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Gravitational parity violation arises in a variety of theories beyond general relativity. Gravitational waves
in such theories have their propagation altered, leading to birefringence effects in both the amplitude and
speed of the wave. In this work, we introduce a generalized, theory-motivated parametrization scheme to
study parity violation in gravitational wave propagation. This parametrization maps to parity-violating
gravity theories in a straightforward way. We find that the amplitude and velocity birefringence effects scale
with an effective distance measure that depends on how the dispersion relation is modified. Furthermore,
we show that this generic parametrization can be mapped to the parametrized-post-Einsteinian (ppE)
formalism with convenient applications to gravitational wave observations and model-agnostic tests of
general relativity. We derive a mapping to the standard ppE waveform of the gravitational wave response
function, and also find a ppE waveform mapping at the level of the polarization modes, /, and #, . Finally,
we show how existing constraints in the literature translate to bounds on our new parity-violating

parameters and discuss avenues for future analysis.
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I. INTRODUCTION

The observation of gravitational waves (GWs) by the
LIGO-Virgo-Kagra collaboration (LVK) [1-4] and the
current era of GW astrophysics have provided a rich
background on which to test gravity and study fundamental
physics [5,6]. Although the LVK observations have thus far
not observed significant deviations from Einstein’s theory
of general relativity (GR) [7-10], there are myriad modified
gravity theories that can lead to deviations from GR.
Generally, these types of theories are motivated from a
high-energy UV theory that can lead to small corrections
to GR at low energies in an effective field theory (EFT)
perspective (see, e.g., [11]).

Modified gravity theories can have a variety of effects
on GWs, which can be characterized by modifications to
the GW amplitude and/or its phase. These modifications
can arise both in the GW generation and propagation, but
in this work, we will focus solely on the latter. Real
propagation effects in the phase arise from modified dis-
persion relations, characterized for example in [12—14], and
have been constrained by LVK observations. Amplitude
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modifications typically arise from imaginary modifications
to the dispersion relations, and they are more difficult to
constrain observationally because of degeneracies with
other GW parameters.

While these effects are generic features of many modified
gravity theories, in this study we will focus on parity-
violating theories. Parity violation should here be understood
as the lack of invariance of the action that characterizes a
theory under a parity transformation, i.e., under the inversion
of the spatial triad in a properly adapted coordinate system.
Parity-violating gravity theories modify the propagation of
GWs in a way that specifically leads to amplitude and/or
velocity birefringence. Birefringence denotes the phenome-
non in which the right- and left-handed polarization modes
evolve differently in their propagation. Specifically, ampli-
tude (velocity) birefringence occurs when the imaginary
(real) part of the phase evolves differently for the left- and
right-polarization states.

The most widely studied parity-violating theory is
Chern-Simons (CS) gravity [15-17], which is characterized
by a (four-dimensional) gravitational Chern-Simons term
coupled to a dynamical field that is added to the Einstein-
Hilbert action. The parity-violating effects of this theory arise
when the field is a cosmological or background scalar
(even under parity), because when this couples to the Pon-
tryagin invariant (odd under parity) the scalar-gravitational
Chern-Simons term in the action is parity violating.

© 2023 American Physical Society
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Chern-Simons gravity has been studied in a variety of
contexts, including its effects on inflation in the early
universe, on black hole spacetimes, and on the generation
and propagation of GWs (see, e.g., [6,18-46]). A variety of
extensions of Chern-Simons gravity also exist, including
the Palatini Chern-Simons [47], torsional Chern-Simons
[48,49], and Einstein-Axion-Chern-Simons [50] ones. A
theory which includes both a Chern-Simons term and a
Gauss-Bonnet term [51] has also been suggested. All of these
theories induce similar parity-violating modifications to the
propagation of GWs.

Chern-Simons gravity is the most well-studied parity-
violating modified gravity theory because it has concrete
motivations from particle physics [52] and string theory
[53-56], and is also the unique parity-violating metric
theory that one can write down that is quadratic in the
curvature and linear in the associated scalar field [17].
However, if one relaxes the above assumptions, then we can
consider other parity-violating theories of interest. These
include ghost-free scalar-tensor gravity [57-60], the sym-
metric teleparallel equivalent of GR [61], and versions of
Horava-Lifshitz gravity [62,63], all of which lead to parity
violation. Parity-violating ghost-free scalar-tensor gravity
[57] includes Chern-Simons gravity as a particular limit,
but generalizes the theory to include additional parity-
violating terms by including higher derivatives of the
associated scalar field. The parity-violating symmetric
teleparallel equivalent of GR [61] is constructed in terms
of a non-Riemannian formulation such that the Einstein-
Hilbert action can be written in terms of the “nonmetricity”
tensor. As a nonmetric theory, one is allowed to construct
additional parity-violating extensions to GR than just the
CS interaction. Lastly, Horava-Lifshitz gravity was first
introduced as an extension of GR that is renormalizable and
UV complete [62]. This theory breaks Lorentz invariance
and can include higher-order parity-violating terms [63].
Parity-violating Horava-Lifshitz extends beyond CS grav-
ity by introducing higher dimensional operators that con-
tain derivatives of the curvature.

Significant amounts of work has gone into parametrizing
deviations from GR in GWs, but little of this work has
focused on parity-violating effects. A widely used formal-
ism is the parametrized post-Einsteinian (ppE) framework,
which treats corrections due to modifications of gravity in
analogy to post-Newtonian (PN) corrections in GR [64].
This parametrization scheme can take into account both
generation effects and propagation effects [12,65-68] and
has also been extended beyond simple binary geometries,
see, e.g., [69-73]. Separately from this, there has also
been work studying waveform parametrizations of parity-
violating gravity specifically [59,74,75]. These approaches
are aimed at creating a generic GW template for the
predictions of various parity-violating theories, but the
non-GR corrections are constructed from complicated
integrals that differ from theory to theory. Thus, the
waveform cannot be studied generically and cannot be

easily mapped to specific constraints on any particular
theory. Furthermore, such non-GR corrections cannot be
translated to a generic parametrization d la ppE for the GW
strain or in the 4 /X polarization basis.

In addition to being a convenient theoretical method to
characterize modified GW waveforms, the ppE formalism
has also become an important tool to test GR with
gravitational wave data. PpE corrections to the waveform
amplitude or phase can enter at any post-Newtonian orders,
and thus, it is straightforward to perform a full Bayesian
parameter estimation study or Fisher forecasts. Previous
work in the literature that analyzed gravitational wave data
to search for parity violation used non-ppE methods for a
limited number of waveform corrections and without a
consistent parametrization. Amplitude birefringence was
studied in [76,77] for one particular choice of a theory-
independent parametrization using GW data from the
GWTC-2 and GWTC-3 catalogs. Similarly, data analysis
of velocity birefringence modifications with the GWTC-2
and GWTC-3 catalogs was performed in [78,79], but for
one particular parametrization of the parity-violating
effects without a full ppE analysis. Thus, a full analysis
of gravitational parity violation within the ppE framework
has not yet been performed.

Our aim in this work is to introduce a theory-motivated
yet still theory-agnostic framework that allows for straight-
forward theoretical studies of gravitational parity violation
and applications to real world data analysis. We realize this
aim by first introducing parametrized parity-violating
modifications to the GW propagation equations. By work-
ing within the framework of an effective field theory, we
present an explicit argument that shows that these mod-
ifications must be the only parity-violating interactions one
can construct. We show how the addition of these parity-
violating corrections forces the right- and left-handed GW
polarization modes to propagate differently, leading to
amplitude and velocity birefringence. With the assumption
that any parity-violating corrections are small deviations
from GR and that any time evolution of parity-violating
parameters is small compared to the expansion of the
Universe, we further derive explicit forms for the correc-
tions to the amplitude and phase of the GW. Within the
above-mentioned assumptions, these expressions for the
amplitude and phase are exact, and we explicitly character-
ize the distance scaling of the parity-violating effects.

We then show that our parametrized parity-violating
waveforms map exactly to the ppE framework, and more-
over, they both map exactly to known predictions of parity-
violating theories studied in the literature. We calculate the
modified waveform response function, and discuss degen-
eracies between the parity-violating modifications and
waveform parameters. We then express the waveform
modifications in terms of a ppE waveform, both at the
level of the response function to the detector & and
the individual polarizations s, and h,, and show how
the parity-violating ppE construction maps onto specific
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theories. The detailed mapping to ppE allows for straight-
forward data analysis, which we show explicitly by
calculating how our parity-violating parameters are con-
strained by currently existing analyses in the literature.
Given that the existing analyses are limited in their scope,
we discuss future directions to constrain parity violation
with future and existing GW data.

The structure of the paper is as follows. In Sec. II we
introduce our parametrization for parity-violating gravity
theories and show how it leads to amplitude and velocity
birefringence for a GW in the circular right- and left-handed
(R/L) polarization basis. We also summarize how the para-
metrization maps onto specific theories. In Sec. III we show
how the parametrization in the R/L polarization basis maps
onto the waveform in the 4/ x basis, and we show that it can
furthermore be mapped onto a ppE waveform. We then
discuss existing constraints that can be applied to our new
parity-violating parameters in Sec. IV, and finally conclude
with discussion and directions for future work in Sec. V.
Throughout the remainder of this paper, we use the following
conventions: we employ geometric units such that G = 1 =
¢ and assume a (—, +, +, +) metric signature; Latin letters
(a,b,...,h) range over all spacetime coordinates, (i, j, k)
range over spatial indices, and square brackets denote
antisymmetrization over indices.

II. GENERAL PARAMETRIZATION FOR
PARITY-VIOLATING GW PROPAGATION

Our goal in this work is to find a theory-agnostic
parametrization that can be used to study amplitude and
velocity birefringence in GW propagation from binary
black hole and neutron star events. To achieve this, we
study relevant parity-violating extensions of GR and find
the modifications to GW propagation in each theory. Then,
we use these results to infer a generalized parametrization.
We additionally show from a generic perspective why the
parametrization must be the correct one. For clarity, we
present the theory-agnostic result here, and enumerate
details of specific theories in Appendix A.

We first introduce a general overview of parity-violating
gravity in Sec. Il A. In Sec. II B, we introduce a parity-
violating parametrization of the GW propagation equations
and show that it must be the correct and most general
expression to characterize parity violation in GW propa-
gation. In Sec. II C, we discuss how the GW propagation is
modified and show how it leads to GW amplitude and
velocity birefringence for parity-violating theories. Finally,
we show the mapping to specific theories in Sec. Il D.

|

A. Parity-violating gravity

In general, one can describe the action of a parity-
violating gravity theory as follows:

S = Sgr + Spvs (1)

where the Einstein-Hilbert action is

Sax = [ /=R )

and Spy is the beyond-GR parity-violating contribution
to the action. We will not assume a specific form for Spy,
but examples of explicit expressions for Spy can be found
in Appendix A for the theories we have considered. In
general, Spy can be a function of the curvature and an
auxiliary scalar field, ¢.

The addition of Spy leads to a modification of the
linearized field equations and thus to the GW dispersion
relation. Let us start by considering a cosmological
Friedmann-Robertson-Walker (FRW) background, and lin-
ear perturbations around it. In general, a metric tensor could
carry up to 6 different polarizations—two of each helicity
2, helicity 1 and helicity 0. However, due to the symmetries
of the background, the linear perturbations of these differ-
ent helicities decouple and their dynamics can be analyzed
separately. In this paper, we focus on the dynamics of the
helicity-2 polarizations. Additional polarizations present in
the theories discussed here will be analyzed in the future.

Let us then proceed to consider the two helicity-2
polarizations of GWs and use a circular basis: right-handed
and left-handed. On FRW, the linear perturbations of GWs
in spatial Fourier space can be expressed as

hep (1) = A () e~ 10 =kx] (3)

where 7 is conformal time, dny = dt/a with a the scale
factor, ¢(n) is the GW phase, k; is the comoving wave
number vector, and A, is the right and left-handed
polarization amplitude, respectively. Notice that hg, is
complex in that it can be written in terms of an amplitude
and a phase. Furthermore, we will see that ¢(r7) can have
both real and imaginary contributions. The real part of ¢
will be the true phase of the GW, while the imaginary part
will contribute to the overall amplitude.

From here, the propagation equations of GWs that break
parity symmetry but still preserve spatial rotation and
translation invariance, and contain up to second-order time
derivatives can generically be expressed as

hg,L+{2H+/1R,LZk"[ alt) 5 Bul) Hh;_L
n=1

(Apya)" (Apya)™™!
) et | () S (1) _
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where k= |k| is the magnitude of the comoving
wave number, primes denote derivatives with respect to
conformal time, H := a’/a is the comoving Hubble param-
eter, and Ay, = +1. We take n to be an odd, positive
integer, and m to be an even, non-negative integer, such that
m—1 is odd. In this paper, we will consider parity-
violating modifications within the context of a low-energy
effective field theory, such that Apy is the cutoff scale of the
theory. The dimensionless functions «, f, y, and 0 para-
metrize the magnitude of the parity violation. In the most
general case, these functions depend on conformal time, as
we have explicitly denoted above. This is due to the fact
that parity-violating modified gravity theories generally
propagate auxiliary fields, which themselves evolve with
time, and thus, the coefficient in the effective-field-theory
expansion can become complicated functions of these
fields and their derivatives. For now, we will keep this
time dependence general, but we will later make simplify-
ing assumptions about the time evolution of these func-
tions, such that they can be approximated by their values
today. Note that within the EFT framework, we assume that
all parity-violating modifications must be small, and we
keep only the leading-order terms. As a consistency check,
we see that, when a =f =y =6 =0, we recover the
propagation equation for GWs in GR.

B. Parametrized parity-violating
propagation equations

Let us pause momentarily to further motivate the form of
Eq. (4). This expression was found by finding the parity-
violating corrections to the GW amplitude and phase in
multiple theories individually (see Appendix A), and then,
inferring from the results a general form for the corrections
that maps backwards to the individual form for the propa-
gation equation. However, we can also see from a generic
perspective that this form for the parity-violating modifica-
tions has to be correct by considering the following.

As stated above, we know that the propagation equations
can be up to second order in time derivatives, which allows
for three possible modifications, to the dispersion relation:
one each on the functions that multiply Ay, , Ay, and hg

Ahg, + Bhy, + Chy, =0, (5)

where A, B, and C are functions of time (through the scale
factor and its derivatives) and of k, and may be different for
right- or left-handed polarizations. Since the left-hand side
of this equation equals zero, we can divide by A and rewrite
the equation in a simpler form:

hg.L + Bh;{,L + ChR,L =0, (6)

where B and C are new functions of, again, time and k, and
possibly different for right- and left-handed polarizations.

Let us now determine the functional dependence of
these functional prefactors by considering the properties of
propagating GWs and using dimensional analysis. The only
physical quantities that are able to influence GW propa-
gation in parity-violating theories are the frequency of
the wave, the distance that the wave has propagated over,
and the magnitude and time evolution of the coupling
parameter(s) that encode parity violation. The distance of
propagation can be replaced with the Hubble constant
today times some function of redshift (or analogously
by the Hubble parameter). The coupling parameters can
be product-factorized into a dimensionless coupling
constant(s) and a cutoff scale Apy to a given power.
Moreover, by dimensional analysis, B and C have to have
units of inverse conformal time to the first and second
power, respectively. The only quantities that have units of
inverse conformal time are precisely the three mentioned
above: k, H, and Apya. Notice also that because the
coupling parameters are allowed to be time varying, one
can construct an arbitrary function of them and of their
derivatives that also has the correct units of inverse
conformal time. We will call this function f(¢’), where
we use ¢ to make contact with the fact that additional
degrees of freedom in most parity-violating modified
gravity theories are scalar or pseudoscalar fields, such as
in Chern-Simons theory.

Using all of this, we can infer that

B = kBy + HBy; + ApyaB, + f((PI)B(p’ (7)
C = kZC’kk + HZCHH + (Apva)ZCAA
+ kHCk'H + kApVaCk/\ + HApVaCHA
+ kf(#)Chp + f(@)NaCyp + f(@")HCyy,  (8)
where B; and C;; with i,j € (k,H,Apya,$) are now
dimensionless functions. These functions must depend

on dimensionless combinations of k, H, Apya, and
f(¢), and thus

Lk H [
! ! Apva’Apva’Ap\;a ’
c.o—c (k. M )
Y R4 Apva’APVa’Ap\/a ’

©)

(10)

In principle, further dimensionless combinations could
appear in Egs. (9) and (10), which contain k, H, and
f(¢') in the denominator, for example 2 or % However,

the functions B; and C;; must be finite as H — 0, k — 0,
and f(¢') — 0 in order to ensure a continuous parametri-
zation connected to flat space, low energy, and GR,
respectively. Thus, these terms must not be present, and
we are left only with the dimensionless quantities appearing
in Egs. (9) and (10).
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With this in hand, we can express the dimensionless
functions as

n=0,m=0
_ © . k n H m
C,j= cn’,{)n( ) ( ) . (12
! ,,ZOZ,,;:O ( ) Apya Apya ( )

where b,(f})n and cff}{? are coefficients that are allowed to vary
in time. The sum on m cannot start at a negative number
because, as we mentioned above, these functions must be
regular in the flat spacetime limit. The sum on n must also
start at positive values (or zero) because the deviations from
GR must decay as the cutoff is increased.

Let us now simplify several of the terms in Egs. (7)—(8).
Notice that with the expansion in Egs. (11) and (12), several
terms are degenerate with each other and can be combined.
For example, all terms in the B; sums in Eq. (11) can be
represented with different m and n choices in the B, and
By, sums. For example, if we consider the n = 1 and m = 0
term in the B, sum, we obtain kB, = k?/(Apya); taking
n=2and m =0 in the B, sum gives ApyB, = k*/(Apya).
Similarly, kB;(n = 0,m = 1) = HBy(n = 1,m = 0).
Notice also that the time evolution induced by the f(¢)B,,
term can be absorbed into b2, (n) and b, (n). Thus, all
contributions can be represented with the second and third
terms in Eq. (7). We can perform a similar analysis for the
C;; terms. The three terms proportional to Cyyy, Cya, and
Cya can all be represented by the Cy; terms with particular
choices of n and m. Moreover, the Cyy, term can be

neglected because it is O(H)?, and again the time evolution

from the f(¢’) terms can be absorbed into cﬁ,,,B( ). Thus,

we are left with only the C,, and Cy; terms.

We have so far considered generic deformations of the
GW propagation equation, but we would like to focus on
modifications that specifically violate parity. The equations
are said to preserve parity symmetry when by making a
reflection of the spatial coordinates X — —X the physical
solution does not change. More concretely, this means
that both right- and left-handed polarizations have the
same physical behavior, and hence when we make the
exchange of polarizations h; <> hp, the equations stay
the same because B and C are the same for right- and left-
handed polarizations in Eq. (6). On the contrary, if we have
parity breaking equations, then B; # By and C; # Cg.
Nevertheless, the right- and left-handed coefficients are
expected to be related to each other since typical theories
studied in the literature come from an action principle,
which is a scalar parity-preserving quantity. As such, it can
only lead to a set of equations that satisfy the relations
By g(k) = By, (—k) and C; x(k) = Cy,(—k). From here,
we can then expect the only difference between right and

left coefficients in parity-breaking theories to be a change
in sign. This implies specifically that the dimensionless
functions B; <> —B; and C;; <> —C;; when hg < hy.
Let us then introduce the quantity /IR’L = +1 for right
and left, respectively. GW modifications that are parity-
violating should be linear in 4, . We can incorporate this
effect explicitly by expanding the coefficients bﬁ,i,l,, assum-
ing that any parity-violating effects are small perturbations
from GR:

biwm = bn + ()" ()" 5\, (13)

Cl(un) - Ci(zlrQ _'_ (AR,L)n</1R L)m(S '(’lm)’ (14)

where bﬁul, and c,(m) are the background GR quantities and

the 5bnm and 5cfm) coefficients characterize the parity-
violating corrections.

We can now implement the above in the functional
prefactors. Expanding out the relevant terms in Eq. (7),
we have

o0

_ k n m
S [ b?fm+/1”+m5bH)< ) (” ) |
n=0,m=0 Apva APVa

k \"( H \™
A n+m g A
- Pva(bnm+l o0 )<APVa> (APVa> ]
(15)

First, let us delineate which terms arise from GR in the
usual expression for GW propagation and which ones arise
from parity-violating EFT considerations. From the GR
expression, we must have that l_)gf) =2, b,,, =0 for all
(n,m) # (0,0), and b}, = 0 for all n and m. Now consider
the perturbative contributions. We assume that k > H, e.g.,
that GW wavelengths are short compared to the Hubble
scale, and thus will keep terms that are at most linear in H,
but that may contain higher powers of k. To obtain terms
that are up to linear order in #, we must have 6b%,, = 0 for
m # 0, so we are left with 5b% nonvanishing. Terms with
m # 0 are degenerate with terms arising from the HBy
expansion, and thus, we are left with 5b7, v 7 0. We also see
that for n even, (4, )" = +1 and the modlﬁcatlons will be
parity preserving. Thus, we require that n be an odd integer.
Similarly, for C, we have

— © k n H m
- k*(ck,, + atmsck,, ( > ( ) ,
n=0,Zm=O { ( o ) Apya Apya

kK \"( H \"
+ (Apva)? (T, + A i"c "'")(Apva) <Apva> }

(16)

From GR, we have that ¢, =1 with ¢, =0 for all
(n,m) # (0,0). We can see that 5cly,, 5cly,, and ¢l all
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must vanish as they increase as Apy increases. To keep the

expression linear in H, dck,, with m > 1 can be neglected,

so we are left with 5¢?, nonvanishing for n > 1. Finally,

consider 5ck,,,. We find that 5¢X ) is nonvanishing, while the

¢k, contribution is degenerate with the 5¢4; contribution

and again 6c,, with m > 0 can be neglected at this level.
With this analysis, we are left with

B=2H
+2 i SbTLH k n+6bAA a k)"
R,L — n0 Apva n04 PV Apva ’
(17)
C=1k
+ 4 i HApyadc? k n+5ck k2 kY
R,L - PV nl Apva n0 Apva )
(18)

where n is odd. We see that B and C give us expressions for
the parity-violating modifications exactly as we have in
Eq. (4), identifying a, () = 8,5, B,(n) = b, v(n) =
Sch, and 6,,(n) = ¢k,

Let us summarize the assumptions we have made to

obtain the above expression in the following list:

(1) Any deviation from GR is small, and the modifica-
tions can be reliably treated in an EFT framework.

(2) The beyond-GR modifications are specifically parity
violating. Other nonparity-violating terms could
appear with even powers of A, k, but as these types
of modifications have been more extensively studied
in the literature, we focus solely on the parity-
violating contributions.

(3) We expect the modifications to be polynomial in k,
assuming both locality and small deviations from
GR. Generically, one could expect rational poly-
nomials in k, because A, B, and C in Eq. (5) could all
be polynomials. However, in assuming small devia-
tions from GR, we recover a simple polynomial form
for B and C.

(4) We assume that k> H, and that the GW wave-
lengths are short compared to the expansion of the
Universe.

Thus, with the above discussion, we see that Eq. (4) des-
cribes the most generic parity-violating corrections to GW
propagation allowable, within the above listed assumptions.

C. Modified GW propagation

Replacing Eq. (3) into Eq. (4) we can rewrite the GW
equation in terms of the phase only, and can write an
effective modified dispersion relation as

. P
" 2 / 27‘[ /?'R Lkn H
Pt tie { T, |:(APVa) " (Apya)"~ 1] }

-2 { Ut A ]} o

(19)

where we have kept the sums over n (odd) and m (even)
implicit, and we have assumed that the GW amplitude
varies on much longer timescales than the phase. Now,
assuming that the parity-violating terms are small pertur-
bations from GR, we can linearize the equations of motion
by taking ¢ = ¢ + ¢, where the background solution ¢
has the usual GR form, ¢ = +k — iH. Note that the iH
contribution to ¢ simply induces a decay in the GW
amplitude with the expansion of the Universe. This is
accounted for in the standard form for the GW waveform
signal, which includes a decay factor of 1/D;, where D; is
the luminosity distance. In addition, ¢ has both real and
imaginary parts associated to velocity birefringence and
amplitude birefringence contributions, respectively. We
denote this as

5p =

where A, V denote the amplitude and velocity contribu-
tions, respectively. We replace ¢ = ¢ + 6¢ into Eq. (19)
and perform a series expansion assuming that d¢ < ¢,

_MR.L‘SQ[’A + /1R,L5¢V ) (20)

¢ < (¢')?, and 6¢" < p5¢' [34]. We then find for Sy v
k” al'l ﬂn }
5, = — H+ , 21
= [ ™ e
km 7 5
5, = — { T H+ ~ ] . 22
v 2 [(Apya)” (Apya)™! @)

To simplify these expressions further, we will make the
assumption that the time-dependent parity-violating param-
eters a, f3, v, and 6 vary slowly with respect to the expansion
of the Universe, and can thus be well approximated by their
current values via a Taylor expansion, e.g., @, % a,,. The
comoving wave number k is a constant in conformal time
and can also be taken out of the integral. Additionally, we
will employ the transformation dt = —dz/[H(z)(1 + z)].
Then, using all of the above, we can rewrite the expressions
for the phase and amplitude shifts as

K[ a, dz
o= |
ba 2[Aﬁv EEE

g dz
n+ n—1 1-n|’
Apy' J H(1+72)

(23)
Yo
5¢V__[A1’§1V/(1+z A{;‘V‘/H +z1’"]
(24)

We can now define an effective distance, D, as
in [12,14],
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D=1+ %da 25)

and will also in analogy define an effective redshift
parameter, z,, such that

za:(1+z)“’/#. (26)

Notice that D = Dy, where Dy is the look-back distance,
and D, = (1 +z)"'D¢e = D,, where D and D, are the
comoving and angular-diameter distances, respectively.
From the effective redshift parameter, we obtain that z, =
In(1+z)and z; = (14+z)7'z

With these definitions, we can summarize the para-
metrized parity-violating deviations from GR as follows:

k(1 +2)]" (@, b
opy = ——— 0 —D , 27
PDa ) Agv Z, + Ag\_/l n+l1 ( )
k(1 +2)]" (Vm Om
oy = 0 —2LD , (28
¢V 2 Ag\/ Zy + Ai?\?l m+1 ( )

such that the right- and left-handed polarization modes are
modified in the following way:
D n+1> }

k(1 + 2)]" (ano P

2 — Zn T

b = o evp {7 Ap gt

k(1 " (Y Sm
X exp :I:iM i Zn + g P ) ¢
2 Apy Apy

(29)

where BR,L is the usual GR expression for the right- and left-
handed modes.

From the parametrized dispersion relation, one can also
immediately see how the GW velocity is modified in parity-
violating theories. The group and phase velocities of a GW
are given by v, =dw/dk and v, = w/k, respectively,

TABLE L.

where @ for the right- and left-handed polarizations
satisfies the following dispersion relation:

* G|
(30)

> 2l met |_Ym()
e e

Again, assuming that all parity-violating parameters are
small deviations from GR, we find for the modified group
and phase velocities, respectively:

A 4 14}

b =14 Sk pgm! " H - . (31
. T (ahpy)" +(‘1/\Pv)m_l 31
A y 1)

R,L — 1 & m—1 m m . 2
o * 2 ¢ [(aAPv)mHjL(aAPV)m_I} (32)

Clearly then, the right-handed and left-handed waves
may have different propagation speeds. Phenomenolo-
gically, this means that, for long propagation times,
the two polarizations may decohere in time, and lead
to two separate “echoes” of the emitted GW, one purely
right-handed and another purely left-handed. This parity-
violating decoherence has been discussed in [13]. For short
propagation times, the two polarizations propagate coher-
ently in time. In that case, modifications to the GW speed
have been tightly constrained by the coincident GW and
gamma ray burst event, GW170817. We will discuss
applications of this constraint to these parametrized veloc-
ities in Sec. IV.

D. Mapping to parity-violating theories

Now that we have established the generic parametriza-
tion above, we can map the parity-violating coefficients to
various theories. This mapping is shown below in Table I.
The parameters listed in the table correspond to specific
parameters defined in each theory. We show the mapping to
Chern-Simons gravity [33-35] and its extensions Palatini
Chern-Simons [47] and generalized Chern-Simons [50].

Dimensionless GW birefringence parametrizations for various modified gravity theories. Definitions of

the specific parameters can be found in Appendix A. Notice that Palatini Chern-Simons, Chern-Simons, and
generalized Chern-Simons make the same predictions at leading order beyond GR.

Theory ay b 70 ) [
(Palatini [47]) Chern-Simons [33-35] @ 0 0 0 0
Generalized Chern-Simons [50] 24{70 0 0 0 0
Ghost-free scalar tensor [58] aSF —&CF 0 (aSF — pOF) 0
Symmetric teleparallel I [61] 0 0 —4a5T 0 0
Symmetric teleparallel I [61] (36, —3p3) ﬁz 0 B —p3) 0
Horava-Lifshitz [63] 0 0 0 - a
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We also consider parity-violating ghost-free scalar-tensor
gravity [57-60], both second and fourth order constructions
of the parity-violating extensions to the symmetric tele-
parallel equivalent of GR [61], and parity-violating Horava-
Lifshitz gravity [63]. Details of each theory, including the
propagation equations and definitions of the particular
parameters, can be found in Appendix A.

From Table I we can see that when considering parity-
violating theories beyond GR in the literature, the only
nonvanishing coefficients within our assumptions are a;,
P1is Yo, 02, and &,. In this case, the modifications to the
phase can be determined explicitly to give

k(1
Oy = % (Z—:;Zl +,51(,D2>, (33)
_ 1 2 620
Sy = 3170 In(1+z) + [k(1 + 2)] Ao D;
+ [k(1 + 2)]* 5‘3‘0 DS}. (34)
APV

In principle, one could construct other theories that lead to
contributions from additional n terms, but for now we focus
on the nonzero coefficients discussed above.

In extensions of CS gravity, there are additional terms
that arise beyond those presented above, which can give
rise to GW velocity modifications and amplitude modifi-
cations [47,50]. However, these velocity modifications
come with higher powers of H or of the parity-violating
parameter, and thus, are subdominant to the leading terms
considered here. There is additionally a formulation of
Chern-Simons gravity that includes torsion [48], where
GWs have also been shown to exhibit birefringent behavior
[49]. This study, however, was carried out in the adiabatic
limit and on a de Sitter background. Thus, we do not
consider torsional CS in our theory map, as we would
like to consider the most general GW propagation on the
FRW spacetime. Lastly, there are additional terms in the
fourth-order symmetric teleparallel equivalent of GR and
a higher-order construction of ghost-free scalar-tensor
gravity, discussed in [59], but these also do not lead to
additional corrections at the level of our analysis for the
reasons discussed above.

III. PARITY-VIOLATING WAVEFORM
MODIFICATIONS

We have so far considered parity-violating GW mod-
ifications in the circularly polarized right- and left-handed
basis. However, to connect with GW observations, in this
section we discuss how parity-violating modifications in
the circular basis impact GWs in the linear polarization
(+/x) basis, commonly used in the literature, and how
such modifications enter the waveform. More specifically,
in this section we show how the modified /;; in Eq. (29)

translates to a modified %, , and a modified response
function, . We then show how both of these modifications
can be directly mapped to the ppE formalism [64].

A. Linearly polarized gravitational waves

The linear +/x polarization modes are defined in terms
of the circular right- and left-handed polarization modes as

hg + hy
h+: \/§ N

hg—hy
hy =1 . 36
72 (36)

Again, recalling that ¢4 and d¢y, are small deviations
from GR, we can expand the exponential dependence of the
parity-violating waveform modifications in Eq. (29). With
this assumption we find that the polarization modes in the
+ and X basis are

(35)

hy =hy —i6¢,h, + S¢yh, (37)
h>< = }_lx + 15¢Ail+ - 5¢Vljl+7 (38)

where /., are linearly polarized GWs in GR. Notice that
these modifications have been analyzed in spatial Fourier
space in the previous sections. However, GWs are typically
analyzed either in temporal Fourier space (i.e. in the
“frequency domain”) or in the time domain, since they
are detected at a fixed location but at different times.
The equations presented in the previous sections allow us
to propagate the GW signal from the source to the detector
in k space. The observed signal in k space can then be
translated to that in f space by using, once more, that the
local deviations from GR are small, and, thus, we have that
@ = ck at the detector (although the accumulated deviations
over the entire propagation time may not be negligible). We
can thus simply replace k — 2z f with f being the detected
GW frequency and &, (k,7) = h_ . (f, ) in the solutions
previously calculated. Notice that f is the detected and
redshifted frequency, which is related to the emitted source
frequency f, by f, = (1 + z)f. Therefore, the GR wave-

form in Egs. (37)-(38), denoted by l_er’x in frequency
space, is also a function of the redshifted quantities, such as
f and the redshifted chirp mass for compact binary
coalescence.

We then calculate the measured GW response function to
a detector, / in the frequency domain in terms of the 7z+,x
modes as

h=F h, +Fh,, (39)

where F', , are the detector beam pattern functions, which
depend on the GW source sky location and polarization
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angle. For a LIGO/Virgo type of L-shaped interferometer,
they can be explicitly written as [80]

F,.= %[1 + c0s?(0)] cos(2¢) cos(2y)

— cos(0) sin(2¢) sin(2y), (40)

F, = % [1 4 cos?(6)] cos(2¢) sin(2y)

+ cos(6) sin(2¢) cos(2y), (41)

where 6 and ¢ are the angular sky position and y is the
polarization angle.

In GR, for nonprecessing and quasicircular binaries,
the inspiral waveform for 4 and X polarizations has been
calculated in the PN approximation [81]. In the so-called
restricted PN approximation (at leading PN order in the

amplitudes), &, and /, can be expressed as
hy = 2£Aei¥Hn/2), (43)

Here, £ = cos: where 1 is the inclination angle between
the binary’s angular momentum vector and the line of sight,
A is the amplitude and W is Fourier GW phase in the
stationary phase approximation [82,83]. Higher order PN

corrections are also formally present in /., and &, ; however
these higher order terms are subdominant. Thus, the main
constraining power of beyond-GR parity violation arises

from £ +.x at Newtonian order, and we can proceed with the
restricted PN approximation. Then, the explicit form for the
GR detector response function is [34]

}:z( f) = Af-/6 ei(V+89) (44)

where

5

A=\ g7

MS /6

e IR LNt
Dy

and the additional GR contribution to the phase 6V is given

by

Fy (2¢)

OV = arctan ———————.
F . (1+&)

(46)

Analogously, we would like to characterize the parity-
violating GW by writing % in terms of an amplitude and a
phase in the following generic way:

= h(1+ 64, + 6Ay)el@¥atoty) (47)

where 64, v and 6,  are the corrections to the amplitude

and phase arising from our 8¢, and 8¢y, and h is the GR
value of the response function [obtained replacing
Eqs. (42)—(43) into Eq. (39)].

To determine the explicit form for the quantities 6.4, y
and 6%, y, we first insert the modified expressions for /.
and h,, Egs. (37) and (38) into the expression for the
response function, Eq. (39). We then can write the full
complex expression as an amplitude and a phase, and
expand each to linear order in 6¢), y. From this procedure,
we obtain

SAL +0Ay = f(Fix.8)0pa — g(Fi . E)0py  (48)

for the parity-violating amplitude corrections and

Wy + Wy = g(Fy x.§)0s + f(Fi . E)0¢y  (49)

for the parity-violating phase corrections, where, for nota-
tional ease, we have defined the functions

2(F% + F2)&(1 + &2
f(F+,><’§) = 4(F§<+§2 T F%(g +§2)2 ’ (50)

F-&-Fx(_1 +§2>2

g<F+.X’§) - 4F%<§2 _|_F%r(1 _|_§2)2'

(51)
The modified response function can then be expressed as

o= [+ f(F i . )5hs — 9(F . )5y
x exp {i[g(F 1 )8p + [(F s O)5Py]}.  (52)

Note here that when averaging over the entire sky,
9(F ., &) will vanish due to the cross terms proportional
to F, F,. However, this is not generically the case if the
sky localization of a GW event is known, so we keep
these terms for completeness. Furthermore, there are
particular angles, e.g., when F', = £ = 0 where the linear
order parity-violating contribution becomes undefined,
in which case one must use the general party-violating
expression before Taylor expanding in ¢4 . We show this
explicitly in Appendix B. This result for the waveform
modification is in agreement with previous results in the
literature [36,59].

B. Degeneracies with waveform parameters

The parity-violating corrections to the phase, d¢y,, could
be degenerate with other waveform parameters that re-
present properties of the system, so let us study this here
further. First, if d¢py is frequency independent, then it is
degenerate with the polarization angle, y, and can be
absorbed into the expressions for F, and F, Eqgs. (40) and
(41). Note that gravitational waveforms also depend on
additional frequency-independent angular parameters such
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as the coalescence phase, ¢,., but such a parameter affects in
the same way the right- and left-handed polarizations of
GWs, and hence it will not be degenerate with d¢y, .

We thus notice that we can make a redefinition of y
such that

W =y =y + oy,
o
—p 2 (53)

where y is the true polarization angle and Oy is the
correction due to the velocity birefringence. We can then
simplify to obtain

s, = 2FL(0.0.9) + Fi(0..0))5(1+ &) | 5
AT 4F (0,002 + F (0, 9)(1 +&) A

(54)

and

 F(0.9.0)F(0.0.0) (=1 + &)
6IPA - 4F><(9’ ¢7 1/7)252 + F+(9’ ¢,l/7)2(1 + 62)25¢A9
(55)

with 64, = 6%y = 0 because the 5¢, dependence is now
in Sy. We will denote £, , = F, (0, $,%).

Similarly, if the parameter d¢4 is frequency independent,
then it is simultaneously degenerate with the inclination
angle £ and the amplitude of the signal .4, which can be
seen by the following shifts:

- E=E8+6¢,
_ 1 _
= §+§(1 - 52)5¢A7 (56)
A—A=A+6A,

where A and & are the true values of the amplitude and &.
We emphasize that ¢, can be absorbed by a simultaneous
change in both A4 and &, but it cannot be fully absorbed
into 6¢ or 6A individually. Notice in particular that
the degeneracy with A is really a degeneracy with the
luminosity distance of the source, as the chirp mass affects
the amplitude (and phase) of the wave in a different
frequency-dependent way. The full expression for the
response function then becomes

h

Fo(14+8)Ae™ +iF, 28 Ae™,  (58)

AVF2(1 87+ 4f2B v (59)

where 6% refers to 6¥ with F +.x and & replaced with their
hatted quantities. Notice that the expression above takes the

same form as / but is modified due to y, & and A being
modified from their true values. Furthermore, in the
scenario in which the observed waveform is only a small
portion of the full signal, the amplitude modulations caused
by precession in binary systems can mimic the presence of
amplitude birefringence [77].

Overall, these degeneracies can lead to complications
when measuring birefringence effects. As first noted in
[33], if the polarization or inclination angle of a source is
uncertain, it can be difficult to separate the effects of
velocity or amplitude birefringence from the true values of
the source parameters. Electromagnetic counterparts, such
as those from GW170817, can help constrain polarization
and inclination angles and eliminate uncertainty surround-
ing birefringence effects. Nevertheless, if 6¢p4 y do depend
on frequency, and the GW detection covers a wide range of
frequencies (e.g., the signal is generated by a light compact
binary event), then these degeneracies are expected to be
broken. Notice that even for a single detector in cases where
the GR amplitude and phase may coincidentally contain PN
terms with the same frequency evolution as o¢, v, there
most likely will not be a degeneracy since the GR terms
will depend on the same binary parameters that will affect
other, different, frequency-dependent terms and cannot be
chosen freely to reabsorb the effects of d¢, . For multiple
detectors the degeneracy will be even less likely since
0¢, v additionally will affect right- and left-handed polar-
izations differently that can be independently measured
with detectors oriented differently.

C. Mapping to ppE

Now that we have obtained the parity-violating modi-
fication in a standard form in terms of the waveform
response, we can map it to the ppE framework [64,66—68].
The simplest ppE waveform in the frequency domain can
be written as

ileE = Z(l + appE”“""E)eiﬂ""EubppE, (60)

where @k, Popes dppes and bpp are dimensionless ppE
parameters, which can be mapped to various theories, and
u = aMf, where f is the detected GW frequency and M
is the GW chirp mass. The latter encodes information about
the binary component masses, and is the main effective
parameter determining the GW morphology during the
inspiral.

Let us now calculate the four parameters ap,g, Sppes @ppEs
and b, for the parity-violating model discussed in the

previous sections. We can write the expression for 7 by
expanding out ¢, and d¢y explicitly in Eq. (52). Then
we can map the amplitude and phase corrections in a ppE
form as
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TABLE II. Parametrized post-Einsteinian mapping of a given detector response for parity-violating theories.
Theory Appe aPPE PN by e PN
Chern-Simons 3333 I
Ghost-free scalar tensor [58-60] 1 f(Fy . &) (1;12) (z) Z:)V + 1, D) 1.5 g(Fi . &) (1;1) () Z:} +p1,Ds) 4

)8 5
2 —2g(F, . & )DS(I? Azp(i/ 3 2 2f(F . &) Dz/(\ltzﬂ) b 55
Symmetric teleparallel I [61] 0 ( x:6) 207 0 0 NACTS) s £ 27 2.5
ny o
Symmetric teleparallel II [61] 1 F(F, . 8) (l;{)( Z::, +51,D,) 1.5 9(F i, &) (l;ld( /f\':; +B1,D>) 4
81, s
2 2P0t 2 2(Fyn &2 55
Horava-Lifshitz [63] —29(F, . &) DS/(\}l;LZ)/%OV 3 2 2(Fy . &) D3/(\1;Z>% 5.5
s 5
4 —89(F 1 &) Tt 6 4 BF(F s ) i 8.3
~ = E\ ¢ u’v an N-PN order corresponds to a contribution of O(u/c
Wil Zu e ) o Eﬂm:sE (61) N-PN ord ponds t b fO 2N/3
a £ “pri compared to the leading order GR term in the waveform.
e For that given order, this ppE formulation gives corrections
_ 2N-5
where we can read off the ppE parameters to be AppE = 3 Y and b pPE — 73

In add1t10n to the mapping shown above in terms of the
Apor = byppp = 1, m (62) detector response A, it is also useful to consider a ppE

and in the case of ayg = byg = n, the associated coef-
ficients are

21 4+ 2)|" f(Fy . &
o — A<4 APV) ( . vt + AvyDyirfi .
(63)
_21+Z_"9F,><,f
ﬁng - /(\/l/\PV> ( +2 ) [ZnanovAPVDnHﬁno]’ (64)

while in the case of ap,p = bp,g = m we have

2 1+ " F X
In)fPE = — |: /(\/IAP\Z/)] g( JE é:) [Zmymo + APVDm+|5m0L
(65)
2 1+ " F X
ﬂpPE |: ./(\/IAP\Z,):| f( Jrz 5) [Znyno + APVD"+15nO]-
(66)

These general expressions appear quite cumbersome,
however they greatly simplify when considering specific

parity violating theories. We can see explicitly as well that

ppE
Ay

sional quantities appear with the correct power of Apy to
render the full expression dimensionless.

Table II shows the specific ppE parameters and corre-
sponding post-Newtonian order for each theory. Recall that

E . . .. .
and ﬁ};pE are dimensionless quantities, as all dimen-
pp!

mapping at the level of A, and h,. This is particularly
useful if one wishes to stack constraints from many events
without needing to be concerned with the detector response
and sky localization parameters for each, as well as if there
is one event with multiple detectors. In this case, we
parametrize separately the modifications in 4, and h, as

hy = h (14 8A,)e?", (67)

By = hy (14 6A, e (68)

Plugging in the expressions for i ., Egs. (42) and (43),
we find

ilJr,x = h+.>< [1 + §+.>< (5)6¢A] exp[ing,x (5)5¢V]’ (69)
where we define
__ 2%
& (9= i+ (70)
_(@+e¢y
E(O =5 ()

Then, in the same way as above, we can write this
expression in terms of ppE parameters as

AppE = 11, (72)

bppE =m, (73)
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ang §+$>< (é:) ( 2

- MApy

2 > {Znano + APVDnJr]:BnU]’ (74)

E
pRE® =

£ x(§) < 2

) MAPV> [Zmymu + APVDm+16m0]' (75)

ppE

Again, we see that (07

E . .
and " are dimensionless
by

quantities as required. Notice that the ppE parameters
for h, and h, differ by a ¢ dependent prefactor. One
may be concerned about the factor of &' in &, (£) when
& = 0. However, we note the apparent divergence cancels
out with the GR factor in %, and as along as deviations
from GR remain small there is no issue.

IV. CONSTRAINTS

Full data analysis with the parametrization introduced in
this work will be necessary to rigorously constrain the new
parity-violating parameters. However, as a first step, we can
consider initial constraints based on previously existing
work in the literature. In this section, we consider both the
velocity constraints from the GW170817/GRB170817
coincident event and birefringence specific constraints in
the literature from binary black hole events. We note that
the LVK analysis on modified dispersion relations and
propagation effects does not include birefringence, and,
thus, we will not include it for the purposes of this paper.

A. Propagation speed

The coincident gravitational wave/gamma ray burst
event from binary neutron star merger, GW170817 has
provided a tight constraint on the speed of GWs, cr,
compared to the speed of light, c. We have [4]

—7x 10710 < 1 —cp <3 x 10755, (76)

This observation immediately ruled out many beyond-
GR theories that induce a modification to the GW speed
[84—88]. We can map this constraint to our parametrization
using our expression for the modified group velocity,
Eq. (31), assuming that both polarization still propagate
coherently in time. Notice that when m = 0, the parity-
violating contribution to v, vanishes, although this model
will still induce phase velocity modifications according to
Eq. (32) and it will hence affect the overall phase of the
signal (see related discussions in [14]). If we then consider
m # 0, we find that the y,, term in v, will be suppressed by
a factor of H/Apy compared to the §,, term, and thus we
will focus on the latter, bigger, term. We thus approximate

K\m-1 &
vy — 1R A, m (—) — (77)

m—1
a APy

Taking the weaker constraint from Eq. (76), we find that

<3x10715. (78)

o\ m—1 5m

a) AR
The case of m = 2 is especially important since it indeed
corresponds to the phase modification that appears in parity
violating ghost-free scalar-tensor theory, symmetric tele-
parallel equivalent of GR and Horava-Lifshitz theory, as
can be seen in Table I. Considering a frequency at merger of
k/a ~ 10 Hz, we find

Q)

PV

<107 m. (79)

If we take 5, to be an O(1) quantity, then we can invert
this constraint into a lower bound on the cutoff scale,
Apy = 10> eV. Note that in obtaining this bound we
convert from Eq. (79) to natural units (c = # = 1) to make
contact with the usual conventions for effective field
theories in particle physics.

B. Polarization and phase

We will now consider how previous analyses regarding
the polarization of binary populations and phase distortions
translate into our parametrization.

In [76] the authors performed an initial study to con-
strain amplitude birefringence with binary black hole
mergers from the GWTC-2 dataset. The authors con-
sidered a toy model for amplitude birefringence, taking
hyy = hgpe’**Pc. where k is known as the opacity
parameter and D, is the comoving distance. Because
one polarization is exponentially enhanced with respect
to the other one, if birefringence is present it may induce an
overall preference for mostly right or left-handed polar-
izations in the total GW population. In turn, this would
translate into a preference for mostly face-on or face-off
binary systems, which is not observed in GWTC-2 and
hence sets a bound in . In this study, the authors assumed
all merger events were at a common average comoving
distance of D ~ 1.23 Gpc (equivalently, z = 0.3) and that
the birefringence effect was frequency independent for
simplicity. The constraint on x was found to be

x| <£0.74 Gpc™'. (80)

Recall that per the discussion in Sec. II, from a
theoretical standpoint, parity-violating effects do not enter
the propagation equation with even powers of k and thus a
k-independent amplitude effect does not actually corre-
spond to any parity-violating theory. However, in order to
make a direct comparison to [76], we will consider a
constraint based on n = 0 in Eq. (4). This allows one to
translate the opacity constraint directly to a joint constraint
on ag, and f, . Taking the small redshift limit such that
De~ D ~z/Hy and recalling that zo = In(1+ z), we
find that
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|, Ho + Apvfo,| < 1.5 Gpe™. (81)

The relevant constraint in a theoretical context is in fact
the n =1 term, which corresponds to Chern-Simons
gravity, ghost-free scalar tensor gravity and symmetric
teleparallel gravity. To extend this constraint to include
frequency dependence, we consider a representative fre-
quency value of f ~ 100 Hz, where current detectors are
the most sensitive. From this, we obtain the following
order-of-magnitude estimation

a10
APV

Hy+ p1,| SO(1077), (82)

where all quantities are now dimensionless. We again
notice that the a term is suppressed by a factor of
Hy/Apy compared to the f term. If both parameters are
expected to be of the same order, then Eq. (82) translates
into a constraint in 4 only, |8 | < O(107").

Repeating the data analysis of [76] while actually taking
into account the frequency dependence in amplitude bire-
fringence will lead to an overall improvement on the con-
straint since, in that case, amplitude birefringence will not be
degenerate with the binary inclination. In [78] the authors
use the GWTC-1 binary catalog and constrain amplitude
birefringence including a linear frequency dependence. The
authors obtain a constraint on the scale of parity violation at
100 Hz, which is equivalent to our parameter in the low-
redshift approximation | | <5 x 1071,

Furthermore, it was recently shown that using the
complete GWTC-3 binary catalog leads to an improvement
of several orders of magnitude in the amplitude birefrin-
gence constraint [77]. The authors parametrize the effect as
6¢p4 = kD¢(f/100 Hz). This specific frequency and time
dependence is exactly encoded into the parameter f
[cf. Eq. (33) with D, (1 + z) = D], then without making
any small-redshift approximation we directly translate the
constraints from [77] into

B, | < 0.7 x 10720 (83)

at 90% confidence level.

In addition to the constraints on amplitude birefringence,
work has been done to study velocity birefringence with
LVK data. The authors in [79] performed an analysis of the
LVK O3 events from the GWTC-2 and GWTC-3 catalogs.
The authors considered a modified dispersion relation of
the form ? = k*> £2¢k?, and found a bound on the
parameter ¢ such that || < O(10~!7 m). Notice the authors
consider ¢ to be a constant factor, differing from our setup
in which we assume the parity violating parameters
generically can vary with time. Nevertheless, we can
map this constraint to our &,, such that we obtain
‘ 520 < O(10-16

— < O(107"°) m. (84)
Apy

If 6,, ~ O(1) then Apy < 0.5 GeV. Note that, again, we do
not consider y, because it is suppressed by an additional
factor of H/Apy compared to 8,,. Here we see that velocity
birefringence leads to several orders of magnitude tighter
constraints than those from the overall GW speed in
Eq. (79). This shows that future analyses that incorporate
frequency-dependent distortions of the waveform will be
the most promising way of improving parity-violation
constraints for models in which both effects are present.
Nevertheless, some theories like Chern-Simons gravity are
only expected to exhibit amplitude birefringence.

Further analysis will need to be done in order to fully
explore the parameter space of parity-violating theories
with our newly introduced parametrization; however, these
existing constraints provide some initial insight into the
types of bounds we might expect to obtain with new data
analysis of LVK merger events.

V. DISCUSSION AND CONCLUSIONS

In this work we have introduced a new parametrization
scheme to describe GW propagation in parity-violating
extensions to GR, which we argue is the most generic
modification of the GW propagation equation to describe
parity violation. We have shown how these generic mod-
ifications to the propagation equations impact the right and
left-handed circular polarization modes, leading to both
amplitude and phase modifications in the waveform.
Known parity-violating theories in the literature can be
described using this parametrization, which we show explic-
itly via the mapping in Table I. Furthermore, the modified
polarization modes in the circular polarization basis translate
easily to a ppE waveform template, both at the level of the
detector response function / and at the level of the individual
polarization states A, and h,. Lastly, we have shown how
current constraints in the literature map onto our paramet-
rization. We have discussed constraints on the modified
dispersion relation from the GW170817/GRB170817
coincident event, as well as current bounds from studies
of amplitude and velocity birefringence from binary black
hole mergers in the GWTC-2 and GWTC-3 catalogs.

There are a variety of pathways forward towards future
work. On the theory side, in the above work, we have
limited ourselves to the assumption that if the birefringence
parameters a, f3, y, and ¢ are small, and that if they vary with
time, then they can be well approximated by their present
day values, i.e. that they vary slowly compared to the
expansion of the Universe. One could drop this assumption
and consider the parametrized modifications arising from a
higher-order expansion in the birefringence parameters or
even considering a universal time evolution profile. We also
note that we have not included parity-violating generation
effects in this current study. In general, parity violation
impacts the generation of GWs by leading to a modification
in the chirping rate [89-94]. Generally, this enters at a high
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PN order, but can be enhanced by considering eccentric,
highly spinning binaries [35,46]. A future realistic test of
parity violation would take into account both generation
and propagation effects in parity-violating theories for the
above-mentioned observational probes.

Most importantly, further work should be done to
investigate how this parametrization scheme can be used
to place meaningful bounds on parity violation from
binary black hole events, binary neutron star events, and
the stochastic GW background. This includes data analysis
from the LVK binary black hole and binary neutron
star events detected so far as well as forecasting con-
straints from future observations. The observations by the
LVK 04/05 observing runs, LISA [95] and potential third-
generation experiments such as the proposed FEinstein
Telescope [96] and Cosmic Explorer [97] will no doubt
be increasingly sensitive probes to the scale of amplitude
and velocity birefringence in GW propagation.
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APPENDIX A: SUMMARY OF
PARITY-VIOLATING THEORIES

In this appendix we discuss specifics of the parity-
violating theories to which our parametrization maps.

1. Chern-Simons gravity

The most well-studied parity-violating modified gravity
theory is Chern-Simons gravity. It is characterized by the
addition of a gravitational Chern-Simons term to the
Einstein-Hilbert action such that

CS 1
S_/d4x1/_—g<R—|—6:L—19*RR—Evat‘)vaﬁ), (A1)
K

where x = (167)7!, and a5 is a coupling parameter. We
take the pseudoscalar field, 9 to have a kinetic term, but no
potential in order to preserve the shift symmetry of the
theory. The pseudoscalar is coupled to the Pontryagin
density of the spacetime, defined by

*RadeRbacdv (AZ)

where the Hodge dual to the Riemann tensor is

1
*Rabcd — §€Cdngabef7 (A3)
with e“?/ the totally antisymmetric Levi-Civita tensor. The
propagation of gravitational waves in Chern-Simons grav-
ity on a cosmological background has been well studied in
[33-36] so we will present only a schematic outline of the
computation here. The linearized equations of motion are
. 1 .

an/; = —?ef’fk[(&” - 2HY )0, by + 80,00h;],  (A4)
which after taking a plane wave ansatz, leads to a modified
dispersion relation:

ip(n)" + p(n)* — k2
. / 4 CSARL "
= 2ig(n) <H - Ofczaf k9 ) (1

n 40{CS/1R’L S
xa? ‘

(A5)
Linearizing the dispersion relation and using the equation

of motion for the pseudoscalar field to obtain § = —3H3,
we obtain

k4aCS9
6p = ik, 5 @ S

z, (A6)

where we have assumed that & = §,. Lastly, notice that
the quantity ad/x has units of length (in geometric units).
To make this dimensionless, we redefine coupling,
a®S = a®SApy, and make the replacement > — &S such
that the entire expression is dimensionless, and we obtain
the result in Table I.

Generalized Chern-Simons gravity [50] (also denoted as
Chern-Simons-Axion-Einstein gravity) generalizes the sca-
lar field coupling to the Chern-Simons to a generic function
of the scalar, U(¢). From this, one can obtain a modified
dispersion relation such that at this order of study we have

@ = k> — idg kU H, (A7)

and we find the same result for d¢ as in the usual Chern-
Simons case, with a slightly different notation.

2. Ghost-free scalar tensor gravity

Parity-violating ghost-free scalar tensor theories allow
extensions beyond Chern-Simons gravity by considering
higher derivative terms of the scalar field. In [58] the
following contributions to the Lagrangian are considered:

Ly = PRopeR " 47 F", (A8)
Ly = ¢ R 5,0 R D", (A9)
L3 = ¢ PRoppsR% 0 $y1s (A10)

Ly = ¢’ RY (Al1)
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where ¢ is the scalar field. The equations of motion can be
found to be

1
h;/] + ZHh;‘j - azhij + a_Aei/kal [aGFh}’k

+ (Ha®F + (a%F) )y = pOFPhy] =0, (A12)
with A the cutoff scale of the theory and a®F, fF functions
of ¢, leading to

ikA
5¢ = TR’L [aOGF(l + Z)Dz - aOGFZ]
Aeik® GE Gr 2
(" —ag ) (1 +2)°Ds. (Al3)

2A

As in the CS case above, we will rescale a°F — GOF =

aSF/Apy to make the parity violating parameter
dimensionless.

3. Symmetric teleparallel equivalent
of general relativity

In this section we follow the discussion in [61]. The
symmetric teleparallel equivalent of GR is a nonmetric
theory defined with respect to the nonmetricity tensor:

Qabc = vagbc’ (A14)
Qa = gbCQabcv (AIS)
Qc = gahQahc’ (A16)

with an action given by
S — 1 d4 1 Q Qabc
OGR = T 5 X/ —9 4 Zabe
+104.0m 10,001 0,00|. (A1)
2 abc 4 =4 n < .
One can construct parity-violating extensions to this at both

second and higher order. Considering at most second order
in derivatives, the parity-violating contributions are

L= €ab6d¢c¢anbledev (AIS)

La7 = eadeqﬁfqﬁanhe che’ (Alg)

where «a is a function of ¢, an auxiliary scalar field. The
equations of motion become

(hﬁ/j + 2’Hh§j - aZhU) - 4’Haekl(l-0kh§) =0, (A20)
which can be converted into a dispersion relation
i + 2iH' + ¢ — k> + dkaHiz, =0 (A21)

to find
O = =2 L0ty In(1 + z). (A22)

By including higher derivative terms, one can obtain
additional contributions to the action:

. <ﬁ1(t) B0 B 5)

a*A al al
(A23)
where
Ly = eifkazh/a,»hkl, (A24)
Lpyy = 2He* Io;'0;hyy, (A25)
Lpyz = eijkhjlaihkl (A26)
and
Br = (ByH + PoaH') + 3(ByH + psH!) + fsH?, (A27)
Pr = P+ 3Hp,. (A28)

Keeping only the relevant correction terms, we obtain

a

k k
P+ i) [2H s Py s 3P = 2p3)

k
-k [1 + AR,La_A (ﬁl - ﬁS):| =0, (A29)
and
gk .
66 = =2 (B, (1 4+ 2)D2 + (320 = 330)7)
j’RL
+§k2(1 + 2)*(B10 — P20)Ds. (A30)

Lastly, we again rescale 3, — f = 5/ Apy.

4. Horava-Lifshitz gravity

The parity-violating extension of Horava-Lifshitz gravity
can be found in [63] and is characterized by adding parity-
violating terms

ijk l
eV R AR

Loy = a3 (F)

M3 M,

(A31)

to the usual Horava-Lifshitz action, where a; and a, are
constants, M, is the cutoff scale of the theory and s is the
usual gravitational Chern-Simons term. The field equations
become
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R}, + 2Hh; = hy; + hy

APPENDIX B: GENERAL FORM
OF PARITY-VIOLATING CORRECTIONS

(B1)

(B2)

2(11 )
+ ¢ (M—*a 4 Mo 02> 0,0 hy = 0. (A32) TO DETECTOR RESPONSE
In this appendix we derive the generalized form of
We can then obtain the dispersion relation the detector response given in Eqs. (48)—(51). Using the
modifications of 4, and &, given by Eqs. (37)—(38), we
substitute into the detector response function to obtain
- 7] . / 2 3 2a, A 5
'+ ¢+ 2iHP =k + K g | —— ——5 3k | =0,
“\M,a Ma - .
h = A5Aez(‘l’+5‘{’)’
(A33)
and thus where A and W correspond to the GR amplitude and Fourier
GW phase introduced in Eq. (42)—(43) in the stationary
P P phase approximation, respectively. The parity-violating
S = _ %R K2(1+2)2Dy +La2 K (142)*Ds.  (A34) modifications are generally included in the terms 6A and
2M, 2M3 8%, which are given by
|
0A = \/(F+(1 + &)+ F 60528 = Fidpy(1+8))? + (F00v28 + F 25+ Fldpa(1+82))°,
I
and Eqgs. (50)—(51) are undefined, so we instead have to use
F o SdurE L F 21 F 6. (1 5 Egs. (B2) and (B3) and obtain
S¥ — arctan ( +¢V §+ ><§+ ><¢A( +€))

(Fu(14 &) + F 6442 = F o gy(1 +&%))
(B3)
Taylor expanding (B2) and (B3) to first order assuming
small d¢p4 and ¢y results in Egs. (48)—(51).

In the specific case where F_ =& =0 (and hence
F, =1), the functions f(F,.,¢) and g(F, ..¢&) from

5A = 1/ (8¢py)* + (8¢pa)*. (B4)
W = arctan <_52¢A>. (B3)
v
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