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Sharp uniform-in-time mean-field convergence for

singular periodic Riesz flows

Antonin Chodron de Courcel, Matthew Rosenzweig, and Sylvia Serfaty

Abstract. We consider conservative and gradient flows for Ċ-particle Riesz energies with mean-

field scaling on the torus TĚ , for Ě g 1, and with thermal noise of McKean-Vlasov type. We prove
global well-posedness and relaxation to equilibrium rates for the limiting PDE. Combining these
relaxation rates with the modulated free energy of Bresch et al. [22–24] and recent sharp functional
inequalities of the last two named authors for variations of Riesz modulated energies along a transport,
we prove uniform-in-time mean-field convergence in the gradient case with a rate which is sharp for
the modulated energy pseudo-distance. For gradient dynamics, this completes in the periodic case
the range Ě − 2 f ĩ < Ě not addressed by previous work [92] of the second two authors. We also
combine our relaxation estimates with the relative entropy approach of Jabin and Wang [68] for so-
called ¤ē−1,∞ kernels, giving a proof of uniform-in-time propagation of chaos alternative to Guillin
et al. [55].

1. Introduction

1.1. The problem

We are interested in proving mean-field convergence, i.e. the large Ċ limiting behavior of
dynamics for stochastic singular interacting particle systems of the form
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Above, Į0
ğ
∈ TĚ , the flat torus in dimension Ě g 1 which we identify with [− 1

2
, 1

2
]Ě under

periodic boundary conditions, are the pairwise distinct initial positions; {ēğ}Ċğ=1
are inde-

pendent standard Brownian motions in TĚ , so that the noise in (1.1) is of so-called additive
type; and the coefficient Ă, which may be interpreted as temperature, is nonnegative. M is
a Ě × Ě matrix with constant real entries. We shall either choose M = −I , corresponding to
gradient/dissipative dynamics or choose M to be antisymmetric, corresponding to Hamil-
tonian/conservative dynamics. Mixed flows are also allowable, but here our main results
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will concern gradient flows. The motivation for considering TĚ , as opposed to Euclidean
space R Ě , will be explained below.

The interaction potential g that we will study is a periodic Riesz potential (indexed by
a parameter −1 f ĩ < Ě), that is the zero average solution to

|∇|Ě−ĩg = cd,s (ą0 − 1), cd,s :=
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2

, ĩ = 0.
(1.2)

The notation |∇|Ě−ĩ denotes the Fourier multiplier with symbol (2ÿ |ď |)Ě−ĩ . As explained
in Section 3, the potential g behaves like |Į |−ĩ , if −1 f ĩ < Ě, or − log |Į |, if ĩ = 0, near the
origin. This is a model choice for studying systems, such as (1.1), with interactions between
particles that become singular as the inter-particle distance tends to zero. The family of
potentials defined by (1.2) includes the physically important Coulomb case ĩ = Ě − 2, as
well as the sub-Coulomb range ĩ < Ě − 2 and super-Coulomb range Ě − 2 < ĩ < Ě. We are
primarily interested in the super-Coulomb case, as we shall explain momentarily. Unlike in
the setting of R Ě , where g(Į) = |Į |−ĩ for ĩ ≠ 0 and g(Į) = − log |Į | for ĩ = 0, the potential
g on TĚ does not have a simple form (see [61, 62] for various representations of periodic
Riesz potentials). However, one can show that in a neighborhood of the origin, g equals its
Euclidean analogue plus a smooth correction (see (3.3) below). We limit ourselves to the
potential case ĩ < Ě, in which g ∈ Ĉ1 (TĚ). The hypersingular case ĩ g Ě is also interesting,
but is a fundamentally different regime and will not be considered in this article. We refer
to [19, Chapter 8], [59, 60] and references therein for more on this case.

Applications of systems of the form (1.1) are numerous. Since this topic has been dis-
cussed at length elsewhere, we will not repeat this discussion. Instead, we refer the reader
to the introduction of [92], the survey [67], and the recent lecture notes [38, 52].

One can show by a truncation and stopping time argument that there is a unique, local
strong solution to the system (1.1). When ĩ f Ě − 2, one can then use the energy of the
system (which has nonincreasing expectation) to show that the solution is global. In partic-
ular, with probability one, the particles never collide. This has been shown in [92, Section
4] for the case ĩ < Ě − 2 in Euclidean space, but the argument is adaptable to the periodic
setting without issue and, with a little more work, to the Coulomb case ĩ = Ě − 2 as well.
When Ě − 2 < ĩ < Ě, the aforementioned global existence argument fails, in short because
�g → +∞ as |Į | → ∞, as opposed to −∞ when ĩ < Ě − 2. Consequently, it is unclear how
to make sense of the system of SDEs (1.1), except on very short timescales which a priori
vanish as Ċ → ∞.1 Accordingly, rather than work with (1.1) directly, we work with the

1Elias Hess-Childs has recently informed us that it is possible to show well-posedness of the SDEs in
the gradient flow case for max(0, Ě − 2) < ĩ < Ě.
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Liouville/forward Kolmogorov equation
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which is obtainable from (1.1) through Itô’s formula. Here, the initial positions of the
particles are thought of as random vectors in TĚ distributed according to a probability
density Ĝ 0

Ċ
, and Ĝ Ī

Ċ
is the law of the solution ĮĪ

Ċ
:= (ĮĪ

1
, . . . , ĮĪ

Ċ
) to (1.1).

Establishing the mean-field limit refers to showing the weak convergence (in the sense
of probability measures) as Ċ → ∞ of the empirical measure
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1
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(1.4)

associated to a solution ĮĪ
Ċ

:= (ĮĪ
1
, . . . , ĮĪ

Ċ
) of the system (1.1). For fixed Ī, we note that the

empirical measure is a random Borel probability measure on TĚ . If the points Į0
ğ
, which

themselves depend on Ċ , are such that č0
Ċ

converges to some sufficiently regular measure
č0, then a formal application of Itô’s lemma leads to the expectation that for Ī > 0, čĪ

Ċ

converges as Ċ → ∞ to the solution of the Cauchy problem{
ĉĪč = − div(čM∇g ∗ č) + Ă�č

č |Ī=0 = č0,
(Ī, Į) ∈ R+ × T

Ě . (1.5)

While the underlying Ċ-body dynamics are stochastic, we stress that the equation (1.5) is
completely deterministic, and the noise has been averaged out to become diffusion, which
is consistent with the independence of the Brownian motions and the mean-field limit being
a law of large numbers type result. Proving the convergence of the empirical measure is
closely related to proving propagation of molecular chaos: if Ĝ 0

Ċ
(Į1, . . . , ĮĊ ) is the initial

law of the distribution of the Ċ particles in R Ě and if Ĝ 0
Ċ

converges to some factorized
law (č0)¹Ċ , then the ġ-point marginals Ĝ Ī

Ċ ;ġ
converge for all time to (čĪ )¹ġ . It is known

that mean-field convergence and propagation of chaos are qualitatively equivalent (e.g., see
[64]), though quantitative results for one form of convergence do not a priori carry over to
the other.

The topic of mean-field limits for singular interactions has seen tremendous progress
in recent years. In particular, we mention the works of Jabin and Wang [68] which allowed
to treat so-called ¤ē−1,∞ interactions via a relative entropy method; the introduction of the
modulated energy by Duerinckx in [46] to noiseless systems of the form (1.1), following
earlier usage in a different context by the third author in [98]; the generalization of the
modulated energy method to all super-Coulombic interactions in [100], which allowed
to treat cases without noise, both conservative, dissipative, or mixed; and the modulated
free energy method of Bresch et al. [22–24], which combines both the relative entropy and
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modulated energy approaches in a physical way to treat the case (of gradient flows only) with
noise. Subsequent work by the last two authors with Nguyen [79] generalized the modulated
energy method to sub-Coulombic interactions (cf. [31,63]), and to singular interactions that
are not exactly of Riesz type (e.g., repulsive Lenard-Jones potentials in the case of gradient
flows). Further extensions and improvements of the modulated energy method concerning
regularity of solutions to (1.5) [88,89] and incorporation of multiplicative noise [86] have
been achieved by the second author. Much progress has also been made by Lacker [69],
who introduced a novel usage of the relative entropy in conjunction with the BBGKY
hierarchy to obtain the sharp ċ (ġ2/Ċ2) rate for the asymptotic factorization of the ġ-
point marginals measured by the relative entropy, but only for less singular cases, such as
bounded interactions. The recent work of Bresch et al. [21] also introduces a novel usage
of the BBGKY hierarchy to prove uniform-in-Ċ weighted Ĉ Ħ estimates for the ġ-point
marginals, which allows to treat second-order systems with degenerate noise and singular
interactions (e.g., Coulomb in dimension 2) of Vlasov-Fokker-Planck type,2 as well as first-
order systems with interactions more singular than in [68]. We emphasize that these last
two works strongly rely on the dissipative effect of the noise, i.e. they require Ă > 0.

The aforementioned work [22–24] of Bresch et al. focuses on treating as general as
possible repulsive singular interactions with a mildly attractive part (e.g., logarithmic). In
particular, the latter work proves the mean-field limit for the Patlak-Keller-Segel (PKS)
equation on T2, which corresponds to (1.2) with ĩ = 0 and g replaced by −g, up to, but not
including, the critical temperature.3 However, when considering only repulsive Riesz inter-
actions of Coulomb or super-Coulomb type, their modulated free energy method, which
leverages algebraic cancellations specific to the gradient flow structure, can lead to a much
quicker proof of convergence, as outlined in the introduction of [100]. In addition, their
work, which was restricted to the torus, left as an assumption the existence of a sufficiently
regular limiting solution. The essential content of this restriction to the torus is the need for
compactness of the underlying domain in order to prove lower bounds for the density that
are uniform in space, which are needed in order to show certain norms involving log čĪ are
finite. Such pointwise bounds are seemingly incompatible with the setting of R Ě , without
some form of confinement in the form of an external potential,4 as čĪ vanishes as |Į | → ∞
and the Ĉ∞ norm of čĪ vanishes as Ī → ∞.

2The work of Lacker [69] (see Remarks 2.11 and 4.5 in that work) is also capable of proving (sharp)
propagation of chaos for second-order kinetic models with degenerate noise, but again only for less singular
interactions.

3In the literature on PKS dynamics, the critical parameter for the global existence vs. finite-time blowup
is typically formulated in terms of a critical mass with fixed unit temperature (i.e., diffusion coefficient). Since
the mass in our setting is normalized to one, this critical mass can be equivalently expressed as a critical
temperature.

4In unpublished work by the last two authors with Huang [65], we show how to extend the modulated free
energy to the case of R Ě when a confining term −∇ĒěĮĪ is added to the dynamics in (1.1) and provided one
starts from initial data which are small perturbations of the equilibrium for equation (1.5) with the additional
confining term.
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Our goal in this paper is to present a streamlined version of mean-field convergence for
periodic Riesz interactions (1.2) in the case Ě − 2 f ĩ < Ě, along with a complete analysis of
the limiting equation (1.5). Specifically, we prove (1.5) is globally well-posed (either in the
dissipative or conservative case), and solutions and their derivatives satisfy exponentially
fast relaxation estimates (see Sections 4 and 5 below). By combining these relaxation esti-
mates with the modulated free energy method and new sharp functional inequalities for the
variations of Coulomb/Riesz modulated energies obtained by the last two named authors
[91], we manage to show the first instance of uniform-in-time convergence for singular
dissipative flows, with a rate which is sharp in Ċ .

There have been a number of results obtained by probabilistic arguments over the years
on uniform-in-time mean-field convergence/propagation of chaos for McKean-Vlasov type
systems. We mention the sample of works [5, 36, 45, 48, 76, 95], which are related to the
long-time dynamics of nonlinear Fokker-Planck equations, e.g. [8–10, 16, 17, 34–36, 76].
Importantly, these results are restricted to regular potentials. We also note that uniform-in-
time propagation of chaos may fail for certain potentials [12, 13]. It is only very recently
that uniform-in-time results for the much more difficult case of singular potentials have
been obtained.

The uniform-in-time convergence (without sharp rate) was previously shown by the last
two authors in [92] only for Ě g 3 and 0 f ĩ < Ě − 2 on Euclidean space, though the proof is
adaptable to the torus. The idea of our proof for the relaxation to equilibrium of the limiting
solutions is inspired by the method of [92], which itself builds on earlier ideas of Carlen and
Loss [29]. We note that uniform-in-time convergence (without sharp rate) was established
by Guillin et al. [55] for ¤ē−1,∞ kernels through a refinement of the argument in [68], in
particular the exploitation of the Fisher information through a uniform-in-time log Sobolev
inequality. We also mention that recent work of Lacker and Le Flem [70] builds on [69] to
obtain uniform-in-time propagation of chaos with a sharp rate. The results of [70] have been
subsequently extended to slightly more singular interactions—though not covering the case
ĩ = 0 of (1.2)—in [57], subject to a number of conditions. We mention recent work of Guillin
et al. [56], which proves uniform-in-time propagation of chaos for one-dimensional log and
Riesz gases, exploiting the convexity of the log/Riesz interaction in dimension one—and
only dimension one (cf. [11]). Finally, we mention recent work [93] (subsequent to the first
version of this paper) by the last two named authors on the stronger notion of generation of
chaos, conditional on certain logarithmic Sobolev inequalities, which asserts that systems
become chaotic as both Ċ → ∞ and Ī → ∞ regardless of the initial condition.

Lest the reader think otherwise, uniform-in-time convergence is not merely aesthetically
pleasing. It is important for both theory and practice, such as when using a particle system
to approximate the limiting equation or its equilibrium states and for quantifying stochastic
gradient methods, such as those used in machine learning for general interaction kernels.
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1.2. The modulated free energy method

In order to present our results, let us introduce the modulated free energy from [22–24],
which is a combination of two quantities: the modulated energy from [46,100] and the rel-
ative entropy from [66,68]. See also earlier incarnations—in other contexts—of modulated
energy/relative entropy methods in [20, 43, 103].

The modulated energy is a Coulomb/Riesz-based “metric” that can be understood as
a renormalization of the negative-order homogeneous Sobolev norm corresponding to the
energy space of the equation (1.5). More precisely, it is defined to be

ĂĊ (ĮĊ , č) :=
1

2

∫
(TĚ )2\△

g(Į − į)Ě
(

1

Ċ
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(Į, į), (1.6)

where we remove the infinite self-interaction of each particle by excising the diagonal △ :=

{(Į, Į) ∈ (TĚ)2}. Since we work in the statistical setting of the Liouville equation (1.3),
one needs to average this quantity with respect to the joint law ĜĊ of the positions ĮĊ . We
then define the (normalized) relative entropy with respect to the Ċ-fold tensor product of
a probability density č (denoted č¹Ċ , which is the distribution of Ċ iid random points in
TĚ with law č) as

ĄĊ

(
ĜĊ |č¹Ċ

)
:=

1

Ċ

∫
(TĚ )Ċ

log

(
ĜĊ

č¹Ċ

)
ĚĜĊ . (1.7)

With the modulated energy and relative entropy, we now define the modulated free energy
following [22–24]:

āĊ ( ĜĊ , č) := ĂĄĊ

(
ĜĊ |č¹Ċ

)
+

∫
(TĚ )Ċ

ĂĊ (ĮĊ , č)ĚĜĊ (ĮĊ ). (1.8)

As explained above, the consideration of TĚ , as opposed to R Ě , stems from the need for a
confined domain.

When there is no noise (i.e., Ă = 0), the relative entropy is unnecessary and a pure
modulated energy approach suffices, which is consistent with the weighting of the relative
entropy by Ă in (1.8). This has been shown in [46, 79, 100], the last of which treats the
full range 0 f ĩ < Ě for (1.2). Initially, it was unclear whether a pure modulated energy
approach could also handle noise of the form in (1.1).5 Such an extension was finally shown
in [92], but only for ĩ < Ě − 2. This limitation stems from treating the nontrivial quadratic
variation contribution to the evolution of the expectation of the modulated energy as a term
which is nonpositive up to negligible error. Such nonpositivity is no longer expected to hold
if Ě − 2 f ĩ < Ě, and we are skeptical a pure modulated energy approach is feasible for
Ě − 2 f ĩ < Ě. Note that this work also makes sense of and works directly with the SDE

5A pure modulated energy approach is known to be well-suited to a completely different kind of noise,
of multiplicative type, thanks to [79, 86].
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(1.1), and not the Liouville equation (1.3), so that the modulated energy is a stochastic
process.

The modulated free energy method comes at the cost of only treating gradient flows
case. This method consists of computing the evolution of the quantity āĊ ( Ĝ Ī

Ċ
, čĪ ), given

solutions Ĝ Ī
Ċ

and čĪ of equations (1.3) and (1.5), respectively, and establishing an inequality
in caricature of the form

Ě

ĚĪ
āĊ ( Ĝ ĪĊ , čĪ ) f ÿ

(
āĊ ( Ĝ ĪĊ , čĪ ) + Ċ−ă

)
, (1.9)

whereÿ is some constant depending on norms of čĪ and ă > 0 is some exponent determined
by Ě, ĩ. One then concludes by the Grönwall-Bellman lemma. Not only is it a physically
well-motivated quantity, but mathematically, āĊ ( Ĝ Ī

Ċ
, čĪ ) is a good quantity for showing

propagation of chaos because it metrizes both convergence of the ġ-point marginals (thanks
to the relative entropy) and convergence of the empirical measure (thanks to the modu-
lated energy). See Remark 6.5 below for further elaboration. The beautiful observation of
[22–24] is that when computing Ě

ĚĪ
āĊ ( Ĝ Ī

Ċ
, čĪ ), the contribution of the noise to the evolu-

tion of the modulated energy cancels exactly with terms coming from the relative entropy,
but only for the gradient flow case. Then, one is left with having to control the average with
respect to the measure ĚĜĊ (ĮĊ ) of an expression of the form

ą :=

∫
(TĚ )2\△

(ÿ(Į) − ÿ(į)) · ∇g(Į − į)Ě
(

1

Ċ

Ċ∑
ğ=1

ąĮğ − č

)¹2

(Į, į), (1.10)

where ÿ is a vector field, by āĊ ( ĜĊ , č) and some negligible error. Note that the expression
(1.10) arises naturally by pushing forward the measure 1

Ċ

∑Ċ
ğ=1 ąĮğ − č under the map I + Īÿ

in the modulated energy ĂĊ (ĮĊ , č) and computing the first derivative at Ī = 0; in other
words, computing the first variation of the modulated energy along the transport ÿ.

Such a functional inequality was previously shown by the third author [100, Proposition
1.1] in the form6

|ą | f ÿ∥∇ÿ∥Ĉ∞

(
ĂĊ (ĮĊ , č) +

(log Ċ)
2ĚĊ

1ĩ=0 + ÿ (1 + ∥č∥Ĉ∞ )Ċ− Ě−ĩ
Ě (Ě+1)

)
+ (other terms),

(1.11)
for a constantÿ depending only Ě, ĩ. The (other terms) are not so important for our discus-
sion, and we choose not to make them explicit. These functional inequalities have proven to
be extremely powerful for mean-field limit and related problems, and we mention a sample
of recent applications [30,53,58,78,82,87,90,99]. The original functional inequality (1.11)
has since been improved in the Coulomb case ĩ = Ě − 2 in [99, Corollary 4.3], [90, Propo-
sition 3.9], where the exponent − Ě−ĩ

Ě (Ě+1) is improved to −1 + ĩ
Ě

. This is sharp in the sense

6Strictly speaking, this cited work considers R Ě , not TĚ , but the argument is adaptable to the torus, as
for instance shown in [90, Proposition 3.9]. See also Section 6.2 below for explanation.
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that the modulated energy scales as Ċ → ∞ like Ċ−1+ ĩ
Ě : the minimal value of the modu-

lated energy among all point configurations ĮĊ , for a fixed background density č, scales
like Ċ−1+ ĩ

Ě . See [62] specifically for the periodic case and [81,94,96,97] for the Euclidean
case with a confining potential. Recent work by the last two authors [91] goes further, in
particular covering the full range Ě − 2 f ĩ < Ě, and replaces the right-hand side in (1.11)
by

ÿ∥∇ÿ∥Ĉ∞

(
ĂĊ (ĮĊ , č) +

log(∥č∥Ĉ∞ )
2ĚĊ

1ĩ=0 + ∥č∥
ĩ
Ě

Ĉ∞Ċ
−1+ ĩ

Ě

)
. (1.12)

This estimate is sharp in its rate Ċ−1+ ĩ
Ě . Moreover, it is improved in its dependence in

∥č∥Ĉ∞ ; and as first observed in [92], this improved dependence can be used in conjunc-
tion with decay estimates for ∥čĪ ∥Ĉ∞ to obtain uniform-in-time bounds. The question of
functional inequalities with sharp dependence on Ċ in the sub-Coulomb range ĩ < Ě − 2

remains an interesting open problem.
Returning to the modulated free energy method, one wants to apply the above described

functional inequalities with ÿ = īĪ := Ă∇ log čĪ + ∇g ∗ čĪ , where čĪ solves (1.5). A point
we stress to the reader is that when there is no noise, there is no ∇ log čĪ term, and thus, the
vector field is not the same in the modulated energy and modulated free energy methods.
We have now arrived at a PDE question, which is control on the Lipschitz seminorm of īĪ .
Assuming that čĪ is bounded from below, this translates to ē2,∞ control on čĪ . Another
point we stress to the reader is that control of ∥∇¹2 log čĪ ∥Ĉ∞ is delicate on the Euclidean
space due to the decay of čĪ to 0 at infinity. This issue, of course, disappears on the torus
(likely more generally a bounded domain with appropriate boundary conditions), since the
solution to (1.5) remains bounded from below, provided the initial data is (see Lemma 4.6
below). This is our main reason for considering the periodic setting. It is possible, however,
to implement the modulated free energy method onR Ě with a confining potentialĒext added
to the dynamics (1.1), (1.5) and for solutions of (1.5) which start near equilibrium (which
is no longer uniform) [65].

We now come to the main concern of the present article. In light of the work [92] on
uniform-in-time convergence for sub-Coulomb Riesz interactions, it is natural to ask if
such a uniform-in-time result is also possible for the modulated free energy, which would
then yield uniform-in-time convergence for the full Riesz range −1 f ĩ < Ě, at least in the
periodic setting. Such a result also necessitates having a satisfactory solution theory for the
limiting equation (1.5), in particular global solutions inē2,∞. The well-posedness of (1.5),
even locally in time, is taken for granted in [22], which sketches the use of the modulated
free energy for local-in-time convergence for general Riesz interactions. Additionally, one
seeks estimates for the modulated free energy which are sharp in their dependence on Ċ .
Such estimates are obtained in the forthcoming work [91] for the Coulomb/super-Coulomb
case without noise, but to our knowledge no work to date has achieved the sharp rate of
convergence for Riesz interactions with noise.
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1.3. Main theorem

We are now ready to state our main results, which establish in complete generality the
global existence and asymptotic behavior of solutions to (1.5) in both the conservative
and dissipative cases for Ě − 2 f ĩ < Ě and show the first uniform-in-time propagation of
chaos result for both Coulomb/super-Coulomb gradient flows on the torus. Moreover, the
convergence is at the sharp rate Ċ−1+ ĩ

Ě . The function space notation in the statements of
Theorem 1.1 and Theorem 1.2 below is standard, but we recall it anyway for the reader’s
benefit in Section 1.4.

Theorem 1.1. Let Ě g 1, Ě − 2 f ĩ < Ě and Ă > 0. Define the space Ĕ := Ĉ∞ (TĚ) ∩
¤ē Ă,Ħ (TĚ), where{

Ă g 0, 1 f Ħ f ∞, if Ě − 2 f ĩ f Ě − 1

Ă > max(Ě − ĩ + 1, Ě − ĩ + Ě
Ħ
), 1 f Ħ f ∞, if Ě − 1 < ĩ < Ě.

(1.13)

Assume further that the initial datum č0 g 0 if M = −I . Then the equation (1.5) is globally
well-posed in the space ÿ ( [0,∞), Ĕ); smooth on (0,∞) × TĚ; infTĚ čĪ g infTĚ č0; and
for any Ĥ g 0 and 1 f Ħ f ∞, we have7

∀Ī > 0, ∥∇¹Ĥ (čĪ − 1)∥ĈĦ

f W(∥č0∥Ĉ∞ , ∥č0 − 1∥Ĉ1 , FĂ (č0), ∥č0∥ ¤Ąĩ+Ě−11Ě−1<ĩ<Ě , Ă
−1) (ĂĪ)−ģě−ÿĪ , (1.14)

where ģ > 0 depends on Ĥ, ĩ, Ě, Ħ; ÿ depends on Ĥ, ĩ, Ě,M ; and W : [0,∞)5 → [0,∞)
is continuous, nondecreasing in its arguments, and depends on the parameters similar to
ÿ. Here, FĂ (č0) is the free energy associated to equation (1.5) in the case ĉ = −I (see
(4.66) below), and W is independent of FĂ (č0) if M is antisymmetric.

Theorem 1.2. Let Ě g 1, Ě − 2 f ĩ < Ě and Ă > 0. Let ĜĊ be an entropy solution to (1.3),
in the sense of Definition 6.1, and let č0 ∈ P(TĚ) ∩ē2,∞ (TĚ) with associated solution
č ∈ ÿ ( [0,∞), P(TĚ) ∩ē2,∞ (TĚ)). Assume further that infTĚ č0>0. Suppose now that
M = −I , so that we consider gradient flows. Define the quantity

EĪ
Ċ

:= āĊ ( Ĝ ĪĊ , čĪ ) +
log(Ċ ∥čĪ ∥Ĉ∞ )

2ĊĚ
1ĩ=0 + C∥čĪ ∥

ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1, (1.15)

where C > 0 is a certain constant to ensure that EĪ
Ċ
g 0 (see (6.21) below). There exists a

function A : [0,∞) → [0,∞), depending on ĩ, Ě, Ă, infTĚ č0, ∥č0∥ē2,∞ , ∥č0∥ ¤Ą1+ĩ−Ě ,
∥č0 − 1∥Ĉ1 , FĂ (č0), such that A0 = 1, supĪg0 AĪ < ∞, and

∀Ī g 0, EĊ ( Ĝ ĪĊ , čĪ ) f AĪEĊ ( Ĝ 0
Ċ , č

0). (1.16)

7The notation 1Ě−1<ĩ<Ě denotes the indicator function for the condition Ě − 1 < ĩ < Ě.
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Using ideas inspired by the proof of uniform-in-time propagation chaos in Theorem 1.2,
we are also able to give a proof of uniform-in-time propagation of chaos for systems like
(1.1) but with M∇g replaced by a kernel k which belongs to the space ¤ē−1,∞ (i.e., it is the
divergence of an Ĉ∞ matrix field). A precise statement of the result is given in Section 2.4
with Theorem 2.14. This improves the result of Jabin-Wang [68], which had a growing
factor ěÿĪ in their relative entropy estimate. Our result should be understood as a refinement
of their original proof, as the main novelty is the incorporation of decay estimates for the
derivatives of čĪ to obtain a uniform-in-time result. As mentioned in Section 1.1, Guillin et
al. previously obtained a uniform-in-time version of the Jabin-Wang result, also through a
refinement of the original proof of [68], but not relying on decay estimates. See Section 2.4
for comparison between the two proofs.

The modulated free energy method was originally developed [23, 24] to treat propa-
gation of chaos for the gradient dynamics of the Ě-dimensional attractive log gas, which
coincides with the aforementioned Patlak-Keller-Segel model if Ě = 2. The cited works
show a non-sharp rate for propagation of chaos, which deteriorates exponentially fast in
time, leaving as a question whether a uniform-in-time rate is possible. In forthcoming work
[44], we answer this question for sufficiently high temperatures using the modulated free
energy and relaxation estimates for the limiting equation. The attractive case is substan-
tially more difficult than the repulsive case considered here due to the existence of phase
transitions: at a certain critical temperature, the long-time dynamics of the system com-
pletely change and one encounters issues of non-uniqueness and instability of stationary
states. In fact, we show that a uniform-in-time estimate for the modulated free energy may
fail if the temperature Ă is too low.

We close this subsection with the following remarks concerning Theorem 1.1 and The-
orem 1.2. We defer a discussion of the proofs of these results until Section 2.

Remark 1.3. The relaxation/decay estimate (1.14) is not the most general possible state-
ment. One also has estimates which hold for fractional derivatives |∇|Ă, Ă > 0. We refer the
reader to Section 5 for further details. The fact that we have an exponential decay as Ī →∞,
as opposed to an algebraic decay, as for instance in [92], is a special feature of the confined
setting of the torus vs. Euclidean space. The reader may easily convinces themselves of
this by ignoring the nonlinearity and considering the asymptotic behavior of solutions čĪ

to the linear heat equation, for which ∥čĪ ∥Ĉ∞ decays at the optimal rate ċ (Ī− Ě
2 ) on R Ě .

Remark 1.4. Concerning regularity assumptions, Bresch et al. [22] assume—but do not
prove—the existence of a local solution č ∈ ÿ ( [0, Đ], ē2,∞ (TĚ)), for some Đ > 0, to
equation (1.5), which remains bounded from below on [0, Đ]. For such a solution and for
Ī ∈ [0, Đ], they can prove an estimate with the same structure as (1.16), but with nonsharp
exponents.

Remark 1.5. An explicit form of the right-hand side in the bound (1.16) is given in Sec-
tion 6.3 (see the inequality (6.49)). We have not presented the explicit form above, so as to
keep the introduction accessible.
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Remark 1.6. As is by now well-known, the vanishing of the relative entropy or modulated
energy, and therefore the modulated free energy, as Ċ →∞, implies propagation of chaos.
We refer to Remark 6.5 below for further explanation.

Remark 1.7. To the best of our knowledge, equation (1.5) has not been studied in the
complete generality presented here. Some special cases are treated (on R Ě) in [14,32,37,
39,41,42,50]. However, the decay estimates seem generally to be new. If Ě = 2 and ĩ = 0 and
M is a 90◦ rotation, then this is the well-known Navier-Stokes in vorticity form (e.g., see
[50]). Staying in dimension two, but letting 0 < ĩ < 2, this the generalized SQG equation
with subcritical dissipation (e.g., see [42]). If Ě = 2 and ĩ = 0, but now M = −I , then this is
a repulsive analogue of the famous Patlak-Keller-Segel equation (e.g., see [15]). Usually,
these equations are studied on R Ě , but many of the results are expected to carry over to
TĚ mutatis mutandis. We also mention that the case without temperature (and generally on
R Ě , not TĚ) has been studied in several works, e.g. [3, 14, 26–28, 32, 33, 37, 39, 40, 42, 47,
74, 75, 77, 101, 104, 106].

Remark 1.8. The results of Theorem 1.1, Theorem 1.2 are valid for anyĂ > 0 (i.e., positive
temperature), but essentially all our estimates blow up as Ă → 0. Naturally, one asks if it
is possible to have a uniform-in-time mean-field convergence/propagation of chaos result
when Ă = 0 (i.e., zero temperature). Interestingly, the answer is yes. For instance, for 2D
Coulomb gradient dynamics, we can show that any Ĉ∞ solution of (1.5) which is bounded
from below converges exponentially fast to the uniform distribution as Ī → ∞, and this
relaxation can be combined with the refinement of the modulated energy developed by the
second author in [89] to obtain uniform-in-time mean-field convergence. These findings
and others will be reported elsewhere.

1.4. Notation

We close the introduction with the basic notation used throughout the article without further
comment. We mostly follow the conventions of [79, 92].

Given nonnegative quantities ý and þ, we write ý ≲ þ if there exists a constant ÿ > 0,
independent of ý and þ, such that ý f ÿþ. The dependence of the implicit constant on a
parameter Ħ is denoted by ≲Ħ . If ý ≲ þ and þ ≲ ý, we write ý ∼ þ. Throughout this paper,
ÿ will be used to denote a generic constant which may change from line to line. Also, (·)+
denotes the positive part of a number.

N denotes the natural numbers excluding zero, and N0 including zero. Similarly, R+
denotes the positive reals. Given Ċ ∈ N and points Į1,Ċ , . . . , ĮĊ,Ċ in some set Ĕ , ĮĊ =

(Į1,Ċ , . . . , ĮĊ,Ċ ) ∈ ĔĊ . Given Į ∈ R Ě and Ĩ > 0, þ(Į, Ĩ) and ĉþ(Į, Ĩ) respectively denote
the ball and sphere centered at Į of radius Ĩ . Given a function Ĝ , we denote the support of
Ĝ by supp Ĝ . The notation ∇¹ġ Ĝ denotes the ġ-tensor field with components
(ĉġ

ğ1 · · ·ğġ Ĝ )1fğ1 ,...,ğġfĚ .

P(TĚ) denotes the space of Borel probability measures on TĚ . If č is absolutely con-
tinuous with respect to Lebesgue measure, we shall abuse notation by writing č for both the
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measure and its density function.ÿ (TĚ) denotes the Banach space of continuous, bounded
functions onR Ě equipped with the uniform norm ∥ · ∥∞.ÿġ (TĚ) denotes the Banach space
of ġ-times continuously differentiable functions with bounded derivatives up to order ġ

equipped with the natural norm, and ÿ∞ :=
⋂∞

ġ=1 ÿ
ġ . The subspace of smooth functions

with compact support is denoted with a subscript ę.
|∇| = (−�)− 1

2 denotes the Fourier multiplier with symbol 2ÿ |ď |. Functions of |∇| can
be defined through the spectral calculus (i.e., by using the Fourier transform). For integers
Ĥ ∈ N0 and exponents 1 f Ħ f ∞,ēĤ,Ħ denotes the usual Sobolev space. For general Ă ∈ R

and 1 < Ħ < ∞, ē Ă,Ħ denotes the Bessel potential space defined by{
č ∈ D′ (TĚ) : ∥(ą − �)Ă/2č∥ĈĦ < ∞

}
. (1.17)

In other words, the space of distributions č such that (ą − �)Ă/2č is an Ĉ Ħ function. When
Ă is a positive integer, then ē Ă,Ħ coincides with the classical Sobolev space above. For
Ħ ∈ {1,∞}, these fractional Sobolev spaces are awkward to consider and will be gener-
ally avoided in this paper. When Ħ = 2, we instead use the customary notation ĄĂ. As is
convention in the literature, a¤superscript indicates the corresponding homogeneous space.

2. Roadmap for the paper

We give here a roadmap for the paper, in particular the various results contained in it and
their relation to one another. We also take this opportunity to comment on the general
strategy behind the proofs of Theorem 1.1 and Theorem 1.2.

In Section 3, we review some basic facts about periodizations of Riesz potentials and
estimates for the heat kernel. This section may be skipped upon first reading and consulted
as necessary.

2.1. Well-posedness and ĈĦ control

In Section 4, we take up the first part of Theorem 1.1 by showing the global well-posedness
of the limiting equation (1.5), its basic properties, and the relaxation to the uniform dis-
tribution in Ĉ Ħ norm. Section 4.1 considers the well-posedness. The local well-posedness
(Proposition 2.1), which allows for M to be either conservative or dissipative, proceeds
through a fixed point argument for the mild formulation of (1.5). This technique is classi-
cal, but some care is needed in the case Ě − 1 < ĩ < Ě, as the vector field M∇g ∗ č loses
derivatives compared to č.

Proposition 2.1. Let Ě g 1, ĩ < Ě, and Ă > 0.
• (ĩ f Ě − 1) If č0 ∈ Ĉ∞ (TĚ), then there exists a time

Đ g
(

Ă1/2

ÿ∥č0∥Ĉ∞

)2

1ĩ<Ě−1 +
(

Ă
Ě

2Ħ
+ 1

2

ÿĦ ∥č0∥Ĉ∞

) 2Ħ
Ħ−Ě

1ĩ=Ě−1, (2.1)
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where Ě < Ħ < ∞ is arbitrary, such that equation (4.4) has a unique solution
č ∈ ÿ ( [0, Đ], Ĉ∞). Moreover, if č1, č2 are two solutions to (4.4) on [0, Đ], then

∥č1 − č2∥ÿ ( [0,Đ ],Ĉ∞ ) f 2∥č0
1 − č0

2∥Ĉ∞ . (2.2)

• (ĩ > Ě − 1) Let 1 f Ħ < ∞ and Ă g ĩ + 1 − Ě satisfy Ħ > Ě or Ă > ĩ − Ě + Ě
Ħ

. If

č0 ∈ Ĉ∞ (TĚ) ∩ ¤ē Ă,Ħ (TĚ),8 then for arbitrary ą ∈ (ĩ + Ě − 1, 1), there exists a time

Đ g
(

Ă
1+ą

2

ÿą ∥č0∥Ĉ∞∩ ¤ēĂ,Ħ

) 2
1−ą

, (2.3)

such that equation (4.4) has a unique solution č ∈ ÿ ( [0, Đ], Ĉ∞ ∩ ¤ē Ă,Ħ). Moreover, if
č1, č2 are two solutions to (4.4) on [0, Đ], then

∥č1 − č2∥ÿ ( [0,Đ ],Ĉ∞∩ ¤ēĂ,Ħ ) f 2∥č0
1 − č0

2∥Ĉ∞∩ ¤ēĂ,Ħ . (2.4)

The constantÿ above depends only on Ě, ĩ,M if Ě − 2 f ĩ f Ě − 1 andÿĦ additionally
on Ħ if ĩ = Ě − 1; ÿą depends additionally on Ă, ą, Ħ if Ě − 1 < ĩ < Ě.

• (blow up) Let Ĕ = Ĉ∞ ∩ ¤ē Ă,Ħ , where Ă, Ħ are as above if Ě − 1 < ĩ < Ě, equipped
with its natural norm. Let č ∈ ÿ ( [0, Đmax), Ĕ) be the maximal lifespan solution obtained
by iterating the local existence argument. If Đmax < ∞, then

lim sup
Đ→Đ−

max

∥č∥ÿ ( [0,Đ ],Ĕ) = ∞. (2.5)

After proving Proposition 2.1, we establish important properties of solutions in
Lemma 4.6, such as conservation of mass, minimum/maximum principle, etc that will be
useful in the sequel. The subsection concludes with Proposition 2.2, showing solutions are
global. Here, we crucially use the repulsive assumption for the dissipative case. The case
ĩ f Ě − 1 is an immediate consequence of the maximum principle, while the case ĩ > Ě − 1

follows from a nonlinear Gronwall inequality. In the latter case, the controlling norm, which
depends on a fractional derivative of the initial data, a priori may grow in time, but this
will be ruled out later by Proposition 2.6 discussed below.

Proposition 2.2 (Global well-posedness). Under the same assumptions as in the statement
of Proposition 2.1, there exists a unique global solution č to (4.4) in{

ÿ
(
[0,∞), Ĉ∞ (TĚ)

)
, Ě − 2 f ĩ f Ě − 1

ÿ
(
[0,∞), Ĉ∞ ∩ ¤ē Ă,Ħ (TĚ)

)
, Ě − 1 < ĩ < Ě.

(2.6)

8We exclude the case Ħ = ∞ because expressions of the form ∥ |∇ |Ăč∥Ĉ∞ are awkward from the point
of view of harmonic analysis. If Ă = Ĥ is a positive integer, then there is no issue in adapting our proof to
the usual Sobolev spaces ¤ēĤ,∞.
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Next, Section 4.2 shows (Lemma 4.9) that all Ĉ Ħ norms of solutions are nonincreasing
and, in fact, are decreasing exponentially in time for conservative dynamics when restricted
to zero-mass solutions. The latter establishes a cheap form of convergence to the uniform
distribution for the conservative case. Section 4.3 reviews the gradient flow structure for
the dissipative case and uses the dissipation of free energy,

FĂ (č) := Ă

∫
TĚ

log(č)Ěč + 1

2

∫
(TĚ )2

g(Į − į)Ěč¹2 (Į, į), (2.7)

with the logarithmic Sobolev inequality for the uniform measure (Lemma 4.11) to obtain
exponential-in-time decay of the free energy. Interpolating with the Ĉ Ħ control provided
by Lemma 4.9 yields exponential-in-time decay of all norms ∥čĪ − 1∥ĈĦ for finite Ħ.

Lemma 2.3. Let č be a probability density solution of equation (1.5). If M = −I , then

∀Ī g 0, FĂ (čĪ ) f FĂ (č0)ě−8ÿ2ĂĪ , (2.8)

and for 1 f Ħ < Ĩ f ∞,

∀Ī g 0, ∥čĪ − 1∥ĈĦ f (1 + ∥č0∥Ĉ∞ )
1−

1
Ħ − 1

Ĩ

1− 1
Ĩ

(
ě−4ÿ2ĂĪ

√
2FĂ (č0)/Ă

) 1
Ħ − 1

Ĩ

1− 1
Ĩ
. (2.9)

Similarly, if M is antisymmetric, then

∀Ī g 0, Ent(čĪ ) f ě−8ÿ2ĂĪEnt(č0), (2.10)

and for 1 f Ħ < Ĩ f ∞,

∀Ī g 0, ∥čĪ − 1∥ĈĦ f (1 + ∥č0∥ĈĨ )
1−

1
Ħ − 1

Ĩ

1− 1
Ĩ

(
ě−4ÿ2ĂĪ

√
2Ent(č0)

) 1
Ħ − 1

Ĩ

1− 1
Ĩ
. (2.11)

Lastly, Section 4.4 establishes a smoothing property for solutions (hypercontractivity),
asserting a higher Ĉħ norm ∥čĪ ∥Ĉħ is controlled by a lower Ĉ Ħ norm ∥čĪ ∥ĈĦ at the cost
of a factor of ěÿĂĪ/(ĂĪ)ĤĦ,ħ , for some positive integer ĤĦ,ħ . In the conservative case, one
may replace čĪ by čĪ − 1 and the result still holds. The proof adapts an argument from
[92]—which in turn was an extension of a work by Carlen and Loss [29]—to the periodic
setting. This hypercontractive estimate is a priori only useful for short times, due to the
exponential factor. But by combining Lemmas 4.9 and 4.13 with a time translation trick, we
improve the factor to min(ĂĪ,1)−ĤĦ,ħ . In other words, the smoothing costs nothing for large
times. This result also gives exponential-in-time decay of ∥čĪ − 1∥ĈĦ , for any 1 f Ħ f ∞,
in the conservative case.

Corollary 2.4. Let č be a solution to equation (1.5). Then for any 1 f Ħ f ħ f ∞, there
exists a constant ÿ1 > 0 depending on Ě, Ħ, ħ such that

∀Ī > 0, ∥čĪ ∥Ĉħ f ÿ1 (min(ĂĪ, 1))−
Ě
2

(
1
Ħ
− 1

ħ

)
∥č0∥ĈĦ . (2.12)
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Additionally, if M is antisymmetric, and 1 f Ħ < ∞, then there is a constant ÿ2 depending
on Ě, Ħ such that

∀Ī > 0, ∥čĪ − 1∥Ĉħ f ÿ1 (min(ĂĪ, 1))−
Ě
2

(
1
Ħ
− 1

ħ

)
ě−ÿ2ĂĪ ∥č0 − 1∥ĈĦ . (2.13)

Corollary 2.4 does not yield a rate of decay for ∥čĪ − 1∥ĈĦ in the gradient flow case
M = −I and Lemma 2.3 by itself does not give a rate of decay when Ħ = ∞. However,
by combining Lemma 2.3 with Lemma 4.13, we can obtain such a rate of decay, but only
under the restriction Ě − 2 f ĩ f Ě − 1. The reason for this restriction is that M∇g ∗ čĪ

loses derivatives compared to čĪ if Ě − 1 < ĩ < Ě.

Corollary 2.5. Suppose that Ě g 2, Ě − 2 f ĩ f Ě − 1 and that M = −I . Then there exist
constants ÿ1, ÿ2 > 0 depending only on the dimension Ě, such that

∀Ī > 0, ∥čĪ − 1∥Ĉ∞ f ÿ1Ă
−Ě− 3

2 (ĂĪ)−
(Ě2+Ě−1)

2 ě−ÿ2ĂĪ

√
FĂ (č0). (2.14)

2.2. Derivative decay

In Section 5, we take up the second part of Theorem 1.1 by showing the decay estimates
for derivatives of čĪ of arbitrary degree, which contribute a major portion of the technical
effort in this paper.

Proposition 2.6. Let čĪ be a solution to (1.5) with
∫
TĚ č0 = 1. If M = −I , further assume

that č0 g 0. Let Ă > 0, Ć > 0, and Ĥ ∈ N.
• When max(0, Ě − 2) f ĩ f Ě − 1, there exist constants ÿ,ÿĆ > 0, for any Ć > 0, and

functions WĤ,ħ ,WĂ,ħ : [0,∞)4 → [0,∞), continuous, nondecreasing, and polynomial in
their arguments, such that for every Ī > 0,9

∥|∇|ĂčĪ ∥Ĉħ f WĂ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉħ , FĂ (č0))
× (ĂĪ)− Ă

2
(
1 + ÿĆ (ĂĪ)−Ć

1ĩ=Ě−1'ħ=1

)
ě−ÿĂĪ (2.15)

and

∥∇¹ĤčĪ ∥Ĉħ f WĤ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉħ , FĂ (č0))
× (ĂĪ)− Ĥ

2 ∥č0∥Ĉħ

(
1 + ÿĆ (ĂĪ)−Ć

1ĩ=Ě−1'ħ=1

)
ě−ÿĂĪ , (2.16)

• When Ě − 1< ĩ < Ě, there exist a constantÿ > 0 and functions WĂ,ħ ,WĤ,ħ : [0,∞)5 →
[0,∞), which are continuous, nondecreasing, and polynomial in their arguments, such that
for every Ī > 0,

∥|∇|ĂčĪ ∥Ĉħ f WĂ,ħ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (č0))

× (ĂĪ)− Ă
2
(
1 + (ĂĪ)−Ć

1ħ=∞
)
ě−ÿĂĪ (2.17)

9The notation 1ė'Ę denotes the indicator function which is one if both the conditions ė and Ę hold, and
zero otherwise.
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and

∥∇¹ĤčĪ ∥Ĉħ f WĤ,ħ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (č0))

× (ĂĪ)− Ĥ
2
(
1 + (ĂĪ)−Ć

1ħ=∞
)
ě−ÿĂĪ , (2.18)

where Č2 := 1 + ĩ − Ě.

We divide into two cases based on the value of ĩ: Ě − 2 f ĩ f Ě − 1 in Section 5.1
and Ě − 1 < ĩ < Ě in Section 5.2. Beginning with the former, the proof proceeds through
two steps. First, we show that ∥∇¹ĤčĪ ∥ĈĦ , for any 1 f Ħ f ∞ and Ĥ g 1, is bounded by
a function of Ĉħ norms of č0 − 1 (and in the gradient case, also the free energy of č0)
and some polynomial of (ĂĪ)−1 for ĂĪ f 1. In other words, a short-time smoothing effect.
The proof of this lemma is an induction argument, through the mild formulation of the
equation, asserting that control of ∥∇¹ģčĪ ∥ĈĦ for orders ģ f Ĥ, as a function of Ĉħ norms
of č0 − 1 (and the free energy of č0) and (ĂĪ)−1, for ĂĪ small, implies short-time control
of ∥∇¹ģčĪ ∥ĈĦ as a similar function of the initial data and (ĂĪ)−1 for ģ f Ĥ + 1.

Lemma 2.7. Let Ě g 2 and Ě − 2 f ĩ f Ě − 1. For each Ĥ ∈ N and 1 f Ħ f ħ f ∞, there
exists a function WĤ,Ħ,ħ : [0,∞)4 → [0,∞), continuous, nondecreasing in its arguments,
and vanishing if any of its arguments is zero such that following holds. If č is a smooth
solution to equation (1.5) on [0, Đ], then

∀Ī ∈ (0, Ă−1], ∥∇¹ĤčĪ ∥Ĉħ f WĤ,Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))

×
(
1 + ÿĆ (ĂĪ)−Ć

1ĩ=Ě−1'ħ=1

) (
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)
(ĂĪ)−

Ĥ
2
− Ě

2

(
1
Ħ
− 1

ħ

)
, (2.19)

where ÿ > 0 depends on Ĥ, Ě, Ħ, ħ, ÿĊ > 0 depends on Ċ ∈ (0, Ě−1), ÿĆ > 0 depends on
Ć > 0, which can be made arbitrarily small. The function WĤ,Ħ,ħ additionally depends on
Ě, ĩ,M . Moreover, it is independent of FĂ (č0) if M is antisymmetric and is independent
of ∥č0 − 1∥ĈĦ if M = −I .

Next, we combine Lemma 2.7 with Lemmas 2.3 and 4.9 and a time translation trick to
obtain exponential decay of ∥∇¹ģčĪ ∥ĈĦ for any order ģ and 1 f Ħ f ∞.

Lemma 2.8. Let Ě g 2 and Ě − 2 f ĩ f Ě − 1. For each Ĥ ∈ N and 1 f Ħ f ħ f ∞, there
exists a function WĤ,Ħ,ħ : [0,∞)4 → [0,∞), continuous, nondecreasing, and polynomial
in its arguments, such that following holds. If č is a solution to equation (1.5), then

∀Ī > 0, ∥∇¹ĤčĪ ∥Ĉħ f WĤ,Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))ě−ÿĂĪ

× min(ĂĪ, 1)−
Ĥ
2
− Ě

2

(
1
Ħ
− 1

ħ

) (
1 + ÿĆ min(ĂĪ, 1)−Ć

1ĩ=Ě−1'ħ=1

)
, (2.20)
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where ÿ > 0 depends on Ĥ, Ě, Ħ, ħ and ÿĆ > 0 depends on Ć > 0, which can be made
arbitrarily small. The function WĤ,Ħ,ħ additionally depends on Ě, ĩ,M . Moreover, it is
independent of FĂ (č0) if M is antisymmetric.

A scheme similar to that described above is followed in Section 5.2 for the case Ě − 1 <

ĩ < Ě, but due to the loss of regularity in the velocity field, we need additional bounds
on the Sobolev norms of the solution (see Lemma 2.9), which are established through an
energy-method type argument, in order to implement the induction.

Lemma 2.9. Let Ě g 1 and Ě − 1 < ĩ < Ě. Let č be a solution to (1.5) with unit mass and
such that č0 g 0 ifM = −I . For Ă > 0, there exists aÿ > 0 depending only on Ě, ĩ, Ă, Ă,M ,
such that

∀Ī > 0, ∥čĪ ∥2
¤ĄĂ f ∥č0∥2

¤ĄĂ + Ă−1
W̃Ă (∥č0∥Ĉ∞ , ∥č0 − 1∥

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
, FĂ (č0)/Ă).

(2.21)
where W̃Ă : [0,∞)3 → [0,∞) is a continuous, nondecreasing, polynomial function of its
arguments, which does not depend on its third argument if M is antisymmetric. Addition-
ally, there exists a Đ∗ > 0 such that ∥čĪ ∥2

¤ĄĂ
is decreasing on [Đ∗,∞).

Lemma 2.10. Let Ě g 1 and Ě − 1 < ĩ < Ě. For every Ă > 0, and 1 f ħ f ∞, there exists
a function WĂ,ħ : [0,∞)5 → [0,∞), which is continuous, nondecreasing, polynomial in
its arguments, such that for any solution č to (1.5), it holds that

∀Ī ∈ (0, Ă−1], ∥|∇|ĂčĪ ∥Ĉħ f (ĂĪ)− Ă
2
(
1 + ÿĆ (ĂĪ)−Ć

1ħ=∞
)

× WĂ,ħ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (č0)), (2.22)

where ÿ > 0 depends on Ě, Ă, ĩ, ħ,M , Ć > 0 is arbitrary, and ÿĆ > 0 depends only on
Ě, ĩ, Ć. The function WĂ,ħ additionally depends on Ě, ĩ,M and is independent of its fifth
argument if M is antisymmetric.

Lemma 2.11. Let Ě g 1 and Ě − 1 < ĩ < Ě. For every Ă > 0, and 1 f ħ f ∞, there exists
a function WĂ,ħ : [0,∞)5 → [0,∞), which is continuous, nondecreasing, polynomial in
its arguments, such that for a solution č to (1.5), it holds that

∀Ī > 0, ∥|∇|ĂčĪ ∥Ĉħ f min(ĂĪ, 1)− Ă
2
(
1 + ÿĆ min(ĂĪ, 1)−Ć

1ħ=∞
)
ě−ÿĂĪ

× WĂ,ħ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (č0)), (2.23)

whereÿ > 0 depends on Ě,Ă, ĩ, ħ,M , Ć > 0 is arbitrary, andÿĆ > 0 depends only on Ě, ĩ, Ć.
The function WĂ,ħ additionally depends on Ě, ĩ,M , is independent of its fifth argument if
M is antisymmetric.

Let us mention that ideas related to our method of proof in this section have been used,
for instance, for 2D Navier-Stokes (see [51, Section 2.4]) and perhaps in other contexts as
well; but to our knowledge there has not been a treatment at the level of generality and for
such singular vector fields as in our equation (1.5).
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2.3. Modulated free energy

In Section 6, we combine our decay estimates with the modulated free energy to prove
uniform-in-time propagation of chaos for the system (1.1). This then completes the proof
of Theorem 1.2.

Section 6.1 reviews the notion of entropy solutions to the forward Kolmogorov equation.
The existence of entropy solutions is presented in Appendix A. Entropy solutions are a
suitable notion of a weak solution that allows to establish the key dissipation inequality
behind the modulated free energy method, as stated in Proposition 2.12 below. We refer to
[24, Proposition 2.3] for a proof. The very interesting phenomenon is that, compared to a
pure modulated energy approach such as in [92], the modulated free energy yields crucial
cancellations in the dissipative case at positive temperature.

Proposition 2.12. Assume that ĜĊ is an entropy solution to the Liouville equation (1.3)
and that č ∈ ÿ ( [0,∞),ē2,∞ (TĚ)) solves equation (1.5). Then the modulated free energy
defined by (1.8) satisfies that

āĊ ( Ĝ ĪĊ , čĪ ) f āĊ ( Ĝ 0
Ċ , č

0)

− 1

2

∫ Ī

0

∫
(TĚ )Ċ

∫
(TĚ )2\△

(īă (Į) − īă (į)) · ∇g(Į − į)Ě
(
čă
Ċ − čă

)¹2 (Į, į)ĚĜ ăĊ , (2.24)

where īĪ := Ă∇ log čĪ + ∇g ∗ čĪ .

We now want to control the right-hand side of (2.24) by the modulated free energy itself
and conclude by application of the Grönwall-Bellman lemma. The control of the right-hand
side is done in several manners in the literature. In [79], the authors use commutator esti-
mates together with a renormalization procedure implemented through a smearing of the
Dirac masses, which allows for Riesz-like potentials that are not exactly our potential g.
In particular, this method works for full range 0 f ĩ < Ě. Instead of smearing of the Dirac
masses, Bresch et al. [22] employed a regularization of the kernel ∇g and a functional
inequality (of the same kind as in [100]) for this regularized kernel, which may be under-
stood as a commutator estimate, though this connection is not made in [22].

When considering the exact Riesz potential in the Coulomb/super-Coulomb case Ě −
2 f ĩ < Ě, one can prove functional inequalities (1.11) using integration by parts. More
precisely, one uses the Caffarelli-Silvestre extension procedure to replace g by the kernel
of a local operator10 in the extended space R Ě+ġ and then exploits a stress-energy tensor
structure and integration parts. Combining this with the smearing procedure mentioned in
the preceding paragraph, this method alows for sharp estimates. This is an advantage over
the approaches of [22,79], in the particular the latter work which encounters an inefficiency
in the kernel regularization. Of course, the cost to the stress-tensor approach is the rigidity
of the interaction—it must be exactly Riesz.

10A degenerate elliptic operator with an ý2 weight, for which there is a good theory [49].
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In the forthcoming article [91], a proof of the sharp version of (1.11) with right-hand
side (1.12) is given in Euclidean space using the above described stress-tensor approach.
As there is a version of the Caffarelli-Silvestre extension procedure for the torus (reviewed
in Section 6.2), the proof can be straightforwardly adapted to the setting of this paper to
give Proposition 2.13 stated below. We sketch the proof of this proposition in Section 6.2.
We also review the truncation/smearing procedure in the periodic setting used to express
the modulated energy as a renormalized energy, as this is used in the proof.

Proposition 2.13. Assume č ∈ Ĉ∞ (TĚ) is such that
∫
TĚ č = 1. For any pairwise distinct

configuration ĮĊ ∈ (TĚ)Ċ and any Lipschitz map ÿ : TĚ → R Ě , we have������
∫
(TĚ )2\△

(ÿ(Į) − ÿ(į)) · ∇g(Į − į)Ě
(

1

Ċ

Ċ∑
ğ=1

ąĮğ − č

)¹2

(Į, į)

������
f ÿ∥∇ÿ∥Ĉ∞

(
ĂĊ (ĮĊ , č) +

log(Ċ ∥č∥Ĉ∞ )
2ĚĊ

1ĩ=0 + ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
−1+ ĩ

Ě

)
(2.25)

where ÿ depends only on ĩ, Ě.

Finally, in Section 6.3, we implement the Grönwall argument underlying the proof of
Theorem 1.2. The idea is to combine the use of functional inequalities in the modulated
free energy method, as described in Section 1.2, with the relaxation estimates of Section 5.
Such a combination was first observed in [92] (for just the modulated energy). An important
difference, though, with the cited work is the density no longer decays to zero as Ī → ∞,
but rather to 1. Only derivatives of the density decay. There is an additional ingredient
concerning the sharpness of the functional inequalities. As advertised in the title of our
work, the factor Ċ−1+ ĩ

Ě is of the same order as the modulated energy as Ċ → ∞ and is
therefore sharp. To obtain the exponent −1 + ĩ

Ě
, we crucially rely on the aforementioned

new functional inequalities.
More precisely, we consider the quantity

EĪ
Ċ

:= āĊ ( Ĝ ĪĊ , čĪ ) +
log(Ċ ∥čĪ ∥Ĉ∞ )

2ĊĚ
1ĩ=0 + C∥čĪ ∥

ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1, (2.26)

where C > 0 is the constant in (6.21) and the reader will recall the definition of the modu-
lated free energy from (1.8). The inclusion of the last two terms is to obtain a nonnegative
quantity. Using (2.24) and (2.25), averaging with respect to Ĝ Ī

Ċ
, one obtains the inequality

EĪ
Ċ f E0

Ċ + ÿ

∫ Ī

0

∥∇īă ∥Ĉ∞

(
ĂĊ (ĮăĊ , čă) + log(Ċ ∥čă ∥Ĉ∞ )

2ĊĚ
1ĩ=0 + ÿ∥čă ∥

ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

)
Ěă,

(2.27)
where the vector field īă is given by11

īă := Ă∇ log(čă) + ∇g ∗ čă . (2.28)

11Note that this is not the same vector field as in the pure modulated energy approach due the presence
of the first term coming from the relative entropy.
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In arriving at (2.27), we have implicitly used that ∥čĪ ∥Ĉ∞ is nonincreasing. The constant
ÿ depends only on Ě, ĩ and taking C above larger if necessary, we may assume that C g ÿ.
Since the relative entropy is nonnegative, it may be added to the expression inside the paren-
theses and the inequality still holds. Applying the Grönwall-Bellman lemma, we obtain

EĊ ( Ĝ ĪĊ , čĪ ) f EĊ ( Ĝ 0
Ċ , č

0) exp

(
ÿ

∫ Ī

0

∥∇īă ∥Ĉ∞Ěă

)
, (2.29)

A uniform-in-time bound for EĊ ( Ĝ Ī
Ċ
, čĪ ) now follows from Proposition 2.6. The details

are given in Section 6.3.

2.4. Application to ¤ē−1,∞ kernels

Finally, in Section 7, we show how our decay estimates approach may be combined with the
relative entropy approach of [68] in a straightforward manner to give a proof of uniform-
in-time propagation of chaos for mean-field McKean-Vlasov systems



ĚĮĪ

ğ
=

1

Ċ

∑
1f ĠfĊ : Ġ≠ğ

k(ĮĪğ − ĮĪĠ )ĚĪ +
√

2ĂĚē Ī
ğ

ĮĪ
ğ
|Ī=0 = Į0

ğ

ğ ∈ {1, . . . , Ċ}. (2.30)

The vector field/kernel k : TĚ \ {0} → TĚ is assumed to satisfy the following conditions:

(i) k ∈ Ĉ1 (TĚ),
(ii) div k = 0 in the sense of distributions,12

(iii) kĂ = ĉăĒ
Ăă for an Ĉ∞(TĚ) matrix-valued field (Ē Ăă)Ě

Ă,ă=1
.

Note that k is no longer assumed to be potential (i.e., k = ∇g for some g). We remark that the
last condition ((iii)) amounts to requiring that k belong to the negative-order Sobolev space
¤ē−1,∞ (TĚ). A sufficient condition is that k ∈ ĈĚ,∞ (TĚ) (the weak ĈĚ space). A model

example is the 2D periodic Biot-Savart kernel (i.e., k = M∇g for a 90◦ rotation matrix M

and g the periodic Coulomb potential), as explained in [68, p. 531].
Analogous to (1.5), the mean-field limit of the system (2.30) is determined by the solu-

tion of the Cauchy problem{
ĉĪč = − div(čk ∗ č) + Ă�č

č |Ī=0 = č0
(Ī, Į) ∈ [0,∞) × T

Ě . (2.31)

By assumption ((ii)), the vector field ī := k ∗ č is divergence-free. Hence, equation (2.31)
is a transport-diffusion equation with a divergence-free vector field. Such an equation fits
into the framework of Section 4 for the range Ě − 2 f ĩ < Ě − 1. Indeed, an examination

12This condition is not strictly necessary; it would suffice to have have div k ∈ ¤ē−1,∞. But we impose it
to simplify the presentation.
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of the proofs of Proposition 2.1 and Lemma 2.7 reveals that we only used that ∇g ∈ Ĉ1,
no other specific structure on g. Thus, one may repeat the aforementioned proofs with ∇g

replaced by k ∈ Ĉ1 and no other change. Since k is divergence-free, the equation conserves
average/mass and the lower and upper bounds for the initial data as in Lemma 4.6, respec-
tively. In particular, given č0 ∈ Ĉ∞ (TĚ) ∩ ¤ē Ă,Ħ (TĚ) for any Ă g 0 and 1 f Ħ < ∞,13 there
is a unique global solution č ∈ ÿ ( [0,∞), Ĉ∞ ∩ ¤ē Ă,Ħ). If č is a zero-mean solution, then
all the Ĉ Ħ norms are nonincreasing, and for any 1 f ħ f ∞, we have the decay estimates

∀Ī > 0, Ĥ g 0, ∥∇¹ĤčĪ ∥Ĉħ f WĤ,ħ (∥č0∥Ĉ∞ , Ă−1)∥č0∥Ĉ1ě−ÿĂĪ (ĂĪ)−
Ĥ
2
− Ě

2

(
1− 1

ħ

)
.

(2.32)

Theorem 2.14. Let Ě g 1, k be a kernel satisfying assumptions ((i)), ((ii)), ((iii)). Let
ĜĊ ∈ Ĉ∞ ( [0,∞), Ĉ1 (TĚ)) be an entropy solution to the Liouville equation (1.3),14 and let
č ∈ Ĉ∞ ( [0,∞), P(TĚ) ∩ē2,∞ (TĚ)) be a solution to equation (2.31) with infTĚ č0 > 0.
Then

∀Ī g 0, ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ ) f
(
ĄĊ ( Ĝ 0

Ċ | (č0)¹Ċ ) + C Ī

Ċ

)
ěC

Ī

, (2.33)

where C : [0,∞) → [0,∞) is a continuous, nondecreasing function such that C 0 = 0 and
supĪg0 C Ī < ∞. C depends on Ě, Ă, ∥k∥ ¤ē−1,∞ , ∥č0∥ē2,∞ , infTĚ č0.

Remark 2.15. By Remark 6.5, such a bound implies propagation of chaos with an explicit
rate, though one not expected to be optimal.

Remark 2.16. By exploiting the Fisher information as in [55] (see the next paragraph),
one can obtain a factor of the form ě−ÿ2Ī for large Ī in front of the term ĄĊ ( Ĝ 0

Ċ
| (č0)¹Ċ )

in (2.33).

As commented in Section 1.1, Guillin et al. [55] have previously shown a comparable
result to Theorem 2.14. Their proof again is a refinement of [68] and uses techniques more
common in the probability community (e.g., uniform-in-time log Sobolev inequalities to
exploit the Fisher information in the entropy dissipation), as opposed to the “PDE approach”
of the present paper. They also need uniform-in-time bounds on the ē2,∞ norm of čĪ ,
which they obtain through standard energy methods, akin to the proof of Lemma 2.9, and
Sobolev embedding. Relaxation estimates neither enter into their proof nor are established.
Therefore, our proof presented below should be taken as an alternative to their work. In
particular, our proof demonstrates there is no need to use the Fisher information.

3. Periodic Riesz potentials and heat kernel estimates

We recall from the introduction that g is the unique distributional solution to the equation

|∇|Ě−ĩg = cd,s (ą0 − 1), Į ∈ T
Ě , (3.1)

13If Ă is integral, then Ħ = ∞ is allowed.
14The existence of such a solution is sketched in [68, Section 1.5].
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subject to the constraint that
∫
TĚ g = 0. Equivalently, g is the distribution with Fourier

coefficients ĝ(ď) = cd,s (2ÿ |ď |)ĩ−Ě1ď≠0 for ď ∈ Z Ě . One can show that g ∈ ÿ∞ (TĚ \ {0}).
Moreover, if we let

gā (Į) := − log |Į |1ĩ=0 + |Į |−ĩ10<ĩ<Ě , ∀Į ∈ R
Ě (3.2)

denote the Euclidean log/Riesz potential, then

g − gā ∈ ÿ∞
(
þ(0, 1

4
)
)
. (3.3)

For proofs of these facts, we refer the reader to [62]. In particular, these facts imply that
g ∈ Ĉ

Ě
ĩ
,∞ (TĚ) (the weak Ĉ

Ě
ĩ space), a fortiori in Ĉ1 (TĚ), and

∀Ĥ g 0, Į ∈ T
Ě \ {0}, |∇¹Ĥg(Į) | ≲Ĥ |Į |−ĩ−Ĥ + 1. (3.4)

We let ěĪ� denote the Fourier multiplier on TĚ with coefficients (ě−4ÿ2Ī | ď |2 )ď ∈Z Ě , and
we let KĪ denote the convolution kernel of ěĪ�. It is easy to check from the Fourier repre-
sentation that KĪ ∈ ÿ∞ (TĚ) and

∫
TĚ KĪ = 1, for every Ī > 0. One can explicitly write KĪ as

the periodization of the Euclidean heat kernel,

KĪ (Į) = (4ÿĪ)−Ě/2
∑
Ĥ∈Z Ě

ě−
|Į−Ĥ|2

4Ī . (3.5)

For instance, see [19, Section 10.3]. Since K̂Ī (ď) = ě−4ÿ2Ī | ď |2 , it follows that for any ģ > Ě
2
,

∥KĪ − 1∥Ĉ∞ f
∑

ď ∈Z Ě :ď≠0

ě−4ÿ2Ī | ď |2
≲

∑
ď ∈Z Ě :ď≠0

(4ÿ2Ī |ď |2)−ģ ≲ Ī−ģ. (3.6)

The decay as Ī →∞ may, in fact, be improved to exponential by applying Ě
ĚĪ

to the second
expression in (3.6) and using Grönwall’s lemma:

∀Ī g Ī0, ∥KĪ − 1∥Ĉ∞ f ě−4ÿ2 (Ī−Ī0 )
∑

ď ∈Z Ě :ď≠0

ě−4ÿ2Ī0 | ď |2 . (3.7)

Additionally, by Riemann sum approximation, we have

∥KĪ − 1∥Ĉ∞ f
∑

ď ∈Z Ě :ď≠0

ě−4ÿ2Ī | ď |2 ≈ Ī−
Ě
2

∫
R Ě

ě−4ÿ2 | ď |2Ěď, (3.8)

which shows that ∥KĪ ∥Ĉ∞ = ċ (Ī− Ě
2 ) as Ī → 0. Hence,

∥KĪ − 1∥Ĉ∞ ≲Ě min(Ī, 1)− Ě
2 ě−4ÿ2 max(Ī ,1) . (3.9)

One can repeat the same analysis for derivatives and use interpolation to show

∀Ĥ ∈ N0, Ī > 0, ∥∇¹Ĥ (KĪ − 1)∥ĈĦ ≲Ĥ,Ě, Ħ min(Ī, 1)−
Ě
2

(
1− 1

Ħ

)
− Ĥ

2 ě−ÿĤ,Ħ max(Ī ,1) (3.10)
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for any 1 f Ħ f ∞. In fact, one can show that if ģ(Ā) is a Fourier multiplier with symbol
ģ(ď) which is homogeneous of degree ċ and has symbol ģ ∈ ÿ∞ (R Ě \ {0}), then

∥ģ(Ā) (KĪ − 1)∥ĈĦ ≲Ĥ,Ě, Ħ,ģ(Ā) min(Ī, 1)−
Ě
2

(
1− 1

Ħ

)
− ċ

2 ě−ÿĦ,ģ(Ā) max(Ī ,1) . (3.11)

From these properties, we deduce that if
∫
TĚ č = 0, then

∀Ī > 0 ∥ģ(Ā)ěĪ�č∥ĈĦ ≲Ĥ,Ě, Ħ,ħ,ģ(Ā) ∥č∥Ĉħ min(Ī, 1)−
Ě
2

(
1
ħ
− 1

Ħ

)
− ċ

2 ě−ÿĦ,ģ(Ā) max(Ī ,1)

(3.12)
for any 1 f ħ f Ħ f ∞. We will use this property, sometimes referred to as hypercontrac-
tivity, in the remaining body of the paper without further comment.

4. Well-posedness and Ĉ Ħ control for the mean-field equation

In this section, we prove well-posedness for the limiting PDE (1.5) in all cases Ě g 1 and
Ě − 2 f ĩ < Ě. The case where 0 f ĩ < Ě − 2 and on R Ě was previously treated in [92],
and the proof here is an adaptation of that argument; however the super-Coulombic case, in
particular when Ě − 1 < ĩ < Ě, is more complicated, as the reader will see, due to the loss
of regularity in the velocity field M∇g ∗ č. While to the best of our knowledge, equation
(1.5) has not been previously considered in the literature in its full generality, some special
cases of this well-posedness result are known in certain function spaces, as commented in
the introduction.

We record here two observations about the solution class to (1.5) that will be important
in the sequel.

Remark 4.1. By rescaling time, we may always normalize the mass to be unital up to
a change of temperature. More precisely, suppose that č is a solution to (1.5). Letting
č̄ =

∫
TĚ č0, set ĎĪ := č̄−1čĪ/č̄. Then using the chain rule,

ĉĪĎ
Ī
= −č̄−2 div

(
čĪ/č̄∇g ∗ čĪ/č̄

)
+ Ăč̄−2

�čĪ/č̄ = − div
(
ĎĪ∇g ∗ ĎĪ

)
+ Ẵ�ĎĪ , (4.1)

where Ẵ := Ă/č̄.

Remark 4.2. If ę ∈ R , then setting Ď := č − ę, one computes

ĉĪĎ = − div(ĎM∇g ∗ Ď) − ę div(M∇g ∗ Ď) + Ă�Ď. (4.2)

If M is antisymmetric, then div(M∇g ∗ č) = 0, so č − ę is a solution to equation (1.5).
Indeed, using that the (ğ, Ġ) entry M ğ Ġ of M is a constant by assumption, the commutativity
of differentiation, and M ğ Ġ = −M Ġğ ,

div(M∇g ∗ č) = M
ğ Ġĉğĉ Ġ (g ∗ č) = −M Ġğĉ Ġĉğ (g ∗ č) = − div(M∇g ∗ č), (4.3)

since the sum over ğ, Ġ is symmetric under swapping ğ ´ Ġ . In particular, one can always
take ę =

∫
TĚ č and reduce to considering zero-mean solutions in the conservative case.
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4.1. Local well-posedness and basic properties

We prove Proposition 2.1 on local well-posedness of (1.5). We rewrite the equation in the
mild form as

čĪ = ěĪ Ă�č0 −
∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă. (4.4)

Let us remark here that the regularity assumptions on č0 in Proposition 2.1 are not optimal,
but we have imposed them to simplify the proof and because we will need such regularity
for the modulated free energy method in Section 6. Indeed, an examination of the proof of
Proposition 2.1 below reveals that it would suffice to have č ∈ Ĉ Ħ for sufficiently high Ħ.

Proof of Proposition 2.1. We first consider the case Ě − 2 f ĩ f Ě − 1. Note that in this
case č ↦→M∇g ∗ č is an order ĩ + 1 − Ě operator, which is either smoothing (ĩ < Ě − 1) or
of the same order (ĩ = Ě − 1) compared to the regularity of č. Consider the Banach space15

Ĕ := ÿ ( [0, Đ], Ĉ∞ (TĚ)), (4.5)

for some Đ > 0 to be determined. For fixed č0 ∈ Ĉ∞, the right-hand side of (4.4) defines a
map T ,

č ↦→ ěĪ Ă�č0 −
∫ ( ·)

0

ěĂ ( ( ·)−ă )� div(čă
M∇g ∗ čă)Ěă. (4.6)

We aim to show that T is a contraction on the ball þĎ ¢ Ĕ , for Ď, Đ > 0 appropriately
chosen. Once we have shown this, we can appeal to the Banach fixed point theorem to
obtain a unique solution to (4.4) in the class Ĕ .

By the triangle inequality, for any Ī g 0,

∥čĪ ∥Ĉ∞ f ∥ěĪ Ă�č0∥Ĉ∞ +





∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

f ∥č0∥Ĉ∞ +





∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

, (4.7)

where the second line follows from the heat kernel being in Ĉ1. If ĩ < Ě − 1, then we may
use Minkowski’s inequality together with ∥ě (Ī−ă )Ă� div ∥Ĉ1 ≲ (Ă(Ī − ă))−1/2 to obtain





∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

f
∫ Ī

0

(Ă(Ī − ă))− 1
2 ∥čă ∥Ĉ∞ ∥∇g ∗ čă ∥Ĉ∞

≲ ∥č∥2
Ĕ

∫ Ī

0

(Ă(Ī − ă))− 1
2 Ěă

≲ ∥č∥2
Ĕ (Ī/Ă)

1
2 , (4.8)

15If we were to adapt the proof toR Ě , the definition ofĔ should be modified toĔ :=ÿ ( [0, Đ ], Ĉ1 (R Ě ) ∩
Ĉ∞ (R Ě ) ) .
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where we use that ∇g ∈ Ĉ1.16 If ĩ = Ě − 1, then M∇g ∗ čă is a matrix transformation of the
Riesz transform vector of čă , which is not bounded on Ĉ∞. Instead, we use the smoothing
property (3.12) to obtain

∥ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă∥Ĉ∞ ≲ (Ă(Ī − ă))−

Ě
2Ħ

− 1
2 ∥čă

M∇g ∗ čă ∥ĈĦ (4.9)

for any Ħ <∞ such that Ě
2Ħ

+ 1
2
< 1 (i.e., Ħ > Ě). By Hölder’s inequality and the boundedness

of the Riesz transform on Ĉ Ħ ,

∥čă
M∇g ∗ čă ∥ĈĦ f ∥čă ∥Ĉ∞ ∥M∇g ∗ čă ∥ĈĦ ≲ ∥čă ∥Ĉ∞ ∥čă ∥ĈĦ . (4.10)

Since ∥ · ∥ĈĦ f ∥ · ∥Ĉ∞ ,




∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

≲ Ă
− Ě

2Ħ
− 1

2 Ī
1
2
− Ě

2Ħ ∥č∥2
Ĕ . (4.11)

Repeating the preceding argument, we also have for any č1, č2 ∈ Ĕ ,






∫ Ī

0

ěĂ (Ī−ă )� div
(
čă

1M∇g ∗ čă
1

)
Ěă −

∫ Ī

0

ěĂ (Ī−ă )� div
(
čă

2M∇g ∗ čă
2

)
Ěă






Ĉ∞

≲ ∥č1 − č2∥Ĕ (∥č1∥Ĕ + ∥č2∥Ĕ)
(
(Ī/Ă) 1

2 1ĩ<Ě−1 + Ă
− Ě

2Ħ
− 1

2 Ī
1
2
− Ě

2Ħ 1ĩ=Ě−1

)
. (4.12)

Suppose that č1, č2 ∈ þĎ ¢ Ĕ . Then we have shown

∥T (č1) − T (č2)∥Ĕ f ÿĎ∥č1 − č2∥Ĕ
(
(Đ/Ă) 1

2 1ĩ<Ě−1 + Ă
− Ě

2Ħ
− 1

2Đ
1
2
− Ě

2Ħ 1ĩ=Ě−1

)
. (4.13)

for a constant ÿ > 0 depending on Ě, ĩ,M . Fix Ď > 2∥č0∥Ĉ∞ , where č0 is the initial datum
for the Cauchy problem. Evidently, for č ∈ þĎ,

∥T č∥Ĕ <
Ď

2
+ 2ÿĎ2

(
(Đ/Ă) 1

2 1ĩ<Ě−1 + Ă
− Ě

2Ħ
− 1

2Đ
1
2
− Ě

2Ħ 1ĩ=Ě−1

)
. (4.14)

Choosing Đ > 0 such that

2ÿĎ
(
(Đ/Ă) 1

2 1ĩ<Ě−1 + Ă
− Ě

2Ħ
− 1

2Đ
1
2
− Ě

2Ħ 1ĩ=Ě−1

)
=

1

2
, (4.15)

we have that T (þĎ) ¢ þĎ. Now for any č1, č2 ∈ þĎ, we additionally have

∥T (č1) − T (č2)∥Ĕ <
1

2
∥č1 − č2∥Ĕ, (4.16)

which shows that T is a contraction on þĎ. We can also extract from our analysis the local
Lipschitz dependence on the initial data,

∀č1, č2 ∈ þĎ, ∥č1 − č2∥Ĕ f 2∥č0
1 − č0

2∥Ĉ∞ . (4.17)

16Note this is obviously false forR Ě , and this step needs to be modified with the usual Ĉ∞ Riesz potential
interpolation estimate.
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We now consider the case Ě − 1 < ĩ < Ě. The velocity field M∇g ∗ č now has less reg-
ularity than č, and we need to exploit additional smoothing to avoid this loss of regularity.
Let Ă, Ħ be as in the statement of the proposition. Recycling notation, we will show that
the map T above is a contraction on the ball þĎ of the Banach space

Ĕ := ÿ ( [0, Đ], Ĉ∞ (TĚ) ∩ ¤ē Ă,Ħ (TĚ)), (4.18)

for some Đ, Ď > 0 to be determined.
By arguing similarly to in (4.8), we observe that for any ħ > Ě,





∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

f
∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2ħ ∥čă ∥Ĉ∞ ∥∇g ∗ čă ∥ĈħĚă.

(4.19)

If ∞ > Ħ > Ě, then we may choose ħ = Ħ and estimate

∥∇g ∗ čă ∥Ĉħ ≲ ∥|∇|1+ĩ−Ěčă ∥ĈĦ ≲ ∥|∇|Ăčă ∥ĈĦ . (4.20)

If Ħ f Ě, then our assumption Ă > ĩ − Ě + Ě
Ħ

implies by Sobolev embedding that we may
find a ħ > Ě such that

∥∇g ∗ čă ∥Ĉħ ≲ ∥|∇|Ăčă ∥ĈĦ . (4.21)

We now conclude that




∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

≲ ∥č∥2
Ĕ

∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2ħ Ěă

≲ ∥č∥2
ĔĂ

− 1
2
− Ě

2ħ Ī
1
2
− Ě

2ħ . (4.22)

Next, we let ą ∈ (ĩ + 1 − Ě, 1). Then again using the smoothing of the heat kernel,
followed by the fractional Leibniz rule (e.g., see see [54, Theorem 7.6.1] or [72, Theorem
1.5]),17 we find

∥|∇|ĂěĂ (Ī−ă )� div(čă
M∇g ∗ čă)∥ĈĦ ≲ (Ă(Ī − ă))− 1

2
− ą

2

×
(
∥|∇|Ă−ąčă ∥ĈĦ1 ∥∇g ∗ čă ∥ĈĦ2 + ∥čă ∥Ĉ Ħ̃1 ∥|∇|Ă−ą∇g ∗ čă ∥Ĉ Ħ̃2

)
, (4.23)

where Ħ f Ħ1, Ħ̃1, Ħ2, Ħ̃2 f ∞ satisfy 1
Ħ1

+ 1
Ħ2

=
1
Ħ̃1

+ 1
Ħ̃2

=
1
Ħ

. We choose Ħ̃1 =∞ and Ħ̃2 = Ħ,
so that

∥čă ∥Ĉ Ħ̃1 ∥|∇|Ă−ą∇g ∗ čă ∥Ĉ Ħ̃2 ≲ ∥čă ∥Ĉ∞ ∥|∇|Ăčă ∥ĈĦ , (4.24)

17The estimates are stated for R Ě , but they carry over to TĚ as well when restricted to zero-mean func-
tions.
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since Ă − ą + ĩ + 1 − Ě < Ă by choice of ą. We choose Ħ1 =
ĂĦ

Ă−ą
and Ħ2 =

ĂĦ

ą
, which are

evidently Hölder conjugate to Ħ. Then by the Gagliardo-Nirenberg interpolation inequality
(e.g., see [6, Theorem 2.44]),18

∥|∇|Ă−ąčă ∥ĈĦ1 ≲ ∥čă ∥
ą
Ă

Ĉ∞ ∥|∇|Ăčă ∥1− ą
Ă

ĈĦ (4.25)

and

∥∇g ∗ čă ∥ĈĦ2 ≲ ∥|∇| ąčă ∥ĈĦ2 ≲ ∥čă ∥1− ą
Ă

Ĉ∞ ∥|∇|Ăčă ∥
ą
Ă

ĈĦ . (4.26)

Combining estimates, we conclude



|∇|Ă
∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






ĈĦ

≲ ∥č∥2
Ĕ

∫ Ī

0

(Ă(Ī − ă))− 1
2
− ą

2 Ěă

≲ Ă− 1
2
− ą

2 Ī
1
2
− ą

2 ∥č∥2
Ĕ . (4.27)

Putting together the estimates (4.22), (4.27) and using the properties of the heat kernel
for the linear part of the map T , we arrive at

∥T (č)∥Ĕ f ∥č0∥Ĉ∞∩ ¤ēĂ,Ħ + ÿ∥č∥2
Ĕ

(
Ă

− 1
2
− Ě

2ħĐ
1
2
− Ě

2ħ + Ă− 1
2
− ą

2 Đ
1
2
− ą

2

)
, (4.28)

for some constantÿ > 0 depending on Ě, ĩ, Ħ, Ă, ą,M . Completely analogous analysis also
shows that

∥T (č1) − T (č2)∥Ĕ f ÿ (∥č1∥Ĕ + ∥č2∥Ĕ)∥č1 − č2∥Ĕ
(
Ă

− 1
2
− Ě

2ħĐ
1
2
− Ě

2ħ + Ă− 1
2
− ą

2 Đ
1
2
− ą

2

)
.

(4.29)
Without loss of generality, we may choose ą sufficiently close to 1 and ħ sufficiently close
to Ě so that ą =

Ě
ħ

. Letting Ď > 2∥č0∥Ĉ∞∩ ¤ēĂ,Ħ , we see that if we choose Đ so that

2ÿĎĂ− 1+ą
2 Đ

1−ą
2 =

1

2
, (4.30)

then T is a contraction on þĎ. So by the Banach fixed point theorem, we obtain a solution
to (4.4) in Ĕ . Additionally, we can extract from the reasoning used to obtain (4.28), (4.29)
that if č1, č2 are two solutions to (4.4) in þĎ with initial data č0

1
, č0

2
, respectively, then

∥č1 − č2∥Ĕ f 2∥č0
1 − č0

2∥Ĉ∞∩ ¤ēĂ,Ħ , (4.31)

which shows local Lipschitz continuity of the solution map on the initial data.
We conclude with the blow-up criterion for the solution. Suppose that Đmax < ∞, but

lim sup
Đ→Đ−

max

∥č∥ÿ ( [0,Đ ],Ĕ) < ∞. (4.32)

18Again, this result is stated on R Ě but is adaptable to TĚ for zero-mean functions.
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Then, there exists an ĉ > 0, such that for every Đ < Đmax, ∥č∥ÿ ( [0,Đ ],Ĕ) f ĉ . We choose
Đ sufficiently close to Đmax so that Đmax − Đ is less than the lower bound for the time of
existence given for a solution by Proposition 2.1. Using Proposition 2.1 with initial datum
čĐ , we can then increase the lifespan of the solution beyond Đmax, which is a contradiction.
This completes the proof of Proposition 2.1.

Before proving some further properties of solutions to equation (1.5), we record a series
of remarks about Proposition 2.1.

Remark 4.3. The proof of local well-posedness makes no assumptions on the sign of the
interaction or the symmetry properties of the matrix M . In particular, it is valid for both
conservative and gradient flows, as well as repulsive and attractive interactions.

Remark 4.4. By using the fractional Leibniz rule as in (4.23), but skipping the Gagliardo-
Nirenberg interpolation, one can also show in the case Ě − 2 f ĩ f Ě − 1 that given č0 ∈
Ĉ∞ ∩ ¤ē Ă,Ħ , for any Ă g 0 and 1 f Ħ < ∞, there exists a unique solution to (4.4) in
ÿ ( [0, Đ], Ĉ∞ ∩ ¤ē Ă,Ħ) for some Đ > 0.

Remark 4.5. Using the dependence on initial data estimates (2.2) and (2.4), we see that we
can always approximate solutions to (4.4) byÿ∞ solutions, in particular classical solutions.

The solutions we have constructed necessarily conserve mass and have nonincreasing
Ĉ1 norm (conserved if M is antisymmetric); note that we did not limit ourselves to non-
negative solutions in Proposition 2.1, so the mass and Ĉ1 norm a priori do not coincide.
Moreover, solutions preserve the upper and lower bounds of the initial data. One may inter-
pret this as a form of maximum/minimum principle.

Lemma 4.6. Let č be a solution of equation (1.5) as in Proposition 2.1. The following
hold.

• (Mass conservation) For Ī g 0,
∫
TĚ čĪĚĮ =

∫
TĚ č0ĚĮ.

• (Nonincreasing Ĉ1) For Ī g 0, ∥čĪ ∥Ĉ1 f ∥č0∥Ĉ1 .
• (Maximum/minimum principle) If ę1 f č0 f ę2 a.e., then for Ī g 0, ę1 f čĪ f ę2 a.e.19

Proof. We only sketch the proof of the first two assertions. It suffices by approximation to
consider a smooth solution. Then

Ě

ĚĪ

∫
TĚ

čĪĚĮ =

∫
TĚ

div
(
(čĪM∇g ∗ čĪ ) + Ă∇čĪ

)
ĚĮ = 0 (4.33)

by the fundamental theorem of calculus and periodicity, which gives mass conservation.
For nonincrease of the Ĉ1 norm, we regularize the function | · | by

√
Ć2 + | · |2, which isÿ∞

for fixed Ć > 0. By the chain rule,

Ě

ĚĪ

∫
TĚ

√
Ć2 + |čĪ |2ĚĮ =

∫
TĚ

čĪ (div(čĪM∇g ∗ čĪ ) + Ă�čĪ )√
Ć2 + |čĪ |2

(4.34)

19As we show later in Section 5 that čĪ is smooth, a fortiori continuous, for Ī > 0, the inequalities hold
pointwise everywhere.
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and the result is obtained by integration by parts and letting Ć → 0.
For the third assertion, consider first the lower bound with ę1 = 0. If č0 g 0 a.e., then

the solution čĪ g 0 a.e. on its lifespan. Indeed, let čĪ+, č
Ī
− denote the positive and negative

parts of čĪ respectively. Then

Ě

ĚĪ

∫
TĚ

čĪ±ĚĮ =
1

2

Ě

ĚĪ

∫
TĚ

(
|čĪ | ± čĪ

)
ĚĮ f 0, (4.35)

where the final inequality follows from the first two assertions. In particular, if
∫
TĚ č

0
−ĚĮ = 0,

then 0 f
∫
TĚ čĪ−ĚĮ f

∫
TĚ č0

−ĚĮ = 0, which implies that čĪ− = 0 a.e. The same reasoning
establishes the upper bound with ę2 = 0: if č0 f 0 a.e., then čĪ f 0 a.e. for Ī g 0.

Using this result, we can also show in the conservative case that if ę1 f č0 f ę2 a.e.
(i.e., the initial data is bounded from above and below), then ę1 f čĪ f ę2 a.e. for every
Ī > 0. Simply consider čĪ − ę1 and čĪ − ę2 which are solutions to (1.5) with initial data
č0 − ę1 g 0 and č0 − ę2 f 0 a.e., respectively. For the gradient flow case, let 0 f ę f č̄

and use integration by parts to compute

Ě

ĚĪ

∫
TĚ

(čĪ − ę)−ĚĮ = −
∫
čĪfę

(
div(čĪ∇g ∗ čĪ ) + Ă�čĪ

)
ĚĮ

= −
∫
čĪfę

∇čĪ · ∇g ∗ čĪĚĮ + cd,s

∫
čĪfę

čĪ |∇|2+ĩ−Ě (čĪ − č̄)ĚĮ

− Ă

∫
čĪ=ę

∇čĪ · ∇čĪ
|∇čĪ | ĚĮ. (4.36)

The last term is nonpositive and may be discarded. For the first term, observe that
∇čĪ1čĪfę = −∇(čĪ − ę)− a.e. Hence, integrating by parts,

−
∫
čĪfę

∇čĪ · ∇g ∗ čĪ = cd,s

∫
TĚ

(čĪ − ę)− |∇|2+ĩ−Ě (čĪ )ĚĮ. (4.37)

Similarly, čĪ1čĪfę = −(čĪ − ę)− + ę1čĪfę, which implies that the right-hand side of (4.36)
is f

cd,sę

∫
čĪfę

|∇|2+ĩ−Ě (čĪ )ĚĮ. (4.38)

In particular, in the Coulomb case ĩ = Ě − 2 and assuming čĪ g 0, the right-hand side is
f cd,sę |{čĪ f ę}|(ę − č̄). For general Ě − 2 < ĩ < Ě, we use the definition of the fractional
Laplacian on TĚ (e.g., see [42, Proposition 2.2]) to write∫

čĪfę
|∇|2+ĩ−Ě (čĪ )ĚĮ = ÿĩ,Ě

∑
ġ∈Z Ě

∫
čĪfę

∫
TĚ

čĪ (Į) − čĪ (į)
|Į − į − ġ |Ě+(2+ĩ−Ě) ĚįĚĮ. (4.39)

Evidently, ∫
čĪfę

∫
čĪ>ę

čĪ (Į) − čĪ (į)
|Į − į − ġ |Ě+(2+ĩ−Ě) ĚįĚĮ f 0. (4.40)
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Since by swapping Į ´ į and making the change of variable −ġ ↦→ ġ ,

∑
ġ

∫
čĪfę

∫
čĪfę

čĪ (Į) − čĪ (į)
|Į − į − ġ |Ě+(2+ĩ−Ě) ĚįĚĮ

=

∑
ġ

∫
čĪfę

∫
čĪfę

čĪ (į) − čĪ (Į)
|Į − į − ġ |Ě+(2+ĩ−Ě) ĚįĚĮ = 0, (4.41)

we conclude that the right-hand side of (4.38) is f 0. Hence,
∫
TĚ (čĪ − ę)−ĚĮ is nonincreas-

ing, and so if ę is chosen such that inf č0 g ę, then
∫
TĚ (čĪ − ę)−ĚĮ = 0 for every Ī in the

lifespan of č. This implies that inf čĪ g inf č0. An analogous argument shows that if ę g č̄,
then

∫
TĚ (čĪ − ę)+ĚĮ is nonincreasing. In particular, if ę g sup č0, then

∫
TĚ (čĪ − ę)+ĚĮ = 0

on the lifespan of č, implying sup čĪ f sup č0.

We conclude this subsection with the proof of Proposition 2.2, showing that the solu-
tions given by Proposition 2.1 are, in fact, global (i.e.,Đmax =∞). The case Ě − 2 f ĩ f Ě − 1

is a triviality since we know from Lemma 4.6 that the Ĉ∞ norm is nonincreasing. For
the case Ě − 1 < ĩ < Ě, we are not able to show yet—but we will in the next section—
that ∥čĪ ∥ ¤ēĂ,Ħ is controlled by ∥č0∥ ¤ēĂ,Ħ . But this is unnecessary: it suffices to show that
∥čĪ ∥ ¤ēĂ,Ħ cannot blow up in finite time.

Proof of Proposition 2.2. For the case Ě − 2 f ĩ f Ě − 1, we have already explained the
proof. For the case Ě − 1 < ĩ < Ě, we simply need to revisit the proof of Proposition 2.1.
Recalling estimates (4.19), (4.20), (4.21), we have




∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






Ĉ∞

≲ ∥č0∥Ĉ∞

∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2ħ ∥|∇|Ăčă ∥ĈĦĚă,

(4.42)

for some ħ > Ě depending on Ħ. Recalling estimates (4.23), (4.24), (4.25), (4.26),





|∇|Ă
∫ Ī

0

ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)Ěă






ĈĦ

≲ ∥č0∥Ĉ∞

∫ Ī

0

(Ă(Ī − ă))− 1
2
− ą

2 ∥|∇|Ăčă ∥ĈĦĚă, (4.43)

for ą ∈ (ĩ + 1 − Ě, 1). Note here that in the gradient flow case, we are implicitly using the
interaction is repulsive to control ∥čĪ ∥Ĉ∞ f ∥č0∥Ĉ∞ (recall Lemma 4.6). Hence,

∥čĪ ∥Ĉ∞∩ ¤ēĂ,Ħ ≲ ∥č0∥Ĉ∞∩ ¤ēĂ,Ħ + ∥č0∥Ĉ∞

∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2ħ ∥|∇|Ăčă ∥ĈĦĚă

+
∫ Ī

0

(Ă(Ī − ă))− 1
2
− ą

2 ∥|∇|Ăčă ∥ĈĦĚă. (4.44)
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By adjusting ħ or ą if necessary, we may assume without loss of generality that ą
2
=

Ě
2ħ

.
The singular Grönwall lemma [80, Ch. 5, Lemma 6.7] now implies that for any Đ > 0,

sup
0fĪfĐ

∥čĪ ∥Ĉ∞∩ ¤ēĂ,Ħ < ∞, (4.45)

completing the proof of the proposition.

4.2. Control of ĈĦ norms

We already saw in Lemma 4.6 that the Ĉ1 and Ĉ∞ norm of a solution are nonincreasing.
By interpolation, this implies that for any 1 f Ħ f ∞,

∀Ī g 0, ∥čĪ ∥ĈĦ f ∥č0∥
1
Ħ

Ĉ1 ∥č0∥1− 1
Ħ

Ĉ∞ . (4.46)

As we show in Lemma 4.9 below, it is possible control the Ĉ Ħ norm, for any 1 < Ħ < ∞,
of the solution in terms of the Ĉ Ħ norm of the initial datum.

Before stating and proving the lemma, we recall some technical preliminaries. The first
is a type of Poincaré inequality adapted from [1, Lemma 3.2]. Note that when Ħ = 2, the
inequality is the usual Poincaré inequality, which is a trivial consequence of Plancherel’s
theorem. We include a sketch of the proof for the reader’s convenience.

Lemma 4.7. Let Ě g 1 and 1 f Ħ < ∞. There exists a constant ÿ > 0 depending only on
Ě, Ħ, such that for any Ĝ with

∫
TĚ Ĝ = 0 and | Ĝ | Ħ2 sgn( Ĝ ) ∈ ē1,2 (TĚ), it holds

∫
TĚ

| Ĝ |ĦĚĮ f ÿ

∫
TĚ

|∇| Ĝ |
Ħ
2 |2ĚĮ. (4.47)

Proof. The proof is by contradiction. Suppose there is a sequence of ĜĤ with
∫
TĚ ĜĤ = 0,

∥ ĜĤ∥ĈĦ = 1, and ∥∇(| ĜĤ |
Ħ
2 sgn( ĜĤ))∥Ĉ2 → 0 as Ĥ→∞. By approximation, we may assume

without loss of generality that ĜĤ is ÿ∞. Set ĝĤ := | ĜĤ |
Ħ
2 sgn( ĜĤ). Since gĤ is bounded in

ē1,2 (TĚ), the Rellich-Kondrachov embedding implies that (up to a subsequence) there is a
ĝ ∈ē1,2 (TĚ) such that ∥ĝĤ − ĝ∥Ĉ2 → 0 as Ĥ →∞. Since 1 = ∥ ĜĤ∥ ĦĈĦ = ∥ĝĤ∥2

Ĉ2 , it follows
that 1 = ∥ĝ∥Ĉ2 . Since ∥∇ĝĤ∥Ĉ2 → 0, it follows from lower semicontinuity that ∇ĝ = 0,
which implies that ĝ = ę for some constant ę. Since ∥ĝ∥Ĉ2 = 1, in fact, ę = 1, which implies

that Ĝ := |ĝ |
2
Ħ sgn(ĝ) = 1. Since ĜĤ = |ĝĤ |

2
Ħ sgn(ĝĤ) → Ĝ in Ĉ Ħ by the fact that ĝĤ → ĝ in

Ĉ2, we also have that ĜĤ → Ĝ in Ĉ1. This implies that
∫
TĚ Ĝ ĚĮ = 0, which contradicts that

ę = 1 above.

The second ingredient is a positivity lemma for the fractional Laplacian, adapted from
[42, Lemma 2.5], which one may view as a “cheap” version of the Stroock-Varopoulos
inequality (e.g., see [14, Proposition 3.1]).
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Lemma 4.8 (Positivity lemma). For 0 f Ă f 2, Ĝ ∈ ÿ∞ (TĚ),20 and 1 f ħ < ∞, it holds
that ∫

TĚ

| Ĝ |ħ−1 sgn( Ĝ ) |∇|Ă Ĝ ĚĮ g 0, (4.48)

We now come to the main lemma of this subsection, which uses the assumption that g

is repulsive in the gradient flow case and Ě − 2 f ĩ < Ě, in contrast to Proposition 2.1.

Lemma 4.9. Let Ě − 2 f ĩ < Ě and 1 f Ħ < ∞. If čĪ is a solution to equation (1.5), with
the condition that čĪ g 0 if M = −I , then

∀Ī g 0, ∥čĪ ∥ĈĦ f ∥č0∥ĈĦ . (4.49)

Furthermore, in the case when M is antisymmetric, there is a constant ÿ > 0 depending
only on Ě, Ħ, such that

∀Ī g 0, ∥čĪ − č̄∥ĈĦ f ě−ÿĂĪ ∥č0 − č̄∥ĈĦ . (4.50)

Proof. Without loss of generality, suppose that č is a classical solution to equation (1.5).
Using the chain rule, we compute

Ě

ĚĪ
∥čĪ ∥ Ħ

ĈĦ = Ħ

∫
TĚ

|čĪ |Ħ−1 sgn(čĪ )ĉĪčĪĚĮ = ĦĂ

∫
TĚ

|čĪ |Ħ−1 sgn(čĪ )�čĪĚĮ

− Ħ

∫
TĚ

|čĪ |Ħ−1 sgn(čĪ ) div(čĪM∇g ∗ čĪ )ĚĮ. (4.51)

By the product rule,

− Ħ

∫
TĚ

|čĪ |Ħ−1 sgn(čĪ ) div(čĪM∇g ∗ čĪ )ĚĮ

= −Ħ
∫
TĚ

|čĪ |Ħ div(M∇g ∗ čĪ )ĚĮ−Ħ
∫
TĚ

|čĪ |Ħ−1 sgn(čĪ )∇čĪ · (M∇g ∗ čĪ )ĚĮ. (4.52)

Since
Ħ |čĪ |Ħ−1 sgn(čĪ )∇čĪ = ∇(|čĪ |Ħ), (4.53)

an integration by parts reveals that

−Ħ
∫
TĚ

|čĪ |Ħ−1 sgn(čĪ ) div(čĪM∇g ∗ čĪ )ĚĮ = −(Ħ − 1)
∫
TĚ

|čĪ |Ħ div(M∇g ∗ čĪ )ĚĮ.
(4.54)

20The ÿ∞ assumption is qualitative. One just needs enough regularity for the integral in (4.48) to make
sense.
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Finally, write

sgn(čĪ ) = lim
Ċ→0+

čĪ√
Ċ2 + |čĪ |2

. (4.55)

Integrating by parts,

Ħ

∫
TĚ

|čĪ |Ħ−1 sgn(čĪ )�čĪĚĮ

= lim
Ċ→0+

(
− Ħ(Ħ − 1)

∫
TĚ

|čĪ |Ħ−2 |čĪ |√
Ċ2 + |čĪ |2

|∇čĪ |2ĚĮ

− Ħ

∫
TĚ

|čĪ |Ħ−1 |∇čĪ |2√
Ċ2 + |čĪ |2

ĚĮ + Ħ

∫
TĚ

|čĪ |Ħ−1 |čĪ |2 |∇čĪ |2
(Ċ2 + |čĪ |2)3/2 ĚĮ

)

= −Ħ(Ħ − 1)
∫
TĚ

|čĪ |Ħ−2 |∇čĪ |2ĚĮ

= −4(Ħ − 1)
Ħ

∫
TĚ

|∇|čĪ |Ħ/2 |2ĚĮ. (4.56)

After a little bookkeeping, we arrive at

Ě

ĚĪ
∥čĪ ∥ Ħ

ĈĦ = −(Ħ − 1)
∫
TĚ

|čĪ |Ħ div(M∇g ∗ čĪ )ĚĮ − 4Ă
(Ħ − 1)

Ħ

∫
TĚ

|∇|čĪ |
Ħ
2 |2ĚĮ.

(4.57)

Suppose that M is antisymmetric. Then recalling (4.3), identity (4.57) becomes

Ě

ĚĪ
∥čĪ ∥ Ħ

ĈĦ = −4Ă
(Ħ − 1)

Ħ
∥∇|čĪ |

Ħ
2 ∥2

Ĉ2 , (4.58)

which implies that ∥čĪ ∥ Ħ
ĈĦ is nonincreasing and, in fact, strictly decreasing unless |čĪ | is

constant. Additionally, since čĪ − č̄ is also a solution to equation (1.5), replacing čĪ above
with čĪ − č̄, we find that

Ě

ĚĪ
∥čĪ − č̄∥ Ħ

ĈĦ = −4Ă
(Ħ − 1)

Ħ
∥∇|čĪ − č̄ |

Ħ
2 ∥2

Ĉ2 f −4ÿĚ,ĦĂ(Ħ − 1)
Ħ

∥čĪ − č̄∥ Ħ
ĈĦ , (4.59)

where the final inequality follows from application of Lemma 4.7. From Grönwall’s lemma,
we then obtain

∥čĪ − č̄∥ Ħ
ĈĦ f ě−ÿĚ,ĦĂĪ ∥č0 − č̄∥ Ħ

ĈĦ , (4.60)

where we have redefined ÿĚ,Ħ compared to above.
Suppose now that M = −I . Then

div(∇g ∗ čĪ ) = −cd,s |∇|ĩ−Ě+2 (čĪ − č̄), (4.61)
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so that (4.57) becomes

Ě

ĚĪ
∥čĪ ∥ Ħ

ĈĦ = −(Ħ − 1)cd,s

∫
TĚ

|čĪ |Ħ |∇|ĩ−Ě+2 (čĪ − č̄)ĚĮ − 4Ă(Ħ − 1)
Ħ

∫
TĚ

|∇|čĪ |
Ħ
2 |2ĚĮ.

(4.62)

If ĩ = Ě − 2, then∫
TĚ

|čĪ |Ħ |∇|ĩ−Ě+2 (čĪ − č̄)ĚĮ = ∥čĪ ∥ Ħ+1

ĈĦ+1 − č̄∥čĪ ∥ Ħ
ĈĦ g 0, (4.63)

where we have used that čĪ g 0 by assumption, so that č̄ = ∥čĪ ∥Ĉ1 f ∥čĪ ∥ĈĦ , and that
∥ · ∥ĈĦ+1 g ∥ · ∥ĈĦ . If Ě − 2 < ĩ < Ě, then we may apply Lemma 4.8 with Ĝ = čĪ (again
using that čĪ g 0 by assumption) to obtain∫

TĚ

|čĪ |Ħ |∇|ĩ−Ě+2 (čĪ − č̄)ĚĮ g 0. (4.64)

In all cases, we conclude that

Ě

ĚĪ
∥čĪ ∥ Ħ

ĈĦ f −4Ă(Ħ − 1)
Ħ

∥∇|čĪ |
Ħ
2 ∥2

Ĉ2 , (4.65)

which completes the proof of the lemma.

Remark 4.10. In the Coulomb gradient flow case M = −I and ĩ = Ě − 2, we can actually
obtain an exponential rate of decay for ∥čĪ − č̄∥ĈĦ , for 1 f Ħ f ∞, through a modification
of the proof of Lemma 4.9. Since we do not use such a result in this paper, we do do not
report on the details.

4.3. Free energy and entropy control

In this subsection, we show how the free energy and entropy provide a priori estimates
for solutions of equation (1.5), as well as rates of convergence as Ī → ∞ to the unique
equilibrium given by the uniform measure on TĚ . We assume through this section that č is
a probability density solution. Recall from Lemma 4.6 that mass and sign are preserved and
given a nonnegative solution, we may always rescale time (up to a change of temperature)
to normalize the mass to be one, as explained in Remark 4.1.

If M = −I , then the free energy associated to equation (1.5) is defined by

FĂ (č) := Ă

∫
TĚ

log(č)Ěč + 1

2

∫
(TĚ )2

g(Į − į)Ěč¹2 (Į, į) =: ĂEnt(č) + Eng(č), (4.66)

consisting of the entropy and the energy of č. Evidently, both terms in the definition of
FĂ (č) are nonnegative and, in fact, are equal to zero if and only if č ≡ 1. Equation (1.5)
with M = −I is the gradient flow of FĂ , in the sense that (1.5) may be rewritten as

ĉĪč = − div

(
č∇ ąFĂ

ąč

)
, (4.67)
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where ąFĂ

ąč
is the variational derivative of FĂ . Consequently,

Ě

ĚĪ
FĂ (čĪ ) = −DĂ (čĪ ), (4.68)

where DĂ is the free energy dissipation functional given by

DĂ (čĪ ) :=

∫
TĚ

��Ă∇ log
(
čĪ

)
+ ∇(g ∗ čĪ )

��2 ĚčĪ . (4.69)

There is a deeper significance behind the relationship of the free energy to equation (1.5)
in terms of gradient flows on the manifold of probability densities on TĚ (e.g., see [2]). But
we will not make use of this structure and therefore make no further comments on it.

Expanding the square,

DĂ (čĪ )

=

∫
TĚ

��Ă∇ log
(
čĪ

)
+ ∇g ∗ čĪ

��2 ĚčĪ
= Ă2

∫
TĚ

|∇ log
(
čĪ

)
|2ĚčĪ + 2Ă

∫
TĚ

(
∇ log

(
čĪ

)
· ∇g ∗ čĪ

)
ĚčĪ +

∫
TĚ

|∇g ∗ čĪ |2ĚčĪ

g Ă2

∫
TĚ

|∇ log
(
čĪ

)
|2ĚčĪ + 2Ăcd,s

∫
TĚ

| |∇| 2+ĩ−Ě
2 (čĪ ) |2ĚĮ +

∫
TĚ

|∇g ∗ čĪ |2ĚčĪ , (4.70)

where the final line follows from integration by parts in the second integral of the penul-
timate line and the definition of g. Thus, we see that DĂ (čĪ ) = 0 if and only if čĪ ≡ 1.
Since the uniform measure is a stationary solution to equation (1.5), uniqueness of solu-
tions implies that if čĪ ≡ 1 for some Ī = Ī0, then čĪ ≡ 1 for all Ī g Ī0. Thus, the free energy
is strictly decreasing unless čĪ ≡ 1, at which point it is then constant for all future time.

For conservative flows, the free energy is no longer the right quantity to consider.
Instead, the entropy alone suffices. Given a classical solution of equation (1.5) with anti-
symmetric matrix M , we compute

Ě

ĚĪ

∫
TĚ

log
(
čĪ

)
ĚčĪ =

∫
TĚ

ĉĪč
Ī
(
1 + log

(
čĪ

) )
ĚĮ =

∫
TĚ

(
Ă�čĪ − div(čĪM∇g ∗ čĪ )

)
ĚĮ

−
∫
TĚ

div(čĪM∇g ∗ čĪ ) log
(
čĪ

)
ĚĮ + Ă

∫
TĚ

log
(
čĪ

)
�čĪĚĮ. (4.71)

By the fundamental theorem of calculus, the first term in the right-hand side of the second
equality is obviously zero. The second term is also zero. To see this, we integrate by parts
using that div(M∇g ∗ čĪ ) = 0,

−
∫
TĚ

div(čĪM∇g ∗ čĪ ) log
(
čĪ

)
ĚĮ =

∫
TĚ

∇čĪ ·M∇g ∗ čĪĚĮ

= −
∫
TĚ

div(M∇g ∗ čĪ )ĚčĪ = 0. (4.72)
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For the third term above, we also integrate by parts to obtain

Ă

∫
TĚ

log
(
čĪ

)
�čĪĚĮ = −Ă

∫
TĚ

∇ log
(
čĪ

)
· ∇čĪĚĮ = −Ă

∫
TĚ

|∇ log
(
čĪ

)
|2ĚčĪ . (4.73)

The right-hand side is the Fisher information of čĪ . Putting everything together, we find

Ě

ĚĪ

∫
TĚ

log
(
čĪ

)
ĚčĪ = −Ă

∫
TĚ

|∇ log
(
čĪ

)
|2ĚčĪ . (4.74)

Similar to the free energy dissipation functional, we note that the right-hand side is zero
if and only if čĪ ≡ 1. If čĪ ≡ 1 for some Ī = Ī0, then the uniqueness of solutions and the
fact that 1 is a stationary solution imply čĪ ≡ 1 for all Ī g Ī0. Thus, the entropy is strictly
decreasing unless at some time Ī0, čĪ0 ≡ 1, at which point the solution remains identically
one and the entropy is zero for all subsequent time Ī g Ī0.

The dissipation of free energy/entropy can be combined with the log Sobolev inequality
(LSI) for the uniform measure onTĚ to obtain rates of convergence to equilibrium as Ī→∞.
We reproduce this LSI from [55, Lemma 3].

Lemma 4.11. For any probability density Ĝ on TĚ ,∫
TĚ

log( Ĝ )ĚĜ f 1

8ÿ2

∫
TĚ

|∇ log( Ĝ ) |2ĚĜ . (4.75)

Using Lemma 4.11, we may obtain the following exponential rate of decay for the
free energy/entropy. Pinsker’s inequality (e.g., see [102, Remark 22.12]) and interpolation
imply an exponential rate of convergence to the uniform distribution as Ī → ∞ in any Ĉ Ħ

norm, for finite Ħ.

Proof of Lemma 2.3. By approximation, we may assume without loss of generality that č
is a classical solution. Consider first the gradient flow case. From (4.70), we find

Ě

ĚĪ
FĂ (čĪ ) f −Ă2

∫
TĚ

|∇ log
(
čĪ

)
|2ĚčĪ − 2Ăcd,s

∫
TĚ

| |∇| 2+ĩ−Ě
2 (čĪ ) |2ĚĮ. (4.76)

Observe from Plancherel’s theorem that∫
TĚ

| |∇| 2+ĩ−Ě
2 (čĪ ) |2ĚĮ g (2ÿ)2

∫
TĚ

| |∇| ĩ−Ě2 (čĪ ) |2ĚĮ

=
(2ÿ)2

cd,s

∫
(TĚ )2

g(Į − į)Ě (čĪ )¹2 (Į, į). (4.77)

Applying Lemma 4.11, we then find

Ě

ĚĪ
FĂ (čĪ ) f −8ÿ2Ă2

∫
TĚ

log
(
čĪ

)
ĚčĪ − 2Ă(2ÿ)2

∫
(TĚ )2

g(Į − į)Ě (čĪ )¹2 (Į, į)

f −8ÿ2ĂFĂ (čĪ ). (4.78)
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By Grönwall’s lemma, we conclude that

FĂ (čĪ ) f FĂ (č0)ě−8ÿ2ĂĪ . (4.79)

For the conservative case, the argument is essentially the same, except we now use the
entropy dissipation (4.74) instead of the free energy dissipation (4.68). We ultimately obtain

Ent(čĪ ) f ě−8ÿ2ĂĪEnt(č0). (4.80)

By Pinsker’s inequality, (4.79) and (4.80) respectively imply

Ă

2
∥čĪ − 1∥2

Ĉ1 +
1

2
∥čĪ − 1∥2

¤Ą
ĩ−Ě

2

f FĂ (č0)ě−8ÿ2ĂĪ , if M = −I , (4.81)

1

2
∥čĪ − 1∥2

Ĉ1 f ě−8ÿ2ĂĪEnt(č0), if M is antisymmetric. (4.82)

By Lemma 4.6, we know that ∥čĪ ∥ĈĨ f ∥č0∥ĈĨ . Combining this fact with (4.81), (4.82)
and interpolation, we conclude that for any 1 f Ħ < ∞, if M = −I , then

∥čĪ − 1∥ĈĦ f ∥čĪ − 1∥
1
Ħ − 1

Ĩ

1− 1
Ĩ

Ĉ1 ∥čĪ − 1∥
1−

1
Ħ − 1

Ĩ

1− 1
Ĩ

ĈĨ

f (1 + ∥č0∥ĈĨ )
1−

1
Ħ − 1

Ĩ

1− 1
Ĩ

(
ě−4ÿ2ĂĪ

√
2FĂ (č0)/Ă

) 1
Ħ − 1

Ĩ

1− 1
Ĩ
, (4.83)

and if M is antisymmetric, then similarly

∥čĪ − 1∥ĈĦ f (1 + ∥č0∥ĈĨ )
1−

1
Ħ − 1

Ĩ

1− 1
Ĩ

(
ě−4ÿ2ĂĪ

√
2Ent(č0)

) 1
Ħ − 1

Ĩ

1− 1
Ĩ
. (4.84)

This completes the proof of the lemma.

4.4. ĈĦ-Ĉħ smoothing

In the previous subsections, the decay estimate for ∥čĪ − 1∥ĈĦ required at least control on
∥č0∥ĈĦ+ when using the free energy/entropy. Moreover, we have not yet obtained a decay
estimate for ∥čĪ − 1∥Ĉ∞ . In this subsection, we show that it is possible to obtain decay
estimates in terms of much weaker control on the initial data.

To do this, we need a log-Sobolev inequality for the uniform measure on TĚ . We could
not find in the literature the exact form that we need, so we include a proof below (without
any outright claims of originality).

Lemma 4.12. There exist constants ÿĈď,1, ÿĈď,2 > 0, which depend only on Ě, such that
for any Ĝ ∈ ÿ∞ (TĚ), with Ĝ̄ :=

∫
TĚ Ĝ ĚĮ, and any ė > 0, we have

∫
TĚ

Ĝ 2 log

(
Ĝ 2∫

TĚ Ĝ 2

)
ĚĮ + Ě

2
log(ė)∥ Ĝ ∥2

Ĉ2 f ė
Ě

2

(
ÿĈď,1∥∇ Ĝ ∥2

Ĉ2 + ÿĈď,2 | Ĝ̄ |2
)
. (4.85)
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Proof. The argument is classical and proceeds through Jensen’s inequality and Sobolev
embedding. Suppose first that

∫
TĚ Ĝ 2ĚĮ = 1, so that Ĝ 2 is a probability density on TĚ . Then

for Ħ > 2, write∫
TĚ

Ĝ 2 log Ĝ ĚĮ =
1

Ħ − 2

∫
TĚ

Ĝ 2 log
(
Ĝ Ħ−2

)
ĚĮ f Ħ

2(Ħ − 2) log
(
∥ Ĝ ∥2

ĈĦ

)
. (4.86)

From the inequality log Ī f ėĪ − log ė, for any Ī, ė > 0, it follows that

Ħ

2(Ħ − 2) log
(
∥ Ĝ ∥2

ĈĦ

)
f Ħ

2(Ħ − 2)
(
ė∥ Ĝ ∥2

ĈĦ − log ė
)
. (4.87)

Observe from the triangle inequality that ∥ Ĝ ∥ĈĦ f ∥ Ĝ − Ĝ̄ ∥ĈĦ + | Ĝ̄ |. If Ě g 3, then we
choose Ħ =

2Ě
Ě−2

and use Sobolev embedding to obtain that the right-hand side is f

Ě

4

(
2ėÿ2

ďĥĘ, 2Ě
Ě−2

∥∇ Ĝ ∥2
Ĉ2 + 2ė | Ĝ̄ |2 − log ė

)
. (4.88)

If Ě f 2, then we choose any 2 < Ħ < ∞ and use Sobolev embedding plus interpolation to
instead obtain

Ħ

2(Ħ − 2) log
(
∥ Ĝ ∥2

ĈĦ

)

=
Ħ

2(Ħ − 2) ·
(

2Ħ

Ě (Ħ − 2)

)−1

log

(
∥ Ĝ ∥

4Ħ
Ě (Ħ−2)
ĈĦ

)

f Ě

4

(
ė
(
∥ Ĝ − Ĝ̄ ∥ĈĦ + | Ĝ̄ |

) 4Ħ
Ě (Ħ−2) − log ė

)

f Ě

4

(
ė

(
ÿďĥĘ,Ħ ∥ Ĝ − Ĝ̄ ∥1−Ě ( 1

2
− 1

Ħ
)

Ĉ2 ∥ Ĝ − Ĝ̄ ∥Ě (
1
2
− 1

Ħ
)

¤Ą1
+ | Ĝ̄ |

) 4Ħ
Ě (Ħ−2)

− log ė

)

f Ě

4

(
2

4Ħ
Ě (Ħ−2) −1

ė

(
| Ĝ̄ |

4Ħ
Ě (Ħ−2) + ÿ

4Ħ
Ě (Ħ−2)
ďĥĘ,Ħ

2
4Ħ

Ě (Ħ−2)

(
1−Ě ( 1

2
− 1

Ħ
)
)
∥∇ Ĝ ∥2

Ĉ2

)
− log ė

)

f Ě

4

(
2

4Ħ
Ě (Ħ−2) −1

ė

(
| Ĝ̄ |2 + ÿ

4Ħ
Ě (Ħ−2)
ďĥĘ,Ħ

2
4Ħ

Ě (Ħ−2)

(
1−Ě ( 1

2
− 1

Ħ
)
)
∥∇ Ĝ ∥2

Ĉ2

)
− log ė

)
, (4.89)

where we have implicitly used above that | Ĝ̄ | f ∥ Ĝ ∥Ĉ2 = 1 and the convexity of | · |
4Ħ

Ě (Ħ−2) . To
remove the assumption

∫
TĚ Ĝ 2 = 1, we apply the preceding argument to ĝ := Ĝ /∥ Ĝ ∥Ĉ2 , which

satisfies
∫
TĚ ĝ

2ĚĮ = 1. This then gives the inequality in the statement of the lemma.

Next, we show that for any time Ī > 0, the Ĉ Ħ norm of čĪ controls the Ĉħ norm of čĪ , for

1 f Ħ f ħ f ∞, at the cost of a factor blowing up like (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
as Ī → 0 and like ěÿĂĪ

as Ī → ∞. In other words, this gain of integrability, sometimes called hypercontractivity,
is only useful for short positive times. This is in contrast to the setting of R Ě , where one

has this Ĉ Ħ-Ĉħ control with only a factor of (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
, which yields the optimal decay

of solutions as Ī → ∞ (cf. [92, Proposition 3.8]).
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Lemma 4.13. Let Ě g 1 and Ě − 2 f ĩ < Ě. If č is a solution to equation (1.5), then for
1 f Ħ f ħ f ∞,

∀Ī > 0, ∥čĪ ∥Ĉħ f ÿĦ,ħ,Ě (ĂĪ)−
Ě
2
( 1
Ħ
− 1

ħ
)
ěÿĦ,ħ,ĚĂĪ ∥č0∥ĈĦ , (4.90)

where ÿĦ,ħ,Ě > 0 depends only on Ħ, ħ, Ě.

Proof. We have already seen that we may assume without loss of generality that č is spa-
tially smooth on its lifespan and č isÿ∞ in time. Therefore, there are no issues of regularity
or decay in justifying the computations to follow. The proof is based on an adaptation of
an argument, originally due to Carlen and Loss in [29] and extended in [92].

For given Ħ, ħ as above, let Ĩ : [0,Đ] → [Ħ, ħ] be aÿ1 increasing function to be specified
momentarily. Replacing the absolute value | · | with (Ċ2 + | · |2)1/2, differentiating, then
sending Ċ → 0+, we find that

Ĩ (Ī)2∥čĪ ∥Ĩ (Ī )−1

ĈĨ (Ī )
Ě

ĚĪ
∥čĪ ∥ĈĨ (Ī ) = ¤Ĩ (Ī)

∫
TĚ

|čĪ |Ĩ (Ī ) log
©­«
|čĪ |Ĩ (Ī )

∥čĪ ∥Ĩ (Ī )
ĈĨ (Ī )

ª®¬
ĚĮ

+ ĂĨ (Ī)2

∫
TĚ

|čĪ |Ĩ (Ī )−1 sgn(čĪ )�čĪĚĮ

− Ĩ (Ī)2

∫
TĚ

|čĪ |Ĩ (Ī )−1 sgn(čĪ ) div(čĪM∇g ∗ čĪ )ĚĮ. (4.91)

Above, we have used the calculus identity

Ě

ĚĪ
Į(Ī)į (Ī ) = ¤į(Ī)Į(Ī)į (Ī ) log Į(Ī) + į(Ī) ¤Į(Ī)Į(Ī)į (Ī )−1 (4.92)

for ÿ1 functions Į(Ī) > 0 and į(Ī). As shown in the proof of Lemma 4.9,

ĂĨ (Ī)2

∫
TĚ

|čĪ |Ĩ (Ī )−1 sgn(čĪ )�čĪĚĮ − Ĩ (Ī)2

∫
TĚ

|čĪ |Ĩ (Ī )−1 sgn(čĪ ) div(čĪM∇g ∗ čĪ )ĚĮ

f −4Ă(Ĩ (Ī) − 1)
∫
TĚ

|∇|čĪ |Ĩ (Ī )/2 |2ĚĮ. (4.93)

Hence,

Ĩ (Ī)2∥čĪ ∥Ĩ (Ī )−1

ĈĨ (Ī )
Ě

ĚĪ
∥čĪ ∥ĈĨ (Ī ) f ¤Ĩ (Ī)

∫
TĚ

|čĪ |Ĩ (Ī ) log
©­«
|čĪ |Ĩ (Ī )

∥čĪ ∥Ĩ (Ī )
ĈĨ (Ī )

ª®¬
ĚĮ

− 4Ă(Ĩ (Ī) − 1)
∫
TĚ

|∇|čĪ |Ĩ (Ī )/2 |2ĚĮ. (4.94)
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We apply Lemma 4.12 to the right-hand side of inequality (4.94) with choice ė =
8Ă (Ĩ (Ī )−1)
¤Ĩ (Ī )ĚÿĈď,1

and Ĝ = |čĪ |Ĩ (Ī )/2 to obtain that

Ĩ (Ī)2∥čĪ ∥Ĩ (Ī )−1

ĈĨ (Ī )
Ě

ĚĪ
∥čĪ ∥ĈĨ (Ī ) f −¤Ĩ (Ī) Ě

2
log

(
8Ă(Ĩ (Ī) − 1)
¤Ĩ (Ī)ĚÿĈď,1

)
∥čĪ ∥Ĩ (Ī )

ĈĨ (Ī )

+ 4ĂÿĈď,2 (Ĩ (Ī) − 1)
ÿĈď,1

∥čĪ ∥Ĩ (Ī )
ĈĨ (Ī )/2 , (4.95)

with the implicit understanding that ¤Ĩ (Ī) > 0 (i.e., Ĩ is strictly increasing). Define

ă (Ī) := log
(
∥čĪ ∥ĈĨ (Ī )

)
. (4.96)

Then it follows from (4.95) that

Ě

ĚĪ
ă (Ī) = 1

∥čĪ ∥ĈĨ (Ī )

Ě

ĚĪ
∥čĪ ∥ĈĨ (Ī ) f − ¤Ĩ (Ī)

Ĩ (Ī)2

Ě

2
log

(
8Ă(Ĩ (Ī) − 1)
¤Ĩ (Ī)ĚÿĈď,1

)

+ 4ĂÿĈď,2 (Ĩ (Ī) − 1)
ÿĈď,1Ĩ (Ī)2

∥čĪ ∥Ĩ (Ī )
ĈĨ (Ī )/2

∥čĪ ∥Ĩ (Ī )
ĈĨ (Ī )

. (4.97)

By Hölder’s inequality,
∥čĪ ∥

ĈĨ (Ī )/2
∥čĪ ∥

ĈĨ (Ī )
f 1. Seting ĩ(Ī) := 1/Ĩ (Ī) and writing Ĩ−1

¤Ĩ = − ĩ (1−ĩ)
¤ĩ ,

we find from (4.97) that

Ě

ĚĪ
ă (Ī) f ¤ĩ(Ī)

(
Ě

2
log

(
8Ă

ĚÿĈď,1

ĩ(Ī) (1 − ĩ(Ī))
))

+ Ě

2
(−¤ĩ(Ī)) log(−¤ĩ(Ī))

+ 4ĂÿĈď,2

ÿĈď,1

(
ĩ(Ī) − ĩ(Ī)2

)
. (4.98)

So by the fundamental theorem of calculus,

ă (Đ) − ă (0) f
∫ Đ

0

¤ĩ(Ī) Ě
2

log

(
8Ă

ĚÿĈď,1

ĩ(Ī) (1 − ĩ(Ī))
)
ĚĪ

− Ě

2

∫ Đ

0

¤ĩ(Ī) log(−¤ĩ(Ī))ĚĪ + 4ĂÿĈď,2

ÿĈď,1

∫ Đ

0

(
ĩ(Ī) − ĩ(Ī)2

)
ĚĪ. (4.99)

We require that ĩ(0) = 1/Ħ and ĩ(Đ) = 1/ħ, so by the fundamental theorem of calculus,

∫ Đ

0

¤ĩ(Ī) Ě
2

log

(
8Ă

ĚÿĈď,1

ĩ(Ī) (1 − ĩ(Ī))
)
ĚĪ

=
Ě

2

(
log

(
8Ă

ĚÿĈď,1

)
ĩ + log

(
ĩĩ (1 − ĩ)−(1−ĩ)

)
− 2ĩ

)
|ĩ=1/ħ
ĩ=1/Ħ . (4.100)

Using the convexity of ė ↦→ ė log ė, we minimize the second integral in the right-hand side
of (4.99) by choosing ĩ(Ī) to linearly interpolate between ĩ(0) = 1/Ħ and ĩ(Đ) = 1/ħ, i.e.

¤ĩ(Ī) = 1

Đ

(
1

ħ
− 1

Ħ

)
, 0 f Ī f Đ. (4.101)



Sharp uniform-in-time mean-field convergence for singular periodic Riesz flows 41

Thus by fundamental theorem of calculus,

− Ě

2

∫ Đ

0

¤ĩ(Ī) log(−¤ĩ(Ī))ĚĪ = −Ě

2

(
1

Ħ
− 1

ħ

)
log

(
Đ

1/Ħ − 1/ħ

)
(4.102)

and

4ĂÿĈď,2

ÿĈď,1

∫ Đ

0

(
ĩ(Ī) − ĩ(Ī)2

)
ĚĪ =

(
1

Đ

(
1

ħ
− 1

Ħ

))−1
4ĂÿĈď,2

ÿĈď,1

∫ Đ

0

¤ĩ(Ī)
(
ĩ(Ī) − ĩ(Ī)2

)
ĚĪ

=

(
1

Đ

(
1

ħ
− 1

Ħ

))−1
4ĂÿĈď,2

ÿĈď,1

(
ĩ2

2
− ĩ3

3

)
|ĩ=1/ħ
ĩ=1/Ħ . (4.103)

The desired conclusion now follows from a little bookkeeping and exponentiating both
sides of the inequality.

Combining Lemma 4.13 with Lemma 4.9, we obtain the Corollary 2.4.

Proof of Corollary 2.4. If ĂĪ f 1, then by Lemma 4.13,

∥čĪ ∥Ĉħ f ÿĦ,ħ,Ě (Ă(Ī/2))−
Ě
2
( 1
Ħ
− 1

ħ
)
ěÿĦ,ħ,ĚĂ (Ī/2) ∥čĪ/2∥ĈĦ

f ÿĦ,ħ,Ě (Ă(Ī/2))−
Ě
2

(
1
Ħ
− 1

ħ

)
ěÿĦ,ħ,ĚĂ (Ī/2) ∥č0∥ĈĦ , (4.104)

where the final inequality is by Lemma 4.9. If ĂĪ > 1, then by time translation invariance
of solutions and Lemma 4.13 again,

∥čĪ ∥Ĉħ f ÿĦ,ħ,Ě (Ă(1/2Ă))−
Ě
2

(
1
Ħ
− 1

ħ

)
ěÿĦ,ħ,ĚĂ (1/2Ă) ∥čĪ− 1

2Ă ∥ĈĦ f ÿ′
Ħ,ħ,Ě ∥č0∥ĈĦ .

(4.105)

In the conservative case, we may also obtain from combining Lemmas 4.9 and 4.13,

∥čĪ − 1∥Ĉħ f ÿĦ,ħ,Ě

(
Ă min( Ī

2
,

1

2Ă
)
)− Ě

2

(
1
Ħ
− 1

ħ

)
ěÿĦ,ħ,ĚĂ min( Ī

2
, 1

2Ă
) ∥čmax( Ī

2
,Ī− 1

2Ă
) − 1∥ĈĦ

f ÿ′
Ħ,ħ,Ě (min(ĂĪ, 1))−

Ě
2

(
1
Ħ
− 1

ħ

)
ě−ÿĦ,ĚĂ max( Ī

2
,Ī− 1

2Ă
) ∥č0 − 1∥ĈĦ , (4.106)

provided that Ħ < ∞. This then completes the proof of the corollary.

Lastly, we prove Corollary 2.5.

Proof of Corollary 2.5. The argument exploits the mild formulation of the equation (4.4)
together with the smoothing properties of the heat kernel. Arguing similar to in the proof
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of Proposition 2.1, for any 1 f ħ f ∞, we have

∥čĪ − 1∥Ĉħ f ∥ěĪ Ă� (č0 − 1)∥Ĉħ +
∫ Ī

0




ěĂ (Ī−ă )� div(čă
M∇g ∗ čă)





Ĉħ

Ěă

f ÿĚ,Ħ,ħ (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
∥č0 − 1∥ĈĦ

+ ÿĚ,Ħ,ħ

∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2

(
1
Ħ
− 1

ħ

)
∥čă ∥ĈĦ1 ∥M∇g ∗ (čă − 1)∥ĈĦ2 Ěă,

(4.107)

where Ě
2

(
1
Ħ
− 1

ħ

)
< 1

2
and 1

Ħ1
+ 1

Ħ2
=

1
Ħ

. Using Corollary 2.4 on ∥čă ∥ĈĦ1 and Young’s

inequality/boundedness of Riesz transforms (assuming Ħ2 <∞) on ∥M∇g ∗ (čă − 1)∥ĈĦ2 ,
we find ∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2

(
1
Ħ
− 1

ħ

)
∥čă ∥ĈĦ1 ∥M∇g ∗ (čă − 1)∥ĈĦ2 Ěă

≲

∫ Ī

0

(Ă(Ī − ă))−
1
2
− Ě

2

(
1
Ħ
− 1

ħ

)
min(Ăă, 1)−

Ě
2

(
1
Ĩ1

− 1
Ħ1

)
∥č0∥ĈĨ1 sup

0<ăfĪ
∥čă − 1∥ĈĦ2 Ěă,

(4.108)

where Ĩ1 is chosen so that Ě
2

(
1
Ĩ1
− 1

Ħ

)
f 1

2
. Choose Ħ1 = ∞ and Ħ2 = Ħ. If ĂĪ f 1, then by

rescaling time, the integral in the last line becomes

Ă−1 (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
∥č0∥ĈĚ sup

0<ăfĪ
∥čă − 1∥ĈĦ

∫ 1

0

(1 − ă)−
1
2
− Ě

2

(
1
Ħ
− 1

ħ

)
ă−

1
2 Ěă, (4.109)

which implies that

∥čĪ − 1∥Ĉħ f ÿĦ,ħ,ĚĂ
−1 (ĂĪ)−

Ě
2

(
1
Ħ
− 1

ħ

)
∥č0∥ĈĚ sup

0<ăfĪ
∥čă − 1∥ĈĦ . (4.110)

Using time translation and an iteration argument, the Ĉ Ħ norm in the right-hand side can
be reduced to an Ĉ1 norm, to which we can applying Lemma 2.3.

More precisely, suppose that ħ = ∞. Fix a time Ī0, and fix a step size
Ăċ f min( 1

2(Ě+1) ,
ĂĪ0

2(Ě+1) ). We choose a sequence of exponents

∞ = Ħ0 > Ħ1 > · · · > ĦĚ > ĦĚ+1 = 1, (4.111)

such that Ě
2

(
1

Ħğ+1
− 1

Ħğ

)
< 1

2
. By translation the initial time, we observe from (4.110) that

for any Ī0 − ğċ f Ī f Ī0,

∥čĪ − 1∥ĈĦğ f ÿĚĂ
−1 (Ăċ)−

Ě
2

(
1

Ħğ+1
− 1

Ħğ

)
∥čĪ−(Ě+1)ċ ∥ĈĚ sup

Ī−(ğ+1)ċ<ăfĪ
∥čă − 1∥ĈĦğ+1 .

(4.112)
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Implicitly, we have used that ∥čă ∥ĈĚ is nonincreasing. This implies

∥čĪ − 1∥Ĉ∞ f ÿĚĂ
−Ě−1 (Ăċ)− Ě

2 ∥čĪ−(Ě+1)ċ ∥Ě+1
ĈĚ sup

Ī−(Ě+1)ċ<ăfĪ
∥čă − 1∥Ĉ1 . (4.113)

Applying Lemma 4.13 to ∥čĪ−(Ě+1)ċ ∥ĈĚ to go from ĈĚ to Ĉ1 and applying Lemma 2.3 to
∥čă − 1∥Ĉ1 , the preceding right-hand side is f

ÿĚĂ
−Ě− 3

2 (min(ĂĪ, 1))−
(Ě2+Ě−1)

2 ě−ęĚĂĪ

√
FĂ (č0). (4.114)

for constants ÿĚ , ęĚ > 0 depending on Ě. Note we have implicitly used that ∥č0∥Ĉ1 = 1.
This now completes the proof.

5. Derivative decay estimates for the mean-field equation

In this section, we prove Proposition 2.6 on the exponential rate of decay as Ī → ∞ for the
Ĉħ norms of derivatives (of arbitrarily large order) of solutions to equation (1.5), which we
know are global by Proposition 2.2. In particular, we show that solutions are smooth for
Ī > 0. We assume throughout this section that

∫
TĚ č0 = 1 and that č0 g 0 if M = −I .

Before starting the proof, let us record some remarks about the statement of Proposi-
tion 2.6

Remark 5.1. The constants and functions in the statement of the proposition additionally
may depend on Ě, ĩ,M . One may extract a more explicit dependence of WĂ,ħ , WĤ,ħ on
their arguments from the proof of Proposition 2.6; but we do not find it enlightening and so
do not present it. We only remark that WĂ,ħ ,WĤ,ħ do not depend on the argument FĂ (č0)
if M is antisymmetric (conservative case).

Remark 5.2. The exponent Č2 is chosen so that ∥∇g ∗ č∥Ĉ2 ≲ ∥č∥ ¤ĄČ2 . See Remark 5.5
below for further motivation.

Remark 5.3. By using the time translation trick, one can apply Proposition 2.6, going
from ă = Ī to ă = Ī0 := min( Ī

2
, Ī − 1

2Ă
), leading to the argument ∥čĪ0 ∥Ĉ∞ in WĂ,ħ ,WĤ,ħ .

One can then use Corollary 2.4 to eliminate the norm ∥čĪ0 ∥Ĉ∞ at the cost of additional
factors of (ĂĪ)−1. Since this does not help us—and we know that čĪ ∈ Ĉ∞ for any Ī > 0

automatically—we have chosen to keep the Ĉ∞ dependence for simplicity.

So as to make the presentation easier to digest, we break the proof of Proposition 2.6
into a series of lemmas, which are proved in the upcoming two subsections. In Section 5.1,
we treat the range Ě − 2 f ĩ f Ě − 1, showing (2.15), (2.16). Then in Section 5.2, we treat
the harder, remaining range Ě − 1 < ĩ < Ě, showing (2.17), (2.18). This then completes the
proof of Proposition 2.6 and, together with the results of Sections 4.3 and 4.4, establishes
assertion (1.14) from Theorem 1.1.
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5.1. The case Ě − 2 ≤ ĩ ≤ Ě − 1

We begin with the temporal decay estimates for the Ĉ Ħ norms of the derivatives of čĪ (note
∇¹ĤčĪ has zero average for Ĥ g 1 and similarly for |∇|ĂčĪ if Ă > 0) in the easier case
Ě − 2 f ĩ f Ě − 1. The first step is to prove Lemma 2.7 on the short-time gain of regularity.

Proof of Lemma 2.7. Our starting point is the following identity, which follows from com-
mutativity of Fourier multipliers,

ĉĂč
Ī
= ěĪ Ă�ĉĂč

0 −
∫ Ī

0

ěĂ (Ī−ă )� div ĉĂ (čă
M∇g ∗ čă) Ěă, (5.1)

where Ă = (Ă1, . . . , ĂĚ) ∈ NĚ
0

is a multi-index of order |Ă | = 1. The general case |Ă | g 1 will
be handled by induction. As the heat kernel is singular at ă = Ī, we divide the integration
over [0, Ī] into [0, (1− Ć)Ī] and [(1− Ć)Ī, Ī], for some Ć ∈ (0,1) to be determined. Applying
triangle and Minkowski’s inequalities to the right hand side of (5.1) leads us to

∥ĉĂčĪ ∥Ĉħ f ∥ěĪ Ă�ĉĂč
0∥Ĉħ +

∫ Ī (1−Ć)

0




ěĂ (Ī−ă )� div ĉĂ (čă
M∇g ∗ čă)





Ĉħ

Ěă

+
∫ Ī

Ī (1−Ć)




ěĂ (Ī−ă )� div ĉĂ (čă
M∇g ∗ čă)





Ĉħ

Ěă. (5.2)

We respectively denote by Ć1 (Ī), Ć2 (Ī), Ć3 (Ī) the three terms in the right hand side of the
previous inequality and proceed to estimate each of them individually.

Ć1 (Ī) is consequence of heat kernel estimate (3.10) and Young’s inequality:

Ć1 (Ī) ≲ (min(ĂĪ, 1))−
Ě
2

(
1
Ħ
− 1

ħ

)
− 1

2 ě−ÿĂĪ ∥č0 − 1∥ĈĦ , (5.3)

for any 1 f Ħ f ħ f ∞.
Consider now Ć2 (Ī). By (3.12) and Hölder’s inequalities, we have for any 1 f Ħ f ħ f∞,


ĉĂěĂ (Ī−ă )� div (čă

M∇g ∗ čă)




Ĉħ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)−
Ě
2

(
1
Ħ
− 1

ħ

)
−1∥čă

M∇g ∗ čă ∥ĈĦ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)−
Ě
2

(
1
Ħ
− 1

ħ

)
−1∥čă ∥Ĉ∞ ∥M∇g ∗ čă ∥ĈĦ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)−
Ě
2

(
1
Ħ
− 1

ħ

)
−1 (min(Ăă, 1))− 1

2 ∥č0∥ĈĚ ∥M∇g ∗ čă ∥ĈĦ ,

(5.4)

where we applied Corollary 2.4 to ∥čă ∥Ĉ∞ to obtain the last line. If Ħ =∞ (and so ħ =∞ as
well) and ĩ = Ě − 1, the Riesz transform ∇g∗ is not bounded on Ĉ Ħ and so we will be out of
luck in trying to estimate ∥M∇g ∗ čĪ ∥ĈĦ in terms of čĪ . Instead, we modify the preceding
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argument to obtain that for any Ě < Ĩ < ∞,




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉ∞

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− Ě
2Ĩ

−1 (min(Ăă, 1))− 1
2
+ Ě

2Ĩ ∥č0∥
Ĉ

ĨĚ
Ĩ−Ě

∥M∇g ∗ čă ∥ĈĨ .

(5.5)

Combining the estimates (5.4) and (5.5), we have shown that for any 1 f Ħ f ħ f ∞ and
Ě < Ĩ < ∞,




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉħ

≲ min(Ă(Ī − ă), 1)−
Ě
2

(
1
Ħ
− 1

ħ

)
−1

× ě−ÿĂ (Ī−ă ) (min(Ăă, 1))− 1
2

(
∥č0∥ĈĚ ∥M∇g ∗ čă ∥ĈĦ1 ĩ<Ě−1

ĩ=Ě−1'Ħ<∞

+ min(Ă(Ī − ă), 1)− Ě
2Ĩ (min(Ăă, 1)) Ě

2Ĩ ∥č0∥
Ĉ

ĨĚ
Ĩ−Ě

∥M∇g ∗ čă ∥ĈĨ 1ĩ=Ě−1'Ħ=∞
)
. (5.6)

We then use (2.13) from Corollary 2.4, if M is antisymmetric, or (2.9) from Lemma 2.3,
if M = −I , to bound for 1 f Ĩ < ∞ (same for Ĩ replaced by Ħ)

∥M∇g ∗ čă ∥ĈĨ ≲ ∥čă − 1∥ĈĨ ≲ ě−ÿ
′Ăă ∥č0 − 1∥ĈĨ 1M a.s. (5.7)

+(1 + ∥č0∥Ĉ∞ )1− 1
Ĩ

(
ě−ÿ

′′Ăă

√
FĂ (č0)/Ă

) 1
Ĩ

1M=−I . (5.8)

Since ă f Ī and ĂĪ f 1 by assumption, we can drop the min(·) and exponential factors
above. It now follows that




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉħ

≲ (Ă(Ī − ă))−
Ě
2

(
1
Ħ
− 1

ħ

)
−1 (Ăă)− 1

2

×
(
∥č0∥ĈĚ

(
∥č0 − 1∥ĈĦ1M a.s. + (1 + ∥č0∥Ĉ∞ )1− 1

Ħ

(√
FĂ (č0)/Ă

) 1
Ħ

1M=−I
)
1Ħ<∞

+ ∥č0∥ĈĚ+

(
∥č0 − 1∥ĈĨ 1M a.s. + (1 + ∥č0∥Ĉ∞ )1− 1

Ĩ

(√
FĂ (č0)/Ă

) 1
Ĩ

1M=−I
)

×
(

ă

(Ī − ă)

) Ě
2Ĩ

1Ħ=∞

)
. (5.9)

Adjusting ÿ, ÿ′, ÿ
′′
Ĩ
, ÿ

′′
Ħ

if necessary, we may assume without loss of generality that ÿ =

ÿ′ = ÿ′′
Ĩ

=
ÿ′′
Ħ

. Recalling the definition of Ć2 (Ī) from (5.2) and using the dilation invariance
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of Lebesgue measure, we arrive at

Ć2 (Ī) ≲
ýĆ

Ă
∥č0∥ĈĚ∗ (ĂĪ)−

Ě
2

(
1
Ħ
− 1

ħ

)
− 1

2

×
((
∥č0 − 1∥ĈĦ1M a.s. + ∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1M=−I
)
1Ħ<∞

+
(
∥čĪ − 1∥ĈĨ 1M a.s. + ∥č0∥1− 1

Ĩ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ĩ

1M=−I
)
1Ħ=∞

)
, (5.10)

where Ě∗ := Ě+1ĩ=Ě−1'Ħ=∞ + Ě (1 − 1ĩ=Ě−1'Ħ=∞), Ě < Ĩ < ∞ is arbitrary, and

ýĆ :=

∫ 1−Ć

0

(1 − ă)−
Ě
2

(
1
Ħ
− 1

ħ

)
−1
ă−

1
2

(
1Ħ<∞ +

(
ă

(1 − ă)

) Ě
2Ĩ

1Ħ=∞

)
Ěă. (5.11)

Finally, for Ć3 (Ī), we have by product rule and triangle inequality,




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉħ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− 1
2 (∥ĉĂčă

M∇g ∗ čă ∥Ĉħ + ∥čă
M∇g ∗ ĉĂčă ∥Ĉħ ).

(5.12)

If ĩ < Ě − 1, then since ∇g ∈ Ĉ1, we obtain from application of estimate (2.12) of Corol-
lary 2.4 to ∥čă ∥Ĉ∞ ,


ĉĂěĂ (Ī−ă )� div (čă

M∇g ∗ čă)




Ĉħ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− 1
2 ∥čă ∥Ĉ∞ ∥ĉĂčă ∥Ĉħ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− 1
2 min(Ăă, 1)− 1

2 ∥č0∥ĈĚ ∥ĉĂčă ∥Ĉħ . (5.13)

If ĩ = Ě − 1 and ħ > 1, we modify the argument (to account for ∇g ∉ Ĉ1) to obtain, for any
1 < Ĩ < ħ f ∞,




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉħ

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)−
1
2
− Ě

2

(
1
Ĩ
− 1

ħ

)

× (∥čă
M∇g ∗ ĉĂčă ∥ĈĨ + ∥ĉĂčă

M∇g ∗ čă ∥ĈĨ ). (5.14)

We have by Hölder’s and Young’s inequalities,

∥čă
M∇g ∗ ĉĂčă ∥ĈĨ ≲ ∥M∇g ∗ ĉĂčă ∥ĈĨ ∥čă ∥Ĉ∞

≲ ∥ĉĂčă ∥ĈĨ ∥čă ∥Ĉ∞

f ∥ĉĂčă ∥Ĉħ ∥čă ∥Ĉ∞ . (5.15)
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Again, by Hölder’s inequality plus the boundedness of the Riesz transform,

∥ĉĂčă
M∇g ∗ čă ∥ĈĨ f ∥ĉĂčă ∥Ĉħ ∥M∇g ∗ čă ∥

Ĉ
Ĩħ
ħ−Ĩ

≲ ∥ĉĂčă ∥Ĉħ ∥čă − 1∥
Ĉ

Ĩħ
ħ−Ĩ . (5.16)

Taking Ĩ close enough to ħ so that Ě
Ĩ
− Ě

ħ
< 1, it follows from (5.15), (5.16) and application

of (2.12) to ∥čă ∥Ĉ∞ ,




ĉĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉħ

≲ ě−ÿĂ (Ī−ă )

× min(Ă(Ī − ă), 1)−
1
2
− Ě

2

(
1
Ĩ
− 1

ħ

)
min(Ăă, 1)−

1
2
+ Ě

2

(
1
Ĩ
− 1

ħ

)
∥č0∥

Ĉ

Ě

1−Ě ( 1
Ĩ − 1

ħ )
∥ĉĂčă ∥Ĉħ .

(5.17)

Combining the estimates (5.13) and (5.17) and dropping the min(·) and exponential
factors using the assumption ĂĪ f 1, we arrive at

Ć3 (Ī) ≲ ∥č0∥ĈĚ∗

∫ Ī

Ī (1−Ć)
(Ă(Ī − ă))− 1

2 (Ăă)− 1
2 ∥ĉĂčă ∥Ĉħ

×
(
1ĩ<Ě−1 +

(
ă

(Ī − ă)

)0+
1ĩ=Ě−1,ħ>1

)
Ěă. (5.18)

Combining the estimates (5.3), (5.10), (5.18), we obtain

∥ĉĂčĪ ∥Ĉħ ≲ ∥č0 − 1∥ĈĦ (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
− 1

2 + ýĆ

Ă
∥č0∥ĈĚ∗ (ĂĪ)−

Ě
2

(
1
Ħ
− 1

ħ

)
− 1

2

×
((
∥č0 − 1∥ĈĦ1M a.s. + ∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1M=−I
)
1Ħ<∞

+
(
∥č0 − 1∥ĈĨ 1M a.s. + ∥č0∥1− 1

Ĩ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ĩ

1M=−I
)
1Ħ=∞

)

+ ∥č0∥ĈĚ∗

∫ Ī

Ī (1−Ć)
(Ă(Ī − ă))− 1

2 (Ăă)− 1
2 ∥ĉĂčă ∥Ĉħ

×
(
1ĩ<Ě−1 +

(
ă

(Ī − ă)

)0+
1ĩ=Ě−1,ħ>1

)
Ěă. (5.19)

To close the estimate for ∥ĉĂčĪ ∥Ĉħ , we define the function (for 0 < Ī f Ă−1)

č(Ī) := sup
0<ăfĪ

(Ăă)
Ě
2

(
1
Ħ
− 1

ħ

)
+ 1

2 ∥ĉĂčă ∥Ĉħ . (5.20)



48 A. Chodron de Courcel, M. Rosenzweig, and S. Serfaty

Using this notation, we rearrange (5.19), using the dilation invariance of Lebesgue measure,
to obtain the inequality

č(Ī) f ÿ∥č0 − 1∥ĈĦ

+ ÿýĆ ∥č0∥ĈĚ∗

Ă

((
∥č0 − 1∥ĈĦ1M a.s. + ∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1M=−I
)
1Ħ<∞

+
(
∥č0 − 1∥ĈĨ 1M a.s. + ∥č0∥1− 1

Ĩ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ĩ

1M=−I
)
1Ħ=∞

)
+ ÿþĆ ∥č0∥ĈĚ∗

Ă
č(Ī),

(5.21)

where ÿ > 0 depends only on Ě, ĩ, Ħ, ħ and

þĆ :=

∫ 1

1−Ć

(1 − ă)− 1
2 ă

− Ě
2

(
1
Ħ
− 1

ħ

)
−1

(
1ĩ<Ě−1 +

( ă

1 − ă

)0+
1ĩ=Ě−1,ħ>1

)
Ěă. (5.22)

The fact that we did not pick up any factors of Ī in (5.21) precisely explains our choice of
the exponents in the factors (Ī − ă) and ă above. Since the integral in the definition of þĆ

decreases monotonically to zero as Ć → 1− , we may choose Ć sufficiently small so that
ÿ∥č0∥ĈĚ∗ þĆ f Ă

2
. Thus,

∥ĉĂčĪ ∥Ĉħ f W1, Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0)) (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
− 1

2

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)
, (5.23)

for any Ċ ∈ (0, Ě−1), where W1, Ħ,ħ is a continuous, nondecreasing, polynomial function of
its arguments. Furthermore, W1, Ħ,ħ does not depend on FĂ (č0) if M is antisymmetric.

Let us now bootstrap from the case |Ă | = 1 to the general case Ĥ = |Ă | g 1. As our
induction hypothesis, assume that

∀|ă | f Ĥ − 1, Ī ∈ (0, Ă−1], 1 f Ħ f ħ f ∞,

∥ĉăčĪ ∥Ĉħ f W |ă | , Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0)) (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
− |ă |

2

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)
, (5.24)
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where Ć ∈ (0, Ě−1) and W |ă | , Ħ,ħ is a continuous, nondecreasing, polynomial function of
its arguments. Analogous to (5.2), we have

∥ĉĂčĪ ∥Ĉħ f ∥ěĂĪ�ĉĂč
0∥Ĉħ +

∫ Ī (1−Ć)

0




ěĂ (Ī−ă )� div ĉĂ (čă
M∇g ∗ čă)





Ĉħ

Ěă

+
∫ Ī

Ī (1−Ć)




ěĂ (Ī−ă )� div ĉĂ (čă
M∇g ∗ čă)





Ĉħ

Ěă. (5.25)

Repeating the arguments for Ć1 (Ī) and Ć2 (Ī) above, we have

Ć1 (Ī) ≲ (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
− Ĥ

2 ∥č0 − 1∥ĈĦ , (5.26)

Ć2 (Ī) ≲
ýĆ ∥č0∥ĈĚ∗

Ă
(ĂĪ)−

Ě
2

(
1
Ħ
− 1

ħ

)
− Ĥ

2

×
((
∥č0 − 1∥ĈĦ1M a.s. + ∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1M=−I
)
1Ħ<∞

+
(
∥č0 − 1∥ĈĨ 1M a.s. + ∥č0∥1− 1

Ĩ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ĩ

1M=−I
)
1Ħ=∞

)
, (5.27)

where now

ýĆ :=

∫ 1−Ć

0

(1 − ă)−
Ě
2

(
1
Ħ
− 1

ħ

)
− |Ă|+1

2 ă−
1
2

(
1Ħ<∞ +

( ă

1 − ă

)0+
1Ħ=∞

)
Ěă. (5.28)

For Ć3, we apply the Leibniz rule,

ĉĂ (čM∇g ∗ č) =
∑
ăfĂ

(
Ă

ă

)
ĉăčM∇g ∗ ĉĂ−ăč, (5.29)

and note that estimates (5.13), (5.15), (5.16) also hold for the ă = 0, ă = Ă terms. For the
terms with ă ∉ {0, Ă}, we use the induction hypothesis (5.24). If ĩ < Ě − 1 or ĩ = Ě − 1 and
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ħ ∉ {1,∞}, ∫ Ī

Ī (1−Ć)




ěĂ (Ī−ă )� div ĉăč
ă
M∇g ∗ ĉĂ−ăčă





Ĉħ

Ěă

≲

∫ Ī

Ī (1−Ć)
(Ă(Ī − ă))− 1

2 ∥ĉăčă ∥Ĉ∞ ∥ĉĂ−ăčă ∥ĈħĚă

≲ W |ă | ,Ě,∞ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĚ , FĂ (č0))
× WĤ−|ă | , Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ′ ∥č0∥1−Ċ ′
Ĉ∞

(
FĂ (č0)/Ă

) Ċ ′
2

1Ħ=∞
)
1M=−I

)

×
∫ Ī

Ī (1−Ć)
(Ă(Ī − ă))− 1

2 (Ăă)−
Ě
2

(
1
Ħ
− 1

ħ

)
− |Ă|+1

2 Ěă

≲ Ă−1
W |ă | ,Ě,∞ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĚ , FĂ (č0))

× WĤ−|ă | , Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ′ ∥č0∥1−Ċ ′
Ĉ∞

(
FĂ (č0)/Ă

) Ċ ′
2

1Ħ=∞
)
1M=−I

)

× (ĂĪ)−
Ě
2

(
1
Ħ
− 1

ħ

)
− (Ĥ+1)

2 þĆ , (5.30)

where Ć, Ć′ ∈ (0, Ě−1) and

þĆ :=

∫ 1

1−Ć

(1 − ă)− 1
2 ă

− Ě
2

(
1
Ħ
− 1

ħ

)
− (Ĥ+1)

2 Ěă. (5.31)
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If ĩ = Ě − 1 and ħ = ∞, then similar to before, we argue


ěĂ (Ī−ă )� div
(
ĉăč

ă
M∇g ∗ ĉĂ−ăčă

)



Ĉħ

≲ (Ă(Ī − ă))−
1
2
− Ě

2

(
1
Ĩ
− 1

ħ

)
∥ĉăčă ∥Ĉħ ∥ĉĂ−ăčă ∥Ĉ∞

≲ W |ă | , Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))
× WĤ−|ă | ,Ě+,∞(∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĚ+ , FĂ (č0))

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ′ ∥č0∥1−Ċ ′
Ĉ∞

(
FĂ (č0)/Ă

) Ċ ′
2

1Ħ=∞
)
1M=−I

)

× (Ă(Ī − ă))− 1
2 (Ăă)−

|Ă|+1
2

− Ě
2

(
1
Ħ
− 1

ħ

) ( ă

Ī − ă

)0+
. (5.32)

Above, we have neglected the case ĩ = Ě − 1 and ħ = 1, as our arguments do not work.
However, we have by Hölder’s inequality that, for any Ĩ > 1,

∥ĉĂčĪ ∥Ĉ1 f ∥ĉĂčĪ ∥ĈĨ

≲ W |Ă | , Ħ,Ĩ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĨ , FĂ (č0)) (ĂĪ)− Ě
2 (1− 1

Ĩ )− |Ă|
2

×
(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)

≲ W |Ă | , Ħ,Ĩ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥
1
Ĩ

Ĉ1

(
1 + ∥č0∥Ĉ∞

)1− 1
Ĩ

, FĂ (č0))

× (ĂĪ)− Ě
2 (1− 1

Ĩ )− |Ă|
2

(
∥č0 − 1∥ĈĦ +

(
∥č0∥1− 1

Ħ

Ĉ∞

(
FĂ (č0)/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥č0∥1−Ċ
Ĉ∞

(
FĂ (č0)/Ă

) Ċ
2

1Ħ=∞
)
1M=−I

)
. (5.33)

Combining the estimates above and following the same reasoning used to obtain (5.23)
in the case |Ă | = 1, one completes the proof of the induction step. Therefore, the proof of
Lemma 2.7 is complete.
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We now combine Lemma 2.7 with Lemmas 2.3 and 4.9 to prove Lemma 2.8 on the
long-time exponential decay of ∥∇¹ĤčĪ ∥Ĉħ . This then establishes estimate (2.16) of Propo-
sition 2.6.

Proof of Lemma 2.8. Fix Ī > 0 and assume that ĂĪ > 1 (otherwise, the desired result is
covered by Lemma 2.7). Let ĂĪ0 = ĂĪ − 1

2
. Translating time, we may apply Lemma 2.7 to

obtain

∥∇¹ĤčĪ ∥Ĉħ f WĤ,Ħ,ħ (∥čĪ0 ∥Ĉ∞ , Ă−1, ∥čĪ0 − 1∥ĈĦ , FĂ (čĪ0 )) (Ă(Ī − Ī0))−
Ĥ
2
− Ě

2

(
1
Ħ
− 1

ħ

)

×
(
∥čĪ0 − 1∥ĈĦ +

(
∥čĪ0 ∥1− 1

Ħ

Ĉ∞

(
FĂ (čĪ0 )/Ă

) 1
2Ħ

1Ħ<∞

+ ÿĊ ∥čĪ0 ∥1−Ċ
Ĉ∞

(
FĂ (čĪ0 )/Ă

) Ċ
2 1Ħ=∞

)
1M=−I

)

×
(
1 + ÿĆ (Ă(Ī − Ī0))−Ć

1ĩ=Ě−1'ħ=1

)
f ÿWĤ,Ħ,ħ (∥čĪ0 ∥Ĉ∞ , Ă−1, ∥čĪ0 − 1∥ĈĦ , FĂ (čĪ0 ))

(
1 + ÿ′

Ć1ĩ=Ě−1'ħ=1

)
×

(
∥čĪ0 − 1∥ĈĦ +

(
∥čĪ0 ∥1− 1

Ħ

Ĉ∞
(
FĂ (čĪ0 )/Ă

) 1
2Ħ 1Ħ<∞

+ ÿĊ ∥čĪ0 ∥1−Ċ
Ĉ∞

(
FĂ (čĪ0 )/Ă

) Ċ
2 1Ħ=∞

)
1M=−I

)
, (5.34)

where the second inequality follows from Ă(Ī − Ī0) > 1
2
. We have ∥čĪ0 ∥Ĉ∞ f ∥č0∥Ĉ∞ .

Applying (4.50) from Lemma 4.9 to ∥čĪ0 − 1∥ĈĦ and (2.8) from Lemma 2.3 to FĂ (č0),
then using that WĤ,Ħ,ħ is nondecreasing in its arguments, we find

WĤ,Ħ,ħ (∥čĪ0 ∥Ĉ∞ , Ă−1, ∥čĪ0 − 1∥ĈĦ , FĂ (čĪ0 ))
(
∥čĪ0 − 1∥ĈĦ

+
(
∥čĪ0 ∥1− 1

Ħ

Ĉ∞
(
FĂ (čĪ0 )/Ă

) 1
2Ħ 1Ħ<∞ + ÿĊ ∥čĪ0 ∥1−Ċ

Ĉ∞
(
FĂ (čĪ0 )/Ă

) Ċ
2 1Ħ=∞

)
1M=−I

)

f W̃Ĥ,Ħ,ħ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))ě−ÿ′ĂĪ , (5.35)

where ÿ′ > 0 and W̃Ĥ,Ħ,ħ : [0,∞)4 → [0,∞) is a continuous, nondecreasing polynomial
function of its arguments, which is independent of FĂ (č0) if M is antisymmetric. This
completes the proof.

Remark 5.4. Using the fractional Leibniz rule in place of the ordinary Leibniz rule, one
can adapt the proof of Lemma 2.7, then use the same argument as in the proof of Lemma 2.8,
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to also obtain, for any Ă > 0 and Ć > 0,

∀Ī > 0, ∥|∇|ĂčĪ ∥Ĉħ f WĂ,Ħ,ħ (∥č0∥∞, Ă−1, ∥č0 − 1∥ĈĦ , FĂ (č0))

× ě−ÿĂĪ min(ĂĪ, 1)−
Ă
2
− Ě

2

(
1
Ħ
− 1

ħ

) (
1 + ÿĆ min(ĂĪ, 1)−Ć

1ĩ=Ě−1'ħ=1

)
, (5.36)

where WĂ,Ħ,ħ : [0,∞)4 → [0,∞) is a function with the same properties as WĤ,Ħ,ħ above.
This establishes estimate (2.15) of Proposition 2.6. Alternatively, one can obtain the decay
estimate (5.36) following the proof of Lemma 2.10 presented in the next subsection.

5.2. The case Ě − 1 < ĩ < Ě

Next, we establish the analogue of Lemma 2.7 in the more difficult case Ě − 1 < ĩ < Ě.
Recall from above that the difficulty stems from the loss of regularity in the vector field
M∇g ∗ č, an issue we already saw in the proof of Proposition 2.1 for local well-posedness.

As an intermediate step, we first prove Lemma 2.9 on the uniform-in-time bound for Ĉ2

norms of (fractional) derivatives of čĪ , which by Sobolev embedding, will yield uniform-
in-time control of the quantity ∥|∇|ĩ−Ě+1čă ∥ĈĦ , for any 1 f Ħ f ∞, arising in estimation
of the vector field M∇g ∗ čă .

Proof of Lemma 2.9. We may assume that č0 ≠ 1; otherwise, the left-hand side of (2.21)
is identically zero and there is nothing to prove. By Remark 4.5, we may assume without
loss of generality that č is a classical solution. We have for Ă > 0,

Ě

ĚĪ

1

2
∥|∇|ĂčĪ ∥2

Ĉ2 =

∫
TĚ

|∇|ĂčĪ
(
Ă�|∇|ĂčĪ − div |∇|Ă (čĪM∇g ∗ čĪ )

)
ĚĮ

= −Ă
∫
TĚ

|∇|∇|ĂčĪ |2ĚĮ +
∫
TĚ

∇|∇|ĂčĪ · |∇|Ă (čĪM∇g ∗ čĪ )ĚĮ,
(5.37)

where the ultimate line follows from integration by parts.
Consider the second term in (5.37). By Cauchy-Schwarz and the fractional Leibniz rule

(e.g., see [54, Theorem 7.6.1]), we have, for any exponent 2 f Ħ f ∞,����
∫
TĚ

∇|∇|ĂčĪ · |∇|Ă (čĪM∇g ∗ čĪ )ĚĮ
���� f ∥∇|∇|ĂčĪ ∥Ĉ2 ∥|∇|Ă (čĪM∇g ∗ čĪ )∥Ĉ2

≲ ∥∇|∇|ĂčĪ ∥Ĉ2

(
∥|∇|ĂčĪ ∥ĈĦ ∥M∇g ∗ čĪ ∥

Ĉ
2Ħ
Ħ−2

+ ∥čĪ ∥Ĉ∞ ∥M∇g ∗ |∇|ĂčĪ ∥Ĉ2

)
. (5.38)

We choose Ħ =
2(1+Ă)

Ă
. Then by the fractional Gagliardo-Nirenberg interpolation inequal-

ities (e.g., see [6, Theorem 2.44]),

∥|∇|ĂčĪ ∥ĈĦ ≲ ∥čĪ ∥
Ă

1+Ă
¤Ą1+Ă ∥čĪ − 1∥

1
1+Ă
Ĉ∞ , (5.39)

∥M∇g ∗ čĪ ∥
Ĉ

2Ħ
Ħ−2

≲ ∥čĪ ∥
ĩ+1−Ě

1+Ă
¤Ą1+Ă ∥čĪ − 1∥

Ă−ĩ+Ě
1+Ă

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
, (5.40)
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which allows to handle the first product inside the parentheses in (5.38). For the second
product, we trivially estimate

∥M∇g ∗ |∇|ĂčĪ ∥Ĉ2 ≲ ∥čĪ ∥ ¤Ą1+Ă+ĩ−Ě f ∥čĪ − 1∥
Ě−ĩ
1+Ă
Ĉ2 ∥čĪ ∥

1+Ă+ĩ−Ě
1+Ă

¤Ą1+Ă . (5.41)

Combining the above estimates, we obtain

Ě

ĚĪ
∥čĪ ∥2

¤ĄĂ f −Ă∥čĪ ∥2
¤Ą1+Ă + ÿ∥čĪ ∥2+ ĩ−Ě

1+Ă
¤Ą1+Ă ∥čĪ − 1∥

Ă−ĩ+Ě
1+Ă

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
∥čĪ − 1∥

1
1+Ă
Ĉ∞

+ ÿ∥čĪ ∥2+ ĩ−Ě
1+Ă

¤Ą1+Ă ∥čĪ ∥Ĉ∞ ∥čĪ − 1∥
Ě−ĩ
1+Ă
Ĉ2 , (5.42)

for some constant ÿ > 0 depending only on Ě, ĩ, Ă,M . By Plancherel’s theorem,

∥čĪ ∥2
¤Ą1+Ă g ∥čĪ ∥2+ ĩ−Ě

1+Ă
¤Ą1+Ă

(
∥čĪ ∥2

Ĉ2 − 1
) Ě−ĩ

2(1+Ă) g ∥čĪ ∥2+ ĩ−Ě
1+Ă

¤Ą1+Ă

(
∥č0∥2

Ĉ2 − 1
) Ě−ĩ

2(1+Ă)
, (5.43)

where the final inequality follows from ∥čĪ ∥Ĉ2 g ∥č0∥Ĉ2 > 1, since the Ĉ2 norm is nonin-
creasing. Thus, using that ∥čĪ ∥Ĉ∞ is nonincreasing and triangle inequality, it follows from
(5.42) that

Ě

ĚĪ
∥čĪ ∥2

¤ĄĂ f ∥čĪ ∥2+ ĩ−Ě
1+Ă

¤Ą1+Ă

(
−Ă

(
∥č0∥2

Ĉ2 − 1
) Ě−ĩ

2(1+Ă) +ÿ∥čĪ − 1∥
Ă−ĩ+Ě

1+Ă

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ

(
1 + ∥č0∥Ĉ∞

) 1
1+Ă

+ ÿ∥č0∥Ĉ∞ ∥čĪ − 1∥
Ě−ĩ
1+Ă
Ĉ2

)
. (5.44)

Applying the exponential decay of ∥čĪ − 1∥
Ĉ

2(Ă+Ě−ĩ)
Ě−ĩ

, ∥čĪ − 1∥Ĉ2 given by estimate (4.50)

of Lemma 4.9, in the conservative case, or estimate (2.9) of Lemma 2.3, in the dissipative
case, we see that there is a Đ∗ > 0, a lower bound for which is explicitly computable, such
that the right-hand side of (5.44) is < 0 for all Ī > Đ∗. Hence, ∥čĪ ∥2

¤ĄĂ
is strictly decreasing

on (Đ∗,∞).
Using Young’s product inequality, we see that for any Ć > 0, the right-hand side of

(5.42) is f
(
−Ă +

(
2 + ĩ − Ě

1 + Ă

)
Ć

)
∥čĪ ∥2

¤Ą1+Ă

+ (Ě − ĩ)
2(1 + Ă)

(
ÿĆ−

2+ ĩ−Ě
1+Ă
2 ∥čĪ − 1∥

1
1+Ă
Ĉ∞ ∥čĪ − 1∥

Ă+Ě−ĩ
1+Ă

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ

) 2(1+Ă)
Ě−ĩ

+ (Ě − ĩ)
2(1 + Ă)

(
ÿĆ−

2+ ĩ−Ě
1+Ă
2 ∥čĪ ∥Ĉ∞ ∥čĪ − 1∥

Ě−ĩ
1+Ă
Ĉ2

) 2(1+Ă)
Ě−ĩ

. (5.45)

Choosing Ć sufficiently small depending on Ě, ĩ, Ă, Ă, we see that the first term is nonposi-
tive. Using that ∥čĪ ∥Ĉ∞ is nonincreasing, we now conclude from the fundamental theorem
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of calculus that

∥čĪ ∥2
¤ĄĂ f ∥č0∥2

¤ĄĂ

+ ÿĆ

∫ Ī

0

(
(1 + ∥č0∥Ĉ∞ ) 2

Ě−ĩ ∥čă − 1∥
2(Ă+Ě−ĩ)

Ě−ĩ

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
+ ∥č0∥

2(1+Ă)
Ě−ĩ

Ĉ∞ ∥čă − 1∥2
Ĉ2

)
Ěă. (5.46)

Using estimate (4.50) from Lemma 4.9 in the conservative case and (2.9) from Lemma 2.3
in the dissipative case, the preceding right-hand side is controlled by

∥č0∥2
¤ĄĂ + ÿĆ

∫ Ī

0

ě−ÿĂă

(
(1 + ∥č0∥Ĉ∞ ) 2

Ě−ĩ
(
∥č0 − 1∥

2(Ă+Ě−ĩ)
Ě−ĩ

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
1M a.s.

+ (1 + ∥č0∥Ĉ∞ )
2(Ă+Ě−ĩ)

Ě−ĩ −1

√
FĂ (č0)/Ă1M=−I

)
+ ∥č0∥

2(1+Ă)
Ě−ĩ

Ĉ∞

(
∥č0 − 1∥2

Ĉ21M a.s.

+ (1 + ∥č0∥Ĉ∞ )
√
FĂ (č0)/Ă1M=−I

))
Ěă

f ∥č0∥2
¤ĄĂ + ÿĆÿ

Ă
W̃Ă (∥č0∥Ĉ∞ , ∥č0 − 1∥

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
, FĂ (č0)/Ă), (5.47)

where W̃Ă is a continuous, nondecreasing function of its arguments, vanishing if any of its
arguments is zero. Also, W̃Ă does not depend on its third argument if M is antisymmetric
and does not depend on its second argument if M = −I . Implicitly, we have used above
that ∥ · ∥Ĉ2 f ∥ · ∥

Ĉ
2(Ă+Ě−ĩ)

Ě−ĩ
in arriving at the final inequality. With this final estimate, the

proof of the lemma is complete.

Remark 5.5. If 1 f Ħ f 2, then by Hölder’s inequality and Lemma 2.9 with Ă = ĩ − Ě + 1,

∥|∇|ĩ−Ě+1čĪ ∥ĈĦ f ∥čĪ ∥ ¤Ąĩ−Ě+1 f 2

(
∥č0∥ ¤Ąĩ−Ě+1

+
√
Ă−1W̃ĩ−Ě+1 (∥č0∥Ĉ∞ , ∥č0 − 1∥

Ĉ
2

Ě−ĩ
,

√
FĂ (č0)/Ă)

)
. (5.48)

If 2 < Ħ < ∞, then by Sobolev embedding and Lemma 2.9 with Ă = 1 + ĩ − Ě + Ě ( 1
2
− 1

Ħ
),

∥|∇|ĩ−Ě+1čĪ ∥ĈĦ ≲ ∥čĪ ∥ ¤Ą1+ĩ−Ě+Ě( 1
2
− 1
Ħ ) f

(
(∥č0∥ ¤Ąĩ+1−Ě( 1

2
+ 1
Ħ )

+
√
Ă−1W̃1+Ě ( 1

2
− 1

Ħ
)+ĩ−Ě (∥č0∥Ĉ∞ , ∥č0 − 1∥

Ĉ

2+2Ě ( 1
2
− 1
Ħ )

Ě−ĩ
,

√
FĂ (č0)/Ă)

)
. (5.49)

If Ħ =∞, due to the failure of endpoint Sobolev embedding, we instead have the preceding
bound with an arbitrarily small Ċ added to 1 + ĩ − Ě + Ě ( 1

2
− 1

Ħ
). In all cases, there exist
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ČĦ > 0 defined by

ČĦ :=




1 + ĩ − Ě, 1 f Ħ f 2

1 + ĩ − Ě + Ě
(

1
2
− 1

Ħ

)
, 2 < Ħ < ∞

(1 + ĩ − Ě
2
)+, Ħ = ∞,

(5.50)

such that for any 1 f Ħ f ∞, for all Ī g 0,

∥∇g ∗ čĪ ∥ĈĦ f ÿ
(
∥č0∥ ¤ĄČĦ +

√
Ă−1W̃ČĦ

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2(ČĦ+Ě−ĩ)
Ě−ĩ

, FĂ (č0)/Ă)
)
.

(5.51)

With Lemma 2.9 in hand, we are now ready to prove Lemma 2.10, which is the analogue
of Lemma 2.7 in the case Ě − 1 < ĩ < Ě.

Proof of Lemma 2.10. We first prove the assertion (2.22) in the case ħ = 2. We will then
treat general Ĉħ norms by Hölder’s inequality (ħ f 2) and Gagliardo-Nirenberg interpo-
lation (ħ > 2). The reason for this approach is that we need an a priori uniform-in-time
bound on ∥|∇|ĩ+1−Ěčă ∥Ĉħ if we try to directly start with general ħ, and the only way we
know how to obtain such a bound is through an intermediate Ĉ2 estimate (i.e., Remark 5.5)
and Sobolev embedding as commented above.

Starting from the (5.2) with ĉĂ replaced by |∇|Ă and recycling notation, we define

Ć1 (Ī) := ∥ěĂĪ� |∇|Ăč0∥Ĉ2 , (5.52)

Ć2 (Ī) :=

∫ Ī (1−Ć)

0

∥ěĂ (Ī−ă )� div |∇|Ă (čă
M∇g ∗ čă) ∥Ĉ2Ěă, (5.53)

Ć3 (Ī) :=

∫ Ī

Ī (1−Ć)
∥ěĂ (Ī−ă )� div |∇|Ă (čă

M∇g ∗ čă) ∥Ĉ2Ěă. (5.54)

for Ć ∈ (0, 1) to be determined. Analogous to (5.3), heat kernel estimates give

Ć1 (Ī) ≲ ě−ÿĂĪ min(ĂĪ, 1)− Ă
2 ∥č0 − 1∥Ĉ2 . (5.55)

For Ć2 (Ī), we also have


|∇|ĂěĂ (Ī−ă )� div (čă
M∇g ∗ čă)





Ĉ2

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− 1+Ă
2 min(Ăă, 1)− 1

2 ∥č0∥ĈĚ ∥M∇g ∗ čă ∥Ĉ2

≲ ě−ÿĂ (Ī−ă ) min(Ă(Ī − ă), 1)− 1+Ă
2 min(Ăă, 1)− 1

2 ∥č0∥ĈĚ

(
∥č0∥ ¤ĄČ2

+
√
Ă−1W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

,

√
FĂ (č0)/Ă)

)
, (5.56)
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where we have used (2.12) from Corollary 2.4 in the first inequality and Lemma 2.9 in the
second. Thus,

Ć2 (Ī) ≲
ýĆ,Ă

Ă
(ĂĪ)− Ă

2 ∥č0∥ĈĚ

(
∥č0∥ ¤ĄČ2

+
√
Ă−1W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

,

√
FĂ (č0)/Ă)

)
, (5.57)

where, similar to (5.11),

ýĆ,Ă :=

∫ 1−Ć

0

(1 − ă)−
Ě
2

(
1
Ħ
− 1

ħ

)
− 1+Ă

2 ă−
1
2 Ěă. (5.58)

For Ć3 (Ī), we choose ą′ ∈ (1 + ĩ − Ě, 1) so that

Ă + 1 + ĩ − Ě − ą′ < Ă. (5.59)

Using the fractional Leibniz rule (see [54, Theorem 7.6.1]), we find that


|∇|ĂěĂ (Ī−ă )� div(čă
M∇g ∗ čă)





Ĉ2

≲ min(Ă(Ī − ă), 1)− 1+ą′
2




|∇|Ă−ą′ (čă
M∇g ∗ čă)





Ĉ2

≲ min(Ă(Ī − ă), 1)− 1+ą′
2

(
∥|∇|Ă−ą′čă ∥ĈĦ1 ∥M∇g ∗ čă ∥ĈĦ2

+ ∥čă ∥Ĉ Ħ̃1 ∥|∇|Ă−ą′
M∇g ∗ čă ∥Ĉ Ħ̃2

)
, (5.60)

where 1
Ħ1

+ 1
Ħ2

=
1
Ħ̃1

+ 1
Ħ̃2

=
1
2
. Choose ( Ħ̃1, Ħ̃2) = (∞, 2), so that by the condition (5.59),

∥čă ∥Ĉ Ħ̃1 ∥|∇|Ă−ą′
M∇g ∗ čă ∥Ĉ Ħ̃2 ≲ ∥čă ∥Ĉ∞ ∥|∇|Ăčă ∥Ĉ2 . (5.61)

Note that Ă − ą′ < Ă − (ĩ + 1 − Ě), by choice of ą′. So, using Gagliardo-Nirenberg interpo-
lation, we have for the choice (Ħ1, Ħ2) = ( 2Ă

Ă−(ĩ+1−Ě) ,
2Ă

ĩ+1−Ě ) (which the reader may check
is Hölder conjugate to 2)

∥|∇|Ă−ą′čă ∥ĈĦ1 ≲ ∥|∇|Ă−(ĩ+1−Ě)čă ∥ĈĦ1 ≲ ∥čă − 1∥
ĩ+1−Ě

Ă

Ĉ∞ ∥čă ∥1− ĩ+1−Ě
Ă

¤ĄĂ
, (5.62)

∥M∇g ∗ čă ∥ĈĦ2 ≲ ∥|∇|ĩ+1−Ěčă ∥ĈĦ2 ≲ ∥čă − 1∥1− ĩ+1−Ě
Ă

Ĉ∞ ∥čă ∥
ĩ+1−Ě

Ă

¤ĄĂ
. (5.63)

Evidently, the preceding implies

∥|∇|Ă−ą′čă ∥ĈĦ1 ∥M∇g ∗ čă ∥ĈĦ2 ≲ ∥čă − 1∥Ĉ∞ ∥čă ∥ ¤ĄĂ (5.64)
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and in turn that the right-hand side of (5.60) is ≲

min(Ă(Ī − ă), 1)− 1+ą′
2 ∥čă ∥Ĉ∞ ∥|∇|Ăčă ∥Ĉ2

≲ min(Ă(Ī − ă), 1)− 1+ą′
2 min(Ăă, 1)− 1−ą′

2 ∥č0∥
Ĉ

Ě
1−ą′

∥|∇|Ăčă ∥Ĉ2 , (5.65)

where the second line is by (2.12) from Corollary 2.4 applied to ∥čă ∥Ĉ∞ . Hence, defining
č(Ī) := supĪgă>0 (Ăă)

Ă
2 ∥|∇|Ăčă ∥Ĉ2 and using dilation invariance of Lebesgue measure,

we obtain the estimate

Ć3 (Ī) f
ÿþĆ,Ă∥č0∥

Ĉ
Ě

1−ą′

Ă(ĂĪ) Ă
2

č(Ī), (5.66)

where

þĆ,Ă :=

∫ 1

1−Ć

(1 − ă)− 1+ą′
2 ă−

Ă+(1−ą′ )
2 Ěă. (5.67)

Note that ą′ may be chosen independently of Ă, hence we have omitted the dependence on
it from our notation. Choosing Ć sufficiently close to 1 so that ÿþĆ,Ă∥č0∥

Ĉ
Ě

1−ą′
< Ă

2
, we

arrive at

č(Ī) f ÿĂ,2∥č0∥Ĉ2 + ýĆ,Ă∥č0∥ĈĚ

Ă

(
∥č0∥ ¤ĄČ2

+
√
Ă−1W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

,

√
FĂ (č0)/Ă)

)
. (5.68)

From these Ĉ2 estimates, we now obtain general Ĉħ estimates. If 1 f ħ f 2, then
Hölder’s inequality implies that sup0<ĪfĂ−1 (ĂĪ) Ă

2 ∥|∇|ĂčĪ ∥Ĉħ is controlled by the right-
hand side of (5.68). If 2 < ħ <∞, then choosing ă =

ħĂ

2
, Gagliardo-Nirenberg interpolation

gives

∥|∇|ĂčĪ ∥Ĉħ ≲ ∥čĪ − 1∥1− 2
ħ

Ĉ∞ ∥čĪ ∥
2
ħ

¤Ąă

f (ĂĪ)− Ă
2 ∥č0∥1− 2

ħ

Ĉ∞

(
ÿă,2∥č0 − 1∥Ĉ2 +

ýĆ,ă ∥č0∥ĈĚ

Ă

(
∥č0∥ ¤ĄČ2

+
√
Ă−1W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

,

√
FĂ (č0)/Ă)

)) 2
ħ

. (5.69)
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If ħ = ∞, then for Ċ > 0 and 1 < Ĩ < ∞, we have by Sobolev embedding and (5.69),

∥|∇|ĂčĪ ∥Ĉ∞ ≲ ∥|∇|Ă+ Ě
Ĩ
+Ċ čĪ ∥ĈĨ

f (ĂĪ)−
Ă+ Ě

Ĩ +Ċ
2 ∥č0∥1− 2

Ĩ

Ĉ∞

(
ÿă,2∥č0 − 1∥Ĉ2 +

ýĆ,ă ∥č0∥ĈĚ

Ă

(
∥č0∥ ¤ĄČ2

+
√
Ă−1W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

,

√
FĂ (č0)/Ă)

)) 2
Ĩ

, (5.70)

where ă := Ă + Ě
Ĩ
+ Ċ . Choosing Ĩ arbitrarily large, this completes the proof of the lemma.

Remark 5.6. A posteriori, one can infer from Lemma 2.10 that for all Ĥ ∈N and 1 f ħ f∞,
there exists a function WĤ,ħ with the same properties as WĂ,ħ , such that

∀Ī ∈ (0, Ă−1], ∥∇¹ĤčĪ ∥Ĉħ f (ĂĪ)− Ă
2
(
1 + ÿĆ (ĂĪ)−Ć

1ħ=∞
)

× WĂ,ħ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (č0)). (5.71)

Indeed, the case ħ < ∞ follows from (2.22) using the Ĉħ boundedness of the Fourier mul-
tiplier ∇

|∇| . The case ħ = ∞ follows from ∇
|∇|1+Ć being bounded on Ĉ∞, for Ć > 0.

Similar to Lemma 2.8, we now combine Lemma 2.10 with Lemmas 2.3 and 4.9 to show
Lemma 2.11, giving estimate (2.17) of Proposition 2.6. Estimate (2.18) follows then from
the preceding remark.

Proof of Lemma 2.11. Fix Ī > 0 and assume that ĂĪ > 1 (otherwise, there is nothing to
prove). Let ĂĪ0 = ĂĪ − 1

2
> ĂĪ

2
. Then translating time and applying Lemma 2.10, we obtain

for any ă > 0,

∥|∇|ăčĪ ∥Ĉ2 f (Ă(Ī − Ī0))−
ă

2
(
1 + ÿĆ (Ă(Ī − Ī0))−Ć

1ħ=∞
)

(5.72)

× Wă,2 (∥čĪ0 ∥Ĉ∞ , ∥čĪ0 ∥ ¤ĄČ2 , Ă
−1, ∥čĪ0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (čĪ0 ))

f ÿ (1 + ÿ′
Ć1ħ=∞)Wă,2 (∥čĪ0 ∥Ĉ∞ , ∥čĪ0 ∥ ¤ĄČ2 , Ă

−1, ∥čĪ0 − 1∥
Ĉ

2
Ě−ĩ

, FĂ (čĪ0 )).
(5.73)

By Lemma 2.9, Lemma 4.9, Lemma 2.3, and the nondecreasing property of Wă,2,

Wă,2 (∥čĪ0 ∥Ĉ∞ , ∥čĪ0 ∥ ¤ĄČ2 , Ă
−1, ∥čĪ0 − 1∥

Ĉ
2

Ě−ĩ
, FĂ (čĪ0 )) f Wă,2

(
∥č0∥Ĉ∞ , ∥č0∥2

¤ĄČ2

+ Ă−1
W̃Č2

(∥č0∥Ĉ∞ , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

, FĂ (č0)/Ă), Ă−1, ě−
ÿĂĪ

2 ∥č0 − 1∥
Ĉ

2
Ě−ĩ

1M a.s.

+ (1 + ∥č0∥Ĉ∞ )1− Ě−ĩ
2

(
ě−2ÿ2ĂĪ

√
2FĂ (č0)/Ă

) Ě−ĩ
2

1M=−I , ě
−2ÿ2ĂĪFĂ (č0)

)
. (5.74)
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Let us denote the right-hand side by W̃ă,2 (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥

Ĉ
2

Ě−ĩ
,FĂ (č0)).

Now for Ă > 0, by interpolation, then combining (5.72) and (5.74) for ă = 2Ă,

∥|∇|ĂčĪ ∥Ĉ2 f ∥čĪ − 1∥
1
2

Ĉ2 ∥|∇|2ĂčĪ ∥
1
2

Ĉ2 f
(
ě−ÿĂĪ ∥č0 − 1∥Ĉ21M a.s.

+ (1 + ∥č0∥Ĉ∞ ) 1
2

(
ě−4ÿ2ĂĪ

√
2FĂ (č0)/Ă

) 1
2

1M=−I

) 1
2

× W̃ă,2 (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , ∥č0 − 1∥
Ĉ

2
Ě−ĩ

, FĂ (č0)) 1
2 , (5.75)

where in the last line we have also used Lemmas 2.3 and 4.9. Upon relabeling, this yields
(2.23) for ħ = 2. For 1 f ħ < 2, we may simply appeal to Hölder’s inequality. For 2 < ħ f ∞,
we appeal to Gagliardo-Nirenberg interpolation similar to (5.69), (5.70).

With the proof of Lemma 2.10 complete, the reader will see, after a little bookkeeping
that the proof of Proposition 2.6 is also complete.

6. The modulated free energy approach

In this section, we explain how to prove uniform-in-time propagation of chaos for the system
(1.1) (in the gradient-flow case) using the modulated free energy approach. This will then
complete the proof of our main result Theorem 1.2.

6.1. Entropy solutions

First, we must clarify what we mean by a solution to the Liouville equation (1.3), since the
kernel ∇g is singular. We recall from [24,68] (e.g., see Definition 2.1 in the last reference)
the definition of an entropy solution to the Liouville equation (1.3). The proof of existence
of an entropy solution to (1.3) is sketched in [24, Section 4.2] for the (attractive) case ĩ = 0.
Following a similar argument, we sketch a proof of existence for the Riesz case (1.2) in
Appendix A. In principle, entropy solutions need not be unique, though this is immaterial
for our purposes.

Definition 6.1. Let Đ > 0. We say that ĜĊ ∈ Ĉ∞ ( [0, Đ], Ĉ1 ((TĚ)Ċ )), with Ĝ Ī
Ċ

g 0 and∫
(TĚ )Ċ ĚĜ Ī

Ċ
= 1, is an entropy solution to equation (1.3) on the interval [0, Đ] if it solves

(1.3) in the sense of distributions and for 0 f Ī f Đ ,

∫
(TĚ )Ċ

log

(
Ĝ Ī
Ċ

ăĊ

)
ĚĜ ĪĊ + Ă

Ċ∑
ğ=1

∫ Ī

0

∫
(TĚ )Ċ

����∇Įğ log

(
Ĝ ă
Ċ

ăĊ

)����
2

ĚĜ ăĊ f
∫
(TĚ )Ċ

log

(
Ĝ 0
Ċ

ăĊ

)
ĚĜ 0

Ċ ,

(6.1)

where ăĊ := exp
(
− 1

2ĊĂ

∑
1fğ≠ ĠfĊ g(Įğ − Į Ġ )

)
. We say that the entropy solution is global

if the above holds on [0,∞).
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Lemma 6.2. If Ĝ 0
Ċ

is a probability density on (TĚ)Ċ such that

∫
(TĚ )Ċ

log

(
Ĝ 0
Ċ

ăĊ

)
ĚĜ 0

Ċ < ∞, (6.2)

then there exists a global entropy solution to (1.3) with initial datum Ĝ 0
Ċ

.

Remark 6.3. Given that the only entropy solutions we show exist are limits of sequences
of smooth solutions to a regularized problem, there seems no harm in taking as part of
Definition 6.1 that ĜĊ can be expressed as such a limit.

6.2. The modulated energy and functional inequalities on the torus

As a first step to establishing the functional inequality of Proposition 2.13, we need to
discuss properties of the modulated energy, in particular the electric formulation as a renor-
malized energy following [81, 90, 91, 100].21

The distribution 1
cd,s

gā is the kernel of the nonlocal operator |∇|Ě−ĩ inR Ě . However, as

popularized by Caffarelli and Silvestre [25], gā is the restriction to R Ě × {0} of the kernel

Gā (Ĕ) := |Ĕ |−ĩ , ∀Ĕ = (Į, İ) ∈ R
Ě × R

ġ (6.3)

which satisfies (in the sense of distributions)

− 1

c̄Ě,ĩ
div( |İ |Ą∇Gā) = ą0, R

Ě × R
ġ (6.4)

for Ą = ĩ + 1− Ě and ġ = 0 if ĩ = Ě − 2 and ġ = 1 if Ě − 2 < ĩ < Ě.22 We generally use capital
letters (e.g., Ĕ) to denote points of the extended spaceR Ě ×R ġ . Such a representation also
holds on TĚ , as shown in [84, 85]. Namely, let G denote the unique solution of

− 1

c̄Ě,ĩ
div( |İ |Ą∇G) = ą0 − ąTĚ×{0} , T

Ě × R
ġ (6.5)

with
∫
TĚ×R ġ GĚąTĚ×{0} = 0. Here, ąTĚ×{0} denotes the restriction to TĚ viewed as a sub-

space of TĚ × R ġ .
Following [81], we also will use in Section 6 the following truncation of the extended

potential G. For 0 < Ĉ < 1
4
, we let

GĈ := min(Gā (Ĉ),Gā) + G − Gā − CĈ , T
Ě × R

ġ , (6.6)

where

CĈ :=

∫
TĚ×R ġ

(min(Gā (Ĉ),Gā) + G − Gā)ĚąTĚ×{0} (Ĕ). (6.7)

21Strictly speaking, only the first and third cited works consider the periodic setting; but the arguments
are adaptations of the Euclidean case anyway.

22The constant ę̄Ě,ĩ should not be confused with the constant cd,s in (1.2).
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The constant CĈ is to enforce that GĈ has zero average on TĚ × {0}. The reader may check
that

− 1

c̄Ě,ĩ
div

(
|İ |Ą∇GĈ

)
= ą

(Ĉ)
0

− ąTĚ×{0} , T
Ě × R

ġ , (6.8)

where ą
(Ĉ)
0

is the positive measure supported on the sphere ĉþ(0, Ĉ) ¢ TĚ × R ġ defined
by ∫

TĚ×R ġ

ąĚą
(Ĉ)
0

= − 1

c̄Ě,ĩ

∫
ĉþ(0,Ĉ)

ą(Ĕ) |İ |Ąg′ā (Ĉ), ∀ą ∈ ÿ (TĚ × R
ġ), (6.9)

where gā is viewed as a function onR (through radial symmetry) with an abuse of notation.
Given Ĕ ∈ TĚ × R ġ , we let ą (Ĉ)

Ĕ
:= ą

(Ĉ)
0

(· − Ĕ) denote the translate by Ĕ .
We introduce the notation

ĄĊ := G ∗
(

1

Ċ

Ċ∑
ğ=1

ąĔğ
− č̃

)
, (6.10)

ĄĊ, ®Ĉ :=
1

Ċ

Ċ∑
ğ=1

GĈğ (· − Ĕğ) − G ∗ č̃, (6.11)

where č̃ := čąTĚ×{0} is the identification of č as a probability measure on TĚ × R ġ and
®Ĉ = (Ĉ1, . . . , ĈĊ ) is an Ċ-tuple of smearing lengthscales. We use the notation Ĕğ = (Įğ ,0) to
denote points Įğ embedded in the extended spaceTĚ ×R ġ . We also let Ąğ

Ċ
(Ĕ) := ĄĊ (Ĕ) −

1
Ċ

G(Ĕ − Ĕğ). Observe from (6.5), (6.8) that

− 1

c̄Ě,ĩ
div

(
|İ |Ą∇ĄĊ, ®Ĉ

)
=

1

Ċ

Ċ∑
ğ=1

ą
(Ĉğ )
Ĕğ

− č̃. (6.12)

Consider the quantity

F ®Ĉ :=
1

2c̄Ě,ĩ

( ∫
TĚ×R ġ

|İ |Ą |∇ĄĊ, ®Ĉ |2ĚĔ − c̄Ě,ĩ

Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

GĈğĚą
(Ĉğ )
0

− 2c̄Ě,ĩ

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

FĈğ (Į − Įğ)Ěč̃(Į)
)
, (6.13)

where FĈğ :=G−GĈğ . Using the identity (6.12) and integration by parts, it is straightforward
that F ®Ĉ converges to ĂĊ (ĮĊ , č) as maxğ Ĉğ → 0. One can say more: the expression F ®Ĉ

is monotonically decreasing with respect to the parameters Ĉğ and becomes equal to the
modulated energy ĂĊ (ĮĊ , č) when the Ĉğ are sufficiently small so that the balls þ(Ĕğ , Ĉğ)
are disjoint.

Proposition 6.4. Assume Ě g 1 and Ě − 2 f ĩ < Ě. Let Ĉğ , Ăğ ∈ (0, 1
4
) such that Ĉğ g Ăğ .

Given a pairwise distinct configuration ĮĊ ∈ (TĚ)Ċ and a density č ∈ Ĉ∞ (TĚ) with
∫
TĚ č =

1, then
F ®Ĉ g F ®Ă . (6.14)
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Defining the nearest-neighbor type length scale23

rğ :=
1

4
min

(
min

1f ĠfĊ : Ġ≠ğ
|Įğ − Į Ġ |, (Ċ ∥č∥Ĉ∞ )− 1

Ě

)
, ∀1 f ğ f Ċ, (6.15)

then
ĂĊ (ĮĊ , č) = F ®Ĉ , if Ĉğ f rğ for every 1 f ğ f Ċ. (6.16)

From this relation, it follows that there is a constant ÿ > 0 depending only Ě, ĩ such that

1

2c̄Ě,ĩ

∫
TĚ×R ġ

|İ |Ą |∇ĄĊ, ®Ĉ |2ĚĔ

f ÿ

(
ĂĊ (ĮĊ , č)+

1

2Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

GĈğĚą
(Ĉğ )
0

+ ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

)
, (6.17)

1

Ċ2

Ċ∑
ğ=1

gā (rğ) f ÿ

(
ĂĊ (ĮĊ , č)+

1

2Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

GĈğĚą
(Ĉğ )
0

+ ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

)
. (6.18)

Proof. We sketch the proof, which originates in [81] and has been adapted to [100, Lemma
3.2], [4, Lemma B.1]. Given Ăğ f Ĉğ , write

ĄĊ, ®Ĉ = ĄĊ, ®Ă + 1

Ċ

Ċ∑
ğ=1

(
GĈğ − GĂğ

)
(Ĕ − Ĕğ) (6.19)

and expand the first term in F ®Ĉ . Using integration by parts and the identities (6.8), (6.12),
we obtain

F ®Ă − F ®Ĉ
=

1

2Ċ2

∑
1fğ≠ ĠfĊ

∫
TĚ×R ġ

(
GĂğ

− GĈğ

)
(Ĕ − Ĕğ)Ě

(
ą
(ĂĠ )
Ĕ Ġ

+ ą
(Ĉ Ġ )
Ĕ Ġ

)
(Ĕ). (6.20)

From the definition (6.6) of GĈ , we see that GĂğ
− GĈğ g 0 with support in the closed ball

þ(0, Ĉğ). Since ą
(ĂĠ )
Ĕ Ġ

, ą
(Ĉ Ġ )
Ĕ Ġ

are positive measures, it follows that the integral in (6.20) is
nonnegative and vanishes if the balls þ(Ĕğ , Ĉğ), þ(Ĕ Ġ , Ĉ Ġ ) are disjoint, for ğ ≠ Ġ . Letting
maxğ Ăğ → 0 now yields F ®Ĉ = ĂĊ (ĮĊ , č).

The relation (6.17) is an immediate consequence of the end result of the preceding
paragraph and Hölder’s inequality. The relation (6.18) follows by the same reasoning as in
the proof of [4, Lemma B.1] and using (3.3).

23The idea to have a length scale which depends on each point originates in [71, 100]. The recognition
of the importance, in particular for proving uniform-in-time convergence results, of weighting the typical
inter-particle distance Ċ −1/Ě by the maximum density of the points is due to [92].
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Remark 6.5. Since one may directly estimate the self-interaction term, the relation (6.17)
implies that the modulated energy is nonnegative up to a term vanishing as Ċ → ∞:

ĂĊ (ĮĊ , č) g − log(Ċ ∥č∥Ĉ∞ )
2ĚĊ

1ĩ=0 − C∥č∥
ĩ
Ě

Ĉ∞Ċ
−1+ ĩ

Ě , (6.21)

where C > 0 depends only on Ě, ĩ. We use a special font for the constant C to distinguish
it in later computations. As previously commented, the order of the term Ċ−1+ ĩ

Ě is sharp.
Furthermore, it is known (e.g., see [100, Proposition 3.6]) that the modulated energy is
coercive in the sense that it controls a negative-order Sobolev distance between the empir-
ical measure čĊ := 1

Ċ

∑
ğ ąĮğ and the density č: for any ć > Ě

2
+ Ě − ĩ,

∥čĊ − č∥ ¤Ą−ć f ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

+ ÿ

(
ĂĊ (ĮĊ , č) +

log(Ċ ∥č∥Ĉ∞ )
2ĚĊ

1ĩ=0 + ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

)1/2
, (6.22)

where ÿ > 0 depends only on Ě, ĩ. From this relation, one can deduce that if the Ċ-point
configuration ĮĊ is regarded as a random vector in (TĚ)Ċ with law ĜĊ , so that čĊ is a
random element in P(TĚ), then

E ĜĊ

(
∥čĊ − č∥2

¤Ą−ć

)
f ÿE ĜĊ

(
ĂĊ (ĮĊ , č) +

log(Ċ ∥č∥Ĉ∞ )
2ĚĊ

1ĩ=0

)

+ ÿ∥č∥
ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

(
1 + ∥č∥

ĩ
Ě

Ĉ∞Ċ
ĩ
Ě
−1

)
. (6.23)

This yields a bound for the difference ĜĊ ;ġ − (č)¹ġ in a negative-order Sobolev space (see
[92, Remark 1.5]).

The relative entropy is obviously nonnegative by Jensen’s inequality. Moreover, by sub-
additivity, the total Ċ-particle relative entropy controls the relative entropy of the ġ-point
marginals. Using Pinsker’s inequality, it follows that

∥ ĜĊ ;ġ − č¹ġ ∥Ĉ1 f
√

2ġĄġ ( ĜĊ ;ġ |č¹ġ) f
√

2ġĄĊ ( ĜĊ |č¹Ċ ). (6.24)

The implied rate ċ (ġ/Ċ) for the relative entropy between ĜĊ ;ġ and č¹ġ is in general not
sharp, as recently demonstrated by Lacker [69], who shows thatċ (ġ2/Ċ2) is the sharp rate.
We note, however, that this cited work is limited to interactions less singular than Riesz
(e.g., bounded).

In any case, we conclude that the modulated free energy metrizes both propagation
of chaos in the sense of convergence of marginals in the Ĉ1 norm and convergence of
the empirical measure in expected Sobolev distance. It is therefore a good quantity for
quantitatively proving mean-field convergence.

We now prove Proposition 2.13.
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Proof of Proposition 2.13. We only sketch the proof. For more details, we refer to the
upcoming work [91].

First, the reader may check using (6.8), (6.5) that if ē = (Ā, 0), ĕ = (į, 0) ∈ TĚ × R ġ

and Ĉ ∈ (0, 1
4
), then ∫

TĚ×R ġ

G(Ĕ −ē)Ěą (Ĉ)
ĕ

(Ĕ) = GĈ (ē − ĕ ). (6.25)

We identify the vector field ÿ as a vector field on TĚ ×R ġ by defining ÿ(Ĕ) := (ÿ(Į),0).
Desymmetrizing and breaking up the measure,

∫
(TĚ×R ġ )2\△

(ÿ(Ĕ) − ÿ(ĕ )) · ∇G(Ĕ − ĕ )Ě
(

1

Ċ

Ċ∑
ğ=1

ąĔğ
− č̃

)¹2

(Ĕ,ĕ )

=

Ċ∑
ğ=1

2

Ċ

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇G(Ĕğ − ĕ )Ě
(

1

Ċ

∑
Ġ≠ğ

ąĔ Ġ
− č̃

)
(ĕ )

− 2

∫
(TĚ×R ġ )2\△

ÿ(Ĕ) · ∇G(Ĕ − ĕ )Ěč̃(Ĕ)Ě
(

1

Ċ

Ċ∑
ğ=1

ąĔğ
− č̃

)
(ĕ )

=
2

Ċ

Ċ∑
ğ=1

ÿ(Ĕğ) · ∇Ąğ
Ċ (Ĕğ) − 2

∫
TĚ

ÿ · ∇ĄĊ Ěč, (6.26)

where the reader will recall the definitions of ĄĊ , Ą
ğ
Ċ

from (6.10). Using the identities

Ąğ
Ċ (Ĕ) = ĄĊ, ®Ĉ (Ĕ) −

1

Ċ
GĈğ (Ĕ − Ĕğ) in þ(Ĕğ , Ĉğ), (6.27)

ĄĊ (Ĕ) = ĄĊ, ®Ĉ (Ĕ) +
1

Ċ

Ċ∑
ğ=1

(G − GĈğ ) (Ĕ − Ĕğ), (6.28)

we rewrite the expression (6.26) as the sum Term1 + Term2 + Term3, where

Term1 = 2

∫
TĚ×R ġ

ÿ · ∇ĄĊ, ®Ĉ Ě

(
1

Ċ

Ċ∑
ğ=1

ą
(Ĉğ )
Ĕğ

− č

)
, (6.29)

Term2 =
2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

(ÿ(Ĕğ) − ÿ(Ĕ)) · ∇Ąğ
Ċ (Ĕ)Ěą (Ĉğ )

Ĕğ
(Ĕ)

− 2

Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

(ÿ(Ĕ) − ÿ(Ĕğ)) · ∇GĈğ (Ĕ − Ĕğ)Ěą (Ĉğ )Ĕğ
(Ĕ)

+ 2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

(ÿ(Ĕ) − ÿ(Ĕğ)) · ∇(GĈğ − G) (Ĕ − Ĕğ)Ěč̃(Ĕ), (6.30)
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Term3 =
2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇Ąğ
Ċ Ě (ąĔğ

− ą
(Ĉğ )
Ĕğ

)

− 2

Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇GĈğ (Ĕ − Ĕğ)Ěą (Ĉğ )Ĕğ
(Ĕ)

+ 2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇(GĈğ − G) (Ĕ − Ĕğ)Ěč̃(Ĕ). (6.31)

First, we claim Term3 = 0. Indeed, unpacking the definition of Ąğ
Ċ

,

Term3 =
2

Ċ2

∑
1fğ≠ ĠfĊ

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇G(Ĕ − Ĕ Ġ )Ě (ąĔğ
− ą

(Ĉğ )
Ĕğ

) (Ĕ)

− 2

Ċ

Ċ∑
ğ=1

∫
(TĚ×R ġ )2

ÿ(Ĕğ) · ∇G(Ĕ − ĕ )Ěč̃(ĕ )Ě (ąĔğ
− ą

(Ĉğ )
Ĕğ

) (Ĕ)

− 2

Ċ2

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇GĈğ (Ĕ − Ĕğ)Ěą (Ĉğ )Ĕğ
(Ĕ)

+ 2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇(GĈğ − G) (Ĕ − Ĕğ)Ěč̃(Ĕ). (6.32)

Thanks to (6.25), we have∫
TĚ×R ġ

∇G(Ĕ − Ĕ Ġ )Ě (ąĔğ
− ą

(Ĉğ )
Ĕğ

) (Ĕ) = ∇G(Ĕğ − Ĕ Ġ ) − ∇GĈğ (Ĕğ − Ĕ Ġ ), (6.33)

which vanishes since Ĉğ f rğ by assumption and GĈğ = G outside of þ(0, Ĉğ) ¢ TĚ × R ġ .
Thus, the first line of (6.32) vanishes. By the same reasoning, the second line of (6.32)
equals

− 2

Ċ

Ċ∑
ğ=1

∫
TĚ×R ġ

ÿ(Ĕğ) · ∇(G − GĈğ ) (Ĕğ − ĕ )Ěč̃(ĕ ), (6.34)

and therefore the second line cancels with the second term on the last line of (6.32). It
remains to show that ∫

TĚ×R ġ

ÿ(Ĕğ) · ∇GĈğ (Ĕ − Ĕğ)Ěą (Ĉğ )Ĕğ
(Ĕ) = 0. (6.35)

This is a consequence of the fundamental theorem of calculus, the observation

∇GĈğ (Ĕ − Ĕğ)
(
ą
(Ĉğ )
Ĕğ

− ąĔğ

)
(Ĕ) = − 1

cd,s

∇GĈğ (Ĕ − Ĕğ) div
(
|İ |Ą∇GĈğ (Ĕ − Ĕğ)

)
= − 1

cd,s

div
[
GĈğ (Ĕ − Ĕğ),GĈğ (Ĕ − Ĕğ)

]
, (6.36)
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and that the last ġ components of ÿ vanish and the trace of ∇ĮGĈğ to TĚ × {0} has zero
average. Above, [·, ·] denotes the stress-energy tensor, which is the (Ě + ġ) × (Ě + ġ) tensor
defined by

[ą, ć]ğ Ġ := |İ |Ą
(
ĉğąĉ Ġć + ĉ Ġąĉğć

)
− |İ |Ą∇ą · ∇ćąğ Ġ , 1 f ğ, Ġ f Ě + ġ, (6.37)

for test functions ą, ć on TĚ × R ġ .
We write Term1 in terms of the divergence of the stress-energy tensor as in [100] and

integrate by parts to obtain

|Term1 | f ÿ∥∇ÿ∥Ĉ∞

∫
TĚ×R ġ

|İ |Ą |∇ĄĊ, ®Ĉ |2ĚĔ. (6.38)

Finally, consider Term2. Since Ĉğ f rğ , supp(∇FĈğ ) ¢ þ(0, Ĉğ) implies that the second
and third lines simplify to

− 2

Ċ

Ċ∑
ğ=1

1

Ċ

(
1

Ċ

∫
TĚ×R ġ

∇FĈğ (Ĕ − Ĕğ) · (ÿ(Ĕ) − ÿ(Ĕğ))Ěą (Ĉğ )Ĕğ
(Ĕ)

−
∫
TĚ

∇fĈğ (Į − Įğ) · (ÿ(Į) − ÿ(Įğ))Ěč(Į)
)
, (6.39)

where fĈğ is the trace of FĈğ to TĚ × {0}. Using |∇FĈ | = Ĉ−ĩ−1 on the support of ą (Ĉ)
0

, we
may bound the first term inside the parentheses by 1

Ċ
Ĉ−ĩ
ğ
∥∇ÿ∥Ĉ∞ ; and using |∇fĈ | f |∇g|,

we may bound the second term by ÿĈĚ−ĩ
ğ

∥č∥Ĉ∞ ∥∇ÿ∥Ĉ∞ . Using the explicit form (6.9) of

ą
(Ĉğ )
Ĕğ

and mean value theorem, we bound each summand in the first line of (6.30) by

ÿĈğ ∥∇ÿ∥Ĉ∞

∫
ĉþ(Ĕğ ,Ĉğ )

|∇Ąğ
Ċ | |İ |

Ą

Ĉĩ+1
ğ

ĚH Ě+ġ−1 (Ĕ), (6.40)

whereH Ě+ġ−1 denotes the (Ě + ġ − 1)-dimensional Hausdorff measure inTĚ ×R ġ (equiv-
alent to surface measure). We set Ĉğ = Īrğ and average (with respect to Lebesgue measure)
over Ī ∈ [ 1

2
, 1]. After using Cauchy-Schwarz, it follows that the average of (6.40) is f

ÿ

Ċ
∥∇ÿ∥Ĉ∞

(
1

Ċ

Ċ∑
ğ=1

r−ĩğ +
∫
TĚ×R ġ

|İ |Ą |∇ĄĊ,®r |2ĚĔ
)
. (6.41)

After a little bookkeeping and using the relations (6.17), (6.18) from Proposition 6.4 to
bound the right-hand sides of (6.38) and (6.41), we arrive at the statement of the proposition.

6.3. Conclusion of Grönwall argument

We now have all the ingredients necessary to show a uniform-in-time bound for the mod-
ulated free energy. This then completes the proof of Theorem 1.2.
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Recalling the inequality (2.29), we only need to exhibit decay of the Lipschitz seminorm
∥∇īă ∥Ĉ∞ . By the triangle inequality,

∥∇īă ∥Ĉ∞ f Ă∥∇¹2 log(čă)∥Ĉ∞ + ∥∇¹2g ∗ čă ∥Ĉ∞ =Ă∥∇¹2 log(čă)∥Ĉ∞ + ∥g ∗ ∇¹2čă ∥Ĉ∞ .

(6.42)
Assume č0 is bounded from below, i.e. ċ := infTĚ č0 > 0. Note that

∫
TĚ č0 = 1 implies

ċ f 1, since TĚ has unit volume. Then čă g ċ uniformly in ă by Lemma 4.6, and we have
by the chain rule that

∥∇¹2 log(čă)∥Ĉ∞ f




∇¹2čă

čă






Ĉ∞

+




 (∇čă)¹2

(čă)2






Ĉ∞

≲
∥∇¹2čă ∥Ĉ∞

ċ
+
∥∇čă ∥2

Ĉ∞

ċ2
. (6.43)

Since g is in Ĉ1,

∥g ∗ ∇¹2čĪ ∥Ĉ∞ ≲ ∥∇¹2čĪ ∥Ĉ∞ . (6.44)

Combining (6.43), (6.44), we obtain

∥∇īĪ ∥Ĉ∞ ≲

(
1 + Ă

ċ

)
∥∇¹2čă ∥Ĉ∞ +

Ă∥∇čă ∥2
Ĉ∞

ċ2
. (6.45)

For 1 f Ĥ f 2, we may use estimate (2.16) from Proposition 2.6 to find

∥∇īĪ ∥Ĉ∞ f
(
1 + Ă

ċ

)
W2,∞(∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))ě−ÿĂĪ min(ĂĪ, 1)−1

+ Ă

ċ2

(
W1,∞ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))ě−ÿĂĪ min(ĂĪ, 1)− 1

2

)2

, (6.46)

if Ě − 2 f ĩ f Ě − 1, and estimate (2.18) from Proposition 2.6 to find

∥∇īĪ ∥Ĉ∞ f
(
1 + Ă

ċ

)
ě−ÿĂĪ min(ĂĪ, 1)−1

× (1 + ÿĆ min(ĂĪ, 1)−Ć)W2,∞ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))

+ Ă

ċ2

(
ě−ÿĂĪ min(ĂĪ, 1)− 1

2 (1 + ÿĆ min(ĂĪ, 1)−Ć)

× W1,∞ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))

)2

, (6.47)

if Ě − 1 < ĩ < Ě and where Ć > 0 is arbitrary. By Proposition 2.1, there is a time Đ0 > 0,
comparable to 



Ă

∥č0∥2
Ĉ∞

, ĩ < Ě − 1

(
Ă

Ě
2Ħ

+ 1
2

ÿĦ ∥č0∥Ĉ∞

) 2Ħ
Ħ−Ě

, ĩ = Ě − 1

(
Ă

1+ą
2

ÿą ∥č0∥ē2,∞

) 2
1−ą

, Ě − 1 < ĩ < Ě,

(6.48)
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for some Ħ ∈ (Ě,∞) and ą ∈ (ĩ + Ě − 1, 1), such that ∥č∥ÿ ( [0,Đ0 ],ē2,∞ ) f 2∥č0∥ē2,∞ . We
then divide the integration over the subintervals [0, Đ0] and [Đ0, Ī], assuming that Ī g Đ0

without loss of generality. On [0, Đ0], we use the trivial estimate given by choice of Đ0. On
[Đ0, Ī], we use the decay estimates (6.46), (6.47) and we obtain

∫ ∞

0

∥∇īă ∥Ĉ∞Ěă f 2ÿ1Đ0

((
1 + Ă

ċ

)
∥č0∥ē2,∞ +

Ă∥č0∥2
ē2,∞

ċ2

)

+ ÿ1

∫ ∞

Đ0

(((
1 + Ă

ċ

)
W2,∞(∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))ě−ÿĂă min(Ăă, 1)−1

+ Ă

ċ2

(
W1,∞ (∥č0∥Ĉ∞ , Ă−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))ě−ÿĂĪ min(Ăă, 1)− 1

2

)2
)
1Ě−2fĩfĚ−1

+
((

1 + Ă

ċ

)
ě−ÿĂă min(Ăă, 1)−1 (1 + ÿĆ min(Ăă, 1)−Ć)

× W2,∞ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))

+ Ă

ċ2

(
ě−ÿĂă min(Ăă, 1)− 1

2 (1 + ÿĆ min(Ăă, 1)−Ć)

× W1,∞ (∥č0∥Ĉ∞ , ∥č0∥ ¤ĄČ2 , Ă
−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))

)2)
1Ě−1<ĩ<Ě

)
Ěă. (6.49)

Evidently, the integral over [Đ0,∞) is finite. Applying this bound, we obtain the uniform-
in-time estimate (written in compact form)

sup
Īg0

EĊ ( Ĝ ĪĊ , čĪ )

f EĊ ( Ĝ 0
Ċ , č

0)
(
W1 (∥č0∥ē2,∞ , Ă−1, ċ−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))1Ě−2fĩfĚ−1

+ W2 (∥č0∥ē2,∞ , Ă−1, ċ−1, ∥č0 − 1∥Ĉ∞ , FĂ (č0))1Ě−1<ĩ<Ě

)
, (6.50)

where W1 and W2 are continuous, nondecreasing in their arguments. This completes the
proof of Theorem 1.2.

7. Application to ¤ē−1,∞ kernels

In this final section of the paper, we sketch the proof of Theorem 2.14, in particular focusing
on the main steps and how decay estimates allow to obtain a uniform-in-time result. For
justification of the differential identities below—especially, the consideration needed given
that ĜĊ is only a weak solution—we refer to the original article of Jabin-Wang [68, Section
2].
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One may verify that if č is a solution to (2.31), then č¹Ċ is a solution to the Cauchy
problem



ĉĪ Ĝ̄Ċ +

Ċ∑
ğ=1

(k ∗ č) (Įğ) · ∇Įğ Ĝ̄Ċ = Ă

Ċ∑
ğ=1

�Įğ Ĝ̄Ċ

Ĝ̄Ċ |Ī=0 = (č0)¹Ċ ,
(Ī, ĮĊ ) ∈ [0,∞) × (TĚ)Ċ . (7.1)

Using this equation, one can show that (see [68, Lemma 2])

Ě

ĚĪ
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ ) f − 1

Ċ

Ċ∑
ğ=1

∫
(TĚ )Ċ

(
k ∗ (čĮĊ

− č)
)
(Įğ) · ∇Įğ log

(
(čĪ )¹Ċ

)
ĚĜ ĪĊ (ĮĊ )

− Ă

Ċ

∫
(TĚ )Ċ

����∇Įğ log

(
Ĝ Ī
Ċ

(čĪ )¹Ċ
)����

2

ĚĜ ĪĊ , (7.2)

where čĮĊ
:= 1

Ċ

∑Ċ
Ġ=1 ąĮ Ġ

and we set k(0) := 0, which is harmless given we are modifying

on a measure zero set. By assumption ((iii)), there exists an Ĉ∞ matrix field (Ē Ăă)Ě
Ă,ă=1

such that kĂ = ĉăĒ
Ăă . Integrating by parts in the variable Įă

ğ
and performing some manip-

ulations, one arrives at the inequality

Ě

ĚĪ
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ ) f 1

ĊĂ

Ċ∑
ğ=1

∫
(TĚ )Ċ

���(Ē ∗ (čĮĊ
− čĪ )

)
(Įğ)

���2 ��∇ log
(
čĪ

)
(Įğ)

��2 ĚĜ ĪĊ
+ 1

Ċ

Ċ∑
ğ=1

∫
(TĚ )Ċ

(
Ē ∗ (čĮĊ

− č)
)
(Įğ) :

∇¹2čĪ (Įğ)
čĪ (Įğ)

ĚĜ ĪĊ . (7.3)

To control the right-hand side, we recall the following convexity inequality (see [68,
Lemma 1]), sometimes called the Donsker-Varadhan lemma, which allows one to change
the Ċ-particle law with respect to which we compute expectations. This is useful because
we do not have much information about the Ċ-particle law ĜĊ , as opposed to the tensorized
mean-field law (č)¹Ċ .

Lemma 7.1. Let čĊ , ĎĊ ∈ P((TĚ)Ċ ), and let ¨ ∈ Ĉ∞ ((TĚ)Ċ ). Then ∀Ĉ > 0,

∫
(TĚ )Ċ

¨ĚčĊ f 1

Ĉ

(
ĄĊ (čĊ |ĎĊ ) +

1

Ċ
log

(∫
(TĚ )Ċ

ěĈĊ¨ĚĎĊ

))
. (7.4)
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Applying Lemma 7.1 to each of the two terms in the right-hand side of (7.3), we obtain

Ě

ĚĪ
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ ) f

(
∥∇ log čĪ ∥2

Ĉ∞

ĂĈ
+ 1

Ĉ′

)
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ )

+
∥∇ log čĪ ∥2

Ĉ∞

Ċ2ĂĈ

Ě∑
Ă,ă=1

Ċ∑
ğ=1

log

(∫
(TĚ )Ċ

exp

(
ĈĊ

���(Ē Ăă ∗ (čĮĊ
− čĪ

)
(Įğ)

���2
)
Ě (čĪ )¹Ċ (ĮĊ )

)

+ 1

ĊĈ′
log

(∫
(TĚ )Ċ

exp

(
Ĉ′

Ċ∑
ğ=1

(
Ē ∗ (čĮĊ

− čĪ )
)
(Įğ) :

∇¹2čĪ (Įğ)
čĪ (Įğ)

)
Ě (čĪ )¹Ċ (ĮĊ )

)
,

(7.5)

where the value of the parameters Ĉ, Ĉ′ > 0 will be specified momentarily. Note that by
symmetry, the integral in the second line is independent of the index ğ.

To close the estimate for the relative entropy, we now recall two functional inequalities.
The first is a law of large numbers at exponential scale. For a proof, see [68, Section 4]; but
note the result is a consequence of classical exponential inequalities for sums of random
vectors [83, 105].

Proposition 7.2. There exist constants ÿ1, ÿ2 > 0 such that for any č ∈ Ĉ∞ (TĚ) with
∥č∥Ĉ∞ f 1 and any probability measure č on TĚ ,

∫
(TĚ )Ċ

exp

(
Ċ

ÿ1

����
∫
TĚ

č(Į)Ě
(
čĮĊ

− č
)
(Į)

����
2
)
Ěč¹Ċ (ĮĊ ) f ÿ2. (7.6)

The next inequality is a large deviation estimate, which is proved in [68, Theorem 4].24
A much simpler probabilistic proof of this estimate has been given in [73, Section 5].

Proposition 7.3. Let č be a probability density on TĚ . Suppose that č ∈ Ĉ∞ ((TĚ)2) sat-
isfies

∀Į ∈ T
Ě ,

∫
TĚ

č(Į, İ)Ěč(İ) = 0 and ∀İ ∈ T
Ě ,

∫
TĚ

č(Į, İ)Ěč(Į) = 0. (7.7)

Then there is a universal constant ÿ3 > 0 such that if
√
ÿ3∥č∥Ĉ∞ < 1, then∫

(TĚ )Ċ
exp

(
Ċ

∫
(TĚ )2

č(Į, İ)Ěč¹2
ĮĊ

(Į, İ)
)
Ěč¹Ċ (ĮĊ ) f

2

1 − ÿ3∥č∥2
Ĉ∞

. (7.8)

Let us now see how to use Propositions 7.2 and 7.3 to complete the proof of the estimate
for the evolution of the relative entropy. Let ÿ1, ÿ2 be the constants in the statement of
Proposition 7.2. For 1 f Ă, ă f Ě, we set

č(Į) :=
√
Ĉÿ1Ē

Ăă (Į1 − Į), ∀Į ∈ T
Ě , (7.9)

24As noted by Jabin-Wang, this estimate and more would follow from classical large deviations work [7],
which in turn builds on [18], if č were continuous.
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so that

exp

(
ĈĊ

���(Ē Ăă ∗ (čĮĊ
− čĪ

)
(Įğ)

���2
)
= exp

(
Ċ

ÿ1

����
∫
TĚ

č(Į)Ě (čĮĊ
− čĪ ) (Į)

����
2
)
. (7.10)

We choose Ĉ > 0 sufficiently small so that
√
Ĉÿ1 maxĂ,ă ∥Ē Ăă ∥Ĉ∞ = 1, which ensures that

∥č∥Ĉ∞ f 1. Applying Proposition 7.2 pointwise in Ī, we obtain that

∥∇ log čĪ ∥2
Ĉ∞

Ċ2ĂĈ

Ě∑
Ă,ă=1

Ċ∑
ğ=1

log

(∫
(TĚ )Ċ

exp

(
ĈĊ

���(Ē Ăă ∗ (čĮĊ
− čĪ

)
(Įğ)

���2
)
Ě (čĪ )¹Ċ

)

f
Ě2∥∇ log čĪ ∥2

Ĉ∞ÿ1∥Ē ∥2
Ĉ∞ (logÿ2)

ĊĂ
. (7.11)

Next, set

č(Į, İ) := Ĉ′
(
Ē (Į − İ) −Ē ∗ čĪ (Į)

)
:
∇¹2čĪ (Į)
čĪ (Į) , ∀Į, İ ∈ T

Ě . (7.12)

Using that kĂ = ĉăĒ
Ăă is divergence-free, one checks that č satisfies condition (7.7). Now

Ĉ′
Ċ∑
ğ=1

(
Ē ∗ (čĮĊ

− čĪ )
)
(Įğ) :

∇¹2čĪ (Įğ)
čĪ (Įğ)

= Ċ

∫
(TĚ )2

č(Į, İ)Ě (čĮĊ
)¹2 (Į, İ). (7.13)

We choose Ĉ′ > 0 to satisfy

√
ÿ3∥č∥Ĉ∞ f 2

√
ÿ3Ĉ

′∥Ē ∥Ĉ∞
∥∇¹2čĪ ∥Ĉ∞

inf čĪ
=

1

2
, (7.14)

so that by applying Proposition 7.3 pointwise in Ī,

1

ĊĈ′
log

(∫
(TĚ )Ċ

exp

(
Ĉ′

Ċ∑
ğ=1

(
Ē ∗ (čĮĊ

− čĪ )
)
(Įğ) :

∇¹2čĪ (Įğ)
čĪ (Įğ)

)
Ě (čĪ )¹Ċ (ĮĊ )

)

f 4
√
ÿ3∥Ē ∥Ĉ∞ ∥∇¹2čĪ ∥Ĉ∞ (log 4)

Ċ inf čĪ
. (7.15)

Applying the estimates (7.11), (7.15) to the right-hand side of (7.5) and substituting in our
choices for Ĉ, Ĉ′, we find

Ě

ĚĪ
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ )

f
(
∥∇ log čĪ ∥2

Ĉ∞ÿ1∥Ē ∥2
Ĉ∞

Ă
+ 4

√
ÿ3∥Ē ∥Ĉ∞ ∥∇¹2čĪ ∥Ĉ∞

inf čĪ

)
ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ )

+
Ě2∥∇ log čĪ ∥2

Ĉ∞ÿ1∥Ē ∥2
Ĉ∞ (logÿ2)

ĊĂ
+ 4

√
ÿ3∥Ē ∥Ĉ∞ ∥∇¹2čĪ ∥Ĉ∞ (log 4)

Ċ inf čĪ
. (7.16)
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By the local well-posedness theory for (2.31), there exists a time Đ0 > 0 comparable to
Ă

∥č0 ∥2

ē2,∞
, such that ∥č∥ÿ ( [0,Đ0 ],ē2,∞ ) f 2∥č0∥ē2,∞ . Since inf čĪ g inf č0, we have that

∀Ī ∈ [0, Đ0], ∥∇ log čĪ ∥Ĉ∞ f 2∥č0∥ē2,∞

inf č0
, (7.17)

∀Ī g Đ0, ∥∇ log čĪ ∥Ĉ∞ f W1,∞ (∥č0∥Ĉ∞ , Ă−1)
inf č0

ě−ÿ4ĂĪ (ĂĪ)− Ě+1
2 , (7.18)

∀Ī g Đ0, ∥∇¹2čĪ ∥Ĉ∞ f W2,∞ (∥č0∥Ĉ∞ , Ă−1)ě−ÿ4ĂĪ (ĂĪ)− Ě+2
2 , (7.19)

where the second and third assertions follows from use of (2.32). Integrating both sides
of the differential inequality (7.16), then applying the Grönwall-Bellman lemma, we ulti-
mately find that

ĄĊ ( Ĝ ĪĊ | (čĪ )¹Ċ ) f ěC
Ī

(
ĄĊ ( Ĝ 0

Ċ | (č0)¹Ċ ) + C Ī

Ċ

)
, (7.20)

where

C
Ī :=

ÿ1 min(Ī, Đ0)
Ă

( ∥Ē ∥Ĉ∞ ∥č0∥ē2,∞

inf č0

)2

+ ∥Ē ∥Ĉ∞ ∥č0∥ē2,∞ min(Ī, Đ0)
inf č0

+
(
ÿ1

Ă2

( ∥Ē ∥Ĉ∞

inf č0

)2
(
W1,∞ (∥č0∥Ĉ∞ , Ă−1)ě−ÿ2ĂĐ0

(ĂĐ0)
Ě+1

2

)2

+ ÿ1∥Ē ∥Ĉ∞W2,∞ (∥č0∥Ĉ∞ , Ă−1)ě−ÿ2ĂĐ0

Ă(ĂĐ0)
Ě+2

2 inf č0

)
1ĪgĐ0

. (7.21)

By inspection, one checks that C 0 = 0 and supĪg0 C Ī < ∞. This completes the proof of
Theorem 2.14.

A. Proof of Lemma 6.2

We give here the proof of Lemma 6.2 on the existence of entropy solutions to the Liouville
equation (1.3).

Let Ć ∈ ÿ∞
ę be a bump function with values between in 0 and 1 which is identically 1

on þ(0, 1
16
) and zero outside þ(0, 1

8
). Given Ć > 0, set ĆĆ (Į) := Ć−ĚĆ(Į/Ć) and define the

truncated potential g(Ć) := gā (1 − ĆĆ) + (g − gā).25 Evidently, g(Ć) ∈ ÿ∞ (TĚ) coincides
with g if |Į | g Ć

8
.

25g(Ć) should not be confused with the truncated potential gĆ from Section 3.
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Consider the Cauchy problem for the regularized Liouville equation,



ĉĪ ĜĊ,Ć = −

Ċ∑
ğ=1

divĮğ
©­«
ĜĊ,Ć

1

Ċ

∑
1f ĠfĊ : Ġ≠ğ

M∇g(Ć) (Įğ − Į Ġ )ª®¬
+ Ă

Ċ∑
ğ=1

�Įğ ĜĊ,Ć

ĜĊ,Ć |Ī=0 = Ĝ 0
Ċ
.

(A.1)

By standard well-posedness theory for transport-diffusion equations (e.g., see [6, Section
3.4]), (A.1) has a solution ĜĊ,Ć ∈ Ĉ∞ ( [0,∞),P((TĚ)Ċ )), which is ÿ∞ for positive times.
Letting ăĊ,Ć denote the analogue of ăĊ from Definition 6.1 with g replaced by g(Ć) , the
reader may verify the entropy bound
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Since gā is decreasing and by the properties of Ć, the preceding right-hand is

f
∫
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.

From the relation (3.3),
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it follows from (A.2) that
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. (A.4)

Hence, by the Dunford-Pettis theorem, after passing to a subsequence, ĜĊ,Ć converges
weakly in Ĉ1 ( [0,∞), Ĉ1 ((TĚ)Ċ )) to an element ĜĊ ∈ Ĉ1 ( [0,∞), Ĉ1 ((TĚ)Ċ )). It is easy to
check that Ĝ Ī

Ċ
g 0 for a.e. (Ī, Į),26. We in fact have that Ĝ ∈ Ĉ∞ ( [0,∞), Ĉ log Ĉ ((TĚ)Ċ )).

26By redefinition of ĜĊ on a set of measure zero, we may assume without loss of generality that ĜĊ g 0

everywhere.
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Indeed, let Ā ∈ Ĉ1 ( [0,∞)) be a temporal function. Then for any ą ∈ ÿ ((TĚ)Ċ ), we have
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Now by the variational formulation of entropy, if ą g 0,∫ ∞
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Since Ā was arbitrary, the preceding implies that
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(A.7)
Taking the sup over ą ∈ ÿ ((TĚ)Ċ ) in the left-hand side and again using the variational
formulation of entropy, we see that
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the right-hand side of which is bounded by the right-hand side of (A.4).
Additionally, for any temporal test function Ā ∈ ÿ∞ ( [0,∞)), we have by the weak

convergence with spacetime test function (Į, Ī) ↦→ Ā(Ī),∫ ∞
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Since Ā was arbitrary, this implies that
∫
(TĚ )Ċ ĚĜ Ī

Ċ
= 1 for a.e. Ī.

Now for any fixed Ć0 ∈ (0, 1], we have that
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Note that logăĊ,Ć0
is ÿ∞ and so may be taken as a test function. Let Ā ∈ ÿ∞ ( [0,∞)) be

an arbitrary test function of time, the weak convergence of ĜĊ,Ć to ĜĊ implies
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So by monotone convergence,∫ ∞

0

∫
(TĚ )Ċ

Ā(Ī) logăĊ ĚĜ
Ī
Ċ ĚĪ = lim

Ć0→0
−

∫ ∞

0

∫
(TĚ )Ċ

Ā(Ī) logăĊ,Ć0
ĚĜ ĪĊ ĚĪ

f lim inf
Ć→0

−
∫ ∞

0

∫
(TĚ )Ċ

Ā(Ī) logăĊ,ĆĚĜ
Ī
Ċ ,ĆĚĪ. (A.12)

Since Ā was arbitrary, the preceding inequality together with (A.8) implies that

a.e. Ī > 0,
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Next, observe that ĜĊ,Ć

ăĊ,Ć
converges in the sense of spacetime distributions to ĜĊ
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. Note

also from the monotonicity of gā and the properties of Ć that
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By weak lower semicontinuity, we have
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By another application of monotone convergence theorem, it follows that
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Finally, we check that the limit ĜĊ satisfies the original Liouville equation (1.3) in the
distributional sense on [0,∞) × (TĚ)Ċ . Observe that for any test function ą ∈ ÿ∞ ((TĚ)Ċ )
and a.e. Ī, ∫
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is absolutely convergent. Indeed, this follows since for a.e. Ī, ∇ log
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where we use that Ĝ Ī
Ċ

is a probability density to obtain the final line. We now want to show
that for any spacetime test function ć,
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Let ĉ k 1 and decompose
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Observe that
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Finally, arguing similar to (A.18),�����
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Hence by Cauchy-Schwarz,
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which tends to zero as ĉ → ∞. This last step completes the proof of the lemma.
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