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Motivated by the experimental realization of single-component degenerate Fermi gases of polar ground
state KRb molecules with intrinsic two-body losses [L. De Marco et al., A degenerate Fermi gas of polar
molecules, Science 363, 853 (2019).], this work studies the finite-temperature loss rate of single-
component Fermi gases with weak interactions. First, we establish a relationship between the two-body
loss rate and the p-wave contact. Second, we evaluate the contact of the homogeneous system in the low-
temperature regime using p-wave Fermi liquid theory and in the high-temperature regime using the second-
order virial expansion. Third, conjecturing that there are no phase transitions between the two temperature
regimes, we smoothly interpolate the results to intermediate temperatures. It is found that the contact is
constant at temperatures close to zero and increases first quadratically with increasing temperature and
finally—in agreement with the Bethe-Wigner threshold law—Iinearly at high temperatures. Fourth,
applying the local-density approximation, we obtain the loss-rate coefficient for the harmonically trapped
system, reproducing the experimental KRb loss measurements within a unified theoretical framework over
a wide temperature regime without fitting parameters. Our results for the contact are not only applicable to

molecular p-wave gases but also to atomic single-component Fermi gases, such as 4°K and °Li.
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Introduction.—Ultracold polar molecules possess,
thanks to their highly controllable long-range anisotropic
interactions, a dipole moment. This, coupled with their
rovibrational degrees of freedom, make them promising
candidates for quantum computation [1-4] and quantum
simulations [5-9]. For example, stable degenerate molecu-
lar gases can be used to simulate strongly interacting lattice
spin models, providing a promising platform for the study
of anyonic excitations [10]. Even though degenerate atomic
Bose and Fermi gases are now being produced routinely,
the experimental realization of degenerate molecular gases
had been, despite impressive progress by many groups [11-
23], up until 2019 [24] hampered detrimentally by losses.
The experimentally measured loss-rate coefficients were
found to increase linearly with the temperature, in nice
agreement with predictions derived from two-body physics,
i.e., the Bethe-Wigner threshold law [25-28] and multi-
channel quantum defect theory [29,30].

In 2019, experimentalists realized molecular “°K8’Rb
gases with temperatures 7 as low as 7/Tr ~ 0.3, where T
denotes the Fermi temperature. In a single-component
system, the dominant scattering channel is p wave since
s-wave collisions are prohibited by the Pauli exclusion
principle. Importantly, chemical reactions were found to
be suppressed in the quantum degenerate regime, i.e., the
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loss-rate coefficient was found to deviate from the linear
temperature dependence observed at higher temperatures
[24]. Several groups have attempted to explain this in-
triguing behavior [31,32]: Ref. [31] used the master
equation, considered fermionic statistics, intermediate
four-body complexes, and other factors while Ref. [32]
connected two-body losses to three distinct p-wave con-
tacts. Yet, a robust theoretical formulation that yields
convincing agreement with the experimental data over
the entire temperature regime is still lacking. What role
do quantum statistics and many-body effects play as the
temperature drops? Can the losses be linked to micro-
scopic few-body parameters? And, if so, how can this be
accomplished?.

This Letter theoretically investigates, starting with a non-
Hermitian Hamiltonian with p-wave zero-range inter-
actions, the loss-rate coefficient and arrives at predictions
that agree well with published experimental observations.
Our key findings are as follows. (i) Explicit expressions for
the temperature-dependent p-wave contact of the weakly
interacting p-wave gas are obtained in terms of the low-
energy two-body scattering parameters. (i) We show that
the dominant contribution to the loss rate is—for the experi-
mentally accessible temperature regime—proportional to
the p-wave contact [33-37], defined from the p-wave
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scattering volume; specifically, effective-range contribu-
tions are negligible in the weakly interacting regime
considered. (iii) The low- and high-temperature regimes
are described by Fermi liquid theory and virial expansion,
respectively. Motivated by the conjectured absence of a
phase transition at intermediate temperatures, the low- and
high-temperature predictions are interpolated smoothly.
(iv) Using the local-density approximation, we calculate
the loss-rate coefficient of harmonically trapped systems
following the experimental procedure [24]. The resulting
loss curve depends on a single atomic physics parameter,
namely the imaginary part of the p-wave scattering volume,
which is known from experimental high-temperature data
[38] and multichannel quantum defect theory calculations
[30,31]. Our parameter-free theory predictions are in
excellent agreement with the experimental data from 2019.

Effective Hamiltonian and loss relation.—For reactive
molecular systems such as KRb, two-body losses are
triggered by chemical reactions: Two incoming molecules
collide and form a four-body complex K,Rb,. Subsequently,
the four-body complex breaks up into K, and Rb, mole-
cules. Since this process converts internal energy to kinetic
energy, the K, and Rb, molecules become untrapped and
fly away. It is important to note that the intermediate four-
body complexes are transient, with lifetimes of the order of
ps at high temperatures [39,40]. Even in recent lifetime-
enhancing experimental setups [41,42], the formation and
decay of the four-body complexes are still of the order of
ps, which is significantly faster than the ms timescale of
interest to us. Thus, we treat the chemical reaction as a non-
Hermitian loss process and model the system by an
effective non-Hermitian Hamiltonian H., which is equiv-
alent to a Lindblad master equation formulation where the
jump operator L contains a term proportional to ¥(r')¥(r),
annihilating two molecules when their positions r’ and r are
close to each other [43] [¥(r) is the fermionic field
operator]. Assuming a homogeneous system, the effective
Hamiltonian reads as [44]

Floy— / v (r) (-h;v%) W(r)

m

+%/d3rd3r/‘PT(r)‘I‘T(r’)U(|r—r’|)‘P(r’)‘P(r), (1)

where U denotes the effective isotropic two-body inter-
action. Each fermionic KRb molecule is treated as a
“fundamental unit” and U describes collisions between
two KRb molecules. The non-Hermiticity of H.; comes
from the imaginary part of U, which models losses due to
K, and Rb, leaving the trap. Defining the particle number
operator N = [ d3r®'(r)¥(r), the particle loss dN/df can
be related to the imaginary part of the effective Hamiltonian
[44], (dN/dt) = %S(ﬁleff), where the average particle
number N is given by (N), with (-) denoting the trace.

Without an external electric field, the interaction U
between two molecules is of van der Waals type and short
ranged. In the low-energy scattering regime, U(|r — r/|) can
be parameterized by the complex scattering volume v,
which appears in the leading order term of the low-energy
expansion of the p-wave phase shift §,(k), tan(5,(k)) =
—v ,,k3. In what follows, we concentrate on the weak-
interaction and weak-reaction regimes, in which both the
real and imaginary parts of v, are significantly smaller than
1/n = V /N, where n and V denote the density and volume,
respectively. In this limit, we find [44] that the loss rate can
be expressed in terms of the scattering volume v, and the
p-wave contact C, conjugate to v,

aN _6h . 3(v,) |

ar = m SR, @

here, C, = —(2m/3n*)0F[R(v,)]/0v," [33-37] and F
denotes the Helmholtz free energy and m the mass of
the Fermi gas constituents. Since the contact C,, which is
an extensive variable, is evaluated using the real part of v,
and not the complex v,, C, is purely real. The physical
picture behind the derivation is that the system first
thermalizes and that losses are subsequently turned on
perturbatively. Equation (2) is analogous to the universal
loss relation for s-wave systems, where the loss is propor-
tional to the s-wave contact [43,59,60].

Effective range.—The low-energy properties of strongly
interacting p-wave systems do not only depend on v, but
also on the effective range R [33], which appears at
subleading order in the low-energy expansion, tan[6, (k)] =
—v,k* + R™'v7k>. Assuming the naturalness of the expan-
sion in the weakly interacting regime (this means that v,
and R are, respectively, proportional to 1(3) and [y, where [; is
the characteristic length of the interaction), the effective-
range contribution to the thermodynamics can be neglected.
This follows because |[R™'v3 |k is a factor of [jk* smaller
than |v,|k*. Setting [y equal to the van der Waals length of
KRb molecules (/o = 118ay) [30], the quantity /3k%, in turn,
can be shown to be much smaller than 1 for the exper-
imental temperature of several hundred nK [24]. The above
argument can be extended to justify dropping contributions
from other higher-order terms in the expansion of the phase
shift, which may, e.g., arise from the van der Waals tail of
the interaction [61,62].

Our conclusion is consistent with the literature. First, at
zero temperature, the leading-order contribution to the
energy—calculated within the Fermi liquid theory—does
not depend on the effective range [63]. Second, at high
temperatures, the loss-rate coefficient scales linearly with
J(v,)T. Third, the fact that a 72 scaling, which arises from
effective-range contributions based on dimensional argu-
ments, is not observed experimentally [38] additionally
supports that effective-range contributions play a minor role.
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FIG. 1. The loss-rate coefficient § (left axis) and contact C,
(right axis) as a function of the temperature 7. Blue dashed and
red solid lines are obtained from the Fermi liquid theory and the
second-order virial expansion, respectively. Transparent lines
extend the predictions beyond their range of validity. The purple
dotted line interpolates the low-T" and high-T results. Inset: same
data but showing /T instead of /.

Homogeneous system: High temperature.—In the
T/Tr z 1 regime, we adopt the virial expansion that has
been used extensively for s-wave systems [64,65]. The
grand potential Q is expanded up to the second order in the
fugacity z. The second virial coefficient is obtained by the
Beth-Uhlenbeck formalism [66] with the bound state con-
tribution discarded. This is consistent with our assumption
that the formation of bimolecular complexes leads to losses
that are accounted for by the complex phase shift. In the
weak—interaction limit, ni(v,) < 1, we obtain

12zmkpTn* VR (v,)]*
v "2 . (3)

Defining the loss-rate coefficient f through (dn/dt) =
—pn?, we find the following from Egs. (2) and (3):

72ﬂk3

p=- TS(UP)' (4)
It can be seen that £ is proportional to 7T as predicted by the
Bethe-Wigner threshold law and previous high-temperature
results [32]. The solid lines in the main part and inset of
Fig. 1 show C,, #, and /T, as predicted by Egs. (3) and (4),
as a function of the temperature.

Homogeneous system: Low temperature—In the
T/Tyr < 1 regime, the thermodynamics of p-wave gases
is expected to be governed by many-body effects. To
account for interactions and Fermi statistics, we apply
p-wave Fermi liquid theory [63,67]. Working, as above, at
leading-order in ndi(v,), we obtain

_12x6*3 73V R (v,)]?
v 5
2325wk T3V (v,))?
32/3fl4 :

(5)

The two-body contact C, contains terms that are pro-
portional to 1n8/3 and n*/3. This is distinct from the high-
temperature regime, where C, is proportional to n”. Since
the Fermi temperature Tp = (6*37%3n%n*3/2mkg) is
proportional to (n*3)!/2, the loss-rate coefficient becomes

1447[](3 67f3k3 T2 ~

p= =" Te(n) =T X(,). (6)

i.e., # contains a term that is proportional to 7° and a term
that is proportional to 72. This behavior should be con-
trasted with the linear § o T scaling for 7/T > 1. In the
low-temperature regime, the many-body energy scale kT
governs the scaling of C, with n and, correspondingly, the
scaling of  with T. Specifically, the first constant term on
the right-hand sides of Egs. (5) and (6) arises from the
interacting ground state. The second term on the right-hand
sides of Eqgs. (5) and (6) arises from excitations out of the
ground state. The dashed line in Fig. 1 shows /3, Eq. (6), as a
function of the temperature. It can be seen that the T2
term has a vanishingly small contribution for 7/T < 0.3.
Correspondingly, f/T increases for T/Tp <1 with
decreasing T (see the inset of Fig. 1), i.e., Eq. (6) predicts
an enhancement rather than a suppression.

Homogeneous system: Intermediate temperature.—We
now prove that a weakly interacting p-wave Fermi gas can
only have one phase transition at extremely low temper-
atures, thereby justifying interpolation of the low- and high-
temperature expressions in the intermediate 0.4 < T/Ty <
1 regime. Since all the Lee-Yang zeros (LYZ) [68,69] of the
noninteracting single-component Fermi gas except for the
LYZ at complex infinity lie on the negative real axis away
from the origin [70], only the LYZ at complex infinity
may move to the positive real axis as interactions are turned
on perturbatively. If %(v,) and (R) have opposite
signs, there exists no weakly bound two-body state below
the scattering threshold, indicating that the hypothetical
transition would be to a BCS phase. Since the BCS
transition temperature 7. scales as T exp{[z/2kzR(R)] —
[7/2k3 | (v,)|]} [71-73], T, would be several orders of
magnitude smaller than 7 and thus below the temperature
of interest in this work. If, on the other hand, %(v,)
and N(R) have the same sign, the two-body bound state
energy Ej, = A*R(R)/mN(v,) is positive, indicating that
the hypothetical transition would be to a BEC phase.
Noting that E,, scales as #>/ml3, which is much larger
than the typical system energy #2k?/m, the gas prepared
experimentally should not support such bound states,
implying that the system is far from the BEC transition.
Note that our arguments do not rule out the existence of other
more exotic phases. Motivated by the absence of BCS- and
BEC-phase transitions in the intermediate temperature
regime, we conjecture that the low- and high-temperature
curves provide upper and lower bounds for B(T) for
04 <T/Tr < 1. Since the low- and high-temperature
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expressions differ by only 15% at T/T = 0.7, the inter-
polation (the dotted lines in Fig. 1) is expected to be quite
accurate.

Loss in harmonically trapped system.—The most
straightforward definition of the loss-rate coefficient of
an inhomogeneous system is through a local quantity 3(r),
defined by replacing the density n by the local density n(r).
Application of this generalization to the experiment
requires spatially resolved loss measurements, which
may not be possible due to, e.g., limited resolution caused
by the finite waist of imaging lasers. To derive broadly
applicable results, we instead calculate the global loss rate
by applying the local-density approximation to our results
for the homogeneous system. The global loss-rate coef-
ficient " for the trapped system is defined through
(dn"® /dt) = —p"® (n'")2, where the average in situ
density n'"™ = N/V"® depends on the trap volume
Vi = N2{ [ dr[n(r)]*}~!. Evaluating dN/dV", pra
naturally separates into a sum of two quantities, namely

trap trap . .. . . .
Bross and B, which originate from the time derivative of

N and of (V")~! respectively. We find [44]

wp __V™PAN [ drp(r)[n(r)]?
loss = N2 gr [ d&rn(r)]?

(7)

and

wp 1AV
deform N dt
_2(f Pra(r) ([ drp(e)[n(r))
([ rn(0)?
2 [ Prp(e)n(r)?
[&rin(F

In Egs. (7) and (8), B(r) is the local loss-rate coefficient,
evaluated at each r using the properties of the homogeneous
system with kgTp = kgTp(r) = (h%/2m)[67°n(r)]>3. If
T > T(0), p(r) follows Eq. (4) closely for all r. Since
Eq. (4) has no dependence on r, #(r) can be pulled out of the
integrand, and f"* = . At lower temperatures, in contrast,

loss —

P receives—as discussed in more detail below—contri-
butions from the homogeneous £ for a range of different
densities.

The solid line in Fig. 2(a) shows /T3 as a function of
T/TH®, where TH® = (6N)'/*ha/ky is the global Fermi
temperature of the trapped system and @ is the mean
angular trap frequency. The dashed and dash-dotted lines

show B and B2 respectively. It can be seen that these

two terms contribute approximately equally for all temper-

atures considered. Even though #5°F  contributes to A",
we emphasize that it characterizes the change of the trap
volume (or cloud size) with time and not directly the

change of the number of trapped particles with time. If

(8)
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FIG. 2. (a) The black solid, orange dashed, and green dash-
dotted lines show g™, "™ and gI*  against 7. (b) Theory

] > Ploss? deform .
predictions for f., (lines) are compared with measurements

[24,74] (symbols) as a function of the initial temperature 7. The
dashed curve with the blue shaded region and the dotted curve are
for J(v,) = —(1361{,a9)® (extracted from [38]) and J(v,) =
—(120ay)?* [30].

[dn(r)/dt] « [n(r)]* with @ > 1, the density at the center of
the cloud decreases faster than the density at the edge,
causing the trap volume to increase with time.

Since both > and f4:F  contribute to the global loss-
rate coefficient P, experimentalists need to measure—if
the gas is, as in the recent groundbreaking KRb experiment
[24], prepared with an inhomogeneous density—both
dN/dt and dV'®/dr. To facilitate the analysis of the
experimental data, Ref. [24] approximated n'™ by the
semiclassical expression nes(T) = N@*(m/rkgT)>?/8;
in addition, T in ncyy was approximated by T, Both the
temperature 7T, and particle number N were determined
through ballistic expansion. With T, and N measured,
dV'® /dt was evaluated using (dV"™/dT ) (dT o/ dt).
Finally, a loss-rate coefficient was extracted through fits.
While Ref. [24]’s goal was to extract the loss-rate coefficient

P we refer to the experimentally extracted loss-rate
coefficient as fcy, to remind the reader that the result relies
on the use of n;‘ﬁg (Texp)-

The scheme described above is valid at T > Tw=", where
the identities nexp(Teyp) = "™ (T) and B = Bk = ey,
hold. For T < T3, however, the two identities no longer
hold. For example, we find that T, is twice as large as T
for T/T3" = 0.3; similarly, nexy deviates from n"® [see
Fig. (S3) in the Supplemental Material [44]]. To connect

our results to f.,,, we follow a two-step approach. First,

using Eq. (4), we extract J(v,) = —(1361{,a0)® from

experimental high-temperature data [38], where ay is the
Bohr radius. This is comparable to the value —(120q,)?
obtained by multichannel quantum defect theory [30].
Second, establishing a formal connection between ST
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and f, [see Eqgs. (S112) and (S113) in the Supplemental
Material [44]], we calculate f3.,, over the entire temper-
ature regime by emulating the ballistic expansion to get
T exp- The dashed [dotted] lines in Fig. 2(b) show our results
as a function of the initial temperature T /T for J(v,) =
—(13614a0)* [3(v,) = —(120ap)*]. Our theory predic-
tions agree within error bars with the experimental data.

In summary, we theoretically studied the temperature
dependence of the contact and loss rate of a homogeneous
Fermi gas with weak p-wave interactions parametrized by
the complex p-wave scattering volume in the normal phase.
In the quantum degenerate regime, the two-body loss rate is
not directly proportional to the temperature, as one would
expect naively by extrapolating the high-temperature
results to below the Fermi temperature, but governed by
two terms: one term that is directly proportional to 72 and
another term that is independent of 7. Applying the local-
density approximation, our parameter-free loss-rate coef-
ficient predictions for the harmonically trapped system are
found to agree with experimental measurements for a
molecular KRb gas over the entire temperature regime
considered. In addition, our theory framework identifies the
physical origin of the leading-order behaviors within a
transparent unified picture, resolving the important—yet
puzzling—experimental observation that the o T scaling
law does not hold below the Fermi temperature.

Our work is expected to stimulate further theoretical and
experimental works at finite temperatures near the Fermi
temperature. For example, our theory study lays the
foundation for developing robust experimental temperature
calibration schemes. We emphasize that our theoretical
framework and predictions for the contact are universal,
i.e., they are also applicable to single-component atomic
gases, including SLi and “°K. Thus, our theory can be
further verified using atomic gas experiments.
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