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Non-Abelian anyons with Rydberg atoms
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We study the emergence of topological matter in two-dimensional systems of neutral Rydberg atoms in Ruby

lattices. While Abelian anyons have been predicted in such systems, non-Abelian anyons, which would form a

substrate for fault-tolerant quantum computing, have not been generated. To generate anyons with non-Abelian

braiding statistics, we consider systems with mixed-boundary punctures. We obtain the topologically distinct

ground states of the system numerically using the infinite Density Matrix Renormalization Group technique.

We discuss how these topological states can be created using ancilla atoms of a different type. We show that a

system with 2N + 2 punctures and an equal number of ancilla atoms leads to N logical qubits whose Hilbert

space is determined by a set of stabilizing conditions on the ancilla atoms. Quantum gates can be implemented

using a set of gates acting on the ancilla atoms that commute with the stabilizers and realize the braiding group

of non-Abelian Ising anyons.
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I. INTRODUCTION

Systems in two spatial dimensions exhibiting topological

order [1] are promising candidates for fault-tolerant quantum

computers and quantum memory [2,3]. This exotic state of

matter supports quasiparticle excitations which obeys anyonic

quantum statistics. Anyons come in two types: Abelian and

non-Abelian. Abelian anyons cannot be used for quantum

computation since their braiding produces only a phase [4].

Nevertheless, they can be used to store information in a

topologically protected way. Many quantum error correcting

schemes involve Abelian anyons. In Kitaev’s toric code [3]

three Abelian anyonic excitations emerge by placing a square

lattice spin system on a torus. It was later realized that toroidal

geometry was not a necessary requirement, which led to gen-

eralizations such as the surface or planar code [5,6]. On the

other hand, braiding non-Abelian anyons changes their state

by a unitary matrix. For both types of anyons error protection

against local perturbations is guaranteed by the robust ground-

state degeneracy and the energy gap between the ground state

and excited states [7].

Topological phases of matter have been under enormous

investigation because of their importance in condensate matter

physics as well as their potential applications to the field of

quantum information and quantum computation. Despite that,

the experimental realization of topological ordered states has

been elusive. Abelian anyons have been experimentally ob-

served in the fractional quantum Hall effect (FQHE) at filling

ν = 1
3

[8,9], whereas the existence of non-Abelian anyons at

fillings ν = 5
2

and ν = 12
5

has yet to be confirmed. Alternative

approaches involve spin systems in various lattices. It was
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theoretically predicted in Ref. [10] that a spin system in a hon-

eycomb lattice supports Abelian and non-Abelian anyons, the

latter only in the presence of a magnetic field. Recently, neu-

tral Rydberg atoms placed on Kagomé and Ruby lattices were

proposed as candidates for quantum computing and quan-

tum memory [11,12]. Numerical and experimental results

[13,14] claimed the realization of a topological spin liquid

using neutral atoms and the mechanism of the Rydberg block-

ade [15,16]. More specifically, previous results suggested the

emergence of the Z2 topological order of the toric code. This

is an Abelian anyon model described by the vacuum I and

the excitations e, m, and ε, which can be engineered to create

topologically protected quantum memory. e and m are bosons,

whereas their composition ε = e × m is a fermion.

To achieve fault-tolerant quantum computation, we need

non-Abelian braiding statistics. Attempts to obtain non-

Abelian statistics from systems with Abelian statistics using

topological defects have been studied extensively. Such de-

fects can be twists [17–20] or punctures [21,22] on the lattice.

In this work, we consider Rydberg atoms on the Ruby

lattice, which was studied in [13,14], and introduce punctures

with mixed boundaries. There are two types of boundaries

depending on the type of anyon condensate. For e anyons we

have a smooth boundary, whereas for m anyons we have a

rough boundary. We obtain the ground state of the system nu-

merically using the infinite Density Matrix Renormalization

Group (iDMRG) method developed in Ref. [23]. We discuss

how these topological states can be created and controlled

with the aid of ancilla atoms of a different type than the ones

forming the Ruby lattice. We show that a system with 2N + 2

mixed-boundary punctures, and an equal number of ancilla

atoms for control, leads to N logical qubits. Their Hilbert

space is obtained by constraining the state of the ancilla atoms

using a set of stabilizing conditions. Quantum gates can be

implemented using a set of gates acting on the ancilla atoms.

The latter commute with the stabilizers and form a realization

of the braiding group of non-Abelian Ising anyons.
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Our discussion is organized as follows. In Sec. II, we

introduce the model we use for the Rydberg atoms and ana-

lyze the ground states for a system with two mixed-boundary

punctures. Section III focuses on numerical calculations us-

ing iDMRG, where we first confirm that we obtain the spin

liquid phase and then show results for the ground states of

the system. In Sec. IV, we introduce a logical qubit basis on

a system containing mixed-boundary punctures with the aid

of stabilizer constraints on the ancilla atoms. We discuss how

interactions with ancilla atoms can be used to prepare states

and apply quantum gates on the system. We show that quan-

tum gates can be implemented with the aid of a set of gates

acting on the ancilla atoms that commute with the stabilizers

and realize the braiding group of non-Abelian Ising anyons.

Finally, in Sec. V, we summarize our results.

II. MODEL

We consider 87Rb neutral atoms placed on the sites of

a Ruby optical lattice of lattice spacing a governed by the

Hamiltonian

H =
�(t )

2

∑

i

(e−iα(t )bi + eiα(t )b
†
i ) −

∑

i

�i(t )ni

+
1

2

∑

i, j

V (ri j )nin j, (1)

with each site containing at most one atom. Equivalently, we

can consider the atoms located on the links of a Kagomé

lattice since these sites make up the vertices of the Ruby

lattice. The system is driven by coherent laser beams. The

atom at the site i can be either in the ground state |g〉i

or the Rydberg state |r〉i, with �(t ) denoting the Rabi fre-

quency of oscillation between the two states, which is a global

parameter controlled by varying the laser intensities [14].

Excitations from the ground state to the Rydberg state are

driven by the laser detuning �i(t ) which can be adjusted

on individual atoms, as needed. The operators bi and b
†
i are

bosonic lowering and raising operators for the two-level quan-

tum system {|g〉i , |r〉i} at site i (bi = |g〉i 〈r|). The particle

number operator ni = b
†
i bi = |r〉i 〈r|, determines if the atom

at site i is excited by projecting that atom onto the Ryd-

berg state. For each site i, we can construct the local Pauli

operators Xi = bi + b
†
i = |g〉i 〈r| + |r〉i 〈g|, Yi = i(bi − b

†
i ) =

i |g〉i 〈r| − i |r〉i 〈g|, and Zi = bib
†
i − b

†
i bi = |g〉i 〈g| − |r〉i 〈r|.

The last term can also be written in terms of the number

operator ni as Zi = I − 2ni. α(t ) is a global phase factor. The

case α = 0 is directly accessible with the corresponding term

in the Hamiltonian being the Pauli matrix X . To introduce a

nonvanishing α, we apply time evolution with a Hamiltonian

in which the detuning is dominant (H ≈ −�
∑

i ni) and adjust

the global detuning � to obtain the desired phase α, as can be

seen using e−iαZ XeiαZ = cos αX + i sin αY . The phase α can

be varied in time by adjusting the detuning. Finally, there is a

strong repulsion due to the van der Waals potential V (ri j ) =
�(Rb/ri j )

6, where Rb is the Rydberg blockade radius. Hence,

for every atom in the Rydberg state, there is a barrier that

blocks atoms inside a radius Rb from getting excited. For

our work, we will fine-tune the lattice spacing a and Rabi

FIG. 1. Left: Ruby lattice with open boundary conditions. Closed

Z and X loop string operators are used to detect the phase of the

system. Right: Ruby lattice with periodic boundary conditions (cylin-

der). Closed Z and X string operators circling the cylinder are used

to detect the phase of the system. For the periodic lattice, loop string

operators can also be used.

frequency � so that, for each excited atom, its six closest

neighbors are inside the blockade radius.

Due to the Rydberg blockade, operators within a triangle in

the Ruby lattice are not independent of each other. Consider

a triangle formed by the set of sites T = {i1, i2, i3}. There

are four possible states, the three Rydberg states |r〉 j ( j ∈ T )

and the ground state |g〉T with all atoms in their respective

ground states. In the basis {|g〉T , |r〉i1
, |r〉i2

, |r〉i3
}, operators

can be thought of as 4 × 4 matrices. For example, the part of

the Hamiltonian proportional to the Rabi frequency restricted

to the triangle in the Ruby lattice under consideration can be

written as

HT =
�

2

∑

i∈T

(e−iαbi + eiαb
†
i ) =

�

2

⎛
⎜⎜⎝

0 eiα eiα eiα

e−iα 0 0 0

e−iα 0 0 0

e−iα 0 0 0

⎞
⎟⎟⎠.

(2)

This result will be useful in the calculation of nonlocal string

operators to which we turn next.

To study the phase of the system, we consider the nonlocal

topological string operators X S′ =
∏

i∈S′ Xi and ZS =
∏

i∈S Zi,

along the strings S′ and S, respectively. These operators were

introduced in Ref. [10] for an exactly solvable Z2 lattice gauge

theory. In the context of gauge theories, the X S′ and ZS string

operators are the Wilson and ’t Hooft lines, respectively. Here,

they will be used to explore the different phases of matter that

our system exhibits.

As observed in Refs. [13,14], this Rydberg atom model has

a trivial phase for small �/�, a valence bond solid (VBS)

phase for large �/�, and a quantum spin liquid (QSL) phase

for intermediate values of �/�. We identify the phase of our

system by measuring closed loops for both X and Z topologi-

cal string operators, as shown in Fig. 1. Specifically, a closed

Z loop is vanishing in the trivial phase and nonzero in the QSL

and VBS phases, whereas a closed X loop is finite in the trivial

and QSL phases and vanishes in the VBS phase of matter. The

QSL phase realizes Kitaev’s toric code Z2 topological order,

as both e and m anyons emerge. The numerical results are

discussed in more detail in Sec. III.

However, open string operators are associated with the cre-

ation of these Abelian anyons. A pair of m anyons is created at
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FIG. 2. Left: Planar code with rough boundaries (m condensa-

tion), gives the |I〉 and |m〉 states. Right: Planar code with smooth

boundaries (e condensation), gives the |I〉 and |e〉 states.

the endpoints of an open Z string, whereas a pair of e anyons

is created at the endpoints of an open X string operator.

The boundaries of the Ruby lattice in Fig. 1 can be ei-

ther periodic or open. The first choice gives the toric code

[3], which has four-fold ground-state degeneracy. The second

gives the planar or surface code [5,6], which is experimentally

more feasible. In the planar code, the boundaries can be either

rough or smooth. The type of the boundary, in the planar

code, defines the type of anyon condensation. Smooth (rough)

boundaries contain e (m) anyon condensation.

The dimensionality of the planar code’s Hilbert space

H depends on the boundaries and the genus of the plane.

For a genus-0 plane, we need alternating boundaries to en-

code a logical qubit [dim(H) = 2]. For a genus-1 plane, we

can encode a qubit using uniform boundaries, as shown in

Fig. 2. Uniform rough boundaries, which correspond to an

m condensate, give two ground states, |I〉 with no anyons

(trivial state) and |m〉 containing m anyons in the puncture.

Similarly, smooth boundaries, which correspond to an e con-

densate, give two ground states, the trial state |I〉 and one

that contains e anyons in the puncture, denoted by |e〉. Such

systems, supporting e and m Abelian anyons, can be used for

quantum memory or nonuniversal quantum computation. To

construct a four-dimensional Hilbert space spanned by states

(|I〉 , |e〉 , |m〉 , |ε〉), where |ε〉 is obtained by fusing e and m

anyons, we need a puncture and mixed boundaries in both the

lattice and puncture.

Since the mixed boundary punctures can condense both e

and m anyons on their boundaries, we can construct the set of

ground states {|I〉 , |e〉 , |m〉 , |ε〉} using two mixed-boundary

punctures, p1 and p2. We define four nonlocal string operators

that act on this system, ZC , XC′ , ZS , and X S′ , as shown in

Fig. 3. C and C′ are loops around puncture p1 (or equiva-

lently p2). S and S′ are strings connecting the rough (m) and

smooth (e) boundaries of the two punctures, respectively. We

can use these four operators to detect the ground state. The

loop operators ZC and XC′ are independent of the choice of

loops c and C′, as long as they enclose a puncture. The ideal

values of these operators for the four ground states, as well as

the superposition states |±〉 = (|e〉 ± |m〉)/
√

2 [Eq. (3)], are

given in Table I.

To better understand mixed-boundary punctures, it is in-

structive to consider the case of two punctures with uniform

(e or m condensed) boundaries. For e condensed boundaries,

FIG. 3. Two mixed-boundary punctures on a lattice with rough

boundary conditions. The loops enclosing a puncture and the strings

connecting the two punctures define operators that are used to detect

the degenerate ground states.

e anyons can be present within the two punctures, and their

presence is detected by measuring the ZC operator along a

loop C containing one of the puncture. If 〈ZC〉 = −1, an e

anyon is enclosed in the puncture, whereas 〈ZC〉 = 1 implies

that no anyon is enclosed. For a system with two punctures

with m condensed boundaries, the presence of an m anyon

within a puncture is determined by the sign of the XC′ operator

along a loop C′ surrounding the puncture, with 〈XC′〉 = −1, 1

implying that an m or no anyon is enclosed in the puncture,

respectively.

Additionally, in a system with two punctures of e con-

densed boundaries, we consider the puncture-to-puncture

operator X S′ along a string S′ connecting the boundaries of

the two punctures. S′ is an open string with e anyons at its two

ends. The expectation value of this string is the overlap of the

ground state with the state resulting from adding an e anyon

to each puncture. An analogous operator ZS along a string S

connecting the m boundaries of the two punctures is measured

in a system with m condensed boundaries.

For the numerical simulations discussed in Sec. III, we

will also have to consider a lattice with periodic boundary

conditions on the top and bottom sides of the lattice making

the y axis periodic. Thus, our system is defined on an infi-

nite cylinder along the x axis. To measure ZC and XC′ , we

take advantage of the periodic boundary conditions in the y

TABLE I. Ideal expectation values of four loop operators, ZC ,

XC′ , ZS , X S′ , defined in Fig. 3, to detect the four ground states

|I〉 , |e〉 , |m〉 , |ε〉, and the superposition states |±〉 [Eq. (3)] of a

lattice with two mixed-boundary punctures.

State ZC XC′ ZS X S′

|I〉 1 1 0 0

|e〉 −1 1 0 0

|m〉 1 −1 0 0

|ε〉 −1 −1 0 0

|+〉 0 0 1 1

|−〉 0 0 −1 −1
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FIG. 4. (a) An X loop around each puncture is effectively given

by the product of two vertical strings across the puncture. If an m

anyon is present, the product is negative, otherwise it is positive. (b)

A Z loop around the puncture is given by the product of two vertical

strings.

direction such that, rather than measuring a large string that

encloses the entire puncture, we measure two strings around

the circumference of the cylinder: one before and one after

the puncture. If there is a pair of m (e) anyons enclosed in the

punctures, there is a Z (X ) string connecting the punctures,

and the Z (X ) string around the circumference crosses it.

Since Z and X strings anticommute, a change of sign of the

expectation value of Z (X ) resulting from a measurement of

the two strings before and after the puncture indicates that

an m (e) anyon is enclosed in the puncture. Therefore, we

report on numerical results for ZC around the two punctures

in terms of ZC1
, ZC2

, and ZC3
with loops C1,C2,C3 in the

y direction around the cylinder, as shown in Fig. 4(a). An

identical construction is used for XC , as shown in Fig. 4(b).

Turning to the cylindrical system containing two mixed-

boundary punctures, once again we can detect the four

degenerate ground states, displayed in Table I, by measuring

the four loop operators shown in Fig. 5.

Following Ref. [6], we introduce mixed-boundary punc-

tures in the lattice and seek to obtain non-Abelian statistics

from Rydberg atoms. To this end, an important ingredient is

the creation of the superposition states

|±〉12 =
|e〉12 ± |m〉12√

2
, (3)

FIG. 5. Two mixed-boundary punctures on a lattice with periodic

top and bottom boundary conditions.

for the two punctures p1 and p2, where the states |e〉12 and

|m〉12 have e and m anyons, respectively, enclosed in the

punctures. We obtained these states by running the iDMRG

algorithm over many random initial states and then classifying

them using the loop operators.

The punctures were implemented by removing unit cells

of atoms on a Ruby lattice. In the spin liquid regime, the

boundaries naturally condense m anyons, where a string loop

starting and ending on the boundary has a finite 〈Z〉 value and

a vanishing 〈X〉 value. Boundaries with e anyon condensation

can be obtained by decreasing the detuning to �′ < � (as dis-

cussed in Sec. III, for numerical results, we set �′ = 0.48�)

on the sites that make up the boundary of the punctures.

Measurements of the string operators give vanishing 〈Z〉 and

nonvanishing 〈X〉. The mixed-boundary punctures were cre-

ated by only changing the detuning of the boundary sites on

half of the boundary. Specifically, the detuning was reduced

to �′ = 0.48� on the highlighted sites shown in Fig. 6.

III. NUMERICAL METHOD AND RESULTS

We obtained the ground state of the system with Hamil-

tonian (1) on a Ruby lattice geometry numerically using

iDMRG with the TENPY PYTHON package introduced in

Ref. [12]. Following ref. [14], the parameters we used were

FIG. 6. Mixed-boundary puncture on the Ruby lattice. Sites

highlighted in gray have detuning �′ = 0.48�. The string operators

terminating on the boundaries of the puncture are used to detect the

condensation type. Expectation values are given in Table III.
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=

′

− ′′

FIG. 7. The strings S and S′ for the string operators ZS and X S′ ,

respectively, related by Eq. (5).

� = 2π × 1.4 × 106, α = 0, Rb = 2.4a, and Rtrunc =
√

7a,

with lattice spacing a [7]. Here, Rtrunc is the truncation dis-

tance, which is the maximum distance between two sites for

which the van der Waals interaction is included numerically

in the Hamiltonian. Although the van der Waals potential is

fixed in the experiment, the Rydberg blockade radius Rb can

be effectively tuned by adjusting the Rabi frequency � and

laser detuning � simultaneously to alter the relative contri-

bution of the van der Waals term to the Hamiltonian. Then

we performed iDMRG for different values of detuning � to

obtain the phase diagram.

Expectation values for Z string operators were calculated

directly using the ground states from iDMRG. Calculating

the X string operators was not straightforward. Following

Ref. [13], starting from the ground state |ψ0〉, we applied the

time evolution operator Uτ = e−iτH ′
under the Hamiltonian

(1) with � = 0 and α = −π/2,

H ′ =
i�

2

∑

i

(bi − b
†
i ) +

1

2

∑

i, j

V (ri j )nin j (4)

for τ = 4π

3
√

3�
. Then, we measured the dual ZS string operator

on |ψτ 〉 = Uτ |ψ0〉, which is equivalent to measuring an X S′

string on |ψ0〉. This duality follows from

eiτH ′
ZSe−iτH ′ = X S′ . (5)

Figure 7 shows the strings S, S′. To see this, concentrate on

one of the triangles with vertices at the sites i1, i2, i3 in the

lattice that the string S goes through. If it cuts the triangle at

i1, i2, it contains a factor Zi1 Zi2 . Using Eq. (1), we obtain

eiτHT Zi1 Zi2 e−iτHT = Xi3 . (6)

By including the contributions of all triangles along the string,

we deduce Eq. (5).

For the time evolution we used the set of parameters for

the van der Waals interaction with Rb = 1.53a and Rtrunc = a,

following Ref. [13]. Thus, the time evolution operator acted

only within the triangles of the Ruby lattice.

To confirm that the system is in the spin liquid phase, we

calculated the expectation values of open and closed X and

Z strings for a range of �/� values in a system without

punctures. As discussed in Ref. [13], the system supports three

phases: trivial, spin liquid, and valence bond solid (VBS). The

trivial phase appears when the ratio �/� is small and is char-

acterized by finite open and closed X strings and vanishing

open and closed Z strings. For large �/� values, the VBS

state is realized, which has finite open and closed Z strings and

vanishing open and closed X strings. For intermediate values

of �/�, we obtain the spin liquid phase with vanishing open

TABLE II. Ideal expectation values for open and closed Z and X

strings in the the Trivial, QSL, VBS phases.

Phase Open Z Open X Closed Z Closed X

Trivial 0 1 0 1

QSL 0 0 1 1

VBS 1 0 1 0

X and Z strings and finite closed X and Z strings. The ideal

expectation values for open and closed strings in the three

phases are summarized in Table II. The simulation results

for closed strings are plotted in Fig. 8. Note that the Z (X )

closed string expectation value approaches 0 for very large

(small) �/� instead of remaining finite. We attribute this to

the iDMRG not converging completely to the trivial and VBS

ground states at the ends of the �/� spectrum. It would be

interesting to obtain the ground states in these regions, but

they are not needed in our work here. For numerical results,

we restrict our attention to a single point in the space of

parameters �/� = 3.5. This is a global choice for all sites

except at the boundaries of the punctures. We set the detuning

at the sites on the e-condensed boundaries to �′ = 0.48�. We

confirm that the system supports mixed-boundary punctures

by measuring the expectation values of Z and X strings that

start and end on the two boundary types, as shown in Fig. 6.

Numerical results are given in Table III.

We now realize the ground states described in the pre-

vious section. In particular, we show results for |e〉12 and

|m〉12 ground states on the two-puncture system with mixed

boundaries, which are relevant for the non-Abelian braiding

statistics. To differentiate between the various ground states

involving punctures p1, p2 (|e〉12, |m〉12, |±〉12), we measure

the set of nonlocal string operators {ZC, XC′, ZS, X S′}. Again,

we take advantage of the periodic boundary conditions and

measure the operators shown in Fig. 5. These results are

shown in Table IV. Note that the values for 〈ZS〉 should be

0 but have high standard error values, such that they are con-

sistent with 0 with 2 standard errors. The high standard error

can be attributed to the iDMRG simulations lacking sufficient

bond dimension to fully describe the fluctuations for the large

system size, such that ZS did not completely vanish along all

the possible paths on the lattice.

FIG. 8. Expectation values of closed X and Z strings as a

function of �/�, obtained using iDMRG averaged over all single-

hexagon loops in a 6 × 4 infinite cylinder system.
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TABLE III. Numerical results for normalized expectation values

for the string operators shown in Fig. 6 using iDMRG.

Operator Expectation value

Z1 0.0259 ± 0.0129

X 1 1.086 ± 0.0612

Z2 0.974 ± 0.196

X 2 0.300 ± 0.0496

We normalize the expectation values of our nonlocal oper-

ators by calculating the joint expectation value of two strings.

For example, for ZS , we measure 〈ZSi
〉 along multiple strings

Si, and we also calculate 〈ZSi
ZS j

〉 for neighboring strings Si

and S j . The normalized expectation value of the string opera-

tor ZS is obtained by averaging 〈ZSi
〉/

√
〈ZSi

ZS j
〉 over strings i

and j.

IV. QUANTUM COMPUTATION

To realize the fusion rules of Ising anyons, e × m = f

with f a fermion, with the e and m anyons fusing with

themselves to form a vacuum state I (e × e = m × m = I),

we consider a system with four mixed-boundary punctures

p1, p2, p3, p4. Two e anyons (m anyons) can be created be-

tween the punctures p1 and p2 by connecting their rough

(smooth) boundaries with a ZS (X S) string, and similarly for

the p3 and p4 punctures. This allows us to define the states

|±〉12 [Eq. (3)] and, similarly |±〉34, respectively.

We restrict our attention to the two-dimensional Hilbert

space spanned by {|+〉12 |+〉34 , |−〉12 |−〉34}. These basis

states can be written in terms of four-puncture states corre-

sponding to I and f , respectively,

|I〉1234 =
1

√
2

(|e〉12 |e〉34 + |m〉12 |m〉34),

| f 〉1234 =
1

√
2

(|e〉12 |m〉34 + |m〉12 |e〉34),

(7)

as

|±〉12 |±〉34 =
1

√
2

(|I〉1234 ± | f 〉1234). (8)

TABLE IV. Normalized expectation values for the operators

shown in Fig. 5 for ground states |e〉 and |m〉 obtained using iDMRG.

|e〉 |m〉

ZC1
1.007 ± 0.0487 −1.154 ± 0.0990

ZC2
−1.0266 ± 0.0523 −0.931 ± 0.000849

ZC3
1.015 ± 0.0543 −0.999 ± 0.0633

XC′
1

0.826 ± 0.136 1.261 ± 0.0313

XC′
2

1.111 ± 0.0994 −0.811 ± 0.312

XC′
3

1.072 ± 0.0224 1.097 ± 0.0535

ZS −0.309 ± 0.301 −0.495 ± 0.329

X S′ −0.000183 ± 0.000113 −0.0132 ± 0.00648

It follows that the transformation between the basis states

|±〉12 |±〉34 and {|I〉1234 , | f 〉1234} is given by the matrix

F =
1

√
2

(
1 1

1 −1

)
, (9)

which is the fusion matrix in the Ising model.

For a pair of punctures, having an odd number of X (Z)

strings from one e (m) condensed boundary to another creates

an e (m) state. It follows that we can create all states of interest

by creating X and Z strings between boundaries as needed. To

this end, we introduce an additional array of ancilla atoms,

following the scheme proposed in Ref. [24]. The ancilla array

is constructed using atoms that are of a different type from

those in the Ruby lattice (e.g., 23Na). We can then implement

the two-qubit unitary (controlled-Z) gate between an ancilla

atom a (control) and a Rydberg atom at site i in the Ruby

lattice (target)

CZa
i = |0〉a 〈0| ⊗ I + |1〉a 〈1| ⊗ Zi. (10)

The CZa
i gate can be implemented through a number of ways

[25–28]. For definiteness, we consider the use of cold colli-

sions between the ancilla and Rydberg atoms [25,26]. This is

done by bringing the ancilla atoms close to the code atoms so

that their wave packets overlap for a brief time. This causes

the wave functions of the atoms to acquire a relative phase

whose amount can be controlled by the interaction time. The

relationship between the interaction time and the gate fidelity

was also investigated; see Ref. [25] for details.

We can use the aforementioned gate to create the Z string.

To see this, consider the action of the Z string on the triangles

of the Kagomé lattice as described in Ref. [13]. Whenever

a Z string passes through a dimer, it acquires a phase of

−1. The CZ gate reproduces this effect if the ancilla atom

is projected onto the |1〉a state. We can then use the ancilla to

apply a series of Zi gates along a string S (i ∈ S) consisting

of segments perpendicular to the links of the Kagomé lattice

and connecting one m boundary on one puncture to the same

boundary on a different puncture. This gives a ZS string. We

obtain the controlled-ZS gate

CZ
a
S =

∏

i∈S

CZa
i = |0〉a 〈0| ⊗ I + |1〉a 〈1| ⊗ ZS. (11)

For the X strings, we make use of Eq. (5). One simply has

to identify the appropriate conjugate paths for the required X

string as shown in Fig. 7 and time evolve appropriately.

CX
a
S′ = eiτH ′

CZ
a
Se−iτH ′

. (12)

We can create the superposition state in Eq. (3) by using an

ancilla pair in the 1√
2
(|01〉 ± |10〉) Bell state. Each ancilla

creates a ZS along their defined paths. The first ancilla creates

the CZ
a1

S1
string between the m-condensed boundaries, then

according to Eq. (12) we time evolve the system and apply the

requisite CZ
a2

S2
along the appropriate path(s) connecting the e

boundaries and time evolve again. This creates a superposition

of the X and Z strings, giving us the superposition states we

want.

Now, consider a Ruby lattice with two mixed-boundary

punctures p1, p2 in the topologically trivial ground state |I〉.
To create a state in the two-dimensional Hilbert space spanned
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by {|+〉12 , |−〉12}, we need two ancilla qubits to use as con-

trols to apply the string operators X S1
, ZS2

, where S1, S2 are

paths joining the two punctures. We obtain the state

|
2〉 = CX
a1

S1
CZ

a2

S2
|ψ2〉a1a2

|I〉12 , (13)

where |ψ2〉 is the initial state of the two ancilla qubits that

can be chosen at will. The state |
2〉 is a superposition

of several states including unwanted states. To ensure that

only the states |±〉12 contribute, we perform measurements

on the ancilla qubits that project onto a state in the span of

{|01〉a1a2
, |10〉a1a2

}. Then the state |
2〉 can be written as the

superposition

|
2〉 =
∑

σ=±
cσ |�σ 〉a1a2

|σ 〉12 , (14)

where

|�±〉 =
1

√
2

(|01〉 ± |10〉) (15)

are Bell states and the coefficients c± depend on the choice

of the initial state |ψ2〉 of the ancilla qubits. Their exact

value is not important, allowing us freedom in preparing the

initial ancilla state. A measurement of the ancilla qubits in the

Bell-state basis initializes the system in one of the states |±〉12

[Eq. (3)].

Next, we consider a Ruby lattice with four mixed-boundary

punctures p1, p2, p3, p4 in the topologically trivial ground

state |I〉. To create a state in the two-dimensional Hilbert space

spanned by the basis {|+〉12 |+〉34 , |−〉12 |−〉34}, we need four

ancilla qubits to use as controls to apply the string operators

X S1
, ZS2

, X S3
, ZS4

, where S1, S2 (S3, S4) are paths joining

punctures p1, p2 (p3, p4). We obtain the state

|
4〉 = CX
a1

S1
CZ

a2

S2
CX

a3

S3
CZ

a4

S4
|ψ4〉a1a2a3a4

|I〉1234 , (16)

where |ψ4〉 is the initial state of the four ancilla qubits

whose specific form is not important. To ensure that only

the states |±〉12 |±〉34 contribute, we perform measurements

on the ancilla qubits that project onto a state in the span of

{|�+〉a1a2
|�+〉a3a4

, |�−〉a1a2
|�−〉a3a4

}, This is equivalent to

demanding that the projection of |
4〉 be stabilized by the

commuting operators Xa1
Xa2

Xa3
Xa4

, Za1
Za2

, and Za3
Za4

, specif-

ically,

Xa1
Xa2

Xa3
Xa4

|ψ4〉 = |ψ4〉 ,

Za1
Za2

|ψ4〉 = − |ψ4〉 ,

Za3
Za4

|ψ4〉 = − |ψ4〉 . (17)

To project onto one of the states |±〉12 |±〉34, we need to

additionally measure Xa1
Xa2

(or, equivalently, Xa3
Xa4

) because

they belong to different eigenvalues since Xa1
Xa2

|�±〉a1a2
=

± |�±〉a1a2
. If, instead, we are interested in one of

the states {|I〉1234 , | f 〉1234}, we need to measure Za2
Za3

(or Za1
Za4

) whose eigenstates are 1√
2
(|�+〉a1a2

|�+〉a3a4
±

|�−〉a1a2
|�−〉a3a4

).

In a quantum computation we need to prepare an initial

state, apply gates, and then perform measurements on the final

state. To prepare the initial state, we may perform measure-

ments on the ancilla qubits bringing the state of the system in

the form

|
4〉 =
∑

σ=±
cσ |�σ 〉a1a2

|�σ 〉a3a4
|σ 〉12 |σ 〉34 , (18)

where the coefficients c± depend on the choice of the initial

state |ψ4〉 of the ancilla qubits. Their exact value is not impor-

tant. While an appropriate measurement of the ancilla qubits

will yield the desired initial state, it decouples the ancilla

qubits and can no longer be used in the quantum computation.

To remedy this, instead of fixing the initial state by an ancilla

measurement, we first apply the quantum gates and then mea-

sure all ancilla qubits. Indeed, let |σ 〉12 |σ 〉34 be the desired

initial state of the system for a given σ and U the unitary that

implements the quantum computation. The final state is
∑

σ ′=±

U σσ ′ |σ ′〉12 |σ ′〉34 , (19)

where U σσ ′
is a 2 × 2 matrix. To implement U , we construct

a dual unitary Ũ acting on the ancilla qubits such that

Ũ |�σ 〉a1a2
|�σ 〉a3a4

=
∑

σ ′=±

Ũ σσ ′ |�σ ′〉a1a2
|�σ ′〉a3a4

, (20)

where the 2 × 2 matrix Ũ σσ ′
is the transpose of U σσ ′

. By

acting with Ũ on the state |
4〉 and then measuring the ancilla

qubits with outcome σ , the state of the system collapses to the

desired final state (19).

We can realize the braiding group of Ising anyons by acting

with the dual exchange matrices

R̃12 = ei π
4

Xa1
Xa2 , R̃23 = e−i π

4
Za2

Za3 , (21)

as well as R̃34 = ei π
4

Xa3
Xa4 , R̃41 = e−i π

4
Za4

Za1 , on the ancilla

qubits. The qubits reduce to those in Eq. (21) in the subspace

defined by Eq. (17). After measuring the ancilla qubits, their

action amounts to exchange matrices Ri j on the system of

anyons on the Ruby lattice matching those of Ising anyons.

The Ising fusion matrix F [Eq. (9)] is similarly imple-

mented via its dual

F̃ = R̃−1
12 R̃23R̃−1

12 (22)

acting on the ancilla qubits. Also, the logical X is imple-

mented via X̃ ≡ (R̃23)2 and can also be obtained by braiding

punctures p1 and p3 [22].

To extend the above results to two logical qubits, we con-

sider a system with six mixed-boundary punctures, p1, . . . , p6

that requires six ancilla qubits a1, . . . , a6 for control. The

four-dimensional Hilbert space of the two logical qubits is

obtained by restricting the state of the ancilla qubits |ψ6〉 with

the stabilizer constraints

Xa1
Xa2

Xa3
Xa4

Xa5
Xa6

|ψ6〉 = |ψ6〉 ,

Za1
Za2

|ψ6〉 = − |ψ6〉 ,

Za3
Za4

|ψ6〉 = − |ψ6〉 ,

Za5
Za6

|ψ6〉 = − |ψ6〉 . (23)

It is spanned by the basis

{|ψ+++
6 〉 , |ψ+−−

6 〉 , |ψ−+−
6 〉 , |ψ−−+

6 〉} , (24)

where |ψσ1σ2σ3

6 〉 = |�σ1〉a1a2
|�σ2〉a3a4

|�σ3〉a5a6
(σ1,2,3 = ±).
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The Ising anyon braiding group is realized by defining dual

exchange matrices R̃
(6)
i j acting on the ancilla qubits, as before.

The exchange matrices on the Ruby lattice anyons R
(6)
12 and

R
(6)
23 remain single-qubit matrices. Indeed, we easily obtain

the decomposition of the 4 × 4 matrices on the lattice anyons

R
(6)
12 = R12 ⊗ I and R

(6)
23 = R23 ⊗ I in terms of the 2 × 2 ma-

trices (21). This is not the case for the exchange matrix R
(6)
56

which is a nontrivial two-qubit matrix. We obtain

R
(6)
34 = ei π

4
Xa3

Xa4 = |0〉L 〈0| ⊗ R12 + i |1〉L 〈1| ⊗ R−1
12 (25)

implementing a controlled-Z gate (since R2
12 = Z on a logical

qubit).

Extension to a larger number of logical qubits is straight-

forward. For N logical qubits, we consider a system of 2N + 2

mixed-boundary punctures p1, . . . , p2N+2 and an equal num-

ber of ancilla qubits, a1, . . . , a2N+2. We restrict the Hilbert

space to 2N dimensions by imposing the stabilizer conditions

2N+2∏

i=1

Xai
|ψ2N+2〉 = |ψ2N+2〉 ,

Za2i−1
Za2i

|ψ2N+2〉 = − |ψ2N+2〉 (i = 1, . . . , N + 1), (26)

on the ancilla state |ψ2N+2〉. We define quantum gates by using

the dual exchange matrices on the ancilla qubits

R̃
(2N+2)
2i−1 2i = ei π

4
Xa2i−1

Xa2i , R̃
(2N+2)
2i 2i+1 = e−i π

4
Za2i

Za2i+1 , (27)

which commute with the stabilizers (26).

V. CONCLUSION

We devised a scheme to obtain non-Abelian braiding statis-

tics using mixed boundary punctures in a spin liquid of

Rydberg atoms on a Ruby lattice. The spin liquid is diagnosed

by computing closed (open) string operators which we find to

be finite (vanishing). We confirm that the punctures produced

in the system realize both the e and m boundary types by

observing nonvanishing X S and ZS′ expectation values along

open strings S, S′ ending on the boundaries of punctures. The

system of the spin liquid with two mixed-boundary punctures

can support a set of four (quasi)degenerate ground states,

{|I〉 , |e〉 , |m〉 , |ε〉} identified by measuring the nonlocal loop

operators ZC, XC′ , ZS, X S′ , where S, S′ join the two punctures

and C,C′ are loops around a puncture.

We showed that superposition states, such as |±〉 =
1/

√
2(|e〉 ± |m〉) [Eq. (3)], can be used to define states that

realize non-Abelian Ising braiding statistics in a multipunc-

ture system. We discussed an experimental scheme using

cold collisions involving ancilla atoms to prepare topologi-

cally nontrivial ground states from the trivial state |I〉. We

obtained N logical qubits in a Ruby lattice with 2N + 2

mixed-boundary punctures and an equal number of ancilla

atoms that we added for control. The N-qubit Hilbert space

was obtained by constraining the state of the ancilla atoms

using a set of stabilizing conditions. Quantum gates could then

be implemented using a set of gates acting on the ancilla atoms

that commuted with the stabilizers and formed a realization of

the braiding group of non-Abelian Ising anyons.

It would be interesting to explore the possibility of im-

plementing Ising braiding statistics without the addition of

ancilla atoms, e.g., by engineering quantum gates acting

directly on the Ruby lattice without the need for control oper-

ations by the ancilla atoms. Extension of our results to realize

different non-Abelian braiding, such as Fibonacci anyons,

would also be of interest. Work in this direction is in progress.
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