2212.07311v2 [cs.LG] 8 Dec 2023

arxiv

SUBMITTED TO IEEE TRANS. ON SIGNAL PROCESSING

Bayesian data fusion with shared priors

Peng Wu', Tales Imbiribaf, Victor Elvira* Senior, IEEE, Pau Closas' Senior, IEEE.
fElectrical and Computer Engineering Department, Northeastern University, Boston, MA
{wu.p,talesim,closas } @northeastern.edu
*School of Mathematics, University of Edinburgh, UK
victor.elvira@ed.ac.uk

Abstract—The integration of data and knowledge from several
sources is known as data fusion. When data is only available
in a distributed fashion or when different sensors are used
to infer a quantity of interest, data fusion becomes essential.
In Bayesian settings, a priori information of the unknown
quantities is available and, possibly, present among the different
distributed estimators. When the local estimates are fused, the
prior knowledge used to construct several local posteriors might
be overused unless the fusion node accounts for this and corrects
it. In this paper, we analyze the effects of shared priors in
Bayesian data fusion contexts. Depending on different common
fusion rules, our analysis helps to understand the performance
behavior as a function of the number of collaborative agents
and as a consequence of different types of priors. The analysis
is performed by using two divergences which are common in
Bayesian inference, and the generality of the results allows to
analyze very generic distributions. These theoretical results are
corroborated through experiments in a variety of estimation and
classification problems, including linear and nonlinear models,
and federated learning schemes.

Index Terms—Data fusion, Bayesian inference, Distributed
Machine Learning, Federated learning.

I. INTRODUCTION AND RELATED WORKS

Distributed data fusion (DDF) is a process in which a group
of agents senses their immediate environment, communicates
with other agents, and aims at inferring knowledge about
a specific process collectively. Some applications include
cooperative robots mapping a room [1], multisensor data
fusion in internet of things[2], navigation systems [3], medical
diagnosis, or pattern recognition to name a few[4].

There are several data fusion architectures which have
been proposed. Arguably, the joint directors of laboratories
(JDL) Data Fusion Group is the most widely-used taxonomy
method for data fusion-related functions [5], [6]. It defines
data fusion as a “multilevel, multifaceted process handling the
automatic detection, association, correlation, estimation, and
combination of data and information from several sources.”
Two recent fusion frameworks were proposed in [7], [8], both
based on category theory and are claimed to be sufficiently
general to capture all kinds of fusion techniques [9], including
raw data fusion, feature fusion, and decision fusion.

Distributed data fusion research can be categorized into
Bayesian or consensus-based approaches [10]. Bayesian meth-
ods focus on preserving the full distribution of the unknowns
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given the data, called posterior, over the estimated process
at each agent, so that sensor data can be easily and re-
cursively merged with prior knowledge and does not need
to be stored. On the other hand, consensus algorithms are
designed in such a way that agents can continue to exchange
information until they agree on certain parameters or quantities
of interest. In this context, many data fusion methods focus
on Bayesian methodologies, such as naive Bayesian fusion,
federated Kalman filtering [11], [12], and other different fusion
methods that may leverage data-driven models [13], [14], [15].
Recently, there has been increasing interest in the consensus
area, particularly in the machine learning community, where a
plethora of distributed learning or federated learning methods
have been proposed [16], [17], [18]. In this paper, we focus
on a Bayesian perspective to the data fusion problem.

There are many data fusion challenges [5], [19], being the
data correlation problem one of the most prominent cases. In
general, the performance of DDF solutions cannot outperform
a centralized scheme, which is typically considered as a
benchmark. Although on the other side, DDF is intrinsically
more adaptive and resilient to failures. When dealing with
distributed agents, some of the challenges involve both dealing
with observations impacted by the same process noise [20]
and also non-independence of local estimates due to multiple
counting of data [21], [22], [14], [10], which essentially
means that in a distributed architecture local agent estimates
may be correlated. To maintain optimality and consistency,
a distributed fusion method should account for such cross-
correlation issues. The multiple-counting problem occurs when
data is utilized numerous times without the user’s knowledge.'
This might be due to recirculation of data through cyclic
channels or the same data traveling through several paths
from another agent to the fusion node. To avoid multiple
counting of data, two popular solutions are typically adopted
[23]: arithmetic average (AA) and geometric average (GA).
These two methods can be employed by most fusion methods
that average the parameters of interest across many agents.
Sometimes the GA solution are referred to as Chernoff fusion
approaches [22], also known as covariance intersection [24],
[21] under Gaussian assumptions. Related to the latter are the
works on mixture of experts [25], robust product of experts
[15], fusion of Monte Carlo approximations [26], and the

'Note that certain data fusion literature refers to this issue as the double-
counting problem. We will refer to multiple-counting problem in this paper,
since it is a more appropriate term in the considered fusion context.
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weighted fusion of Kalman filters [27], [28], as well as the
linear fusion of partial estimators [29], [30].

DDF is a field that connects to other disciplines, for that
reason related works can be found also under the umbrella
of model fusion, estimator fusion, distributed estimation, and
distributed learning. Particularly, in the area of machine learn-
ing, the interest of distributed learning is growing rapidly
under the so-called federated learning (FL) paradigm. Most
of the research in FL focuses on frequentist approaches to
inference, where data-driven neural network (NN) parameters
are aggregated [31], [18], [32] based on the AA method.
Besides the fusion methodology, privacy and communication
efficiency are also a key part of FL research [16]. Recently,
some works explored Bayesian FL schemes [33], [34], [35],
[36], [37] where the model fusion problem is addressed
from a Bayesian perspective, an approach that is thoroughly
reviewed in [38]. While this paper described the different
fusion strategies including the CIP and CIL we discussed,
the present paper provides additional theoretical analyses and
connections to different application examples that help provide
further practical insights. Also within the Bayesian approach,
Bayesian committee machine (BCM) [13], [15], [39], [40] is
another framework that relates to DDF, in this case focused
on Gaussian process models.

In this paper, we analyse the use of a priori information in
distributed fusion problems, where data is not directly shared
and thus kept private. Particularly, we focus on schemes where
a parameter 6 is inferred locally by M agents in a Bayesian
setting. In this scheme, 6 takes values in an arbitrary d-
dimensional space ©. The quantity of interest is therefore
treated as a random variable for which an a priori distribution
is available, p(@). This prior is shared by all participating
agents and updated using local data D,, to produce the a
posteriori distribution of the unknown given the local infor-
mation, p(6|D,,). In this context, we analyse two conditional
independent (exact and approximate) Bayesian fusion method-
ologies that employ the M local posteriors and, in particular,
connect those to the case where the full posterior is computed
at a central node accessing all data, p(6|D;1,Da,..., D).
One of the main challenges of Bayesian fusion rules is the
repeated use of prior data, which is generally not properly
dealt with. We discuss corrections to avoid systematic bias,
as well as provide a discussion on how the number of clients
affects the performance of the fusion rule when p(8) is used in
excess without corrections. In practical problems of distributed
Bayesian inference, not dealing properly with the multiple
counting problem can yield to very sub-optimal solutions. In
this paper, we discuss practical situations where this problem
occurs, particularly when either the number of participating
agents M grows or when the prior distribution is very in-
formative. The challenge is often that details on how prior
information was used are not always available at the fusion
center. Also, in other systems, efficiency is preferred over
accuracy due to computational limitations, which can endanger
the quality of the final posterior. An illustrative scenario is
in distributed target tracking [28], where multiple sensors are
combined to enhance accuracy and coverage. However, due
to band-limited communications the priors are not always

Central Node
p(6|D1, Dy, ..., D
p(0) p(0)
p(6]D:1) p(6]Ds) 9|DM
[Agent 1} {Agent 2 AgentM

Fig. 1: Distributed framework of M agents sharing a priori
information on a quantity, p(@), and returning local posterior
updates, p(0|D,,). A central node is in charge of fusing the
local updates with the goal of approximating the full posterior
p(9|D1, ce ,'DM)

available at the central node, in which case fusion typically
occurs at the decision level without considering the shared
prior influence, ultimately yielding to potentially erroneous
tracking results.

The novelty of this work is to present a rigorous analysis
of distributed Bayesian fusion strategies, which advances our
understanding on how prior information impacts their per-
formance. The case of Gaussian posteriors, of interest in a
Bayesian inference context due to its tractability, is investi-
gated in detail. In particular, we provide analytic results on the
impact of both the quality of the shared prior information and
the number of collaborative clients. These results are shown to
be valid for arbitrary distributions, going beyond the Gaussian
assumption. The theoretical findings are validated on a set
of representative inference problems such as distributed linear
and neural network based regression and classification, and
on a federated learning scheme. This work paves the way
for further methodological advances in distributed Bayesian
fusion, equipped with a solid theoretical justification.

The remainder of the paper is organized as follows. Section
II introduces the optimal (global) Bayesian solution as well
as two fusion rules using local updates and assumptions.
Section III provides insights for the important case where
inferring @ can be seen as a regression problem where the
relevant distributions are approximated by a Gaussian distri-
butions. Section IV provides an analysis of the two fusion
rules, showing results in terms of the number of participating
agents and the informativeness of the a priori distribution,
under arbitrary distributions and not necessarily restricted to
the Gaussian case. Different experimental results, featuring
various situations, are discussed in Section V, validating the
theoretical results on earlier sections in relevant cases. The
paper is concluded by Section VI with final remarks.

II. BAYESIAN DATA FUSION SCHEMES

This paper considers a framework (see Fig. 1) where obser-
vations related to an unknown quantity of interest @ € ©% are
obtained by M distributed agents, such that the m-th agent has
only access to its own partial data D,,. The data is assumed
to be conditionally independent and identically distributed
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TABLE I: Table of relevant notation conventions.

Notation Definition

] Parameter of interest.

p(0) Prior distribution for 6.

m, M m-th agent and total of M agents.

Dm, D Data available to the m-th agent and to all agents.
(6|Dyn) | m-th agent local posterior of 8 given Dy, .
(6|D) Centralized posterior of € given D.

q0 Scalar value representing the variance of p().

Bo, Co Mean and covariance of Gaussian prior.

0., Cn Mean and covariance of local Gaussian posterior.
n, A Mean and covariance of CIL’s Gaussian posterior.
n, A Mean and covariance of CIP’s Gaussian posterior.

(i.i.d.) across agents. In addition, a Bayesian approach to the
inference of 6 is considered, therefore a prior distribution
is assumed p(6@) before data is observed. The main goal of
Bayesian data fusion is to evaluate the posterior of the quantity
given all the data p(6|D), however this might be unpractical
due to the need to transmit local data to a central node in
charge of processing it. Alternatively, distributed Bayesian data
fusion provides a framework to combine the local inference
results in a manner that approximates the optimal Bayesian
solution. For the sake of clarity, Table I provides a summary
of the notation used throughout the paper.

This section formulates the optimal Bayesian fusion strat-

egy, as it would be implemented at a central node us-
ing all available data D = {Dy,Ds,..., Dy} to compute
p(0]D). Then, we establish connections to different distributed
Bayesian data fusion strategies where we observe that, unless
properly accounted for, the a priori information may be used
multiple times. This situation can potentially cause inconsis-
tent approximations of the optimal Bayesian solution [21],
[13], [14]. In particular, two approximate Bayesian solutions
are discussed in the remainder of this section.
CIL fusion rule. Under the assumption that datasets D =
{D1,Da,...,Dpr} are i.i.d. given 0, it is possible to express
the optimal Bayesian fusion rule in terms of the local like-
lihoods and the globally used prior distribution. We refer to
this solution [38] as the optimal Bayesian fusion rule under
conditionally independent likelihoods (CIL). The posterior
p(8|D) is then

p(DlaDQa R 7DM|0)p(0)
p(DlaDQa e aDM)

_2(0) [T ey P(D1n]6)
p(Dl,DQ, e ,D]y[)

where we assumed that the joint likelihood can be factorized
into local likelihoods by the conditional independence assump-
tion, which can be further manipulated using Bayes’ rule as

[, (61Dm)
P

p(0|D) =

6]

p(0|D) =2 2

where

M
Z — Hm:l p(Dm) (3)
p(Dl,DQ, NN 7’Z)]w) ’
is the normalization constant and p(8|D,, ) represents the local
posterior for the m-th agent.

This approach is optimal under the i.i.d. data assumption,
which enables the likelihood factorization in (2). It presents
a Bayesian approach for data fusion when the same prior is
used by the M users. This solution enables for a distributed
implementation, where prior is sent to each agent who returns
their local posteriors in exchange. It is easy to see that this
Bayesian fusion rule for the case where each agent uses
different local prior information p,,(0) is

H p G\D (4)
m=1

where the global prior p(#) might differ from the local prior
distributions.

CIP fusion rule. There are situations where distributing the
priors across the collaborative agents is not possible and,
instead, the data fusion node has access to the local posteriors
only. These agents might have used the same priors for the
quantity or different across agents. A popular fusion rule is the
so-called product of experts (PoE) [15], [25] by which the local
posteriors are multiplied together in order to produce a global
posterior estimate, which is necessarily an approximation of
the optimal solution in (2). Following the nomenclature used
in this paper, we refer to this approach [15], [38] as the
approximate Bayesian fusion rule under conditionally inde-
pendent posterior (CIP), where the main assumption is that
global posterior can be factorized into a product of the local
posteriors. The resulting posterior p(8|D) is an approximation
of the true posterior p(6|D) which is accurate when, indeed,
the assumption holds. More precisely,

p(6|D) =

D) =Z H p(0|D,y) (5)

where Z is a normalization term and p(8|D,,) is m-th local
posterior as computed by each of the M agents. Notice that
the prior p(@) is reused multiple times in CIP. In contrast, CIL
rule in (2) is optimally dealing with that issue by virtue of the
dividing factor pM~1(@).

The results in Section V will provide a comparison between
CIP and CIL approaches. In addition, we are interested in
developing analytical tools to gain understanding about their
differences. Mainly, CIP in (5) differs from CIL in (2) in its
underlying assumption that the global posterior can be factor-
ized into local posteriors. We propose to quantify this deviation
using particular cases of the f-divergence between CIL and
CIP solutions, such that we can understand theoretically when
it is worth accounting for the multiple counting of the prior
which is discussed in the Section IV.

III. FUSION OF GAUSSIAN ESTIMATORS

Gaussian assumptions are often considered in order to allow
for inferential tractability [41]. Furthermore, it is also common
to approximate the posterior by a Gaussian distribution, for
instance in the context the so-called Gaussian filters [42] or
Laplace approximations (see for instance INLA [43]).

In this section, we analyze the relevant case where © = R?
in a Gaussian context, such that inferring & € R? can be



SUBMITTED TO IEEE TRANS. ON SIGNAL PROCESSING

interpreted as a regression problem or a classification task [44].
In this context, we assume that the prior on the parameter is
normally distributed, @ ~ N'(6g, Cy), and that the distribution
of the local likelihood for the m-th agent is

Yn,m |0 ~ N(f(O, Xn,m)7 Rm) (6)

where x,, ,, € R is the n-th feature input vector, (8, Xn,m)
is a mapping function from those inputs to observed data
Yn,m € R%. n =1,...,N,, denotes the sample index for
the m-th agent. The local dataset, as described in Section II,
is then composed of the N, pairs D,, = {ynym,xnym}nNgl,
and R,,, denotes the observation covariance matrix, which
potentially can be different across agents. Note that when
the mapping is a linear function on 6, then the posterior is
also normally distributed and its parameters can be optimally
computed [44]. In general problems, if the function f(-, X, 1)
is non-linear in the parameter 6, one can still make an approx-
imation that the posterior would be approximately Gaussian
and compute its mean/covariance leveraging for instance a
Laplace approximation (e.g. an approach discussed in [44])
to linearize the model.

Under the Gaussian approximation, the resulting local pos-
terior p(0|D,,) =~ N (0,,,C,,) with

N,
Om = Cm <C()160 + Z FTTL’mR%l}’n,m) 5 (7)
n=1

N,
C,'=Ci'+> F) R 'Fpp, (8)
n=1
where F' = O0f /06 is the Jacobian of the model, resulting
from its linearization (or the coefficients of the model in case
it is already linear).
CIL fusion rule. The optimal Bayesian fusion rule under
conditionally independent likelihoods, or CIL for short, under
(approximately) local Gaussian posteriors leads to a Gaussian

posterior given by
p(0|D177DM) :N(N’vA_l) 9 (9)

where (see Appendix A for details) the posterior precision
matrix can be obtained as

M
A=) Cl-Cil(M-1), (10)
m=1

which depends on the local and a priori covariance matrices.
The posterior mean is then

M
pw=A"1 (Z C.'0,, — (M — 1)00190) , (1)
m=1
which can be rearranged as
M M
H = Z Emem + E000 = Z EnLOm 5 (12)
m=1 m=0
with the weight matrices as
A—l —1
=, = Cmo o mE0 )
(I1-MA'Cy, m=0.

CIP fusion rule. Under the Gaussian assumption, the approx-
imate fusion rule in (5), or CIP in short, results in

P(OID1,Ds, ..., D) = N(fi, A7), (14)
where
» M
p=A"Y"C.lon, (15)
m=1
» M
A=>"cC., (16)

m=1

as detailed in [29] and which can also be interpreted as
a particular case of the Gaussian CIL rule (9) when no a
priori information is considered in the fusion stage. That is,
intuitively, that C, takes very large values such that p — p
and A — A.

IV. CONVERGENCE ANALYSIS OF CIL AND CIP FUSION
STRATEGIES.

We are interested in understanding when the two fusion
rules are equivalent. That is, when accounting for the multiple
use of the a priori information makes a difference and when,
on the contrary, can be neglected thus simplifying the calculus.
To that aim, we use two divergences that belong to the
family of f-divergences to quantify the similarities of the
posteriors resulting from both methods. Namely, we consider
the Kullback-Leibler (KL) and the y? divergences. While KL
is widely used in probability and information theory [45],
x2-divergence is highly relevant in Bayesian inference and
importance sampling [46], since it relates to the variance of the
Monte Carlo estimators that attempt to approximate moments
of the posterior (see for instance [47], [48], [49]). The two
divergences are introduced here and particularized for the CIL
and CIP expression of interest in this work.

The KL divergence between CIL and CIP, for a general
model where M agents are fused, results in

KLy (p(6]D) | 5(0|D)) = / p(6D)log (?Ez% 0
(17)

o (PP _ hp p(P10)p(8) ,
—tog (2030} — (1~ 1) [ PPEIOD g6)) a0,

where we explicitly note the number of agents as a subindex in
the KL for clarity. We notice the dependence of the divergence
with M and the parameter’s prior distribution (see Appendix
C for additional details on how this expression was obtained):

The x? divergence between the fusion rules can be generally
expressed as

2
Gipiom) 7o) = [ZE a1
= [ 00 [ pioiD)p ¥ (0)d0 1.

where we again notice the dependence on M and p(0).
Additional details regarding this expression can be consulted
in Appendix D.

(18)
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Based on these divergences we provide an analysis of
convergence between CIL and CIP fusion rules with respect
to the design parameters related to the number of agents and
the informativeness of the prior on 6.

Before reaching our main results we define the fusion setup
as follows. Let D be a global dataset of i.i.d. observations,
which are related to a parameter of interest 8 € R™. Let
D be processed by M local agents, each observing mutually
exclusive sets D = {D;,Ds,..., Dy} and sharing the same
a priori information from the quantity of interest p(@). The
m-th agent updates the prior to compute its local posterior,
p(0|D,y,), which are fused at a central node either using the
CIL Bayesian fusion rule p(0|D) or the CIP Bayesian fusion
rule p(0|D). Finally, let qp be a scalar defining the variance
of the prior p(8).

Theorem 1. For p(0|D) and p(0|D) belonging to arbitrary
distribution families, p(0|D) asymptotically tends to p(0|D)
as the shared prior becomes non-informative, that is, their
divergence is such that

lim d(p(6D) || p(6|P)) =0, VM >1
qo—00

where qy is a parameter that models the a priori uncertainty.

Proof. Details can be found in Appendix B for the general
case, as well as a particularization to the Gaussian posterior
assumption. O

Theorem 2. For p(0|D) and p(0|D) belonging to arbitrary
distribution families, their divergence increases with M, that
is,

dr41(p(0 || D)|p(8]D)) = dar(p(6|D) || p(0|D))

with dyf(- || -) representing either the KL or x* divergences.

Proof. Details in Appendices C and D for the KL and x?
divergences, respectively. [

Theorem 1 states that CIL converges to CIP as the a priori
distribution on @ becomes less informative. Notice that the
result shown in Appendix B is general for any assumed
posterior distribution, although we complementary provide a
result under the Gaussian case, which is widely used in the
context of Bayesian inference since, under mild conditions,
the posterior converges in distribution to a normal according
to the Bernstein—von Mises Theorem [50].

Intuitively, the result in Theorem 2 shows that for a fixed
budget of N samples, increasing the number of agents M
increases the separation between the two global fusion solu-
tions. That is, as more agents participate less data per agent is
available, in which case the a priori distribution on 8 becomes
more relevant and the issue of reusing the prior emerges. This
result is valid for both KL and y? divergences under arbitrary
distribution families.

V. EXPERIMENTS

We validate the obtained results on various relevant infer-
ence problems. Namely, (1) an estimation problem, where a
set of M linear regression models are employed to update the
prior with local data, which are subsequently fused to produce
global estimates; (2) a binary classification problem in which
M models are used locally to produce classification results
that are then fused to produce a global result; (3) another
general classification problem, where M neural networks
are locally used to produce classification solutions that are
then aggregated into a global Bayesian classifier; and (4) an
application in the context of federated learning, which in this
case updates the prior recursively instead of just once, unlike
the previous experiment.

A. Distributed estimation of linear models

For the experiments presented in this subsection we gener-
ated a synthetic data set following a linear model, with respect
to the parameters 6, embedded in noise:

Ym = 0" d(xm) + T, (19)

where r,, ~ N(0,R), with R = rI, and ¢ : R% —
R? x + ¢(x) is an arbitrary nonlinear function. In our
experiment, we set r = 4, the observation dimension is 1,
and ¢ is identity function. The € is a real random integer
vector generated uniformly between —10 and 20 with d, = 6
dimensions. The total number of points generated is around
700 for training and around 300 for testing. Then, we split
the dataset into several parts, each corresponding to one of
the local clients’ training data. We estimated local parameters
following equation (7) and fused using the approaches as dis-
cussed in Section III. Furthermore, we computed the evolution
of the KL divergence, and test MSE with both prior variance
qo € R4, and total number of clients M. The results are
depicted in Figures 2-4. All results are obtained by average of
400 independent Monte Carlo simulations.

Figure 2 shows the evolution of the KL divergence with
respect to the prior variance ¢y (top panel for M = 6 and
M = 26) and the number of clients M (bottom panel for
qo = 1, gqo = 3). In this figure, the KL decreases wrt prior
variance ¢qg. Which can also be shown in the bottom panel
for qo = 1, qo = 3, where the KL increase wrt the number
of clients. These results are consistent with Theorem 2 and 1,
which was already predicting such behavior.

Figure 3 shows the test MSE wrt the prior variance gy for a
fixed number of collaborating clients of 6 and 26. This figure
shows that all tested configurations converge to similar results
when the prior variance is large enough, that is when the a
priori information on @ is non-informative. However, when
given p(@) is informative, represented by smaller variance
values, the impact of properly accounting for it would be more
apparent. Independently of the number of users, CIL seems to
exhibit stable results, whereas CIP’s performance degrades as
the prior becomes narrower.

Figure 4 shows the MSE of test wrt the number of clients
M, as well as for the two representative values prior variance
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Fig. 2: Evolution of the KL divergence wrt ¢y (top) and
number of client M (bottom).
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Fig. 3: Test MSE with respect to ¢ for the distributed linear
estimation in Section V-A.

g = 1 and qo 3. The results suggest that CIL can
outperform CIP as we increasing the number of clients. In
that situation, for growing M, CIP uses the prior information
repeatedly, causing the results to be biased unless this fact is
taken into consideration as in the CIL appoach. This effect
is even more notorious when the a priori information is not
accurate (e.g., the mean value is far from the true value of 9).

B. Fusion of local class posterior probabilities

We are now interested in analyzing the performance of the
Bayesian data fusion approaches when priors are shared across
agents in a classification problem. Similarly to BCM [13], we
consider the fusion of classification results as the fusion of
probability functions. Analogous to (2), the CIL fusion, given
input x, results in a discrete posterior probability distribution:

IM_, P(C' = ¢| Dy, x)

PO =Dy, .. PM-1(C=¢)

. Dyyx) (20)

20 T T T
— CIP gy =1
— CIL go =1
191 crp g =3
-~ - CIL ¢o =3
18 .

MSE of Test

17

Fig. 4: The test MSE wrt M under different prior information
when prior variance at 1 and 3.

where c is the classification label with ¢ € {1,...,L}. The
a priori probability of the classes, shared among agents, is
denoted by P(C' = c¢). To obtain the local class posterior
probabilities P(C|D,,, x), we consider an linear discriminant
analysis (LDA) model, which optimally utilizes the shared
prior, then fuse the local posteriors to obtain the final result
in (20).

In this experiment, for the sake of clarity, we are considering
an L 2 classes classification problem. The objective is
thus to estimate their class posterior probabilities P(C
i|D1,..., Dy, x) with ¢ € {1,2}. We generated a synthetic
dataset, consisting of 1000 data points, by sampling from two
normal distributions (for class i, the conditional likelihood of
the generated data is p(D,,|x,C = i) = N(1;,I), where 1;
is an all-zeroes vector except for a 1 at the i-th element. The
dimension of the data y is 10. The prior class probabilities
were 0.6 and 0.4 for classes 1 and 2, respectively. The resulting
dataset was divided into M subsets of the same dimension
1000/M, such that these are i.i.d. distributed.

Figure 5 shows the evolution of the KL divergence between
class posteriors of CIP and CIL as function of different sys-
tems parameters. The top panel depicts the KL divergence as a
function of the assumed (misspecified) prior P, & P(C = 1)
for M € {6,12}. The panel shows that the KL divergence
is minimized when the assumed prior probabilities are P; =
P, = 1/2, such that non-informative priors were employed.
Additionally, the KL divergence for M = 12 clients is larger
than the one for M = 6 clients, which is also shown in the
bottom panel where the KL divergence increases with M. The
bottom panel depicts the KL as a function of M while fixing
the assumed priors as P; = 0.1 and P; = 0.4. Again the plot
shows that the KL is smaller for non-informative priors while
the KL consistently increases with the number of clients.

Figure 6 shows the accuracy performance of posterior class
distribution of both CIP and CIL with respect to the assumed
prior P;. The accuracy is a metric that measures the percentage
of correct predictions over the total test samples observed.

Similarly to the KL analysis in Figure 5, the accuracy of
both approaches are similar for non-informative class priors
Py = P, = 1/2. On the other hand, when the prior probability
is far from the actual class prior probability, CIP’s accuracy
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Fig. 5: KL divergence between CIL and CIP class posteriors as
a function of (top) the class 1 prior probability P; and (bottom)
number of clients M. Distributed classification problem from
Section V-B.
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Fig. 6: The accuracy with respect to the class 1 prior proba-
bility for various numbers of clients M and fixed amount of
total data.

is degraded since that mismatched prior is overused, whereas
for CIL the performance does not drop dramatically. When
the prior probability is close to real class distribution (that is,
P, = 0.6 and P, = 0.4), both of these two methods achieve
relatively decent results. Figure 7 shows the classification
accuracy, this time in terms of the number of clients M and
two values for P;. The results show that CIL outperforms CIP,
similarly to Figure 6.

C. Distributed learning of neural network classifiers

In this test we consider a set of M neural networks with
the same structure and network parameters @, each trained
on observed local data. The objective is therefore to fuse
the trained NNs into a global NN that can then be used for
classification purposes, accounting for all local data through

0.95

S

S 09) ]

>

Q

= — CIPP, =01

G — CIL P, =01

< 08| __cpp, =04 i
--- CIL P =04 | | |
3 6 9 12 15 18 21 24

M

Fig. 7: Testing accuracy with respect to M under class 1
prior probabilities 0.1 and 0.4, for the classification problem
in Section V-B.

a distributed training process. More precisely, the fusion is
among the locally learned 0, as opposed to fusing the local
class posterior as done in the experiments in Section V-B.
Additionally, since the focus of this paper is on Bayesian
data fusion, those are Bayesian NNs (BNN) in that their
weights are treated as random variables. Therefore, training of
a BNN involves inferring the joint posterior of its parameters

= given available data. The objective of this experiment is to

locally train the BNNS, then fuse the local posteriors p(6|D,,)
to compute a global posterior p(@|Dy,...,Dys). The use of
Bayesian approaches within the context of data-driven models
has been investigated previously and is given attention more

|| recently [51], where for the sake of simplicity the weights

in the BNN are typically assumed independent and normally
distributed such that mean and covariance can characterize
their posterior.

In this experiment, we used a similar classification dataset
as in Section V-B, sampling from a normal distribution for
each class p(Dp,|x, C = 1) = N(1;,I), where in this case the
dimension of the problem was increased to 10 classes, ¢ =
{1,...,10}, while size of the data was kept to 10 as in Section
V-B. The prior was normally distributed as p(8) = N(0, goI),
with go adjusting its variance. The BNN trained by the M local
agents had a hidden layer of 64 neurons, the training epoch
was set to 100, and the learning rate was 0.05. It is worth
mentioning that the total amount of data is fixed, such that
increasing M would have the impact of reducing the amount
of local data available at each client. Given a local dataset,
there are several methods that can be used to calculate the
posterior distribution of the BNN parameters. Without loss of
generality, we considered here a Laplace approximation of the
BNN parameters [44], assuming the parameters are normally
distributed.

Figure 8 shows the KL divergence between the parameters’
posterior of both CIP and CIL solutions, as a function of the a
priori variance gy (top panel for M = 6 and M = 16 clients)
and the number of clients M (bottom panel for ¢y = 4 and
go = 1.6). From the top panel of this figure, we can see that
behavior of the KL divergence with respect to gg or M are
similar to those from V-A.
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Fig. 8: KL divergence between CIL and CIP class posteriors
as a function of (top) go and (bottom) M for the distributed
classification training in Section V-C.
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Fig. 9: Testing accuracy with respect to the prior variance for
a fixed amount of total data across the M clients.

Figure 9 shows the fusion center NN testing accuracy with
respect the prior variance gg for M = 6 and M = 16 clients.
For the sake of clarity, and to facilitate the identification of
the trend behavior, the reported metric is test accuracy of
CIL (and CIP) divided by global accuracy (considered as
a benchmark, using the global model for testing, which is
trained by using all datasets jointly). As expected, as the
prior becomes more informative, CIL outperforms CIP, and
as M increases the local data becomes more scarce and
the performance degrades. Analogously, Figure 10 shows the
testing accuracy with respect to the number of clients M for
different values of qg, drawing similar conclusions.

D. Recursive update of classification problem using M neural
networks

Results presented in the previous subsection only considered
the case where classifier’s parameters are fused once, after
learned using local data. In many applications, however, one

T D
'C_‘TS —~‘-—-‘~~
s 1 1
Q
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8 —— CIL gy =4
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<C ---CILqU:l.G
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number of clients M

Fig. 10: Testing accuracy with respect to M for a different
values of qq.

aims at fusing models over time in an iterative procedure. For
instance, this is the case of many distributed and/or federated
methods where a common prior can be shared with several
nodes and fused back recursively [36]. In this experiment,
we consider the case of Bayesian federated model learning
where learned distributions from distributed clients are fused
by a central node in the vein of Figure 1. Locally, at the ¢-th
communication round each client obtains their local posterior
of the BNN model parameters using Bayes theorem as

_p-1(8)p(D,n]6)

P(Dw) 7
where p;_1(60) denotes the prior distribution of the parameters
at ¢ and the log-posterior can be written as

Inp:(0|Dy,) = Inpi—1(0) + Inp(D,,|0) — Inp(D,y,) -

For simplicity, we consider the Gaussian assumption on
the posterior p;(0|D,,) ~ N(Opm ¢, Ch ), similarly as in
(7). Defining the loss for the m-th client as the log-posterior
in (22), i.e., J;n1(0) = Inp¢(0|D,,), and using the Laplace
approximation for its second term, the loss can be approxi-
mated as

1
Jm,t(0) %5(9 - Ht—1)TAt—1(9 — i)

1 ML
~(0—-6
+2(

m,t

pe(6]Drm) 2

(22)

(23)
) Hon (0 = 005) + 5,

where p;_1(0) ~ N(u,_1,A; ")) is the parameter prior at
t, resulting from the CIL (or CIP) fusion of local posteri-
ors at k — 1. The Laplace approximation of the likelihood
(D, |0) N (01;4”3, H;}t) requires maximum likelihood
(ML) estimation of the parameter, 0?&5, possibly through a
gradient method or other numerical optimization approach. A
suitable estimate of the inverse covariance H;,', in the Lapla-
cian approximation is known to be [44] the Fisher information
matrix Z(0), which can be approximated [36] by Z,,(0) ~
D] 2 (y)eDn Vo108 D(y(x,0)Vologp(ylx,8) T for the
m-th client. The x gathers constant terms that are not related
to @ and thus do not contribute to the loss minimization. Then,
the local parameter posterior mean for the m-th client can be
estimated by solving the following optimization problem:

~
~

0., = argmax Jy,, .(0) , (24)
0
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and the associated local covariance is [36]

9%J,,(0)
™ 9000

-1

~ L (O0) + Aoy (25)

After obtaining the local posterior parameters at t, O,
and C,,, for m = 1,..., M, these can be fused using
either CIL and CIP approaches. This fused posterior would
become p;(0) ~ N(pu;, A; ') the new prior used at the next
communication round ¢ + 1.

Compared to previous classification experiments, this exper-
iment considers a more complex synthetic dataset generated
from a Gaussian mixture with a maximum of 4 Gaussian com-
ponents, with 3 possible classes and 10 features dimension.
A total of 600 i.i.d. training points and 300 testing points
were generated. The considered BNN model is a multi-layer
perceptron (MLP) with two hidden layers, containing 32 and
8 neurons respectively, with a learning rate of 0.01 at training.

The results in Figures 11 and 12 show the evolution of
accuracy and the mean value of the variance of all parameters,
as a function of the communication round ¢ at which fusion
happens. M = 4 and M = 16 are tested. In the experiments,
the initial round is given with non-informative prior informa-
tion. After several communicate rounds occur, the variance
becomes very informative, as shown in Figure 12.

It is seen from Figure 11 that accuracy generally increases
with the number of communication rounds, for both CIP and
CIL. Also, the accuracy decreases inversely proportional to
the number of clients M. The latter is a consequence of
having less local data samples at each node, given that the
overall amount is kept constant regardless of M. Another
conclusion from the experiment is that CIL outperforms CIP,
approaching each other when enough communication rounds
are run. On the other hand, the average variance of the
parameters produced by (25) is negligible, both approaches
becoming over-confident.

VI. CONCLUSIONS

This paper investigates the impact of sharing a priori in-
formation of parameters of interest in a Bayesian data fusion
context. The focus is on distributed learning of models for
regression and classification purposes. We analyze two fusion
possibilities in a distributed system, so-called conditionally
independent posterior (CIP) and conditionally independent
likelihoods (CIL). CIL assumes the local datasets are mutually
conditionally independent and CIP is based on the approx-
imation that the local posteriors are mutually independent.
CIP is sometimes desirable due to its simplicity, however
the assumption is compromised when prior information is
shared among clients for which CIL is better suited. This
article provided an analysis of both fusion approaches and
their performance as a function of the uncertainty of the shared
prior and the number of agents in the distributed setting. A
deeper analysis was provided under the assumption that local
posteriors can be approximated as Gaussian distributed. It is
shown that both CIL and CIP converge to similar fusion results
when the prior becomes non-informative. Another result from
the analysis shows that, for the same amount of global data,
when the number of collaborative agents increase the CIP
solution degrades with respect to CIL. Or in other words,
when the number of users decrease, both approaches become
equivalent. A comparison of these two methods in different
applications of distributed inference was provided. Namely,
experimental results were discussed for distributed learning of
linear regression and classification models; distributed learning
of neural network classifiers; and a practical use case in the
context of federated learning, where the prior information is
updated recursively over time as opposed to only once. The
results consistently show that CIL, which accounts for the
shared prior information, generally outperforms CIP, as it was
predicted by the analytical results presented in this paper.

APPENDIX A
BAYESIAN DATA FUSION UNDER GAUSSIAN
DISTRIBUTIONS

CIL, in (2) is composed of three terms. Namely, ¢) the
Product of Experts term, Hf\f:l p(0|D;), which we refer to
as the CIP; 4i) the product of priors, p*/~1(0); and iii) the
normalizing constant Z, which has no impact in obtaining the
result we are interested in this appendix.
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Under the Gaussian assumption, the first term is given
by (14) following known results of products of Gaussian
distributions [52], such that

M
1 p(01Dm) o N (1, A7) .

(26)
m=1
The second term is
C
M—1 0
P HO) N (B0, 1) @7

given that 8 ~ p(0) = N (6o, Co).
The target distribution, p(8|D) = N (u,A™1), is also a
Gaussian with parameters g and A which can be computed

from c
N (0o, 57°7)
N(@, AT
since the division of two Gaussian distributions is yet another
Gaussian distribution up to a normalizing constant, since it
belongs to the exponential family.
To calculate the desired mean and covariance, we can use

the completing the square method, whereby the exponent in
the Gaussian distribution is expanded as

N(p, A1) o , (28)

1
0 —p) AO —p) = —§0TA0 + 60" Ap + const.,
(29)

1
2

where the symmetries of A are used and the constant repre-
sents the terms that are unrelated to 6.

The exponent in the right-hand side of (28) is composed of
two quadratic terms of the form in (29), that is , consider the
quadratic part:

(O RO i)+ 5 (0-00) (M -1)C5 (6-00),
(30)

which can be rearranged in the form of the right-hand side of
(29) as:

M
LT Ta, LT -1 -1
50T A0+0T A =20 <§ Cplocyl(M-1) )6

m=1
M
+07 (Z C.lo,, — (M — 1)00‘190> , (3D
m=1

where we used (15) and (16). From (31) we can identify the
desired expressions for 4 and A in (11) and (10) respectively.

APPENDIX B
PROOF OF THEOREM 1

This appendix provides a general proof for the result by
using arbitrary divergences. First, we discuss a general result
that is independent of the assumed posterior distribution. Sec-
ondly, a complementary result under the Gaussian assumption
is provided to provide more intuition.

Given the definitions in (2) and (5), the result is obtained
straightforwardly by realizing that when the a priori p()
distribution is non-informative, this prior becomes independent

A ()

of 8. As a consequence, the factor == in (2) becomes a

normalizing constant that, necessarily, has to be the same as 7
in (5) for it to be a proper distribution. Therefore making CIL
and CIP identical, which would indeed make any divergence
between both tend to 0.

The results above are valid for any assumed posterior
distribution. However we are providing a complementary
results here under the Gaussian posterior assumption, with the
objective of providing additional intuititions and connecting
to the case in Section III. Given the a priori distribution
0 ~ p(@) = N(6p,Cy) and under the assumption that
Co = qol, we can readily see from the results in Appendix
A that the CIL posterior distribution p(@|D) = N(u, A~1)
results in a mean of

M
M-1
p=A" (Z C. 0 — 00> SN 5
me—1 do
and a precision matrix of
M
M-1
A= Z C,!— I. (33)
el do

The result investigates the asymptotics of having a prior in-
formation that becomes non-informative, which for the choice
of p(0) here corresponds to the case where gy — oo such that
the Gaussian is wider. Therefore,

M 1 m
M
Jim A= z::l C;l (35)
and we can easily identify that li_1>noou =pand lim A = A

qo—>00
from (15) and (16), respectively. Since under the Gaussian

assumption both CIL and CIP can be parameterized by their
means and covariances, we can write

lim_p(61D) = F(6ID) . (36)

since those statistics are asymptotically equivalent as shown
in (15) and (16). As a consequence, their divergence tends to
zero with gg — oo, independently of M, which proves the
result.

APPENDIX C
PROOF OF THEOREM 2 UNDER KULLBACK-LEIBLER
DIVERGENCE

Recall that the true posterior (referred to as CIL) was
expressed in (2) as

1Y, p(D,.|0)p(6)
p(D)

where p(D) = [ Hn]\le p(Dn|0)p(0)dO and that the approx-
imate posterior (denoted as CIP) was given in (5) as

[To_, p(D.|6)p™ (8)
PMm (D) ’

p(0|D) = ; (37

M
pOID) = Z [ ] p(6|Dm) = (38)
m=1
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where p (D [TIY., p(D,|0)p™ (6)d6 and Z =
M

H";/llifg)m). With those definitions, let us define the KL

divergence between both fusion rules as KL, and manipulate

it further

KLy = KL (p(6|D) || p(6|D))

- / p(6]D) log (?ﬁgg:g;) d6

(39)

[1Y_, p(D:n|6)p(8)

/ | 1p m|9)p(9) o (D)
[1X_, p(D:|6)p™ ()
pm (D)
H%:l p(Dmlg)p(e) log (pJ\I(D) 1 ) do
(D) p(D) pM~1(0)

/Hm 1 P( m|9) (9)

(o (p;;g?) - (1= 1)1og(p(0)) ) do

o pum (D)
= g( »(D)

) (M~ )H(0/D), p(6)),

We also notice that the last term is the cross-entropy of the
prior relative to the posterior distribution:

p(DIO)p(O)

B los(r(®)db.

H(p(6]D), p(8)) = — / (40)

such that H(p(0|D),p(0)) > 0.
We aim at showing that KLj;y1 > KLy, for which we
will show that the following quantity is positive:

KLt — KLas
—log [ p(Dl6)y"' " (6)d8

~log [ (DI} (6)d6 -+ H(p(6ID).(6))
:log/WpN[(a)dO

p(D]0)p(6) -
_log/ p(D) a

— o5 [ p(6D)" (6)d0
~log / p(61D)p"~(8)d0 + H(p(6|D), p(6))
log Sar—1 + H(p(0|D),p(0)),

where we used Bayes’ rule in the last step, and defined
Sy = [p(0D)pM(0)d6. As we will discuss next, if log Sy
is convex with respect to M, then we can show that (41) is
positive, thus completing the proof.

(41)

H(p(6|D),p(6))

'(0)d0 + H(p(6|D), p(8))

=log Sy —

Convexity proof for log Sp;: To demonstrate the convex-
ity of log Sas note that it can be rewritten as Sy; = log E,, [a™]
for a = p(@), and p = p(8|D). Furthermore, also note that a

is non-negative. Now we can show that functions of this type,
f(M) = logEy[a”

1], a > 0, are convex:
FAMi+(1 = t)Ms) = log Epvfu’™"]
b) 17\t 1 a1t
e (3, 1)) (e 1)

(¢ _
=logE, [U]tEp[u]l K

=tlogE,[v] + (1 —t)logEp[u]
= tf(My) + (1 = ) f (Mp).

In equality (a) we used v = a™* and u = a™2. Inequality
(b) results from the application of the Holder’s inequality for
Lebesgue measures, where E[XY] < ]E[|X|Z]%E[\Y|q]% and
wemade t = 1/z and (1—t) = 1/¢, for z, q € [1,00). Equality
(c) follows from the fact that the quantities v and w are always
positive, concluding the convexity proof for log Sa;.

(a)

Positiveness of (41): A direct consequence of the con-
vexity of log Syy, is that the difference log Sy —log Sas—1 can
be bounded as log Sy — log Spr—1 > log S1 — log Sy, with
equality if M = 1. Similarly, we can use the result to show that
KLjps+1—KLjs > KLy—KLj is bounded when M = 1. These
results are then used to finally show the positiveness of (41).
Based on the convexity of log Sy, and Jensen’s inequality, we
can show that

log Sy — log Sar—1 + H(p(0|D),
= log Eyep) [PV (0)]
— Eyop) [log p(0)]

(m=1) 1og Epa1p) [P(0)] — Epe)p) [log p(6)]
Ey61p) [log p(0)] — Epeip) [log p(6)] = 0,

p(0))
—log Epaip) [P

(42)
M=1(9)] a6

>
2

which concludes that KL,s11 > KLy, thus proving Theo-
rem 2 under KL divergence and arbitrary distributions. The
following subsection in the appendix shows the result under
the Gaussian assumption.

A. Proof under Gaussian distributions

A similar, although more tedious, result can be obtained
under the more restrictive case of Gaussian distributed posteri-
ors. Given the widespread use of Gaussian models, we provide
this complementary result, which uses the Gaussian product
results [52]. Similarly, we aim at showing that Sy, is convex
for the Gaussian case, such that the reasoning in equation (42)
follows.

We are interested in the Gaussian assumption for both
the prior p(@) = N(6y,Cop) and the posterior p(6|D) =
N (p, A=) distributions. The product in Sys can be further
manipulated as

C
PO ) = (A1) Soae (00, 50) @)

= SomS1,m N ((MCyt + A) (A8 + Cy' M p),
(MCyt +A)™),
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where Sy s and Sp s are scaling factors [52]

1 C _
SO,M = (27‘(‘ % ﬁo(co) M‘

1 T~—1 T Co -1

-exp[—i(MHO Cy6p -6, (ﬁ) 6o)] (44)
1 _

= —ar |MCyT i

(2m) =
! (45)

Sim =
Vem S+ A

b

exp H(eo w7 (S eatt) G-

such that computing the integral S, reduces to a product of
those scaling factors

Sm = So0,051, M (46)

1
am | Co 1| 2
— 4+ A
M+

= (271—)_ 2

‘Mcé\/[71|_%

C, ]

exp _—;(90 w7 (Srea) -

aM

_1
=(@2m)" % [C)f + MCYTTIATY

r 1
—%(90 -’ (S\:; + A_l) (6o — 1)

exp

d M1 _1
=(2m)"2 |2m)Co| T |Co+MATH 2

RO GRS IRCEIE

exp
and
M—1 1
log Sy = ———— log |2()"Co| — ; log |Co + MA™|
(47)
1 C N\
- 5(90 —p)’ <]WO +A 1) (6o — p) + const .

In order to show that (39) is a positive quantity, we will
first show that log Sy — log Shs—1 is bounded. The objective
is to show the log Sy; — log Sps_1 increases with M, that is
to say that log Sy is a convex function of M, in which case
the boundness would follow with its minimum value being
log S1 —log Sy when M = 1. The following derivation proves
the convexity of log Sys. Using basic matrix algebra results,

the first derivative of log Sy is
0log Smr 1 d 1 1 a—1

(48)

— 5000~ 1) (Co + MA™) ™ Gy (Co+ MA™) )0 — ),

and its second derivative is

0%log Sy
OM?

200 — )T [(Co+ MAT) T AT (Co+ MAT) (0

1
= 5Tr((CoA + M)+

Since the first term in equation (49) is larger than 0 and the
second term is larger or equal than 0, it follows that log Sy, is
a convex function and the discussion in equation (42) holds for
the Gaussian case. While the result of the theorem for arbitrary
distributions is mode general, the above result under Gaussian
distributions is complementary and provides consistent results.

APPENDIX D
PROOF OF THEOREM 2 UNDER Y2 DIVERGENCE

The results in Theorem 2 also holds when the x? divergence
[53] is considered. Before showing the result let us first express
the x? divergence as a function of the number of clients M:

(p(8]D) — p(68|D))*

Gilwiom) | sep) = [ EEZZEEE a0 so)
_ [p*®D)
- [ Somieo
pQ(%“()g;(B)
- / sio)yrey 0 1
pm (D)
_ 2— pM(D)
= [ p(ploy o) S do ~
_ 1-a1 gy P (D) _
—/p(HID)p (9) (D) de — 1

— [ o ©)d6 [ pioiD)p' - (8)a0 1
= Eyoip) [P(0)" '] Epiorp) [p(0) ]

Now, we focus on proving that x3,,; — x3, > 0 for all
M > 1, where we omit the arguments in (50) for brevity. For
this, first note that x3, is log-convex, that is

log X3/ = log Eyip) [p(8)" '] + log Eyeip) [p(6)' "]
is convex. The convexity of log x4, follows from the fact that
(i) both log Epgp) [p(8)™ 1] and log [p(0)' =] fall in the
category of functions f(M) = logE,[a™], a > 0, for which
we proved convexity in Appendix C; and (i¢) the fact that the
sum of convex functions is also convex [54].

Another necessary result for our proof relies on the fact that
the log function is monotonically increasing for non-negative
arguments such as the x? divergence. Thus,

log X341 —logx3s =0 < X3/ — X = 0.

The above fact implies that if one can show that log x%, b1
log x%; > 0, the proof is complete. Now, we can apply these
results to complete our proof as follows:

log X3141 — log X3, 2 log (Ep [a™] By [a=M]) D
—log (IEP (M1 E, [a*M*UD

where in Equality (a) we defined a = p(0) and p = p(0|D)

0~ Mor brevity of notation. In Inequality (b) we exploited the
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convexity of log x3, in the same way done in Appendix C, that
is, log x3; —log x3,_; = log x3 — log x2. In the last step we
applied the Cauchy-Schwarz to obtain Inequality (c). Finally,
the result above implies that

Xaren 2 X, VM >1
which concludes the proof.
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