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Abstract

Binary expansion testing (BET) provides powerful detection of interesting
nonlinear dependence among pairs of variables in the exploratory data anal-
ysis of large-scale data sets. However, the Bonferroni adjusted p-values can
be overly conservative when used to determine the significant testing pairs.
A novel contribution of this paper is the extreme value theory analysis of
BET. This results in a potentially powerful new significance threshold for
the maximal BET z-statistics.
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1 Introduction

The Binary Expansion Testing (BET) framework (Zhang, 2019) is a power-
ful nonparametric test of independence of two continuous random variables.
In particular, it has wide use in the detection of interesting nonlinear rela-
tionships in pairwise applications, especially for large scale data sets. For
example, Xiang et al. (2022) uses BET to find many important nonlinear
patterns among the expression of pairs of genes from the breast cancer sub-
set of The Cancer Genome Atlas (TCGA) data set (The Cancer Genome
Atlas Network, 2012). Many of these seem to have interesting biological
interpretations.

Although BET works well in testing independence between pairwise vari-
ables, there is room for improvement in the exploratory data analysis of
large-scale data sets. As discussed in Section 3.2 of Xiang et al. (2022), the
significantly dependent pairs are determined by the pairwise application of
BET using Bonferroni adjusted p-values. However, that Bonferroni adjust-
ment can be overly conservative, especially in large-scale data sets such as
TCGA. To address this issue and improve the statistical power, the goal of
this paper is to study the distribution of the maximal BET z-statistics when
doing pairwise testing. Specifically, we plan to use extreme value theory to
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derive the limiting distribution of the maximal BET z-statistics under the
null hypothesis that all variables are independent. In Section 2, we briefly
introduce the ideas and procedure of BET. In Section 3, we calculate the
distribution of the BET z-score for pairwise testing and the limiting dis-
tribution of the maximal BET z-statistics. In Section 4, we propose a new
method to select the significantly dependent pairs by using the maximal
BET z-statistics.

2 BET Framework: Background and Definitions

First, we give a brief introduction to binary expansion as developed in Zhang
(2019). This BET framework uses symmetry statistics that are complete
and sufficient statistics for dependence. By Basu’s theorem (Basu, 1958),
bounded complete sufficient statistics are independent of any ancillary statis-
tic. Thanks to this important theoretical insight, the analysis of dependence
can be focused on these symmetry statistics.

Suppose X1, X»,..., X, are p independent continuous variables, and n
independent replications are observed. For testing the independence of
X; and X; using BET, first, the copula transformation is applied to get
U = Fx,(X;) and V = Fx,(X}), where U, V have a uniform marginal distri-
bution over [0, 1], and the ordering relationship of X; and X is preserved.
For example, in Fig. 1, the left panel shows a scatter plot of expression for the
genes FAM171A1 and SPARCL1 from TCGA (The Cancer Genome Atlas
Network, 2012) in the normalized log count scale, which has an approxi-
mately parabolic relationship; the right panel shows the scatter plot of the
same two genes after the copula transformation with the BET diagnostic
plot explained below.

The binary expansions of U and V are expressed as U =y 7> | A/ 2F and
V = 3%, Bi /2", where Ay ted Bernoulli(1/2), By i Bernoulli(1/2).
Next, in the BET procedure, we truncate the expansions at given depths
d1 and dy separately. To achieve common approximation error, we assume
di = ds = d, then the truncated expansions Uy = Zi:l Ay /28 and V; =
Zi,zl By /2% are approximations of U and V, and are discrete variables
taking 2% possible values.

Such Ay, and By generate m = (2¢ — 1)2 cross interactions, each of which
is a new binary variable and reflects a dependence relationship between Uy
and V. To express each cross interaction in the form of products, we first
define new binary variables: Ap = 24, — 1 and By = 2By — 1, where Ay,
and By, take the values —1 and 1. Hence the interaction between each pair
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of A and Bj can be presented as the product Ay By Thus, each cross
interaction results from the product of at least one Ay and By, which has
the form Akl---Aker;---Bk; with r,¢t > 0. Each cross interaction is a binary
variable taking the values —1 and 1, dividing the unit square [0,1]? into
2 regions. These two regions are colored white (1) and shaded (—1). For
example, the right panel of Fig. 1 shows one cross interaction when given
depth parameter d = 2. This cross interaction captures a particular parabolic
dependence pattern in terms of many more points in the shaded region than
in the white region. This relationship is clear in the scatter plot on the left
panel.

Each cross interaction defines one Binary Interaction Design (BID). For
each BID, a symmetry statistic S is defined as the difference of point counts
of n pairs (U,V) in white and shaded regions partitioned by the BID, as
shown in the right panel of Fig. 1 where S is —363. If U; and V; are
independent, the points should be uniformly distributed on the unit squares,
and for each BID, the symmetry statistic Sy should be close to 0. Thus, when
the absolute value of one Sy, is far from 0, we could reject the independent null
hypothesis. The corresponding BID could explain the potential dependence
pattern between U and V, i.e., the relationship between X; and X;.

For m BIDs used in the BET procedure, the z-score of each BID is defined
as |Si/v/n|. The title of the right panel of Fig. 1 indicates the z-score of the
corresponding BID (12.7).

Now we get a complete BET procedure for testing a pair of variables.
First we choose depth parameters d; = do = d and get the m = (2% — 1)2
BIDs. After computing all symmetry statistics Si of m BIDs for this pair,
we find the BID with the largest absolute value of Sj, and also record the
corresponding p-value and z-statistic. We use this largest BID z-score as the
z-statistic of BET, i.e., when given d; = dy = d, we denote Z;;, as the
z-statistic of BET between X; and Xj:

x|
s

As discussed above, the BET diagnostic plot in the right panel of Fig. 1
(white and shaded regions) represents the BID detecting a parabolic rela-
tionship, where the absolute value of the corresponding symmetry statistic
Sy of this BID for this pair of genes is the largest and is far from 0. Thus,
the z-score of this BID shown in the title of the right panel (z-stat = 12.7)
is also the z-statistic of BET between this pair of genes, and this BID gives
a reasonable explanation of the dependence pattern. Based on the symbols

(1)

Zij.d = MaXkel,..m
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of the breast cancer subtypes, we notice that this relationship tends to be
driven by a separation between the Basal (dark o) subgroup and other breast
cancer (light +) subgroups, which is biologically meaningful.

Xiang et al. (2022) did a careful comparison with more conventional
measures of dependence, and found some overall improvement in identifying
non-linear dependent pairs of variables, at a much reduced computational
cost.

3 Distribution of the Maximal Z-statistic of BET

In this section, we discuss the approximate distribution of the maximal BET
z-score among all pairs of variables in a n x p data set. Recall in Section 2, we
define Z;; 4 to be the BET z-score for testing dependence between X; and X;.
Let Z(pn),a = maxi<i<j<p Zij d» which denotes the maximal BET z-statistic of
the pairwise application to the n x p data set. We have two steps to calculate
the approximate distribution of Z(,,) 4: first, in Section 3.1, we calculate a
tail bound of the z-score of BET between two independent variables Z;; 4;
second, in Section 3.2, we derive an approximate distribution of the maximal
BET z-score among p independent variables Z(,,) 4-

3.1 Distribution of the BET Z-statistic In the first step, the tail bound
of the BET z-statistic is stated in the following theorem:
Theorem 1 Suppose X;, X; are two independent variables and n indepen-
dent replications are observed. When given BET depths di = dy = d, let A
represent the set of indices of m BIDs, where m = (2¢ — 1)2, and let Sy,
denote the corresponding symmetry statistic for a given k € A. Then the
z-statistic of BET between X; and Xj is Z;jq = maxgea |Sk|//n, which
satisfies as n — 00,

1—e MM N\ (z,n)2/m < P(Zijq > 2) < 1—e &M 40 (2,0)2/m, (2)
where

M(z,n) =2mg(a,n)(1 4+ o(1)),

1 1
g(z,n) = e,
I—r./2ra(l —a)n
zyn+n+1
alzn) = —— ——
1—a
r(z,n) = pa

H(z,n) = alog(2a) + (1 — a)log(2 — 2a).
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Proof of Theorem 1 To get the tail bound of the z-statistic of BET, first we
calculate the approximate distribution of Z;; 4:

S
P(Zija < 2) = P(maxgea ISl <z2)=P(—= < z2,..,,—— < 2),

Vn nT VN

where S1, ..., 5, represent the symmetry statistics S for all m BlDs.

Before calculating the distribution of the z-statistic of BET, we need to

calculate the tail bound of the z-score of a given BID, which is p; = P (‘S—\/%' >

z):

o= P(’i’% > 2) = PSu| > 2v/i) = P(Se > 2/t or — Sy < —2/i)

=P(Sk > 2vn+1or —Sk < —2yn—1)=2P(S, > 2y/n+1).

This equation reflects that we first need to compute the probability distri-
bution of the symmetry statistic Sg. O

To obtain P(Sk > s), we base our calculation on the following observations:

e S1,..., Sy, are pairwise independent from Theorem 4.3. in Zhang (2019).

e B, = (Sk +n)/2 ~ Binomial(n,1/2) from Theorem 4.1. in Zhang
(2019).

e The following lemma is Theorem 2 from Arratia and Gordon (1989)
which gives a large deviation for the binomial distribution:

Lemma 2 For B, ~ B(n,p), if the P(B,, > k) satisfies p < a = k/n < 1,
then:

where
p1l—a
r==
al—p’
a 1—a
H =alog(— 1—a)l .
alog(5) + (1~ ) log(;—)
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According to the second observation, the distribution of B,, ;, is written
as:

P(B, > an)=P((Sk+n)/2 > an)=P(S; > 2an —n)=P(S; > (2a—1)n).
Then according to Lemma 2, we let

1
(2a — 1)n = zv/n + 1, i.e., a:z\/ﬁ—;nn—i_>p':1/2,
1—-a
r= ,
a

H = alog(2a) 4+ (1 — a)log(2 — 2a),

and define
1 1 —nH

9z n) = I—7r./2ra(l - a)ne

the tail bound of the symmetry statistic Sy is given as follows:

P(Sk > 2v/n+1) = P(Skx > (2a — 1)n) = P(Bnx > an) = g(a,n)(1 + o(1)) as n — oo.

Thus we have the following expression:
p1=2P(Sy > zv/n+1) = 2g(a,n)(1 + o(1)) as n — .

To calculate the tail bound of the z-statistic of BET, we first define a
useful notation for a Poisson approximation: let I be a finite or countable
index set. For each o € I, let Y, be a Bernoulli random variable with p, =
P(Y, =1) > 0, and let {N,,a € I} be a set of subsets of I, i.e., N, C I
with a € N,. The set N, is thought of as a neighborhood of « consisting of
the set of the indices 3 such that Y, and Y3 are dependent. Let

W =YY, and A= EW,

acl
and define:
=3 pvs Q
ael BEN,
bQ = Z Z paﬁ, where pag = E[YaYﬁ], (4)

a€l B:a#BEN,
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by =Y  E|E{Ya—palo(Ys: 8 ¢ Na)}|- (5)
ael

Based on the above notation, we use the following lemma giving a Poisson
approximation for the maximum of dependent variates using the first and
second moments, which is from Arratia et al. (1990):

Lemma 3 If by, be and b defined by (3), (4) and (5) are all small, then the
probability of the event {W = 0} has a Poisson approximation:

|P(W =0) —e | < (by 4+ by+b3)(1 —e ) /A< (LAXN ) (b + by + b3).

In our calculation of P(Z;;4 < z) = P(l\sf1| <z.., ‘:qﬂ < z), we take I =
I ={1,...,m}. Let ay = k € I, and since the Sy are pairwise independent,
we define N,, = Ny = {k}, and we have:

Yo, =Y = 1{‘\5%| > Z},

Pay =Pk = D1 = 2g(a,n)(1+0o(1)) as n — oo,

Wl = ZYka
k=1
A=A = mEY; = mp,, = 2mg(a,n)(1+ o(1)) as n — oo,

and the distribution of the z-statistic of BET is written as:

P(Zija < 2) = <'f' j“i' <2)
P(Y Y
k=1
P(W; = 0).

Thus in our proof, we calculate by, by and bs from (3), (4) and (5) as
follows:

= pi =mpi =\/m,
kel
by = 0,

b3:05
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since Yy, is independent of the sigma field o(Yj3 : 5 ¢ N,) and E{Y,|o(Y3 :

6 ¢ Noz)} = Pa; E{Ya _pa’U(YB : /8 ¢ Na)} =0.
Finally according to Lemma 3, we get:

e —N/m < P(Zija<2)<e™M+A/m
L—e™ = MN/m < P(Zija>2) <1—e™+2\/m,

where A\; = 2mg(a,n)(1+o(1)) as n — oo.

Thus, Theorem 3.1 gives a useful tail bound of the BET z-score between
X; and X; from the limiting distribution. This tail bound sheds light on
the limiting distribution of the maximal BET z-statistic, as described in
Section 3.2.

8.2 Limiting Distribution of the Maximal BET Z-statistic ~ Now we
derive a limiting distribution of the maximal BET z-score among p indepen-
dent variables, as stated in the following theorem:

Theorem 4 Suppose X1, Xo, ..., X, are p independent variables and n inde-
pendent replications are observed. When given BET depths di = do =
d, we have m BIDs. Then the mazimal z-score of BET is Zu)q
maxi<j<j<p Zijd, which satisfies as p — oo and p = O(n?), where § €
(0,1/3),

4

. p n
nh_{go |P(Z(pny,a < Wt) — el P = 0,

where
a [2a%(1 —a)l79] ™"
2a—1 2ra(l —a)n

plt/n* 1t +n 41
2n ‘

f(t,p,n) = —mp(p —1)

9

a(t,p,n, o) =

Proof of Theorem 4 First, for a given pair (X;, X;), from Theorem 1 we have
the tail bound of the z-score between X; and Xj:

1—e™ - N/m<P(Zija>2)<1l—e™
+ \2/m, where A\; = 2mg(a,n)(1 + o(1)),

i.e,

P(Zija>2)=(1—e™)(1+0(1)) as n — o0,
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P(Zija>z)=[1— e~ 2m9 @M (1 4 0(1)) as n — oo,

where
1 1
g(a,n) = e ",
L—=r./2ra(l — a)n
_zy/n+n+1
N 2n
1—a
r = )
a

H = alog(2a) + (1 — a)log(2 — 2a).

Now, to calculate the approximate distribution of Z,,) ;s = maxi<i<j<p
Zij.d, since {Z;j4,1 <i < j < p} are not mutually independent, we use the
Poisson approximation theorem Lemma 3 again.

In this proof, we take the finite index set [ = Iy = {(7,7),1 <i < j < p}.
Let ag = (i,j) € I, we define the neighborhood set N,, = N;; = {(k,l) €
Iy;k =i orl=j}, and we have:

Ya2 = }/ij = 1{Zij,d > Z},

W=Wy= ) Y
1<i<j<p

Pa, = P(Zija > z),

-1 —1
A=Ay = Z EYi; = MP(Zij,d >z) = p(pQ)pw

— 2
1<i<j<p

Based on the above definitions, the probability distribution of the maxi-
mal BET z-score can be presented as:

P(Z(Pn)d <z)= P(maX1§i<j§p Zijd < z)

=P| ) V;=0

1<i<j<p
= P(W, = 0).
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In this proof, we have the following calculations for by, by and b3 defined
by (3), (4) and (5):

pp—1 4p —2
=% X v =P o, = P

az€l, [32€Na2 (p B 1)
=2 > P
as€ls 521(127&526]\70‘2
bs =0,

and to calculate an upper bound on by, we first calculate p,,s, = E[Y,,
Yﬁz] = E[}/ijfzk]

E[YYie| = E[I1(Zij > z, Zig > 2)]
S; \S’\

:P(maxie{l ,m} \f‘ > Z,MaXjcfm+1,..2m} ~— n > 2)
= P(Uicttom {22 > 20 Ujepmon. ,zm}{'f’ > =)
S/
= PUicmT5 > 210 Uiegmon.., Qm}{'f' > )
S| 1S3

= P(Uicq,....m} Yje{m+1,....2m} [{f > zpn | Jn > 2}])
|5l 15l
Z Z P(\/ﬁ > z, Tn > z)

i€{1,...m} je{m+1,...2m}
|55 ’SJ/‘
= ) > P(5E>2)P(—L >2)
i€{1,...m} je{m+1,...2m} \/ﬁ \/ﬁ

_ 2,2
_mpala

IN

where p,, = 2P(Sk > zy/n+1) = 2g(a,n)(1+o0(1)) as n — oco. Thus we get
upper bounds for by and by + bs:

=Y. D Paus

€l Ba:aa#B2ENG,

<> > m

€l Baiaa#B2ENG,
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_plp—1)

5 x2(p—1) % m2pil,

hence

-1
bl—i-bg—p(pz)x(2p—l)p32+

<p*(pZ, +m*p2,)
<pP((L—e ™ +A3/m)* + AY)
< 2p3\%.

After calculating the upper bound on the by + by + b3, according to
Lemma 3,

|[P(Wy = 0) — e 2 < (b1 + by +bg) (1 — e ) /A2 < (1AX; ') (b1 + b + b3),

and since P(Z,n).qa < 2) = P(Wa = 0) from the above equation, we get
[P(Z(pny,a < 2) — e < 20°A3,

where

A1 =2mg(a,n)(1+o(1)) when n — oo,

Ny = IMD . €—2mg(a,n)](1 + 0(1)) when n — o0,

2
1 1 —nH
a,n) = € )
g(an) IL—r.\/2ra(l —a)n
_zyntn+l
N 2n ’
1—a
r= ,
a

H = alog(2a) + (1 — a)log(2 — 2a).

Now we calculate the error bound as follows:

2pPN2 = 8pPm2 e
PAL = Spm (1—r)227ra(1—a)n( +o())
2 —2nH
= 8p*m? " ° (1+0(1))

(2a —1)? 27a(1 — a)n



EXTREME VALUE THEORY FOR BINARY EXPANSION TESTING

4p3m2 a672nH

= a1 —an o)

Since the exponential term is:

e—QnH _ e—2n(log[(2a)a]+log[(2—2a)1*“})

— e 2n log[2a®(1—a)'~¢]

_ [2aa(1 . a)l—a]—2n’

we have the error bound as follows:

4p3m2 a [2aa(1 _ a)lfa]an
2p° A\ = 1+o(1
P A (2a — 1)%n (1—a) (1+o(1))
and since W € (0,2), we get the upper bound of the error term
as:
4p3m? a
2p3\? < 1+0(1)) x 2
P A1 > - (20,—1)277,( +O( ))X

4p°m? 1
_ Apm z/n+n+ (1+0(1)) x 2
T 2(zy/n+1)2
_ApPmPzyn+n+1

T (2y/n+1)?

Now we calculate, for the condition p = O(n?), the region of §: consider

(1+ o(1)).

4p3m? zy/m+n+1

2p3\2 < 14 o(1
P A= T (Z\/ﬁ-f-l)Q( +0< ))
and
) n—1
2v/n+n+1<2n, ie., z< <+/n,
N4D

we have that p satisfies: at least there exists a ¢ > 0,
p’n=0@n*"°),
=pd = O(nl_g)7
=p= O(n1/3_4/3).
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Thus, p = O(n%), where § € (0,1/3).

We take z = ﬁt, where t is a constant, then we get: for the error
term,

T p8t2/n86—2 + 2p4t/n46—1 +1
Am? pTin=1 4 p3p80-1 4 ;3p86-2
T Tr P2t 2phn®1 4 862
_ 4m? 1

- "o()

T P

2032 <

(1+0(1))

(1+0(1))

and

T pit2/nd0—2 £ 2pi/nA-1 4 1
Am2 p7tn45_1 + p3n86—1 + p3n85—2

= 1+o0(1
T P82 1 2phtnA0—T f 862 (1+0(1))

B 4m2 O(nllé—l) 4 O(nllé—l) 4 O(n116—2)

2p° N < (1+0(1))

O +0mP ) L ome 2 Lol
2
= T0( ).
Finally we get when p = O(n®), where § € (0,1/3),
Jim |P(Z(pn),a < 7#541/20 - e_mp(p_l)ﬁ%| —0,
where
m = (2% — 1)
ot pn) = p4t/n45_2;+ n+1

4 Significant Pairs Selection using the BET Z-score
As described in Section 1, when applying BET in a large-scale data set, the
Bonferroni adjustment based on the BET p-value could be a conservative
method to select the interesting nonlinear dependence pairs. While the scope
of this paper is purely theoretical, deeper investigation using simulations
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would be very interesting; for example, one could explore the power compar-
ison of the maximal BET z-scores with the Bonferroni correction and that
with the proposed extreme value theory by replicating the common depen-
dency structures such as linear, parabolic, circular, sine, checkerboard as in
Zhang (2019). Based on the theorem of the extreme value distribution of
the maximal BET z-statistic (Theorem 4), we reject the independence null
hypothesis when the observed z-statistic is large compared to the extreme
value distribution. In particular, the BET z-score is a meaningful statistic to
select the pairs of variables which tend to be nonlinearly dependent. For a
data set with p variables X1, Xo, .., X,, and n independent observations where
p=0(n?),6 € (0,1/3), after giving a fixed choice of the BET depth param-
eters di = ds = d, we identify the set of variable pairs that are potentially
nonlinearly dependent as:

T={(i,§):i<jand Zijq > 2}, (6)

where Z;; 4 is the z-statistic of BET between X; and X, and z, is the 100(1—
a)% quantile of the distribution given in Theorem 4 with the significance
level «. Larger « results in a more conservative test which means fewer
significant pairs are selected in T'.

5 Discussion

In this paper, we have developed a limiting distribution theory for the max-
imal BET z-score under the condition p = O(n?),d € (0,1/3). A limitation
of this theory is demonstrated by the TCGA data analyzed in Xiang et al.
(2022), which is an example data set that has a large number of variables
(16615 genes) and only 817 samples. Thus the theorem of the maximal BET
z-statistic distribution (Theorem 4) is less relevant for this TCGA data set.
An open problem is extending the condition p = O(n%),§ € (0,1/3) to
analyze the behavior of BET for larger data sets or even the high-dimension
low-sample size domain (HDLSS) (Hall et al., 2005), i.e., finding the distribu-
tion of the maximal BET z-score under the condition p = O(n%), § € (0, c0).
We would also like to mention that the fast algorithm for BET symmetry
statistics with bitwise operations is proposed in Zhang et al. (2023). More
specifically, these are different domains of asymptotic, and different high
dimensional theories could be considered: first, we should consider the con-
dition p = O(n%), 6 € (0, 1); second, it would be interesting to pursue random
matrix theory (Tracy and Widom (2002); for a useful introduction, see Bai
and Silverstein (2010) and Tao (2012)), which helps solve this question under
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the situation p = n; third, the HDLSS domain is another interesting open
problem, i.e., we want to solve this extreme value distribution question when
p > n (Zhang, 2017).

Such generalizations could extend the application of the significant pairs
selection using the BET z-score into various important real data situations.
For additional future work, this significant pairs selection approach based
on the BET z-scores can be extended to the variable selections in different
models, such as regression models or neural networks, which involve the
influence of nonlinear relationships between predictors.
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