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We develop a novel technique through spectral decompositions to study the gravitational perturbations
of a black hole, without needing to decouple the linearized field equations into master equations and
separate their radial and angular dependence. We first spectrally decompose the metric perturbation in a
Legendre and Chebyshev basis for the angular and radial sectors respectively, using input from the
asymptotic behavior of the perturbation at spatial infinity and at the black hole event horizon. This spectral
decomposition allows us to then transform the linearized Einstein equations (a coupled set of partial
differential equations) into a linear matrix equation. By solving the linear matrix equation for its
generalized eigenvalues, we can estimate the complex quasinormal frequencies of the fundamental mode
and various overtones of the gravitational perturbations simultaneously and to high accuracy. We apply this
technique to perturbations of a nonspinning, Schwarzschild black hole in general relativity and find the
complex quasinormal frequencies of two fundamental modes and their first two overtones. We demonstrate
that the technique is robust and accurate, in the Schwarzschild case leading to relative fractional errors of
≤10−10–10−8 for the fundamental modes, ≤10−7–10−6 for their first overtones, ≤10−7–10−4 for their
second overtones. This method can be applied to any black hole spacetime, irrespective of its Petrov type,
making the numerical technique extremely powerful in the study of black hole ringdown in and outside
general relativity.
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I. INTRODUCTION

The LIGO-Virgo-KAGRA collaboration has success-
fully detected numerous gravitational-wave (GW) signals,
most of which are emitted by binary black hole (BH)
coalescence [1–13]. After the merger, the remnant even-
tually relaxes into a stationary and rotating BH by emitting
GWs with a discrete set of quasinormal mode (QNM)
frequencies, a coalescence stage known as ringdown. These
signals grant us pristine access to the properties of
spacetime in the strong field, most dynamical and nonlinear
regime, as these GWs travel mostly undisturbed, and thus,
carry nondistorted information about their source. Thus far,
all the GWs detected are consistent with general relativity
(GR) [7,11,14–19], indicating that Einstein’s theory has
now also passed the first GW tests. In the near future, the
ongoing improvements in GW detector technology and the
addition of new, next-generation detectors [20,21] with
improved sensitivity will allow us to listen to the Universe
and decipher its physics better.
While GR has passed numerous astrophysical and solar

system tests [22–29], several theoretical and observational

issues remain. On the theoretical side, the existence of
spacelike and timelike singularities and the hard-coded
nature of locality in GR begs for a quantum completion of
Einstein’s classical theory that may resolve the BH infor-
mation paradox [30,31] and allow for quantum entangle-
ment even in the presence of horizons. On the observational
side, the matter-antimatter asymmetry of the Universe, its
late-time acceleration [32,33] and galaxy rotation curves
[34,35] require that GR be completed with additional
parity-violating physics (that satisfy the Sakharov condi-
tions [36–39]), an “unnaturally” small cosmological con-
stant [40,41] and a dark matter particle [42–45] yet to be
observed through direct detection particle experiments.
These issues have inspired many modified gravity theories,
such as Einstein-dilaton-Gauss-Bonnet gravity [46–49],
dynamical Chern-Simons gravity [50–52], Einstein-æther
theory [53–56], Horndeski and beyond Horndeski gravity
[57–59]. In these modified theories, BHs still exist but they
need not be described by their GR counterparts, instead
acquiring certain modifications that may render them more
generic (e.g., of Petrov type I instead of D [60–62]). As a
result of the modified field equations and the non-GR
corrections to BHs in these theories, their QNM spectra can
be quite different than that predicted in GR [63–71], in
principle allowing for new tests with GWs [72–88].
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Ringdown GW tests of modified gravity, however, are
hindered by the intrinsic difficulty in the computation of the
gravitational QNM frequencies of rotating BHs in modified
theories. In principle, the BH QNM frequencies can be
computed by solving the linearized field equations in that
theory, derived by expanding the field equations to
first order in metric perturbations. For a nonspinning BH
background, the linearized field equations are a compli-
cated set of coupled, partial differential equations, which
one decouples to find master equations for its propagating
degrees of freedom through the use of special (Regee-
Wheeler [89] and Zerilli-Moncrief [90,91]) master func-
tions. For a rotating BH, the linearized field equations are
an extremely complicated set of coupled, partial differential
equations, which nobody has yet been able to decouple into
master equations when working directly with metric
perturbations.1 Instead, for rotating BHs one can work
with curvature perturbations through the Newman-Penrose
(NP) formalism [94] (in which the field equations are cast
in terms of spinor coefficients, the Weyl scalars and
differential operators) to derive a master function for these
curvature perturbations. In this way, the NP formalism
allows one to derive the Teukolsky master equation (i.e. a
separable wave equation for the NP scalars that represent
propagating degrees of freedom), provided the rotating BH
background is of Petrov-type D and the field equation is
Einstein’s [95–98]. If the theory is not Einstein’s, or if the
BH is not of Petrov-type D, then there is no guarantee that
one can decouple the field equations linearized in curvature
perturbations through the NP formalism.2

This difficulty motivates us to explore new methods to
compute the gravitational QNM frequencies of BH space-
times. One necessary criterion that these new methods must
satisfy is robustness and accuracy, which we can only
assess by implementing them first within GR and compar-
ing results to known gravitational QNM frequencies of
Schwarzschild and Kerr BHs [101]. This is the main focus
of this paper, focusing here on Schwarzschild BHs, a
necessary step before tackling the Kerr case. One can
attempt to construct many new methods that satisfy the
above criteria, but one that has shown some promise in the
past few decades is spectral methods. Spectral decompo-
sition can be an effective method to handle complicated
linearized field equations, as shown in [102–109]. Using
the completeness and orthonormal properties of certain
special functions, like the Chebyshev polynomials and the
Legendre polynomials, we can express any piecewise

continuous function as a linear combination of these special
functions. The metric perturbations and the coefficient
functions of the linearized field equations are at least C1

outside the horizon, so we can accurately approximate them
by using a finite number of spectral bases, which simplifies
the calculation of QNM frequencies.
Previous works have considered the use of spectral or

pseudospectral collocation methods to study BH perturba-
tions. These studies transformed various BH perturba-
tion problems into (quadratic) eigenvalue problems via
spectral decompositions in different ways and for different
scenarios. One class of such studies focused on scalar
and electromagnetic perturbations of BHs using spectral
decompositions (e.g. [102,110,111]). Another class of
studies used the NP formalism to spectrally decompose
the perturbed NP scalars and the NP equations (some with
[112,113] and some without decoupling them [114–117]).
A third class of studies used spectral or pseudospectral
collocation methods to study the QNM frequencies of
spherically symmetric BHs (e.g. [102–104]). These studies
solved the linearized field equations directly, through
separation of variables with spherical harmonics (focusing
on the zero magnetic number case) and a spectral decom-
position of the radial sector. A final class of studies
explored spectral decompositions of metric perturbations
and the linearized field equations without decoupling (e.g.
[118]). The spectral methods in such studies focused on the
QNMs related to ultraspinning and bar-mode instabilities of
higher-dimensional (Myers-Perry) BHs, and worked with
scalar- and vector-mode perturbations separately [118].3

Building on the work of [102–104], the goal of this paper
is to develop a powerful, adaptable and extendable spectral
method to study the QNMs that are likely to be measured
by actual GW detectors in the near future. In particular, our
spectral method works simultaneously with different sec-
tors (scalar, vector and tensor) of the metric perturbations
and with the linearized field equations of four-dimensional
BHs, without decoupling the latter into master equations.
We begin by deriving the linearized Einstein equations that
govern the metric perturbations of a Schwarzschild BH in
the Regge-Wheeler gauge (Sec. II). We then use a product
decomposition of the metric tensor into radial and angular
functions, together with a spectral decomposition (of the
angular sector in terms of associate Legendre polynomials)
to turn the system of partial differential equations into a
system of ordinary differential equations. By solving this
system of ordinary differential equations asymptotically at
spatial infinity and at the event horizon, we obtain the

1Nonetheless, the authors do note that numerical methods have
been explored for solving the inhomogeneous coupled linearized
equations with a source for the perturbed Schwarzschild [92] and
Kerr metric [93].

2We note that, in parallel with this work, recent progress has
been made to extend the derivation of the Teukolsky equation to
beyond-GR BHs [99,100] by working to leading order in GR
deviations within an effective field theory treatment.

3Spectral or pseudospectral collocation methods have also
been used to study BH metric perturbations by transforming
the linearized field equations into an eigenvalue problem (e.g.
[105–107,119]). These studies, however, focused on BH ther-
modynamical properties and stability issues related to higher-
dimensional BHs, which are not strictly relevant to the QNM
frequencies of the ringdown phase of four-dimensional BHs.
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boundary conditions that the radial functions must satisfy
(Sec. III). The asymptotic behavior of the radial functions
allows us to construct a radial Ansatz that corrects the
asymptotic behavior through a spectral sum of Chebyshev
polynomials (Sec. IV).
The full spectral decomposition transforms the linearized

Einstein equations into a system of linear algebraic
equations, whose generalized eigenvalues contain the
QNM frequencies of the Schwarzschild BH. We compute
these QNM frequencies numerically by solving for the
generalized eigenvalues and we devise specific procedures
to identify which generalized eigenvalues correspond to
which QNM frequencies. We show that the reconstruction
of the metric functions through this spectral decomposition
is actually an asymptotic series by calculating its optimal
truncation order (Sec. V). We find that typically keeping 25
basis functions in the Chebyshev and the Legendre sectors
suffices to identify six QNM frequencies, two of which
correspond to fundamental modes, two to the first over-
tones and two to the second overtones. We also find that
these QNM frequencies can be calculated fast and accu-
rately, with relative fractional errors of ≤10−10–10−8 for the
fundamental modes, ≤10−7–10−6 for their first overtones,
and ≤10−7–10−4 for their second overtones.
We conclude by analyzing the robustness of our spectral

method (Sec. VI). We first check that our QNM frequency
calculations are independent of the order (m) of the
associated Legendre polynomial basis, an important feature
of gravitational perturbation of spherically symmetric BHs.
We then check that our QNM calculations are independent
of the choice of radial scaling we choose in the Ansatz for
the radial function, further indicating the robustness of the
spectral method. Finally, we check that the calculation of
QNM frequencies is approximately insensitive to the set of
six components of the linearized Einstein equations that we
choose to solve for the six metric perturbation functions.
This flexibility allows us to select the set of equations that is
most convenient and to cross-check our results. Moreover,
our approach allows us to better understand how different
components of the metric perturbations oscillate, without
having to rely on metric reconstruction or a specific set of
components of the linearized equations.
The work presented here is yet another avenue to

calculate QNMs of perturbed BHs, but it is very promising
and interesting for the following reasons. First, since we
work with the metric perturbations directly, there is never a
need to decouple the field equations and find master
functions and equations. This is important because such
a decoupling can be extremely complicated in modified
theories of gravity, especially when the BH background is
spinning and not of Petrov type D. Moreover, since we
work with the metric perturbations directly, we automati-
cally find solutions for all components of the metric itself
without needing any further metric reconstruction. This
could be useful when doing second-order BH perturbation

theory [114,120] and self-force calculations [121,122],
which typically require metric reconstruction. Finally,
the method presented here is fast, computationally efficient,
accurate, robust and able to obtain QNM frequencies of not
just the fundamental modes, but also of its overtones with
similar speed, efficiency, accuracy, and robustness. This is
important because, while some methods, such as [101,123],
can be used to estimate the QNM frequencies of higher
overtones very precisely, the calculation of the higher-
overtone frequencies can sometimes be noisy and not as
accurate as that of the fundamental model using some other
methods, such as direct numerical integration. Section VII
will further elaborate all of these features further and
possible extensions of our work.
Henceforth, we assume the following conventions: xμ ¼

ðx0; x1; x2; x3Þ ¼ ðt; r; χ;ϕÞ, where χ ¼ cos θ and θ is the
azimuthal angle; the signature of the metric tensor is
ð−;þ;þ;þÞ; gravitational QNMs are labeled in the form
of nlm or ðn; l; mÞ, where n is the principal mode number, l
is the azimuthal mode number and m is the magnetic mode
number of the QNMs; Greek letters in index lists stand
for spacetime coordinates; Greek letters in curly braces
fμνg denote the collection of the μν components of the
perturbed Einstein equations, Gð1Þ

μν ¼ 0. For example,
ftr; tχ; tϕ; rr; rχ; rϕg stands for fGð1Þ

tr ¼ 0; Gð1Þ
tχ ¼ 0;…;

Gð1Þ
rϕ ¼ 0g. For the convenience of the reader, we have

presented a list of all definitions and symbols in
Appendix A.

II. LINEARIZED EINSTEIN FIELD EQUATIONS
ABOUT A SCHWARZSCHILD BLACK

HOLE BACKGROUND

In this section, we discuss our representation of the
background Schwarzschild spacetime, present the linear-
ized Einstein field equations for a perturbed Schwarzschild
BH, and then conclude with a quick description of the
spectral decomposition of the metric perturbations.

A. Background spacetime, metric perturbation
and the linearized Einstein equations

The solution to the vacuum Einstein equation Gμν ¼ 0
that represents a stationary and spherically symmetric
(nonspinning) BH is the Schwarzschild metrics gð0Þμν . The
line element associated with this metric can be written in
Schwarzschild coordinates as

ds2ð0Þ ¼ gð0Þμν dxμdxν

¼ −fðrÞdt2 þ dr2

fðrÞ
þ r2

1 − χ2
dχ2 þ r2ð1 − χ2Þdϕ2;

ð1Þ

where M is the BH mass, χ ≡ cos θ with θ the polar angle,
ϕ is the azimuthal angle and
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fðrÞ ¼ 1 −
2M
r

ð2Þ

is the so-called Schwarzschild factor. For a Schwarzschild
BH in these coordinates, the event horizon is located
at rH ¼ 2M.
We now consider linear perturbations of the metric

tensor, such that

gμν ¼ gð0Þμν þ ϵhμν; ð3Þ

where gð0Þμν is the background metric of Eq. (1), hμν is the
metric perturbation, and ϵ is a bookkeeping parameter for the

perturbations. The metric perturbation is a function of
spacetime coordinates and it can be decomposed into
temporal, radial, and angular components. Under a parity
transformation (i.e., the simultaneous shifts θ → π − θ and
ϕ → ϕþ π) these components can be classified into odd (or
“axial”) and even (or “polar”) sectors, depending on whether
they pick up a factor of ð−1Þlþ1 or ð−1Þl, respectively. This
allows us to decompose hμν as [89–91,124]

hμνðt; r; χ;ϕÞ ¼ hoddμν ðt; r; χ;ϕÞ þ hevenμν ðt; r; χ;ϕÞ; ð4Þ

where4

hoddμν ¼ eimϕ−iωt

0

BBB@

0 0 −imð1 − χ2Þ−1h5ðr; χÞ ð1 − χ2Þ∂χh5ðr; χÞ
% 0 −imð1 − χ2Þ−1h6ðr; χÞ ð1 − χ2Þ∂χh6ðr; χÞ
% % 0 0

% % % 0

1

CCCA; ð5aÞ

and

hevenμν ¼ −eimϕ−iωt

0

BBBBB@

fðrÞh1ðr; χÞ h2ðr; χÞ 0 0

% 1
fðrÞh3ðr; χÞ 0 0

% % r2ð1 − χ2Þ−1h4ðr; χÞ 0

% % % r2ð1 − χ2Þh4ðr; χÞ

1

CCCCCA
; ð5bÞ

and where we have made use of the Regge-Wheeler gauge
[89,124]. We have also assumed that both sectors depend
on the same QNM frequency because both the axial and
polar perturbations that are purely ingoing at the event
horizon and outgoing at spatial infinity depend on the same
complex QNM frequencies in GR, a manifestation of
isospectrality. If one were to generalize this method to
beyond-GR theories that break isospectrality, then the
above assumption may have to be relaxed.
With the Ansatz defined, we can now find the system of

equations that the metric perturbations hiðr; χÞ ∀ i ∈ ð1; 6Þ
must satisfy. Unlike in the case of early studies in BH
perturbations by Regge and Wheeler [89], Zerilli [90], and
Moncrief [91], we do not treat the odd and even perturbations
separately. Considering them simultaneously will allow us,
in the future, to extend the spectral approach toQNMsofKerr
BHs, where these two parities cannot be separately studied
easily.5 Substituting Eq. (5) into the vacuum Einstein
equation, one finds a systemof ten coupled, partial differential

equations to solve for the six unknown functions hiðr; χÞ.
Only six of these equations, however, are independent of each
other, so the remaining four can be eliminated by the use of
perturbed Bianchi identities. In this paper, we will mainly
focus on solving the ftr; tχ; tϕ; rr; rχ; rϕg components,
because we found empirically that this system is the most
convenient to work with. In Sec. VI C and Appendix. B, we
will show that using a different set of components of the
linearized Einstein equations also allows us to find the
Schwarzschild QNMs.
Let us now massage the linearized Einstein equations.

First, note that the components of the background metric
tensor gð0Þμν in Schwarzschild coordinates, whose line element
is in Eq. (1), are rational functions of r and χ. Therefore, the
coefficient functions multiplying the metric perturbations hi
in the linearized Einstein equations must also be rational
functions of r and χ, since they can only depend on
background quantities and their derivatives. With this under-
standing, we can always express the ith linearized field
equation,6 after appropriate factorization and multiplying
through the common denominator, as4Our choice of signs for h3 and h4 is different from that in

some of the literature, such as [125].
5Nonetheless, the metric perturbations of the Kerr black hole

of these two parities can be constructed using the procedures
described in [126] based on the Teukolsky equation.

6Throughout this work, when multiplied bym or ω, i stands forffiffiffiffiffiffi
−1

p
. Otherwise, i stands for one of the components of the

linearized Einstein equations.
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X6

j¼1

Xαþβ≤3

α;β¼0

X2

γ¼0

Xdr

δ¼0

Xdχ

σ¼0

Gi;γ;δ;σ;α;β;jωγrδχσ∂αr∂
β
χhj ¼ 0; ð6Þ

where
Pαþβ≤3

α;β¼0 is a summation starting from α ¼ 0 and
β ¼ 0 up to αþ β ¼ 3 for all non-negative α and β,
while Gi;γ;δ;σ;α;β;j is a complex function of M and m
only. The constants dr and dχ are the degree of r and χ
of the coefficient of a given term in the equations
respectively, which depend on the specific equation we
are looking at and can thus be thought of to be
dependent on the summation indices α, β, i, j. When
factorizing each of the linearized Einstein equations to
obtain the common denominator, there can be prefac-
tors, such as some powers of 1 − χ2, r and r − rH,
which contain no metric perturbation functions and are
nonzero except at r ¼ rH, r ¼ ∞ and χ ¼ &1. Since
these common factors are never zero in the computa-
tional domain (except at the boundaries), we will divide
by them to simplify the equations and improve the
numerical stability of the linearized Einstein equations.
Equation (6) represents a system of coupled, two-
dimensional, third-order partial differential equations.
Notice that the perturbed field equations for the even
perturbations are at most second order, whereas for odd
perturbations, due to ∂χhi for hi ∈ fh5; h6g, the system
of equations is at most third order.

B. Spectral decomposition of the
metric perturbations

In this subsection, we present the spectral decom-
position along the radial and angular coordinates of
our metric perturbations, introduced in the previous
subsection. The metric perturbation functions hiðr; χÞ
that enter the linearized Einstein equations are func-
tions of r and χ. Using separation of variables, we
can write these functions through the product decom-
position

hiðr; χÞ ¼ yiðrÞΘiðχÞ; i ¼ 1;…; 6; ð7Þ

with no summation over i implied, where yi are new
functions of r only and Θi are functions of χ only.
Let us now determine the angular dependence of the

metric perturbation functions. We express the angular
dependence as a linear combination of spectral function
of χ. To determine the explicit spectral basis, we note that
in general, the angular dependence of metric perturba-
tions can be expressed in terms of scalar, vector and
tensor spherical harmonics [124,127,128], whose χ part is
the associate Legendre polynomials of χ. This is also the
spectral function of χ used in the original Regge-Wheeler
[89] and Zerilli-Moncrief calculations [90,91]. Taking all
these into account, we represent the χ dependence using

associated Legendre polynomials Pm
l ðχÞ of degree and

order7 ðl; mÞ, namely,

ΘiðχÞ ¼
X∞

l¼jmj
ai;lP

jmj
l ðχÞ: ð8Þ

Absorbing the ai;l coefficients into the yi functions via
yli ðrÞ ¼ ai;lyiðrÞ, we then have

hiðr; χÞ ¼
X∞

l¼jmj
yli ðrÞP

jmj
l ðχÞ; i ¼ 1;…; 6: ð9Þ

In practice, only a finite number of associated Legendre
polynomials need to be included in our approximations,
so let N χ represent the maximum number of terms kept
in these sums. In principle, different metric perturbation
functions (i.e. different hi) could be represented by a
different number of terms in the sum (i.e. N χ could be
different for different hi functions), but to maximize
the symmetry of the spectral representation, we choose
the same N χ for all i.
With the representation of the angular sector determined,

let us now discuss the radial sector. Using the above
product decomposition of Eq. (9) in the left-hand side of
Eq. (6), we can rewrite any component of the linearized
Einstein equation as

Gi;γ;δ;σ;α;β;jωγrδχσ∂αr∂
β
χ

" XN χþjmj

l¼jmj
ylj ðrÞP

jmj
l ðχÞ

#

¼
XN χþjmj

l¼jmj
Hl

i ðrÞP
jmj
l ðχÞ; ð10Þ

where this equation defines the functions Hl
i ðrÞ, and the

repeated indices in the left-hand side of Eq. (10) implicitly
represent the summations used in Eq. (6). Since the
linearized Einstein equations must be satisfied, Eq. (10)
implies that

Hl
i ðrÞ ¼ 0 ð11Þ

for l ¼ jmj; jmjþ 1;…;N χ þ jmj and i ¼ f1; 6g.
Let us now derive an expression for the Hl

i ðrÞ expres-
sions through the use of the orthogonality properties of the
associated Legendre polynomials. Multiplying Eq. (10) by
another associated Legendre polynomial of different degree
and integrating over χ, we find

7Though l, the azimuthal number that labels QNMs, and l, the
degree of the associated Legendre polynomials in the product
decomposition of the metric perturbation functions, are the same
for a Schwarzschild BH background, this is not necessarily the
same in general, which is why we use different symbols for them
here.
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Hl
i ðrÞ ¼ Gi;γ;δ;σ;α;β;jωγrδIl;σ;α;β

j ;

Il;σ;α;β
j ¼ N l;m

XN χþjmj

l0¼jmj
∂αr yl

0

j

Z
þ1

−1
dχPjmj

l ðχÞχσ∂βχPjmj
l0 ðχÞ;

ð12Þ

where, again, the repeated indices represent the summa-
tions used in Eq. (6), and

N l;m ¼ ð2lþ 1Þ ðl −mÞ!
ðlþmÞ!

: ð13Þ

Equation (11) then becomes

Gi;γ;δ;σ;α;β;jωγrδIl;σ;α;β
j ¼ 0; ð14Þ

which can be thought of as a coupled system of ordinary
differential equations for the yli radial functions.
Let us now convert this coupled system of ordinary

differential equations into first-order form. First, we
observe that the linearized Einstein equations can contain
at most second-order radial derivatives of yli ; although the α
sum in Eq. (6) ranges up to αþ β ≤ 3, in practice when
αþ β ¼ 3 then ðα; βÞ ¼ ð0; 3Þ; ð1; 2Þ or (2,1), so α ¼ 2 at
most. To convert this system of ordinary differential
equations to first-order form, we now introduce the
following auxiliary fields:

Yl
i ≡

dyli
dr

; ð15Þ

where again l ¼ jmj; jmjþ 1;…;N χ þ jmj. Let us now
promote these auxiliary fields to free fields and define the
collection of all fields y through the shortcut notation
y ¼ fyli g ∪ fYl

i g, or more explicitly,

y ¼ ðyjmj
1 ; yjmjþ1

1 ;…; yjmjþN χ

1 ;

…;

yjmj
6 ; yjmjþ1

6 ;…; yjmjþN χ

6 ;

Y jmj
1 ; Y jmjþ1

1 ;…; Y jmjþN χ

1 ;

…;

Y jmj
6 ; Y jmjþ1

6 ;…; Y jmjþN χ

6 ÞT: ð16Þ

Therefore, the resulting first-order system of ordinary
differential equations of equations can then be written as

QðrÞ dy
dr

¼ RðrÞy; ð17Þ

where QðrÞ and RðrÞ are square matrices of order
N χ · ð6þ 6Þ, whose elements are functions of the radial

coordinate r only. The procedure to solve for the QNMs
now reduces to solving the above equation. Before doing
so, however, we will simplify this system by peeling off the
asymptotic behavior of the solution near the event horizon
and spatial infinity in the next section, and then absorbing it
into the radial Ansatz.
Equation (17) depends on m only because of the metric-

perturbation Ansatz and the spectral basis of χ that we used.
The original calculations of Regge and Wheeler [89], and
of Zerilli and Moncrief [90,91], however, lead to master
equations that do not explicitly depend on m; this constant
does appear in their metric Ansatz but it is eliminated when
they decouple the perturbed field equations and derive their
master equations. This implies that the QNM frequencies of
a perturbed Schwarzschild BH should be m independent,
which is physically reasonable for gravitational perturba-
tions of a spherically symmetric background spacetime.
Our equations for the QNM frequencies [Eq. (17)], how-
ever, do depend on m, and this is precisely because we are
not decoupling the perturbed field equations to find master
equations. Such m dependence, nonetheless, can be put
to good use: if our numerical calculations are correct,
the QNM frequencies we calculate numerically should be
invariant under shifts of m in Eq. (17), i.e. we should be
able to compute QNM frequencies for any choice of m in
this equation and find the same numerical answer. We apply
this cross-check in Sec. VI A and find that our results for
the QNM frequencies we calculate are indeed m
independent.

III. STUDY OF ASYMPTOTIC BEHAVIOR
OF LINEARIZED FIELD EQUATIONS

To perform a spectral decomposition of the metric
perturbations defined in Sec. V, we need to construct an
Ansatz for the yiðrÞ functions that appear in Eq. (7). This
Ansatz must satisfy the appropriate boundary conditions at
the BH event horizon and at spatial infinity. In order to
simplify later analysis, we will construct a global Ansatz for
yiðrÞ by pulling out the asymptotic behavior of the solution
at the two boundaries, similar to what was done in
[102,104]. In this section, we present this asymptotic
analysis. Readers familiar with this topic may wish to skip
to Sec. III B, where we summarize the results of this
asymptotic analysis.

A. Inversion of coefficient matrix

Let us begin by simplifying the first-order differential
system of Eq. (17). Following [102,104], we multiply this
equation by Q−1ðrÞ to recast it as

dy
dr

¼ M̃ðrÞy; ð18Þ

where M̃ðrÞ is another square matrix of order N χ · ð6þ 6Þ.
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For a Schwarzschild or Kerr BH background, QðrÞ is
singular because some yi are algebraic variables. Such
variables are defined as those whose radial derivative is not
present in the selected ordinary differential equations. If
this is the case, then some columns and rows in QðrÞ are
null (see Fig. 1 for a graphical illustration), which renders
QðrÞ noninvertible and singular. Algebraic variables can
arise for two reasons. One reason is that the selected
components of the linearized Einstein equations do not
contain any explicit radial derivatives of some components
of the metric perturbation functions. For example, the
ftr; tθ; tϕ; rr; rθ; rϕg equations do not contain ∂rh3 and
∂2rh3, and therefore y3 and Y3 are algebraic. Another reason
is that, although the selected components of the linearized
Einstein equations do contain radial derivatives of the hi
functions, these can be eliminated by substituting in other
components of the linearized Einstein equations. If the
rankðQÞ < N χ · ð6þ 6Þ, then the system of ordinary dif-
ferential equations contains N χ · ð6þ 6Þ − rankðQÞ alge-
braic equations. All variables that are not algebraic (i.e.
those whose radial derivatives are present and cannot be
eliminated from the system of ordinary differential equa-
tions) will be called differential variables.
ThoughQðrÞ is singular, we can still write Eq. (17) in the

form of Eq. (18) through the following procedure:
(1) We first identify N χ · ð6þ 6Þ − rankðQÞ algebraic

equations through elementary row operations. This
step gives rankðQÞ differential equations and some
zero rows of Q.

(2) We then identify the algebraic variable(s) of Eq. (17)
by reading the column(s) of QðrÞ that is (are) null.
For, say, Nalg algebraic variables identified, we then
select Nalg differential equations. This allows us to
solve for the Nalg algebraic variables in terms of the
differential variables and their first-order derivatives.

These results can be verified to be independent of the
choice of the differential equations made for these
Nalg algebraic variables.
Substituting these solved algebraic variables into

the remaining unsolved equations leaves us with a
system of N χ · ð6þ 6Þ − Nalg differential variables.
For convenience, we represent these N χ · ð6þ 6Þ −
Nalg unsolved differential variables by ỹ. Therefore,
the remaining unsolved equations can then be
written as

Q̃ðrÞ dỹ
dr

¼ R̃ðrÞỹ; ð19Þ

where Q̃ðrÞ and R̃ðrÞ are two square matrices of
order ½N χ · ð6þ 6Þ − Nalg(. Since Nalg differential
equations are eliminated, rankðQ̃Þ ¼ rankðQÞ − Nalg.

(3) Some of the algebraic variables may contain r
derivatives, which upon substitution may convert
some of the algebraic equations into differential
equations. Using elementary row operations, we can
then identify N χ · ð6þ 6Þ − Nalg − rankðQ̃Þ alge-
braic equations. These algebraic equations allow
us to express N χ · ð6þ 6Þ − Nalg − rankðQ̃Þ differ-
ential variables in terms of the remaining rankðQ̃Þ
differential variables and possibly the algebraic
variables. We can then eliminate another N χ · ð6þ
6Þ − Nalg − rankðQ̃Þ equations from the system by
differentiating N χ · ð6þ 6Þ − Nalg − rankðQ̃Þ dif-
ferential variables and expressing the first-order
radial derivatives of N χ · ð6þ 6Þ − Nalg − rankðQ̃Þ
differential variables with the remaining differential
variables and their first-order radial derivatives. This
leaves us with a system of rankðQ̃Þ ordinary differ-
ential equations of rankðQ̃Þ differential variables.
We then denote the rankðQ̃Þ differential variables
with a rankðQ̃Þ-vector z and the resulting system can
then be expressed as

dz
dr

¼ MðrÞz; ð20Þ

where MðrÞ is a rankðQ̃Þ × rankðQ̃Þ square matrix,
such that rankðMÞ ¼ rankðQ̃Þ ¼ rankðQÞ − Nalg.

The procedure presented above allows us to construct a
differential system without singular matrices, but in order to
calculate the asymptotic behavior of the solution we must
diagonalize it.Wewill do so through the algorithm presented
in [104], whose essence involves asymptotically expanding
MðrÞ as a matrix-valued series in (positive or negative)
powers of r at spatial infinity and r − rH at the event horizon,
both of which are irregular singular points. Explicitly, at
spatial infinity, we asymptotically expand MðrÞ as

Null column(s) Algebraic variable(s)

Null row(s) Algebraic equation(s)  

FIG. 1. Schematic illustration of the structure of the system of
ordinary differential equations obtained by spectral decomposi-
tion of the linearized Einstein field equations. The vector y is
related to the amplitude of metric perturbations at a given angular
position. The matrix on the left-hand side is the coefficient matrix
QðrÞ of the r derivatives of the system of ordinary differential
equations. The null column (red rectangle) indicates the existence
of algebraic variables, which are those whose r derivatives are not
contained in the differential equations. The null row (blue
rectangle) indicates the existence of algebraic equations in
different components of y (green rectangle).
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MðrÞ ¼
Xp∞

k¼−1
Mkrk þO

$
1

r2

%
: ð21Þ

Here p∞ is the Poincaré rank ofMðrÞ at spatial infinity, and
Mk are matrices independent of r. We have also discarded
terms that decay faster than r−1 at r ¼ ∞, as they have
negligible effects at spatial infinity. The asymptotic behavior
at the horizon can be studied similarly by a change of
variable. Defining ϵ ¼ ðr − rHÞ−1, where recall that rH is the
radial location of the event horizon, the differential system of
Eq. (20) is correspondingly transformed to

dz
dϵ

¼ −
1

ϵ2
MðϵÞz; ð22Þ

whereMðϵÞ ¼ MðrðϵÞÞ is the asymptotic expansion ofMðrÞ
near the event horizon. Since the leading-order term in an
ϵ ≪ 1 expansion of Mϵ may be nilpotent, we discard the
terms that decay faster than ϵ−2 [104],

−
1

ϵ2
MðϵÞ ¼

XpH

k¼−2
Mkϵk þO

$
1

ϵ3

%
; ð23Þ

where pH is the Poincaré rank of ϵ−2MðϵÞ at the horizon.
The algorithm in [104] can reduce the Poincaré rank and
consecutively diagonalize every Mk through successive
transformations. Once every Mr is diagonalized, we
can immediately integrate the system of ordinary dif-
ferential equations to give the asymptotic behavior of z. In
Appendix B, we provide an explicit and concrete example of
the implementation of the above procedure.
Although our spectral analysis formalism essentially

requires the algorithm presented in [102,104], unlike the
previous works, our formalism does not require the
decoupling between the r and χ dependence of hiðr; χÞ,
thereby enabling us to estimate the asymptotic behavior of
the metric perturbations without explicitly separating r and
χ, and rendering the spectral method more easily applicable
to non-GR BH spacetimes.

B. Summary of asymptotic behavior

Let us now summarize the results of applying the above
procedure to determine the asymptotic behavior of the
metric perturbation functions. Since we aim to study GW
QNMs, we require purely ingoing boundary conditions at
the horizon rH and purely outgoing boundary conditions at
spatial infinity, such that

hi ∝
"
e−iωr% ; r → rH;

eiωr% ; r → ∞;
ð24Þ

where r% is the tortoise coordinate, and for a Schwarzschild
BH in Schwarzschild coordinates is given by

r% ¼ rþ 2M log
$

r
2M

− 1

%
: ð25Þ

Applying the above procedure (see Appendix B for a
concrete example), the asymptotic behavior of yli ðrÞ that is
consistent with these boundary conditions is

lim
r→∞

yli ðrÞ ∼ eiωrriωrHþρðiÞ∞
X∞

k¼0

alk
rk

; ð26Þ

lim
r→rH

yli ðrÞ ∼ ðr − rHÞ−iωrH−ρ
ðiÞ
H

X∞

k¼0

blkðr − rHÞk; ð27Þ

where alk and blk are constants and

ρðiÞH ¼
"
1; for i ≠ 4 and 5;

0; otherwise;

ρðiÞ∞ ¼
"
1; for i ≠ 4;

0; for i ¼ 4:
ð28Þ

Note that the controlling factors, the factors multiplying the
series, do not depend on l. Appendix B shows that this
asymptotic behavior is consistent with that in the literature.
Let us conclude this section by stressing that Eq. (26)

is the asymptotic expansion of the metric perturbations
at spatial infinity and the event horizon [104,129], as we
mentioned before. This is because these expansions are
obtained by solving Eq. (20) with MðrÞ replaced by its
asymptotic expansion at r ¼ ∞ and r ¼ rH. Both of these
expansion points are irregular and singular. One can
therefore show that the approximate solutions satisfy the
criteria of an asymptotic series [130].

IV. SEPARATION OF THE LINEARIZED
EINSTEIN EQUATIONS THROUGH
A SPECTRAL DECOMPOSITION

In this section, we present a spectral decomposition
of the linearized Einstein equations in Eq. (6) through the
use of the product decomposition presented in Eq. (7), or
equivalently Eq. (9). We begin with a refinement of the
radial Ansatz, which we then apply to the linearized
Einstein equations to turn the differential system into a
linear algebra problem.

A. Refinements of the radial functions

Since the radial functions yli ðrÞ must satisfy the appro-
priate boundary conditions at the event horizon and at
spatial infinity, it is convenient to pull out this asymptotic
behavior in the radial Ansatz. Let us then write

yli ðrÞ ¼ Al
i ðrÞuli ðrÞ; ð29Þ

where Al
i ðrÞ is the asymptotic controlling factor of the

radial function yli ðrÞ and uli ðrÞ is a correction factor that is
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both bounded and has trivial boundary conditions. Using
Eq. (26), we are motivated to construct Al

i ðrÞ as

Al
i ðrÞ ¼ eiωrriωrHþρðiÞ∞

$
r − rH

r

%−iωrH−ρ
ðiÞ
H
; ð30Þ

because then uli ðrÞ approaches to a constant both at the
event horizon and spatial infinity.
Since the computational domain is finite, let us introduce

onemore refinement of ourAnsatz through compactification.
More specifically, the radial coordinate r is semi-infinite, and
thus, it is computationally inconvenient to perform spectral
decompositions along this coordinate because the decom-
position involves the evaluation of improper integrals. Let us
then reduce the computational complexity by defining the
compactified variable, z [102,104], via

z ¼ 2rH
r

− 1; ð31Þ

so that ui is a bounded function in the finite domain
z ∈ ½−1;þ1(.

Finally, since uli ðzÞ is finite for z ∈ ½−1;þ1(, we can
express uli ðzÞ as a linear combination of a spectral
function of z. In this work, we choose to represent
uli ðzÞ through a Chebyshev polynomials TnðzÞ basis,
which is uniformly convergent [131]. These functions
are commonly used in numerical studies of gravitational
physics [102,104,112–114,132–138] for their computa-
tional advantages and accuracy when approximating
certain functions.
Combining all of these refinements, Eq. (9) with

Eqs. (29) and (30) and a Chebyshev polynomial expansion
takes the form

hiðz; χÞ ¼ AiðzÞ
X∞

n¼0

X∞

l¼jmj
vnli TnðzÞP

jmj
l ðχÞ; ð32Þ

where vnli are constant coefficients, which one can think of
as the component of uiðrÞ along the basis of TnðzÞ and
Pjmj
l ðχÞ. Note that we have dropped the superscript l from

AiðrÞ, as this quantity is the same for all l, and we have
factorized it out of the summation. Equation (32) gives us
the full spectral decomposition of the metric perturbation
along the angular coordinate χ and the compactified spatial
coordinate z.
In practice, however, we will only include a finite number

of spectral bases in our representation of the metric pertur-
bation functions. More precisely, henceforth we will set

hiðr; χÞ ¼ AiðrÞ
XN z

n¼0

XN χþjmj

l¼jmj
vnli TnðzÞP

jmj
l ðχÞ; ð33Þ

whereN z andN χ are respectively the number of Chebyshev
polynomials and associated Legendre polynomials included.

In the rest of this paper, we will investigate how our
calculation of the QNM frequencies is affected by choice
of N z and N χ .
Before we substitute Eq. (33) into the linearized Einstein

equations, let us consider what type of series solution
Eq. (33) is. Let us first consider this series expansion near
spatial infinity. Since z ¼ 2rH=r − 1, the Chebyshev poly-
nomials of z are actually power series in r−1. Thus, as
r → ∞, Eq. (33) is asymptotic to

hiðz; χÞ ∼ eiωrriωrHþρðiÞ∞

×
X

l

$
ã0l þ

ã1l
r

þ ã2l
r2

þ ) ) )
%
Pjmj
l ðχÞ; ð34Þ

where ãkl (k ¼ 0; 1; 2;…) are constants. If Eq. (34) is to
agree with Eq. (26), ãil ¼ ail. Moreover, since Eq. (26) is
an asymptotic expansion of the metric perturbation at
spatial infinity, by the uniqueness of asymptotic expansions
[130], Eq. (33) is also an asymptotic expansion of the
metric perturbations as r → ∞.
Let us now study the behavior of the function near the

horizon. As r → rH, z ¼ 2rH=r − 1 ∼ ðr − rHÞ=rH, the
Chebyshev polynomials of z are asymptotic to power
series of r − rH as r → rH. Thus, near the event horizon,
Eq. (33) is asymptotic to

hiðz; χÞ ∼ eiωrriωrHþρðiÞ∞
X

l

½b̃0l þ b̃1lðr − rHÞ þ ) ) )(Pjmj
l ðχÞ;

ð35Þ

where b̃il are constants. If Eq. (35) is to agree with Eq. (27),
then b̃il ¼ bil. Therefore, applying the same uniqueness
argument presented above, Eq. (33) is also an asymptotic
expansion of the metric perturbations as r → rH. In other
words, even though, by itself, the series

P
n v

nl
i TnðzÞ

represents a continuous function that can be approximated
by the Chebyshev polynomials with polynomial conver-
gence [131], as written in Eq. (33), the entire series behaves
like an asymptotic one near the irregular singular points of
the domain, due to the asymptotic nature of the controlling
factor AiðrÞ.

B. The linearized Einstein equations as a linear
algebraic eigenvalue problem

Let us now use the spectral decomposition of the metric
perturbation functions of Eq. (32) in the linearized Einstein
equations to transform the latter into a system of linear
algebraic equations. First, we note that the first or second
radial derivatives of the asymptotic controlling factor are
proportional to the product of a rational function of r and
the controlling factor itself. Therefore, on substituting
Eq. (33) into the linearized Einstein equations, we can
factorize the partial differential equations as
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X6

j¼1

Xαþβ≤3

α;β¼0

X2

γ¼0

Xdz

δ¼0

Xdχ

σ¼0

Ki;γ;δ;σ;α;β;jωγzδχσ

× ∂αz∂
β
χ

"XN z

n¼0

XN χþjmj

l¼jmj
vnlj TnðzÞP

jmj
l ðχÞ

#
¼ 0: ð36Þ

Here dz and dχ are the degree of z and χ of the coefficient of
the partial derivative ∂αz∂

β
χf) ) )g in the equations respec-

tively, while Ki;α;β;γ;δ;σ;j is a complex number that depends
on M and m. As Eq. (36) now involves only ordinary
derivatives of the spectral functions with respect to the
respective coordinates, we make use of their defining
equations to factor and simplify Eq. (36), namely

d2Tn

dz2
¼ 1

1 − z2

$
z
dTn

dz
− n2Tn

%
;

d2Pjmj
l

dχ2
¼ 1

1 − χ2

$
2χ

dPjmj
l

dχ
− lðlþ 1ÞPjmj

l −
m2

1 − χ2
Pjmj
l

%
:

ð37Þ

These equations allow us to pull out more factors of
1 − χ2; 1 − z or 1þ z, further simplifying Eq. (36).

To simplify our notation, we now rewrite the left-hand
side of Eq. (36) in terms of the spectral functions as

XN z

n¼0

XN χþjmj

l¼jmj
wnl
i TnðzÞP

jmj
l ðχÞ ¼ 0; ð38Þ

where wnl
i is hiding much of the complexity of Eq. (36).

The orthogonality of TnðzÞP
jmj
l ðχÞ implies that wnl

i ¼ 0 for
every i, n and l. Comparing Eqs. (10) and (36), we can
relate wnl

i to vnli by a linear combination,

wnl
i ¼

X6

j¼1

XN z

n0¼0

XN χþjmj

l0¼jmj
½Dnl;n0l0ðωÞ(ijvn

0l0
j ¼ 0; ð39Þ

where Dnl;n0l0ðωÞ are quadratic matrix polynomials of ω,

Dnl;n0l0ðωÞ ¼
X2

γ¼0

Dnl;n0l0;γωγ; ð40Þ

and Dnl;n0l0;γ are constant 6 × 6 matrices, whose ijth
element is given by

½Dnl;n0l0;0(ij ¼ N
Z

þ1

−1
dz

Z
þ1

−1
dχð1 − z2Þ−1

2TnðzÞP
jmj
l ðχÞKi;0;δ;σ;α;β;jzδχσ∂αz∂

β
χ ½Tn0ðzÞP

jmj
l0 ðχÞ(;

½Dnl;n0l0;1(ij ¼ N
Z

þ1

−1
dz

Z
þ1

−1
dχð1 − z2Þ−1

2TnðzÞP
jmj
l ðχÞKi;1;δ;σ;α;β;jzδχσ∂αz∂

β
χ ½Tn0ðzÞP

jmj
l0 ðχÞ(;

½Dnl;n0l0;2(ij ¼ N
Z

þ1

−1
dz

Z
þ1

−1
dχð1 − z2Þ−1

2TnðzÞP
jmj
l ðχÞKi;2;δ;σ;α;β;jzδχσ∂αz∂

β
χ ½Tn0ðzÞP

jmj
l0 ðχÞ(: ð41Þ

Here the repeated indices implicitly represent the summation
defined in Eq. (39) (except for γ), and the prefactor N is

N ¼

8
<

:

2lþ1
π

ðl−mÞ!
ðlþmÞ! if n ≠ 0

2lþ1
2π

ðl−mÞ!
ðlþmÞ! if n ¼ 0:

ð42Þ

Equation (39) can be cast into a quadratic eigenvalue
problem with the QNM frequencies of the perturbed
Schwarzschild BH being its generalized eigenvalues. To
see this, we first introduce the following vector notation:

vnl ¼ ðvnl1 ; vnl2 ; vnl3 ; vnl4 ; vnl5 ; vnl6 ÞT;
wnl ¼ ðwnl

1 ; wnl
2 ; wnl

3 ; wnl
4 ; wnl

5 ; wnl
6 ÞT: ð43Þ

Then Eq. (39) can be written as

wnl ¼
XN z

n0¼0

XN χþjmj

l0¼jmj
Dnl;n0l0ðωÞvn0l0 ¼ 0; ð44Þ

where the Dnl;n0l0 matrix is now dotted into our new vector
vn0l0 . Furthermore, let us define a vector v and w, which
respectively stores all vnl and wnl,

v ¼ fvT00; vT01;…; vT0N χ
;…; vT1N χ

;…; vTN zN χ
gT;

vnl ¼ ðvnl1 ; vnl2 ; vnl3 ; vnl4 ; vnl5 ; vnl6 ÞT: ð45Þ

and the following block matrix,
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D̃ðωÞ ¼

0

BBBBBBBBBBBBBBB@

D0jmj;0jmj D0jmj;0ð1þjmjÞ ) ) ) D0jmj;0N χ
) ) ) D0jmj;1lmax

) ) ) D0jmj;N zlmax

D0ð1þjmjÞ;0jmj D0ð1þjmjÞ;0ð1þjmjÞ ) ) ) D0ð1þjmjÞ;0N χ
) ) ) D0ð1þjmjÞ;1lmax

) ) ) D0ð1þjmjÞ;N zlmax

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )
D0ðN χþjmjÞ;0jmj D0ðN χþjmjÞ;0ð1þjmjÞ ) ) ) D0ðN χþjmjÞ;0N χ

) ) ) D0ðN χþjmjÞ;1lmax
) ) ) D0ðN χþjmjÞ;N zlmax

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )
D1lmax;0jmj D1lmax;0ð1þjmjÞ ) ) ) D1lmax;0N χ

) ) ) D1lmax;1lmax
) ) ) D1N χ ;N zlmax

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )
DN zlmax;0jmj DN zlmax;0ð1þjmjÞ ) ) ) DN zlmax;0N χ

) ) ) DN zlmax;1lmax
) ) ) DN zlmax;N zlmax

1

CCCCCCCCCCCCCCCA

:

ð46Þ

Then, the system of linear vector equations [Eq. (39)] can
be more compactly written as

D̃ðωÞv ¼ ½D̃0 þ D̃1ωþ D̃2ω2(v ¼ 0; ð47Þ

which is a quadratic eigenvalue problem. Since v ≠ 0 in the
ringdown, det½D̃ðωÞ( ¼ 0 for QNM frequencies.
Numerically solving this quadratic eigenvalue equation,

however, is computationally demanding. We can improve
the numerical efficiency if we define

x ¼
$

v

ωv

%
; ð48Þ

so that the quadratic eigenvalue problem is transformed8

into a generalized eigenvalues problem that is linear in ω
[102,104,139,140], namely

M0x ¼ −ωM1x; M0 ¼
$
D̃0 D̃1

0 I

%
;

M1 ¼
$

0 D̃2

−I 0

%
: ð49Þ

The QNM frequencies of the Schwarzschild BH are then
the generalized eigenvalues of Eq. (49). The converse,
however, is not true: not every generalized eigenvalue of
Eq. (49) is a QNM frequency. As we will see in the next
section, many surplus eigenvalues, which are not physically
meaningful, will emerge, but we will develop a systematic
method to identify the meaningful ones.
To explicitly illustrate how one can derive Eq. (47) from

Eq. (44), let us consider an example with Nz ¼ 1 and
Nχ ¼ 0. In this example, the only components of wnl are

w02 ¼ D02;02ðωÞv02 þ D02;12ðωÞv12 ¼ 0;

w12 ¼ D12;02ðωÞv02 þ D12;12ðωÞv12 ¼ 0: ð50Þ

Hence, as a block matrix, D̃ðωÞ can be written as

D̃ðωÞ ¼
$
D02;02ðωÞ D02;12ðωÞ
D12;02ðωÞ D12;12ðωÞ

%
: ð51Þ

Explicitly, the nonzero elements of D̃ðωÞ are

D̃1;4ðωÞ ¼
18

35
πð7 − 2iωÞ; D̃1;6ðωÞ ¼ −

9

35
πð8ωþ 3iÞ; D̃1;10ðωÞ ¼

72

35
ðπ þ iπωÞ; D̃1;12ðωÞ ¼

18

35
πð8ω − iÞ;

D̃2;1ðωÞ ¼
216π
35

; D̃2;3ðωÞ ¼ −
18

35
πð4ω − iÞ; D̃2;4ðωÞ ¼ −

288

35
iπω; D̃2;6ðωÞ ¼ −

288πω
35

; D̃2;7ðωÞ ¼
108π
35

;

D̃2;9ðωÞ ¼
144πω
35

;

D̃3;1ðωÞ ¼
288iπω

35
; D̃3;3ðωÞ ¼

288πω
35

; D̃3;4ðωÞ ¼
36π
35

; D̃3;6ðωÞ ¼ −
9iπ
7

; D̃3;10ðωÞ ¼
18π
35

;

D̃3;12ðωÞ ¼ −
18iπ
35

;

8In numerical linear algebra, such a transformation is more commonly known as “linearization” [139,140]. However, through this paper,
the name linearization has been reserved solely for the linearization of the Einstein equation. To avoid confusion, we call the process that
casts a quadratic eigenvalue problem into a generalized eigenvalue problem a “transformation.”
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D̃4;1ðωÞ ¼
9

35
πωð8ωþ iÞ; D̃4;3ðωÞ ¼

18πω
35

; D̃4;4ðωÞ ¼ −
9

560
πð256ω2 − 5iω − 8Þ; D̃4;6ðωÞ ¼ −

27πω
140

;

D̃4;7ðωÞ ¼ −
18

35
πωð8ω − iÞ; D̃4;10ðωÞ ¼

9

280
ðπ þ 8iπωÞ; D̃4;12ðωÞ ¼

9πω
70

;

D̃5;2ðωÞ ¼ −
9

280
πð152ω2 − 54iωþ 19Þ; D̃5;5ðωÞ ¼

18

35
πωð4ωþ iÞ; D̃5;8ðωÞ ¼

9

70
πð8ω2 þ 6iω − 1Þ;

D̃5;11ðωÞ ¼ −
144πω2

35
;

D̃6;2ðωÞ ¼ −
72πω2

35
; D̃6;5ðωÞ ¼

18

35
πð16ω2 − 1Þ; D̃6;8ðωÞ ¼

36

35
πωð4ω − iÞ; D̃6;11ðωÞ ¼ −

9π
70

;

D̃7;4ðωÞ ¼
9

35
πð9þ 8iωÞ; D̃7;6ðωÞ ¼

36

35
πð4ω − iÞ; D̃7;10ðωÞ ¼

9

140
πð31 − 4iωÞ;

D̃7;12ðωÞ ¼ − 9

140
πð8ωþ 9iÞ;

D̃8;1ðωÞ ¼
108π
35

; D̃8;3ðωÞ ¼
18

35
πð8ω − iÞ; D̃8;7ðωÞ ¼

108π
35

; D̃8;9ðωÞ ¼ −
18πω
35

; D̃8;10ðωÞ ¼ −
144

35
iπω;

D̃8;12ðωÞ ¼ −
144πω
35

;

D̃9;4ðωÞ ¼
18π
35

; D̃9;6ðωÞ ¼ −
18iπ
35

; D̃9;7ðωÞ ¼
144iπω

35
; D̃9;9ðωÞ ¼

144πω
35

; D̃9;10ðωÞ ¼
18π
35

;

D̃9;12ðωÞ ¼ −
81iπ
140

;

D̃10;1ðωÞ ¼ −
36

35
πωð4ω − iÞ; D̃10;4ðωÞ ¼

9πð21þ 64iωÞ
2240

; D̃10;6ðωÞ ¼
9

560
πð8ω − 3iÞ;

D̃10;7ðωÞ ¼
9

140
πωð8ωþ 7iÞ; D̃10;9ðωÞ ¼

9πω
70

; D̃10;10ðωÞ ¼ −
9πð1024ω2 − 76iω − 25Þ

4480
;

D̃10;12ðωÞ ¼ −
9πð4ωþ iÞ

1120
;

D̃11;2ðωÞ ¼
9

70
πð8ω2 þ 5iω − 1Þ; D̃11;5ðωÞ ¼ −

18

35
πωð8ω − iÞ;

D̃11;8ðωÞ ¼ −
9

560
πð200ω2 − 70iωþ 9Þ; D̃11;11ðωÞ ¼

9

35
πωð2ωþ iÞ;

D̃12;2ðωÞ ¼
18

35
πωð8ω − 3iÞ; D̃12;5ðωÞ ¼ −

9π
70

; D̃12;8ðωÞ ¼ −
9

70
πωð4ωþ 5iÞ; D̃12;11ðωÞ ¼

9

70
πð32ω2 − 1Þ:
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By reading the coefficient of different terms, we can read D̃0, D̃1 and D̃2, and we find

D̃0 ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 18π
5 0 − 27iπ

35 0 0 0 72π
35 0 − 18iπ

35

216π
35 0 18iπ

35 0 0 0 108π
35 0 0 0 0 0

0 0 0 36π
35 0 − 9iπ

7 0 0 0 18π
35 0 − 18iπ

35

0 0 0 9π
70 0 0 0 0 0 9π

280 0 0

0 − 171π
280 0 0 0 0 0 − 9π

70 0 0 0 0

0 0 0 0 − 18π
35 0 0 0 0 0 − 9π

70 0

0 0 0 81π
35 0 − 36iπ

35 0 0 0 279π
140 0 − 81iπ

140

108π
35 0 − 18iπ

35 0 0 0 108π
35 0 0 0 0 0

0 0 0 18π
35 0 − 18iπ

35 0 0 0 18π
35 0 − 81iπ

140

0 0 0 27π
320 0 − 27iπ

560 0 0 0 45π
896 0 − 9iπ

1120

0 − 9π
70 0 0 0 0 0 − 81π

560 0 0 0 0

0 0 0 0 − 9π
70 0 0 0 0 0 − 9π

70 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

D̃1 ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 − 36iπ
35 0 − 72π

35 0 0 0 72iπ
35 0 144π

35

0 0 − 72π
35 − 288iπ

35 0 − 288π
35 0 0 144π

35 0 0 0

288iπ
35 0 288π

35 0 0 0 0 0 0 0 0 0

9iπ
35 0 18π

35
9iπ
112 0 − 27π

140
18iπ
35 0 0 9iπ

35 0 9π
70

0 243iπ
140 0 0 18iπ

35 0 0 27iπ
35 0 0 0 0

0 0 0 0 0 0 0 − 36iπ
35 0 0 0 0

0 0 0 72iπ
35 0 144π

35 0 0 0 − 9iπ
35 0 − 18π

35

0 0 144π
35 0 0 0 0 0 − 18π

35 − 144iπ
35 0 − 144π

35

0 0 0 0 0 0 144iπ
35 0 144π

35 0 0 0

36iπ
35 0 0 9iπ

35 0 9π
70

9iπ
20 0 9π

70
171iπ
1120 0 − 9π

280

0 9iπ
14 0 0 18iπ

35 0 0 9iπ
8 0 0 9iπ

35 0

0 − 54iπ
35 0 0 0 0 0 − 9iπ

14 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

D̃2 ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
72π
35 0 0 − 144π

35 0 0 − 144π
35 0 0 0 0 0

0 − 171π
35 0 0 72π

35 0 0 36π
35 0 0 − 144π

35 0

0 − 72π
35 0 0 288π

35 0 0 144π
35 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

− 144π
35 0 0 0 0 0 18π

35 0 0 − 72π
35 0 0

0 36π
35 0 0 − 144π

35 0 0 − 45π
14 0 0 18π

35 0

0 144π
35 0 0 0 0 0 − 18π

35 0 0 144π
35 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

:
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From this example, we see that D̃0, D̃1 and D̃2 are sparse,
singular and nonsymmetric. With these matrices in hand,
one can now straightforwardly calculate the generalized
eigenvalues of Eq. (49), a subset of which will represent the
QNMs of a Schwarzschild BH.

V. EXTRACTION OF THE QUASINORMAL
FREQUENCIES

In this section, we present our numerical analysis of the
solutions to Eq. (49) for the QNM frequencies of a
Schwarzschild BH. We begin with a description of the
numerical setup, followed by the distribution of eigenval-
ues and the presentation of a method to identify the modes
obtained.

A. Numerical setup

To simplify our discussion, from here on we assume
N z ¼ N χ ¼ N and denote the eigenvalues computed
using N × N spectral functions by λðNÞ. Therefore, D̃ðωÞ
becomes a 6ðN þ 1Þ2 square matrix and M0 and M1 are
12ðN þ 1Þ2 square matrices. For a given ðm; ρðiÞ∞ ; ρðiÞH Þ, we
solve Eq. (49) for its generalized eigenvalues (from now just
“eigenvalues”) using the function Eigenvalues of
Mathematica with double precision; this algorithm is suffi-
cient for our purposes because the background spacetime is
spherically symmetric and the modulus of the coefficients
[Ki;γ;δ;σ;α;β;j of Eq. (36)] are roughly of the same order of
magnitude. We have checked that our results are not
significantly affected by increasing the working precision
in Mathematica beyond double. Since Schwarzschild BHs
are stable, the imaginary part of their QNM frequencies is
negative, so we only study the eigenvalues of the negative
imaginary part and the positive real part.
Since we are working in spherical symmetry, the

QNM frequencies should be independent of the m index
of spherical harmonics. For concreteness, we hereafter set
m ¼ 2 (except in Sec. VI A, in which we check whether our
results are truly independent of m), with the understanding
that the QNM frequencies of the Schwarzschild black hole
do not depend on m (e.g. ω040 ¼ ω042 ¼ ω044).

B. Possible sources of inaccuracies

Although the error in approximating a continuous
function by a spectral function decreases with N, one
should not expect that the accuracy of the QNM frequen-
cies computed using the spectral basis will always increase
with N. We have identified three possible sources of
inaccuracies, which we list below:
(1) Asymptotic nature.—As mentioned earlier, Eq. (32)

is an asymptotic expansion with an asymptotic basis
constructed from spectral functions. Typically,
asymptotic expansions diverge if a large number of
terms are included in the expansion [130]. Thus, the

accuracy of the QNM frequencies estimated using
Eq. (33) cannot be improved indefinitely as N is
increased.

(2) Numerical precision.—Any numerical calculation is
always an approximation to the exact answer that is
limited by the precision with which we perform the
calculation. Within a given precision, the accuracy
of the eigenvalues computed using a spectral method
can deteriorate with unsuitably many spectral func-
tions included. Nonetheless, as mentioned before,
we have checked that the results of our calculations
are not affected by precision error (i.e. there are other
sources of inaccuracies that dominate).

(3) Transformation inaccuracies.—This is the error
induced by transforming the quadratic eigenvalue
problem [Eq. (47)] into a generalized eigenvalue
problem [Eq. (49)]. In fact, given a quadratic eigen-
value problem, there exist infinite transformations that
cast the problem into a generalized eigenvalue prob-
lem. Each transformation has its own numerical
sensitivity and stability issues [139,140]. The specific
transformation used in this work is chosen following
[102,104], where it was found to be accurate for
computing BHQNM frequencies. But to improve the
numerical condition of the matrices we work with,
through this work, we scale D̃0 and D̃2 such that their
two-norm is one, as proposed and used in [141,142],
before calculating the generalized eigenvalues. We
refer the reader to Appendix. D for the details of the
scaling.

With all these three types of possible errors taken into
account, one should expect the estimated QNM frequencies
to be the most accurate at an optimal N, with the accuracy
deteriorating as N is increased further. In the subsequent
sections, we will show that this deterioration of accuracy
indeed emerges in our calculations, but, through the scheme
we prescribe below, we can still accurately extract the
QNM frequencies with a surprisingly high relative frac-
tional precision.

C. Distribution of the generalized eigenvalues

Let us now solve the ftr; tχ; tϕ; rr; rχ; rϕg linearized
Einstein equations and show how the eigenvalues emerge
as we increase N. Figure 2 shows the distribution of the
eigenvalues in the complex plane from N ¼ 4 to N ¼ 25 in
four panels. In general, the modulus of the eigenvalues
ranges from ∼0 to 109. For QNM studies, we focus on
eigenvalues in the range 0.2≲ Reλ≲ 0.6 and−1≲ Imλ≲ 0,
which is also the range of the complex plane covered
by Fig. 2.
Figure 2 allows us to make several observations. As we

begin to increase N starting at N ¼ 4, groups of eigenval-
ues begin to cluster around certain areas in the complex
plane. As N is increased further to ∼20, these clusters
shrink to tiny areas, indicating that the eigenvalues are
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beginning to approach to certain values. Each tiny cluster-
ing area contains several slightly different eigenvalues, with
relative differences in the real and imaginary parts of
∼10−7. The distances between these slightly different
eigenvalues are much smaller than the typical distances
between the clustering areas. Once the eigenvalues begin to
cluster inside some small areas, any surplus eigenvalue
begins to disappear as N is increased, indicating that these
surplus eigenvalues have no physical meaning.
As we further increaseN above ∼20, surplus eigenvalues

emerge again, indicating that the aforementioned sources of
inaccuracies begin to affect the calculations. There is
therefore an optimal N at which the eigenvalues have
gotten as close as possible to the exact answer. These
optimal eigenvalues coincide almost exactly with the
Schwarzschild QNM frequencies computed by solving
the Teukolsky equation, which we marked with crosses
in Fig. 2. We will discuss later, in Sec. VI, what the relative
fractional accuracy of the QNM frequencies computed with
the spectral method is relative to other numerical solutions.

The above observations suggest a method for the
identification of the QNM frequencies. In essence, the
QNM frequencies can be identified by searching for
repeatedly emerging eigenvalues of the matrix equation
before the accuracy deteriorates. In the next section, we will
explain this method in more detail and explain how it can
be used to accurately identify different QNMs.

D. Mode search

As shown in the previous subsection, not all eigen-
values represent actual QNM frequencies. For a
Schwarzschild or Kerr background, we could determine
which eigenvalues are correct by comparing them to
known solutions found through other methods, such as
Leaver’s method [101]. In modified gravity, theories,
however, such other solutions may not be known, and
thus, it would be ideal to find a self-contained method to
identify which eigenvalues correspond to physical QNM
frequencies. In essence, this method must answer the
following question: What complex number is a given

FIG. 2. The distribution of the eigenvalues in the complex plane for 4 ≤ N ≤ 25, where N is the number of spectral functions used in
the spectral decomposition (see Sec. IV B). Observe that the eigenvalues of the system of equations start to group together at certain
points in the complex plane as N is increased. For comparison, we have also shown the corresponding QNM frequency calculated with
Leaver’s method [101], using black crosses. The labels near the crosses follow a ðn; l; mÞ notation, where n is the principal mode
number, l is the azimuthal mode number and m is the magnetic mode number. Since the QNM frequencies of the Schwarzschild BH do
not depend onm, we have left this quantity unspecified in the labels. An animated version of these plots is available in the Supplemental
Material [143].
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cluster of eigenvalues approaching and does it correspond
to an actual QNM frequency?
The answer to this question can be deduced from Fig. 2,

which suggests that QNM frequencies can be identified by
studying the cluster of eigenvalues that appear repeatedly in
a small area in the complex plane for various choices of N.
More explicitly, we propose the following search method:
(1) Since not every eigenvalue is physical, keep only the

eigenvalues in a region in the complex plane where
QNM frequencies are expected to reside. In this
work, we keep eigenvalues whose real part is 0.2 ≤
Reλ ≤ 0.6 and imaginary part −1 ≤ Im ≤ 0. In gen-
eral, this region can be adjusted based on the BH
spacetime that needs to be studied.

(2) Compute the distance of the ith eigenvalue obtained
using N × N spectral functions, λiðNÞ, and the jth
eigenvalue using ðN þ 1Þ × ðN þ 1Þ functions,
λjðN þ 1Þ. If λiðNÞ and λjðN þ 1Þ are approaching
a QNM frequency, their distance in the complex
plane should be small. Thus, store all eigenvalues
that satisfy

jλiðNÞ − λjðN þ 1Þj ≤ threshold; ð52Þ

where the threshold is a small number, which we
choose here to be 10−3. This number corresponds to
an error much smaller than the current relative
uncertainty in the QNM frequency measurement of
the detected ringdown signals [7,10,11,75,77–84,87].

(3) As pointed out in Sec. V C, the stored eigenvalues
may be slightly different from each other, and yet
approach the same QNM frequency, because the
separation between them in the complex plane is
much smaller than the separation between different
nlmQNM frequencies. We thus select the average of
these slightly different eigenvalues as the QNM
frequency of mode q ¼ nlm and denote it ωqðNÞ.

(4) Finally, just before the accuracy deteriorates, the
difference of a mode-frequency between successive
basis numbers, jωqðN þ 1Þ − ωqðNÞj, should reach
its minimum. Thus, we select the optimally9 trun-
cated QNM frequencies as

ωopt
q ¼ ωqðNoptÞ;

Nopt ¼ arg min
N

jωqðN þ 1Þ − ωqðNÞj; ð53Þ

where we note that Nopt depends on the mode q.
Let us give an example of this search method in action by

focusing on the q ¼ 02mode. For any givenN > 4, we find
various eigenvalues clustered around Mωq ∼ 0.37 − 0.1i.
For example, at N ¼ 4 we find a cluster with the following
eigenvalues:

λð4Þ ¼ f0.3737202242 − 0.0886296139i;

0.3729295055 − 0.0899641035ig; ð54Þ

whose average is

ωN¼4
02 ¼ 0.37332486485 − 0.0892968587i: ð55Þ

Similarly, at N ¼ 5 we find a cluster with the eigenvalues

λð5Þ ¼ f0.3740968407 − 0.0888069404i;

0.3737492335 − 0.088943824ig ð56Þ

whose average is

ωN¼5
02 ¼ 0.3739230371 − 0.0888753822i: ð57Þ

As we increase N, we find that the difference between the
values of ω02 for adjacent values of N first decreases, until
N ∼ 20, after which point the difference between adjacent
averaged eigenvalues begins to increase. More concretely,
we find that

…;

jω21
02 − ω20

02j ¼ 3.19 × 10−8;

jω22
02 − ω21

02j ¼ 9.04 × 10−9;

jω23
02 − ω22

02j ¼ 1.67 × 10−8;

jω24
02 − ω23

02j ¼ 3.47 × 10−8;

…: ð58Þ

From this sequence, we see that the optimal truncation is at
N ¼ 21, and the optimal eigenvalue is

ωopt
02 ¼ 0.3736716790 − 0.0889623151i; ð59Þ

which demonstrates concretely how our search method
works.

E. Mode identification

Once the QNM frequencies have been found through the
search method of the previous subsection, we must now
figure out which nlm mode has been found. Again, for
QNMs of a Schwarzschild or Kerr BH, this identification is
easy, since we can compute the QNM frequencies through
other robust methods. In modified gravity, however, such
methods are typically not available, so one must create a
robust procedure that answers the following question:
Which QNMs (i.e. which nlm?) do the optimally truncated
frequencies correspond to?
Before we can establish an identification procedure, we

need to first understand some general properties of the
QNMs we are studying. To determine n and l, we notice the
following. For a fixed n, the real part of the QNM
frequencies is much more sensitive to l than the imaginary

9The optimal N discussed here concerns the calculations of ω,
not the asymptotic expansion of the metric perturbations.
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part. Similarly, for a fixed l, the imaginary part of the QNM
frequencies is much more sensitive to n than the real part
[101]. Although these trends hold strictly in GR, we expect
them to also hold in effective-field-theory-like modified
theories in which BH solutions can be treated as small
deformations of Schwarzschild and Kerr BHs with a
continuous GR limit [63–66,68–70].
We can understand this dependence from the eikonal

approximation [128,144–147] (valid when l ≫ 1) and the
geodesic analogy. In this approximation, the real part of the
QNM frequency is roughly proportional to lΩph, where
Ωph is the orbital frequency of the photon ring around the
BH. Similarly, the imaginary part of the QNM frequency is
roughly proportional to the Lyapunov exponent of photon
ring, which does not sensitively depend on l [128].
With this understanding, let us now answer the question

above by proposing the following identification procedure:
(1) We divide the optimally truncated frequencies into

groups of similar imaginary parts.
(2) The group with the least negative imaginary parts

takes n ¼ 0, and the group with the second least
negative imaginary parts takes n ¼ 1. We repeat this
assignment of n until we exhaust all the groups.

(3) In a given group, the frequency with the smallest real
part takes l ¼ 2, and the frequency with the second-
smallest real part takes l ¼ 3. We repeat this assign-
ment of l until we exhaust all the frequencies in the
same group.

Let us provide a concrete example of this procedure.
When N ¼ 24, we have the following frequencies:

ωopt ¼ f0.3736716813 − 0.0889623387i;

0.5994432887 − 0.0927030486i;

0.3467101908 − 0.2739044520i;

0.5826436957 − 0.2812978402i;

0.3010607141 − 0.4783191864i;

0.5517068087 − 0.4790929296ig: ð60Þ

We immediately see that this list of optimally truncated
frequencies can be divided into three groups of similar
imaginary parts, namely, the first group consisting of the
first and second frequencies, the second group of the third
and fourth and the third of the fifth and sixth. Since the first
group has the least negative imaginary parts, it takes n ¼ 0,
corresponding to the fundamental modes. Amongst the first
group, the frequency with the smallest real part takes the
smallest azimuthal mode number, i.e. l ¼ 2, hence

ω02 ¼ 0.3736716813 − 0.0889623387i; ð61Þ

and the frequency with a larger real part takes the next
azimuthal mode number, i.e. l ¼ 3,

ω03 ¼ 0.5994432887 − 0.0927030486i: ð62Þ

Then, we move on to the second group with more negative
imaginary parts, which takes the next principal mode
number, i.e. n ¼ 1, and the last group takes n ¼ 2. The
azimuthal number of the frequencies in these groups can
be labeled as we did for the first group. Explicitly, the
frequencies of the second and third groups are labeled as

ω12 ¼ 0.3467101908 − 0.2739044520i;

ω13 ¼ 0.5826436957 − 0.2812978402i;

ω22 ¼ 0.3010607141 − 0.4783191864i;

ω23 ¼ 0.5517068087 − 0.4790929296i: ð63Þ

Following this procedure, we can confidently identify six
QNMs (q ¼ f02; 03; 12; 13; 22; 23g), which is a smaller
number than what was shown in Fig. 2. The reason that we
cannot confidently identify the remaining modes (although
they seem to clearly correspond to q ¼ f32; 33; 43; 42g) is
that the absolute difference in any one of these clusters of
eigenvalues is not yet smaller than the threshold defined in
Eq. (52). If we had gone to higher N, then this difference
would continue to decrease and we would have been able to
confidently make the remaining identifications.

F. Accuracy quantification

Let us now assess the accuracy of the QNMs we have
just calculated. To do so, let us define the following four
accuracy measures:
(1) Difference over successive calculations,

DðNÞ ¼ jωopt
q ðN þ 1Þ − ωopt

q ðNÞj; ð64Þ

which characterizes how the QNMs approach a
given answer as N is increased, until a given optimal
truncation order is achieved, after which point the
estimates deteriorate.

(2) The absolute error between the QNM frequencies
computed using the spectral method, ωðspectralÞ,
and Leaver’s method to solve for the QNM modes
ωðLÞ,

EðNÞ ¼ jωðspectralÞ − ωðLÞj: ð65Þ

(3) The relative fractional error in the real and imaginary
parts of the QNM frequencies computed using the
spectral method and Leaver’s method [101],

ΔRe=Im ¼
&&&&1 −

ωRe=ImðspectralÞ
ωRe=ImðLÞ

&&&&; ð66Þ

where ωRe=ImðspectralÞ and ωRe=ImðLÞ stand for the
real and imaginary parts of ωðspectralÞ and ωðLÞ
respectively.
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(4) Numerical uncertainty due to the deterioration of the accuracy with increasing N, δ, defined as

δRe=Im ¼

8
<

:

max ðjωðNoptþ1Þ−ωðNoptÞj;jωðNoptÞ−ωðNopt−1ÞjÞ
jωRe=ImðNoptÞj

; if Nopt < Nmax

jωðNoptÞ−ωðNopt−1Þj
jωRe=ImðNoptÞj

; if Nopt ¼ Nmax:
ð67Þ

This quantity gauges how the accuracy of the
spectral method is limited by the possible sources
of inaccuracies mentioned in Sec. V B. This measure
will be useful to estimate the performance of the
spectral method when applied to different systems of
equations, as we do in Sec. VI.

To compute the above measures, we solve the Teukolsky
equation in the zero-spin limit using Leaver’s method of
continued fractions [101] to findωðLÞ. Specifically,ωðLÞ is
computed using Leaver’s method with 1000 terms in the
continued fractions. We find that ∼200 terms are already
enough to converge to 14 digits of accuracy for the
fundamental mode frequencies. Using 1000 terms, the first

16 digits of the real and imaginary parts of the QNM
frequencies also converge for all modes studied here. For
the convenience of the reader, we list the QNM frequencies
obtained through this method below:

ω02ðLÞ ¼ 0.37367168441804− 0.08896231568894i;

ω03ðLÞ ¼ 0.59944328843749− 0.09270304794495i;

ω12ðLÞ ¼ 0.34671099687916− 0.27391487529123i;

ω13ðLÞ ¼ 0.58264380303330− 0.28129811343504i;

ω22ðLÞ ¼ 0.30105345461237− 0.47827698322307i;

ω23ðLÞ ¼ 0.55168490077845− 0.47909275096696i: ð68Þ

FIG. 3. The top, left panel shows the absolute difference between the QNM frequencies computed with adjacent Ns,
DðNÞ ¼ jωðN þ 1Þ − ωðNÞj, with the threshold 10−3 denoted by the horizontal solid black line. The N that minimizes DðNÞ,
Nopt corresponds to the optimal truncation order and selects the optimal approximation ωðNoptÞ to the QNM frequency (circled symbol).
To gauge the accuracy of the spectral method, we compare the QNM frequencies computed using this spectral method at various
N [ωðspectralÞ] to those computed through Leaver’s method [101] [ωðLÞ]. The top, right panel shows the absolute error
EðNÞ ¼ jωðspectralÞ − ωðLÞj as a function of N, while the bottom panels show the relative fractional error in the real
[ΔRe ¼ j1 − ωReðspectralÞ=ωReðLÞj] and imaginary [ΔIm ¼ j1 − ωImðspectralÞ=ωImðLÞj right panel] parts. Observe that the QNM
frequencies calculated with the spectral method are highly accurate for the fundamental mode and its overtones.
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We note that the above frequencies are identical to the
frequencies published in [123], except for differences in
rounding off of the last digits.
The first three measures defined above are presented in

Fig. 3 as a function of N. The top left, right and bottom
panels respectively show the base-10 logarithms of DðNÞ,
EðNÞ, ΔRe (bottom left) and ΔIm (bottom right) of the
QNM frequencies as a function of N. In general, all three
measures first decrease as N increases from N ¼ 10 to a
QNM-dependent N. This indicates that our QNM fre-
quency calculations become increasingly accurate as N
increases. Beyond the QNM-dependent N, all three mea-
sures begin to increase, indicating the emergence of effects
due to possible sources of numerical inaccuracies, consis-
tent with our observations of Fig. 2. The optimal truncation
order, Nopt, minimizes DðNÞ and also approximately
minimizes EðNÞ and δRe=Im, as we show with a circle in
the figure. Observe that the relative fractional error of the
optimal truncation is very small for all six QNM frequen-
cies computed. Observe also that the higher the mode
number, the fewer the errors we can present and the less
accurate the QNM frequencies are. This is because the
higher the mode number, the more the number of basis
terms that are required for the eigenvalues to be within the
threshold tolerance we selected.

VI. ROBUSTNESS OF QUASINORMAL
FREQUENCY EXTRACTION

In this section, we study the robustness of the calcu-
lations presented in the previous section. In particular, we
first focus on them independence of the QNM frequencies,
which ought to hold for perturbations of a Schwarzschild
background. We then study the effects of our choice of
boundary conditions for the ρ function on the QNM
calculation. Finally, we consider the use of other combi-
nations of linearized Einstein equations.

A. m independence of the quasinormal spectrum

One important feature of gravitational perturbations of
spherically symmetric BHs is the independence of the
QNM spectra on m. Our matrix equations, however,
explicitly depend on m because we have not decoupled
the linearized Einstein equations to find master equations.
Therefore, validating the m independence of our QNM
frequency calculations constitutes a nontrivial test of the
robustness of our spectral method.
Before comparing the QNMs computed by setting m to

different values, let us comment on the structure of the
linearized Einstein equations whenm ¼ 0. We have derived
the linearized Einstein equations for generalm, so when we
take the m ¼ 0 limit, we find that each linearized Einstein
field equations can be factorizedwith an additional term that
is a power of ð1 − χ2Þ. Following Sec. II, it is usually
desirable to divide such prefactors out (since they are never
zero for a BH) to simplify the equations and potentially
improve the accuracy and stability of the numerical calcu-
lations. Doing so then yields a somewhat simpler D̃ðωÞ
matrix, whose generalized eigenvalues contain the QNM
frequencies of a Schwarzschild BH.
With that in hand, let us now compute the QNM

frequencies by solving the linearized Einstein equations
setting m ¼ 0 and m ¼ 1 and compare them to the results
we obtained above when we set m ¼ 2. We find that these
two sets of QNM frequencies are very close to each other.
Figure 4 shows the relative fractional difference between
the real (left) and imaginary (right) parts of the m¼2
frequencies and the m ¼ 0 (blue inverse triangles) and
m¼1 frequencies (red triangles) for different ðn; lÞ. Observe
that this relative fractional difference ranges from 10−10 to
10−4. Comparing the relative differences with the numerical
uncertainty of them ¼ 2 frequencies (green squares), we see
that the relative fractional differences are smaller or approx-
imately equal to the numerical uncertainty, which suggests

FIG. 4. Base-10 logarithm of the relative fractional differences between the real (left) and imaginary parts (right) of the QNM
frequencies when settingm ¼ 0 andm ¼ 2, both computed using our spectral method of at most 25 × 25 spectral functions. The relative
fractional difference for different QNMs is between 10−10 and 10−4, which is smaller than, or at worst approximately equal to, the
numerical uncertainty of the m ¼ 2 frequencies (green squares). Thus, effectively, the QNM frequencies computed by setting m to
different values in our spectral method are the same. Suchm independence of our results is a nontrivial verification of the correctness and
robustness of the spectral method.
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that the differences between the m ¼ 0 or the m ¼ 1
frequencies and the m ¼ 2 frequencies are due to numerical
uncertainty. Thus, effectively, the spectralmethod obtains the
same QNM frequency for a given n and l regardless of the
value of m we choose in our calculations.

B. Effects of ρH and ρ∞
The asymptotic behavior of the metric perturbation

functions obtained in Sec. III B depends on the component
of metric perturbations. We find that the extracted QNMs
are not affected if we assume ρðiÞH and ρðiÞ∞ to be the same
number for all i, provided that the assumed ρðiÞH ≥
max1≤i≤6 ρ

ðiÞ
H and ρðiÞ∞ ≥ max1≤i≤6 ρ

ðiÞ
∞ . To illustrate this

property, Fig. 5 shows δRe=Im of the six previously
identified QNMs, obtained by numerically solving the
linearized Einstein equations, using 25 × 25 spectral
functions and assuming that for all i:

(i) ρðiÞH ¼ ρðiÞ∞ ¼ 1 (inverted blue triangles),
(ii) ρðiÞH ¼ 1; ρðiÞ∞ ¼ 2 (red triangles),
(iii) ρðiÞH ¼ 2; ρðiÞ∞ ¼ 1 (green squares), and
(iv) ρðiÞH ¼ 2; ρðiÞ∞ ¼ 2 (black circles).

Figure 5 shows that if we assume a ρðiÞH and ρðiÞ∞ that is larger
than the exponents obtained by our asymptotic analysis in
Sec. III, we can still accurately extract the QNMs of the
Schwarzschild BH. As the figure shows the minimal δRe=Im

of different QNM frequencies depends on ρðiÞH and ρðiÞ∞ , but
we leave further analysis of this relation to future work.
The extremely mild dependence of the QNM frequencies

on ρðiÞH and ρðiÞ∞ is actually reasonable and can be understood
as follows. Let us focus first on the ρðiÞH ¼ ρðiÞ∞ ¼ 1 case.
Even if we assume these boundary conditions, the boun-
dary conditions obtained in Sec. III for all hi are still
satisfied, except when i ¼ 4. When i ¼ 4, Sec. III B tells us
that the “correct” Ansatz for y4 is

y4ðrÞ ¼ eiωrriωrH
$
r − rH

r

%−iωrH
uðcorrÞ4 ðrÞ; ð69Þ

where uðcorrÞ4 ðrÞ is the finite part of y4 that we must calculate
numerically. If we assume ρðiÞH ¼ ρðiÞ∞ ¼ 1 instead, we are
actually imposing the Ansatz

y4ðrÞ ¼ eiωrriωrHþ1

$
r − rH

r

%−iωrH−1
uðasumÞ
4 ðrÞ; ð70Þ

where uðasumÞ
4 ðrÞ is now the finite part of y4. If these two

Ansätze are to agree, we must have that

uðasumÞ
4 ðrÞ ¼ r − rH

r
1

r
uðcorrÞ4 ðrÞ: ð71Þ

Hence, r ∈ ½rH;∞Þ, uðasumÞ
4 ðrÞ is bounded if uðcorrÞ4 ðrÞ is

also bounded because ðr − rHÞ=r2 is finite. Thus, the
spectral decomposition can still be applied regardless of
our assumptions on the boundary conditions for ρ. This
argument also applies for an even larger ρH and ρ∞.
This independence of our calculations on the choice of

ρðiÞH and ρðiÞ∞ has three advantages. First, it can simplify the
prescriptions of the boundary conditions for numerical
computations because we can simply use the same ρðiÞH and
ρðiÞ∞ . Second, we can cross-check our results by repeating
our calculations for different values of ρðiÞH and ρðiÞ∞ . If the
QNM frequencies are properly extracted, the same complex
numbers should emerge regardless of the choice of ρðiÞH and
ρðiÞ∞ . Third, this property may allow us to bypass the
estimate of the asymptotic behavior when studying the
boundary conditions. This simplification could be wel-
comed when dealing with more sophisticated BHs, for
which the estimation of the asymptotic behavior of the
solution may be much more difficult.

FIG. 5. Numerical uncertainty of the real (left) and imaginary parts (right) of different QNM frequencies [δRe=Im, see Eq. (67)]
computed using the spectral method with at most 25 × 25 spectral functions and assuming different ρðiÞH and ρðiÞ∞ boundary conditions.
Observe that the accuracy of our series solution, computed with different boundary conditions, is approximately the same, indicating the
robustness of the spectral method.
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C. Other combination of the linearized equations

We have thus focused on the ftr; tχ; tϕ; rr; rχ; rϕg set of
linearized Einstein equations, but what if we had chosen a
different set? We find that if we select a different set of
linearized equations, we can still accurately estimate
the QNM frequencies. Figure 6 compares the δRe=Im of
the QNM frequencies computed by solving the following
systems10:

(i) ftr; tχ; rr; rχ; χχ; χϕg (red triangles),
(ii) ftr; tχ; tϕ; rr; χχ; χϕg (green circles),

and ftr; tχ; tϕ; rr; rχ; χϕg (inverted blue triangles, the
system we have been focusing on) solved using at most
25 × 25 spectral functions. Observe that the choice of the
components of the linearized Einstein equations one works
with does not affect our ability to solve for the QNM
frequencies. This flexibility allows us to cross-check our
results by computing the QNM frequencies using different
sets of linearized Einstein equations.
This flexibility is also an interesting result in its own

right. Previous calculations of Schwarzschild QNM
frequencies relied on solving certain master equations,
which are computed by simplifying and eliminating various
components of the Einstein tensor [89,124,125,148]. To
keep the calculations tractable, those derivations naturally
make use of the simplest linearized Einstein tensor com-
ponents. Here, we show that different choices of the
components of the linearized Einstein equations that
one solves also lead to the accurate computation of
Schwarzschild QNM frequencies.

VII. CONCLUDING REMARKS

In this paper, we have developed a spectral method to
systematically study gravitational perturbations of a non-
rotating BH. We first apply spectral decompositions to
study the asymptotic behavior of gravitational perturba-
tions at spatial infinity and at the BH event horizon. Using
this asymptotic behavior, we then construct an Ansatz for
the metric perturbations. The Ansatz allows us to spec-
trally decompose the linearized Einstein field equations
along both the radial and polar coordinates, thereby
transforming the linearized field equations into a linear
eigenvalue problem. By solving the matrix equation for
the generalized eigenvalues, and through the development
of a procedure to identify the QNMs these eigenvalues
correspond to, we can calculate the frequency of many
QNMs with excellent accuracy. For example, using our
numerical scheme, we can simultaneously compute six
QNM frequencies of the Schwarzschild BH with a relative
error always better than (and sometimes much better than)
≤10−4. We thoroughly investigate the computational
uncertainty of our spectral method, concluding that our
calculations are highly accurate and the QNM identifica-
tion procedures are robust. Our approach allows us to
verify that, as expected, the QNM frequencies of a
perturbed Schwarzschild BH are independent of the set
of components of the linearized field equations that one
uses to calculate them.
The spectral method contains several advantages over

the existing approaches to studying gravitational perturba-
tions of a BH. First, the spectral method can, in principle,
be applied to any BH spacetimes irrespective of their
classification under the Petrov scheme [149]. Unlike the
derivation of the Teukolsky equation, our method does not
require the background spacetime to be vacuum (i.e., no
matter) and Petrov-type D [96]. This advantage enables us
to apply the spectral method to other more complicated and

FIG. 6. Numerical uncertainty in the real (left) and imaginary parts (right) of different QNM frequencies by spectrally decomposing
different sets of components of the linearized Einstein equations. In all cases, we use at most 25 × 25 spectral functions when computed
the QNM frequencies. Observe that the accuracy of the QNM frequencies calculated is approximately independent of the choice of
components of the linearized Einstein equations that we choose to solve.

10This list of linearized Einstein equations is by no means
exhaustive. We also calculated various Schwarzschild QNM
frequencies by solving other sets, but we found that a larger
number of basis functions would then be required to obtain an
accurate result.
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generic BH spacetimes that cannot be easily studied
through the Newman-Penrose formalism.
Second, the spectral method does not require simplifi-

cations of the linearized field equations into master
equations through special master functions. The derivation
of the Regee-Wheeler, the Zerilli-Moncrief, or the
Teukolsky equation requires the simplification of the
perturbed (metric or curvature) equations into several
decoupled master equations, obtained through various
transformations or redefinitions of perturbation variables.
These transformations and redefinitions usually need to be
modified for non-Schwarzschild or Kerr BHs, and precisely
how to do so can be quite difficult [150,151]. By applying
the spectral method, we have a unified framework to
accurately estimate the QNM frequencies without such
simplifications or decouplings, bypassing the difficulties of
deriving the necessary transformations or redefinition.
Third, the spectral method is computationally straight-

forward. When computing the QNM frequencies by solv-
ing the Teukolsky equation, one also needs to solve for the
angular separation constants. The spectral method focuses
on calculations of only the QNM frequencies, avoiding the
need to compute these separation constants. Moreover,
previous work had found that more than 100 spectral
functions in the radial and angular coordinates are needed
to compute higher-mode frequencies by spectrally decom-
posing the Teukolsky equation, even for the case of the
Schwarzschild BH (a ¼ 0) [112].11 In contrast, the spectral
method presented here requires a much smaller set of basis
functions (∼25) for the accurate estimation of six QNM
frequencies. These features aid in making the numerical
computations more straightforward and convenient.
Finally, the spectral method does not involve the calcu-

lation of the Weyl scalars, making the studies of gravita-
tional perturbations more direct, and perhaps, more
physically intuitive. The Teukolsky equation expresses
all gravitational perturbations in terms of curvature pertur-
bations that are encoded in perturbed Weyl scalars.
Therefore, if one wishes to find the gravitational metric
perturbations using solutions to the Teukolsky equation,
one needs to reconstruct the metric from the Weyl scalars
through a lengthy procedure [126,153,154]. The spectral
method we presented here avoids all of these complications
because it works directly with metric perturbations.
To fully realize the potential of the spectral method we

presented here, we need to further develop it so that it can
be applied to more sophisticated BH spacetimes. Our
immediate next step is to apply the spectral method to
spinning BH backgrounds, and more concretely to the Kerr
background metric. When doing so, it may be beneficial to
consider other basis functions for the spectral decomposi-
tion, instead of the associated Legendre polynomials for the

angular sector and the Chebyshev polynomials for the
radial sector that we used here. One option would be to use
spheroidal harmonics or spin-weighted spherical harmonics
for the angular sector, while one could use a rational
polynomial basis for the radial sector. We have started this
exploration already and have found some encouraging
results, but their detailed presentation will be shown else-
where. Moreover, thus far we have focused on the Regge-
Wheeler gauge, which should be applicable to a wide range
of modified BHs. But to make the spectral method more
generally applicable, we also need to explore different
gauges. One could also further investigate how exactly the
sources of numerical inaccuracies, mentioned in Sec. V B,
affect the quasinormal frequencies, and how to improve
their precision.
Other than rotating BHs, one still needs to explore the

application of our spectral method to beyond-GR BHs
whose metric is irrational (e.g. [155]) or numerical (e.g.
[156–161]). For irrational BH solutions, a change of
variables may rationalize the metric, which allows straight-
forward applications of our spectral method. Numerical BH
solutions are commonly expressed in terms of spectral
functions when the solutions are being calculated, and thus,
our spectral method directly applies. Alternatively, we can
also fit numerical BH solutions using spectral functions or
by numerically evaluating their derivatives to derive the
linearized field equations. Once the linearized field equa-
tions are obtained, even via numerical means, our spectral
method still applies. In the future, we plan to explore
various modifications to adapt our spectral method to
irrational or numerical BHs.
Once the spectral method has been generalized and

developed further, it could be applied to a plethora of
problems. The most obvious one is perhaps the calculation
of QNM frequencies in modified gravity theories, such as
in dynamical Chern-Simons gravity [63–66] or scalar-
Gauss-Bonnet gravity [68–70]. In such theories, and in
almost all other theories known to date, QNM frequencies
are only known in the slow-rotation limit, a limitation that
could be lifted with the spectral method. Another possible
application of our spectral method is the study of BH
spectral instabilities. Typically, the criterion of spectral
instability is characterized by modifications to an effective
potential [162–165]. In the spectral method, however,
the notion of the effective potential is not manifest, as
the method does not need master equations governing the
gravitational perturbations. To apply the spectral method to
study spectral instabilities, we would need to reconcile it
with the notion of an effective potential.
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APPENDIX A: SYMBOLS

The calculations presented in this paper involved
numerous symbols. For convenience of the reader, we
provide a list of the symbols and their definitions in this
appendix.

(i) Al
i ðrÞ is the asymptotic prefactor of the ith

perturbation variable, first defined in Eq. (30).
(ii) dr is the degree of r of the coefficient of the partial

derivative of the linearized Einstein equations,
first defined in Eq. (6)

(iii) dχ is the degree of χ of the coefficient of the partial
derivative of the linearized Einstein equations,
first defined in Eq. (6).

(iv) dz is the degree of z of the coefficient of the partial
derivative of the compactified linearized Einstein
equations, first defined in Eq. (36).

(v) DðNÞ is the modulus difference of the optimally
truncated quasinormal-mode frequency over suc-
cessive iterations, first defined in Eq. (64).

(vi) DðωÞ is the coefficient matrix of spectral decom-
position, from one particular basis to another, first
defined in Eq. (39).

(vii) D̃ðωÞ is the augmented matrix of the coefficients of
spectral decomposition, first defined in Eq. (46).

(viii) δRe=Im is the numerical uncertainty of the real and
imaginary parts of the QNM frequencies com-
puted using the spectral method, first defined
in Eq. (67).

(ix) ΔRe=Im is the relative fractional error in the real
and imaginary parts of the QNM frequencies
computed using the spectral method and the
Teukolsky equations, first defined in Eq. (66).

(x) EðNÞ is the absolute error between the QNM
frequencies computed using the spectral method,
ωðspectralÞ, and Leaver’s method to solve for the
QNM modes ωðLÞ, first defined in Eq. (65).

(xi) Gi;γ;δ;σ;α;β;j is the coefficient of ωγrδχσ∂αr∂
β
χhj of

the linearized Einstein equations of hj, first
defined in Eq. (6).

(xii) hiðr; χÞ are the functions of metric perturbations,
first defined in Eqs. (5a) and (5b).

(xiii) i the subscript is the component of the metric
perturbation functions and i ¼ 1;…; 6, first de-
fined in Eqs. (5a) and (5b).

(xiv) Ki;α;β;γ;δ;σ;j is the coefficient of ωγzδχσ∂αz∂
β
χð) ) )Þ of

the linearized Einstein equations in z and χ, first
defined in Eq. (36).

(xv) l is the azimuthal mode number of the gravita-
tional QNMs, first defined in Sec. I.

(xvi) l is the degree of associate Legendre polynomial
used in spectral decomposition, first defined
in Eq. (8).

(xvii) λðNÞ is the generalized eigenvalue of the linear
matrix equation, Eq. (49), obtained using N
Chebyshev and associated Legendre polynomials,
first defined in Eq. (52).

(xviii) M is the BH mass, which is taken to be M ¼ 1
throughout this work, first defined in Eq. (1).

(xix) MðrÞ is the coefficient matrix of the system of
ordinary differential equations, first defined in
Eq. (20).

(xx) Mk is the coefficient matrix of rk term of the
asymptotic expansion of MðrÞ, first defined in
Eq. (21).

(xxi) m is the azimuthal number of the metric pertur-
bations, first defined in Eqs. (5a) and (5b).

(xxii) N is the number of the Chebyshev and associated
Legendre polynomials used in the full spectral
decomposition, first defined in Sec. VA.

(xxiii) Nopt is the optimal truncation order for the
frequency computation, first defined in
Eq. (53).

(xxiv) N is the normalization factor of spectral decom-
position, first defined in Eq. (42).

(xxv) N χ is the number of the associated Legendre
polynomials included in the spectral decomposi-
tion, first defined in Eq. (33).

(xxvi) N z is the number of the Chebyshev polynomials
included in the spectral decomposition, first de-
fined in Eq. (33).

(xxvii) rH ¼ 2M is the radial coordinate of the position of
the event horizon of the Schwarzschild BH, first
defined below Eq. (2).

(xxviii) r% is the tortoise coordinate, first defined in
Eq. (25).

(xxix) pH is the Poincaré rank of −ϵ−2MðϵÞ at r ¼ rH,
first defined in Eq. (22).

(xxx) p∞ is the Poincaré rank of MðrÞ at r ¼ ∞, first
defined in Eq. (20).

(xxxi) Q is the coefficient matrix of dy=dr of the system
of ordinary differential equations, first defined
in Eq. (17).

(xxxii) Q̃ is the coefficient matrix of dy=dr of the system
of ordinary differential equations, after algebraic
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variables have been removed, first defined in
Eq. (19).

(xxxiii) R is the coefficient matrix of y of the system of
ordinary differential equations, first defined
in Eq. (17).

(xxxiv) R̃ is the coefficient matrix of y of the system of
ordinary differential equations, after algebraic var-
iables have been removed, first defined in Eq. (19).

(xxxv) ρðiÞ∞ and ρðiÞH are the parameters that characterize the
boundary conditions of hi in spatial infinity and at
the horizon, first defined in Eqs. (26) and (27).

(xxxvi) ωqðLÞ is the frequency of the QNM q computed
using the Leaver method, first defined in Eq. (68).

(xxxvii) ωopt
q is the optimally truncated frequency of the

QNM q, first defined in Eq. (53).
(xxxviii) yli is the component of hiðr; χÞ projected along

Pjmj
l , first defined in Eq. (9).

(xxxix) z ¼ 2rH
r − 1 is the variable that maps r into a finite

domain, first defined in Eq. (31).

APPENDIX B: AN EXPLICIT EXAMPLE OF THE
ASYMPTOTIC BEHAVIOR AT THE EVENT

HORIZON AND SPATIAL INFINITY

In this appendix, we explicitly apply the procedures
described in Sec. III to obtain the asymptotic behavior of
the metric variables for a Schwarzschild BH, setting its
mass M ¼ 1 and m ¼ 2 for simplicity.

To estimate the asymptotic behavior, we need to spe-
cifically study six equations out of the ten linearized
Einstein equations. In this example, we focus on
ftr; tχ; tϕ; rr; rχ; rϕg because these six equations contain
the second-order r derivative of only one perturbation
function, h5ðr; χÞ. Thus, we have the Y5 element but no

other Yi≠5 elements in y. Other choices of six equations
contain the second-order r derivatives of more perturbation
functions, making the calculations less convenient. To limit
the length of this example, we only include two associate
Legendre polynomials (N χ ¼ 2),

hiðr; χÞ ¼
X

l¼2;3

yli ðrÞP
jmj
l ðχÞ: ðB1Þ

The resulting system of ordinary differential equations
contains

d2y25
dr2

; and
d2y35
dr2

:

To keep the system of ordinary differential equations first
order, we write

dy25
dr

¼ Y2
5 and

dy35
dr

¼ Y3
5:

Hence, y is a 14-vector [14 ¼ 2 × ð6þ 1Þ],

y ¼ ðy21; y31; y22; y32; y23; y33; y24;
y34; y

2
5; y

3
5; y

3
6; y

3
6; Y

2
5; Y

3
5ÞT: ðB2Þ

For the sake of clarity, we define the following expressions
which are recurring in the coefficient matrices:

A ¼ ðr − 2Þr2

B ¼ ðr − 2Þ2

C ¼ r2 − 3rþ 2

D ¼ r3ω: ðB3Þ

In terms of A, B, C and D,

QðrÞ ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 12
7 iAω 0 0 0 0 0 0 0

0 0 0 − 20
7 A 0 0 0 0 0 0 − 12

7 Aω 0 12
7 iA 0

0 0 12
7 iA 0 0 0 0 0 0 0 0 20

7 iAω 0 20
7 A

− 12
7 B 0 0 0 0 0 − 12

7 C 0 0 0 0 0 0 0

0 20
7 A 0 0 0 0 0 20

7 A − 12
7 D 0 0 0 0 0

− 12
7 iA 0 0 0 0 0 − 12

7 iA 0 0 20
7 iD 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 4
3 iAω 0 0 0 0 0 0

0 0 4
15A 0 0 0 0 0 0 0 0 − 4

3Aω 0 4
3 iA

0 0 0 4
3 iA 0 0 0 0 0 0 − 4

15 iAω 0 − 4
15A 0

0 − 4
3B 0 0 0 0 0 − 4

3C 0 0 0 0 0 0

− 4
15A 0 0 0 0 0 − 4

15A 0 0 − 4
3D 0 0 0 0

0 − 4
3 iA 0 0 0 0 0 − 4

3 iA − 4
15 iD 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ðB4Þ
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We now perform the procedures described in Sec. III to the system of ordinary differential equations. The quantityQðrÞ is
a 14 × 14matrix but has a rank of 10. Thus, we should have 14 − rankðQÞ ¼ 4 algebraic equations. After a few elementary
row operations, we simplify QðrÞ into

QðrÞ ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 12
7 iAω 0 0 0 0 0 0 0

0 0 0 − 20
7 A 0 0 0 0 0 0 − 12

7 Aω 0 12
7 iA 0

0 0 12
7 iA 0 0 0 0 0 0 0 0 20

7 iAω 0 20
7 A

− 12
7 B 0 0 0 0 0 − 12

7 C 0 0 0 0 0 0 0

0 20
7 A 0 0 0 0 0 20

7 A − 12
7 D 0 0 0 0 0

0 0 0 0 0 0 0 0 0 20
7 ir

3ω 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 4
3 iAω 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 − 16
9 Aω 0 16

9 iA

0 0 0 0 0 0 0 0 0 0 − 16
15 iAω 0 − 16

15A 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ðB5Þ

The nonzero elements of the corresponding RðrÞ after the
elementary row operations are

R13ðrÞ ¼
36ðr − 2Þ

7
;

R15ðrÞ ¼
12

7
iðr − 2Þrω;

R17ðrÞ ¼ −
12

7
iðr − 3Þrω;

R24ðrÞ ¼
40r
7

;

R26ðrÞ ¼ −
20

7
ir3ω;

R28ðrÞ ¼ −
20

7
ir3ω;

R29ðrÞ ¼
24

7
ið3r − 2Þ;

R2 11ðrÞ ¼
24

7
ðr − 2Þrω;

R33ðrÞ ¼ −
24

7
ir;

R35ðrÞ ¼ −
12

7
r3ω;

R37ðrÞ ¼ −
12

7
r3ω;

R3 10ðrÞ ¼
80

7
ð3r − 1Þ;

R3 12ðrÞ ¼ −
40

7
iðr − 2Þrω;

R41ðrÞ ¼ −
36

7
ðr − 2Þ;

R43ðrÞ ¼
24

7
iðr − 2Þrω;

R45ðrÞ ¼ −
12

7
ðr − 2Þ;

R47ðrÞ ¼
12

7
ðr3ω2 − 2rþ 4Þ;

R52ðrÞ ¼
20

7
ðr − 3Þr;

R54ðrÞ ¼ −
20

7
ir3ω;
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R56ðrÞ ¼
20

7
ðr − 1Þr;

R59ðrÞ ¼ −
24

7
r2ω;

R5 11ðrÞ ¼
12

7
iðr3ω2 − 4rþ 8Þ;

R61ðrÞ ¼
12

7
irð2rþ 3Þ;

R63ðrÞ ¼
12ðr3ω2 − 3Þ

7ω
;

R67ðrÞ ¼ −
12irðr4ω2 − 2r2 þ 3rþ 3Þ

7ðr − 2Þ
;

R6 10ðrÞ ¼
40

7
ir2ω;

R6 12ðrÞ ¼
20

7
ðr3ω2 − 10rþ 20Þ;

R7 13ðrÞ ¼ 1;

R84ðrÞ ¼ 8ðr − 2Þ;

R86ðrÞ ¼
4

3
iðr − 2Þrω;

R88ðrÞ ¼ −
4

3
iðr − 3Þrω;

R9 10ðrÞ ¼
64

9
ið3r − 1Þ;

R9 11ðrÞ ¼
32

9
ðr − 2Þrω;

R10 9ðrÞ ¼
32

15
ð2 − 3rÞ;

R10 11ðrÞ ¼
32

15
iðr − 2Þrω;

R11 2ðrÞ ¼
4

3

$
−5rþ 6

r
þ 7

%
;

R11 4ðrÞ ¼
4iðr − 2Þðr3ω2 − 6Þ

3r2ω
;

R11 8ðrÞ ¼
4ðr4ω2 − 5r2 þ 9rþ 3Þ

3r
;

R11 9ðrÞ ¼ −
8

5
ðr − 2Þω;

R11 11ðrÞ ¼
4iðr − 2Þðr3ω2 − 4rþ 8Þ

5r2
;

R11 13ðrÞ ¼
4

5
ðr − 2Þrω;

R12 1ðrÞ ¼
16

15
rð2rþ 3Þ;

R12 3ðrÞ ¼ −
16iðr3ω2 − 3Þ

15ω
;

R12 7ðrÞ ¼ −
16rðr4ω2 − 2r2 þ 3rþ 3Þ

15ðr − 2Þ
;

R13 9ðrÞ ¼ −
32

15
ir2ω;

R13 11ðrÞ ¼ −
16

15
ðr3ω2 − 4rþ 8Þ;

R13 13ðrÞ ¼
16

15
ir3ω;

R14 1ðrÞ ¼ −
6rþ 9

5r2ω
;

R14 3ðrÞ ¼
3i
5
−

9i
5r3ω2

;

R14 7ðrÞ ¼
3ðr4ω2 − 2r2 þ 3rþ 3Þ

5ðr − 2Þr2ω
;

R14 10ðrÞ ¼ −
2

r
;

R14 12ðrÞ ¼
iðr3ω2 − 10rþ 20Þ

r3ω
;

R1414ðrÞ ¼ 1:

By reading the fifth and sixth column ofQðrÞ, we identify
two algebraic variables, y23 and y33. By solving the ordinary
differential equations represented by the first and second row
of QðrÞ and RðrÞ for y23 and y33, we have

y23 ¼
3i
rω

y22 þ
ðr − 3Þ
r − 2

y24 þ r
dy24
dr

;

y33 ¼ −
1

5r3ω

$
5r3ωy34 þ 3r2ðr − 2Þ dY

5
2

dr

þ ir
$
ðr − 2Þ

$
3rω

dy26
dr

þ 6ω
dy26
dr

þ 5r
dy32
dr

%
þ 10y32

%

þ ð12 − 18rÞy25
%
: ðB6Þ
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As all algebraic variables have been expressed in terms of the
differential variables and atmost their first-order r derivative,
the system of ordinary differential equations remains first
order if we substitute the algebraic variables back into the
system.

We substitute y23 and y33 back to the system of ordinary
differential equations. Now ỹ is a 12 vector (2 ¼ 14 − 2),
and Q̃ðrÞ and R̃ðrÞ are 12 × 12 matrices. After some
elementary row operations to simplify Q̃ðrÞ, we have

Q̃ðrÞ ¼

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 12
7 iA 0 12r4ω

7 0 0 0 0 20
7 iAω 0 20

7 A

− 12
7 B 0 0 0 12ðr−2Þ

7 0 0 0 0 0 0 0

0 20
7 A 0 20iC

7ω 0 20
7 A − 12D

7 0 12
7 iC 0 12C

7ω 0

0 0 0 0 0 0 0 20
7 iD 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 − 4
3B 0 4

3 iAω 0 0 − 4
5Bω 0 4

5 iB 0

0 0 0 0 0 0 0 0 0 − 16
9 Aω 0 16

9 iA

0 0 0 0 0 0 0 0 − 16
15 iAω 0 − 16

15A 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

; ðB7Þ

and the corresponding R̃ has the following nonzero
elements:

R̃13ðrÞ ¼ −
12

7
irð3rþ 2Þ;

R̃15ðrÞ ¼ −
12r3ð2r − 5Þω

7ðr − 2Þ
;

R̃18ðrÞ ¼
80

7
ð3r − 1Þ;

R̃1 10ðrÞ ¼
1

7
ð−40Þiðr − 2Þrω;

R̃21ðrÞ ¼ −
36

7
ðr − 2Þ;

R̃23ðrÞ ¼
12iðr − 2Þð2r2ω2 − 3Þ

7rω
;

R̃25ðrÞ ¼
12

7
ðr3ω2 − 3rþ 7Þ;

R̃32ðrÞ ¼
20

7
ðr − 3Þr;

R̃34ðrÞ ¼ −
20iðr4ω2 þ 2r − 2Þ

7rω
;

R̃36ðrÞ ¼ −
20

7
ðr − 1Þr;

R̃37ðrÞ ¼ −
24ðr4ω2 − 3r2 þ 5r − 2Þ

7r2ω
;

R̃39ðrÞ ¼
12iðr4ω2 − 6r2 þ 14r − 4Þ

7r
;

R̃41ðrÞ ¼
12

7
irð2rþ 3Þ;

R̃43ðrÞ ¼
12ðr3ω2 − 3Þ

7ω
;

R̃45ðrÞ ¼ −
12irðr4ω2 − 2r2 þ 3rþ 3Þ

7ðr − 2Þ
;

R̃48ðrÞ ¼
40

7
ir2ω;

R̃4 10ðrÞ ¼
20

7
ðr3ω2 − 10rþ 20Þ;

R̃511ðrÞ ¼ 1;

R̃64ðrÞ ¼
8

3

$
3r −

2

r
− 5

%
;
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R̃66ðrÞ ¼ −
4

3
irð2r − 5Þω;

R̃67ðrÞ ¼
8ið3r2 − 8rþ 4Þ

5r2
;

R̃69ðrÞ ¼
8ðr − 2Þ2ω

5r
;

R̃78ðrÞ ¼
64

9
ið3r − 1Þ;

R̃7 10ðrÞ ¼
32

9
ðr − 2Þrω;

R̃87ðrÞ ¼ −
32

15
ð3r − 2Þ;

R̃88ðrÞ ¼
32

15
iðr − 2Þrω;

R̃92ðrÞ ¼
4

3

$
−5rþ 6

r
þ 7

%
;

R̃94ðrÞ ¼
4iðr − 2Þðr3ω2 − 6Þ

3r2ω
;

R̃96ðrÞ ¼
4ðr4ω2 − 5r2 þ 9rþ 3Þ

3r
;

R̃97ðrÞ ¼ −
8

5
ðr − 2Þω;

R̃99ðrÞ ¼
4iðr − 2Þðr3ω2 − 4rþ 8Þ

5r2
;

R̃9 11ðrÞ ¼
4

5
ðr − 2Þrω;

R̃10 1ðrÞ ¼
16

15
rð2rþ 3Þ;

R̃10 3ðrÞ ¼ −
16iðr3ω2 − 3Þ

15ω
;

R̃10 5ðrÞ ¼ −
16rðr4ω2 − 2r2 þ 3rþ 3Þ

15ðr − 2Þ
;

R̃11 7ðrÞ ¼ −
32

15
ir2ω;

R̃11 9ðrÞ ¼ −
16

15
ðr3ω2 − 4rþ 8Þ;

R̃11 11ðrÞ ¼
16

15
ir3ω;

R̃12 1ðrÞ ¼ −
6rþ 9

5r2ω
;

R̃12 3ðrÞ ¼
3i
5
−

9i
5r3ω2

;

R̃12 5ðrÞ ¼
3ðr4ω2 − 2r2 þ 3rþ 3Þ

5ðr − 2Þr2ω
;

R̃12 8ðrÞ ¼ −
2

r
;

R̃12 10ðrÞ ¼
iðr3ω2 − 10rþ 20Þ

r3ω
;

R̃1212ðrÞ ¼ 1:

Now the ninth to 12th row of Q̃ðrÞ are all zeros. By
reading the corresponding rows of R̃ðrÞ, we obtain the
following four algebraic equations:

4ð5iðr − 2Þðr3ω2 − 6Þy32 − 5rð5r2 − 7r − 6Þωy31 þ 5rωðr4ω2 − 5r2 þ 9rþ 3Þy34

þ3ðr − 2Þωðiðr3ω2 − 4rþ 8Þy26 þ r3ωY2
5 − 2r2ωy25ÞÞ ¼ 0;

16ðiðr − 2Þðr3ω2 − 3Þy22 þ rð−2r2 þ rþ 6Þωy21 þ rωðr4ω2 − 2r2 þ 3rþ 3Þy24Þ ¼ 0;

ðr3ω2 − 4rþ 8Þy26 − ir3ωY2
5 þ 2ir2ωy25 ¼ 0

3iðr − 2Þðr3ω2 − 3Þy22 − 3rð2r2 − r − 6Þωy21 þ 3rωðr4ω2 − 2r2 þ 3rþ 3Þy24

þ 5iðr − 2Þωððr3ω2 − 10rþ 20Þy36 − ir3ωY3
5 þ 2ir2ωY3

5Þ ¼ 0: ðB8Þ

These algebraic equations allow us to express four differential variables in terms of the remaining eight ð¼ 12 − 4Þ
differential variables in 81 different combinations. Each of these 81 combinations leads to a MðrÞ of 0 ≤ p∞ ≤ 2.
Eventually, we solve the algebraic equations for y24, y

3
4, y

2
7 and y37,

CHUNG, WAGLE, and YUNES PHYS. REV. D 107, 124032 (2023)

124032-28



y24 ¼
ðr − 2Þðrð2rþ 3Þωy21 − iðr3ω2 − 3Þy22Þ

rωðrðr3ω2 − 2rþ 3Þ þ 3Þ
;

y34 ¼
ðr − 2Þðrð5rþ 3Þωy31 − iðr3ω2 − 6Þy32Þ

rωðrðr3ω2 − 5rþ 9Þ þ 3Þ
;

Y2
5 ¼

2y25
r

−
iðr3ω2 − 4rþ 8Þy26

r3ω
;

Y3
5 ¼

2y35
r

−
iðr3ω2 − 10rþ 20Þy36

r3ω
; ðB9Þ

for two advantages. First, eliminating these four variables
leads to a MðrÞ of p∞ ¼ 0, with both M0 and M−1
diagonalizable. This is a crucial advantage because it

drastically reduces the difficulty to diagonalize MðrÞ and
study the asymptotic behavior of y for larger p∞. Second,
this combination eliminates all the differential variables
concerning the second-order r derivative of the metric
perturbation functions, which are less relevant to our
studies as no metric perturbations are expressed as the r
derivatives of hi.
We now have a system of ordinary differential equa-

tions of the form of Eq. (20) concerning rankðQÞ − Nalg ¼
10 − 2 ¼ 8 differential variables, with

z ¼ ðy21; y31; y22; y32; y25; y35; y26:y36ÞT: ðB10Þ

The nonzero elements of MðrÞ are

M11ðrÞ ¼
r5ω2 − 4r4ω2 þ 4r2 − 12rþ 6

ðr − 2Þrðr4ω2 − 2r2 þ 3rþ 3Þ
;

M13ðrÞ ¼ −
iðr6ω4 − 4r4ω2 þ 4r3ω2 þ r2ð9ω2 þ 6Þ − 24rþ 24Þ

ðr − 2Þrωðr4ω2 − 2r2 þ 3rþ 3Þ
; ðB11Þ

M22ðrÞ ¼
r5ω2 − 4r4ω2 þ 7r2 − 18rþ 6

ðr − 2Þrðr4ω2 − 5r2 þ 9rþ 3Þ
;

M24ðrÞ ¼ −
iðr6ω4 − 10r4ω2 þ 16r3ω2 þ r2ð9ω2 þ 30Þ − 120rþ 120Þ

ðr − 2Þrωðr4ω2 − 5r2 þ 9rþ 3Þ
; ðB12Þ

M31ðrÞ ¼ −
irωðr4ω2 − 4r2 þ 4rþ 9Þ

ðr − 2Þðr4ω2 − 2r2 þ 3rþ 3Þ
;

M33ðrÞ ¼
r5ω2 − 4r4ω2 þ r2 − 6

ðr − 2Þrðr4ω2 − 2r2 þ 3rþ 3Þ
;

M42ðrÞ ¼ −
irωðr4ω2 − 10r2 þ 16rþ 9Þ
ðr − 2Þðr4ω2 − 5r2 þ 9rþ 3Þ

;

M44ðrÞ ¼
r5ω2 − 4r4ω2 þ 4r2 − 6r − 6

ðr − 2Þrðr4ω2 − 5r2 þ 9rþ 3Þ
;

M55ðrÞ ¼
2

r
;

M57ðrÞ ¼ − iðr3ω2 − 4rþ 8Þ
r3ω

;

M66ðrÞ ¼
2

r
;

M68ðrÞ ¼ −
iðr3ω2 − 10rþ 20Þ

r3ω
;

M75ðrÞ ¼ −
ir2ω

ðr − 2Þ2
;

M77ðrÞ ¼ −
2

ðr − 2Þr
;

M86ðrÞ ¼ −
ir2ω

ðr − 2Þ2
;

M88ðrÞ ¼ −
2

ðr − 2Þr
:

At r ¼ ∞, we express MðrÞ as a power series of r and
discard terms that drop faster than Oðr−2Þ,

MðrÞ ≈M0 þ
M−1
r

; ðB13Þ
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M0¼

0

BBBBBBBBBBBBBBB@

0 0 −iω 0 0 0 0 0

0 0 0 −iω 0 0 0 0

−iω 0 0 0 0 0 0 0

0 −iω 0 0 0 0 0 0

0 0 0 0 0 0 −iω 0

0 0 0 0 0 0 0 −iω
0 0 0 0 −iω 0 0 0

0 0 0 0 0 −iω 0 0

1

CCCCCCCCCCCCCCCA

and M−1¼

0

BBBBBBBBBBBBBBB@

1 0 −2iω 0 0 0 0 0

0 1 0 −2iω 0 0 0 0

−2iω 0 1 0 0 0 0 0

0 −2iω 0 1 0 0 0 0

0 0 0 0 2 0 0 0

0 0 0 0 0 2 0 0

0 0 0 0 −4iω 0 0 0

0 0 0 0 0 −4iω 0 0

1

CCCCCCCCCCCCCCCA

: ðB14Þ

Both M0 and M−1 are diagonalizable. We first diagonalize M0 by writing M0 ¼ P1M
ð1Þ
0 P−1

1 such that

Mð1Þ
0 ¼

0

BBBBBBBBBBBBBBB@

−iω 0 0 0 0 0 0 0

0 −iω 0 0 0 0 0 0

0 0 −iω 0 0 0 0 0

0 0 0 −iω 0 0 0 0

0 0 0 0 iω 0 0 0

0 0 0 0 0 iω 0 0

0 0 0 0 0 0 iω 0

0 0 0 0 0 0 0 iω

1

CCCCCCCCCCCCCCCA

and P1 ¼

0

BBBBBBBBBBBBBBB@

0 0 0 1 0 0 0 −1
0 0 1 0 0 0 −1 0

0 0 0 1 0 0 0 1

0 0 1 0 0 0 1 0

0 1 0 0 0 −1 0 0

1 0 0 0 −1 0 0 0

0 1 0 0 0 1 0 0

1 0 0 0 1 0 0 0

1

CCCCCCCCCCCCCCCA

: ðB15Þ

We change z into zð1Þ ¼ P1z, which satisfies another system of ordinary differential equations,

dzð1Þ

dr
¼ Mð1ÞðrÞzð1Þ;

Mð1ÞðrÞ ¼ P−1
1 MðrÞP1 − P−1

1

dP1

dr
¼ Mð1Þ

0 þMð1Þ
−1
r

;

Mð1Þ
−1 ¼

0

BBBBBBBBBBBBBBB@

1 − 2iω 0 0 0 2iω − 1 0 0 0

0 1 − 2iω 0 0 0 2iω − 1 0 0

0 0 1 − 2iω 0 0 0 0 0

0 0 0 1 − 2iω 0 0 0 0

−2iω − 1 0 0 0 2iωþ 1 0 0 0

0 −2iω − 1 0 0 0 2iωþ 1 0 0

0 0 0 0 0 0 2iωþ 1 0

0 0 0 0 0 0 0 2iωþ 1

1

CCCCCCCCCCCCCCCA

: ðB16Þ

We can diagonalize Mð1Þ
−1 while keeping Mð1Þ

0 unchanged by further changing zð1Þ into zð2Þ ¼ P2zð1Þ, where P2 ¼ 1þ Σ
r,

provided that Σ satisfies the matrix equation

D−1 ¼ Mð1Þ
−1 þ ½D0;Σ(: ðB17Þ

Here D0 and D−1 are respectively the diagonal part of Mð1Þ
0 and Mð1Þ

−1 . The matrix equation gives
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Σ ¼ 1

2ω

0

BBBBBBBBBBBBBBB@

0 0 0 0 −ið2iω − 1Þ 0 0 0

0 0 0 0 0 −ið2iω − 1Þ 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

ið−2iω − 1Þ 0 0 0 0 0 0 0

0 ið−2iω − 1Þ 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCA

: ðB18Þ

With this P2, zð2Þ satisfies the system of ordinary differential equations whose coefficient matrix Mð2ÞðrÞ is given by

Mð2ÞðrÞ ¼

0

BBBBBBBBBBBBBBB@

1−2iω
r − iω 0 0 0 0 0 0 0

0 1−2iω
r − iω 0 0 0 0 0 0

0 0 1−2iω
r − iω 0 0 0 0 0

0 0 0 1−2iω
r − iω 0 0 0 0

0 0 0 0 iωþ 2iωþ1
r 0 0 0

0 0 0 0 0 iωþ 2iωþ1
r 0 0

0 0 0 0 0 0 iωþ 2iωþ1
r 0

0 0 0 0 0 0 0 iωþ 2iωþ1
r

1

CCCCCCCCCCCCCCCA

: ðB19Þ

Since Mð2ÞðrÞ is now diagonal, we can readily solve the
system of ordinary differential equations for zð2Þ,

zð2Þ ¼

0

BBBBBBBBBBBBB@

c1r1−2iωe−iωr

c2r1−2iωe−iωr

c3r1−2iωe−iωr

c4r1−2iωe−iωr

c5r1þ2iωeþiωr

c6r1þ2iωeþiωr

c7r1þ2iωeþiωr

c8r1þ2iωeþiωr

1

CCCCCCCCCCCCCA

; ðB20Þ

where c1; c2;…; c8 are constants. The asymptotic behavior
of z can be obtained by the inverse transformations

z ¼ P1P2zð2Þ: ðB21Þ

As QNMs correspond to GWs that are purely outgoing at
spatial infinity, we can just set c1 ¼ c2 ¼ c3 ¼ c4 ¼ 0. By
setting these constants to be zero, using the algebraic
equations and the relations between the algebraic variables
and differential variables, we find

yl¼2;3
i ðr → þ∞Þ ∝

"
r1þ2iωeiωr for i ≠ 4;

r2iωeiωr for i ¼ 4:
ðB22Þ

Equation (B20) makes good physical sense. First, we
simultaneously obtain the ingoing and outgoing asymptotic
behavior at spatial infinity. This is consistent with the wave
nature of the metric perturbations, since these can be
ingoing and outgoing at spatial infinity. Second, we
recognize that r&2iωe&iωr−iωt ≈ e&iωr%−iωt at spatial infinity,
which implies that the waves are propagating at the speed
of light relative to observers at spatial infinity. Finally, we
observe that Eq. (B22) does not depend on l. We confirm
this observation by extending our calculations to N χ ¼ 19
(thus 20 associated Legendre polynomials are included)
and we obtain the same asymptotic behavior. The inde-
pendence on l is consistent with the existing calculations of
the asymptotic behavior of the gravitational perturbations
around a Schwarzschild BH.
The asymptotic behavior of yl at the event horizon can

be similarly obtained. We shall omit the details of the
calculations at the horizon as they are completely analo-
gous to the above, and simply report the asymptotic
behavior, which is purely ingoing at the horizon,

yl¼2;3
i ðr→ rHÞ∝

"ðr− rHÞ−1−2iω for i≠ 4 and 5;

ðr− rHÞ−2iω for i¼ 4 and 5:
ðB23Þ

Wewould like to point out the flexibility of our estimates
of the asymptotic behavior of the metric perturbation
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functions. We can eliminate the algebraic variables by
solving two differential equations, such as those corre-
sponding to the first and the fifth row. We can also eliminate
different differential variables using the obtained algebraic
equations. One can show that eliminating other differential
variables will not affect the QNM frequencies. To see this,
we go back to step four and eliminate yl¼2;3

2 instead, which
leads to another vector,

z ¼ ðy21; y31; y24; y34; y25; y35; y26:y36ÞT: ðB24Þ

According to Eq. (B9), z̄ and z are related by a trans-
formation matrix,

z̄ ¼ P̄ðr;ωÞz; ðB25Þ

where

P̄ðr;ωÞ ¼

0

BBBBBBBBBBBBBBB@

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0
ðr−2Þðrð2rþ3Þω

rωðrðr3ω2−2rþ3Þþ3Þ 0 − ðr−2Þðr3ω2−3Þ
rωðrðr3ω2−2rþ3Þþ3Þ 0 0 0 0 0

0 ðr−2Þðrð5rþ3ÞωÞ
rωðrðr3ω2−5rþ9Þþ3Þ 0 −i ðr−2Þðiðr3ω2−6ÞÞ

rωðrðr3ω2−5rþ9Þþ3Þ 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

1

CCCCCCCCCCCCCCCA

: ðB26Þ

Thus, the system of ordinary differential equations satisfied
by z̄ and that by z,

dz̄
dr

¼ M̄ðr;ωÞz̄;

dz
dr

¼ Mðr;ωÞz; ðB27Þ

is related by

M ¼ P̄−1M̄ P̄−P̄−1 dP̄
dr

: ðB28Þ

In other words, the two systems of ordinary differential
equations are equivalent, even though the p∞ and pH of M
and M̄ may be different. Moreover, both systems of
ordinary differential equations admit the same QNM
frequencies, even thoughM and M̄ are seemingly different,
because ω is not altered through the transformation of P̄.
We have checked that all these changes eventually lead to
the same asymptotic behavior of the perturbation functions,
despite the calculations in the middle being slightly differ-
ent. This flexibility allows us to adjust the details of the
calculations to make them the most convenient.
Finally, using the above calculations, we can derive the

ODE satisfied by every yl¼2;3
i¼1;2;…;6. The explicit equations are

contained in a Mathematica notebook which is available
upon request. A key feature of these differential equations is
that those governing yl¼2;3

i¼1;2;…;4 contain only yl¼2;3
i¼1;2;…;4, and

those governing yl¼2;3
i¼5;6 contain only yl¼2;3

i¼5;6 . This property is

consistent with the fact that, for perturbations of a
Schwarzschild BH, the odd- and even-parity modes
decouple.

APPENDIX C: COMPARISON WITH THE
EXISTING CALCULATIONS

In this appendix, we check the validity of our calcu-
lations by comparing their details to those in the existing
literature [89,124,125,166]. We find that the first equation
in Eq. (B6) is equivalent to

dKðrÞ
dr

−
1

r
H0ðrÞ −

iðλþ 1Þ
ωr2

H1ðrÞ þ
1

r
2r − 3rs
2ðr − rsÞ

KðrÞ ¼ 0;

ðC1Þ

in the literature, where λ ¼ lðlþ 1Þ − 2, and the definition
of K, H0 and H1 is given by [90,104,124,166]. The second
equation in Eq. (B6) is seemingly different from Eq. (C1),
but substituting the ordinary differential equations into
Eq. (B6), both equations are simplified to

yl¼2;3
3 ¼ −yl¼2;3

1 ; ðC2Þ

which is equivalent to

H0ðrÞ ¼ H2ðrÞ ðC3Þ

in the existing literature. We note also that the first two lines
of Eq. (B9) correspond to
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$
3rH
r

þ 2λ

%
H0ðrÞ þ

$
irHðλþ 1Þ

ωr2
− 2iωr

%
H1ðrÞ

þ 3r2H þ 2rHð2λ − 1Þr − 4λr2 þ 4ω2r4

2rðr − rHÞ
KðrÞ ¼ 0: ðC4Þ

This relation is consistent with previous calculations of
even-parity perturbations of Schwarzschild BHs [125]. We
have checked that our calculations are consistent with
Eqs. (C1), (C3), and (C4) as we expand our calculations to
N χ ¼ 20. Finally, we compare the asymptotic behavior
obtained in this paper with those in the existing literature,
as listed in Table I. Our calculations of the asymptotic
behavior are clearly consistent with that of previous
calculations.

APPENDIX D: NORMWISE SCALING OF
QUADRATIC EIGENVALUE PROBLEM

For the completeness of this paper, we briefly summarize
the procedures of normwise scaling of the quadratic
eigenvalue problem. We refer the reader for the details
of this scaling to [141,142].
Consider a quadratic eigenvalue problem,

½D̃0 þ D̃1ωþ D̃2ω2(v ¼ 0: ðD1Þ

This quadratic eigenvalue problem is equivalent to

½M̃0 þ M̃1ωþ M̃2ω2(v ¼ 0; ðD2Þ

where

M̃2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kD̃0k2
kD̃2k 2

s

D̃2

M̃1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kD̃0k2kD̃2k2
p D̃1

M̃0 ¼
D̃0

kD̃0k2
; ðD3Þ

where kAk2 is the two-norm of the matrix A, defined as

kAk2 ¼ sup
x≠0

kAxk2
kxk2

; ðD4Þ

and kxk2 is the two-norm of the vector x. It is shown that
this definition is equivalent to [167]

kAk2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max jλðA†AÞj

q
; ðD5Þ

where max jλðA†AÞj stands for the maximum modulus of
the eigenvalue of the Hermitian matrixA†A. Equation (D5)
is also how we computed the two-norm of D̃0, D̃1 and
D̃2 for the scaling before computing the generalized
eigenvalues.
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