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In this paper we prove global well-posedness and scattering for the conformal, defocusing, nonlinear
wave equation with radial initial data in the critical Sobolev space, for dimensions d ≥ 4. This result
extends a previous result proving sharp scattering in the three dimensional case.

1 Introduction

In this paper we prove global well-posedness and scattering for the conformal wave equation

utt − �u + |u| 4
d−1 u = 0, u(0, x) = u0, ut(0, x) = u1, u : R × R

d → R, (1.1)

with radially symmetric initial data in dimensions d ≥ 4. This continues an earlier study we began in

[6], [9], [7], and [10]. See also [23].

Specifically, we prove a sharp scattering result for radially symmetric initial data.

Theorem 1.1. The initial value problem (1.1) is globally well-posed and scattering for any radially

symmetric initial data u0 ∈ Ḣ1/2(Rd) and u1 ∈ Ḣ−1/2(Rd). Moreover, there exists a function

C(d, ‖u0‖Ḣ1/2 , ‖u1‖Ḣ−1/2 ),

C : Z≥4 × [0,∞) × [0,∞) → [0,∞), (1.2)

such that if u is the solution to (1.1) with radially symmetric initial data in u0, u1,

‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ C(d, ‖u0‖Ḣ1/2 , ‖u1‖Ḣ−1/2 ). (1.3)

Definition 1.2 (Global well-posedness and scattering). Here we use the standard definitions of

global well-posedness and scattering. Specifically, global well-posednessmeans that a solution

to (1.1) exists, the solution is unique, and the solution depends continuously on the initial data.
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Intercritical NLW | 7749

In this paper, a solution means a solution u ∈ L
2(d+1)

d−1

t,loc L
2(d+1)

d−1
x which satisfies Duhamel’s principle,

u(t) = cos(t
√

−�)u0 +
sin(t

√
−�)

√
−�

u1 −
∫ t

0

sin((t − τ)
√

−�
√

−�
|u(τ )| 4

d−1 u(τ )dτ . (1.4)

By scattering, we mean that there exist u+
0 ,u

−
0 ∈ Ḣ1/2, u+

1 ,u
−
1 ∈ Ḣ−1/2, such that,

lim
t→∞

‖u(t) − cos(t
√

−�)u+
0 −

sin(t
√

−�)
√

−�
u+
1 ‖Ḣ1/2 = 0, (1.5)

lim
t→∞

‖∂t(u(t) − cos(t
√

−�)u+
0 −

sin(t
√

−�)
√

−�
u+
1 )‖Ḣ−1/2 = 0, (1.6)

lim
t→−∞

‖u(t) − cos(t
√

−�)u−
0 −

sin(t
√

−�)
√

−�
u−
1 ‖Ḣ1/2 = 0, (1.7)

and

lim
t→−∞

‖∂t(u(t) − cos(t
√

−�)u−
0 −

sin(t
√

−�)
√

−�
u−
1 )‖Ḣ−1/2 = 0. (1.8)

Theorem 1.1 is sharp due to the scaling symmetry. Specifically, if u solves (1.1), then for any λ > 0,

v(t, x) = λ
d−1
2 u(λt, λx), (1.9)

also solves (1.1) with initial data

v(0, x) = λ
d−1
2 u0(λx), vt(0, x) = λ

d+1
2 u1(λx). (1.10)

Note that ‖v(0, x)‖Ḣ1/2 = ‖u0‖Ḣ1/2 and ‖vt(0, x)‖Ḣ−1/2 = ‖u1‖Ḣ−1/2 for any λ > 0. This fact was well-exploited

by [21] to prove ill-posedness for initial data in Ḣs × Ḣs−1 for s < 1
2 . See also [3].

1.1 Outline of previous results
Previous interest in the conformal wave equation, (1.1), has mainly focused on the d = 3 case. In this

case, (1.1) is the cubic wave equation,

utt − �u + u3 = 0. (1.11)

It has been known for a long time that global well-posedness and scattering hold for initial data in

Ḣ1 × L2 that decays sufficiently fast as |x| → ∞, see [34] and [33]. Observe that such initial data has the

conserved energy,

E(u) =
1

2

∫
|∇u(t, x)|2dx +

1

2

∫
|ut(t, x)|2dx +

d − 1

2(d + 1)

∫
|u(t, x)|

2(d+1)

d−1 dx. (1.12)

Conservation of the conformal energy gives scattering, which will be shown in section three.

For initial data in Ḣ1 ∩ Ḣ1/2 × L2 ∩ Ḣ−1/2, global well-posedness follows easily from (1.12) and the local

well-posedness result of [21].

Theorem 1.3. The initial value problem (1.1) is locally well-posed on some interval (−T,T) for any

(u0,u1) ∈ Ḣ1/2 × Ḣ−1/2, where T = T(u0,u1). Global well-posedness and scattering hold for small

initial data.

Moreover, the solution satisfies

u ∈ L∞
t Ḣ1/2((−T,T) × R

d), ut ∈ L∞
t Ḣ−1/2((−T,T) × R

d),

u ∈ L
2(d+1)

d−1

t,loc L
2(d+1)

d−1
x ((−T,T) × R

d). (1.13)
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7750 | B. Dodson

Furthermore, if the solution only exists on an interval [0,T+) for some T+ < ∞, then

lim
T↗T+

‖u‖
L
2(d+1)
d−1

t,x ([0,T]×Rd)

= ∞. (1.14)

By time reversal symmetry, the analogous result holds on (−T−, 0].

Therefore, (1.1) has a local solution, and by (1.12), blowup cannot occur in finite time.

Using the Fourier truncation method, [20] proved global well-posedness for (1.11) for initial data in

Hs ×Hs−1 for any s > 3
4 . This method, introduced by [2] for the nonlinear Schrödinger equation, utilizes

the smoothing effect of the Duhamel term

∫ t

0

sin((t − τ)
√

−�)
√

−�
u(τ )3dτ . (1.15)

The data was then split into a high frequency piece that was small and a low frequency piece that is in

Ḣ1 × L2. Global well-posedness holds for (1.11) with either piece as the initial data (from Theorem 1.3

and (1.12)). For s > 3
4 , it is possible to “paste” the two solutions together and obtain a solution to (1.11)

for initial data in Hs × Hs−1.

This work was subsequently extended by many authors. See [15], [1], [26], [27], [5], [8] for subsequent

improvements on this result.

A second approach that has proven to be very fruitful is the study of type two blowup. There are two

different ways in which scattering can fail. The first way is if the Ḣ1/2 norm is unbounded. Since the

solution to the linear wave equation is a unitary operator, it is clear that one of (1.4)–(1.8) would fail.

This is called “type one blowup”.

It’s also possible, at least in the non-radial case, for scattering to fail and yet the Ḣ1/2 × Ḣ−1/2

norm remain bounded. This behavior is frequently observed for a soliton, although see also the

pseudoconformal transformation of the soliton for the nonlinear Schrödinger equation (see for example

[22]).

Type two blowup is when scattering fails, but the critical norm remains bounded. Type two blowup

does not hold for (1.1) when d = 3, see [12]. See also [29], [11], and [13]. The proof in [12] uses

the concentration compactness argument, excluding the existence of a non-scattering solution of

minimal size.

It is worth noting that the result in [12] (and in [29], [11]) holds for both the defocusing and the

focusing case. This is because, unlike in the energy-critical case, there does not exist a soliton solution

to (1.11) that lies in Ḣ1/2 × Ḣ−1/2.

Still, for the focusing, cubic wave equation,

utt − �u − u3 = 0, (1.16)

there do exist solutions for which the Ḣ1/2 × Ḣ−1/2 is unbounded. Indeed, for this equation, the energy

is given by

E(u) =
1

2

∫
|∇u(t, x)|2dx +

1

2

∫
|ut(t, x)|2dx −

d − 1

2(d + 1)

∫
|u(t, x)|

2(d+1)

d−1 dx, (1.17)

which unlike (1.12) does not prevent any norms of a solution to (1.16) from getting arbitrarily large. See

[14] for the state of the art in this direction and a description of prior results.

1.2 Outline of the argument
Theorem 1.1 is proved using the Fourier truncation method and conservation of the conformal energy.

Specifically, inspired by [20], we split the initial data into two pieces,

u0 = v0 + w0, u1 = v1 + w1, (1.18)

where (v0,v1) has finite conformal energy and (w0,w1) has small Ḣ1/2 × Ḣ−1/2 norm.
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Intercritical NLW | 7751

Following [34] and [21],we know that (1.1) is scatteringwith initial data (v0,v1) and (w0,w1). Therefore,

it remains to handle the cross-terms. The contribution of the cross terms F is of the form

〈(t + |x|)Lv + (d − 1)v, (t + |x|)F〉, L = ∂t +
x

|x|
· ∇, (1.19)

where F contains terms of the form |w| 4
d−1 |v|. In [10],

(1.19) � ‖(t + |x|)Lv + (d − 1)v‖L2‖(t + |x|)|w| 2
d−1 ‖L∞ ‖w‖

d−3
d−1

L
2(d+1)
d−1

‖v||
4

d−1

L
2(d+1)
d−1

. (1.20)

Combining the radially symmetric Sobolev embedding theorem and the dispersive estimate,

‖(t + |x|)|w| 2
d−1 ‖L∞ � 1, (1.21)

and therefore (1.20) implies a bound on the integral of E(t)
t2

, where E(t) is the conformal energy (see (3.4)).

For initial data in Ḣ1/2 × Ḣ−1/2, we still have the bound

‖|x||w| 2
d−1 ‖L∞ � 1, (1.22)

from the radial Sobolev embedding theorem, along with the bound

‖t|w| 2
d−1 ‖L∞(|x|≥δ|t|) �

1

δ
. (1.23)

Remark 1. For the discussion in this section, it is reasonable to ignore the logarithmic divergence

of the radial Sobolev embedding that arises from the Littlewood–Paley projection in L∞.

On the other hand, for general initial data in Ḣ1/2×Ḣ−1/2, there is no reason to think that the dispersive

estimate ‖t|w| 2
d−1 ‖L∞ will hold, since the Ḣ1/2 × Ḣ−1/2 norm is invariant under the operator

(
cos(t

√
−�) sin(t

√
−�)√

−�

−
√

−� sin(t
√

−�) cos(t
√

−�)

)
. (1.24)

Instead,we use that the square L2 norm of ∇t,xv is bounded by the conformal energy divided by 1
t2
, which

gives us good decay to cancel out the contribution of t|w| 4
d−1 |v|. We use the Morawetz estimate and the

local energy decay to do this, which gives a bound on the scattering size.

In section two, we recall some Strichartz estimates and the small data result of [21]. In section three

we recall the scattering result of [34]. In section four,we prove scattering in the d = 4 case. In section five,

we prove amodified small data result in dimensions d > 5. In section six,we prove scattering in the d > 4

case. Finally, in section seven we complete the proof of Theorem 1.1 using the profile decomposition.

Unlike in [10] we do not obtain an explicit bound on the scattering size of the solution, merely that

such a bound exists. It seems likely to the author that it would be possible to prove an explicit bound by

determining the structure of maximizers of the Strichartz estimates. In particular, one could attempt to

obtain an upper bound on R(ε) (in (4.6)) for maximizers of the Strichartz estimates that are at scale one.

Remark 2. Thismethod barely fails for the d = 3 case. The reason is that the endpoint L∞ estimate

version of Lemma 2.4 is needed in dimension d = 3. This argument could be used to prove

scattering in the Besov case, [6]. However, unlike in the d ≥ 4 case, the computation in (4.31)

has a power E(s), instead of E(s)α for some α < 1, and therefore the computations do not give

a polynomial bound on the scattering size.

2 Strichartz Estimates and Small Data Results

Global well-posedness and scattering for (1.1) with small initial data is a direct result of Strichartz

estimates.
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7752 | B. Dodson

Theorem 2.1 (Strichartz estimates). Let I be a time interval and let u : I × R
d → C be a Schwartz

solution to the wave equation,

utt − �u + F = 0, u(t0, ·) = u0, ut(t0, ·) = u1, for some t0 ∈ I. (2.1)

Then for s ≥ 0, 2 ≤ p, p̃ ≤ ∞, 2 ≤ q, q̃ < ∞ obeying the scaling conditions

1

p
+

d

q
=

d

2
− s =

1

p̃′ +
d

q̃′ − 2, (2.2)

and the wave admissibility conditions

1

p
+

d − 1

2q
,
1

p̃
+

d − 1

2r̃
≤

d − 1

4
, (2.3)

‖u‖Lpt Lqx(I×Rd) + ‖u‖L∞
t Ḣs

x(I×Rd) + ‖∂tu‖L∞
t Ḣs−1

x (I×Rd) �s,p,q,p̃,q̃,s,d (2.3)

‖u0‖Ḣs
x(R

d) + ‖u1‖Ḣs−1
x (Rd) + ‖F‖

L
p̃′
t L

q̃′
x (I×Rd)

. (2.4)

Proof. This theorem was copied from [37]. See [18], [16], [17], [21], [31], [28], and [19] for references. �

Of particular importance to this paper is the conformal Strichartz estimate,

‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

�d ‖u(0)‖Ḣ1/2
x (Rd)

+ ‖ut(0)‖Ḣ−1/2
x (Rd)

+ ‖F‖
L
2(d+1)
d+3

t,x (R×Rd)

, (2.5)

which was proved in the original paper [35]. A straightforward application of (2.5) gives global well-

posedness and scattering for (1.1) with small initial data, for both radially symmetric initial data and

general initial data, see [21].

Theorem 2.2. For any d > 3, there exists some ε0(d) > 0 such that if

‖u(0, ·)‖Ḣ1/2(Rd) + ‖ut(0, ·)‖Ḣ−1/2(Rd) ≤ ε0(d), (2.6)

then (2.1) is globally well-posed and the solution satisfies

‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

� ‖u(0, ·)‖Ḣ1/2(Rd) + ‖ut(0, ·)‖Ḣ−1/2(Rd). (2.7)

Moreover, if u solves (1.1), ‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

< ∞ is equivalent to scattering to a free solution both

forward and backward in time.

Remark 3. This theorem is proved inmany places and in far more generality, see for example [37].

Still, for the large data result in dimensions d ≥ 5, it will be useful to prove a slightmodification

of the small data result. Because of this, it is instructive to give a short proof of the small data

result here.

Proof. The theorem is proved using Picard iteration. Define the sequence

u(0)(t) = cos(t
√

−�)u0 +
sin(t

√
−�)

√
−�

u1, (2.8)

and for n ≥ 1,

u(n)(t) = u(0)(t) −
∫ t

0

sin((t − τ)
√

−�)
√

−�
|u(n−1)(τ )| 4

d−1 u(n−1)(τ )dτ . (2.9)
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Intercritical NLW | 7753

Then, by (2.5),

‖u(n)(t)‖
L
2(d+1)
d−1

t,x (R×Rd)

� ‖u0‖Ḣ1/2 + ‖u1‖Ḣ−1/2 + ‖u(n−1)‖1+ 4
d−1

L
2(d+1)
d−1

t,x (R×Rd)

. (2.10)

Therefore, for ε0(d) > 0 sufficiently small and some constant C(d) sufficiently large,

‖u(n−1)‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ C(d)ε0 ⇒ ‖u(n)‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ C(d)ε0, (2.11)

and therefore, by induction,

‖u(n)‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ C(d)ε0, ∀n. (2.12)

Also, by (2.5) and (2.12),

‖u(n) − u(n−1)‖
L
2(d+1)
d−1

t,x (R×Rd)

� [C(d)ε0]
4

d−1 ‖u(n−1) − u(n−2)‖
L
2(d+1)
d−1

t,x (R×Rd)

, (2.13)

which by the contraction mapping theorem proves that u(n)(t) converges in L
2(d+1)

d−1

t,x (R × R
d) to a unique

solution. �

While global well-posedness and scattering hold for small nonradial data, the proof in this paper of

global well-posedness and scattering for (1.1) with large initial data relies heavily on radial symmetry.

In particular, the proof relies heavily on the radial Strichartz estimate of [32]. See also [25].

Theorem 2.3 (Strichartz estimates for radially symmetric initial data). Let u be a radially sym-

metric function on R
d+1 such that utt − �u = 0. Then, the following estimates hold,

‖u‖Lpt Lqx(R×Rd) � ‖u(0)‖Ḣγ + ‖ut(0)‖Ḣγ−1 , (2.14)

where

1

p
+

d − 1

q
<

d − 1

2
, and

1

p
+

d

q
=

d

2
− γ . (2.15)

Observe that after doing some algebra with (2.15), if p = 2,

1

q
<

1

2
·
d − 2

d − 1
. (2.16)

Note that one particular case of (2.14) is

‖u‖
L2t L

2d
d−2
x (R×Rd)

� ‖u(0)‖Ḣ1/2 + ‖ut(0)‖Ḣ−1/2 . (2.17)

Moreover, we combining Theorem 2.3 with the radial Sobolev embedding theorem implies

Lemma 2.4. For any 0 < θ ≤ 1, d ≥ 3,

‖|x| d−2
2 (1−θ)u‖

L2t L
2d

(d−2)θ
x (R×Rd)

�d,θ ‖u(0)‖Ḣ1/2 + ‖ut(0)‖Ḣ−1/2 . (2.18)
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7754 | B. Dodson

Proof. Choose some q very close to 1
2 · d−2

d−1 . For γ = d−1
2 − d

q , Theorem 2.3 implies that

‖|∇|γ u‖L2t Lqx(R×Rd) � ‖u(0)‖Ḣ1/2 + ‖ut(0)‖Ḣ−1/2 . (2.19)

Then, by the radial Sobolev embedding theorem,

‖|x| d−1
2 γ u‖L2t Lrx(R×Rd) � ‖u(0)‖Ḣ1/2 + ‖ut(0)‖Ḣ−1/2 ,

1

r
=

1

q
− γ . (2.20)

Interpolating (2.17) and (2.20) gives (2.18). �

The Christ–Kiselev lemma implies that Theorem 2.3 and Lemma 2.4 also hold for a small data

solution to (1.1).

Lemma 2.5 (Christ–Kiselev lemma). Let X,Y be Banach spaces, let I be a time interval, and let

K ∈ C0(I× I → B(X → Y)) be a kernel taking values in the space of bounded operators from X to

Y. If 1 ≤ p < q ≤ ∞ is such that

‖
∫
I
K(t, s)f (s)ds‖Lqt (I→Y) ≤ A‖f‖Lpt (I→X), (2.21)

for all f ∈ L
p
t (I → X) and some A > 0, then we also have

‖
∫
s∈I:s<t

K(t, s)f (s)ds‖Lqt (I→Y) �p,q A‖f‖Lpt (I→X). (2.22)

Proof. This lemma was copied out of [37]. This lemma was proved in [4]. See also [30] or [36]. �

3 Conformal Energy and Morawetz Estimates

For large initial data, global well-posedness and scattering for (1.1) is equivalent to proving that (1.1)

has a solution which satisfies

‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

< ∞. (3.1)

Indeed, if (3.1) holds, R can be partitioned into finitely many subintervals Ij for which

‖u‖
L
2(d+1)
d−1

t,x (Ij×Rd)

� 1. (3.2)

One can then use the Picard iteration argument from Theorem 2.2 to prove global well-posedness and

scattering.

On the other hand, if scattering is known to occur, then by (2.5) and the Picard iteration argument

from Theorem 2.2, (3.1) holds.

For large data, [34] and [33] proved global well-posedness and scattering for (1.1) with large initial

data with sufficient regularity and decay.

Theorem 3.1. Suppose u0 and u1 are initial data that satisfy

‖〈x〉∇u0‖L2 + ‖u0‖L2 + ‖〈x〉u1‖L2 + ‖〈x〉 d−1
d+1 u0‖

L
2(d+1)
d−1

x

< ∞. (3.3)

Here, 〈x〉 = (1 + |x|2)1/2. Then the solution to (1.1) is globally well-posed and scattering. The

solution u need not be radially symmetric.
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Intercritical NLW | 7755

Proof. The conformal energy,

E(u) =
1

4

∫
Rd

|(t + |x|)Lu + (d − 1)u|2 + |(t − |x|)Lu + (d − 1)u|2dx

+
1

2

∫
(t2 + |x|2)|(∇ −

x

|x|
∂r)u|2dx +

d − 1

4(d + 1)

∫
(t2 + |x|2)|u|

2(d+1)

d−1 dx,

(3.4)

is a conserved quantity, where L = (∂t + x
|x| · ∇) and L = (∂t − x

|x| · ∇).

Indeed, define the tensors

T00(t, x) =
1

2
|∂tu|2 +

1

2
|∇u|2 +

d − 1

2(d + 1)
|u|

2(d+1)

d−1 ,

T0j(t, x) = Tj0(t, x) = −(∂tu)(∂xju),

Tjk(t, x) = (∂xju∂xku) −
δjk

2
(|∇u|2 − |∂tu|2) − δjk

d − 1

2(d + 1)
|u|

2(d+1)

d−1 .

(3.5)

The tensor functions satisfy the differential equations

∂tT
00(t, x) + ∂xjT

0j(t, x) = 0, ∂tT
0j(t, x) + ∂xkT

jk(t, x) = 0. (3.6)

The Einstein summation convention is observed. The differential equations (3.6) imply that the quantity

Q(t) =
∫

(t2 + |x|2)T00(t, x) − 2txjT
0j(t, x) + (d − 1)tu(∂tu) −

d − 1

2
|u|2dx, (3.7)

is conserved. Indeed, by (3.6),

d

dt
Q(t) = 2t

∫
T00(t, x)dx −

∫
(t2 + |x|2)∂xjT

0j(t, x)dx − 2t

∫
xjT

0j(t, x)dx + 2t

∫
xj∂xkT

jk(t, x)dx

+(d − 1)

∫
u(∂tu)dx + (d − 1)t

∫
(∂tu)2dx + (d − 1)t

∫
u(�u − |u| 4

d−1 u)dx − (d − 1)

∫
u(∂tu)dx.

(3.8)

Integrating the second term in (3.8) by parts,

= 2t

∫
T00(t, x)dx − 2t

∫
δjkT

jk(t, x)dx + (d − 1)t

∫
(∂tu)2dx + (d − 1)t

∫
u(�u − |u| 4

d−1 u)dx. (3.9)

Since δjkδjk = d,

= 2t

∫
T00(t, x)dx − 2t

∫
|∇u|2 + dt

∫
(|∇u|2 − |∂tu|2)dx +

d(d − 1)t

d + 1

∫
|u|

2(d+1)

d−1 dx

+(d − 1)t

∫
|∂tu|2dx − (d − 1)t

∫
|∇u|2dx − (d − 1)t

∫
|u|

2(d+1)

d−1 dx.

(3.10)

Doing some algebra,

= 2t

∫
T00(t, x)dx − t

∫
|∇u|2dx − t

∫
|∂tu|2dx −

d − 1

d + 1
t

∫
|u|

2(d+1)

d−1 dx = 0. (3.11)

Therefore, Q(t) is conserved.
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7756 | B. Dodson

Now then,

∫
(t2 + |x|2)T00(t, x)dx −

∫
2txjT

0j(t, x)dx

=
∫

(t2 + |x|2)(
1

2
|∂tu|2 +

1

2
|
x

|x|
· ∇u|2 +

1

2
|(∇ −

x

|x|
∂r)u|2 +

d − 1

2(d + 1)
|u|

2(d+1)

d−1 )dx

=
1

4

∫
(t + |x|)2|Lu|2dx +

1

4

∫
(t − |x|)2|Lu|2dx

+
1

2

∫
(t2 + |x|2)|(∇ −

x

|x|
∂r)u|2dx +

d − 1

2(d + 1)

∫
(t2 + |x|2)|u|

2(d+1)

d−1 dx.

(3.12)

Next, integrating by parts,

1

2
〈(t + |x|)Lu, (d − 1)u〉L2 +

1

2
〈(t − |x|)Lu, (d − 1)u〉L2

= (d − 1)t

∫
(∂tu)udx + (d − 1)

∫
u(x · ∇u)dx = (d − 1)t

∫
(∂tu)udx −

d(d − 1)

2

∫
|u|2dx.

(3.13)

Since

−
d(d − 1)

2

∫
|u|2dx +

(d − 1)2

2

∫
|u|2dx = −

d − 1

2

∫
|u|2dx, (3.14)

(3.12)–(3.14) imply that Q(t) is equal to the right-hand side of (3.4).

Now then, translating in time so that the initial data is at time t = 1, (3.3) implies that E(1) < ∞.

Since E(t) is a conserved quantity,

∫ ∞

1

∫
|u|

2(d+1)

d−1 dxdt �

∫ ∞

1

E(1)

t2
dt < ∞. (3.15)

Time reversal symmetry of (1.1) implies (3.1). �

The computations using the stress-energy tensor also yield a Morawetz estimate.

Proposition 3.2. For any T > 0, if u solves (1.1),

∫ T

0

∫
[
1

|x|3
u2 +

1

|x|
|u|

2(d+1)

d−1 ]dxdt � sup
t∈[0,T]

‖∇t,xu‖2L2 . (3.16)

Proof. Since u is radially symmetric, we compute in polar coordinates. Let M(t) denote the Morawetz

potential,

M(t) =
∫

uturr
d−1dr +

d − 1

2

∫
utur

d−2dr. (3.17)

Using Hardy’s inequality,

sup
0≤t≤T

|M(t)| � sup
t∈[0,T]

‖∇u‖2L2 + ‖ut‖2L2 . (3.18)

Next, by the product rule,

d

dt
M(t) =

∫
uturtr

d−1dr +
d − 1

2

∫
u2
t r

d−2dr +
∫

utturr
d−1dr +

d − 1

2

∫
uttur

d−2dr. (3.19)
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Integrating by parts,

∫
uturtr

d−1dr +
d − 1

2

∫
u2
t r

d−2dr = 0. (3.20)

Next, integrating by parts, since �u = urr + d−1
r ur,

∫
�uurr

d−1dr +
d − 1

2

∫
�uurd−2dr = −

(d − 1)(d − 3)

2

∫
u2rd−4dr. (3.21)

Next, integrating by parts,

−
∫

|u| 4
d−1 uurr

d−1 −
d − 1

2

∫
|u|

2(d+1)

d−1 rd−2dr = −
d − 1

d + 1

∫
|u|

2(d+1)

d−1 rd−2dr. (3.22)

Since (3.21) and (3.22) have the same sign, the proof is complete. �

Finite propagation speed also allows us to cut-off in space, which will be important to the proof of

scattering. The reason for this is that examining the conformal energy in (3.4) implies that

t2
∫

|x|≤ 1
2 |t|

|∇t,xu(t, x)|2dx � E(t) +
∫

|x|≤ 1
2 |t|

|u(t, x)|2dx. (3.23)

Thus, a cut-off in space yields a better bound on (3.18).

Proposition 3.3. Suppose u solves (1.1). For any T > 0, if χ ∈ C∞
0 (Rd), χ(x) = 1 for |x| ≤ 1, χ(x) = 0

for |x| ≥ 2, then for any δ > 0,

∫ T

0

∫
χ(

x

δT
)[

1

|x|3
u2 +

1

|x|
|u|

2(d+1)

d−1 ]dxdt �δ sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

. (3.24)

Proof. This time use

M(t) =
∫

χ(
x

δT
)uturr

d−1dr +
d − 1

2

∫
χ(

x

δT
)uutr

d−2dr. (3.25)

We can use the same computations in (3.17)–(3.22), only we also have to take into account the fact that

when integrating by parts, derivatives can hit χ( x
δT ). Now then, since

|∇(k)χ(
x

δT
)| �k

1

δkTk
, for k = 1, 2, 3, and is supported on δT ≤ |x| ≤ 2δT. (3.26)

Moreover, for any l ≥ 0,

1

rl
|∇(k)χ(

x

δT
)| �k,l

1

δk+lTk+l
, for k = 1, 2, 3, and is supported on δT ≤ |x| ≤ 2δT. (3.27)

Therefore, the contribution of the additional terms coming from χ( x
δT ) is bounded by

1

δT

∫ T

0

∫
δT≤|x|≤2δT

|∇t,xu|2dxdt +
1

δ3T3

∫ T

0

∫
δT≤|x|≤2δT

|u|2dxdt

�δ sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

.

(3.28)

�
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7758 | B. Dodson

Next, we prove a local energy decay estimate.

Proposition 3.4. For any T > 0, R > 0, if u solves (1.1),

R−1

∫ T

0

∫
|x|≤R

χ(
x

δT
)[|∇u|2 + u2

t ]dxdt �δ sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)

+ sup
t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

+ sup
t∈[0,T]

‖u‖
2(d+1)

d−1

L
2(d+1)
d−1 (|x|≤2δT)

.

(3.29)

Proof. Define ψ(r) ∈ C∞
0 (Rd) and suppose ψ(r) = 1 for 0 ≤ r ≤ 1, ψ(r) = 3

2r for r > 2, and ∂r(rψ(r)) = φ(r) ≥
0 for r ≥ 0. Now, define the Morawetz potential

M(t) = R−1

∫
χ(

r

δT
)ψ(

r

R
)uturr

ddr +
d − 1

2
R−1

∫
χ(

r

δT
)ψ(

r

R
)utur

d−1dr. (3.30)

As in (3.25),

sup
0≤t≤T

M(t) �δ sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

. (3.31)

Next, by direct computation,

d

dt
M(t) = R−1

∫
χ(

r

δT
)ψ(

r

R
)ututrr

ddr +
d − 1

2
R−1

∫
χ(

r

δT
)ψ(

r

R
)u2

t r
d−1dr

+R−1

∫
χ(

r

δT
)ψ(

r

R
)utturr

ddr +
d − 1

2
R−1

∫
χ(

r

δT
)ψ(

r

R
)uttur

d−1dr.

(3.32)

Integrating by parts in r, by (3.27),

R−1

∫
χ(

r

δT
)ψ(

r

R
)ututrr

ddr +
d − 1

2
R−1

∫
χ(

r

δT
)ψ(

r

R
)u2

t r
d−1dr

= −
1

2

∫
χ(

r

δT
)φ(

r

R
)u2

t r
d−1dr +

1

δT

∫
δT≤|x|≤2δT

u2
t dx.

(3.33)

Next, integrating by parts and using (3.27),

R−1

∫
χ(

r

δT
)ψ(

r

R
)(urr +

d − 1

r
ur)urr

ddr +
d − 1

2
R−1χ(

r

δT
)ψ(

r

R
)(urr +

d − 1

r
ur)ur

d−1dr

= −
1

2

∫
χ(

r

δT
)φ(

r

R
)u2

r r
3dr +

1

δT

∫
δT≤|x|≤2δT

|∇u|2dx +
1

R

∫
χ(

r

δT
)ψ(

r

R
)u2rd−3dr +

1

δ3T3

∫
δT≤|x|≤2δT

u2dx.

(3.34)

Now then,

1

δT

∫ T

0

∫
δT≤|x|≤2δT

|∇u|2dxdt +
1

δ3T3

∫ T

0

∫
δT≤|x|≤2δT

u2dxdt

�δ sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

.

(3.35)
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Also,

1

R

∫ T

0

∫
χ(

r

δT
)ψ(

r

R
)u2rd−3drdt �

∫ T

0

∫
χ(

r

δT
)

1

|x|3
u2dxdt, (3.36)

and we can use Proposition 3.3 to estimate this term.

Next, integrating by parts,

−R−1

∫
χ(

r

δT
)ψ(

r

R
)|u| 4

d−1 uurr
ddr −

d − 1

2
R−1

∫
χ(

r

δT
)ψ(

r

R
)|u|

2(d+1)

d−1 rd−1dr

= −
d − 1

2(d + 1)R

∫
χ(

r

δT
)ψ(

r

R
)|u|

2(d+1)

d−1 r3dr +
1

R2

∫
χ(

r

δT
)ψ ′(

r

R
)|u|

2(d+1)

d−1 r4 +
1

δT

∫
δT≤|x|≤2δT

|u|
2(d+1)

d−1 dx

≤ −
d − 1

2R(d + 1)

∫
χ(

r

δT
)ψ(

r

R
)|u|

2(d+1)

d−1 rd−1dr +
1

δT

∫
δT≤|x|≤2δT

|u|
2(d+1)

d−1 dx.

(3.37)

The last inequality uses the fact that ψ ′(r) ≤ 0 for all r. This completes the proof of the theorem. �

4 Scattering in the d = 4 Case

The proofs of global well-posedness and scattering are slightly different in the d = 4 and d > 4 cases.

We start with the d = 4 case.

Theorem 4.1. If u is a solution to the conformal wave equation,

utt − �u + |u| 4
3 u = 0, u(0, x) = u0 ∈ Ḣ1/2, ut(0, x) = u1 ∈ Ḣ−1/2, u0,u1 radial, (4.1)

u : R × R
4 → R, then u is a global solution to (4.1) and scatters, that is

‖u‖
L
10
3

t,x (R×R4)
≤ C(u0,u1) < ∞. (4.2)

Remark 4. Note that Theorem4.1 does not state that the bound on (4.2) depends on the Ḣ1/2×Ḣ−1/2

norm of the initial data, but rather depends on the actual initial data (u0,u1). The proof that a

bound exists that is a function of the Ḣ1/2 × Ḣ−1/2 norm will utilize the profile decomposition.

Proof. In this case, it will be helpful to begin with a more detailed explanation of the approximation

analysis that will be used in every subsequent proof.

By time reversal symmetry, it is enough to show that ‖u‖L10/3
t,x ([0,∞)×R4)

< ∞. Furthermore, we can

translate in time so that the initial data is at t = 1 and show that ‖u‖L10/3
t,x ([1,∞)×R4)

< ∞. This means

that we do not need to worry about t < 1.

Again let χ ∈ C∞
0 (R4) be a smooth, cutoff function, χ(x) = 1 for |x| ≤ 1 and χ(x) = 0 for |x| ≥ 2. Then,

split the initial data,

u0 = v0 + w0, u1 = v1 + w1, (4.3)

where

v0 = χ(
x

R
)P≤Nu0, v1 = χ(

x

R
)P≤Nu1, (4.4)

for some 0 < R < ∞ and 0 < N < ∞. Here P≤N is the standard Littlewood–Paley projection to frequencies

≤ N. By the dominated convergence theorem, there exists some N < ∞ such that

‖P>Nu0‖Ḣ1/2 + ‖P>Nu1‖Ḣ−1/2 ≤
ε

2
. (4.5)

It is convenient to rescale the initial data so that N = 1.
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7760 | B. Dodson

After rescaling, the dominated convergence theorem implies that there exists some R < ∞ such that

‖χ(
x

R
)P≤1u0‖Ḣ1/2 + ‖χ(

x

R
)P≤1u1‖Ḣ−1/2 ≤

ε

2
. (4.6)

Therefore, if E(t) is the conformal energy of v, since d = 4 and v is radially symmetric,

E(t) =
1

4

∫
Rd

|(t + |x|)Lv + 3v|2 + |(t − |x|)Lv + 3v|2dx +
3

20

∫
(t2 + |x|2)|v|

2(d+1)

d−1 dx, (4.7)

where L = (∂t + ∂r) and L = (∂t − ∂r). Then by direct computation using the Fourier and spatial support

of v0 and v1,

E(t)|t=1 � R2‖v0‖2Ḣ1 + R2‖v1‖2L2 + R2‖v0‖10/3
L10/3 + ‖v0‖2L2 � R2(‖v0‖2Ḣ1/2 + ‖v1‖2Ḣ−1/2 ). (4.8)

Now, for any σ > 0, define

wσ
0 = χ(

σx

R
)P≤ 1

σ
w0, wσ

1 = χ(
σx

R
)P≤ 1

σ
w1. (4.9)

For any σ > 0,

E(v0 + wσ
0 ,v1 + wσ

1 ) < ∞. (4.10)

Therefore, by Theorem 3.1, if uσ solves (4.1) with initial data

uσ
0 = v0 + wσ

0 , uσ
1 = v1 + wσ

1 , (4.11)

then

‖uσ ‖L10/3
t,x

≤ C(σ ,u0,u1) < ∞, (4.12)

and therefore uσ is globally well-posed and scattering.

To prove Theorem 4.1, it suffices to prove (4.12) holds with a bound that does not depend on σ , that

is,

‖uσ ‖L10/3
t,x

≤ C(u0,u1) < ∞. (4.13)

Then, since

lim
σ↘0

uσ
0 = u0, in Ḣ1/2, and lim

σ↘0
uσ
1 = u1, in Ḣ−1/2, (4.14)

in that case (4.2) follows directly from standard perturbation theory. The reason for making the

approximation of the initial data in (4.11) is to guarantee that the solution uσ is global and scattering,

so that we can make a bootstrap argument. We suppress the σ ’s for the rest of the argument. �

Remark 5. Please note that it is perfectly fine to prove a bound on ‖u‖L10/3
t,x

that does depend on R,

since R is fixed as σ ↘ 0.

Now decompose (4.1) into a system of equations,

wtt − �w + |w| 4
3 w = 0, w(0, x) = w0, wt(0, x) = w1,

vtt − �v + F = 0, F = |u| 4
3 u − |w| 4

3 w, v(0, x) = v0, vt(0, x) = v1.
(4.15)
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By (4.5), (2.5), Theorems 2.2, 2.3 and Lemmas 2.4 and 2.5,

‖w‖L2t L4x(R×R4) + ‖w‖L10/3
t,x (R×R4)

+ ‖|x|3/5w‖L2t L10x (R×R4) + ‖|x|11/10w‖L∞
t L10x (R×R4) + ‖|x|w‖L10t,x(R×R4) � ε. (4.16)

By direct computation,

d

dt
E(v) = −

1

2
〈(t + |x|)Lv + 3v, (t + |x|)(|u| 4

3 u − |w| 4
3 w − |v| 4

3 v)〉

−
1

2
〈(t − |x|)Lv + 3v, (t − |x|)(|u| 4

3 u − |w| 4
3 w − |v| 4

3 v)〉.
(4.17)

Also by direct computation,

||u| 4
3 u − |w| 4

3 w − |v| 4
3 v| � |w||v|(|v|1/3 + |w|1/3). (4.18)

Therefore,

‖|x|(|u| 4
3 u − |v| 4

3 v − |w| 4
3 w)‖L2x � ‖|x|w‖L10x ‖v‖4/3

L10/3
x

+ ‖|x|w‖L10x ‖w‖1/3

L10/3
x

‖v‖L10/3
x

, (4.19)

and

‖t|w|‖L10x (|x|>δ|t|) �
1

δ
‖|x|w‖L10x , (4.20)

so

‖|t|((|u| 4
3 u − |v| 4

3 v − |w| 4
3 w)‖L2x(|x|>δ|t|) �

1

δ
‖|x|w‖L10x ‖v‖4/3

L10/3
x

+
1

δ
‖|x|w‖1/3

L10x
‖w‖1/3

L10/3
x

‖v‖L10/3
x

. (4.21)

Since ‖v‖10/3

L10/3
x

� E(t)
t2

, our goal is to estimate
∫ ∞
1

E(t)
t2

dt. If v solves vtt − �v + |v|4/3v = 0 then d
dtE(t) = 0.

Since

vtt − �v + |v|4/3v = −|u|4/3u + |v|4/3v + |w|4/3w, (4.22)

the error arises from replacing the vtt terms in d
dtE(t) with the right-hand side of (4.22),

d

dt
E(t) = −t

∫
|x|≤δ|t|

[(t + |x|)Lv + 3v](|u| 4
3 u − |w| 4

3 w − |v| 4
3 v)dx

−t

∫
|x|≤δ|t|

[(t − |x|)Lv + 3v](|u| 4
3 u − |w| 4

3 w − |v| 4
3 v)dx

+
1

δ

E(t)9/10

t4/5
‖|x|w‖L10x +

1

δ

E(t)4/5

t3/5
‖|x|w‖L10x ‖w‖1/3

L10/3
x

.

(4.23)

Now then, by the fundamental theorem of calculus, for t > 1
δ1/2 ,

E(t) = E(δ1/2t) +
∫ t

δ1/2t

d

dτ
E(τ )dτ , (4.24)

and for 1 < t < 1
δ1/2 ,

E(t) = E(1) +
∫ t

1

d

dτ
E(τ )dτ . (4.25)
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7762 | B. Dodson

Now, by a change of variables,

∫ ∞

δ−1/2

E(δ1/2t)

t2
dt = δ1/2

∫ ∞

1

E(t)

t2
dt, (4.26)

and

∫ δ−1/2

1

E(0)

t2
dt ≤ E(0). (4.27)

Next, by Fubini’s theorem, letting t′ = sup{1, δ1/2t} to simplify notation,

∫ ∞

1

1

t2

∫ t

t′

1

δ

E(s)9/10

s4/5
‖|x|w(s)‖L10x dsdt +

∫ ∞

1

1

t2

∫ t

t′

1

δ

E(s)4/5

s3/5
‖|x|w(s)‖L10x ‖w‖1/3

L10/3
x

dsdt

�

∫ ∞

1

1

δ

E(t)9/10

t9/5
‖|x|w(t)‖L10x dt +

∫ ∞

0

1

δ

E(t)4/5

t8/5
‖|x|w(t)‖L10x ‖w(t)‖1/3

L10/3
x

dt

�
1

δ
(

∫ ∞

0

E(t)

t2
dt)9/10‖|x|w‖L10t,x +

1

δ
(

∫ ∞

0

E(t)

t2
dt)4/5‖|x|w‖L10t,x‖w‖1/3

L10/3
t,x

�
ε

δ
(

∫ ∞

0

E(t)

t2
dt)9/10 +

ε4/3

δ
(

∫ ∞

0

E(t)

t2
dt)4/5.

(4.28)

The terms with (t+ |x|)Lv and (t− |x|)Lv may be handled in exactly the same way, so using (4.18) and

(4.23), it remains to compute

∫ t

t′

∫
|x|≤δ|t|

τ [(τ + |x|)Lv + 3v]|w||v|4/3dxdτ , and

∫ t

t′

∫
|x|≤δ|t|

τ [(τ + |x|)Lv + 3v]|w|4/3|v|dxdτ , (4.29)

separately.

It is convenient to replace Ẽ(t) by

Ẽ(t) = sup
0≤s≤t

E(s). (4.30)

Note that d
dt Ẽ(t) is bounded by the right-hand side of the absolute value of (4.23). We abuse notation

and let E(t) denote Ẽ(t).

Now, let R = inf{( E(t)
t2

+ t2/5
E(t)3/5

t2
)−1, δ|t|}.

Remark 6. All time intervals are [t′, t] where t′ = sup{1, δ1/2t}.

By Hölder’s inequality,

t

∫ t

t′

∫
|x|≤R

[(τ + |x|)Lv + 3v]|w||v|4/3dxdτ

� t‖[(τ + |x|)Lv + 3v‖1/2

L∞
τ L2x(|x|≤R)

‖|x|−1/6{(τ + |x|)Lv + 3v}‖1/2

L2τ ,x(|x|≤R)

×‖w‖L2τ L4x‖
1

|x|3/2
v‖1/2

L2τ ,x(|x|≤R)
‖|x|v‖5/6

L∞
t,x(|x|≤R)

� tE(t)1/4‖|x|−1/6{(τ + |x|)Lv + 3v}‖1/2

L2τ ,x(|x|≤R)
‖w‖L2τ L4x‖

1

|x|3/2
v‖1/2

L2τ ,x(|x|≤R)
‖|x|v‖5/6

L∞
t,x(|x|≤R)

,

(4.31)
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Intercritical NLW | 7763

and

t

∫ t

δ1/2t

∫
R≤|x|≤δ|t|

[(τ + |x|)Lv + 3v]|w||v|4/3dxdτ

� t‖[(τ + |x|)Lv + 3v‖4/5

L∞
τ L2x(|x|≤δ|t|)‖|x|

−1(τ + |x|)Lv + 3v‖1/5

L2τ ,x(|x|≤δ|t|)‖|x|
3/5w‖L2τ L10x ‖

1

|x|3/10
v‖4/3

L10/3
τ ,x (|x|≤δ|t|)

� tE(t)2/5‖|x|−1{(τ + |x|)Lv + 3v}‖1/5

L2τ ,x(R≤|x|≤δ|t|)‖|x|
3/5w‖L2τ L10x ‖

1

|x|3/10
v‖4/3

L10/3
τ ,x (|x|≤δ|t|)

.

(4.32)

Next,

t

∫ t

δ1/2t

∫
|x|≤δ|t|

[(τ + |x|)Lv + 3v]|w|4/3|v|dxdτ

� t‖|x|3/5w‖4/3

L2t L
10
x

‖|x|−3/2v‖2/3

L2t,x
‖(τ + |x|)Lv + 3v‖L∞

τ L2x
‖|x|3/5v‖1/3

L∞
τ L10x

� tE(t)1/2‖|x|3/5w‖4/3

L2t L
10
x

‖|x|−3/2v‖2/3

L2t,x
‖|x|v‖1/5

L∞
τ ,x(|x|≤δ|t|)‖v‖2/15

L∞
τ L4x(|x|≤δ|t|).

(4.33)

By the Sobolev embedding theorem and radial Sobolev embedding theorem,

‖|x|v‖L∞
x (|x|≤δ|t|), ‖v‖L4x(|x|≤δ|t|) � ‖χ(

x

δ|t|
)v‖Ḣ1 � ‖χ(

x

δ|t|
)∇v‖L2 +

1

δ|t|
‖v‖L2x(|x|≤2δ|t|). (4.34)

Now, for δ1/2t ≤ τ ≤ t,

τ‖χ(
x

δt
)∇t,xv(τ )‖L2 � ‖χ(

x

δt
){(τ + |x|)Lv + 3v}‖L2 + ‖χ(

x

δt
){(τ − |x|)Lv + 3v}‖L2 + ‖χ(

x

δt
)v‖L2 . (4.35)

Now, by Hölder’s inequality and ‖v(τ )‖10/3
L10/3 � E(τ )

τ2 ,

‖χ(
x

δt
)v(τ )‖L2 � (δt)4/5‖v‖L10/3

x
� (δt)4/5 E(τ )3/10

τ 3/5
� δ1/2t1/5

E(τ )3/10. (4.36)

Plugging (4.36) into (4.35),

τ‖χ(
x

δt
)∇t,xv(τ )‖L2 � E(τ )1/2 + δ1/2t1/5

E(τ )3/10. (4.37)

Plugging (4.37) into (4.34),

‖|x|v(τ )‖L∞
x (|x|≤δ|t|), ‖v(τ )‖L4x(|x|≤δ|t|) �

1

τ
E(τ )1/2 +

δ1/2t1/5E(τ )3/10

τ
+

δ1/2t1/5E(τ )3/10

δt
. (4.38)

Again using the fact that δ1/2t ≤ τ ≤ t and E(t) is increasing,

‖|x|v(τ )‖L∞
x (|x|≤δt), ‖v(τ )‖L4x(|x|≤δt) �δ

E(t)1/2

t
+

t1/5E(t)3/10

t
. (4.39)

Next,we utilize theMorawetz estimate in Proposition 3.3 and the local energy estimate in Proposition

3.4.

Proposition 4.2. For any T > 1, T′ = sup{1, δ1/2T},

∫ T

T′

∫
χ(

x

δT
)[

1

|x|3
v2 +

1

|x|
|v|10/3]dxdt �δ

E(T)

T2
+

T2/5E(T)3/5

T2

+
∫ T

T′

∫
χ(

x

δT
)|∇v||v||w|(|v|1/3 + |w|1/3)dxdt +

∫ T

T′

∫
χ(

x

δT
)|v|2|w|(|v|1/3 + |w|1/3)

1

|x|
dxdt.

(4.40)
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7764 | B. Dodson

Proof. Recalling (4.4) and the proof of Proposition 3.3,

vtt − �v + |v| 4
3 v + [F − |v| 4

3 v] = 0, (4.41)

∫ T

T′

∫
χ(

x

δT
)[

1

|x|3
v2 +

1

|x|
|v|10/3]dxdt �δ

sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

+
∫ T

T′

∫
χ(

x

δT
)|∇v|[F − |v| 4

3 v]dxdt

+
∫ T

T′

∫
χ(

x

δT
)|v|[F − |v| 4

3 v]
1

|x|
dxdt.

(4.42)

Now then, by (4.34)–(4.37),

sup
t∈[0,T]

‖∇t,xu‖2L2(|x|≤2δT)
+ sup

t∈[0,T]

1

δ2T2
‖u‖2L2(|x|≤2δT)

�δ

E(T)

T2
+

T2/5E(T)3/5

T2
. (4.43)

Finally, plugging in the bounds in (4.18) to the final two terms in the right-hand side of (4.42) proves

Proposition 4.2. �

Next we prove a local energy decay estimate.

Proposition 4.3 (Local energy decay). For any T > 1, R > 0, if T′ = sup{1, δ1/2T},

R−1

∫ T

T′

∫
|x|≤R

χ(
x

δT
)[|∇v|2 + v2t ]dxdt �δ

E(T)

T2
+

T2/5E(T)3/5

T2

+
∫ T

T′

∫
χ(

x

δT
)ψ(

r

R
)
r

R
|∇v||v||w|(|v|1/3 + |w|1/3)dxdt

+
1

R

∫ T

T′

∫
χ(

x

δT
)ψ(

r

R
)|v|2|w|(|v|1/3 + |w|1/3)dxdt.

(4.44)

Proof. As in Proposition 4.2, the proof follows directly from the proof of Proposition 3.4, 4.18, 4.41,

and 4.43. �

Next, we show that we can absorb the error terms in Propositions 4.2 and 4.3 into the left-hand side.

Proposition 4.4. For T > 1, T′ = sup{1, δ1/2T},

sup
R>0

R−1

∫ T

T′

∫
|x|≤R

χ(
x

δT
)[|∇v|2 + v2t ]dxdt +

∫ T

T′

∫
χ(

x

δT
)[

1

|x|3
v2 +

1

|x|
|v|10/3]dxdt �δ

E(T)

T2
+

T2/5E(T)3/5

T2
.

(4.45)

Proof. For any η > 0, by (4.16),

∫ T

T′

∫
χ(

x

δT
)|v|2|w|(|v|1/3 + |w|1/3)

1

|x|
dxdt

� (

∫ ∫
χ(

x

δT
)
1

|x|
|v|10/3)1/4(

∫ ∫
χ(

x

δT
)

1

|x|3
|v|2)1/4‖w‖L2t L4x‖χ(

x

δT
)1/2v‖L∞

t L4x

� η(

∫ T

T′

∫
χ(

x

δT
)|v|10/3dxdt) + η(

∫ T

T′

∫
χ(

x

δT
)

1

|x|3
v2dxdt) + C(η)ε2‖v‖2

L∞
t L4x(|x|≤2δT)

.

(4.46)
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For η(δ) � 1 the first two terms on the right-hand side of (4.46) can be absorbed into the left-hand side

of (4.45). Now, by (4.39),

C(η)‖v‖2
L∞
t L4x(|x|≤2δT)

‖w‖2
L2t L

4
x
� C(η)ε2(

E(T)

T2
+

T2/5E(T)3/5

T2
). (4.47)

Next, for any R > 0,

1

R
ψ(

r

R
) �

1

r
, (4.48)

so as in (4.46),

sup
R>0

1

R

∫ T

T′

∫
χ(

x

δT
)ψ(

r

R
)|v|2|w|(|v|1/3 + |w|1/3)dxdt

� η(

∫ T

T′

∫
χ(

x

δT
)|v|10/3dxdt) + η(

∫ T

T′

∫
1

|x|3
v2dxdt) + C(η)‖v‖2

L∞
t L4x(|x|≤2δT)

‖w‖2
L2t L

4
x
.

(4.49)

Next, using (4.31)–(4.33) and splitting into the cases |x| ≤ R and |x| > R separately,

∫ T

T′

∫
χ(

x

δT
)|∇v||v||w|(|v|1/3 + |w|1/3)dxdt

� ‖χ(
x

δT
)1/2∇v‖1/2

L∞
t L2x

R
1/6(sup

R>0
R−1/2‖χ(

x

δT
)1/2∇v‖L2t,x(|x|≤R))

1/2‖w‖L2t L4x

×‖χ(
x

δT
)1/2 1

|x|3/2
v‖1/2

L2t,x
‖χ(

x

δT
)1/4|x|5/6v5/6‖L∞

t,x

+‖χ(
x

δT
)1/2∇v‖4/5

L∞
t L2x

R
−1/10(sup

R>0
R−1/2‖χ(

x

δT
)1/2∇v‖L2t,x(|x|≤R))

1/5‖|x|3/5w‖L2t L10x ‖χ(
x

δT
)3/10 1

|x|3/10
v‖4/3

L10/3
t,x

+‖∇v‖L∞
t L2x(|x|≤2δT)‖χ(

x

δT
)1/2 1

|x|3/2
v‖2/3

L2t,x
‖|x|3/5w‖4/3

L2t L
10
x

‖|x|3/5v‖1/3

L∞
t L10x

(4.50)

� η(sup
R>0

R−1‖χ(
x

δT
)1/2∇v‖2

L2t,x
)

+η(

∫ T

T′

∫
χ(

x

δT
)

1

|x|3
|v|2dxdt)

+η(

∫ T

T′

∫
χ(

x

δT
)
1

|x|
|v|10/3dxdt)

+C(η)ε2(
E(T)

T2
+

T2/5E(T)3/5

T2
).

(4.51)

For η(δ) > 0 sufficiently small, we can absorb the first three terms of (4.51) into the left-hand side of

(4.45), which implies that (4.51) is controlled by the right-hand side of (4.60).

Finally, since ψ( r
R ) r

R � 1, so

sup
R>0

1

R

∫ T

δ1/2T

∫
χ(

x

δT
)ψ(

r

R
)|v|2|w|(|v|1/3 + |w|1/3)rdxdt � (4.51), (4.52)

which by Propositions 4.2 and 4.3 proves Proposition 4.4. �

The above computations may also be used to estimate (4.31)–(4.33). First, by Propositions 4.3,

(4.33) �δ E(t)‖|x|3/5w‖L2t L10x ([δ1/2t,t]×R4) + t1/5
E(t)4/5‖|x|3/5w‖L2t L10x ([δ1/2t,t]×R4). (4.53)

Multiplying this term by 1
t2

and integrating in time, choosing ε � δ, by (4.17),

∫ ∞

1
C(δ)

E(t)

t2
‖|x|3/5w‖L2t L10x ([δ1/2t,δt]×R4) � C(δ)ε

∫ ∞

1

E(t)

t2
dt �

∫ ∞

0

E(t)

t2
dt. (4.54)

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/im
rn

/a
rtic

le
/2

0
2
4
/9

/7
7
4
8
/7

5
0
3
3
5
8
 b

y
 J

o
h
n
s
 H

o
p
k
in

s
 U

n
iv

e
rs

ity
 u

s
e
r o

n
 2

6
 J

u
n
e
 2

0
2
4



7766 | B. Dodson

Also,

∫ ∞

1
C(δ)

E(t)4/5

t9/5
‖|x|3/5w‖L2t L10x ([δ1/2t,δt]×R4)dt

� C(δ)(

∫ ∞

1

E(t)

t2
dt)4/5(

∫ ∞

1

1

t
‖|x|3/5w‖5

L2t L
10
x ([δ1/2t,t]×R4)

dt)1/5

� εC(δ)(

∫ ∞

1

E(t)

t2
dt)4/5 �

∫ ∞

1

E(t)

t2
dt + 1.

(4.55)

Turning now to (4.31) and (4.32),

tE(t)1/4‖|x|−1/6{(τ + |x|)Lv + 3v}‖1/2

L2τ ,x(|x|≤R)
‖w‖L2τ L4x‖

1

|x|3/2
v‖1/2

L2τ ,x(|x|≤R)
‖|x|v‖5/6

L∞
t,x(|x|≤R)

�δ t
3/2

E(t)1/4
R

1/6(
E(t)

t2
+

t2/5E(t)3/5

t2
)11/12‖w‖L2t L4x

= t3/2
E(t)1/4(

E(t)

t2
+

t2/5E(t)3/5

t2
)3/4‖w‖L2t L4x � (E(t) + t2/5

E(t)3/5)‖w‖L2t L4x .

(4.56)

Now then,

C(δ)

∫ ∞

0

E(t)

t2
‖w‖L2t L4xdt + C(δ)

∫ ∞

0

E(t)3/5

t8/5
‖w‖L2t L4x([δ1/2t,t]×R4)dt

� C(δ)ε

∫ ∞

0

E(t)

t2
dt + C(δ)(

∫ ∞

0

E(t)

t2
dt)3/5(

∫ ∞

0

1

t
‖w‖5/2

L2t L
4
x([δ1/2t,t]×R4)

dt)2/5

�
∫ ∞

0

E(t)

t2
dt + 1.

(4.57)

tE(t)2/5‖|x|−1{(τ + |x|)Lv + 3v}‖1/5

L2τ ,x(R≤|x|≤δ|t|)‖|x|
3/5w‖L2τ L10x ‖

1

|x|3/10
v‖4/3

L10/3
τ ,x (|x|≤δ|t|)

�δ t
6/5

R
−1/10

E(t)2/5(
E(t)

t2
+

t2/5E(t)3/5

t2
)1/2‖|x|3/5w‖L2t L10x

� (E(t) + t1/5
E(t)4/5)‖|x|3/5w‖L2t L10x .

(4.58)

Then,

C(δ)

∫ ∞

0

E(t)

t2
‖w‖L2τ L4x([δ1/2t,t]×R4)dt + C(δ)

∫ ∞

0

t1/5E(t)4/5

t2
‖w‖L2τ L4x([δ1/2t,t]×R4)dt

� C(δ)ε

∫ ∞

0

E(t)

t2
dt + C(δ)(

∫ ∞

0

E(t)

t2
dt)4/5(

∫ ∞

0

1

t
‖|x|3/5w‖5

L2τ L
10
x ([δ1/2t,t]×R4)

dt)1/5 �
∫ ∞

0

E(t)

t2
dt + 1.

(4.59)

Therefore, combining (4.56)–(4.59) with (4.24)–(4.28) implies

∫ ∞

1

E(t)

t2
dt ≤ E(1) + η

∫ ∞

1

E(t)

t2
dt, (4.60)

for some 0 < η � 1. Observe that E(1) depends on R, and R(ε) � 1 for ε � 1, but crucially
∫ ∞
1

E(t)
t2

dt does

not depend on the σ > 0 in (4.10).

5 A Modified Small Data Argument

Extending the argument for the d = 4 case to dimensions d > 4 has a number of technical complications

due to the low power of the nonlinearity |u| 4
d−1 u when d > 4.

Indeed, for d > 4, if u = v + w,

|u| 4
d−1 u − |v| 4

d−1 v − |w| 4
d−1 w � inf{|w||v| 4

d−1 , |v||w| 4
d−1 }. (5.1)
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Therefore, when computing the first two lines of (4.23) for d > 5, if we place w ∈ L2tX, where X is some

weighted Lp space and v ∈ L2t Y,where Y is someweighted Lq space,wewould need to place (t−|x|)Lv ∈ LrtZ

for some r < ∞ and Z another weighted Banach space.

The obvious candidate for this would be to use the local energy decay estimate in (4.44). However,

(4.44) does not quite give a bound on a weighted L2 space. Instead, (4.44) only implies

‖|x|−1/2{(t − |x|)Lv}‖2
L2t,x(

1
T ≤|x|≤δT)

� ln(T)(
E(T)

T2
+

T2/5E(T)3/5

T2
). (5.2)

Remark 7. In dimensions d > 4, T2/5E(T)3/5 will be Tα(d)E(T)1−α(d) for some α(d) ↘ 0 as d → ∞, but

this is not too important to the discussion right now.

Towork around the logarithmic divergence,wewould like to use an argument similar to the argument

in (4.31) and (4.32), namely to set

R = (
E(T)

T2
+

TαE(T)1−α

T2
)−1, (5.3)

and consider the cases |x| ≤ R and |x| > R separately.

When |x| > R, the computations are pretty similar to the d = 4 case. Taking |w||v| 4
d−1 in (5.1) gives

( E(T)

T2 + Tα
E(T)1−α

T2 )β for some 0 < β < 1 along with Rβ−1, and then we can proceed as in the d = 4 case.

However, for |x| ≤ R, by (5.1) we at most have a second order power of v. Therefore, in that case we

cannot copy the analysis for (4.31) and obtain ( E(T)

T2 + Tα
E(T)1−α

T2 )1+β ′
Rβ ′

for some β ′ > 0.

Remark 8. Observe for example that the computations in (4.56) relied very heavily on the fact

that the error term considered was of the form |v| 4
3 |w| and 4

3 > 1.

What comes to the rescue is that, sincew is a solution to the small data problem, v should usually be

larger than w, and when it is not, we can put that part with the equation for w at minimal cost. Instead

split u = v + w, where

vtt − �v + (1 − χ(
u

w
))|u| 4

d−1 u = 0, v(0, x) = v0, vt(0, x) = v1,

wtt − �w + χ(
u

w
)|u| 4

d−1 u = 0, w(0, x) = w0, wt(0, x) = w1,

(5.4)

(v0,v1) and (w0,w1) satisfy (4.3)–(4.6), and χ ∈ C∞
0 (R), χ(x) = 1 for |x| ≤ 3 and χ(x) = 0 for |x| > 6.

Theorem 5.1 (Small data result). The initial value problem

wtt − �w + χ(
u

w
)|u| 4

d−1 u = 0, w(0, x) = w0, wt(0, x) = w1, (5.5)

is globally well-posed and scattering. Moreover,

‖w‖
L
2(d+1)
d−1

t,x (R×Rd)

+ ‖w‖
L2t L

2d
d−2
x (R×Rd)

� ε, (5.6)

and for any 0 < θ ≤ 1,

‖|x| d−2
2 (1−θ)w‖

L2t L
2d

(d−2)θ
x (R×Rd)

�θ ε. (5.7)

Proof. First note that by the approximation analysis in (4.9)–(4.14) and persistence of regularity, u and

w are smooth, so χ( u
w(n) ) is well-defined.
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7768 | B. Dodson

Define the Picard iteration scheme

w(0)(t) = cos(t
√

−�)w0 +
sin(t

√
−�)

√
−�

w1, (5.8)

and for n ≥ 1,

w(n)(t) = w(0)(t) −
∫ t

0

sin((t − τ)
√

−�
√

−�
χ(

u

w(n−1)
)|u(τ )| 4

d−1 u(τ )dτ . (5.9)

First, since | u
w(n−1) | ≤ 6 on the support of χ( u

w(n−1) ),

‖w(n)‖
L
2(d+1)
d−1

t,x (R×Rd)

� ε + ‖w(n−1)‖1+ 4
d−1

L
2(d+1)
d−1

t,x (R×Rd)

. (5.10)

Therefore, for ε > 0 sufficiently small,

‖w(n)‖
L
2(d+1)
d−1

t,x (R×Rd)

� ε. (5.11)

Next,

w(n+1)(t) − w(n)(t) =
∫ t

0

sin((t − τ)
√

−�
√

−�
[χ(

u

w(n)
) − χ(

u

w(n−1)
)]|u(τ )| 4

d−1 u(τ )dτ . (5.12)

We show

[χ(
u

w(n)
) − χ(

u

w(n−1)
)]|u(τ )| 4

d−1 u(τ ) � |w(n) − w(n−1)|(|w(n)| 4
d−1 + |w(n−1)| 4

d−1 ). (5.13)

Indeed, when |w(n) − w(n−1)| � |w(n)| + |w(n−1)|,

[χ(
u

w(n)
) − χ(

u

w(n−1)
)]|u(τ )| 4

d−1 u(τ ) � |w(n)|1+ 4
d−1 + |w(n−1)|1+ 4

d−1

� |w(n) − w(n−1)|(|w(n)| 4
d−1 + |w(n−1)| 4

d−1 ).

(5.14)

For |w(n) − w(n−1)| � |w(n)| + |w(n−1)|, by the fundamental theorem of calculus,

χ(
u

w(n)
) − χ(

u

w(n−1)
) =

∫ 1

0

d

dτ
χ(

u

τw(n) + (1 − τ)w(n−1)
)dτ

= −
∫ 1

0
χ ′(

u

τw(n) + (1 − τ)w(n−1)
)

u

(τw(n) + (1 − τ)w(n−1))2
· (w(n) − w(n−1))dτ .

(5.15)

By the support properties of χ ,

χ ′(
u

τw(n) + (1 − τ)w(n−1)
)

u

(τw(n) + (1 − τ)w(n−1))2
�

1

u
, (5.16)

so (5.13) also holds. Therefore, by (5.12),

‖w(n+1) − w(n)‖
L
2(d+1)
d−1

t,x (R×Rd)

� ε
4

d−1 ‖w(n) − w(n−1)‖
L
2(d+1)
d−1

t,x (R×Rd)

, (5.17)

which by the contraction mapping principle implies that w(n) converges in L
2(d+1)

d−1

t,x . By Theorem 2.3 and

Lemmas (2.4) and (2.5), (5.6) and (5.7) hold. �
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6 Scattering When d > 4

Now we are ready to prove scattering when d > 4.

Theorem 6.1. If d > 4 and u is a solution to the conformal wave equation,

utt − �u + |u| 4
d−1 u = 0, u(0, x) = u0 ∈ Ḣ1/2, ut(0, x) = u1 ∈ Ḣ−1/2, u0,u1 radial, (6.1)

then u is a global solution to (6.1) and scatters, that is

‖u‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ C(u0,u1) < ∞. (6.2)

Proof. Let

F = (1 − χ(
u

w
))|u| 4

d−1 u − |v| 4
d−1 v. (6.3)

As in (4.8),

E(1) � R2(‖v0‖2Ḣ1/2 + ‖v1‖2Ḣ−1/2 + ‖v0‖
2(d+1)

d−1

Ḣ1/2 ). (6.4)

Also, as in (4.17),

d

dt
E(v) = −

1

2
〈(t + |x|)Lv + (d − 1)v, (t + |x|)F〉 −

1

2
〈(t − |x|)Lv + (d − 1)v, (t − |x|)F〉. (6.5)

Since 1 − χ( u
w ) is supported on the set |u| ≥ 3|w|, and therefore, |v| � |w| on the support of (1 − χ( u

w )).

Therefore,

|F| � |v| d+3
d−1 . (6.6)

Also,

F = (1 − χ(
u

w
))|u| 4

d−1 u − |v| 4
d−1 v = [|u| 4

d−1 u − |v| 4
d−1 v] − χ(

u

w
)|u| 4

d−1 u

� |w|(|v| 4
d−1 + |w| 4

d−1 ) + |w| d+3
d−1 � |w||v| 4

d−1 .

(6.7)

Next,

‖|x|F‖L2x(Rd) � ‖|x|w‖
L
2(d+1)
d−3

x (Rd)

‖v‖
4

d−1

L
2(d+1)
d−1

x (Rd)

�
E(t)

2
d+1

t
4

d+1

‖|x|w‖
L
2(d+1)
d−3

x (Rd)

. (6.8)

Using (2.18) and the radial Sobolev embedding theorem,

‖|x|w‖
L
2(d+1)
d−3

t,x (R×Rd)

� ‖|x|w‖
d−3
d+1

L2t L
2d
d−4
x (R×Rd)

‖|x|w‖
4

d−1

L∞
t L

2d
d−3
x (R×Rd)

� ε. (6.9)

Plugging (6.8) and (6.9) into (4.28) gives a similar bound. Next,

‖tF‖L2(|x|≥δ|t|) �
1

δ
‖|x|F‖L2 , (6.10)

which we can also plug into (6.8) and (6.9).
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7770 | B. Dodson

Now define

R = inf{(
E(t)

t2
+

t
2

d+1 E(t)
d−1
d+1

t2
)−1, δ|t|}. (6.11)

When d > 5 let r = 2(d−1)

d−5 , and then if t′ = sup{1, δ1/2t},

t

∫ t

t′

∫
R≤|x|≤δ|t|

|(τ + |x|)Lv + (d − 1)v||F|dxdτ

� t‖(t + |x|)Lv + (d − 1)v‖
4

d−1

L∞
t L2x

‖|x|−1{(t + |x|)Lv + (d − 1)v}‖
d−5
d−1

L2t,x(R≤|x|≤δt)
‖

1

|x|3/2
v‖

4
d−1

L2t,x
‖|x| d+1

d−1 w‖L2t Lrx

� tE(t)
2

d−1 ‖|x|−1{(t + |x|)Lv + (d − 1)v}‖
d−5
d−1

L2t,x(R≤|x|≤δt)
‖

1

|x|3/2
v‖

4
d−1

L2t,x
‖|x| d+1

d−1 w‖L2t Lrx .

(6.12)

�

Remark 9. Once again, the terms with (t+|x|)Lv and (t−|x|)Lv can be handled in exactly the same

manner.

Then by Hölder’s inequality and (6.11),

� tE(t)
2

d−1 (
E(t)

t2
+

t
2

d+1 E(t)
d−1
d+1

t2
)

d−5
2(d−1) · ( sup

R≤R≤ δt
2

R−1/2t‖∇t,xv‖L2t,x(R≤|x|≤2R) + t‖
1

|x|3/2
v‖L2t,x(|x|≤δt))

d−5
d−1

×(

∫ t

t′

∫
|x|≤δt

1

|x|3
v2dxdt)

2
d−1 ‖|x| d+1

d−1 w‖L2t Lrx .

(6.13)

When d = 5,

t

∫ t

t′

∫
R≤|x|≤δ|t|

|(τ + |x|)Lv + (d − 1)v||F|dxdτ

� ‖|x|− 4
9 {|x|w}‖L2t L6x(|x|≥R)‖

1

|x|1/3
v‖L3t,x‖|x|

− 2
3 {(t + |x|)Lv + (d − 1)v}‖1/3

L2t,x(|x|≥R)
‖(t + |x|)Lv + (d − 1)v‖2/3

L∞
t L2x

� tE(t)
1
3 (

E(t)

t2
+

t
1
3 E(t)

2
3

t2
)

1
6 (

∫ t

t′

∫
|x|≤δt

1

|x|
|v|3dxdτ)1/3

×( sup
R≤R≤ δt

2

R−1/2t‖∇t,xv‖L2t,x(R≤|x|≤2R) + t‖
1

|x|3/2
v‖L2t,x(|x|≤δt))

1
3 ‖|x|w‖L2t L10x .

(6.14)

For |x| ≤ R, let

s =
d − 2

2
−

d − 2

2

d − 1

2
α −

d − 1

2
α,

1

p
=

1

2000d3
, α =

1

1000d3
, β =

1

d − 3

( d−3
d−1 )

( d−3
d−1 + α)

, (6.15)

t

∫ t

t′

∫
|x|≤R

|(t + |x|)Lv + (d − 1)v||F|dxdt

� t‖(t + |x|)Lv + (d − 1)v‖
2

d−1 −α

L∞
t L2x

‖|x|− 1
2 +β {(t + |x|)Lv + (d − 1)v}‖

d−3
d−1 +α

L2t,x(|x|≤R)

×‖
1

|x|3/2
v‖1−α

L2t,x
‖|x| d−2

2 v‖
2

d−1 +α

L∞
t,x

‖|x|sw‖
2

d−1

L2t L
p
x

� tE(t)
1

d−1 − α
2 R

1
d−1 t

d−3
d−1 +α( sup

0<R≤δt
R−1/2‖∇t,xv‖L2t,x(|x|≤R) + ‖

1

|x|3/2
v‖L2t,x(|x|≤δt))

d−3
(d−1)

+α

×‖
1

|x|3/2
v‖1−α

L2t,x(|x|≤δt)
‖χ(

r

δt
)v‖

2
d−1 +α

Ḣ1 ‖|x|sw‖
2

d−1

L2t L
p
x
.

(6.16)

Now, similar to Propositions 4.4,
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Proposition 6.2. For d > 4, if T > 1, T′ = sup{1, δ1/2T},

sup
R>0

R−1

∫ T

T′

∫
|x|≤R

χ(
x

δT
)[|∇v|2 + v2t ]dxdt

+
∫ T

T′

∫
χ(

x

δT
)[

1

|x|3
v2 +

1

|x|
|v|

2(d+1)

d−1 ]dxdt �δ

E(T)

T2
+

T
2

d+1 E(T)
d−1
d+1

T2
.

(6.17)

Proof. Following (4.34) and (4.35), for t ∈ [δ1/2t, t],

‖χ(
x

δT
)∇t,xv‖2L2 �

E(T)

T2
+

1

T2
‖v‖2L2(|x|≤2δT)

, (6.18)

and by Hölder’s inequality,

1

T2
‖v‖2L2(|x|≤2δT)

� T− 2
d+1 ‖v‖2

L
2(d+1)
d−1

x

� T− 2
d+1

E(T)
d−1
d+1

t
2(d−1)

d+1

�
T

2
d+1 E(T)

d−1
d+1

T2
. (6.19)

By Propositions 3.3 and 3.4, it only remains to handle the error terms arising from F, where F satisfies

(6.6) and (6.7). We can do this using (6.12), (6.13), and (6.14) combined with the analysis in (4.60)–(4.52)

applied to the d > 4 case. �

Plugging in (6.17) to (6.12)–(6.14), if t′ = sup{1, δ1/2t},

E(t) � E(t′) +
∫ t

t′

E(τ )
2

d+1 + 1
2

τ
4

d+1

‖|x|w‖
L
2(d+1)
d−3

x (Rd)

dτ

+C(δ)tE(t)
1

d−1 − α
2 t

d−3
d−1 +α(

E(t)

t2
+

t
2

d+1 E(t)
d−1
d+1

t2
)
d−2
d−1 + α

2 ‖|x|sw‖
2

d−1

L2t L
p
x

+C(δ)t4/3
E(t)1/3(

E(t)

t2
+

t1/3E(t)2/3

t2
)2/3‖|x|w‖L2t L10x , ifd = 5,

+C(δ)tt
d−5
d−1 E(t)

2
d−1 (

E(t)

t2
+

t
2

d+1 E(t)
d−1
d+1

t2
)‖|x| d+1

d−1 w‖
L2t L

2(d−1)
d−5

x

, if d > 5,

(6.20)

where s, p,α,β are given by (6.15). Following the computations in (4.24)–(4.28) and (4.53)–(4.47),we obtain

a uniform bound on

∫ ∞

1

E(t)

t2
dt < ∞, (6.21)

which proves the theorem.

7 Profile Decomposition

Proof. Proof of Theorem 1.1 In light of Theorem 4.1 and 6.1, to prove Theorem 1.1, it suffices to prove

that if (u0
n,u

1
n) is a sequence of initial data satisfying

‖un0‖Ḣ1/2 + ‖un1‖Ḣ−1/2 ≤ A < ∞, (7.1)

then

sup
n

‖un‖
L
2(d+1)
d−1

t,x (R×Rd)

< ∞. (7.2)

is uniformly bounded, where un is the solution to (1.1) with initial data (un0,u
n
1).
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Indeed, since Ḣ1/2 × Ḣ−1/2 is separable, we can take a dense sequence (un0,u
n
1) in (7.1). Passing to a

subsequencewhere (7.2) is increasing, it is enough to show that Theorems 4.1, 6.1, and a standard profile

decomposition argument imply that (7.2) is uniformly bounded for any A. By standard perturbative

arguments, Theorem 1.1 follows. �

Remark 10. Observe that this argument does not give any idea how the function on the right-

hand side of (1.3) depends on A.

The argument proving (7.2) is identical to the argument in [9] for the cubic wave equation, (1.1) with

d = 3, and uses the profile decomposition in [24].

Remark 11. It is useful to use the notation S(t)(f , g), which denotes the solution to the free wave

equation with initial data (f , g),

S(t)(f , g) = cos(t
√

−�)f +
sin(t

√
−�)

√
−�

g. (7.3)

Theorem 7.1 (Profile decomposition). Suppose that there is a uniformly bounded, radially sym-

metric sequence

‖un0‖Ḣ1/2(Rd) + ‖un1‖Ḣ−1/2(Rd) ≤ A < ∞. (7.4)

Then there exists a subsequence, also denoted (un0,u
n
1) ⊂ Ḣ1/2 × Ḣ−1/2 such that for any N < ∞,

S(t)(un0,u
n
1) =

N∑
j=1

�
j
nS(t)(φ

j
0,φ

j
1) + S(t)(RN

0,n,R
N
1,n), (7.5)

with

lim
N→∞

limsup
n→∞

‖S(t)(RN
0,n,R

N
1,n)‖

L
2(d+1)
d−1

t,x (R×Rd)

= 0. (7.6)

Here, �
j
n = (λ

j
n, t

j
n) belongs to the group (0,∞) × R, which acts by

�
j
nF(t, x) = (λ

j
n)

d−1
2 F(λ

j
n(t − t

j
n), λ

j
nx). (7.7)

The �
j
n are pairwise orthogonal, that is, for every j �= k,

lim
n→∞

λ
j
n

λkn
+

λkn

λ
j
n

+ (λ
j
n)

1/2(λkn)
1/2|tjn − tkn| = ∞. (7.8)

Furthermore, for every N ≥ 1,

‖(u0,n,u1,n)‖2Ḣ1/2×Ḣ−1/2 =
N∑
j=1

‖(φj
0,φ

k
0)‖2Ḣ1/2×Ḣ−1/2

+‖(RN
0,n,R

N
1,n)‖2Ḣ1/2×Ḣ−1/2 + on(1).

(7.9)

In the course of proving Theorem 7.1, [24] proved

S(λ
j
nt

j
n)(

1

(λ
j
n)

d−1
2

un0(
x

λ
j
n

),
1

(λ
j
n)

d+1
2

un1(
x

λ
j
n

)) ⇀ φ
j
0(x), (7.10)
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weakly in Ḣ1/2(Rd), and

∂tS(t + λ
j
nt

j
n)(

1

(λ
j
n)

d−1
2

un0(
x

λ
j
n

),
1

(λ
j
n)

d+1
2

un1(
x

λ
j
n

))|t=0 ⇀ φ
j
1(x) (7.11)

weakly in Ḣ−1/2(Rd).

Suppose that for some j, λ
j
nt

j
n is uniformly bounded. Then after passing to a subsequence, λ

j
nt

j
n

converges to some tj. Changing (φ
j
0,φ

j
1) to (S(−tj)(φ

j
0,φ

j
1), ∂tS(t − tj)(φ

j
0,φ

j
1)|t=0) and absorbing the error

into (RN
0,n,R

N
1,n),

(
1

(λ
j
n)

d−1
2

un0(
x

λ
j
n

),
1

(λ
j
n)

d+1
2

un1(
x

λ
j
n

)) ⇀ φ
j
0(x), weakly in Ḣ1/2 (7.12)

and

∂tS(t)(
1

(λ
j
n)

d−1
2

un0(
x

λ
j
n

),
1

(λ
j
n)

d+1
2

un1(
x

λ
j
n

))|t=0 ⇀ φ
j
1(x), weakly in Ḣ−1/2. (7.13)

If u(j) is the solution to (1.1) with initial data (φ
j
0,φ

j
1), then

‖u(j)‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ Mj. (7.14)

Next, suppose that after passing to a subsequence, λ
j
nt

j
n ↗ +∞. In this case, for any (φ

j
0,φ

j
1) ∈ Ḣ1/2 ×

Ḣ−1/2, there exists a solution u(j) to (1.1) that is globally well-posed and scattering, and furthermore, that

u scatters to S(t)(φ
j
0,φ

j
1) as t ↘ −∞.

lim
t→−∞

‖u(j)(t) − S(t)(φ
j
0,φ

j
1)‖Ḣ1/2×Ḣ−1/2 = 0. (7.15)

Indeed, by Strichartz estimates, the dominated convergence theorem, and the small data arguments in

Theorem 2.2, for some Tj < ∞ sufficiently large, (1.1) has a solution u on (−∞,−T] such that

‖u(j)‖
L
2(d+1)
d−1

t,x ((−∞,−Tj]×Rd)

� ε0(d), (u(j)(−Tj, x),u
(j)
t (−Tj, x)) = S(−Tj)(φ

j
0,φ

j
1), (7.16)

where ε0(d) > 0 is sufficiently small. Also by Strichartz estimates and small data arguments,

lim
t→+∞

‖S(t)(u(j)(−t),u
(j)
t (−t)) − (φ0,φ1)‖Ḣ1/2×Ḣ−1/2 � ε

2(d+1)

d−1 . (7.17)

Then by the inverse function theorem, there exists some (u
(j)
0 (−Tj),u

(j)
1 (−Tj)) such that (1.1) has a solution

that scatters backward in time to S(t)(φ
j
0,φ

j
1). Since u

(j)
0 (−Tj) ∈ Ḣ1/2 and u

(j)
1 (−Tj) ∈ Ḣ−1/2, (1.1) has a

solution that scatters forward and backward in time,

‖u(j)‖
L
2(d+1)
d−1

t,x (R×Rd)

≤ Mj < ∞, (7.18)

and u(j)(−Tj, x) = u
(j)
0 (−Tj, x), u

(j)
t (−Tj, x) = u

(j)
1 (−Tj, x). Therefore,

S(−t
j
n)((λ

j
n)

d−1
2 φ

j
0(λ

j
nx), (λ

j
n)

d+1
2 φ

j
1(λ

j
nx)) (7.19)

converges strongly to

((λ
j
n)

d−1
2 u(j)(−λ

j
nt

j
n, λ

j
nx), (λ

j
n)

d+1
2 u

(j)
t (−λ

j
nt

j
n, λ

j
nx)) (7.20)
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7774 | B. Dodson

in Ḣ1/2 × Ḣ−1/2, where uj is the solution to (1.1) that scatters backward in time to S(t)(φ
j
0,φ

j
1), and the

remainder may be absorbed into (RN
0,n,R

N
1,n).

The proof for λ
j
nt

j
n ↘ −∞ is similar.

By (7.9), there are only finitely many j, say J, such that ‖φj
0‖Ḣ1/2 + ‖φj

1‖Ḣ−1/2 > ε0(d). For all other j, small

data arguments imply

‖u(j)‖
L
2(d+1)
d−1

t,x (R×Rd)

� ‖φj
0‖Ḣ1/2 + ‖φj

1‖Ḣ−1/2 . (7.21)

Then by the decoupling property (7.8), (7.9), (7.12), (7.21), and Theorem 2.2,

limsup
n↗∞

‖un‖2
L
2(d+1)
d−1

t,x (R×Rd)

�
∑
j

‖u(j)‖2
L
2(d+1)
d−1

t,x (R×Rd)

�
J∑

j=1

M2
j + A2 < ∞. (7.22)

This proves that (5.2) holds.
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