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Abstract

We use the MB-pol theoretical/computational framework to introduce a new family of data-
driven many-body potential energy functions (PEFs) for water, named MB-pol(2023). By
employing larger 2-body and 3-body training sets, including an explicit machine-learned rep-
resentation of 4-body energies, and adopting more sophisticated machine-learned representa-
tions of 2-body and 3-body energies, we demonstrate that the MB-pol(2023) PEFs achieve
sub-chemical accuracy in modeling the energetics of the hexamer isomers, outperforming both
the original MB-pol and q-AQUA PEFs, which currently provide the most accurate description
of water clusters in the gas phase. Importantly, the MB-pol(2023) PEFs provide remarkable
agreement with the experimental results for various properties of liquid water, improving upon

the original MB-pol PEF and effectively closing the gap with experimental measurements.

INTRODUCTION

A realistic representation of the properties of water across different phases has been a long-standing
goal in computational molecular sciences since the first Monte Carlo (MC)' and molecular dy-
namics (MD)? simulations carried out more than 50 years ago. It is thus not surprising that many
computer models of water have been reported in the literature over the past five decades.>® The
most common models maintain rigid water molecules and describe the underlying interactions in
a pairwise additive manner, attempting to capture many-body electrostatic interactions through
a sum of effective pairwise Coulomb interactions between atomic point charges. These mod-
els are generally parameterized to reproduce a subset of experimental properties (e.g., density,
freezing point, enthalpy of vaporization, etc.).* Examples of empirical pairwise-additive water
models include RWK,” SPC,® SPC/E,’ TIP4P,!° TIP4P-Ew,!! TIP4P/2005,'? TIP4P/Ice,!® and
TIPSP. 4 The reader is referred to refs 3 and 4 for a more detailed assessment of the performance
of pairwise-additive water models with rigid monomers. Empirical pairwise-additive models with
flexible monomers (e.g., TIP4P/2005f, !5 q-TIP4P/F, 16 SPC/Fw,!” and q-SPC/Fw '8) were also de-

veloped to investigate vibrational dynamics and nuclear quantum effects in liquid water. Although



empirical pairwise-additive models have been the workhorse of computer simulations of water,
aqueous solutions, and hydration phenomena, they suffer from intrinsic limitations that prevent
them from being fully transferable across different phases.°

In an attempt to overcome these limitations, several water models have been developed with
the goal of accounting for many-body effects. Examples of these water models are WAIL,'® which

was developed using adaptive force matching, and E3B,%0-22

which includes an empirical param-
eterization of 3-body interactions, as well as several polarizable models, such as BK3,23 SWM4-
DP,%* SWM4-NDP, > SWM6,%° COS,%728 TTMx-F,?3* AMOEBA,*~*! GEM*,4>%3 POLIR,*
POLI2VS,* MB-UCB,*® and HIPPO,*” which implicitly represent many-body effects through a
classical polarization. Although they correctly reproduce the interactions between water molecules
for minimum-energy hydrogen-bonding arrangements, polarizable models become less accurate in
representing many-body effects for distorted configurations, which prevents them from achieving
chemical accuracy (1 kcal/mol)*® in the representation of the (free-)energy landscape of water
across different thermodynamic state points.*’

Another class of models aims to explicitly capture many-body effects by reproducing each term

in the many-body expansion (MBE),°

N
En(1,...,N) = Z +Z£2Bl] )+ Z B, j k) +...+eNB(1,...,N) (1)
i=1 i<j i<j<k
where each 1-body energy, £!B(i), is the energy of the isolated ith water molecule, E;(i). For

n > 2, the n-body (nB) energies are defined recursively by a rearrangement of eq 1:

(2)
— Z e3B(i,j k) — 8(”_1)B(1,...,n—1)

i<j<k
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Since the MBE converges quickly for nonmetallic systems, eq 1 provides a rigorous and

efficient theoretical/computational framework for the development of potential energy functions



(PEFs) for water that reproduce the fully-dimensional potential energy surface by explicitly repre-
senting each n-body contribution to the interaction energy.>°

The first many-body PEFs for water derived from eq 1 were developed by Clementi and
coworkers, assuming rigid molecules and explicitly including 2-body and 3-body terms, along
with a classical description of many-body polarization.>’-%° Building upon the pioneering work
by Clementi and coworkers, several many-body PEFs have been reported in the literature, includ-
ing CC-pol,1-93 WHBB, 457 HBB2-pol, %% and MB-pol,”%72 which represent all individual
n-body terms of eq 1. More recently, the -AQUA PEF was introduced which, contrary to CC-pol,
WHBB, HBB2-pol, and MB-pol, neglects all n-body terms with n > 4.73 Among these many-body
PEFs, MB-pol integrates physics-based many-body representations with data-driven machine-
learning (ML) many-body permutationally invariant polynomials (PIPs)’# trained on reference
data calculated at the coupled cluster level of theory, including single, double, and perturbative
triple excitations [CCSD(T)], which is the current “gold standard” for chemical accuracy.’> MB-
pol was shown to accurately predict the properties of water from the gas to the condensed phases. ’®
In particular, MB-pol quantitatively reproduces the vibration—rotation tunneling spectrum of the
water dimer,’? the energetics, quantum isomeric equilibria, tunneling splittings, and vibrational

.77-88

spectra of small water clusters; the structural, thermodynamic, and dynamical properties 390

91-97

as well as the infrared, Raman, and X-ray spectra of liquid water; the sum-frequency gener-

98-101 he vapor-liquid equilibrium properties; 102 and the

ation spectra of the air/water interface;
energetics as well as the infrared and Raman spectra of various ice phases.'%-1% It has recently
been demonstrated that MB-pol is, to date, the only water model that correctly reproduce the phase
diagram of water over a wide range of temperature and pressure conditions. '%7 Given its accuracy,
MB-pol was used as a reference in the development of an optimized exchange—correlation density
functional for water. 18

It should be noted that MB-pol also represented the first step towards the development of the

109

many-body energy (MB-nrg) theoretical/computational framework, " which exploits the “near-

sightedness” of electronic matter'° to rigorously represent the energy of a given molecular system



in terms of individual many-body contributions.>° In this context, MB-pol was used to represent
water in MB-nrg PEFs of various aqueous systems, including halide and alkali-metal ions in wa-
ter,, 11112 CH4/H,O mixtures, 3114 and CO,/H,O mixtures. 13116 In particular, MB-nrg PEFs
developed for alkali-metal and halide ions were shown to accurately predict the structures, bind-
ing and interaction energies, and vibrational spectra of small X~ (H,O)y (with X = F, CI, Br, and
I) 17-120 and M+ (H,0)y (with M = Li, Na, K, Rb, and Cs) clusters as well as the hydration struc-
tures of C1—, Br—, I, NaT, KT, and Cs™ in solution. 121-124

The MB-pol theoretical/computational framework is fully transferable and highly flexible,
which implies that, as discussed in ref 76, MB-pol can be systematically improved by 1) training
the machine-learned PIPs on larger datasets, 2) including machine-learned PIPs explicitly repre-
senting higher n-body interactions, and 3) adopting higher-order PIPs with more terms to represent
the n-body energies. Since larger training sets for 2-body and 3-body energies along with a new
training set of 4-body energies have recently become available through the g-AQUA model’? and
considering that 10 years have passed since the first release of MB-pol,’®7? in this study we
introduce a new family of MB-pol PEFs, hereafter referred to as MB-pol(2023), developed by im-
plementing all three points listed above and assess their impact on the overall performance of each

of the MB-pol(2023) PEFs relative to the original MB-pol PEF.

THEORY AND METHODS

Models

Building upon the original MB-pol PEF,7-72 MB-pol(2023) approximates the MBE (eq 1) as

N N N N
En(1,....N) =Y VPO+ Y V0 )+ Y vPGin0+ Y, VP6jikD+Voa(l,...,N)
i=1 i<j i<j<k i<j<k<l
3)

where V!B V2B V3B “and V4B are explicit 1-body, 2-body, 3-body, and 4-body terms fitted to re-

produce the corresponding reference 1-body, 2-body, 3-body, and 4-body energies, and V,,; implic-



itly represents the polarization contribution at all many-body levels. By convention, Ey(1,...,N) =
0 corresponds to the configuration in which all N water molecules are separated by infinite dis-
tances and each molecule is in its minimum-energy geometry.

Each of the V2B, V3B and VB terms contains a corresponding 2-body, 3-body, and 4-body
machine-learned term (Vl(}lli) which is a product of a switching function and a PIP (i.e., Vl\’}[]i =

anP’fl%). As in the original MB-pol PEF, %! the PIPs adopted by MB-pol(2023) take the following

form:
5 L
Veip(M1, My, ..., Ma) = Y cr-mi(&1, 82, -, Ew) 4)
I=1
Here, M|, M», ..., M, are n water molecules, L is the number of linear parameters, ¢; are the linear

parameters, 1); are the symmetrized monomials built from the variables, &;_y, each of which is an

exponential of an interatomic distance with one of the following forms:

ED(R) = ¢ Keom o (5a)
geXpO (Rym) = e Ke(mn) (Rmn—do () (5b)
gou(R,) = e KetmBm /g (5¢)
gOUO(R Y = ¢ Hetom) Run—docom) /R (5d)

where m, n are the indices for the atoms (O and H) or the lone-pair sites (L; and L,) defined
in Fig. 1, and R,,, is the distance between two atoms/sites. T(mn) maps the pair of atoms/sites
into distinct classes, such that all atom/site pairs within the same class share the same nonlinear
fitting parameters K¢(,,,) and dy (). The switching functions (s,) ensure that the contribution
from the Vl\’}lli terms goes to zero as the monomers in the dimer, trimer, or tetramer are separated.
Specific details about the functional form of the 2-body, 3-body, and 4-body PIPs are discussed in
the Supporting Information.

1-body term. As in the original MB-pol PEF,”° the 1-body term of the MB-pol(2023) PEFs
is represented by the analytical potential developed by Partridge and Schwenke,!?> which was

derived from high-level electronic structure calculations and further refined to reproduce the rovi-



H

Figure 1: Schematic representation of a MB-pol water molecule, showing the location of the ficti-
tious site (M) and lone-pair sites (L; and L) relative to the O and H atoms. Note that the L; and
L, sites occupy opposite positions on a plane perpendicular to the molecular plane containing the
O and H atoms (i.e., they point below and above the molecular plane, respectively.)

brational transitions of an isolated water molecule in the gas phase. Each water molecule is defined
by 6 sites (Fig. 1): three physical atoms (O and H), one fictitious site (M) along the bisector of the

HOH angle whose position is defined as

rM = Yiro + %2 (ru, +1,) (6)

with = 0.426706882, 1 = 1 — v, and » = 0.5 = Wy, and two lone-pairs (L; and L) whose

positions along the oxygen—lone-pair directions are defined as

1
I, =To+ 57 (ron, +rou,) = Y1 (Ton, X rom,) (7)

Here, rg is the position of the oxygen atom, roy, and roy, are the two OH bonds, and N =
—9.721486914088159 x 1072 and y, = 9.859272078406150 x 10~2 A ~! as in the original MB-
pol PEE.70

Geometry-dependent partial charges derived from the Partridge-Schwenke dipole moment sur-
face > are located on the M site and two H atoms, while atomic polarizabilities are located on the

three physical atoms (O and two H atoms).



2-body term. The explicit 2-body term of the MB-pol(2023) PEFs is expressed as

VP = Vit + Voo + Vi, 8)

Here, sze:]?m represents permanent electrostatics as Coulomb interactions between the geometry-

dependent partial charges on the M sites and H atoms. deif'p represents the 2-body dispersion

energy as a sum of pairwise additive contributions,

2B
Vdisp: Z _f(ainij) RO
icM ij
JEM,

)

where R;; is the distance between atoms i and j respectively on monomers My and My, Cg ;; is the

corresponding dispersion coefficient, and f(8;;R;;) is the Tang-Toennies damping function, '2°

6 61' 'Ri' n
f(8ij,Rij) = 1 —exp(—6;jRij) ) il
n=0

(10)

n!

All parameters (i.e., C¢ ;;j and J;;) entering the expression of deiSBp in eq 9 are taken from the original
MB-pol PEF.”%7!

The first term in eq 8, Vl\%lli, is a machine-learned PIP (as in eq 4) built from the variables (§)
listed in eqs. Sa-5c, which are functions of the distances between the atoms (O and H) and lone-pair
sites (L and L,) of the two water molecules within a dimer. It was demonstrated that Vl\zﬁ in the
original MB-pol PEF effectively accounts for short-range quantum-mechanical interactions (e.g.,
exchange-repulsion, charge transfer, and charge penetration) that arise when the electron densities

of two water molecules overlap. >’ Vl\z,[}i smoothly switches to zero as the distance between the two

molecules (M| and Mj;) becomes larger than a predefined cutoff value,

Roo — R;
Vit = 2 (—> Voip (M1, My) (11)
Rout _Rin

where Rog is the distance between the oxygen atoms of the two molecules (M and M»). Ineq 11,



s,(t) is the same switching function adopted by MB-pol,’%”! which is defined as

1 ift <0
s2(1) = 3[l+cos(my)] if0<r<1 (12)
0 if 1<t

By construction, s5(¢) = 1 when Roo < Rj, and s(7) = 0 when Rop > Royt- Therefore, the values
of the inner (R;,) and outer (R,y;) cutoffs in eq 11 define the region over which Vl\%[]i is continuously
switched off. The inner and outer cutoffs are kept as in the original MB-pol PEF,”? with R;, =4.5 A
and Roy = 6.5 A.

By systematically increasing the highest degree of the polynomial, we developed three distinct
versions of VI%%(MI ,M>), hereafter referred to as 2a, 2b, and 2c, whose highest degree is equal to
4,5, and 6, respectively. All three versions of V35 (M, M,) are functions of 31 distances between
the O and H atoms and the L and L; sites. Model 2a adopts the same functional form as the
2-body PIP in the original MB-pol PEF,”° including 6 1st-degree, 63 2nd-degree, 491 3rd-degree,
and 593 4th-degree symmetrized monomials, resulting in a total of 1153 linear parameters. Model
2b includes 6 1st-degree, 63 2nd-degree, 491 3rd-degree, 593 4th-degree, and 1022 Sth-degree
symmetrized monomials, resulting in a total of 2175 linear parameters. Model 2¢ includes 6 1st-
degree, 63 2nd-degree, 491 3rd-degree, 593 4th-degree, 1022 Sth-degree, and 1653 6th-degree
symmetrized monomials, resulting in a total of 3828 linear parameters. Similar to the original
MB-pol PEF,”° all polynomial terms approach zero when the distance between the two water
molecules increases. All three models also include 8 nonlinear fitting parameters. Specific details
about the functional form of VPZI%(Ml ,Mp) are discussed in the Supporting Information.

3-body term. As in the original MB-pol PEF,”! the explicit 3-body term of the MB-pol(2023)

PEFs is represented by a short-range term:

VP =vip (13)



Similar to the 2-body term, Vfﬁ is represented by a machine-learned PIP74 built from the variables
(&) listed in egs. 5a-5c, which are functions of the distances between the atoms and lone pair sites

of the three water molecules within a trimer,

Vi = [s2(t12)52(t13) + 52(t12)52(t23) + 52(t13)52(123) | Voo (M, M2, M3) (14)

Here, the sum of the three terms in the square bracket represents a compound switching function
that smoothly goes to zero as any of the molecules moves apart from the other two. Specifically,

52 (tmy) is defined in eq 12 and #,,, is given by

Rin
tyn = 15
=R (15)

where R, is the distance between the oxygen atoms of monomers m and n, and Ry is a 3-
body cutoff chosen to disable the 3-body short-range term at distances where its contribution is
negligible. As in the original MB-pol PEF,”! R, = 4.5 A.

We developed three distinct versions of VSI%(MI,MZ,Mg,), hereafter referred to as 3a, 3b, and
3c, keeping the highest degree of the polynomial equal to 4 but systematically increasing the num-
ber of polynomial terms.

Model 3a adopts the same form as the 3-body PIP in the original MB-pol PEF,”! which implies
that it is a function of 36 distances between the O and H atoms of the three water molecules within
a trimer and includes 13 2“d—degree, 202 3rd—degree, and 948 4th—degree symmetrized monomials,
resulting in a total of 1163 linear parameters. Model 3a also include 10 nonlinear fitting parameters.
Models 3b and 3c are instead functions of 84 distances between the O and H atoms as well as the L
and L, sites of the three water molecules within a trimer. Model 3b includes 57 2"-degree, 148 374-
degree, and 1599 41-degree symmetrized monomials, resulting in a total of 1804 linear parameters.
Model 3c includes 14 2™-degree, 182 3™-degree, and 2011 4™-degree symmetrized monomials,
resulting in a total of 2207 linear parameters. Model 3b and 3c also include 13 nonlinear fitting

parameters. Similar to the original MB-pol PEF,”! all polynomial terms approach zero when at

10



least one of the water molecules moves away from the others. Specific details about the functional
form of VSI%(Ml ,Mp,M3) are discussed in the Supporting Information.

4-body term. The explicit 4-body term of the MB-pol(2023) PEFs is represented by a short-
range term:

VB — B (16)

Similar to the 2-body and 3-body terms, Vf,'[]i is represented by a machine-learned PIP* built from
the variables (&) listed in egs. 5a-5¢, which are functions of the distances between all O and H

atoms of the four water molecules within a tetramer,

Vo = s4(My, My, M3, My )V (M1, M2, M3, My) (17)

The 4-body switching function is defined as:

s4(M1,Mp, M3, My) = s2(t12)s2(t13)52(t14)52(123)52(t24) 52(134) (18)
where
Rmn _Rin>
tin=|———— (19)
(Rout _Rin

s4 smoothly varies from one to zero as the largest O-O distance within the tetramer goes from Ry,
to Rout.

To be consistent with the notation used for the 2-body and 3-body PIP models discussed
above, we define model 4a as Vf;lli = 0, because the original MB-pol PEF did not include a Vﬁ%
term, instead letting the many-body polarization term (Vjo) model all 4-body interactions.’%-7!
We also developed two (non-zero) versions of Vf,'[%, hereafter referred to as 4b and 4c, by sys-
tematically increasing the cutoff distance of the switching function s4(Mj,M»,M3,My) in eq 18.
Since the available 4-body training set is relatively small,”> we only developed one version of

VIfI%(Ml,Mz,M3,M4) which is adopted by both models 4b and 4c, which implies that the two

versions of Vf,'[]i only differs due to the different range of action of the switching functions. The

11



4-body PIP is a function of 66 distances between all O and H atoms within a tetramer. Consistently
with the 2-body and 3-body PIPs, the selection of polynomial terms ensures that all accepted terms
approach zero as any subset of the monomers in the tetramer move apart from the others. Model 4b
adopts (Rin, Rout) = (4.5,5.5) and model 4c adopts (Rin, Rout) = (5.5,6.5). Specific details about
the functional form of VlfI%(M 1,M2,M3,My) are discussed in the Supporting Information.
Many-body polarization. Finally, V,, in eq 3 describes the induction energy and is repre-
sented by a classical many-body polarization term built upon a modified version of the Thole-type
model 1?8 originally introduced in ref 34. This implies that the MB-pol(2023) PEFs represent the

n-body energies, with n > 2 as follows:

EB—pol = V2 + Vil (20a)
EMB_pot = V" + Vot (20b)
EMB—pol = V2 + Vool (20c)
Extn pot = Vool (20d)
with
Vool = Vout + Vout + Vot Vol - 1)

As the original MB-pol PEF,”%~72 all MB-pol(2023) PEFs, by construction, thus fully represent

both short- and long-range many-body interactions at all n-body levels, explicitly up to the 4-body

term and implicitly for all n-body terms with n > 4.76:127

Training

The linear and nonlinear parameters in each of the n-body PIPs, i.e., VI?I]?,(Ml,Mz) in eq 11,

VSI%(Ml ,M,,M3) in eq 14, and VB (M1, M2, M3,My) in eq 17, were determined by minimizing

12



the following loss function as in the original MB-pol PEF:70-71

v
=Y wileh k) —eB (k)2 +r2Y 22)
keQ =1

Here, Q is the n-body training set, 81’\141?3_p01(k) and €2 (k) are the predicted and reference n-body

energies, respectively, for the k-th configuration in the corresponding n-body training set; v is the
number of terms in the corresponding n-body PIP; ¢; is the linear parameter associated with the
Ith term; and T is a regularization parameter set to 5 x 10~* for the 2-body energies and 1 x 1074
for the 3-body and 4-body energies. The weights w; were calculated to bias the fit in favor of

low-energy n-body configurations:

AE 2
wy = 23
k <Ek—Emin+AE> (23)

where E; is the binding energy of the k-th n-body configuration and E,y;, is the minimum binding
energy in the corresponding n-body training set; and AE is a parameter set to 25 kcal/mol for
the 2-body energies, and 37.5 kcal/mol for the 3-body and 4-body energies. By construction, wy
effectively reduces the impact unphysically-distorted configurations have on the training set. The
polynomial generation and training process of the 2-body, 3-body, and 4-body terms of the MB-
pol(2023) PEFs was carried out with the MB-Fit software.!?° Briefly, following the procedure
described in ref 130, the non-linear fitting parameters were optimized using the Nelder-Mead
simplex algorithm. 3! At each step of the simplex algorithm, the linear parameters were determined
using ridge regression. 132

The training sets and reference energies used to fit the 2-body, 3-body, and 4-body terms of the
MB-pol(2023) PEFs were obtained from ref 73, and contain 71892 dimer configurations, 45332
trimer configurations, and 3692 tetramer configurations, respectively. As discussed in detail in ref
73, the reference 2-body energies were calculated at the CCSD(T) level of theory using a two-

point extrapolation between the values obtained with the aug-cc-pVTZ and aug-cc-pVQZ basis

sets, which were corrected for the basis set superposition error (BSSE) using the counterpoise

13



method. !33 The reference 3-body energies were calculated at explicitly correlated CCSD(T) level
of theory, i.e., CCSD(T)-F12a, with the the aug-cc-pVTZ basis set and corrected for the BSSE us-
ing the counterpoise method. 133 The reference 4-body energies were calculated at CCSD(T)-F12
level of theory with the heavy-aug-cc-pvtz basis set. For more details about the training set con-
figurations and energy calculations, we refer the reader to ref 73. It should be noted that, based on
eq 22 and our fitting process, 2-body and 3-body configurations that lie outside the range of action
of the corresponding 2-body (eq 12) and 3-body (eq 14) switching functions have no effect on the
loss function. As a result, the actual 2-body and 3-body training sets used in the development of
the MB-pol(2023) PEFs contain 71117 dimers and 38631 trimers. Since the original 4-body train-

ing set is relatively small,”3

we retained all tetramer configurations and set the 4-body switching
function equal to 1 during the fitting process (i.e., s4 was only applied after V}fI]}%(Ml , My, M3,My)
was optimized). Since the dimer, trimer, and tetramer binding energies calculated at the same level
of theory used in the development of the original 2-body, 3-body, and 4-body training sets’? were
not available to us, !3* each Ej in eq 23 was calculated with the g-AQUA PEF that has been shown
to accurately reproduce the the 2-body, 3-body, and 4-body energies of the training sets.”> Root-
mean-square errors (RMSEs) associated with 2-body, 3-body, and 4-body energies calculated with

the MB-pol(2023) PEFs on the corresponding training sets discussed above are summarized in

Table 1.

Benchmarks

Following our previous studies, the accuracy of the MB-pol(2023) PEFs was assessed through
a systematic analysis of the energetics of the water hexamer as well as various structural and
thermodynamic properties of liquid water studied as a function of temperature. Specifically, we
performed a many-body decomposition analysis for the first eight low-lying energy isomers of the
water hexamer shown in Fig. 2 whose geometries were taken from ref 89. As discussed in the

135-137

literature, the hexamer cluster holds a special place in the development of water models

because it is the smallest water cluster for which the low-lying isomers display three-dimensional

14



hydrogen-bonded structures similar to those found in liquid water and ice. Importantly, it has been
shown that the ability of a water model to accurately reproduce each individual n-body contribu-
tion to the interaction energies of the hexamer isomers is directly correlated to the ability of the
model to correctly predict the properties of water across different phases and thermodynamic state
points. 76:138,139

To assess the ability of the MB-pol(2023) PEFs to predict the properties of liquid water, MD
simulations were performed in the canonical (NVT: constant number of molecules, volume, and
temperature) and isothermal-isobaric (NPT: constant number of molecules, pressure, and temper-
ature) ensembles for a cubic box of N = 256 water molecules in periodic boundary conditions.
The NVT simulations were carried out at a temperature of 298 K and corresponding experimen-
Table 1: Summary of the 2-body, 3-body, and 4-body models reported in this study. Root-mean-
square error (RMSE) is in kcal/mol. RMSE(BE<25) corresponds to the RMSE calculated for

configurations with binding energies lower than 25 kcal/mol, with the binding energies calculated
with the -AQUA PEF.”3

2-body energy

model 2a 2b 2c
degree of polynomial 4 5 6
number of parameters 1153 2175 3828
RMSE 0.1542 0.0875 0.0492
RMSE (BE<25) 0.0431 0.0296 0.0219

3-body energy

model 3a 3b 3c
degree of polynomial 4 4 4
number of parameters 1163 1804 2207
RMSE 0.0630 0.0556 0.0509
RMSE (BE<25) 0.0304 0.0231 0.0214

4-body energy

model 4b 4c
degree of polynomial 4 4
number of parameters 266 266
RMSE 0.0430 0.0273
RMSE (BE<25) 0.0425 0.0264

15



tal density of 0.997 g-cm™>. The NPT simulations were carried out at a pressure 1 atm over the
temperature range from 238 K to 338 K. The velocity-Verlet algorithm was used to propagate
the equations of motion with a time step of 0.5 fs according to ref 140. In both NVT and NPT
simulations the temperature was controlled by a global Nosé—Hoover chain of 3 thermostats with
a relaxation time of 0.25 ps. In the NPT simulations the pressure was controlled by a global
Nosé—Hoover barostat with a relaxation time of 2.5 ps whose temperature was controlled by a
Nosé—Hoover chain of three thermostats. After an equilibration time of 0.1 ns, both NVT and NPT
simulations were run for production with durations ranging from 0.35 ns to 2.0 ns, depending on
the temperature. A real-space cutoff of 9 A was applied to evaluate all short-range nonbonded
interactions, while all long-range interactions (including electrostatic, dispersion, and polarization
contributions) were calculated in reciprocal space using the particle mesh Ewald (PME) solver as
implemented in the helPME library. 141142 All MD simulations were carried out with the Large-
scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) '3 package through “fix_mbx”

and “pair_mbx” styles that enable the interface with the MBX software for the calculation of many-
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Figure 2: Structures of the first eight low-lying energy isomers of the water hexamer used in the
analysis of interaction and many-body energies. The structure of each isomer was taken from ref
89.
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body energies and forces in both periodic and non-periodic boundary conditions. #*

Besides calculating the radial distribution functions (RDFs), the structure of liquid water pre-
dicted by the MD simulations carried out with the different MB-pol(2023) PEFs was also charac-

terized by analyzing the tetrahedral order parameter g defined by: !4

3

1
qtet—l—g Z Z (cos Vi) + 3) (24)

j=lk=j+1

where ;. is the angle between the oxygen of the central water molecule and the oxygen atoms (;j
and k) of the two neighboring water molecules. When g = 1, the water molecules are in a perfect

tetrahedral arrangement, and g = O represents the ideal gas limit.

RESULTS

Interaction and many-body energies

Following from eq 3 and as discussed in ref 76, the accuracy of a many-body PEF developed within
the MB-pol theoretical/computational framework depends on both the underlying classical many-
body model (i.e., sze]?m, V(%]Sp, and Vj,) and the complexity of the n-body PIPs used to correct for
the short-range quantum-mechanical nature of the n-body energies. In particular, since the larger
PIPs in the models b and ¢ have greater flexibility, they are, consequently, able to more accurately
reproduce quantum-mechanical n-body energies. We will begin by analyzing the errors made at
the different many-body levels by the different n-body models adopted by the MB-pol(2023) PEFs.

Fig. 3a shows that the 2-body error decreases significantly when the number of terms approxi-
mately doubles from model 2a (1153 terms) to the model 2b (2175 terms). However, doubling the
number of terms again from model 2b to model 2c (3828 terms) does not show the same drastic
improvement. While model 2¢ exhibits smaller errors for most of the hexamer isomers, it is un-

able to improve the description of 2-body energies for the lowest isomers (i.e., the prism and cage

isomers). Nonetheless, it is worth mentioning that the order of the error is lower than 0.1 kcal/mol,
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Figure 3: Unsigned errors associated with the different MB-pol(2003) models of a) 2-body, b)
3-body, and c) 4-body energies relative to the CCSD(T) reference energies reported in ref 73.

which is close to the intrinsic limit of accuracy of CCSD(T) calculations.

While the errors in 3-body energies reported in Fig. 3b do improve to some extent as the number
of terms in the 3-body PIP is increased from model 3a (1163) to model 3b (1804), and again to
model 3¢ (2207), the change is not significant (except for the bag isomer). This is likely because

the 3-body errors for all the isomers, except for the bag isomer, are already very small, with their

absolute values being less than 0.1 kcal/mol.
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As discussed in the Theory and Methods section, due to the limited number of configurations
in the training set, only 266 terms were used for the 4-body PIP which were combined with two
different switching functions (eq. 18) to build the 4b and 4c models. Due to a shorter cutoff distance
(Rout In €q. 19), model 4b exhibits some deficiencies in describing configurations where the water
molecules are distant from each other since some relevant tetramers are outside the switching
range and thus not included in Vf;[%. On the other hand, Fig. 3c shows that model 4c, which adopts
a larger cutoff distance in the switching function (eq. 18), is able to accurately describe all hexamer
isomers.

The magnitude of the errors associated with the different n-body models shown in Fig. 3 can
be put into perspective by analyzing individual n-body contributions to the interaction energies of
each hexamer isomer, as shown in Fig. 4. As expected,’® compared to models 2a and 3a that adopt
the same 2-body and 3-body PIPs as the original MB-pol PEF, respectively, models 2b and 2c, and
models 3b and 3¢ predict 2-body and 3-body energies that get progressively closer to the CCSD(T)
reference values. The inclusion of VIfI% in models 4b and 4c significantly improves the descriptions
of 4-body energies when compared to the original MB-pol PEF, which does not include a PIP
4-body term (model a). This behavior is consistent with ref 146.

Fig. 5 reports a systematic analysis of the interaction energies calculated for the hexamer iso-
mers using the different MB-pol(2023) PEFs obtained by combining the various 2-body, 3-body,
and 4-body models presented in Fig. 4. For comparison, we report in Fig. 5 the CCSD(T) reference
interaction energies®® as well as the corresponding values calculated with the g-AQUA PEF in ref
73 and the original MB-pol PEF in ref 89. To provide further insights into the performance of
the MB-pol(2023) PEFs, also shown in Fig. 5 are the interaction energies obtained by using the
reference CCSD(T) values for the low-order n-body energies and the implicit many-body polar-
ization term (Vp01) adopted by the MB-pol PEFs for the higher-order n-body energies, which are
labeled as CCSD(T)+V,,,1. For example, CCSD(T)(2B+3B)+fo)l3B corresponds to a hybrid model

that uses the CCSD(T) 2-body and 3-body reference energies, and the many-body polarization

V>3B

ol term for all n-body energies with n > 3. The differences between the CCSD(T) reference
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Figure 4: Many-body energies of the first eight isomers of the water hexamer calculated with the
different MB-pol(2003) models. Panels a-c: 2-body energies calculated with the 2a, 2b, and 2¢
models. Panels d-f: 3-body energies calculated with the 3a, 3b, and 3c models. Panels g-i: 4-body
energies calculated with the 4a, 4b, and 4c models. For comparison also shown in each panel are
the MB-pol and CCSD(T) reference values reported in ref 89.

interaction energies and the corresponding CCSD(T)+V,,, values are due to the truncation of the

explicit many-body terms, while the differences between the MB-pol(2023) interaction energies

and the corresponding values calculated with the CCSD(T)+V,,,; model are effectively a measure

of how accurately the explicit n-body terms of the MB-pol(2023) PEFs reproduce the correspond-

ing CCSD(T) reference values. Additional analyses of the interaction energies of the hexamer

1somers calculated with the different MB-pol(2023) PEFs that do not include an explicit 4-body

term are reported in the Supporting Information.
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Fig. 5 clearly demonstrates that as the number of explicit n-body terms and the size of each
n-body PIP increase, so does the agreement between the interaction energies predicted by the cor-
responding MB-pol(2023) PEFs and the CCSD(T) reference values. Specifically, Fig. Sa-c show
the interaction energies calculated with the MB-pol(2023) PEFs that adopts models 2a, 2b, and 2¢
for the 2-body term, respectively, in combination with model 3c for the 3-body term, without an
explicit 4-body term. While the 3-body model in the corresponding MB-pol(2023) PEFs does not

change, the 2-body model increases in accuracy from model a to model c. Importantly, Fig. 5c
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Figure 5: Interaction energies of the first eight isomers of the water hexamer calculated with the
different MB-pol(2023) PEFs. Also shown for comparison are the MB-pol and q-AQUA val-
ues reported in refs. 89 and 73, respectively. The CCSD(T) reference values are from eq 89.
CCSD(T)+V,o refers to a hybrid model where the low-order n-body energies are represented by
the CCSD(T) values and all higher-order n-body energies are represented by the implicit many-
body polarization term (V},,1) adopted by the MB-pol PEFs. See main text for details.
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shows that the interaction energies predicted by the MB-pol(2023)/2c.3c PEF effectively overlap
with the corresponding values calculated with the hybrid CCSD(T)+V,,,1 model, indicating that
models 2¢ and 3c closely reproduce the 2-body and 3-body CCSD(T) reference energies. The
increased accuracy achieved by going from model 2a to model 2c provides support to the con-
clusions drawn in ref 76 that increasing the size of both PIPs and associated training sets within
the MB-pol theoretical/computational framework leads to higher accuracy in the representations
of n-body energies.

The effect on the interaction energies predicted by the MB-pol(2023) PEFs due to the addition
of an explicit 4-body term described by models 4b and 4c is analyzed in Fig. 5d-f and Fig. 5g-
i, respectively. All three MB-pol(2023) PEFs that include an explicit 4-body term represented
by model 4b, i.e., MB-pol(2023)/2a.3c.4b, MB-pol(2023)/2b.3c.4b, and MB-pol(2023)/2c.3c.4b
in Figs. 5d-f, respectively, improve upon the original MB-pol PEF. Importantly, the most accu-
rate member of this family of PEFs, i.e., MB-pol(2023)/2c.3c.4b also improves upon the q-AQUA
PEF, 3 but still exhibits some deviations from the CCSD(T) reference values for the planar hex-
amer isomers (cyclic chair, cyclic boat 1, and cyclic boat 2). The differences with the the CCSD(T)
reference values can be traced back to the limitations of model 4b to correctly describe tetramers
where the water molecules are distant from each other since these configurations lie outside the
switching range as shown in Fig. 4.

Fig. 5g-1 shows that adding an explicit 4-body term represented by model 4c¢ significantly ele-
vates the accuracy of the corresponding MB-pol(2023) PEFs, with MB-pol(2023)/2c.3c.4c quan-
titatively reproducing the CCSD(T) reference interaction energies of all hexamer isomers, outper-
forming both the original MB-pol PEF7%7! and the more recent -AQUA PEF.”3 In this regard,
it should be noted that MB-pol(2023)/2b.3c.4c also improves upon q-AQUA, which is consistent
with the analysis presented in Fig. 3 showing that the improvement in the representation of 2-body
energies achieved by model 2c¢ relative to model 2b is only marginal.

The analyses of many-body and interaction energies presented here provide a clear demonstra-

tion of how the accuracy of data-driven many-body PEFs of water developed within the MB-pol
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theoretical/computational framework, such as the MB-pol(2023) PEFs introduced in this study,
can be systematically improved by 1) training the n-body PIPs on larger training sets, 2) includ-
ing PIPs that explicitly represent higher n-body interactions, and 3) adopting higher-order PIPs
with more terms to represent the n-body energies, as originally proposed in ref.’® Importantly, the
higher accuracy exhibited by the most sophisticated MB-pol(2023) PEFs introduced in this study
(MB-pol(2023)/2b.3c.4c and MB-pol(2023)/2c.3c.4c), which include all many-body terms through
the combination of machine-learned PIPs and implicit many-body polarization, when compared to
q-AQUA,® which instead only includes up to 4-body effects, provides further support for the im-
portance of including all n-body terms of the MBE when representing the molecular interactions

in water. 7°

Liquid water

The next step in assessing the accuracy of the MB-pol(2023) PEFs involves analyzing the structural
and thermodynamic properties of liquid water. To this end, we performed MD simulations in both
NVT and NPT ensemble and calculated the RDFs and g of liquid water at different temperatures.
In the NVT simulations, the density was fixed at the experimental value (0.997 g/cm? at 298 K).
We begin our analysis focusing on the MB-pol(2023) PEFs that, as the original MB-pol PEF, 7071

do not include an explicit 4-body term. Fig. 6 show that these MB-pol(2023) PEFs predict oxygen-
oxygen RDF at 298 K in quantitative agreement with the experimental RDFs of ref 147. It should
be noted that similar agreement with the experimental data was also obtained from MD simulations
carried out with the original MB-pol PEF.7>8%%0 The quantitative agreement with the experimen-
tal RDFs provided by the different MB-pol(2023) PEFs is not surprising because, despite each
of these PEF adopting different 2-body and 3-body PIPs, they are all able to reproduce 2-body
and 3-body energies with sub-chemical accuracy (Fig. 3), which is significantly smaller than the
thermal fluctuations occurring in liquid water (kg7 = 0.59 kcal/mol at 298 K, with kp being Boltz-
mann’s constant). The high accuracy of the MB-pol(2023) PEFs is further demonstrated by the

close agreement between the RDFs calculated in the NVT and NPT ensembles which indicates
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that all MB-pol(2023) PEFs correctly represent the free-energy landscape of liquid water. Com-
parisons between the oxygen-oxygen RDFs calculated from NVT and NPT simulations carried out
as a function of temperature with the different MB-pol(2023) PEFs that do not include an explicit
4-body term are reported in the Supporting Information.

Fig. 7 shows that, by consistently improving the representation of 2-body and 3-body energies,
all MB-pol(2023) PEFs that do not include an explicit 4-body term also predict the density of water
over the temperature range between 238 K and 338 K in closer agreement with the experimental
values than the original MB-pol PEF . In particular, MB-pol(2023)/2c.3c predicts a density max-
imum of ~0.999 g/cm® at ~268 K, which is in good agreement with the experimental value of
1.000 g/cm? at 277 K.

Additional insights into the performance of the different MB-pol(2023) PEFs, which do not
include an explicit 4-body term, can be gained from the analysis of the tetrahedral order parameter
distributions P(ge). As discussed in the literature,'*> P(g) is a direct probe of the local struc-
ture of liquid water. Fig. 8 shows that all different MB-pol(2023) PEFs predict similar trends for
P(qiet) calculated from NPT simulations carried out over the temperature range between 238 K
and 338 K. In particular, all different MB-pol(2023) PEFs predict P(gt) to be bimodal at high
temperatures, with two peaks at g ~ 0.5 and g ~ 0.8. As the temperature decreases, the peak at
giet ~ 0.8 grows in intensity and shifts to higher g values, while the peak at g ~ 0.5 disappears,
indicating the progressive development of a more tetrahedral liquid structure. An analogous evo-
lution of P(get) was obtained from NPT simulations carried out with MB-pol in ref. 148 Tt should
be noted that, while all different MB-pol(2023) PEFs predict effectively indistinguishable P(get)
at 338 K, some noticeable differences are evident in P(g) calculated at lower temperatures. In
particular, all MB-pol(2023) PEFs that adopt model 3c to represent 3-body energies systematically
predict relatively sharper P(g) as the temperature decreases. Since the hydrogen-bond network
in supercooled water becomes more extended, P(gt) at low temperature is expected to be more
sensitive to many-body effects. The differences between P(gi) calculated with MB-pol(2023)

PEFs that adopt models 3b and 3c can thus be traced back to the differences between models 3b
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Figure 6: Oxygen—oxygen radial distribution function, g(r), calculated from NPT simulations
carried out at 1 atm and 298 K with the different MB-pol(2023) PEFs that do not include an
explicit 4-body term. See main text for details about the different MB-pol(2023) PEFs.
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Figure 7: Density of liquid water calculated from NPT simulations carried out as a function of
temperature at 1 atm with the different MB-pol(2023) PEFs that do not include an explicit 4-body
term. Error bars represent 95% confidence intervals. See main text for details about the different
MB-pol(2023) PEFs.

and 3c in representing 3-body energies, with model 3¢ providing overall closer agreement with the
CCSD(T) reference values as shown in Fig. 3. This is also consistent with all MB-pol(2023) PEFs
that use mode 3c predicting liquid densities in closer agreement with the experimental values at
low temperature (Fig. 7).

Finally, we examine the impact that including an explicit 4-body term has on the performance
of the MB-pol(2023) PEFs when used to simulate liquid water. To this end, we performed MD
simulations at 298 K in both NVT and NPT ensembles using the MB-pol(2023)/2c.3c.4b and MB-
pol(2023)/2c.3c.4c PEFs, which, as discussed in the Theory and Methods section, only differ in
the switching function adopted by the corresponding Vf,[li terms. Fig. 9a shows that the oxygen-

oxygen RDFs calculated from NVT and NPT simulations carried out with MB-pol(2023)/2¢.3c.4b
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are very similar. Such agreement is also found for P(g) calculated from NVT and NPT simula-
tions (Fig. 9b). Small differences, however, exist between the RDF calculated in the NPT ensem-

ble and the experimental RDF which manifest in MB-pol(2023)/2c.3c.4b predicting a density of
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Figure 8: Probability distribution of the tetrahedral order parameter, P(qe), calculated from NPT
simulations carried out as a function of temperature at 1 atm with the MB-pol(2023) PEFs that do
not include an explicit 4-body term. See main text for details about the different MB-pol(2023)
PEFs.
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1.015+0.002 g/cm? at 298 K compared to the experimental density of 0.997 g/cm?.

In contrast, noticeable differences between the NVT and NPT RDFs and P(gi) calculated
with MB-pol(2023)/2c.3c.4c are evident in Fig. 9b and Fig. 9d, respectively. In particular, MB-
pol(2023)/2c.3c.4c predicts a more disordered liquid structure as demonstrated by the relatively

higher amplitude of the RDF between ~2.6 A and ~2.6 A, which is indicative of the presence of
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Figure 9: a-b) Oxygen—oxygen radial distribution function, g(r), calculated from NVT (light
green) and NPT (dark green) simulations carried out at 298 K with the MB-pol(2023)/2¢c.3c.4b and
MB-pol(2023)/2¢.3c.4c PEFs, respectively. The experimental radial distribution function from ref
147 is shown as a grade shade. c-d) Probability distribution of the tetrahedral order parameter,
P(qtet), calculated from NVT (light green) and NPT (dark green) simulations carried out at 298 K
with the MB-pol(2023)/2c.3c.4b and MB-pol(2023)/2c.3c.4c PEFs, respectively. In the NVT sim-
ulations, the density of liquid water was fixed at the experimental value of 0.997 g/cm>. In the
NPT simulations, the pressure was fixed at 1 atm. See main text for details about the different
MB-pol(2023) PEFs.
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interstitial water molecules between the first and second solvation shells, and a relatively wider
P(qet)- As a result, MB-pol(2023)/2c.3c.4c predicts a density of 1.0604+0.003 g/cm3 at 298 K,
which is significantly larger than the experimental value of 0.997 g/cm?>.

The unsatisfactory performance of MB-pol(2023)/2¢.3c.4b and MB-pol(2023)/2c.3c.4c on mod-
eling liquid water when compared to the performance of the MB-pol(2023) PEFs that do not in-
clude an explicit 4-body term can be rationalized by analyzing the size and composition of the
4-body training set introduced in ref 73. As discussed in the Theory and Methods section, the 4-
body training set only contains 3692 tetramers, which should be compared with 2-body and 3-body
containing 71892 dimers and 45332 trimers, respectively. It follows that, because of its relatively
small size, the available 4-body training set is thus unlikely to provide a “complete” representation
of the tetramer configuration space, which is needed to correctly describe 4-body energies across
different phases and thermodynamic states. While MB-pol(2023)/2c.3c.4c was able to effectively
provide “CCSD(T) accuracy” for the interaction energies of the low-lying hexamer isomers, it is
less accurate at modeling the properties of liquid water, because doing so requires visiting regions
of the tetramer configuration space that are not fully represented in the training set.

The different performance of the MB-pol(2023)/2¢.3c.4b and MB-pol(2023)/2c.3c.4c PEFs on
modeling liquid water can, instead, be explained by considering the different ranges of action of the
switching function adopted by models 4b and 4c. As discussed in the Theory and Methods section,
model 4c employs a larger cutoff distance that allows MB-pol(2023)/2c.3c.4c to quantitatively
reproduce the CCSD(T) reference energies of the hexamer isomers. However, since this larger
cutoff distance extends beyond well-defined tetramers found in the gas phase, it enables the 4-
body term on tetramers in the liquid phase that are not represented in the relatively small 4-body
training set, resulting in the somewhat ill-behavior of MB-pol(2023)/2¢c.3c.4c in simulations of
liquid water. On the other hand, the smaller cutoff distance adopted by model 4b effectively limits
the impact of Vf;lli on the performance of MB-pol(2023)/2c.3c.4b, reducing the negative impact on
the predicted water properties but also having a lesser positive impact on the hexamer interaction

energies.
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These analyses suggest that, while the size and composition of the current 4-body dataset are
sufficient for modeling 4-body energies in gas-phase clusters, they appear to be inadequate to
correctly represent the diversity of tetramer configurations found in the liquid phase. This implies
that, within the MB-pol theoretical/computational framework, the explicit 4-body term must be
trained on larger and more diverse 4-body datasets than currently available in order to guarantee
its full transferability from the gas to the liquid phase. It should, however, be noted that the MB-
pol(2023) PEFs that do not include an explicit 4-body term already improve upon the original MB-
pol PEF, providing closer agreement with experimental data for various properties of liquid water.
Importantly, while MB-pol(2023)/2¢.3b and MB-pol(2023)/2c.3c appear to provide the closest
agreement to reference data, given the magnitude of thermal fluctuations at finite temperature,
which are significantly larger than the differences in 2-body and 3-body errors shown in Fig. 3,
all MB-pol(2023) PEFs are expected to perform similarly in simulations of liquid water across

different temperatures and pressures.

Conclusions

Building on the success of the MB-pol data-driven many-body PEF of water, which was introduced
by our group ten years ago,’%’2 in this study we have developed a family of MB-pol(2023) PEFs
that improve upon the original MB-pol PEF by 1) training the machine-learned n-body PIPs on
larger n-body datasets for n = 2, 3, and 4, which have recently become available,”® 2) including an
explicit representation of 4-body energies through a corresponding machine-learned 4-body PIP,
and 3) adopting higher-order PIPs with more terms than the original MB-pol PEF to represent the
2-body and 3-body energies.

Through systematic analyses of many-body and interaction energies of the hexamer clusters,
we demonstrated that, as the number of explicit n-body terms and the size of each n-body PIP
increase, all MB-pol(2023) PEFs improve upon the original MB-pol PEF and progressively ap-

proach CCSD(T) accuracy. In particular, the most sophisticated MB-pol(2023) PEF, correspond-
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ing to MB-pol(2023)/2c.3c.4c, quantitatively reproduces CCSD(T) 2-body, 3-body, and 4-body
energies as well as interaction energies of the hexamer isomers, outperforming the q-AQUA PEF
that currently provides the most accurate description of water clusters.

MD simulations of liquid water carried out with the MB-pol(2023) PEFs in both NVT and
NPT ensembles show that including an explicit 4-body term does not necessarily improve the per-
formance of data-driven many-body PEFs developed within the MB-pol theoretical/computational
framework unless the size of the corresponding 4-body training set is sufficiently large to properly
represent the diversity of tetramers found in the liquid phase.

Considering that the original MB-pol PEF has already demonstrated outstanding accuracy, ’®
we believe that the MB-pol(2023) PEFs that do not include an explicit 4-body term will enable sim-
ulations of water across different phases with even higher accuracy, effectively closing the gap with
experimental measurements. Importantly, as already discussed in ref 76, our study demonstrates
that the MB-pol theoretical/computational framework provides a rigorous and efficient platform
for the development of data-driven many-body PEFs for water that can be systematically improved
as larger and more diverse training sets of n-body energies become available. This implies that the
MB-pol(2023) PEFs introduced in our study can be trivially improved, without changing the un-
derlying functional form, by training the current 2-body, 3-body, and 4-body terms on more “com-
plete” datasets and/or adding explicit n-body terms with n > 4. In this regard, it should, however,
be noted that, as discussed in our study, the original MB-pol PEF as well as the new MB-pol(2023)
PEFs (with explicit terms up to the 3-body term) already achieve sub-chemical accuracy, which im-
plies that the additional accuracy gained by increasing the complexity of the MB-pol(2023) PEFs
will increase the associated computational cost and only result in a marginal improvement in the
description of the properties of water, especially at finite temperature where thermal fluctuations
are significantly larger than the intrinsic errors associated with the MB-pol(2023) representations

of n-body energies.
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