, . . . , em ∈ Fx .

We also have k − (� − m) = k − � + m ≥ m.

We claim that fi ∈ Fx for exactly �−m number of indices i, and fi /∈ Fx for �−m
for the rest of indices i . Indeed, note that e1, . . . , em ∈ Fx and em+1, . . . , en ∈ F⊥

x .

This implies that we need at least �−m number of indices i such that fi ∈ Fx .Assume
that say fi1 , . . . fi�−m , fi�−m+1 ∈ Fx . Since m + (� − m) + 1 = � + 1 ≤ n, we get
by Lemma 3.2 that e1, . . . , em, fi1 , . . . fi�−m , fi�−m+1 are linearly independent, which
implies that dimFx ≥ �+1, a contradiction. Hence there exists exactly �−m number
of indices i such that fi ∈ Fx .

So without losing the generality, we can assume that fi ∈ Fx for i = 1, . . . , � −m
and fi /∈ Fx for j = (� − m) + 1, . . . , k. This implies that

∑m
i=1 x j āi j = 〈x, fi 〉 =

0 for each i = (� − m) + 1, . . . , k. Thus every m × m submatrix of the matrix
[ai j ]�−m+1≤i≤k,1≤ j≤m is singular. This leads to a contradiction sincem ≤ k− (�−m)

and the submatrix { f�−m+1, . . . , fk] of A is totallym-nonsingular. Therefore we have
proved that dimFx > k.

Now we need to show that for every � ∈ [k + 1 : n], there is x ∈ H such that
dimFx = �. Given such an �, we write � = m + k. Then 1 ≤ m ≤ n − k. Since
{ f1, . . . , fk} is totally k-nonsingular, we know that ai j �= 0 for all 1 ≤ i ≤ k and
1 ≤ j ≤ n.So there exist nonzero scalars x1, . . . , xm such that āi1x1+· · ·+āimxm �= 0
for every 1 ≤ i ≤ m. Let x = (x1, . . . , xm, 0, . . . , 0) ∈ R

n . Then 〈x, ei 〉 = 0 for
i = m + 1, . . . , n, 〈x, e j 〉 = xi �= 0 for i = 1, . . . ,m, and

〈x, fi 〉 = āi1x1 + · · · + āimxm �= 0

for every i = 1, . . . ,m. This implies that F(x) = span{e1, . . . , em, f1, . . . , fk}.
Again, from Lemma 3.2, we obtain that {e1, . . . , em, f1, . . . , fk} are linearly inde-
pendent. Therefore we get dim Fx = m + k = �. Therefore we proved that
R(F) = [k + 1 : n].

“⇒”: Assume that R(F) = [k+1 : n] but A is not totally k-nonsingular. Then there
exists a singular �×� submatrix, say B = [ai j ]1≤i, j≤�, of A for some � ∈ [1 : k].Let y
be a nonzero vector in R

� such that By = 0 and let x = (y1, . . . , y�, 0, . . . , 0) ∈ R
n .

Then we get

Fx ⊆ span{e1, . . . , e�, f�+1, . . . , fk},

since 〈x, ei 〉 = 0 and 〈x, f j 〉 = 0 for i = �+ 1, . . . , n and j = 1, . . . , �. This implies
that dimFx ≤ � + (k − �) = k. Thus we have proved that A is totally k-nonsingular
if R(F) = [k + 1 : n]. This completes the proof. ��
Theorem 3.4 Let F = { f1, . . . , fN } be a frame for H . If F is n-independent, then
R(F) = [m : n], where m = min{n, N − n + 1}.
Proof If m = n, then N ≥ 2n − 1. Since F is n-independent, this implies that F has
the complement property and hence dimFx = n for every nonzero vector x .Therefore
R(F) = {n} = [m : n]. Ifm < n, then N < 2n−1 andm = N−n+1.Without losing
the generality, we can assume that F = {e1, . . . , en, f1, . . . , fk} with k < n − 1.
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Since F is n-independent, then, by Lemma 3.2, we have that [ f1, . . . , fk] is totally k-
nonsingular. Thus, by Theorem 3.3, R(F) = [k+1 : N ] = [N −n+1 : n] = [m : n].

��
Remark 3.2 The n-independent condition is Theorem 3.4 is not necessary for R(F) to
be an integer interval even with the additional assumption that F is dimension range
exact. For example, by [17], for n(n + 1)/2 ≥ N > 2n − 1, there exists an exact
phase-retrievable frame F = { f j }Nj=1 for R

n . So R(F) = {n} is an interval and F
is dimension range exact. However, F can not be n-independent. Indeed, if F is n-
linearly independent, then { f1, . . . , fN−1} is also n-independent and N −1 ≥ 2n−1.
This implies that { f1, . . . , fN−1} has the complement property and hence it is phase-
retrievable, which is impossible since F is an exact phase-retrievable frame.

Corollary 3.5 Let F = { f1, . . . , fN } be a frame for H . Assume � is a subset of
{1, . . . , N } with the largest cardinality such that F� is n-independent. Then R(F) ⊆
[m : n], where m = min{n, |�| − n + 1}.
Proof By Theorem 3.4, we have that R(F�) = [m : n]. Let � ∈ R(F). Then there
exists x such that dim Fx = �. Since (F�)x ⊆ Fx ,we have that n ≥ � ≥ dim(F�)x ≥
m. Therefore R(F) ⊆ [m : n]. ��

The next proposition allows us to easily construct a rich class of examples whose
dimension functions do not have an interval range. Let �1, . . . , �k be subsets of N.

We use
∑k

j=1 � j to denote the set {d : d = ∑k
j=1 d j , d j ∈ � j }.

Proposition 3.6 Let F = { f j }Nj=1 be a frame for H , {�1, . . . , �k} be a partition of

[N ] and n j = dim spanF� j . If n = ∑k
j=1 n j , then

R(F) ∪ {0} =
k∑

j=1

(R(F� j ) ∪ {0}).

Proof Let Hj = spanF� j . Then the condition n = ∑k
j=1 n j implies that H =

∑k
j=1 Hj is a direct sum. Since similar frames preserve the dimension function, we

can assume that H = ∑k
j=1 Hj is an orthogonal direct sum.

Let x ∈ H and xi = Pi x,where Pj is the orthogonal projection of x onto Hj . Thus
we have

(F� j )x = span{〈x, fi 〉 fi : i ∈ � j } = span{〈x j , fi 〉 fi : i ∈ � j } = (F� j )x j ⊆ Hj .

Since H = ∑k
j=1 Hj is an orthogonal direct sum, we get

Fx =
k∑

j=1

(F� j )x =
k∑

j=1

(F� j )x j
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is also a direct sum, and so

dimFx =
k∑

j=1

dim(F� j )x j ∈
k∑

j=1

(R(F� j ) ∪ {0}).

Thus R(F) ∪ {0} ⊆ ∑k
j=1(R(F� j ) ∪ {0}).

Conversely, let d ∈ ∑k
j=1(R(F� j ) ∪ {0}) be nonzero positive integer. Then there

exist (not necessarily nonzero) vectors x j ∈ Hj such that

d =
k∑

j=1

dim(F� j )x j .

Let x = ∑k
j=1 x j ∈ H . Then Fx = ∑k

j=1(F� j )x j . Thus we get d = dF (x) ∈
R(F) ∪ {0}. This completes the proof. ��

By selecting F� j such that R(F� j ) = {n j } and H = ∑k
j=1 Hj is a direct sum of

H , we get the following:

Corollary 3.7 If {n1, . . . , nk} is a partition of n, i.e., n = ∑k
j=1 n j , then there exists

a frame F for an n-dimensional space H such that

R(F) = {n j1 + · · · + n j� : 1 ≤ � ≤ k and j1, . . . , j� are distinct indices}.

We say that a subset � of [n] containing n is attainable if there is a frame F for an
n-dimensional Hilbert space H such that R(F) = �.

Remark 3.3 The above corollary implies that {k, n−k, n}, in particular {n/2, n}when
n is even, is attainable for every 1 ≤ k < n.

Clearly, every subset is attainable for n = 2. We will show that there exists subset
that is not attainable for any n ≥ 3. In [15], the first named author and co-authors
introduced the concept of linearly connected frames. Two vectors fi and f j in a frame
F are called F-connected if there exist linearly independent vectors { fk1 , . . . , fk�

} in
F and nonzero scalars c, c1, . . . , cm such that

fi = c f j +
�∑

m=1

cm fkm .

We say that F is linearly connected if every two vectors in F are F-connected. The
following main result was used in [15] to characterize spectrally optimal dual frames
for erasures.

Theorem 3.8 [15] Let F = { f j }Nj=1 be a frame for an n-dimensional Hilbert space
H with n ≥ 2. Then the following are equivalent:
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(i) F is linearly connected.
(ii) H� ∩ H�c �= {0} for any proper subset � of [N ].
(iii) There exists a subset � of [N ] such that F� is n-independent and |�| = n + 1.

Lemma 3.9 If F is a linearly connected frame for an n-dimensional Hilbert space H
and n ≥ 2, then 1 /∈ R(F). More generally, min R(F) ≥ m := min{n, L − n + 1},
where L is the largest cardinality such that there is a subset� of [N ]with the properties
that |�| = L and F� is n-independent.

Proof Assume that F is linearly connected. Then, by Theorem 3.8, we know that
L ≥ n + 1. So, by Theorem 3.3, R(F�) = [m : n]. This implies that

dimFx ≥ dim(F�)x ≥ m

for any nonzero vector x ∈ H . So min R(F) ≥ m. Since m ≥ 2 when n ≥ 2, we
particularly get that 1 /∈ R(F) if F is linearly connected. ��

Now we are ready to prove our last main result of this section.

Theorem 3.10 Let H be an n-dimensional Hilbert space.

(i) [k : n] is attainable for every 1 ≤ k ≤ n.

(ii) R(F) is an interval for every generic frame for H .

(iii) Let � be a subset of [n] containing n. If 1 ∈ � and n − 1 /∈ �, then � is not
attainable. In particular, {1, n} is not attainable for n ≥ 3.

Proof (i) follows fromTheorem3.3 or Theorem3.4, and (ii) follows fromTheorem3.4
and the fact that every generic frame is n-independent. So we only need to prove (iii).

Suppose that R(F) = {1, n} for some frame F . By Lemma 3.9, F is not linearly
connected. By Theorem 3.8, there exists a partition {�1, . . . , �k} of [n] such that H =∑k

j=1 Hj is a direct sum and each F� j is linearly connected, where Hj = spanF� j .

Since

1 ∈ R(F) ∪ {0} =
k∑

j=1

(R(F� j ) ∪ {0}),

we get that 1 is in one of the R(F� j )’s, say 1 ∈ R(F�1). Thus, again by Lemma 3.9,
dim H1 = 1. Now let � = �1. Then �c = �2 ∪ · · · ∪ �k and H� ∩ H�c = {0}. By
Proposition 3.6, we have that

R(F) ∪ {0} = R(F�) ∪ {0} + R(F�c) ∪ {0}.

Since dim H� = 1, we know that dim H�c = n − 1. Thus n − 1 ∈ R(F�c) ⊆ R(F)

which leads to a contradiction. Therefore � is not attainable. ��
Example 3.3 For n = 4, {1, 3} and {1, 2, 4} are the only sets that are not attainable.
Indeed, we already know that every interval containing 4 is attainable, {2, 4} and
{1, 3, 4} are also attainable by Remark 3.3. By Theorem 3.10 (iii), we also have that
{1, 3} and {1, 2, 4} are not attainable.
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4 Remarks and questions

4.1 Linearly connected frames

Proposition 3.6 tells us that R(F) is constructed by the building blocks R(F� j ),where
each F� j is linearly connected frame for Hj = spanF� j . Therefore it is essential to
have a better understanding of the dimension functions for linearly connected frames.
In particular, we ask:

Question 1 Is R(F) an interval for every linearly connected frames?

Remark 4.1 Weconjecture that the answer is yes. Clearly, it is true for n = 1, 2, 3 since
we already know that every attainable set is an interval. However, we still do not know
the answer for n = 4, By Example 3.3, {1, 3, 4} and {2, 4} are the only non-interval
attainable sets. From Lemma 3.9, F is not linearly connected if R(F) = {1, 3, 4}. So
to confirm the conjecture for n = 4, it is sufficient to show that {2, 4} is not attainable
by a connected frame.

Remark 4.2 Every phase-retrievable frame is linearly connected, since if otherwise
then it clearly will contradict the complement property. Clearly, the converse is false.
Moreover, we have the following:

Example 4.1 For every N ∈ [2n−1, n(n+1)/2), then there exists a linearly connected
frame G of length N for R

n such that G has exact PR-redundancy but it is not phase-
retrievable.

Proof Since 2n − 1 < N + 1 < n(n + 1)/2, by Theorem 2.1 in [17] there exists an
exact PR-frame F of length N + 1. Thus F is linearly connected. By Theorem 3.8,
there exists a subset � with the largest cardinality such that L = |�| > n and F� is
n-independent. Hence by Theorem 3.8 again, F� is linearly connected.

We claim that � is a proper subset of [N + 1]. Indeed, if otherwise � = [N + 1],
thenF is n-independent. In particular any N number of vectors inF is n-independent
and hence they form a PR- frame, which is impossible since F is an exact PR-frame.
Pick any i /∈ � and let G = { f j : j �= i}. Then the G is a frame of length N which is
not phase-retrievable. Since G ⊇ F� and F� is linearly connected, we get that G is
linearly connected. By Corollary 2.2, G has exact PR-redundancy. This completes the
proof. ��

While not every subframe of a linearly connected frame is linearly connected, the
following results tell us that the ones that share the same PR-redundancy with F
remain to be linearly connected.

Proposition 4.1 Let F be a linearly connected frame for H and F� be a subframe of
F such that

S2 ∩ kerLF = S2 ∩ kerLF�
.

Then F� is linearly connected.
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Proof Suppose that F� is not linearly connected. Then there exists a proper subset
� of � such that H� ∩ H�\� = {0}. Assume that for every i /∈ � we have either
fi ∈ H� or fi ∈ H�\�. Set I = { j : f j ∈ H�}. Then I c = { j : f j ∈ H�\�}. This
implies that

HI ∩ HIc = H� ∩ H�\� = {0},

which contradicts with the linearly connectedness ofF . Thus there exists i0 /∈ � such
that fi0 /∈ H� and fi0 /∈ H�\�.

Since f j , fi0 /∈ H� for every j ∈ �\�, there exist x ∈ H such that 〈x, fi 〉 = 0
for i ∈ � but 〈x, f j 〉 �= 0 for every j ∈ �\� and 〈x, fi0〉 = 1, here we use the fact
that the restriction of f j ( j ∈ �\�) and fi0 to H⊥

� are nonzero linear functionals.
Similarly, there exists y ∈ H such that 〈y, fi 〉 = 0 for i ∈ �\� but 〈y, f j 〉 �= 0 for
every j ∈ � and 〈y, fi0〉 = 1.

Let u = x − y and v = x + y. Then we have |〈u, f j 〉| = |〈v, f j 〉| for every j ∈ �,

but |〈u, fii0 〉| = 0 and |〈v, fi0〉| = 2. This implies that u ⊗ u − v ⊗ v ∈ kerLF�

but u ⊗ u − v ⊗ v /∈ kerLF , which leads to a contradiction. Hence F� is linearly
connected. ��

4.2 Equivalence

Definition 4.1 Two frames F and G of same length for a Hilbert space H are called
switching equivalent (or just equivalent in short) if one of them is obtained by com-
position of similarity, nonzero rescaling and permutation. We use notation F ∼ G for
two equivalent frames F and G.

Clearly, equivalence preserve all the exactness and the dimension functions. In
particular, if F ∼ G, then R(F) = R(G). The next example shows that the converse
is not true.

Example 4.2 Suppose that n ≥ 3. Let 2n − 1 < N ≤ n(n + 1)/2. By Theorem 2.1
in [17], there exists an exact PR-frame F = { f j }Nj=1. Let G = {g j }Nj=1 be an n-
independent frame for R

n . Then G is phase-retrievable. Thus R(F) = R(G){n}. Let
� = {1, . . . , N − 1}. Since G� is also n-independent with |�| = N − 1 ≥ 2n − 1,
we know that G� is phase-retrievable for R

n . Thus G is not exact. Since equivalence
preserves exactness, we get that F and G are not equivalent.

Question 2 Suppose that two frames F = { f j }Nj=1 and G = {g j }Nj=1 are range exact
and satisfy the condition R(F) = R(G). Is it true thatF ∼ G? In particular, is it true
that F ∼ G if both F and G are exact PR-frames?

4.3 Maximal PR subspaces

Let F = { fi }Ni=1 be a frame for H and M be a subspace of H . Recall from [17] that
M is called a phase retrievable subspace with respect to F if {PM fi }Ni=1 is a phase
retrievable frame for M, where PM is the orthogonal projection from H onto M . The
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largest k such that there is a k-dimensional phase-retrievable subspace will be called
the phase retrievability index of F :

indpr(F) := max{dim M : M is a phase-retrievable subspace w.r.t. F}.

Theorem 4.2 [17] Let F = { f j }Nj=1 be a frame for R
n . Then

indpr(F) = min
�⊆[N ]max{dim H�, dim H�c },

where H� = span{ f j : j ∈ �}.
Corollary 4.3 If F = { f j }Nj=1 is a frame for R

n, then indpr(F) ≥ � n+1
2 �, where �x�

denotes the integer part of x .

Proof We can assume that G = { f1, . . . , fn} is a basis for R
n . By Theorem 4.2, we

know that indpr(G) = � n+1
2 �. Thus indpr(F) ≥ indpr(G) = � n+1

2 �. ��
LetF = {e1, . . . , en, f1, . . . , fk} be an n-independent frame forR n with k < n−1.

Then, by Theorem 3.4, R(F) = [k + 1 : n] and so min R(F) = k + 1. By n-linear
independence of the frame, we get that

min
�⊆[N ]max{dim H�, dim H�c } =

⌊
n + k + 1

2

⌋
.

In the case that k ≥ n−1, we have thatF is phase-retrievable. Thus R(R ) = {n} and
so indpr(F) = n. Therefore we get:

Example 4.3 If F is an n-linearly independent frame for R
n, then indpr(F) =

� n+min R(F)
2 �.

However, this is not true in general if F is not n-independent. For example, let
f1 = e1 and f j ∈ H2 := span{e2, . . . , en} such that { f j }Nj=2 is a phase retrievable

frame for H2.Then the range of the dimension function ofF = { f j }Nj=1 is {1, n−1, n}
by Proposition 3.6. Clearly, indpr(F) = n − 1 �= � n+1

2 �. So we ask the following
question:

Question 3 What can we say about indpr(F) from R(F)? In particular, is it true that

indpr(F) = indpr(G) if R(F) = R(G)? Is it true that indpr(F) = � n+min R(F)
2 � if

R(F) is an interval?

Proposition 4.4 Let F = { f j }Nj=1 be a frame for R
n . If R(F) = [n − 1 : n], then

indpr(F) = n − 1.

Proof Since F is not phase retrievable, we get that indpr(F) < n. By Theorem 4.2,
there is a subset � of [N ] such that

indpr(F) = dim H� ≥ dim H�c .
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Pick a nonzero vector x ∈ H such that x ∈ H⊥
�c . Then Fx = (F�)x . This implies

that

n − 1 ≤ dimFx = dim(F�)x ≤ dim H� = indpr(F).

Therefore indpr(F) = n − 1. ��
Remark 4.3 (i) The above proof also shows that indpr(F) ≥ min R(F) for any frame
F . (ii) The following result tells us that we only need to consider the frame dimension
function exact frames.

Proposition 4.5 Let F = { f j }Nj=1 be a frame for R
n and � be a subset of [N ]. If F

and F� have the same frame dimension functions, then indpr(F�) = indpr(F).

Proof Since every phase retrievable subspace with respect to F� is also phase
retrievable with respect to F , we immediately get that indpr(F�) ≤ indpr(F). By
Theorem 4.2, there exists a subset � of � such that

indpr(F�) = max{dim H�, dim H�\�}.

Let A = � ∪ {i ∈ �c : fi /∈ H�\�} and B = (�\�) ∪ {i ∈ �c : fi ∈ H�\�}.
Clearly {A, B} is a partition of [N ], and HB = H�\�. Next we show that HA = H�.

We claim that fi ∈ H� if fi /∈ H�\�. Indeed, if fi /∈ H�\�, then we can pick x ∈
(H�\�)⊥ = H⊥

B such that 〈x, fi 〉 �= 0. This implies that fi ∈ Fx and (F�)x ⊆ H�.

If F and F� have the same frame dimension functions and (F�)x ⊆ Fx , we get that
Fx = (F�)x and hence

fi ∈ Fx = (F�)x ⊆ H�.

Therefore HA = H�. This together with Theorem 4.2 imply that

indpr(F) ≤ max{dim HA, dim HB} = max{dim H�, dim H�\�} = indpr(F�).

Therefore we get indpr(F�) = indpr(F). ��
Therefore we can restrict to the range exact frames for Question 3.

Example 4.4 If F = { f j }Nj=1 is range exact and R(F) is an interval, then indpr(F) =
� n+min R(F)

2 � for n ≤ 4.

Proof We only need to consider for the cases when n = 3 and n = 4.

(i) n = 3: By Proposition 4.4, the statement is true when R(F) = {2, 3}. If R(F) =
{1, 2, 3}, then, by Proposition 3.1, F is a basis for R

3, and so indpr(F) = 2 by
Example 4.3, and hence indpr(F) = � 3+1

2 � is true.
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(ii) n = 4: Similar to (i), the statement is true when R(F) = {1, 2, 3, 4} or {3, 4}.
Suppose that R(F) = {2, 3, 4}. We need to show that indpr(F) = 3. It is enough
to show that indpr(F) �= 2. Assume to the contrary that indpr(F) = 2. Then, by
Theorem 4.2, there exists a subset � of [N ] such that

max{dim H�, dim H�c } = 2,

which implies that dim H� = dim H�c = 2. Since 1 /∈ R(F), we know by
Proposition 3.6 that 1 /∈ R(F�) and 1 /∈ R(F�c). This implies that R(F�) =
R(F�c ) = {2} and, so by Proposition 3.6 again, R(F) = {2, 4}, which leads to
a contradiction.

��

It is natural to expect that the phase retrievability index is related to the “size” of the
algebraic variety S2 ∩ kerLF . It certainly makes sense that larger size of S2 ∩ kerLF
indicates smaller phase retrievability index.

Question 4 How is indpr(F) related to the dimension of the algebraic variety S2 ∩
kerLF? In particular, is it true that indpr(F) + dim(S2 ∩ kerLF ) = n?
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