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Abstract
In large-scale applications including medical imaging, collocation differen-
tial equation solvers, and estimation with differential privacy, the underlying
linear inverse problem can be reformulated as a streaming problem. In the-
ory, the streaming problem can be effectively solved using memory-efficient,
exponentially-converging streaming solvers. In special cases when the under-
lying linear inverse problem is finite-dimensional, streaming solvers can peri-
odically evaluate the residual norm at a substantial computational cost. When
the underlying system is infinite dimensional, streaming solver can only access
noisy estimates of the residual. While such noisy estimates are computation-
ally efficient, they are useful only when their accuracy is known. In this work,
we rigorously develop a general family of computationally-practical residual
estimators and their uncertainty sets for streaming solvers, and we demonstrate
the accuracy of our methods on a number of large-scale linear problems. Thus,
we further enable the practical use of streaming solvers for important classes
of linear inverse problems.
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1. Introduction

In a myriad of scientific fields, such as medical imaging [1, 2], boundary element analysis
[3], and differential privacy [4], large linear inverse problems can be reformulated as stream-
ing problems that can be effectively solved using memory-efficient, exponentially-converging
streaming solvers [5—7]. Specifically, a linear problem can be reformulated (and approxim-
ated) as determining at least one unknown, z € R”, from a possibly infinite set, using elements
of a random sequence {(A;,b;) : k € N} C RP*" x R”,! satisfying:

Assumption 1. For all k € N, there exists at least one z such that P(Akz = I;k) =1;and
Assumption 2. {(A;,b;) : k € N} are independent with distribution D.

Remark 1. Some examples of reformulating the linear inverse problem to a streaming model
are detailed in appendix A.

When 7n and p are large enough that only one observation pair, (;\k,l;k), can be stored in
memory, the streaming problem can be solved using a streaming solver—a solver that makes
use of (Ak, Z)k) to update its approximation of x* and then discards the observation pair. A set
of scalable streaming solvers that effectively confronts the complications of this scenario are
known as Generalized Block Randomized Kaczmarz (GBRK) methods [7]. A GBRK method
iteratively updates its current approximation by projecting it onto the hyperplanes specified
by the observation pair, which allows it to make use of each observation pair and retain a
low memory footprint. Importantly, GBRK methods also have (relatively) efficient, geometric
convergence rates [5, 7-912.

However, a GBRK method’s computational efficiency is undermined if it is stopped before,
or stopped well-after, the desired solution accuracy is achieved. Thus, a GBRK method’s iter-
ates must be carefully tracked and stopped to realize its promise, yet neither tracking nor stop-
ping is straightforward. In the special case where the linear inverse problem is a large linear
system, a simple tracking and stopping approach could be to periodically compute the full
residual [11], but this has two limitations: (1) an entire period of updates could be uneces-
sarily computed before the method is stopped; and (2) in the setting of large linear systems,
computing the entire residual is expensive (see numerical experiments in section 5). In the
general case, a naive tracking and stopping method is to use the residual at the current obser-
vation pair, but this has its own limitation: a point estimate is only useful if its accuracy is
known. In other words, a naive tracking and stopping method based on the residual at the
current observation pair is only useful if we can estimate its uncertainty.

In this work, we rigorously develop a general family of computationally-efficient residual
estimators and their uncertainty sets. Our family includes the simplest case of using just a
single residual from an observation pair, and allows for using a moving window of previ-
ously computed, dependent residual estimates to reduce the size of the uncertainty set (see
section 3). To analyze this dependent sequence, we develop a novel analytical technique
for sub-Exponential distributions (see section 4), and show that the sub-Exponential model is
appropriate for interesting streaming applications (see appendix A). From a practical perspect-
ive, we demonstrate the scalability of our methodology by tracking and stopping a streaming
solver for a streaming collocation problem with one million fixed points (see section 5). In the
context of non-streaming problems, we show that our methodology provides over a 500 times

! 1t is possible to let the copies of (Ak,Bk) have different dimensions, but this would require introducing cumbersome
notation at this point.
2 If n is of moderate dimension, then more effective solvers can be generated at the cost of more storage [10].
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improvement over tracking methods that periodically compute the full residual (see section 5).
Thus, we further enable the practical use of streaming solvers for important classes of linear
inverse problems.

Remark 2. While related, our current work substantially extends our previous methodology in
[12] in a few key ways. First, in the previous work we required access to the full linear system
at each iteration, in this work we no longer need to such accesses, instead we can access only
a block of rows. Second, this work significantly extends the assumption about the distribution
D. In the previous work D was a distribution of matrices that arise from applying Johnson-
Lindenstrauss random matrices to the matrix A from the right. In this work, we extend this
assumption to the case where D is the distribution of matrices satisfying a sub-Exponential
property, which importantly allows for a D that generates random subsets of the matrix rows,
a common choice of D for these methods [11, 13].

2. Notation

Throughout this paper we use, E[-] to denote an expectation operation, and P(-) to denote a
probability measure. We let F; denote the o-algebra for {(A;,b;),...,(Ar,br)}. Further, we
use || - ||2 to denote a two norm and ||y||g = 1/ (y, By) to be a norm with respect to some sym-
metric positive definite matrix B. We discern between the quantities that we wish to estimate
from the estimators by denoting the estimator with a * above the quantity it is estimating.

3. Problem formulation & algorithm

Recall, we wish to solve (an approximation to) a linear inverse problem by determining an
x* € R” from a stream, {(A;,by) : k € N} C RP*" x R, satisfying assumptions 1 and 2; we
use a GBRK method to determine x* from this stream; and we need to efficiently track and
stop this GBRK method. In this section, we describe our technique for accomplishing this task.
To do this, we begin by discussing GBRK methods. In section 3.2, we present some additional,
natural assumptions on the class of distributions for D to make tracking possible. Finally, in
section 3.3, we introduce our methodology and discuss its salient properties.

3.1 GBRK

GBRK methods work by iteratively projecting a solution along hyperplanes formed by the row
space of independent random observation pairs [5, 10, 14]. To be specific, given an initial point
Xxo € R" and an inner product on R” determined by a symmetric positive definite matrix B €
R™ " (usually just the identity) whose choice can correspond to other methods or whose value
can be chosen to impact convergence rates [5], GBRK methods produce iterates recursively by

3T (5 me1iT (3 -
Xyt =x—BTAL (A BT'AL) (Ak+lxk_bk+l)~ (1

GBRKSs are known to have geometric convergence rates [5, 7, 8, 13, 15].

Remark 3. There are instances where in practice the inclusion of a relaxation parameter, ¢ €
(0,2], in the update could improve convergence [13]. In this case the update is

5T 5 metaT V(G .
Xepr =x—¢BT'AL (A BT'AL) (Ak+1xk—bk+1>- ()

3
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We suspect that the methods we present still work when ¢ # 1; however, showing this
theoretically requires the development of theoretical extensions to Meany’s Inequality for
scaled projections and is left as future work.

3.2. Sub-exponential distribution

In order to have an uncertainty set for the residual estimate, we need a model for the distribution
of the residuals. To understand why, suppose A = b€ R and A has Pareto distribution with
shape parameter of 1. Then, this pair clearly satisfies assumption 1, and EHAX — l~7|] = oo for
any x # 1. In this example, the (absolute) residual at all x # 1 has arbitrary variability, and,
consequently, does not offer any reliable information about the system at any point besides 1
(even if we took an average over multiple independent copies of (A, Z))) Therefore, to avoid
such pathological behavior, we will need to assume some control over the variability of the
observations.

We use sub-Exponential distributions as a model for (Ay, Bk), which is valid for interesting
examples as demonstrated in appendix A. A sub-Exponential distribution for a random variable
is defined in [16] as follows.

Definition 1. For a random variable Y, with E[Y] =y, Y — u follows a sub-Exponential,
SE(o,w), distribution with parameters ¢ and w if for all § > 0

P(lY_M| > 5) < 2e—min{52/(202),6/(2w)}. 3)

Equivalently, a random variable Y is sub-Exponential, SE(o,w), if

2
2o

E [el(y—lt)} <e 4)

when |f| < 1/w .

These sub-Exponential random variables continue to be sub-Exponential even when scaled
by a constant, specifically we have the following lemma, which is a slight modification of the
Bernstein inequality in [17].

Lemma 1. If given a random variable Y with E[Y] = p such that Y — i ~ SE(o,w) then for
constants c,c; where ¢y > ¢1 > 0 it is the case that ¢ (Y — ) ~ SE(c20,cow).

The final key property is that all bounded random variables are sub-Exponential, which will
be used to show that many example streaming problems are sub-Exponential. Specifically, if
we adopt the convention for any positive constant, ¢, ¢/0 = co. Then, we have,

Lemma 2 ([16, example 2.4]). If Y is a random variable with E[Y] = # 0 and (Y — p)/p
takes values in [y1,y,), then

Y — —
k. SE <yz i ,o) ' )
L 2

With these facts established, we can now state our assumption for the variability of (A, Bk).

Assumption 3. There exist o,w > 0 such that, Vx € R" k€ N,
Acx = bell3 B [ | Acx = bel3]
~ SE (oF [|Aex — bi] B [Jlder — Bel3] ) ©)

4
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As detailed in appendix A, assumptions 1-3 hold in a wide variety of situations including
under the instances where the matrices are sketched according to the Johnson-Lindenstrauss
transform, in the case when random subsets of a matrix are taken (Block Randomized
Kaczmarz), and for a collocation problem evaluated at random points from a hyper-cube.

3.3. Streaming solver with tracking and stopping

Algorithm 1 describes our method for tracking and stopping streaming solvers applied to
streaming reformulations of linear inverse problems whose observations satisfy assumptions
1-3. We highlight key aspects of the algorithm below.

Algorithm 1. Tracking and stopping for least squares.

Require: B~' € R"*" (usually identity matrix), xo € R".

Require: {(Ak,l;k)} C RP*" x R? satisfying assumptions 1-3.

Require: Moving average window width A\; € N.

Require: o € (0,1),& € (0,1),&1 € (0,1),6; € (0,1), 61> 1,n>1,v>0.

1:k<0
2: while k == 0 or gy > v or
1— 2.2 1 —
Vi > min A ( : o) v , A (1= 81) 7
2log (1/&) 0/ (1 +log (X)) 2log (1/&)w
A (6 —1)*0? Ao (6 — 1)
2log (1/&1) 02/ (1 4log (X)) 2log (1/&m) w
do

3.  #Iteration k+ 1 #
4: Receive Ak+1 and bk+1
50 Frat < Ak — b
6: if A=1 then
7: Pty biepr = [T |3, [[Fega |13
8 if [[F41]13 > [[7|3 then
9: A2
10: end if
11: else

; 2
12: P+1 Zfi]lf)ﬁq H~>\HA2
130 e N,
14: if A\ < )\ then
15: A= A+1
16: end if
17:  endif

18:  Update the estimated (1 — «)-interval by computing:
0201 (14log(A . Ao (1+log(X
M { \/210g(2/a)“+‘n7A()g()) if log(2/a) < w
+1 2log(2/a)wq/ 1 . s
og( /\/%)\\/ k-1 if log(2/a) > A Z(I;ujlgg(k)).
. —15T (% —15T N\t

19: X+1 < Xk —B Ak+1(Ak+1B Ak+1) Fk+1
20: k< k+1
21: end while
22: return x; and estimated (1 — «)-interval
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3.3.1. Progress tracking point estimate. ~ We track the progress of the solver through the point
estimate,

k

k P 7112 =112

A |Aixi—1 — bill5 1715
— wremm  rliE R4l 7
=) s > ™

i=k—A+1 i=k—A+1

Note, 7; are already computed for the GBRK update, and so our method only requires com-
puting their norm and storing \ such scalars. In other words, 5;' requires a marginal compu-
tational and memory footprint relative to the overall procedure. When A = 1, we see that this
point estimate reduces simply to the observed residual at the current iterate. However, we have
several benefits for considering A > 1 as explained by (i)—(iii).

(i) When A > 1, we shrink the uncertainty sets as we might expect with independent obser-
vations, but with an extra logarithmic term on \ because of the statistical dependency
between consecutive residual estimates. This logarithmic cost for dependency is a small
cost to pay and allows the method to obtain a strong shrinking of the uncertainty (see
theorem 4).

(ii) The expected value of p; (relative to the observation pairs at a given update),

koE [”Aixifl —Ei||%|]:i*1]

n= 3 5 7 ®

seems to better track the absolute error of the iterate (see section 5.1 for more details).

(iii) There seems to be many cases where the use of A > 1 allows for improved stopping per-
formance with relation to the absolute error. Specifically, if one set the stopping criterion
to be the value of the tracking estimate then at iteration k¢’ when ||xy — x*||3 < v, the use
of A > 1 can limit the number of times an early stopping error can occur in the sense of
observing p,i‘ < p,;\, for k < k’, indicating that we stop before the desired quality of abso-
lute error is achieved (see section 5.1 for more details).

This latter behavior motivates the need for quantifying the uncertainty of p}i‘ so that we can
account for the probabilities of false positives and false negatives.

3.3.2. Progress tracking uncertainty set estimate.  In line 18, a (1 — ) uncertainty set for
p}’} is computed, where « € (0, 1) is given by the user (and reflect the user’s risk tolerance).
This uncertainty set is an estimate of the true uncertainty set for ,5,?‘ derived in corollary 3. The
true uncertainty set satisfies either

P <p,? eﬁ?i\/ﬂog@/a)(w> S 1-a, ©)

when log(2/a) < M; or

2w?
2log (2 l,
P(pieﬁﬁiW)%—a, (10)

otherwise.
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Compared to (9) and (10), line 18 has an additional 7 term. This term is included to adjust
for conservativeness of the theoretical intervals. Choices of 7 for specific distributions can be
found in appendix A.1.

3.3.3. Stopping criterion.  After, the completion of the uncertainty quantification stage, the
solution is updated in lines 19-20 in accordance with (2). Then on line 2 the stopping criterion
is checked. Note, in a deterministic setting stopping is simple: stop when the tracking value
falls below some threshold v. When randomness is introduced, this criterion can incur two
different errors. The first can be viewed as stopping too late, and it occurs when the tracking
parameter value, pz\ < 6, while p > v, where d; is a user defined parameter that permits the
specification of where the gap between /7 and pz\ is large enough to be considered problematic.
By using the condition on i (defined on line 13), we approximately control the probability of
this error at &; (see corollary 4 and section 4.3).

The second error type can be viewed as stopping too early, and it occurs when the tracking
parameter value, p,;\ > éyv, while ,6,;\ < v (cf, figure 1(b)), Where & is a user defined para-
meter that permits the specification of where the gap between ;' and p,;\ is great enough to
be considered problematic. By choosing the right stopping criterion we can then control the
probability of this error at &j;.

As we will show in corollary 4, the criterion dependent on ;" in line 2 of the algorithm
accomplishes this task. Once this condition is satisfied, then the deviations between p;' and
ﬁz\ are reasonably well controlled; thus, it is safe to stop when p} < v (see corollary 4 and
section 4.3).

3.3.4. Moving average logistics.  During the early phase of the algorithm, a GBRK usually
experiences a rapid convergence to a region of the solution. During this phase, the GBRK’s
estimated residual reflects this rapid convergence and warrants a small moving average win-
dow. At later iterations, the convergence slows down and most of the variability in the resid-
uals comes from randomness. During this phase, the moving average windows should be lar-
ger. Lines 610 and 14-15 reflect this behavior by starting the moving window at A =1, and
increasing it to A once the phase change is detected. The difference between these phases is
determined to be the iteration k” where ||7||3 > ||74_1 |3, as seen on line 8, which yields good
empirical behavior.

4. Consistency of estimators and uncertainty sets

Core to the establishment of the theoretical validity of algorithm 1 is proving the consistency
of the estimator of, and reliability of the uncertainty sets for, p}i‘. To accomplish these two
tasks, it is first necessary to show that the general form of (2) converges in all moments, which
is novel in comparison to previous analyses of GBRKs. From there, we can then combine
this convergence result with Chernoff bounds to derive the distribution around /', which can
be used to show ﬁ,ﬁ"s consistency for p,i‘. With the consistency of pA,? established, we use the
distribution of p}i‘ to derive its uncertainty set. Unfortunately, the uncertainty set will rely on
an uncomputable quantity, so we close the section by showing that the uncomputable quantity
can be estimated by i with a reasonable relative error.
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4.1 Convergence of the residuals’ moments

Our first goal is to prove that all the moments of the residual will converge to zero. To achieve
this goal, we will show that the moments of the absolute error converge to zero. To this end, we
will transform the iteration update, (2), into a more amenable form. As we will see, this more
amenable form shows that the updates are a sequence of orthogonal projections. Using these
orthogonal projections and theorem 1, we will show that, at a random iteration, a sufficient,
random geometric reduction in the error will occur. Our final step will be to control the random
iteration and the random reduction in the error. Once these pieces are in place, we will be able to
conclude that the moments of the absolute error and, hence, the residual, decay (geometrically)
to zero.

4.1.1. Transformation of variables. ~ To avoid unnecessary considerations about inner products,
we will begin with a transformation of the variables by a symmetric square root of B. In other
words, (2) becomes

1257 (5 13T A\ (3 -
Bl/zxk_H :Bl/zxk—B l/zAlj_H (Ak+1B 1A/:r+1) (Ak+1xk—bk+1). (11)

To simplify this relationship further, it will be useful to introduce several important spaces.
Let

H:{xeR",VkeN:P(Akx:Bk) -1, (12)
Nz{xeRWkeN:P(AkB—l/?x:o) =1}, and (13)
R=N" . (14)

Under assumption 1, H # () and denotes the set of all solutions to the linear inverse problem.
Moreover, N represents the null space of the linear problem, which can be equivalently written
as N = null(B~'/?E[A] A;]B~'/?). From this characterization, R represents the row space of
the linear problem and, equivalently, R = row(B~'/?E[A] A;]B~'/?).

Using these spaces and noting there could be infinitely many values that satisfy assumption
1, we let x* be the orthogonal projection of x onto the set £, and let 5, = B!/ 2(xx — x*). Then,
(11) simplifies to

2T 5 petiT A o
Bes1 = B — B~1PAL (Ak1B~'AL) A B 12, (15)

From (15), we observe that B’l/ZAkTH (;\H_]B*IA,(TH )TAkHB’l/z is an orthogonal projec-
tion onto row(AkHB*l/ 2). As a result, we have an observation and a useful simplification.
First,

Lemma3. {f:k+1€N}CR.

Proof. By construction, A C null(A;B~'/2) for all k with probability one. Hence,
row(AkB_l/ 2) L N with probability one. Letting P denote the orthogonal projection oper-
ator onto N, if ParBr = 0 then PprBis1 = 0 by (15). Noting that from our definition of x*,
Bo = B~'/2(xy — x*) can only be in A when xy = x*. By construction, since 3y € N' = f €
N+; thus, Parfy = 0. The result follows by induction. ]

Segond, if we let Or4; be a matrix with orthonormal columns that form a basis for
row (A, 1B~'/?), then (15) becomes

Bt = B — Ok 10411 B (16)
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4.1.2. Geometric reduction in error.  Now, let 7o = 0 and let 7 be the first iteration such that
col(Q1)+col(Q2) +...+col(Qr) =R, (17)

otherwise let 7 be infinite. When 7 is finite, we can use the following extension of Meany’s
lemma proposed in [10, theorem 4.1] about the convergence of sequences of orthogonal pro-
jections.

Theorem 1 ([10], theorem 4.1). Let q,...,qx be unit vectors in R" for some k € N. Let

V = span|qy,...,qi]. Let W denote all matrices W, where the columns of W are the vectors
{wi,...,me} C{qi,...,qx} that are a maximal linearly independent subset. Then
sup  [|Qyll < \/1 — min det(WT W), (18)
yev,Ivl=1 wew

where Q = (I — qquT) ...(I—qlqlT).

By combining theorem 1 with our observation that (15) is a sequence of orthogonal projec-
tions, we obtain the following lemma.

Lemmad4. Letxy € R". Let {x;} be generated according to (2) for (Ak, l;k)fmm a distribution
D satisfying assumption 1. Let x* be the orthogonal projection of xo onto H. On the event,
{11 < o0}, there exists a v, € (0,1) that is a function of {Qy, ..., 0, } such that

l[x7, —x"[|3 < 7illxo —x" |- (19

Proof. By our definition of 3;, we need only prove that 3v; € (0,1) such that ||3, | <
71| Boll2- To prove this, let g 1, .. ., gk, denote the columns of Q. Then, by (16),

1 P

B = | TT{ TT 1= axiad;) | | o- (20)

k=1 \j=I

Since By € R by lemma 3. theorem 1 implies that there exists ay; € (0, 1) that is a function

of {‘1171 y41,25 - 591 ,p—1,97 ,P} such that ”67'1 ”2 <N ”50”2
O

This result tells us that after seeing enough of the matrix at iteration 7, we will see a
decrease in the norm of the absolute error by a random amount, ;. It is therefore reasonable
to wonder how the algorithm behaves if we continue updating the solution beyond 7.

By continuing beyond iteration 7, we can iterate on this argument in the following manner.
When {7y < 0o}, define 74 to be the first iteration after 7, such that

col(Qr,41) +col(Qr,42) + ... +col (Qr,,,) =R, (21)
otherwise let 7o be infinite. Then, we have the following straightforward corollary.

Corollary 1. Letxy € R". Let {x; } be generated according to (2) for (Ak, l~)k) from a distribution
D satisfying assumption 1. Let x* be the orthogonal projection of xy onto H. On the event,
Ns_{me < oo}, there exists ¢ € (0,1) that is a function of {Qr, ,+1,...,0r }forf=1,...,L,
such that

L
s, = x* [l < (Hw) o — x| - (22)
=1

9
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4.1.3. Control of the random rate and random iteration. ~ Of course, corollary 1 does not imply
that the absolute error converges to zero. In fact, corollary 1 has two points of failure. First, it
may happen that v, — 1 as £ — oo with some nonzero probability; that is, we have no control
over the random rate of convergence. This issue is addressed by the following result, which
relies on the independence of {(Ay,b;)}.

To obtain this results we rely on the following key theorem from [18, theorem 4.1.3].

Theorem 2 ([18], theorem 4.1.3). LetZ,,7Z,,... bei.i.d. random variables, Z, = o(Z;,...,Z;)
and T be a stopping time with P(1T < c0) > 0. Conditioned on {1 < 00}, {Z 11,k > 1} is inde-
pendent of Z, and has the same distribution as Z,,. .. ,Zy.

We now can use theorem 2 to show that v, — 1 does not occur.

Lemma 5. Let xo € R". Let {x;} be generated according to (2) for {(Ax,bi)} from a dis-
tribution D satisfying assumptions 1, 2. Let x* be the orthogonal projection of xy onto H.
Then, whenever they exist, {T¢ — 14— : £ € N} are independent and identically distributed;
and {~, : ¢ € N} are independent and identically distributed.

Proof. When 7y is finite, by theorem 2, {Q,41,...,0-,+4} given 7, are independent of
{01,...,0;,} and are identically distributed to {Q;,...,Q} for all k. Therefore, 7o — 74—
are independent and identically distributed, as are ;. O

The second point of failure in corollary 1, as alluded to in lemma 5, is the existence of
{7¢}. Specifically, on {7, = oo}, corollary 1 will no longer supply a rate of improvement in
the absolute error. Therefore, we must show that {7y < co} occurs with probability one, which
is the content of the next result.

Lemma 6. Let xo € R™. Let {x;} be generated according to (2) for {(Ax,by)} from streaming
distribution D, satisfying assumptions 1-3. Let x* be the orthogonal projection of xy onto H.

Then P(1¢ < 00) = 1 for every £ € N. Moreover, 3w € (0, 1] such that, for all £ € N and
k > rank(R),

P(re—1e—1 =k) < (rankk ( R; B 1) (1 — )k ronk(R) prrank(R) (23)
Proof. Given that {Qy : k € N} are independent and identically distributed, we will show that
the probability that col(Q1) + ... + col(Qk+1) grows in dimension relative to col(Q;) + ... +
col(Qx), when dim(col(Q1) + ...+ col(Qx)) < rank(R) is some 7 € (0,1]. As a result, the
probability that the dimension increases rank(R) times in k iterations (with k > rank(R)) is
dominated by a negative binomial distribution. In other words, for k¥ > rank(R),

k—1 k—rank(R) _rank(R)
= < - .
P(r=k) < <rank('R) B 1) (1-m) 0 (24)

This implies 7; is finite with probability one, and the result for 7, — 7,_; follows by
lemma 5.

Thus, it only remains to show that the probability that the dimension grows is bounded
from below by 7’ € (0,1]. To do so, we need only show that 37’ > 0 such that for any
z€R, P(||Q] z||3 > 0) > =’. Since 7’ represents a lower bound on the probability that any
vector in R falls in the column space of a Q;, it implies if we have some vector z’ € R but
z' ¢ col(Q1) + ...+ col(Qx) then we know z’ € col(Qy+1) with probability at least 7/, which
implies that dim(col(Q;) + ...+ col(Qk+1)) will increase with at least the same probability.
If we now recall that col(Q;) = row(A;B~'/2) C R, then we can note that P(]|Q] z|3 > 0) =

10
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}P’(H;\kB_l/ 2|3 > 0), and thus if we observe enough stream blocks, the sum of the spaces will
span all of R. We prove the existence of 7/ by noting from definition 1 that for any ¢ € (0, 1),

P (14cB™"%2l3 > 0) > P (A~ 22|3 > (1 - 0)E || A5~/ ) (25)
AB-1/2:012 —ETIA,B~1/2|2
>1-P [[Ax Z||2~ [H k Z||2] <_5 (26)
E [[[AB~1/2]]}]
>1—exp (—min{éz/ (202) ,0/ (2w)}) , 27

where (26) comes from assumption 3.
Note, for any 0 € (0, 1), the last term is strictly larger than 0. Hence, we can fixa § € (0,1)
and set the resulting value to 7’. O

4.14. Convergence of the moments. =~ We now put these pieces together to conclude as
follows.

Theorem 3. Let xg € R™. Let {x;} be generated according to (2) for {(Ak, l;k)}fmm distribu-
tion D and satisfying assumptions 1-3. Let x* be the orthogonal projection of xy onto ‘H. Then,
for any d € N, E[||Agy 13 — bii1]|4] — 0 and E[||x;, — x*||4] — 0 as k — oo. Additionally, for
any { € N, we have

E |y, — (4] <E 7] o — x* |- 28)

Proof. It is enough to show that E[|[x; —x*||$] — 0 as k — oco. By (16), the absolute error is a
non-increasing sequence. Thus, we need only show that a subsequence converges to zero. By
corollary 1, lemmas 5 and 6,

E [|xr, — (4] <E[v]" o —x* [, 29)

for all ¢ € N, where E[vf] < 1. Therefore, as ¢ — oo, the conclusion follows. O

4.2. Distribution and consistency of estimators

Using the convergence of the moments established in theorem 3, we now determine the dis-
tribution of j7. Determining the distribution of j would be easy if the terms in the sum
of the norm squared of the residuals,||7;]|3 = [|Aix;_; — b;|3, were independent, as assump-
tion 3 would imply that 47" is sub-Exponential. Unfortunately, the terms composing ;' are
dependent. To handle this dependence, we innovate the following proof and conclude, p; is
sub-Exponentially distributed with a variance that is only a logarithmic term worse than the
independent case.

Since we are concerned with the consistency of the estimators we need to first understand
the distribution conditioning on Fj_», the o-algebra generated by {(A;,b;) :j = 1,...k— A},
of ||7||3 — E[||7:||3| Fi—1]| Fx—x forany i >k — .

Lemma 7. Suppose the setting of theorem 3 holds. Then, for any i > k— ),
17213 = B (1731 -1] | B ~ SE (oMicx,wMy) (30)
where M_» = ]E[HA/C,,\B_I/ZH%] ||Xk,)\,1 —x* H%

1
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Proof. By (16),
E (|7 1317i-1] <E[IAB™213] iy —x° I < M G31)
Using (31) and assumption 3, for any ¢ > 0,

P (1715 ~ E [I7 I31i-1]| > 0| Fen )

52 4]
< 2exp | —min ) - (32)
( {202E[||;i||g|51}2 2w [|[7; 131 Fi-1] })
5 0

<2 —mi , . 33
exp < min { 0TV 2o }) (33)
Taking expectations of the probabilities with respect to F;_» in the previous display
equation and noting that M;_ , is measurable with respect to F;_, we conclude. O

Using this lemma, we now characterize the distribution of p}i‘ — p,? to be sub-Exponential.

Theorem 4. Suppose the setting of theorem 3 holds. Then,

R 1+1log(N)) wM;_
p,?—p,?\fk,WSE (oMH ( f( ), 3 A). (34)
Proof. Using lemma 7 and induction, we will prove, for |¢f| < A/(wMj_»),
E [e’(ﬁ? =) | Fi A} 35)
u t
=E H exp{A(ll?illi—E[?iI%IE1])}‘f“] (36)
i=k—A+1
Pa’M:_, 2
< CTRANT D 37
exp | —; ,-;J' (37

We can then use a logarithm to bound the summation, which yields the conclusion.
The base case of A =1 follows trivially from lemma 7. Now assume that the result holds
up to A — 1. Then,

k
E[ H GXP{;(?A%—]E[II?;IBIE1})}|f“] (38)
=k At

=E|[E

k
H exp{f\(l|?i|%_E[||;i||%|-7:i1])}|}—k1] }-kA] (39)
=k At1

—5 & [ep { £ (B 0REA D |7 ]

k—1
t

x I ewfs (||a~|%—E[nau%m_l])}‘ﬁ_x] (40)

i=k—A+1

>
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<E |expd C7Min @1
= 2)2
k—1 P
X H eXP{X(||7i\|%*E[||?i||%|}-i—1])} ]'—k—A]7
i=k—X\+1

where we have made use of lemma 7 in the final line. Now, applying Holder’s inequality and
the induction hypothesis,

Po’M;_,
E exXp T (42)
k—1 ;
< I exp{A(|a||%—1€[||a«||%|ﬂ-d)}ﬁ-x}
i=k—A+1
2 200 x
<E|exp roMix Fr—a (43)
2\
k-1 ; =
El I exp{A_]<||a-||§—E[m%m1]>}|ka]
i=k—A+1
1 a5
Pa’M:_, B Po’M? )\)‘711
< - A — .
\Elexp{ ) Feea| exp 01 ,-:]j (44)

Since Mj_ ) is measurable with respect to F;_ 5, we have shown our desired inequality. [
From this distribution we can easily conclude the following corollary about the consistency
of .
Corollary 2. Suppose the setting of theorem 3 holds. Then, for any A € N and Y >0,

limg—s 00 (|97 — p| > 6) = 0. That is, p}} is a consistent estimator of py.

Proof. We begin by noting that

Jim P (2 = 21> 9) = fim B[P (- ] > 017)] “s)
_min{ STy 252 , 3 MS }
< llm ]E 23 20 Mk7A(1+log(>\)) cwWMp X\ (46)
k— 00
. 2
—F | 1im 267 mm{ 202Ml2(7;(61+10g(/\)) ’2“”‘;1;:—/\ }] (47)
k— 00
=0, (48)

where (45) comes from the tower property for conditional expectation; (46) comes
from theorem 4 and definition 1, (47) comes from M;_, being a monotonically
decreasing sequence implying that the term inside the expectation is dominated by

: pY N
2exp(—min{ 20202 (1+1og(N))
function allows us to use the dominated convergence theorem to switch the limit and the integ-

ral. Equation (48) then arises from theorem 3 and the definition of M;._ . O

, ﬁ 1), an integrable function. This domination by an integrable

13
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With the validity of our estimators established and the derivation of the distribution of /7,
we are now able to derive the uncertainty set and stopping criterion in the following two corol-
laries, whose proofs are straightforward.

Corollary 3. An uncertainty set of level 1 — o for p,i‘ is
A\
M te, (49)

where

2uw? (50)

{ \/210g(2/a)w if log (2/a) < AZ(+loe(\)
€=

o)wMy_ . o2
M iflog(2/a) > w,

Corollary 4. Given v, 0, &, Oy, &y as defined in point section 3.3 and a sampling matrix
satisfying 3, then:

. M2 (1—6;) M (1—6)
Y s { Tog (1/87) o 2Me (1 +Tog (V) 2fog (1/&) b
=P [[),;\ > U,pi\ <o ]-'k_,\} <& and (52)
. )\1)2 (5117 1)2 Av (6117 1)
Hhoasmn { Tiog (1/&n) My _x (1 +Tog (V)" 2log (1/En) R
=P [ﬁ? <, pr > O ]:k)\:| <& (54)

4.3. Estimating the uncertainty set and stopping criterion

Corollaries 3 and 4 provide a well-controlled uncertainty set and stopping criterion, yet require
knowing M7_,, which is usually not available. As stated before, corollaries 3 and 4 can be
operationalized by replacing M,i \ With Z,?. Of course, M,i 5 and Z,i‘ must coincide in some
sense in order for this estimation to be valid. Indeed, by theorem 3, both M%_ 5 and Z,f‘ converge
to zero as k — oo, which allows us to estimate M,%_ , with Z,;\ to generate consistent estimators.
However, we could also estimate Mﬁ » by 0 to generate consistent estimators, but these would
be uninformative during finite time. Therefore, we must establish that estimating M7_, by i} is
also appropriate within some finite time. To do this we establish that the relative error between
M:?_, and iy is controlled by a constant (in probability).

Accomplishing this task requires the following lemma, which gives a probability bound
between Z,;\ and a specific intermediate quantity.

14
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Lemma 8. Under the conditions of theorem 3, V6 > 0

Z)‘ _ {'(:k—)\-H(E[”;i”g‘]:ifl])z
P g A > 5‘fk)\
M\
. ) oA
< (14 X)exp [ —min . 55)

2 (24-) o2 (1 +1og (1)) 24 (24 V)

Proof. Using the definition of i} we have

~A f:k,/\Jr](E[H?; ||§|]::71D2
P|%= A > S| F
k ~ N4 ~ 112 2
713 — (B [lI7: 1131 Fi-1]) ’
=P Z 2 > 6| Fi—a
( i=k—A+1 )\Mk—A

k - - 2
17113 = (E 171151 Fi-1]) ‘
<P > 3| Fie
(i—kz;Jrl AM;_ 2
k - N
173113 = E [[I7 131 Fi-1]
<P
<i—1;\+1 AM—x

17115 + E [||7: 1151 Fi-1]
M

X

- 5‘;,”) . (56)

Then by defining a variable, G > 2, to partition (56) into disjoint sets and using the definition

of measure,
> 5‘.7](_)\)

1713 + E [II7: 151 Fi-1]
M

< G} ’]:k—)\>

1702 = B {7 RIF ] | 1702 + B[ 31 F]

17315 = E [II7: 131 Fi-1]
AMi_x

73115 +E [[I7: 151 Fi-1]
M

k
IP’( Z
i=k—A+1

_p (Z

i=k—X+1

k
.
i=k—A+1

173115 = E [|I7: 15| Fi-1]
AM_

>4,

173115 +E [II7: 151 Fi-1]
M

k
> s
i=k—A+1 AMj—x My
k 712 =12
ri +E ri ,/_‘.,',
U {n I3 17517 >G}‘f“>
i=k—A+1 k=X
k =12 <12
75 = E[II7 151 Fia] | 6
<P — | Fi—
<. Z AMj_x e Fiex
i=k—X+1

1713 + E [I7: 151 Fi-1]
M

(U

> G} ’]:k)\> . 57
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From here we will present the bounds for the left and right terms of (57) separately. For the
left term of (57) we use (35) and when ¢ < A/w have

k ~ ~
75 = E (Il |51 Fia] | 6
P<.§: e > | Fi-a (58)
i=k—A+1

£o*(1+1log(N) 6t

< ro riostd) ot
exp ( 23 G) (59)

52\ A0

S —mi ; ; 60
exp ( min { 2202 (1 +log (V) 206 }) (60)

where (60) comes from minimizing (58) in terms of ¢ under the constraint < A/w. We next
address the right side of (57) for which we have
> G} ‘]:k— >\>

k

i=k—A+1

_p l3 17015 — B [I7: 151 Fi1] + 2 [[|7: 151 Fi—1]
i=k—A+1 Mi—x

1715 + E [|17: 1151 Fi-1]
M

e

k 12 = |12
i -E i ]:if
<P< { 17:115 M[||V||2| 1] +2>G} ka) (61)
i=k—A+1 =2
k =12 =12
i3 —E |7 ||5|Fiz
< Z ]P’( Her Al[”””Z' 1] >G—2‘fk—)\> (62)
i=k—A+1 A
2
< dexp (tzg —t(G— 2)) (63)
C[G=-2?% G6-2
< dexp <—mln{<202>,2w}>a (64)

where (61) comes from (31), (63) comes from the (35) and (64) comes from minimizing (63)
in terms of 7 under the constraint ¢ < 1/w. Putting both parts together gives us,

i — i
P e > 0| Fr_x
k—A

< inf exp [ —min e oA
S G2 SXP 26202 (1 +log(\) 2wG

. [(G-2)? G-2
+)\exp< mm{ %7 .

We can then observe that when G > 2 + v/ it is the case that

exp ( —min A oA
P 26202 (1 +log(\)) 200G

_[(G-2)? G-2
= exp | —min 202 o .

16
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Thus, if we let Y =2 4 +/d\ we can upper bound the right-hand side of (65) in the following
manner,

inf exp [ —min i o
G20 P 26202 (1 +log (V) 2wG
[(G=-2?* 6-2
+>\exp (-mln{w,m
52\ oA
<inf (1 4+ A —mi ,
dnf, (1+ )eXp( mm{ZGzoz(l—i—log()\)) ZwG})

52\ oA
2 (2+ \/5)202(1 log(V) 2 (2+ m)

< (14+A)exp | —min

O
We now present our bound on the relative error between i;' and M7 _,.
Theorem 5. Under the conditions of theorem 3, for § > 0, M]%_ \ as described in theorem 4,
M2 _ Z/\
P(|—55—5| > 14+0,M]_, # 0| Fi_x (65)
M
) oA
<(14+M)exp | —min 5 , . (66)
2 (2 + \/5>\) o2 (1+log(\)) 2w (2 + v&)
Proof. First,
k 7 1121 F 2

M= | _ |mp, - En i)

2 S 2 (67)
M, _ Mi_x
i (]E[\|7,- H%\f,‘fl])z _p
- 2 :
M,
S (B[R I31F1])° A
<1 A k. 68

+ M, (68)
We now apply the bound in lemma 8§ to conclude. 0

Owing to lemma 5, the relative error between Z,f‘ and M?_, is reasonably well controlled

for practical purposes. As a result, we can use Z,/(\ as a plug-in estimator for M7_, for the
uncertainty set, (49), to produce the estimated uncertainty set suggested in Line 18 of algorithm
1. Additionally, we can use Z,;\ as a plug-in estimator for M7_, for the stopping condition

controls in (51) and (53) to produce the estimated stopping criterion in Line 2 of algorithm 1.

17
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5. Experimental results

We conduct three experiments. Our first experiment compares the performance of p at track-
ing the error when A =1 and A > 1. Our second experiment is solving a collocation problem
reformulated as a streaming problem (see appendix A.3). We close this section with a timing
comparison between algorithm 1> and periodic residual calculation methods on a 125 000 by
125000 system.

5.1. Benefits of A > 1

To understand why it is valuable to track progress with A > 1 we perform an experiment where
we run a GBRK with B =1 and random row subset samples for 1000 iterations on a Phillips
matrix from the MatrixDepot package in Julia [19]. Then we compare the values of (7) with
A=1 and A =100 to the absolute error at the corresponding iteration, which is displayed in
figure 1(a). This shows how closely the two tracking metrics align with the quantity we care
about tracking, the absolute error. Then, to demonstrate how stopping using A = 1 can be prob-
lematic, we perform the same experiment on 15 other sample matrix systems. For each sys-
tem, we record the iteration, X’ when the absolute error is less than 1 and record the tracking
metrics value at that iteration giving us 5}, and 5}%°. Then we compute the number of early
stopping occurrences by counting the number of times ,6,1 < pp for k < k’ and the number of
times ;% < pI% for k < k’. These counts tell us how often using each method for stopping
decisions results in us failing to achieve our objective. These results are shown in figure 1(b).
As areminder to the reader, we re-state points (ii) and (iii) from section 3.3.1 and remark how
this experiment elucidates these points.

(i) The expected value of [),i‘ (relative to the observation pairs at a given update),

\ ko E [”Aixi—] *Z’i”%}-i—l}
pi = 3 , ®
i—k—A+1

seems to better track the absolute error of the iterate. Indeed, figure 1(a) plots the behavior
pi and p}% against the absolute error of the iterate for a GBRK method applied to a linear
system generated from the Phillips matrix in Matrix Depot [19], which shows that the
estimator with A > 1 corresponds better to the absolute error in comparison to the case
when A=1.

(iii) There seems to be many cases where the use of A > 1 allows for improved stopping per-
formance with relation to the absolute error. Specifically, consider applying a GBRK
method to 15 linear systems generated from matrices in Matrix Depot [19]. Figure 1(b)
plots the number of times p; and p;* fall below the residual threshold but k < k', which
is an imperfect, but informative proxy for determining if the GBRK is stopped too soon.
We see that, for nearly half of the systems, p; would have stopped early, whereas p;*

does not.

5.2. Collocation problem

To demonstrate that algorithm 1 works on large-scale streaming problems, we turn to the col-
location problem laid out in appendix A.3. In this problem, we verify that the uncertainty set for
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Figure 1. (a) Plot of the p,? when A=1 (red) and A > 1 (blue) at different values of
absolute error for a Phillips matrix. (b) Graph showing the number of iterates with a pp
less than the p} where x = min{k : ||x; —x*||]2 < 1} for A\=1 (red) and X > 1 (blue).

pp contains p;* at appropriate rates and that the stopping criterion correctly controls stopping
errors. To accomplish this task we perform the following experiment.

Experiment 1. Given the gap between fixed grid points e = 1,/99, the number of sample rows
p =20, the moving average width \; € {100,300}, the uncertainty set parameter «, and the
stopping criterion parameters (v, oy, d;1,&1, &) = (400,.9,1.1,.01,.01) we:

(1) Generate an equally spaced grid on the unit cube with the gap between grid points being
e. This equates to there being (1 + 1/€)? fixed points on the cube.
(i1) Generate (Ak, l;k) by generating 20 random coordinates as explained in appendix A.3.
(iii) Run algorithm 1 using (A, b;)’s and save at each iteration the x;, 47, i7, ||7i||3, and the

width of moving average .
(iv) Ateach x; approximate E[||7¢/|5|Fi—1] using a Monte Carlo simulation with 100 samples.

(iv) Approximate p} at the k™ iteration by taking a moving average of the [||7 |3 Fx_1]s with
the same width as /5 at iteration k.

Practically, our value of o in (A.14) (i.e. V/2) is roughly 9 trillion in this experiment,
which is far too conservative to be useful’. Thus, instead of using V/2 for o2, we estimate it
by computing
IE [1I7ell31Fk=1] = lImell3]

E [|[7el3] Fie—1]

Variance ( k= 1,...,125> , (69)

with ||r]|3 coming from step (iii) and E[||7|3|Fi_1] coming from step (v) of experiment 1.
This estimator is more optimistic than V/2, yet seems to be appropriate. It should be noted that

3 Based on different choices of € it does not appear the V/2 ever really accurately reflects the variance.
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Uncertainty set results for p in Collocation Problem Uncertainty set results for pj in Collocation Problem

4 4
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Iteration Iteration
Figure 2. In the left plot, the black lines represent the upper and lower bounds of the

uncertainty set, the green line represents py, the red line represents j; for A =300 and
the right plot represents the same values for A = 100.

Table 1. Interval failure rates at different moving average window widths.

Width 10 50 100 200 300

Failure rate 0.0148 0.0148 0.006 0.004 0.004

Table 2. Interval failure rates with different o2 estimates and moving average window

widths.

k=5 k=125 k=474
Dataset A=10 A=300 A=10 A=300 A=10 A=300
o’ 0.172 0.172 0.079 0.079 0.088 0.088

Failure rate 0.0148 0.004 0.0148 0.004 0.0148 0.004

the choice of using the first 125 iterations for the variance estimation is somewhat arbitrary
and many other choices of the number iterations could be made to produce approximately the
same variance estimate as can be seen in table 2.

The results of this experiment can be observed in figure 2 for two different choices of \; one
being A\; = 100 and one being A; =300. As should be clear from figure 2 the 95% uncertainty
sets correctly cover p,f‘ at 99.6% of the iterations for A\; =300 and 99.4% for A\; = 100, which is
still conservative despite us not using the larger estimate of o from (A.14). This rate coverage
failure also does not change much when the width is set to be some other value as seen in
table 1. Additionally, when the stopping criterion is satisfied there are no instances where the
two types of stopping errors occur. This indicates that even at large scales algorithm 1 still
performs well.

5.3. Timing comparison with naive methods

We now demonstrate the computational benefits of our method over periodic calculation of
the full residual on a 125 000 by 125 000 system. We performed this experiment using a single
thread of a Xeon E5-2680 v3 @ 2.50GHz with 32 GB of memory. For all the GBRKSs we chose
B =1 as there is not currently a good method for alternative choices of B a priori, although
this would be an interesting piece of future work. The results of the experiment can be found
in table 3.
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Table 3. Iterations achieved in four-day run on a collocation problem with a 51 x 51 X
51 grid collocation points.

Method Iterations Time per iteration
Algorithm 1 7819 44.2s

Full Residual every GBRK update 16 22,109

Full Residual every 1000 GBRK updates 4162 83.03s

When comparing the performance of algorithm 1 to other methods of tracking, we can see
substantial benefits of algorithm 1 compared to alternatives. We do this by calculating the num-
ber of iterations completed in a four day window by three methods: algorithm 1, calculating
the full residual after each GBRK update, and calculating the full residual after every 1000
GBRK updates.

6. Conclusion

To address the issue of effectively tracking and stopping the progress of a streaming solver, we
have presented a computationally efficient estimator and uncertainty set for a moving average
of the residuals. We then rigorously demonstrated the effectiveness of this estimator using
only assumptions about the streams having a set of consistent solutions and the norm of the
residuals of the streams being sub-Exponential. We additionally show that the assumptions
used to make these conclusions are relatively weak and apply to a large class of common
problems. Moreover, we verified our methodology by successfully applying it to a large-scale
collocation problem and demonstrated its computational benefits over alternative methods.
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Appendix. Areas of Applications

With the theory for algorithm 1 established, we now move on to presenting common areas
of application that satisfy assumptions 1 and 3 and for which it is sensible apply algorithm
1. The situations that will be discussed are Johnson-Lindenstrauss matrix sketches, Block
Randomized Kaczmarz, and the collocation problem arising from boundary element analysis.

A.1. Johnson-Lindenstrauss matrix sketching

With the pervasiveness of large scale linear system in areas such as Gaussian Process modeling
[20], optimization [21], and network analysis [22], random algorithms have been shown to
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Table A1. Values of C and w in definition 2 for common sampling methods.

C w
Gaussian Matrix [31] 1.1 47
Achlioptas [23] 1.16 46
FILT [24] 0.83 i

Table A2. Conservative choices of the contraction parameter, 1, by sketching method.*

Sampling method Achlioptas [23] FILT [24] Gaussian [31]

n 26 188 26

2 By conservative, we mean that these are choices of 7 that are the largest integer such that the
coverage failure rate of the interval is as large as possible, but still less than the designed rate.

accelerate the speed of achieving good approximate solutions. One popular form of random
transformation is the use of a random matrix that satisfies the Johnson-Lindenstrauss property
[23-25], whose definition follows.

Definition 2. A matrix S € R"*? satisfies the Johnson—Lindenstrauss property if there exists
constants C,w > 0 s.t. for all § > 0 and for any x € R™,

P(|IISTx|3 - 3 > dllx[3) < 2¢~mn{ (o) 20/}, (A1)

Remark 4. Matrices S satisfying definition 2 are known as sketching matrices and have
broad applications in numerical linear algebra [26, 27]. Examples of such matrices include
the Gaussian matrix [28], the Achlioptas sparse sampling matrix [23], and the Fast Johnson-
Lindenstrauss transform [24]. These methods will be the focus of experiment section, and thus
we have included the values C and w for when § =1 in table Al.

By applying a matrix satisfying definition 2 to a consistent linear system with coefficient
matrix A € R™*" and constant vector b € R™, and we denote A=STAandb=S"Tbh. Then, we
readily see that (A,I;) satisfy assumptions 3 and 1 [29]. This type of process, in addition to
allowing faster approximations of large consistent systems, has the potential for use in large
network systems where one may compute an Adjacency-based, or Graph-Laplacian-based,
measure such as Katz centrality [22], and still maintain the privacy of the individual according
to a particular differential privacy standard [4, 30]. In this case, one could use realizations a
of Johnson-Lindenstrauss sketch and generate (;\k, l;k), which can then be used in the GBRK
framework to compute the desired metric without violating the privacy of the individuals.

A.2. Computed tomography (Block Randomized Kaczmarz)

A common area of use for GBRK is in computed tomography, which aims to non-invasively
generate the image of the inside of an object [32]. It accomplishes this by collecting the change
of intensity of an electromagnetic wave as it is passed through an object at multiple different
angles around the object [32]. The ability to non-invasively form images of the inside of an
object has made tomography widely useful in numerous fields including meteorology [33] and
medicine [32].

Tomography measures the change in intensity of an electromagnetic wave along differ-
ent paths, L. By noting that different materials absorb different amounts of energy, at each
coordinate (z,y) we can define the function representing this energy absorption, f(z,y). This
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function can be related to the change in intensity along a particular path L through the equation
log (Io/I1) = [, f(z,y)dL [34]. It was shown that f(z,y) could be determined using an infinite
number of these path observations [35]. As collecting an infinite number of these path obser-
vations is impossible, tomographic techniques are developed to approximately reconstruct this
function under a finite number of observations [34].

One common set of techniques are known as algebraic approaches and work by dividing an
image into N = n? pixels. For each of these pixels it is assumed that the energy absorption of
the material of the object is the same, i.e. f(z, y) is constant at each pixel. Then for each of the m
paths L;, we observe a change of intensity, b;, and the length path through each pixel, a;; [34].
With this information we know that b; = Zj.vzl axj, where x; = f(z,y) at pixel j. Combining
all path observations gives us the linear system, Ax = b, which is typically nonsymmetric and
consistent with a very large dimension [34].

Often this system is solved using some variation of the Kaczmarz algorithm [34], in what is
also referred to as the Algebraic Reconstruction Technique [1, 2]. Under this setting the blocks
{(Ax, l;k) : k € N}, are independent, identically distributed subsets of the path equations for the
tomographic linear system, whose coefficient matrix is given by A € R”*N and whose constant
vector is b € R™.

By updating a solution with randomly selected row blocks, as is done when applying Block
Randomized Kaczmarz in the tomographic setting, this model satisfies assumption 3. The most
general form of these Kaczmarz updates allows for each row to be weighted by its own respect-
ive constant and each block, .7, have its own probability of selection given by P 7 [13]. This
is stated formally now.

Proposition 1. Let A € R™*" and b € R™ such that Ax* € R" where Ax* = b. Let [J be a ran-
dom subset of {1,...,m} and let P; > 0 be the probabilityi € J. Letw; >0fori =1,...,m
Define S7 € R"™*P to be the matrix whose columns are scalings of standard basis elements

indexed by J, where the scaling for the column corresponding to index i € J is w;. Let
(Ag,bg) = (S}A,S}b). Then, for any x € R" such that Ax # b,

||AJX—BJ‘|%_E{HAJ)C_EJ”%} ( max; wi2 > (A2)
E (|47~ byl 2 (min; Pw?) " ) '

Proof. By lemma 2, all bounded random variables are sub-Exponential with w = 0. To show
the block residuals are bounded in this instance, we find a lower bound on E[||A7x — b 7|[3]
and an upper bound on [|A 7x — b7 ||3. For the lower bound, let a; € R” denote the i row of
A, and let P(i € J) = P;. This allows us to write

E [||ij— BJ||§} = ZP,-W,? [a] (x_x*)]2 (A.3)

(mm P;w: ) i . (A4)

i=1

For the upper bound on ||A 7x — b 7|3 we note that

Zw (x— x*)}2 < (miax wf) Z [al-T (x—x*)]z. (A5)

ieJ i=I
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Combing these lower and upper bounds, we conclude that for any x such that Ax # b,

|ij—bana—EUng—bgM}< max; w

~ ~ ~ LI > T
E [HAJx—bJH%] min; Piw;

~1. (A.6)

Giving us that the relative error is bounded. We then obtain the result by applying lemma 2.
O

In the case where the rows are selected with equal probability and equal weights, this bound
is equivalent to the variance bound being m/p. As this grows with the dimension of the matrix,
concerns may arise relating to the tightness of this bound. While a tighter bound is not possible
for general matrices, we can tighten this bound depending on the block condition numbers in
the following proposition.

Proposition 2. Let the conditions in proposition 1 hold. Further, if we let Syax,, Smin, be the
largest and smallest singular value of all row blocks of a matrix A containing p rows. Then,
for any x € R" such that Ax # b,

|Agx—bsl3—E [|A7x~bsl}] e
— - ~ SE 5—0 (A7)
E[llAgx—byl3] 25rin,
Proof. We note that
< i {2
||A:7‘x b:7H2 < I;axﬁ' (A8)
E [”AJX —bg H%] Sin,
This allows us to conclude that
|Azx—bs 3 —E[lAsx—bsIB] s,
- — <5 -1 (A9)
E [HAJX —bg ||§] Smin,
The result then follow from lemma 2. O

A.3. Collocation problem with randomly sampled coordinates from a fixed set

Our final example of a problem that satisfies assumption 3 is the collocation problem in bound-
ary element analysis. We will describe this problem in detail for a specific setting that will be
used in our largest numerical experiment (see section 5.2); however, the results from this sub-
section will hold for more general problems as well.
In this problem, we look to approximate the unknown solution, u(f), with t=
(11,12 13)) € [0,1]?, that satisfies
_ —7r?

Au(r) = 3 sin(wﬂ”)sin

(2 3713
! sin<7” ),te[0,1]3, (A.10)

u(e) = sin (7)) sin (w1 /2) sin (3749 2) 1€ 90,11, (A1)

where ¢ € 9]0, 1]? represents the ¢ being on boundary of the cube; and A is the Laplace operator.
To make this approximation, we wish to find the coefficients, x;, of the linear combination

of Quadric Radial Basis functions, ¢(1, x;) = 1/[|t — x;||3 + 1, and their Laplacians, evaluated
at a fixed and finite set of control points {x;} equally spaced throughout the unit cube.
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Since both the Laplacian and the boundary condition are linear operators, we can repres-
ent (A.10) as a streaming linear system, whose streams consist of coordinates #; € [0, 1]3 selec-
ted uniformly at random from either the interior control points (with probability 2/3), the face
control points (with probability 1/6), or the edge control points (with probability 1/6).

With the sampling points #; and control points ;, we form a linear system defined by

A6 _ ) oiltnxg) ity €afo,1]’ (A12)
Aqu (I,',Xj) if t; € (0,1)3 ’

» { sin (m}”)sin (m,@/z) sin (3m§3>/2) if ; € 9[0,1]°
B =

@ ©) (A.13)
%ﬂzsin (Wt§])> sin <7”2) sin <3W2t" ) if ; €(0,1)°.

As the set of sampling and control points are the same, the resulting linear system is con-
sistent as A is nonsingular [36, theorem 2.2]. This method is designed such that the blocks are
generated at each iteration based on the coordinates sampled meaning the full system never
has to be stored. The sampling method proposed is one approach to ensure that update con-
tains information from all of possible constraints (the faces, the edges, and the interior). This
particular problem also satisfy assumption 3.

Proposition 3. Let {t,...,t,} be chosen independently, as described above. Let the entries
of A be defined according to (A.12) and those of by be defined according to (A.13). Then, if
we let V.=9N/owin(E[A; Ai]), where omin is the smallest non-zero singular value and N is the

number of columns in Ay,

||Akx—bk||§—E[||Akx—bk||%} v

— ~ ~ SE <,O> (A.14)

E {14 — bill}] 2
Proof. Let x* € R” denote any vector such that P(Azx* = l;k) = 1. For any x € R" such that
P(Agx = by) < 1, we can decompose x —x* into u € row(E[A, A;]) and v € null(E[A] A(]).
By construction, u # 0. Moreover, v € null(A;Ak) with probability one (otherwise we would
have a contradiction with v € null(E[A]] 4;])).
Therefore,

A =B} Al (A

0 = M2 _ M« B
E [HAkx — ka%} MTE [A];rAk} u Omin (E [A/;rAk])

(A.15)

where oy, denotes the smallest non-zero singular value of the given matrix. Using (A.12), we
can find the maximum possible value of A; on the unit cube is 3; thus, using the equivalence

between the infinity and two norms [|A; |3 < 9N. So we can set V = %.
O min r Ak
Hence,
Arx — b3
—1<”fx—’j”2—1<v—1. (A.16)
E [JAex — belg]
Applying lemma 2 gives the conclusion. O

It should be emphasized that this result holds true for any right-hand side provided that it
is bounded over the domain of the collocation problem. To generalize this result to different
right-hand sides one can replace the 9 in V with the maximum of the right-hand side over the
desired domain. Additionally, it should be noted that in practice V/2 is far too loose of a bound
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on to o and should be replaced with estimates from more practical techniques, such as those
presented in section 5.2.
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