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Abstract 

Phase-field method enables simulating the spatiotemporal evolution of the coupled physical order 
parameters under externally applied fields in a wide range of materials and devices. Leveraging 
advanced numerical algorithms for solving the nonlinear partial differential equations and scalable 
parallelization techniques, phase-field method is becoming a powerful computational tool to model 
and design devices operating based on multiple coupled physical processes. This article will highlight 
examples of applying phase-field simulations to predict new mesoscale physical phenomena and 
design new-concept magnetomechanical devices by identifying the desirable combination of the 
composition, size, and geometry of monolithic materials as well as the device structure. A brief outlook 
of the opportunities and challenges for modeling and designing magnetomechanical devices with 
phase-field modeling is also provided. 
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Introduction 

All magnetic devices operate by the control of spin (the spin angular momentum of electrons) or its 
continuum-scale quantity — magnetization (the density of magnetic moment per unit volume) — by 
externally applied fields. In the (quasi-)static limit, switching the magnetization (M) by an externally 
applied magnetic field, an electric current (via spin-transfer torque or spin-orbit torques1), or an electric 
field (via the magnetoelectric effect2–8) underpin the development of magnetoresistive random access 
memory (MRAM), magnetic-field sensors9, and magnetic 
recording media10. Driving coupled ferromagnetic-
ferroelastic domain (magneto-structural) switching by a 
magnetic field, as in ferromagnetic shape memory 
alloys11,12, can be used for magnetic actuation. Driving 
magnetic phase transition (e.g., paramagnetic to 
ferromagnetic) near the transition temperature using a 
magnetic field, as in magnetocaloric materials13, can be 
used for magnetic refrigeration. Dynamical excitation of 
spin, i.e., spin wave (or its quantum, magnon), has many 
fundamentally intriguing and technologically important 
physical features. For example, the strong quantum-
mechanical exchange interaction among neighboring spins 
gives rise to highly nonlinear magnon frequency 
dispersion14. The intrinsic nonlinearity of the Landau-
Lifshitz-Gilbert (LLG) equation — the equation of motion for spin — results in nonlinear magnon-
magnon interaction (e.g., frequency doubling and shifting)15. Unlike electron transport, magnon 
transport can occur in electronically insulating materials with up to micrometer-scale decay length16,17. 
Furthermore, magnons can be hybridized with other magnon modes18 and other quasiparticles such as 
acoustic phonons, photons, and superconducting qubits19–23, allowing coherent quantum state transfer 
among different physical systems. Therefore, magnons have found an extremely broad range of 
potential applications, ranging from wave-based computing24,25 to higher-frequency electromagnetic 
(EM) radiation26–29 and to microwave-optical quantum transduction30 and other quantum 
operations31,32. Figure 1 illustrates a few types of magnetic order manipulation. 

Phase-field method allows for simulating the coupled evolution of magnetization with other physical 
order parameters, such as strain, electrical polarization, and EM waves, in material and devices of 
arbitrary geometry under complex magnetic, electric, mechanical, and EM boundary conditions. 
Phase-field method draws its strength from the integration of micromagnetic, 
elastostatic/elastodynamic, and EM modeling methods to enable the simulation of a comprehensive set 
of physical phenomena that cannot be (accurately) simulated with individual modeling methods. For 
example, compared to conventional micromagnetic modeling, phase-field models that couple 
micromagnetics with elastostatics (i.e., ∇ ∙ 𝛔=0, where 𝛔 is mechanical stress)33,34 or elastodynamics 
(∇ ∙ 𝛔 = 𝜌𝐮̈ if omitting the elastic damping, where	𝜌 is the mass density and 𝐮 is the mechanical 
displacement)35–37 are particularly suited for simulating the equilibrium magnetization patterns and 
their evolution under external fields in magnetic materials exhibiting strong magnetoelastic coupling. 
It is noteworthy that any computational models that employ a continuum-scale order parameter and its 
gradient in the thermodynamic potential (energy density) function may be called a phase-field model38. 
In this regard, a micromagnetic-elastodynamic phase-field model is equivalent to other multiphysics 

 
Figure 1. Different types of magnetic order 
manipulation.  
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models that incorporate coupled micromagnetics and elastodynamics39,40. If incorporating a Landau-
type energy term of the magnitude of the magnetization M into the thermodynamic potential, phase-
field modeling can be used to model the magnetization pattern evolution during the magnetic or 
magneto-structural phase transition in ferromagnetic shape memory alloys41–43. If incorporating the 
coupling to electrical polarization via intrinsic magnetoelectric effect or strain, phase-field modeling 
would allow modeling the electric-field control of magnetic domains and their coupled evolution to 
polarization and strain domains in multiferroic compounds (e.g., BiFeO344 and YMnO345) and 
composite multiferroic heterostructures and nanostructures46–48. More recently, dynamical phase-field 
models that incorporate fully coupled dynamics of magnetization, strain, and EM waves have been 
developed35–37,49, which enables the simulation of a wide variety of magnetic phenomena driven by 
external stimuli that are faster than the eigenmode oscillation. This article is focused on the application 
of phase-field simulations to design two types of new-concept magnetomechanical devices, which 
operate based on (quasi)static or dynamical magnetoelastic coupling, respectively. An outlook on the 
opportunities and challenges of using phase-field method to design magnetomechanical devices based 
on other types of magnetic materials and systems is also provided. 

Magnetoelastic coupling in the (quasi)static regime 

Magnetoelastic coupling constants Bi (i=1,2,…), with a unit of J/m3, are the coefficients in the first-
order derivative of the magnetocrystalline anisotropy energy density with respect to strain50–52. These 
constants thus represent the efficiency of converting elastic energy to magnetic energy in the 
(quasi)static limit. First-principles density functional theory calculations can be used to predict the 
magnetocrystalline anisotropy as a function of strain, through which Bi can be evaluated53,54. The 
magnetoelastic energy density of a ferromagnet with a cubic paramagnetic phase at above the Curie 
temperature can be written as50–52, 

𝑓!"# = 𝐵$+𝜀%%𝑚%
& + 𝜀''𝑚'

& + 𝜀((𝑚'
&/ + 2𝐵&+𝑚%𝑚'𝜀%' +𝑚'𝑚(𝜀'( +𝑚%𝑚(𝜀%(/ + ⋯(1) 

Here the B1=-1.5l100(c11-c12) and B2=-3l111c44; l100 and l111 are saturation magnetostriction constants 
along the <100> and <111> axes, respectively; mi =Mi/Ms (i=x,y,z) are the normalized magnetization 
along the Cartesian axes and Ms is the saturation magnetization; εij (i,j=x,y,z) are the total strain that 
need to be determined based on the mechanical boundary condition. Since 𝑓!"# is part of the total 
magnetic free energy3, applying strain to a magnetic material can shift the global energy minima and 
hence rotate the magnetic easy axis. Thermodynamic analyses predict that strain-mediated voltage-
driven magnetic easy axis rotation is up to 90°, and can be abrupt or continuous, electrically volatile 
or nonvolatile in strained single-domain magnetic thin films55,56. Strain-induced up to 90° 
magnetization switching in multi-domain magnetic thin films and nanostructures was later 
demonstrated by phase-field simulations34,47,57 and the nanoscale vector map of local magnetization 
obtained from x-ray magnetic circular dichroism—photoemission electron microscopy imaging58,59. 
The 𝑓!"# of an antiferromagnetic (AFM) material can be evaluated by extending Equation (1) to all 
the magnetic sublattices36,60–62. Experimentally, strain-induced reorientation of the Néel vector in AFM 
thin films63,64 and strain-modulation of AFM phase transition65 have been achieved. 

Magnon-phonon coupling (dynamical magnetoelastic coupling) 

The magnon-phonon coupling strength 𝑔!), with a unit of Hz, is defined as the half of frequency gap 
in the dispersion relation of magnon polaron, similarly to other two-level systems66. The magnon 
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polaron is the quantum of the so-called 
magnetoelastic wave67 and forms through the 
hybridization of magnon and acoustic phonon when 
their frequency (f) and wavenumber (k) are similar, as 
indicated in Figure 2(a). In a magnetoelastic wave, 
the energy of the wave is transferred back-and-forth 
between magnon and phonon subsystems with almost 
100% efficiency37,68. The 𝑔!) represents the rate of 
such dynamical energy transduction. Larger 
magnetoelastic coupling constants Bi will result in a 
larger 𝑔!) . When 𝑔!)  is larger than the energy 
dissipation rates (unit: Hz) of individual magnon 
modes (𝜅! ) and phonon modes (𝜅)), the magnon-
phonon coupling enters the strong coupling regime. 
To preserve the phase of dynamic excitation (i.e., 
coherence) during the energy transduction, as 
required in many quantum operations, the 
cooperativity 𝐶 = 𝑔!)& +𝜅!𝜅)/8  typically needs to be 
greater than one 66. Analytical solution of the magnon polaron dispersion relation and hence the 𝑔!) 
can be obtained by linearizing the coupled LLG and elastodynamic equations under zero magnetic and 
elastic damping37,69, as shown in Figure 2(b-c). 

The dynamical phase-field simulations suggest that the formation of magnon polarons simultaneously 
requires closely matched frequency and wavenumber between magnons and acoustic phonons, 
sufficiently long magnon-phonon interaction time, and sufficiently low magnetic and elastic 
damping37. Thus far, direct experimental observation of magnon polarons have been limited to a few 
magnetic systems68,70–74. Nevertheless, magnons and acoustic phonons are always coupled to some 
extent (a.k.a., dynamical magnetoelastic coupling60). This is because both the magnetoelastic coupling 
coefficient (which is related to the excitation of magnons by acoustic phonons) and the 
magnetostrictive coefficient (which is related to the generation of acoustic phonons by magnons), as a 
four-rank tensor, are non-zero in any magnetic materials. If a magnon polaron does not form (𝑔!)»0), 
the strength of the magnon-phonon coupling can be quantified by either the energy transfer efficiency 
between the elastic wave and the spin wave75 or the magnetoelastic Hamiltonian76,77.  

Design of voltage-driven MRAM based on strain-mediated magnetic switching  

Phase-field models incorporating coupled micromagnetics and elastostatics33,34 are suitable for 
simulating equilibrium magnetization distribution and magnetization dynamics under static or low-
frequency (i.e., substantially slower than magnetization dynamics) strains. This section presents 
examples of applying such micromagnetic-elastostatic phase-field models to design strain-mediated 
voltage-driven MRAM, the energy efficiency and the overall performance of which can potentially 
eclipse all the competing technologies6. Specifically, phase-field simulations can be used to identify 
material composition, device size and geometry that lead to the desirable device attributes such as high 
storage capacity, low energy dissipation, and high write speed 78. 

 

Figure 2. (a) Dispersion relation of the longitudinal 
acoustic (LA) phonon and exchange magnons in (001) 
Y3Fe5O12 (YIG) bulk crystal. (b-c) high-k and low-k 
magnon polaron dispersion relation. A bias magnetic 
field (𝐻!",	𝐻#",	𝐻$")= (0.2513 T, 0, 0.376 T) is applied. 
The wavevector k is along z. These dispersion relations 
are calculated analytically using the materials 
parameters of YIG and formulae provided in ref. 37. 
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As mentioned earlier, strain can rotate the 
magnetic easy axis by up to 90° via the 
(quasi)static magnetoelastic coupling. In a 
single-domain nanomagnet, this means that a 
magnetization vector initially aligning along +x 
has an equal probability of being switched to 
+y or -y. In an MRAM, such non-deterministic 
90° switching can still result in a substantial 
change in the electrical resistance of the giant 
magnetoresistive element or magnetic tunnel 
junction79. By applying voltage to an adjacent 
piezoelectric layer, strain-mediated voltage-
driven MRAM with ultralow write energy has 
been computationally designed78 (see Figure 
3(a)) and experimentally demonstrated80. 
Furthermore, as illustrated in Figure 3(b), one 
can first apply strain to trigger a >90° transient 
magnetization switching and then turn off the 
strain to let the magnetization relax to its 
neighboring energy minimum, thereby 
achieving a 180° perpendicular magnetization reversal81,82, with promising applications in low-power 
perpendicular MRAM. Such a scheme of dynamical strain control has later been extended to realize a 
strain-mediated 360° magnetic domain-wall motion in a ring-shaped nanomagnet83, with applications 
to ring-based low-power MRAM84 and energy-efficient nanoscale magnetic motors85. As shown in 
Figure 3(c), multiple electrodes are used to alternatively generate uniaxial piezostrains along different 
axes in the xy plane. The resulting 360° domain-wall motion can be seen from the spatial trajectory of 
the average in-plane magnetization <mx> and <my> of the nanoring and the local magnetization vector 
distribution. More recently, phase-field simulations have predicted that piezostrains can enable a 
nonvolatile and repeatable switching between an isolated magnetic skyrmion and a quasi-single 
magnetic domain (i.e., with tilted spins along the edges) in patterned nanodisks86,87, as shown in Figure 
3(d). Such a phenomenon, with applications to voltage-driven skyrmion-based MRAM, has later been 
observed experimentally in similar magnetoelectric heterostructures88,89. 

Design of dynamically tunable, narrowband THz emitter based on magnon-phonon coupling 

The frequency window of an optically induced acoustic pulse (acoustic phonons) typically covers from 
tens to hundreds of gigahertz90 but can reach up to several terahertz (THz)91. When injecting such 
photoinduced acoustic pulse into a magnetic material (see a recent review92), magnons of the same 
frequencies as the driving acoustic phonons can be excited via the magnetoelastic coupling. To 
simulate such coupled phonon-magnon dynamics, coupled LLG-elastodynamic model39,40 is needed. 
Moreover, high-frequency magnetization oscillation may produce strong EM wave whose magnetic-
field component would in turn modulate the magnetization dynamics. When the amplitude of the 
emitted EM wave is large, such backaction from EM radiation can be significant. Incorporating such 
backaction requires a coupled elastodynamic-LLG-Maxwell model. Furthermore, the emitted EM 
wave can induce large eddy currents (plasmons) in the metallic components of magnetic devices. In 

 

Figure 3. Design of voltage-driven MRAM based on strain-
mediated (a) 90° in-plane magnetization switching (Reproduced 
with permission from ref. 78). (b) 180° perpendicular 
magnetization switching (Adapted with permission from ref. 81. 
Copyright 2015 American Chemical Society); (c) 360° 
magnetic domain-wall (DW) motion (Adapted with permission 
from ref. 83. Copyright 2016 American Chemical Society); and 
(d) skyrmion switching (Adapted with permission from ref. 86). 
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this case, the dynamics of eddy current needs to be self-consistently integrated in the numerical solution 
of the coupled LLG-Maxwell equations93,94. This section presents the application of the recently 
developed dynamical phase-field model35–37,49, which incorporates coupled phonon-magnon-photon-
plasmon dynamics by solving the exact forms of the coupled elastodynamic, LLG, Maxwell, and eddy 
current dynamics equations, to design new-concept THz emitters35,36,95. These THz emitters have 
distinct performances but all operate based on the excitation of THz magnons by a femtosecond(fs)-
laser-induced acoustic pulse. Details of the proposed device structures are described in several patents 
(US11112355B2, US11199447B1, US11817242B2). These emitters provide the much-needed 
narrowband THz pulse whose peak frequency can be tuned by varying the applied bias magnetic field. 
These features, which complement the previously existing fs-laser-driven THz emitters that are 
broadband and difficult to tune dynamically, enable exciting potential applications in narrowband 
spectroscopy, high-spectral-resolution imaging, and high-data-rate wireless communication. 

These new-concept THz emitters are comprised of multilayer magnetic heterostructures in different 
forms yet all involve a magnetic film adjacent to a paramagnetic metal film that permits the spin-to-
charge current conversion via the inverse Spin Hall effect96. The emitter THz wave is largely generated 
by the THz a.c. charge current in the paramagnetic metal layer. The a.c. charge current is converted 
from the a.c. spin current97, which arises from the precession of magnetization at the 
magnet/paramagnetic-metal interface via spin pumping. The acoustically excited magnons in the 
magnetic layer, due to their symmetric spatial mode profiles, produce negligible EM wave emission 
themselves98. The dynamical phase-field simulation results have suggested that the eddy currents in 
the metal layer significantly reduce the overall THz emission35,36,95. Furthermore, the simulations also 
indicate the necessity of considering the spin-pumping-induced magnetic damping99. 

 
Figure 4. (a) Schematic of the THz emitter that involves the use of a thick ferromagnetic (FM) film. ezz(z,t) is the strain pulse 
generated by irradiating the aluminum (Al) layer with a fs laser pulse. Other metallic photoacoustic transducers can also be used. 
The plot in the bottom panel shows the representative spatial profiles of the elastic wave and spin wave at 10 ps after the strain 
pulse propagates into the FM film, for which a 900-nm-thick (001) Fe film is used as an example. (b) Dispersion relation of the 
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acoustically excited magnons in the (001) Fe film, obtained by dynamical phase-field simulations (colored background) and 
analytical calculation (dotted line). (c) Schematic of the THz emitter that involves the use of a thin antiferromagnetic (AFM) film. 
The vectors, sketched along z, do not indicate the actual direction of the spins in the magnetic sublattices. The spin current 𝐽$%&  
(i=x,y,z) is a second-rank tensor, where the first subscript ‘z’ indicates the direction of the current flow yet the second subscript ‘i’ 
indicates the direction of spin polarization. (d) Spatiotemporal evolution of the charge current density component 𝐽'! in the FeMn/Pt 
metallic bilayer. t=0 ps is the moment strain pulse propagates into the AFM FeMn film from its bottom surface (z=0). (a-b) Adapted 
with permission from ref. 35. Copyright 2021 American Chemical Society; (c-d) adapted with permission from ref. 36.  

Quasi-monochromatic THz emitter based on acoustic excitation of propagating THz magnons. Figure 
4(a) shows one presentation of such THz emitter. The photoacoustic transduction process can be 
simulated by combining the two-temperature model (for incorporating electron-phonon coupling), heat 
transport, and elastodynamics35. A thick FM film is used to allow the propagation of exchange-
coupling-dominated THz magnons along the z direction. Such THz exchange magnons travel twice as 
fast as the strain pulse, as illustrated in the bottom panel of Figure 4(a). The excitation mechanism is 
more clearly explained by the numerically calculated magnon frequency dispersion relation, which is 
obtained by Fourier transform of the Dm(z,t) in the magnetic layer. As shown in Figure 4(b), some of 
the acoustically excited magnons have a linear frequency (f) – wavenumber (k) relationship with a 
group velocity (¶f/¶k) the same as the longitudinal speed of sound vs. These magnons propagate along 
with the acoustic phonons. The simulated f–k relationship can be well described using f=vsk. Other 
acoustically excited magnons have a parabolic f–k dispersion relation, which agrees well with 
analytical prediction via f=f0+Dk2. Here f0 is the ferromagnetic resonance frequency and the coefficient 
D=(4pAexg)/(µ0Ms); Aex is exchange coupling coefficient; g is gyromagnetic ratio; µ0 is vacuum 
permeability; Ms is saturation magnetization. At the two crossing points, where f and k of the magnon 
modes match those of the acoustic phonons, both the spectral amplitude and the magnetization 
amplitude of those magnon modes are significantly enhanced due to the resonant magnon-phonon 
interaction, as shown by the two insets in Figure 4(b). However, there is no avoided crossing (formation 
of magnon polarons) in this case (c.f., Figure 2) due to the relatively large magnetic damping and/or 
the insufficient magnon-phonon interaction time. Furthermore, the spin current resulting from the 
magnons at the high-k crossing point (~1.04 THz) is much larger than those at the low-k crossing point 
(~4.73 GHz). Ultimately, the emitted THz wave becomes quasi-monochromatic with a dominant 
component at 1.04 THz. Furthermore, the frequency at the high-k crossing point (𝑓∗ ) can be 
analytically evaluated as 𝑓∗ = +𝑣+& + 𝑣+:𝑣+& − 4𝐷𝑓,/ (2𝐷)8 , where the f0 can be tuned by varying the 
bias magnetic field. Moreover, this equation indicates the 𝑓∗  has a lower bound of 𝑣+& (2𝐷)⁄  at 
𝑓,= 𝑣+& (4𝐷)⁄ 	and an upper bound of 𝑣+& 𝐷⁄  at 𝑓,»0. Thus, one can apply magnetic field to dynamically 
tune the frequency of the dominant magnon mode and the resulting THz emission by up to 50%, e.g., 
from about 1.04 THz to 0.52 THz.  

Multi-mode narrowband THz emitter based on acoustic excitation of standing THz magnons. When 
magnetic layer is relatively thin (e.g., a few to tens of nanometers) and interfaced with non-magnetic 
material, standing exchange magnons with harmonic angular wavenumbers k=np/d (n=0, 1,2,3…; d is 
the magnetic layer thickness) can be excited. Experimentally, optically induced spin transfer torque100 
or spin-orbit torque101 have been used to excite such harmonic magnon modes in FM thin films (Fe100 
and Ni81Fe19101) with frequency up to 0.6 THz. Recent theoretical and computational works have 
suggested that photoinduced acoustic pulse can also excite these harmonic standing exchange magnons 
in FM thin films102,103. This strategy has later been extended to AFM multilayer (see one representative 
design in Figure 4(c)). Using a g-Fe50Mn50 (FeMn) thin film-based multilayer as an example, magnetic-
field-free excitation of THz AFM standing exchange magnon modes by acoustic pulse was 
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demonstrated using dynamical phase-field simulations36. The simulation results show that the two 
magnetic sublattices of FeMn can constructively pump spin current into the Pt thin film, leading to a 
higher THz output power than that from FM multilayer. The a.c. charge current in the Pt is contributed 
by both the iSHE charge current and the eddy current yet the charge current in the FeMn is solely 
contributed by eddy current. The spatiotemporal evolution of the charge current density component 𝐽-% 
in the FeMn/Pt bilayer is shown in Figure 4(d). 

High-Q THz emitter and optoelectronic transducer 
based on hybrid magnon-phonon cavity. In the designs 
shown above (Figure 4(a) and 4(c)), the acoustic pulse 
stays in the magnetic layer for a relatively short period 
(about 2d/vs, which is 4 ps if assuming d=10 nm and 
vs=5000 m/s). Figure 5 shows a different device design 
based on a freestanding metal/magnetic-
insulator/dielectric multilayer where multiple standing 
acoustic phonon modes would form after the injection of 
a single-cycle photoinduced acoustic pulse95. Thus, the 
freestanding multilayer works as a cavity for both the 
magnons and acoustic phonons, thereby enabling a more 
efficient harvesting of the acoustic energy for magnon 
excitation. Moreover, if the frequencies (ideally, both 
frequency and wavenumber) of the standing acoustic 
phonon modes match the standing exchange magnon 
modes, magnon modes with large magnetization 
amplitude can be excited through extended, resonant 
magnon-phonon interaction104. Based on dynamical 
phase-field simulations for both a freestanding and a 
substrate-supported multilayer, it has been found that the 
freestanding multilayer enables (i) an over ten times 
larger magnetization amplitude for the excited magnons; 
and (ii) significant enhancement in both the amplitude and duration of the free-space THz emission. 
Overall, the freestanding multilayer allows converting a single-cycle fs laser pulse into a multi-cycle, 
ns-long THz pulse (and a ns-long THz charge current pulse confined in the metal film) with large 
amplitude and high quality factor (Q), promising exciting applications not only as the THz emitter but 
also a THz optoelectronic transducer. 

Outlook 

An overview of applying phase-field model to design strain-mediated voltage-driven MRAM and 
applying dynamical phase-field model to design THz magnonic devices was provided. There is still 
plenty of room for further development of phase-field models in concert with experimental efforts to 
understand and predict strain manipulation of magnetic order and guide the device design. For 
example, it would be intriguing to develop a phase-field model for simulating the mesoscale pattern 
formation and evolution during magneto-structural phase transition and strain-mediated control of 
magnetism in (1) freestanding magnetic membrane105–107 which could sustain extremely large strain 
well beyond the limit of bulk crystal and substrate-clamped thin films, and (2) atomically thin van der 

 

Figure 5. (a) Schematic of the freestanding 
multilayer on a substrate patterned with air cavity at 
its surface. (b) Illustration of the standing 
longitudinal acoustic phonons εzz with modes of n 
across the multilayer, and the standing exchange 
magnons Δm with modes of m in the magnetic 
insulator film. Varying the bias magnetic field Hbias 
enables dynamically tuning the frequencies of the 
m=0 magnon mode (ferromagnetic resonance) and 
thereby higher-order magnons. Taken from ref. 95. 
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Waals magnets which display exotic phenomena such as strong exchange magnetostriction (i.e., strain 
modulation of direct spin-spin exchange interaction108). These mechanically flexible magnets not only 
provide a new material platform for studying the fundamental interplay among magnetism, geometry, 
topology, but also offer new potential applications in nano/macro-scale magnetic soft robots, 
biomedical engineering, and interactive electronics, as discussed in recent perspective articles109,110 
and a book111. It would also be beneficial to further develop the dynamical phase-field model to guide 
the design of hybrid magnonic devices for quantum operation (notably those based on tripartite 
entanglement among phonons, magnons, and photons22,112,113) towards quantum computing and long-
distance quantum communication114,115. The computational time of phase-field simulations often 
increases significantly in modeling practical devices, due to the increased system size, the complexity 
of boundary conditions, and the nonlinearity of the governing equations. It would therefore be another 
interesting direction and may eventually become necessary to integrate machine learning methods for 
accelerating the phase-field simulations116–120. The ability to simulate practically sized 
materials/devices will further enhance the predictive power of phase-field modeling and facilitate the 
computation-enabled discovery of new mesoscale magnetic phenomena. 
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