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A model for a weakly-ionized dusty plasma is proposed in which UV or X-ray radiation continuously creates free
electrons at high energy, which then cool through collisions with a cold neutral gas before recombining. The transition
of a free electron from high energy at birth to low energy at demise implies that the electron energy distribution is not
the simple Maxwellian of an isolated system in thermal equilibrium, but instead has a high-energy tail that depends on
the recombination time. This tail can have a major effect on dust grain charging because the flux of tail electrons can
be substantial even if the density of tail electrons is small. Detailed analytic and numerical calculations of dust grain
charging show that situations exist in which a small high-energy tail dominates charge behavior. This implies that dust
grain charge in terrestrial and space dusty plasmas may be significantly underestimated if a Maxwellian distribution is

assumed and the non-thermal dynamics are neglected.

I. INTRODUCTION

In many planetary and cosmic environments, microscopic
grains of dust or ice exist in the presence of a weakly-ionized
background gas. Examples include comet tails,! Saturn’s
rings,” interstellar dust clouds,* noctilucent clouds in the
Earth’s mesosphere,s’6 and aerosols in the atmospheres of Ti-
tan and Pluto.”® In astrophysical and atmospheric plasmas,
ionization of a background gas is typically caused by stellar
radiation, X-rays, or cosmic rays. Electrons and ions from
the background plasma impact the dust grains and stick, caus-
ing them to accumulate large amounts of charge. Resulting
electromagnetic interactions between the plasma and the dust
grains cause dynamics distinct from both a dust-free plasma
and a plasma-free dust cloud.

Dust charging can lead to significant macroscopic effects.
For example, the dust particles of Saturn’s B ring can form
radial spokes through electrostatic forces, which only ap-
pear when Saturn’s orientation relative to the Sun creates the
proper conditions for dust to accumulate large amounts of
charge.”? Comets experience a large range of plasma condi-
tions due to their elliptical orbits and the variability of the so-
lar wind, which have large effects on the behavior of the coma
and tail.® Plasma conditions can also affect the nucleation and
growth of dust particles from background molecules: Ivlev
et al.* showed that the charge developed on dust grains in
molecular clouds greatly affect dust coagulation, Chai and
Bellan '” showed that the spontaneous formation and growth
of ice grains inside a low-temperature plasma was heavily de-
pendent on plasma properties, a process also thought to occur
under astrophysical conditions. Noctilucent cloud formation
in the polar mesosphere also depends on ambient temperature,
and is correlated with an increase of ionization in the iono-
sphere’s E-layer.!! These examples indicate that the in-situ
formation and behavior of dust grains is inextricably linked to
the ambient plasma properties. As instruments such as JWST
and ALMA become capable of imaging distant astrophysical
dust clouds and low-temperature plasmas, careful treatment of
dust-plasma charge interactions is important for interpreting a

growing body of data.

Dust grain charging depends on the distribution of electron
and ion energies present in the plasma. Traditional analy-
sis of charging process begins by assuming that both elec-
trons and ions are in thermal equilibrium at some defined
temperature.'> This is common in studies of atmospheric and
space phenomena, including studies of noctilucent clouds™!3
and comets.® This implicitly applies a Maxwellian distribu-
tion, and is often justified by invoking the high collisional-
ity of these plasmas.'>!*15 However, dusty plasmas generally
maintain their state of weak ionization via energy input from
some external ionization source; consequently, these plasmas
cannot be considered isolated systems, and so may not come
to thermal equilibrium. Instead, even very collisional plas-
mas can have a high-energy tail of hot, newly-ionized free
electrons that have not yet undergone sufficient collisions to
cool to the neutral temperature. As such, direct measure-
ments of electron energies in many dusty plasmas do not show
a thermal distribution: laboratory RF dusty plasmas experi-
ence stochastic heating and plasma sheath effects that acceler-
ate a proportion of electrons,!®!7 and electron energies in the
magnetosphere and other heliosphere environments are more
successfully modeled by fitting functions such as the kappa
distribution. '8

Even small deviations of electron energies from a
Maxwellian distribution can have disproportionately large ef-
fects on the charge and dynamics of dust grains. In a study
of dust clouds embedded in plasma, Havnes et al. 14 showed
that the relationship between cloud density and dust grain
potential in plasmas with two different electron distributions
yielded qualitatively similar, but quantitatively very different
results. Stangeby !° showed that a small nonthermal popula-
tion of hot electrons in a Tokamak edge plasma dominated the
current flux to bodies immersed in the plasma. Chen '® iden-
tified similar behavior in RF plasmas used for manufacturing,
where small numbers of hot electrons dominated the charg-
ing of Langmuir probes. These studies show that the dust
charge and dynamics are extremely sensitive to slight changes
in the population of high-energy electrons, so great care must
be taken in handling the energy distributions for accurate cal-



culation dust characteristics.

Non-thermal electrons can greatly affect charge and dy-
namics in dusty plasmas, but calculations typically neglect
these effects in the absence of direct electron energy mea-
surements. We introduce a model for an enhanced energetic
electron tail in a weakly-ionized plasma based on the funda-
mental collisions between electrons, ions, and neutrals, and
characterize how this tail affects the charging of dust grains
immersed in such a plasma.

1. MODEL OF THE ENERGETIC ELECTRON TAIL IN
A DUSTY PLASMA

Dusty plasmas are commonly weakly-ionized, with neu-
tral gas that is typically cold, e.g., at 10-150 K in astro-
physical, planetary, and mesospheric plasmas, and near room-
temperature for most laboratory dusty plasmas.?’ A tiny frac-
tion of the gas is continuously ionized, often by UV or X-
ray radiation, creating free electrons at energies of the order
of a few eV. As neutrals greatly outnumber charged particles,
the energetic electrons lose their initial energies through colli-
sions with the cold neutral population, until eventually under-
going recombination. This sequence is outlined in Fig. 1.
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FIG. 1. a) a neutral atom is ionized by some source (red arrow),
accelerating an electron (blue); b) The electron collides with many
neutral atoms which "moderate" its energy; c) the electron collides
with an ion and recombines.

This process is analogous to the energy moderation of neu-
trons used in nuclear fission reactors: in these devices, fast
neutrons collide with heavier molecules, such as water or
graphite, which "moderate” the kinetic energy of the neutrons
and bring them towards a colder thermal distribution before
entering a reactor.”! Similarly, newly-ionized electrons can be
modeled undergoing energy "moderation" through collisions
with cold neutrals before recombination. At any given mo-
ment, the plasma contains both "new" electrons at high en-
ergy and a range of other electrons at intermediate stages of
the moderation process. The energy distribution then depends
on the processes and rates of ionization, recombination, and
electron-neutral collisions.

A. Time-evolution of the energy of a single electron

The energy moderation of a hot electron in a cold neutral
gas is treated for the case of elastic collisions, in the absence
of external fields or turbulence. This is simplified by assuming

that neutral atoms are at a constant energy k7,,, and that neutral
mass M >> m,. The change in electron kinetic energy in a
single collision is therefore estimated by:

4M/me - me
W(W—kﬂﬂ ~ —4ﬁ(w—an). (D

The number of collisions in a time interval df is dt/t.,
where t,, is the electron-neutral collision time. The change
of electron energy dw in the time interval dt is therefore:

Aw = —

m, dt

dw =~ —4(w—kT,) M 2)
The electron-neutral collision time is related to the mean
free path of electrons, such that v.t., = Iy, Where v, is the
electron velocity and /7, is the mean free path for electron-
neutral collisions. The mean free path is related to the neutral
number density n, and the cross section for electron-neutral

collisions o, as follows:

Inf pltn G = 1 3)

Using v, = 1/2w/m,, these relations can be used to substitute
for t,, in equation 2 to obtain
2 m,

dw
=4 m—eﬁcnnn(w3/2 —kT,w'/?) (4)

Integrating from O to ¢ and solving for w(t) gives,

2
2mekT, 0
w(t) = kT, tanh 20,,n,,¢?,+tanhl\/§ 5)

Equation 5 is plotted in Fig. 2. Att = 0, the electron is at
its initial energy, w(0), and energy decreases with time due to
collisions.

This elastic model is appropriate for an atomic gas such as
helium; for molecular gasses, the cooling rate is enhanced by
rotational and vibrational effects, so this calculation should
be modified somewhat. The energy drop per elastic collision,
4m,/M is generalized to an overall cooling coefficient, which
is in general dependent on temperature. Huxley ?*> calculates
the energy drop per collision with molecular hydrogen and
finds the cooling to be enhanced by a factor of 2 to 4 de-
pending on electron energy. Smith and Dean?? experimen-
tally measured the temperature drop of a population of elec-
trons in an afterglow plasma undergoing collisions with Nj
and O, gasses, and found similarly that the cooling was 2 to 3
times faster than expected from elastic collisions alone. These
studies measured the temperature drop of a bulk of electrons
rather than the energy drop of a single electrons, but as both
cool through electron-neutral collisions, the modification of
cooling rate due to inelasticity will be of the same magnitude.
The effect of inelastic collisions on the cooling curve (Eqn.
5) is equivalent to the effect of decreasing the neutral mass
by a factor of 2-3, as this modifies Aw (Eqn. 1) by the same
amount. Fig. 2a) shows that this causes a faster energy loss:
for example, elastic collisions with molecular nitrogen follow
the M = 28m,, curve, while those from inelastic collisions,
with energy losses 2 to 3 times larger per collision, would bet-
ter fit the M = 14m,, curve.
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FIG. 2. Time-evolution of the kinetic energy of a single electron.
a) neutral atomic mass varying from 2 to 28 mp,o0n; neutral den-
sity fixed at 10'3 cm™3. b) neutral density varying from 102 — 1013
cm™3; atomic mass of 4 Mproton- In all cases, initial energy w(0) =1
eV; target neutral particles have cross-sectional radius of 1 A.

B. Treatment of ionization and recombination

The electron density and energy distribution depend on the
ionization and recombination properties. In space and atmo-
spheric environments, ionization is typically by high-energy
photons or cosmic rays incident on both neutral gas and dust
grains. The electron production rate is given by:

Q.= (”no'n +nd0'dy)q)p (6)

where ®,, is the incoming photon flux (m~2 s, Q. is the
electron production rate (electrons/m>/s), n,q4 and o, 4 are the
densities and photoionization cross-sections of neutrals and
dust grains, respectively, and Y is the photoelectric yield of
dust grains. Typically, dust densities are much lower than neu-
tral densities,>!7?* and photoelectric yields are on the order of
1072 or lower,? so neutral ionization forms the bulk of elec-
tron production.

The initial electron energy after gas photoionization de-
pends on the difference in energy between the ionizing radia-
tion and the ionization energy of the neutral species. All free
electrons ionized from a given gas species by a specific pho-
ton wavelength then have the same initial energy.”® While in
principle there is a broad spectrum of incoming ionizing radi-
ation, and several neutral species in the gas, there are typically
certain wavelengths that dominate electron production in any
given situation. For example, solar system dusty plasmas are
mainly ionized by a few dominant H and He lines in the solar
spectrum in the EUV range. Reid?* shows that in the lower
ionosphere, electron production is almost solely from ioniza-
tion of nitric oxide by solar Lyman-c, which produce elec-
trons at 1.1 eV. While ionization of other molecules by other
parts of the solar spectrum do occur, their contribution is or-
ders of magnitude smaller. The upper ionosphere and other
solar system plasmas are mainly ionized by solar x-rays and

extreme UV radiation.”*?” As these EUV solar lines generally
decrease in strength for higher photon energy,?® most neutrals
are ionized with the lowest-energy line capable of doing so.
This causes electrons to have a fairly uniform initial energy in
the range of 1-2 eV.

If electron and ion densities are in steady-state, ionization
and recombination occur at equal rates. Recombination can
occur by two mechanisms: electrons can intercept ions and
recombine, or electrons and ions can intercept dust particles,
stick to them, and eventually recombine on the dust particle’s
surface. This is modeled by the system,

d

CZ‘e = Q¢ — 0nen; —Deneng =0
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where « is the ion-electron recombination coefficient, D, ; is
the coefficient of collection on the dust of electrons or ions.
When photoemission from dust is negligible, O, = Q;. As dust
has a constant charge in equilibrium, the inflow of electrons
and ions to its surface are equal: therefore, D.n, = D;n;. The
electron density is then given by:

Q.

Ne= —————
an; + D.ny

= Qe ®)

Therefore, the electron density is proportional to the average
lifetime of electrons in the plasma. The lifetime can be ex-
pressed in two parts, one for electron-ion recombination and
one for electron-dust collection, which add in parallel. The
recombination coefficient @ depends on the cross-section of
collisions multiplied by the incoming electron velocity. This
cross-section typically increases as energy decreases in this
energy range,” such that recombination becomes more likely
as electron energy is moderated. Meanwhile, as negatively-
charged dust grains repel incoming electrons, the highest-
energy electrons are more likely to be absorbed by dust grains.
The lifetime of electrons in the plasma is thus dependent on
the electron distribution.

C. Solution for electron energy distribution

The energy evolution of an average electron is now com-
pletely defined by equations 5 and 7, for given densities, initial
energy w(0), and recombination time 7g. The fraction of the
whole electron population with energy between w and w + dw
is defined as f(w)dw, and is proportional to the time spent by
a single electron in that range.

This electron energy distribution must also be multiplied by
the probability p(w) that an electron has not recombined be-
fore reaching an energy w. In general, the average electron
will recombine after some lifetime 7z, with a spread of life-

times between different electrons given by p(w). Thus, the
electron energy distribution is given by:
dw

700 = Apt)/| 5. ©)




where p(w) is the probability that an electron reaches an en-
ergy w without recombining, and A is a normalization factor.

The probability that a single electron recombines in some
time step dt depends on the recombination cross-section, the
electron velocity, and the density of ions it can recombine
with. As detailed in the appendix, it follows the differential

equation:
d 2
i 1\ RO

The functional form of p depends on the energy dependence
of the recombination cross-section og(w). Assuming a de-
pendence og(w) = y/w, where ¥ is a constant, and putting in
terms of energy rather than time by applying Eq. 4, this is
evaluated to be:

p(w) = <W((B(E)an . _wan ) /KT,

(10)

1)

where ¢ = YMn; /40, m.n,. Derivations of equations 10 and
11 are shown in the appendix.

The shape of Eq. 11 shows that probability of an electron
not recombining is 1 for energies w >> ¢/kT,,, and drops to
zero at lower energies due to high likelihood of recombina-
tion. When ¢/kT << 1, the drop in probability happens very
rapidly, indicating that the spread electron lifetimes is small.
Because ¢ depends on the ionization fraction n;/n,, and the
plasmas addressed in this study are typically very weakly ion-
ized (n;/n, < 10719), the probability is unity until dropping to
zero rapidly at a low energy. The spread in electron lifetimes
is therefore small in these plasmas, and p(w) can be approxi-
mated as 1 for energies between w(tg) and w(0), and zero at
energies below w(1g).

The normalization factor A must now be calculated, such
that the integral of the distribution over all energies evaluates

to unity:
w(0) w(0) p(W)
1= dw = A————dw.
/0 Flw)dw /,{T,, i/l ™

Integrating p(w) is generally quite difficult analytically;
however, when all electrons are taken to recombine at the av-
erage recombination energy w(tg) as discussed, the normal-
ization is greatly simplified:

12)

1 1 1

(0 T 1 d = 7
ff((f,fwfv% o mwsan @t Jotdt

A=

13)

Therefore, A = 1/1g, and the electron energy distribution is
expressed as follows:

M 1
AT/ 2me Oy w32 — KT, w1/2
f(w) is plotted in Figure 3 for lifetimes of 0.05, 0.1, and 1

seconds at a plasma parameters common to planetary and as-
trophysical environments. This is compared to a Maxwellian

fw) (14)
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FIG. 3. Electron energy distributions for various recombination
times. Low-temperature Maxwellian (red dotted line) is at 0.01 eV.
Target neutral particles have cross-sectional radius of 1 A; neutral
density is 10'* cm—3, neutral atoms have mass M = 4 % Mproton, and
initial electron energy w(0) is 1 eV.

distribution at a temperature of 0.01 eV, expected if electrons
were in thermal equilibrium with the neutrals. It is clear that
the high-energy tail of the distribution is much larger than the
Maxwellian tail. As recombination time increases, more elec-
trons will reach low energies; however, the high-energy tail re-
mains larger than Maxwellian. Figure 4 shows the distribution
for recombination times from 10 seconds to an hour on a log-
arithmic scale, so that the deviation between the Maxwellian
and calculated distribution is more evident. The Maxwellian
tail trends towards zero at an exponentially faster rate, show-
ing the moderation model will always have a larger hot tail
than the Maxwellian distribution predicts.
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FIG. 4. Electron distributions for recombination times ranging from
10 sec to 1 hr, plotted on a log scale. Initial energy w(0) =1 eV,
target neutral particles have cross-sectional radius of 1 A, neutral
density is 10'* cm—3, and neutral atoms have mass M = 4 xm proton-
Maxwellian (dotted line) at 0.01 eV.



1. QUANTIFYING THE CHARGING PROCESS

Dust grains generally gain charge through two mechanisms:
the collision and sticking of electrons and ions in the plasma,
and photoemission from incident high-energy radiation. The
former causes the dust charge to be negative, and the lat-
ter positive. A dust grain attains charge equilibrium when
all charging mechanisms balance, resulting in a zero net cur-
rent to the dust grain surface. Plasma micro-instabilities and
variable radiation conditions can sometimes cause further dy-
namic changes in dust charge;'” these effects are beyond the
scope of this paper.

When neutral gas density is significantly higher than dust
grain density, collisions with charged particles typically dom-
inate over photoemission. For example, under conditions of
noctilucent clouds formation, we calculate that the incoming
electron flux to a water-ice grain 10 nm in radius® is an or-
der of magnitude larger than the outgoing electron flux from
photoemission.?> This is supported by observations of nega-
tive charge on these mesospheric dust grains.> Similarly-large
negative charges are also seen in Saturn’s rings.> Furthermore,
as photoemission is dependent only on the grain’s photoelec-
tric yield, its contribution is generally constant regardless of
plasma presence. Photoemission then has little effect on the
changes of dust equilibrium charge with electron energies, and
is neglected in the following calculations.

By charge conservation, an increase of charge comes at the
expense of free electrons in the plasma. The distribution of
charge between free particles and the dust grains is described
by the Havnes parameter,'*

_ Zana —I—E
n; n;

H

15)

which describes the fraction of negative charge that is attached
to the dust. Here n; . 4 is the number density of ions, electrons,
or dust grains, and Z; is the number of charges on each dust
grain. The free electron population will be depleted as the
dust charge increases: as H approaches 1, the supply of free
electrons is exhausted.

A. Calculation of current to an isolated dust grain

The current into the dust surface is calculated for the sim-
ple case of an isolated dust grain, for which the Debye length
is much larger than the spacing between dust grains. In this
case, electrons and ions only experience the electric potential
from the single dust grain during the collision process. This
typically holds true if the plasma density is large compared
to the density of dust grains. If grains can interact, the elec-
trostatic potential experienced by incoming electrons must be
determined using Poisson’s equation and treated as an N-body
problem. !4

A spherical ice grain has a geometric cross-section given by
the cross-sectional area, Ogeomerric = n'r(zi where r,; is the dust
grain radius. The total cross-section depends also on Coulomb
attraction. Consideration of conservation of total energy and

angular momentum show that the effective dust grain cross-
section for a collision with a charged particles is modified®”
to be:

299,
my?

G(V) = Ggeometric(l - ) (16)
where ¢ is the charge on the incoming particle, and ¢, is the
dust grain surface potential. The cross-section is therefore
larger than 7rr§ if the charged particles are attracted to the
dust grain (g¢, < 0) and smaller if the charged particles are
repelled (g¢; > 0).

The current flow to the dust grain due to collisions with
charged particle species is calculated for a spherical dust
grain:

I=¢q oc(v)vf(v)4mvdy (17
Vmin
where v, is the minimum velocity of particles that can reach
the dust grain. For a particle that is being attracted, incom-
ing velocities within the entire range 0 < v < oo must be con-
sidered. However, for a particle that is being repelled, parti-
cles with velocities less than +/2g¢@,/m are reflected by the
dust’s electric potential and never reach the grain. By defin-
ing f(w)dw = 4mv? f(v)dv and doing a change of variables,
w= jmvz, currents are described in terms of kinetic energy
rather than velocity:

2 oo
Lutractive = CI\/;/O GR(W)\/Wf(W)dW (18)

2 oo
Irepulsive = Q\/;/ O'R(W) Wf(w)dw (19)
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As the dust is generally negatively charged,'® ¢, < 0. Thus,
ion current follows Eqn. 18, and electron current follows Eqn.
19. At equilibrium, a charge Z;e resides on the dust such that
the ion and electron currents are equal.

The current balance therefore depends on the energy dis-
tributions f;(w) and f,(w). Equation 16 indicates that, for a
negatively-charged dust particle, the fastest electrons have the
largest cross-section, meaning the high-energy tail of the dis-
tribution is most important. Conversely, the slowest positive
ions have the largest cross section; therefore, a Maxwellian
distribution at neutral gas temperature is sufficient for calcu-
lating ion current to the dust. Consider a Maxwellian ion dis-
tribution:

w

———exp(

ﬁ(w) =2n; 7[<kTi)3

w
*kai) (20)

By substituting this into equation 18 and simplifying, the ion
current is evaluated to be

I — 12 2en; |2kT;
RN M

Here it is assumed ¢; = e, as ions in dusty plasmas are typi-
cally singly-ionized. As dust charging is more sensitive to the

e
kT;

(1

). @21)



electron distribution, the electron current is written in terms of
an arbitrary distribution,

Je(w) = n.g(w). (22)

The electron current is then calculated from Equation 19:
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It is useful to write the dust potential ¢, in terms of a di-
mensionless variable; we normalize it by dividing by the ion
thermal energy,

Vwg(w)dw.  (23)

Yy = —e@y /KT 24)

The current balance between electron and ion flows is rewrit-
ten for Maxwellian ions and an arbitrary electron distribution.

3’1 iy

Ne * kT;
= e knwd(lfwd;)ﬁg(W)dW- (25)

B. Calculating plasma equilibrium with charged dust

When dust charge is in equilibrium, electrons and ions col-
lect on the dust at equal rates. Ignoring photoemission from
dust grains, electrons and ions are also produced through ion-
ization at equal rates (Q, = Q; in Eqn. 7). The electron and ion
densities will change with production and recombination until
reaching steady-state values, such that dn,/dt = dn;/dt =0

The dust collection coefficients (D, in Eqn. 7), is the flux
of electrons to each dust grain multiplied by the dust density.
Therefore, D, and D; can be expressed as the electron and ion
currents divided by densities and charges:

D, fﬂrd/ . 1—1//d— )vwg(w)dw (26)
vy \/
2 [2kT;
Di:ﬂrﬁﬁ o (1t va) 27)

Once steady state is reached, Eqn. 7 indicates that D,n, =
D;n;. Therefore,

n; D,
=D, =

Ne 1-H

and can be formulated without information about the electron
energy distribution.

As dust collection coefficients depend on the dust potential
¢4, more information must be known about the dust charge
or the charging process to completely describe the system.
This could be satisfied by solving the current balance (Eqn.
25), again requiring a known electron distribution. This could
also be computed through numerical simulation, which equiv-
alently requires assumptions about the energy of each particle.
Both these methods are pursued in subsequent sections, using
the previously-derived model of electron production and cool-

ing.

(28)

IV. SIMULATING PLASMA EQUILIBRIUM WITH A
MONTE CARLO METHOD

A Monte Carlo method is used to model a population of
electrons, ions and dust grains of a given size, in which indi-
vidual electrons are created at initial energy w(0), cool over
time through neutral collisions according to Eqn. 5, and even-
tually recombine with ions or dust grains. At each timestep in
the simulation, the probability is computed for an electron col-
liding with an ion or a dust grain, and each electron is either
chosen to recombine or remain, based on these probabilities.
After a sufficient number of iterations, the simulation reaches
a steady-state electron and ion densities and yields equilib-
rium distributions of electron energies and dust charges.

A. Methodology

The simulation methodology is as follows:

1. A control volume the size of 1 cm? is considered, con-
taining an arbitrary number N, of electrons, each at ini-
tial energy wo. An equal number of ions is initialized,
as well as N; dust particles of radius r,.

2. In a small timestep At, each electron has its energy de-
creased by Aw(w), calculated from Eqn. 2.

3. For each electron, the probability of a collision with an
ion, a neutral dust grain, and a dust grain of any charge,
are calculated. These are dependent on electron energy.

4. A random number between 0 and 1 is generated. De-
pending on the value, it is chosen based on calculated
probabilities whether each electron recombines with an
ion, a dust grain, or remains in the plasma.

5. If the electron collides with an ion, it is removed from
the simulation, and both N, and N; are decreased by 1.

6. If the electron collides with a dust particle of charge Z,
the electron is removed from the simulation, and N, is
decreased. The number of dust particles with a charge
Z; is decreased by 1, and the number of grains with
Z4+ 1 is increased.

7. The probability of ions colliding with dust grains is cal-
culated, and a corresponding proportion of them are
subtracted from N;. The charge number of incident dust
particles is decreased.

8. A number Q*dt electrons at w(0) and ions are added to
simulate photoionization.

This process is repeated for a large number of time steps, un-
til N; and N, reach equilibrium values that cause the recom-
bination rate to balance the production rate. At this point, the
electron energy and dust charge distributions are also in steady
state.



B. Electron energy distributions in steady state

The steady state electron distribution depends on the com-
petition between three rates, namely the rate of electron-
neutral collisions, the rate of electron production, and the
rate of electron removal. As neutral density is typically far
greater than plasma or grain density, the electron-neutral col-
lision rate is orders of magnitude larger than the rest. By
defining a characteristic electron-neutral collision time ., =
1/0unu+/2w/me, Eqn. 5 can be rewritten in terms of the num-
ber of electron-neutral collisions x = #/f,,. This form, inde-
pendent of neutral density and cross-section, is plotted in Fig.
5.
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FIG. 5. Decrease of single electron energy with number of collisions.
Intersection point of w(x) with 2 % kT; defines the critical number
of collisions x. for each electron to cool. In this plot, w(0) = 1eV,
kT; = 0.01eV, and energy transfer per collision is that of molecular
nitrogen. For these values, x. ~ 7500.

The electron energy decays through neutral collisions un-
til asymptotically reaching the neutral temperature. We de-
fine a critical number of collisions x. in which electron en-
ergy has cooled to twice the neutral temperature. This criti-
cal collision number is compared to the rates of recombina-
tion. If most electrons undergo x. collisions before recom-
bining (tg/fen > x¢), there will be a bulk of cold electrons
in the plasma. If most electrons recombine before cooling
(TR /ten < Xc), electrons will remain much hotter than the neu-
trals. If the electron recombination is comparable to the cool-
ing time (Tg/t., ~ x.), the energy distribution will contain
both a cold bulk and a significant high-energy tail. Result-
ing electron distributions for each of these cases are shown in
Fig. 6.

In each of the three cases, different behavior can happen
depending on if the electron production rate is large or small
compared to the cooling rate. If electrons are produced more
quickly than they cool, there can be a small population of
hot electrons even with long recombination time. If electrons
are not produced so quickly, the energetic tail will be mostly
empty, and will have minimal effect on the dust.

C. Effect on dust charge distribution

When dust grains are charged to surface potentials such that
ey > w, where w is the energy of an incoming electron, that
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FIG. 6. Computed electron distributions for each of three regimes.
All simulations had ny; = 1000 cm™3, r; = 10 nm, neutrals corre-
sponding with molecular nitrogen. Neutral density is varied by 4
orders of magnitude to reach various regimes.

electron will be repelled. Therefore, high-energy electrons
can approach grains of higher charge. Therefore, it is expected
that these high-energy tails in the electron distribution allow
some grains to reach larger charges than expected for a cold
Maxwellian electron population.

Fig. 7 shows the number of dust grains at various charges
in four different simulations. The horizontal axis corresponds
to the charge number Z; on each charged particle, and the ver-
tical axis shows the number of dust particles with that charge.
The total number of dust particles in this simulation was 1000.
In Fig. 7a), all electrons were created and remained at neutral
temperature for all time. Fig. 7b), ¢), and d), are the distribu-
tions when electrons are created at high energy and cool, each
with different neutral densities; these have the same parame-
ters as those used in cases I, II, and III in Fig. 6.

Fig. 7b) corresponds to the case when electrons cool more
quickly than they recombine. In comparison to 7a), the charge
distribution is very similar; this is expected, as electrons only
spend a tiny fraction of their lifetimes at energies above neu-
tral temperature. However, a fraction of dust grains in case b)
are doubly-charged, while case a) only allows singly-charged
grains. This shows that even though nearly all electrons are
cold, high-energy tail still allows some greater amount of dust
charging.

Fig. 7c) shows the charge developed when electrons don’t
cool much below 1 eV; here, the peak of the charge distribu-
tion is at Z; = 6. As x. is large, (e.g. 7500 in the case of
Fig. 5), these plasmas are still very collisional, despite the
considerable role played by a non-thermal tail of electrons. In
Figure 7d), the dust grains have a distribution of charges rang-
ing from Z; = 1 to 5; this is the charge developed by electrons
in the distribution shown in Fig. 6, regime III. Most electrons
are still cold, but there is a larger hot tail, and this can increase
the charge on dust five-fold.
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FIG. 7. Computed distributions of dust charge for each of four cases.
In a), all electrons at k7; for all time. In b), ¢), and d), electrons are
created at 1 eV and cool through collisions with neutrals at densities
n, = 10'2, 5% 108, and 5% 108 cm 3, respectively. All simulations
had N; = 1000, r; = 10 nm, and neutrals corresponding with molec-
ular nitrogen.

V. ANALYTIC CALCULATION OF DUST CHARGE

An analytic solution for the equilibrium state of the dusty
plasma requires solution of the current balance in Eqn. 25.
This is done in terms of two non-dimensional quantities: the
normalized dust potential y,; (Eq. 24) and the Havnes param-
eter H (Eq. 15). By inserting these quantities into the Eq. 25
and solving for H as a function of v,

. V4 me/M(1+lI/d) ) (29)
T B 87 (= W) g (w)dw

H(yy) =1

This relation characterizes the steady-state distribution of
charge in the dusty plasma: H gives information about the ra-
tio of charge carried by the dust population compared to free
electrons and ions, and Y, describes the charge on each indi-
vidual dust grain of a given size.

For a spherical grain of size r; and charge Z;e, the surface
potential is:

Zde
=— 30
9a=—71_ cora (30)
so combining Eqgs. 24 and 30 gives the dust charge:
4regrakT;
Zi=—5""Vu. (31)

Substituting H for Z; using Eq.15 gives a linear relation-
ship between H and y;:

_ AregkT; ngry

H
e? n;

Va- (32)

The intersection between this linear dependence of H on vy,
and the curve calculated in Eq. 29 gives the equilibrium values
of H and y for a dusty plasma with given r; and ny.

The electron distribution calculated in equation 14 is used
for g(w) in Eq. 29, which approximates the probabilistic col-
lision process used in the Monte Carlo simulation. As this
distribution applies over the energy range w € [w(1r),w(0)],
the upper boundary of the integral in the denominator of equa-
tion 29 is decreased from infinity to w(0). The lower bound-
ary, w = kT;\,, is usually larger than w(tg), but care must
be taken when dealing with very short recombination times.
Solving results in the parameter curve:

H(yy) =1
\V me/M(l +l//d)

- w(0 w(0)/kT;—1
\ Tk S ('Vd In kawz, + (1= ya)In <v)/£4 )
(33)

This curve is plotted in figure 8, estimating ions to have the
same mass and temperature as neutrals. The curve has a dis-
tinct knee-shape, in which H = 1 for low y,, and H quickly
decreases when Y, exceeds a critical value. When H ap-
proaches 1, no free electrons remain in the plasma. As H
approaches zero, the curve implies each dust grain has a large
amount of charge given by yy, but nearly all electrons remain
free in the plasma. It is noted from the figure that a small
fraction of hot electrons significantly affects the shape of the
curve: for fixed H, the curve reaches significantly higher val-
ues of y; when electron lifetime is short. This shows that the
distribution’s greater high-energy tail dominates the charging
process.
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FIG. 8. Parameter curve H(y,) for the calculated distribution of a
weakly-ionized plasma at four recombination times, for n, = 10'2
cm™3, initial energy w(0) = 1 eV, and atomic helium gas at 0.01 eV.

As this approach does not explicitly treat dust charge as
discrete, it breaks down as Z; approaches 1. This is typi-
cally the case when plasma density is similar to dust grain
density or smaller, or when dust cross-section is very small.
This approach also assumes all dust grains carry the same
charge. As seen in the simulation, grains have a distribution
of charges dispersed about some average value. This approx-
imation again becomes valid when Z; is large, as the spread



TABLE I. Comparison between results of simulation and analytical

calculation, for the three cases in Fig. 6: (a) n, = 10'2, (b) n, =

5% 108, and (¢) n, = 5% 10'0 cm—3. Dust has rq = 10nm, ny; = 1000
-3

cm”°.

H  Ya Zjavg Ne (Cm73) nj (Cm73)
Simulation (a) |0.46 15.40 1.07 1260 2330
Analytical (a) |0.34 14.39 1.00 1956 2956

Simulation (b) [0.96 70.04 4.86 185 5054
Analytical (b) | 1.00 38.90 2.70 0.01 2703
Simulation (¢) |0.73 37.49 2.61 924 3530

Analytical (c) [0.49 20.45 1.42 1470 2891

of charges is small compared to the average value. Properties
calculated from the simulations shown in Fig. 6 are compared
to the properties calculated analytically from the same input
conditions in Table I. While these simplifications cause some
divergence between the simulation and the analytical method,
both show the same effect of the energetic tail on equilibrium
values of y; and H.

VI. APPLICABILITY TO ATMOSPHERIC AND
ASTROPHYSICAL PLASMAS

The prior calculations made several simplifications. Firstly,
it is assumed that electrons are mainly produced through pho-
toionization of neutrals, rather than photoemission from dust
grains. It is also estimated that electrons are produced at a
fixed energy above the cold temperature of electrons and neu-
trals, and that electrons cool through elastic collisions with
a neutral gas. In modeling the collection of plasma particles
on dust grains, orbit motion-limited theory is used,'” which
requires that dust grains are sufficiently isolated and do not
interact through electrostatic forces. These assumptions must
hold in order to accurately apply the model to plasmas in na-
ture; Table II lists relevant properties of terrestrial and astro-
physical dusty plasmas that can be used to assess model ap-
plicability.

The assumption that photoemission is negligible has the po-
tential to affect the charge equilibrium to the greatest extent,
as photoemission can cause dust grains to charge positively,
which has been observed on occasion in atmospheric® and
comet® plasmas, depending on the incident radiation, local
neutral density, and dust composition. As the photoemissive
charging is independent of the plasma particles, it could be
modeled with an extra term in the current balance (Eqn. 25)
that is constant with respect to electron energy. The described
effects of a hot electron tail would not differ, though they
would likely be negligible compared to the high photoemis-
sive current. Many of these plasmas contain diatomic neutral
gases, which can cool electrons more rapidly than predicted
by elastic collisions due to their rotational and vibrational de-
grees of freedom. As mentioned in Section II.A, this effect
can be approximated as a constant multiple to the cooling rate
4m, /M of 2 to 3, or equivalently, by dividing neutral mass by
2-3. For example, in applying the electron moderation model
to plasmas with N» gas, an effective mass of N = 28m,,/3 is

used. It was also previously discussed that solar system plas-
mas can usually be approximated as producing electrons at
constant energy, as the solar spectrum has discrete peaks in
the ionizing range; this does not hold for molecular clouds,
which are mainly ionized by cosmic rays, as cosmic rays have
a much broader spread of incident energies.*

Different plasmas cool to different extents: for example,
noctilucent clouds, comet tails, and protoplanetary disks are
typically assumed to have electrons and neutrals at similar
cold temperatures due to their collisionality. The electrons in
Saturn’s rings, however, have been shown to be hotter;? This
is explained by the fact that neutral density is low, so electrons
will not cool before recombining. Therefore, protoplanetary
disks are in the Tg /1., > x. regime, while Saturn’s rings have
TR [ten << X.. As shown previously by the simulations in Fig.
7, this does not necessarily imply that the energetic electron
tail can be neglected in the low-temperature case.

The calculation of H(y,) in Eqn. 29 requires that dust
grains be isolated; when grains strongly interact with each
other, Havnes ef al. '* shows that the electron capture by dust
grains is limited. Strongly-coupled grains require that the
inter-particle spacing is smaller than the Debye length.?” Be-
cause the ion Debye length is smaller than the electron Debye
length, Debye shielding of the dust grain is largely determined
by the ions. This Debye length will become large when the
ions (as well as electrons) are depleted. This depletion is typ-
ical when plasma density is smaller than dust density, such as
in Pluto’s atmosphere® and the dustiest regions of protoplan-
etary disks.>*

The analytical approach outlined in earlier sections is ap-
plied to three of the plasmas in Table II with similar neu-
tral densities: noctilucent clouds, protoplanetary disks, and
Pluto’s aerosols. In Fig. 9, relations from Eqn. 29 are plot-
ted in black for three different recombination times (1s, 0.1s,
0.01s) and for a Maxwellian distribution, and two different
neutral gases (He and Ny). In red, the relation from Eqn. 32
is plotted for the dust densities and sizes in each of the three
plasmas considered. Intersection points between each red line
and the applicable black lines are highlighted in blue. No-
tably, the larger the high-energy tail of the distribution, the
more rightward the H(y,;) curve shifts. This can cause the
dust charge and free electron depletion in equilibrium to be
much larger than for otherwise-identical dust and plasma con-
ditions when electrons are cold and Maxwellian.

From Fig. 9, both noctilucent clouds and protoplanetary
disks have equilibrium values widely different depending on
which electron distribution is used. The effect is less promi-
nent for Pluto’s atmosphere: as the density of aerosols in
Pluto’s atmosphere is much higher than the plasma density,
electrons are completely depleted and H approaches 1 regard-
less of the electron distribution used. Y is also small, as even
when 100 percent of electrons are attached to grains, not every
grain is charged: Monte Carlo simulation with the same prop-
erties used in Fig. 9 show an average grain charge of 0.0002.

Protoplanetary disks can have grain sizes and densities
ranging over several orders of magnitude depending on their
position in the disk and the stage of the disk’s time evolution,
as listed in Table II. The values plotted in Fig. 9 are roughly
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TABLE II. Typical dusty plasma properties in a range of planetary and space environments. These are nominal parameters, and in general, all

these plasmas have substantial ranges of parameters. Electron temperatures are based on average measured or predicted energies, and ignore
non-Maxwellian effects.

Neutral

Plasma Grain Grain Neutral Electron Charge Neutral Reference
density density density diameter temperature temperature number gases
(em3)  (m3)  (em?) (1m) (eV) (eV) (e
Comet tail 108-10° 102-10° 0.1-1 0.01 0.01 - H,0 9
Saturn’s AB ring 103 40 1072 1 0.01 5 103 0,H,0,0, 3!
Saturn’s G ring 103 10 1077 1 0.01 1 103 0,H,0,0, 2
Molecular clouds  10° 1 <1073 0.1 0.0001 1 100 H,, He 32.33
Protoplanetary disk 104 102 107910 0.01-1000  0.01 0.01 1—10* H, He 3435
Noctilucent clouds 104 4000 0-1000 1073-10°!  0.01 0.01 1 N,, O, 6
Pluto’s aerosols 103 102-103 100 0.01-100  0.01 0.005-0.01 1-103 N, 8,36
1o
‘.:..---J ........... : T | e Eq. 31, noctilucent cloud

. N ) ‘ = = Eq. 31, protoplanetary disk

% "\"‘ Y | Eq. 31, pluto’s aerosols

% A\ D N T .= 10 ms, atomic He

g ‘.\\ ! 5 i —--—T= 100 ms, atomic He

I Y “ R N N (— 7 =10 ms, molecular N
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FIG. 9. Black downsloping lines are from Eq.29 for four cases using the electron moderation model and for a maxwellian electron distribution;
red upsloping lines are from Eq.32 for typical noctilucent clouds (ry = 0.01um, ny = 1000 cm 3, n; = 4000 cm ), protoplanetary disks
(rg =1um, ng=1cm=3, n; = 100 cm~3), and Pluto’s aerosols (ry = 0.01um, ny = 10® cm3, n; = 103 cm™3). All cases have neutral density
of 10" e¢m—3 and neutral temperature 0.01 K. Intersections of upsloping and downsloping lines shown as filled blue circles give equilibrium

values of H and y; for the specific configuration.

in the middle of their possible ranges: grains of radius 1um
and densities of 10> cm 3. Based on the figure, the equilib-
rium values of H and y, for these grains may vary widely
depending on the average electron lifetime.

The typical lifetime of electrons under the protoplanetary
disk conditions in Table II is now calculated. In the absence of
dust, electron lifetime depends on the rate of electron-ion col-
lisions: 1,; = 1/0n;v,. Calculating cross section from Eqn.
16 for a singly-charged ion with radius of 1 angstrom, and
considering an electron with energy of 0.01 eV, 7,; ~ 1 hr.
Following the 1 hr line from Fig. 4, the probability of an elec-
tron having 0.1 eV is 107>, and continues to drop for higher
energies. The product of this probability with electron den-
sity of 10? cm ™3 (from Table II) is < 0.001 cm 3. Therefore,
it is unlikely that any hot electrons would be present in any
given 1 cm?® volume. In the presence of dust, however, elec-
tron lifetime can vastly decrease due to their collection by dust
grains. For the dust size and density in Fig. 9 and an electron
with an energy of 0.01eV, the electron-dust collision time is

Teq = 1/04n4ve ~ 5 seconds for an uncharged dust grain, as
calculated from Eqn. 26. This causes an increase in the pro-
portion of hot electrons, and results in increases of both H and
Y-

The densities of neutrals, plasma, and dust all vary with
time as protoplanetary disks evolve. As the star accretes mass,
neutral density drops, decreasing the cooling rate of electrons
and thus increasing their energy distribution’s high-energy
tail. As dust particles grow, the cross-section for electron cap-
ture changes as well, causing both higher grain charging and
more depletion of both electrons and ions. As the grain charge
in dust clouds has been shown to affect their coagulation rate,*
and the density of plasma particles influences the mass accre-
tion of the disk into its host star®, these effects can have sig-
nificant influence on observable dynamics of these disks.

While most of the aforementioned dusty plasmas are far
from Earth, and so direct measurements of any such proper-
ties are few to non-existent, charging of dust and ice in the
summer polar mesosphere has been directly detected. Under



the conditions in which noctilucent clouds and polar meso-
spheric summer echoes are observed, there are bite-outs in the
electron density profile of up to an order of magnitude,’® asso-
ciated with the presence of charged ice-dust particles detected
by Havnes et al.”. Charged particles of sizes of 10-20 nm in
diameter were shown to exist in several atmospheric layers,
carrying charge from absorbed electrons. Havnes ef al.> as-
sumes that these particles are singly-charged, and thus have
number densities on the order of 10° per cubic centimeter.
Larger grains, which appear during noctilucent cloud events,
have lower densities and have been detected to sometimes
carry positive charges due to photoemission.>¢

From Fig. 9, H could be anywhere between 0.1 and 0.9,
and y, from 4 to 40, depending on the recombination time. In
these layers of the mesosphere, electron production is mainly
due to photoionization of NO molecules. The o coefficient
for recombination with NO+ ions is between 1077 — 107> cm
3 571, depending on elevation and solar conditions. This re-
sults in average recombination times (1/an;) of tens of sec-
onds to several minutes, meaning that equilibrium values will
be closer to the intersection with the Maxwellian curve. How-
ever, this means that each grain has less than one charge. Since
the analytical method does not take into account charge dis-
cretization, it may give unreliable results in this range. The
presence of dust also causes electron lifetime to get shorter, as
it preferentially absorbs high-energy (younger) electrons. To
accommodate these effects, the Monte Carlo method is used.

Simulation results show that this plasma is in the g /2., >>
x. regime, such that the hot tail is small, as predicted by the
analytical method. For the 10nm grains at 1000 cm ™3, the
simulation gives y; = 12.6, which corresponds to an aver-
age charge of Z; = 0.877; specifically, 12% are uncharged,
87.9% are singly-charged, and 0.1% are doubly-charged. The
Havnes parameter is calculated to be H = 0.42.

Using the aerosol charging model developed by
Parthasarathy 3° to calculate the dust charge distribution
and an iterative process to find equilibrium values, Rapp
and Liibken® calculated electron and ion densities in the
presence of mesospheric dust. For 10nm grains at 1000
cm 3, the Havnes parameter is calculated from their electron
and ion densities to be H = 0.33, roughly 25% lower than
that predicted by our model. From Eqn. 32, y; = 14.4, so
their method predicts an average Z; of exactly 1. This is
lower than the average charge calculated by our simulation,
which indicates that there is not only more electron depletion,
but also more ion depletion in our model than in Rapp
and Lubken’s calculation. As their dust distribution was
calculated from Natanson*’ assuming a thermal distribution,
it neglects the higher probability of electron-dust collision
for electrons that are hotter than the cold bulk. The higher
electron capture rate in turn enhances ion absorption, and is
capable of causing the larger bite-outs in electron and ion
density profiles, such as those observed in these mesospheric
layers.

11
Vil. SUMMARY

In a dusty plasma, the charge developed on isolated dust
grains in equilibrium is dependent on the energy distributions
of the charged particles colliding with the dust. While most
studies of dusty plasmas implicitly assume Maxwellian dis-
tributions, this is not always the case, a consequence that has
important implications for the properties of the dust.

A model is presented for a dusty plasma based on neu-
tron moderation used in fission reactors. In this model, free
electrons are created and accelerated by a constant ionization
source, cool down through collisions with the colder neutral
population, and then recombine with an ion or a dust grain.
It is found that, even for long recombination times in which
electrons undergo many collisions with neutrals, the electron
distribution contains a high-energy tail of greater magnitude
than that of a Maxwellian distribution. The model only ac-
counts for isolated dust grains, that is, when dust interparticle
spacing is larger than the ion Debye length.

The dust accumulates charge through collisions with ions
and electrons, eventually reaching a steady-state average
charge when electron-dust and ion-dust collision rates equate.
It is shown that this equilibrium charge is greatly affected by
the highest-energy electrons, as these can approach charged
dust grains that would repel colder electrons. These higher-
charged grains can then attract more ions to their surfaces
as well. The increased dust charge comes at the expense of
free electrons in the plasma, causing higher depletion in the
electron density where dust is present. The high-energy tail
predicted by the electron moderation model therefore signifi-
cantly changes both the expected dust charge and the charge
distribution throughout the dusty plasma. As many naturally
occurring dusty plasmas, including the Earth’s mesosphere,
protoplanetary disks, extraterrestrial atmospheres, and molec-
ular clouds, are ionized by radiation that produces energetic
electrons, estimates of charge on dust grains in terrestrial and
space environments may be significantly underestimated.
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Appendix A: Calculation of the electron distribution for
non-negligible spread of electron lifetime

Details for calculating the probability that an electron re-
mains free are as follows. As given Eq. Al, the chance that
an electron has not recombined by a time 7 + dt is given by
p(z +dt), which is the product of p() and the probability of
remaining free during dr:

p(t+dt) = p(t) (1 —niGR(W)\/Z> ~

(A)



Expanding this,

p(t+dt) =
A2
p(t)—&-fi—lt)dt: (1) 1—n,~cR(w),/iTWdt (82)

This simplifies to equation 10 in the text. Multiplying equa-
tion 10 by the inverse of equation 4, the differential equation
for p can be written in terms of energy rather than time:

dp _dpdt nior(w)w'/?p(t)

dw dt dw 4%6nnn(w3/2 — anWI/Z) (A3)

Now, the form of the recombination cross-section og(w) is
assumed to be a power law of the form y/w*. For recombina-
tion with a dust grain, 4 = 1, as shown by Eq. 16. Walls and
Dunn?® show that for the NOT recombination in the Earth’s
mesosphere, it = 3/2 over the relevant energy range. For the
remainder of the equation, it will be assumed pt = 1 for sim-
plicity. Substituting this into eq. A3,

~1)2
ap ___ow p (Ad)
dw w32 —kT,w!/2
where,
1 i M
c=-Lu2 (AS5)
4 6, n, m,

The differential equation is subject to the boundary con-
dition p(w = w(0)) = 1, as no electrons recombine at their
moment of ionization. The differential equation can then be
solved as follows:

dp _
p
CW_1/2
N e
11
. [L A6
c/ww—andw (46)

_ Loy,
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Solving this results in:

W —c/kT,
—_— A7
e ) (A7)

o) =x
where K is the constant of integration. Applying the boundary
condition p(w(0)) = 1 results in equation 11 in the text.

Eq. 11 is plotted in Fig. 10 for varying values of ¢/kT,.
When ¢/kT, decreases below 1, the drop from p(w) =1 to
p(w) = 0 happens more and more rapidly, and the spread in
lifetime becomes more and more negligible. This justifies ap-
proximating p(w) as a step function centered at w(7g) when
c is small; as discussed in the text, c is typically very small

12

w (ev)

FIG. 10. Equation 11 plotted for w(0) = 1 eV and kT;, = 0.01 eV,
for several values of c. Both the average recombination time and the
spread in lifetimes decrease with c.

for these dusty plasmas. This simplifies the normalization, as
shown in Eq. 13.

When the lifetime is very short, ¢ starts to grow, and thus
electrons have a larger spread of lifetimes. In this case, the
normalization equation could be written as:

w(0) _ —c/kT;
I:A/ dw w(0)—kT,, w (AB)
kT, |dw/dt| w(0) w—kT,

and the integral could be solved numerically to obtain the cor-
rect normalization factor A.
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