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Abstract

Perception, in theoretical neuroscience, has been modeled as the encoding of
external stimuli into internal signals, which are then decoded. The Bayesian
mean is an important decoder, as it is optimal for purposes of both estimation and
discrimination. We present widely-applicable approximations to the bias and to
the variance of the Bayesian mean, obtained under the minimal and biologically-
relevant assumption that the encoding results from a series of independent, though
not necessarily identically-distributed, signals. Simulations substantiate the accu-
racy of our approximations in the small-noise regime. The bias of the Bayesian
mean comprises two components: one driven by the prior, and one driven by the
precision of the encoding. If the encoding is ‘efficient’, the two components have
opposite effects; their relative strengths are determined by the objective that the en-
coding optimizes. The experimental literature on perception reports both ‘Bayesian’
biases directed towards prior expectations, and opposite, ‘anti-Bayesian’ biases.
We show that different tasks are indeed predicted to yield such contradictory biases,
under a consistently-optimal encoding-decoding model. Moreover, we recover Wei
and Stocker’s “law of human perception” [1], a relation between the bias of the
Bayesian mean and the derivative of its variance, and show how the coefficient
of proportionality in this law depends on the task at hand. Our results provide a
parsimonious theory of optimal perception under constraints, in which encoding
and decoding are adapted both to the prior and to the task faced by the observer.

1 Introduction

Perception has been described in neuroscience as resulting from a two-stage, ‘encoding-decoding’
process. In the encoding stage, an external stimulus elicits in the brain an internal representation (in
the form of a neural activity) whose statistics depend on the physical properties of the stimulus. In the
decoding stage, the brain makes use of the internal representation to achieve a goal: for instance, to
estimate the magnitude of the stimulus, or to choose the best of two stimuli. It is generally understood
that the encoding capacity of the brain is limited, i.e., that there is some amount of imprecision in
the internal representation. The theory of ‘efficient coding’, however, proposes that the encoding is
optimized, under a constraint on the encoding capacity of the brain; and the theory of the ‘Bayesian
brain’ puts forward the notion that the brain optimally decodes the imprecise representation, through
Bayesian inference. Although these two theories emerged separately, recent models of perception
combine the two into a single, normative account of perception [2-9].

There does not seem to be a general consensus, however, as to what objectives the encoding and
decoding stages optimize [10]; in some models (though not all [8]), the two stages optimize different
objectives [6, 9]. Furthermore, in behavioral experiments involving one-dimensional, physical
magnitudes (such as some orientation or length), human perceptual decisions are often biased, and
they exhibit variability (‘noise’). Recent encoding-decoding models of perception account for these
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patterns, and make specific predictions regarding how, in perceptual tasks, the bias and the variance
of the estimates should relate to the distribution of stimuli (the prior). They predict, in addition, that
the bias should be proportional to the derivative of the variance. Although there is substantial support
for this relation in experimental data [1], the value of the constant of proportionality — including its
sign — remains unclear; it is thus uncertain, in a given task, whether the perceptual bias should be
in one direction, or the other. Experimentally, biases towards the stimuli that are more probable as
per the prior [11-14], and the opposite, i.e., biases towards the less probable stimuli (‘anti-Bayesian
percepts’) [6, 15—17], have both been exhibited. Brayanov and Smith [17] simultaneously find the
former in a task involving (implicit) weight estimation, and the latter in a task involving weight
discrimination.

The bias, in encoding-decoding models of perception, is in great part determined by the ‘decoder’,
i.e., the decoding mechanism. A widely used decoder is the Bayesian mean. The Bayesian mean
is the optimal decoder both in estimation tasks (with squared-error loss), and in a common type of
discrimination tasks (which we describe in more detail below). It is, in the general case, biased;
its bias depends on the prior, but also on the characteristics of the encoding. Here, we present an
analytical approximation to the bias of the Bayesian mean, obtained under very general assumptions
about the encoding. In short, the main assumption is that the encoding takes the form of a series of
independent signals. These signals need not be identically distributed. This corresponds, for instance,
to a population of sensory neurons that are each characterized by a different tuning curve. We do
not endeavor to model the individual properties of each neuron in a population: instead, we rely on
the statistical properties resulting from the accumulation of independent signals, as summarized by
their total Fisher information. This approach also provides an approximation to the variance of the
Bayesian mean. A mathematical result similar to that presented here has been derived in the statistics
literature [18], but to our knowledge its importance for perception models has not been noted.

Two terms drive the bias of the Bayesian mean: the variations of the prior across stimulus space,
and the variations of the Fisher information. When the encoding is ‘efficient’, these two terms have
opposite effects. The resulting size — and sign — of the bias will depend on the specifics of the
encoding, and on the objective it optimizes. We show, below, how the encoding objective function
determines the relation between the bias and the prior, the direction of the bias, and the relation of
proportionality between the bias and the derivative of the variance. Our results explain why opposite
biases are obtained in different experiments: when the encoding is optimized for an estimation task
(with squared-error loss), the bias is directed towards the more probable stimuli; while when the
encoding is optimized for discrimination tasks, the opposite is predicted. Finally, we run simulations,
and examine how the accuracy of our asymptotic approximations vary with the amount of imprecision
in the encoding.

2 Bias and variance of the Bayesian mean

We consider an observer presented with a stimulus characterized by a magnitude, x (for instance, its
length, its orientation, or its speed), which is randomly sampled from a prior distribution, 7(z). We
assume that the presentation of the stimulus elicits in the brain of the observer an internal represen-
tation, r, as a series of n random signals, 71, ..., r,, sampled independently from n distributions
conditioned on the stimulus, f;(r;|x). We assume in addition that moments of a sufficient order exist
for all 4, and that the rate of growth of these moments is limited in a way that allows us to use a
central limit theorem (see Supplementary Materials). This is the encoding stage. We emphasize that
we assume the signals to be independent, but not necessarily that they are identically distributed.
They can be understood as representing the activity of a neural population in which each neuron
has a different tuning curve, for instance centered on a ‘preferred’ stimulus. (The result we present
is however a mathematical one, and is thus not tied to a particular physical implementation.) The
internal representation, r, is characterized by its Fisher information, I(x), which is the sum of the
Fisher informations of each signal; it is thus of order n. Our calculations rely on the asymptotic
statistical properties resulting from the accumulation of these signals, when n is large. The Fisher
information plays here a central role, by providing a summary measure of the sensitivity of the
representation to the stimulus, effectively abstracting away the specifics of each random signal (such
as, for instance, the individual properties of each neuron in a population).

Turning to the decoding stage, we assume that our observer uses the Bayesian mean. We sketch,
here, the derivation of the approximations to the bias and to the variance of this decoder (a more



detailed derivation is presented in the Supplementary Materials). Given an internal representation, r,

the Bayesian mean is
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Fixing r, we denote by L(x) the log-likelihood of a stimulus z, i.e., L(z) = Y"1, In f;(r;|x). The
log-likelihood is thus of order n. We rewrite Eq. (1) using the log-likelihood, as
#(r) = Jan(@)e”™ di f”(?)eL{j) dz.
[ m(z)el® dz

2(r) = Ez|r =

(1

2

This equation is the ratio of two integrals of the type [ g(:i’)eL(j) dz. With large n, the integrands

are dominated by their values at the point where L(z) reaches its maximum, i.e., at the maximum-
likelihood estimator (MLE). Through Laplace approximations of these integrals, we obtain an
approximate expression of the Bayesian mean, equal to the MLE corrected by a term of order 1/n
that depends on the prior, on the likelihood, and on their derivatives. The MLE has been widely studied
in statistics: approximations to its bias and to its variance, as functions of the Fisher information,
I(x), are well known [19-21]. This allows us to obtain an approximation of order 1/n to the bias of
the Bayesian mean, as
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where x is the true value of the stimulus, and 7’ and I’ are the derivatives of the prior and of the Fisher
information. We emphasize that this is a very general result about the Bayesian mean, obtained under
one main assumption, that a series of independent signals, not necessarily identically distributed,
encodes the stimulus.

Equation (3) shows, first, that the bias of the Bayesian mean is scaled by the inverse of the Fisher
information, 1/1(x). In other words, the more precise the internal representation about the stimulus,
the smaller the bias. Second, the bias depends on the difference between the relative variation of the
prior (around ), ’(x)/m(x), and the relative variation of the Fisher information, I'(z)/I(x). The
former induces a ‘prior effect’, by which the Bayesian mean tends to be biased towards more probable
stimuli. The latter induces an ‘encoding effect’, by which the bias tends to be in the direction of
decreasing precision of the encoding. The resulting direction of the bias is the sum of these two
effects. If more probable stimuli are encoded with a higher precision (i.e., if 7’ and I’ have the same
sign), which is what efficient-coding models suggest (see below), then these two effects are opposite.
If in addition the encoding effect is stronger than the prior effect, then the Bayesian mean is biased
towards stimuli of decreasing probability, a bias direction that has been qualified as ‘anti-Bayesian’
[6, 17], although here it is obtained with a Bayesian-mean decoder.

Finally, it is well known that the variance of the MLE converges to the inverse of the Fisher
information, 1/I(x). It is thus the leading term of the variance of the Bayesian mean, and we
find that the additional terms, in the approximation to this variance, are of orders higher than 1/n.
Hence the inverse of the Fisher information is our approximation of order 1/n to the variance of the

Bayesian mean, i.e.,
1
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The Bayesian-mean decoder is thus less variable for stimuli that are encoded with higher precision.
Equations (3) and (4) underline how the bias and the variance of the Bayesian mean depend on the
precision of the encoding, as measured by the Fisher information. Different choices of encoding thus
result in different behaviors of the bias and of the variance. We now turn to the question of how the
choice of encoding can be efficiently adapted to the specific task faced by the observer.

3 Efficient coding

Perception allows obtaining some information about the environment, which can then be used to make
decisions. In many situations, an increased precision about the relevant variable (here, the stimulus x)
results in better decisions, and higher rewards. In our setting, the Fisher information of the encoding
stage is a measure of this precision. With an unbounded Fisher information (I(z) — o0), i.e., with



infinite encoding precision, the variable is known exactly: both the bias and the variance vanish (Egs.
(3) and (4)). It is however unlikely that the brain can reach infinite precision in the encoding stage, as
both the number of neurons and their firing rates are bounded quantities. Efficient-coding models,
accordingly, assume that there is a limit to the brain’s encoding capacity. Within this limit, however,
the encoding is assumed to be chosen so as to optimize some objective. Below, we derive the optimal
encoding for each of several objective functions, and we examine the resulting bias and variance of
the Bayesian-mean decoder.

3.1 Encoding objectives for different tasks

As the Bayesian-mean decoder is the one that minimizes the expected squared error, we start by
examining the implications for the encoding stage of this objective function (which corresponds
to an estimation task). Given a stimulus, x, the expected squared error, averaged over the internal
representations, , is approximately the inverse of the Fisher information, 1/I(x) (see Supplementary
Materials). Given a prior distribution of stimuli, (), the expected square error, averaged over the

stimuli, z, is thus approximately
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An encoding efficiently adapted to this estimation task is thus one in which the Fisher information
minimizes this objective function, under a constraint.

Before further specifying this optimization problem, we examine other objectives, that are implied
by other tasks. An interesting task is one in which the observer is asked to choose between two
presented stimuli, o and x;, and then receives a reward equal to (or proportional to) her choice,
i.e., the observer “gets what she chooses” [22], which is generally the outcome in many choice
situations (we call this a “discrimination task with proportional rewards”: it is different from a
“discrimination task with constant rewards”, in which the observer obtains a constant reward if the
chosen stimulus is the correct one, and zero otherwise [23]; we consider the latter case further below).
With this task, assuming that the two stimuli elicit in the brain of the observer two independent
internal representations, 7o and 71, the optimal decoding strategy is to estimate and compare the
expected rewards implied by either choice, i.e., to compute the expected values of the two stimuli,
Z(ro) and Z(r1). The Bayesian mean, thus, is also the optimal decoder for this task. This calls for
the examination of the optimal encoding in this case. Given two stimuli, z( and =, the observer is
guaranteed to obtain at least the smaller of the two, thus her loss if she chooses the wrong one is the
absolute difference between the two, |21 — x|. Hence she aims at minimizing the expected loss

// P(error|zg, x1)|x1 — xo|m(x0)m(21) dag day, (6)

where P(error|xg,x1) is the probability of choosing the wrong stimulus (the smaller one); this
probability depends on the Fisher information that characterizes the observer’s encoding stage, I(x).
We find (see Supplementary Materials) that with large n the expected loss is approximated by the

quantity
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In both this discrimination task and the estimation task above, a larger Fisher information results
in a smaller loss, and thus better decisions. However, the objective of this discrimination task (Eq.
(7)) and that of the estimation task (Eq. (5)) are not the same. This yields qualitative differences in
perception, which we examine further below.

The two encoding objectives presented so far are such that the decoding used by our observer
(the Bayesian mean) optimizes these objectives, resulting in an encoding-decoding mechanism
consistently optimized for these objectives. Another encoding objective studied in the literature is
the maximization of the mutual information between the stimulus and the internal representation,
M1 (x,r). This objective has been seen as a ‘general-purpose’ encoding objective, that is useful for
many different tasks, although not optimal for most [6, 10]. As shown by Clarke and Barron [24],
when the internal representation is a series of n signals (as we have assumed), the mutual information
can be approximated using the Fisher information, as

MI(z,r) = %ln% —|—/7r(:c) InI(x)dz + o(1). (8)

4



The first term of this equation does not depend on the Fisher information. As for the second term, we
follow Ref. [9] in noting that In I(2) = lima—,0 (1 — I(x)~*), and thus maximizing the mutual
information is equivalent to minimizing the objective function
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The similarities between Eq. (5), (7), and (9) call for considering the general objective function

m(z)
/ 2] dz, (10)

where a € {1,2} and p > 0. This general objective function includes the three objectives mentioned
above. In addition, with ¢ = 1, minimizing the objective in Eq. (10) is approximately equivalent to
minimizing the L,, reconstruction error, as shown by Morais and Pillow [9]. Witha =1 and p = 1,
it corresponds to minimizing the average discrimination threshold (i.e., the distance needed to be able
to distinguish two stimuli that are close). Finally, with a = 2 and p = 1, Eq. (10) is the expected loss
in a discrimination task with constant rewards (see Supplementary Materials).

3.2 Optimal encodings under a constraint

The general objective function just presented (Eq. (10)) captures a large gamut of different objectives.
In all cases, a larger Fisher information results in improved decisions. We assume, however, that a
constraint prevents the observer’s brain from choosing an unbounded Fisher information, i.e., that its
encoding capacity is limited. Specifically, we call ‘efficient’ an encoding that solves the problem
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where a € {1,2}, p > 0, and K > 0. The constraint on the encoding capacity, in Eq. (11), is the
same as in Ref. [6], but we minimize a more general objective function. The solution to this optimum
problem is

2
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Thus in all the tasks mentioned above, the optimal Fisher information is proportional to a power of

the prior (I(z) o 77 (x)), i.e., efficient coding allocates greater precision to the more frequent stimuli,
although the exact allocation depends on the specifics of the objective function [22, 23, 25-27].

4 Behavior of the Bayesian mean with different efficient codings

The Equation (12) just presented implies that the relative variation of the Fisher information is
proportional to the relative variation of the prior, as

I'(x ' (x
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In other words, the ‘encoding effect’, as we have called it above, is predicted to be proportional to the
‘prior effect’, and the former is larger than the latter if v > 1. As mentioned, the relative strength of
these two effects determines the direction of the bias. Substituting Eq. (13) in our approximation of
the bias (Eq. (3)) results in

m(@) 1 (14)

b(z) =(1- ,
()= -5
which makes predicting the sign of the bias straightforward: if v < 1, the bias is directed toward
stimuli of increasing probability, while if v > 1, it is directed toward stimuli of decreasing probability
(and if v = 1, there is no bias).

Before relating these predictions to the corresponding objective functions, we look at the variance
of the Bayesian mean and how it relates to its bias, when the encoding is of the form prescribed by
Eq. (12). The variance of the Bayesian mean is approximately equal to the inverse of the Fisher



information (Eq. (4)), which is proportional to a power of the prior (Eq. (12)), thus the variance of
the Bayesian mean is inversely proportional to the same power of the prior, i.e.,

v(z) o !
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An efficient coding of the stimuli thus results in a greater variability of the Bayesian mean for the
stimuli that are less frequent. Furthermore, the bias can be expressed as a linear function of the
derivative of the inverse of the Fisher information (e.g., substitute in Eq. (14) the relative variation
of the prior implied by Eq. (13)), i.e., as a linear function of the derivative of the variance, v'(z).
Specifically,

5)

b(x) = v'(x). (16)

The bias of the Bayesian mean is thus predicted to be proportional to the derivative of its variance.
We note that the relation between these two quantities does not depend on the prior, 7(z), hence it
is predicted even for an observer who holds incorrect beliefs about the distribution of the stimuli
(perhaps because of incomplete learning).

Our results show that the direction of the bias, and the value and sign of the constant of proportionality
in Eq. (16), depend on the objective function that the encoding stage optimizes, and thus on the task
that the observer is facing. For an estimation task with squared-error loss (7 = 2/3), the bias is in
the direction of the more probable stimuli. Conversely, for a discrimination task with proportional
rewards (y = 4/3), the bias is in the direction of the less probable stimuli. Our observer’s decoder,
the Bayesian mean, is optimal for the two tasks just mentioned, and thus for these two tasks and the
corresponding optimal choices of encoding, the entire encoding-decoding process is consistently
optimal; yet the resulting directions of the biases in these two tasks are opposite. This underlines
the impact of the choice of encoding on the observer’s perceptions. As for the other objectives, we
find that minimizing the expected discrimination threshold (y = 1) results in the absence of any bias
(b(z) = 0), and minimizing the expected loss in a discrimination task with constant rewards yields
the same encoding as maximizing the mutual information (y = 2), which results in a bias toward the
less probable stimuli. Table 1 summarizes these results.

Table 1: The direction of the bias of the Bayesian mean depends on the objective that the
encoding stage optimizes. For each of the encoding objectives (rows), values of the corresponding
constants (a, p, and ), power of the prior which the optimal Fisher information is proportional to
(I(z) ), sign of the bias of the Bayesian mean in comparison to that of the derivative of the prior
(bn"), and relation between the bias, b(x), and the derivative of the variance, v'(x). If bn’ < 0, the
bias is ‘anti-Bayesian’, i.e., in the direction of less probable stimuli. ‘*’ indicates the objectives for
which the Bayesian mean is optimal.

Encoding objective a p v I(x)x br’ Biasvs. variance
Squared error* 1 2 23 73x) >0 bx)=-3v(2)
Discrimin. threshold 1 1 1 m(x) = b(x) =0
Discrimin. task with proportional rewards* 2 2 4/3 7/3(z) <0 b(z)= 1v'(z)
Discrimin. task with constant rewards 2 1 2 m(z) <0 blz)=3v(2)
Mutual Information M I (x, r) 1 0 2 (x) <0 blx)=3v(2)

5 Simulations

To assess the quality of the approximations presented above, we run simulations of an encoding-
decoding process, and compare the approximated and true values of the bias and variance of the
Bayesian-mean decoder, with different efficient encodings, and under different amounts of imprecision
in the encoding. We study a case in which a normally-distributed stimulus is encoded through a
normally-distributed representation. Specifically, the prior is a Gaussian distribution with mean m
and standard deviation o, i.e., x ~ N(m, 02). Given a stimulus, z, the distribution of the encoding
internal representation, 7, is Gaussian, centered on a transformation of the stimulus, p(x), and with
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Figure 1: Bias and variance of the Bayesian mean, and approximations thereof, under different
encodings. First row: Bias, b*(z) (solid lines), and approximation to the bias, b(x) (dashed lines), as
a function of the stimulus magnitude, x, with different amounts of encoding noise, v, and with the
encoding adapted to four different objectives, each characterized by its constant y: 2/3, 1, 4/3, and 2
(columns). The second panel also shows the prior, a standard normal distribution (m = 0,0 = 1).

Second row: Standard deviation, v* (z)2 (solid lines), and its approximation, v(z) (dashed lines).

standard deviation v (the ‘encoding noise’), i.e., 7|z ~ N (u(x),v?). The ‘transducer’ function
x — p(x) is an increasing function that maps the stimulus space to the interval [0, 1]. The Fisher
information of this encoding scheme is I(x) = (u/(x)/v)?, i.e., the local steepness of the transducer,
together with the encoding noise, determine the precision of the encoding. It follows that any
encoding rule of this kind necessarily satisfies the constraint in Eq. (11), where the capacity limit is
given by K = 1/v2. Efficient coding, with a given objective (i.e., with a given ), determines the
Fisher information, and thus the transducer (). Under any objective considered here, the optimal
encoding and decoding can be written in terms of the centered, scaled stimulus, (x — m)/o. Hence
without loss of generality we study the case of a standard normal prior distribution, i.e., m = 0 and
o = 1. Finally, note that we have posited a scalar representation, r, and not a multi-dimensional
vector, because in the case of independent Gaussian signals, a weighted sum of the signals (which
will itself be a Gaussian random variable) is a sufficient statistic for the likelihood.

We run simulations in which the encoding noise, v/, spans a range of values: v = 0.005, 0.01, 0.02,
0.05, and 0.1 (these different magnitudes of the encoding noise can be compared to the standard
deviation of the prior, o = 1). We simulate the encoding process for values of v that correspond to
the objective functions mentioned above (y € {2/3,1,4/3,2}), including the expected square error
(v = 2/3, Eq. (5)) and the expected loss in a discrimination task with proportional rewards (y = 4/3,
Eq. (7)), for which the Bayesian mean is the optimal decoder. In all these cases (characterized by
the encoding noise v and the constant «), we numerically compute the true bias of the Bayesian
mean and its variance, which we denote by b*(x) and v*(x), and compare them to their analytical
approximations, b(z) and v(z).

When the encoding minimizes the expected squared error (v = 2/3), and when it minimizes the
expected discrimination threshold (y = 1), the true bias is in the direction of the mean of the prior,
i.e., for positive values of the stimulus, the bias is negative (Fig. 1, first two columns, first row, solid
lines). When the encoding minimizes the expected loss in discrimination tasks and when it maximizes
the mutual information (v = 4/3 or 2), the stimuli close to the prior mean are perceived with a bias
away from the mean, and thus toward less probable stimuli. In other words, with these encodings the
encoding effect is stronger than the prior effect, and yields ‘anti-Bayesian percepts’. Further from the
prior mean, however, the direction of the bias reverses, and points toward the mean (i.e., toward the
more probable stimuli; Fig. 1, last two columns, first row, solid lines). Hence when the bias is ‘anti-
Bayesian’ for stimuli close to the mean, it reverses for stimuli farther from the mean. We note that it is



not possible to have a globally ‘anti-Bayesian’ bias: this is not only a feature of the specific examples
shown here; it is a general implication of posterior-mean estimation (see Supplementary Materials).

The approximation to the bias is accurate when the stimulus is close to the mean; its quality for a
given stimulus depends on the amount of encoding noise, v. With v = 2/3 (squared-error objective),
and under small encoding noise (v < 0.01), the error in the approximation is below 10~ for any
stimulus within two standard deviations (£2 s.d.) of the prior mean (see Supplementary Materials).
With v = 1 (discrimination-threshold objective), the approximation to the bias is zero, while the
true bias is different from zero, but small; under small encoding noise (v < 0.01) the error is
below 1073 for stimuli within +2 s.d. of the mean. With v = 4/3 and 2 (discrimination-tasks and
mutual-information objectives), close to the prior mean the approximation to the bias is correctly
directed away from the mean. Further from the mean, the approximation does not reverse (as does the
true bias), resulting in large errors. However, within 42 s.d. of the prior and under small encoding
noise (v < 0.01), the error remains below 103, for ~ = 4/3; and for v = 2, the error is below 102
for most stimuli within +2 s.d. (see Supplementary Materials). As for the standard deviation of the
Bayesian-mean decoder, similarly, the approximation is more accurate for stimuli close to the prior
mean, and errors increase with the encoding noise (Fig. 1, second row).

We also look at the true bias of the Bayesian mean, b*(z), as a function of the derivative of its

variance, %v* (z), in order to examine the accuracy of the relation of proportionality between these

quantities that we have derived from their approximations, when the encoding is optimized (Eq. (16)).
For stimuli near the prior mean, e.g., within one standard deviation (%1 s.d.), and under encoding
noise v below 0.05, the true bias and derivative of the variance are fairly close to the line prescribed
by the relation of proportionality. The slope of this line depends on the constant -, i.e., on the task
for which the encoding is optimized (see Table 1). For stimuli further from the mean, these two
quantities diverge from the linear relation (Fig. 2), but the prediction that they should have the same
sign holds over a range of stimuli. For instance, with v = 2 and v = 0.02, the signs are the same for
most values of the stimulus within £2 s.d. of the prior mean. This weaker prediction implies that we
should have an ‘anti-Bayesian’ bias (when y > 1) over the range of stimuli in which the variance
increases with the distance from the prior mean.
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Figure 2: Linear relation between the bias and the derivative of the variance, close to the prior
mean. Bias, b* (), as a function of the derivative of the variance, d%v* (x), for positive values of the
stimuli (z > 0), with different amounts of encoding noise, v (colored lines), and with the encoding
adapted to different objectives. Equation (16) predicts a linear relation between the two quantities
(dashed line). With v < 1, the slope is negative; with v > 1, the slope is positive. For z = 0, both
quantities are zero. The dots and the stars indicate the points at which the stimulus is one and two
standards deviations away from the prior mean (x = 1o and 20). These curves are symmetric about
the origin; values for < 0 are not shown here.

6 Discussion

We have presented analytical approximations to the bias and to the variance of the Bayesian-mean
decoder, under the assumption that the stimulus is encoded through a series of independent signals,
though not necessarily identically distributed. The approximated bias is the sum of two components:
one driven by the variations of the prior, which directs the bias towards more probable stimuli, and



one driven by the variations of the encoding Fisher information, which directs the bias towards less
precisely encoded stimuli (Eq. (3)). When the encoding is efficiently adapted to a given task (such as
an estimation task or a discrimination task), these approximations predict a linear relation between
the bias and the derivative of the variance (Eq. (16)). The overall direction of the bias depends on the
task for which the encoding is optimized (Eq. (14), Table 1). The approximations and the predicted
relation are most accurate in the small-noise regime (Fig. 1 and 2).

The approximation to the bias (Eq. (3)) makes explicit the respective roles of the prior and of the
encoding in the bias of the Bayesian mean. Traditionally, Bayesian models have been associated
to biases directed towards the more probable stimuli [11-14]: in Eq. (3), the term involving the
variations of the prior captures this ‘prior effect’. The term involving the variations of the Fisher
information results in the opposite effect, if more probable stimuli are encoded with higher precision
(as in efficient-coding models, e.g., Eq. (12)). If this ‘encoding effect’ is stronger than the ‘prior
effect’, the resulting bias is ‘anti-Bayesian’, i.e., directed towards the less probable stimuli. Such
biases have been reported in the literature [6, 15—-17]. Although Wei and Stocker [6] show that
efficient coding can indeed account for them, ‘anti-Bayesian’ biases seem at odds with the ‘Bayesian’
biases just mentioned. An interesting example is provided by Brayanov and Smith [17], who find
that when subjects compare the weights of two objects (a discrimination task), their perceptions
are ‘anti-Bayesian’. But in a task involving the estimation of weights, the behavior of subjects is
consistent with a ‘Bayesian’ bias, towards prior expectations. Our theoretical results readily explain
these seemingly contradictory findings: different tasks imply different efficient codings, which imply
different strengths of the ‘encoding effect’, and thus different biases. Specifically, as shown in Table 1,
an estimation task with squared-error loss results in a bias towards more probable stimuli, while the
two discrimination tasks we consider yield biases towards less probable stimuli. Our predictions are
thus consistent with the empirical results of Brayanov and Smith.

We obtain, moreover, a relation of proportionality between the bias and the derivative of the variance
of the Bayesian mean, when the encoding is efficient (Eq. (16)). This prediction is consistent with
that of Wei and Stocker [1], who also predict a relation of proportionality, although only when the
objective is to maximize the mutual information, which is not the objective in many tasks (moreover,
actual encodings do not seem to be always consistent with this objective, even in early sensory areas
[27]). Wei and Stocker call the relation a “law of human perception”, and find strong empirical
support for it; but the proportionality constant is left unspecified. In our derivation, the encoding
optimizes a general objective function (Eq. (10)), which includes the mutual information as a special
case, but also includes objectives related to common tasks, such as estimation and discrimination
tasks. We predict in addition how the value and sign of the constant of proportionality should depend
on the objective that the encoding optimizes. Morais and Pillow [9] present related results: they also
consider a generalized objective function, although it does not include discrimination tasks. They
derive a similar relation of proportionality in the case of the maximum a posteriori (MAP) decoder,
and conjecture a relation in the case of the Bayesian mean. They consider a generalized constraint on
the encoding capacity, which we have not included here for the sake of concision, and because the
constraint we consider (see Eq. (11)) can be understood as resulting from a bound on the firing rates
of neurons [7], and it is invariant under reparameterization. In any event, it is straightforward to adapt
our derivations to the generalized constraint considered by Morais and Pillow.

In these studies, furthermore, both the encoding and decoding stages are optimized to some objectives,
but different ones, e.g., the encoding maximizes the mutual information while the decoding minimizes
the squared error. Although the mutual information might be a reasonably good ‘general-purpose’
objective, the empirical results of Brayanov and Smith suggest that the brain is able to optimize
different objectives. For estimation tasks with squared-error loss, and for discrimination tasks with
proportional rewards, the encoding-decoding scheme we investigate is consistently optimal, i.e., both
the encoding and the encoding are optimal for these tasks. Our results suggest a parsimonious theory
of perception, which entirely rests on assumptions of optimality and on two structural assumptions:
first, that the encoding results from an accumulation of independent signals, and second, that a
constraint of the form assumed in Eq. (11) puts a bound the encoding capacity.

We do not see any obvious, potentially negative societal impacts of our research. Indirectly, a
better understanding of human perception could be used for deceptive purposes; we deem such an
application to be very speculative at this stage.
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B Supplementary Materials

B.1 Asymptotic approximations

To derive the bias of the Bayesian mean, we first derive the bias of the maximum-likelihood estimator
(MLE), after which we express the Bayesian mean as a function of the MLE.

B.1.1 Bias of the maximum-likelihood estimator

Here we present the main steps of a derivation of the bias of the MLE. Our derivation is directly
inspired by Cox and Snell (1968) (Ref. [21]). Let x be the stimulus. As in the main text,
r = (r1,...,r) is a vector of n samples drawn independently from n distributions, f;(r;|z).
We use the following notations:

Li(z) = In fi(ri|z), a7
and L(z) = Y Li(x). (18)
=1
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We start with well-known results. First, we necessarily have EL;(x) = 0 at any point z. Second, the

Fisher information of the variable r; is:

Ii(z) = Var Lj(z) = E[L}(2)*] = —=EL/ (), (19)
and the Fisher information of the vector r is
I(z) = VarL'(z) = Y _Ii(z) = E[L'(x)*] = ~EL" (). (20)
i=1
We assume that the sequences of random variables (L) (x),..., L} (x)) and (LY (z),...,L!(x))

satisfy the conditions of the Lyapunov central limit theorem'. The central limit theorem provides
convergence results for the sums L' (z) = Y L(x) and L"(z) = > L/ (z), as n goes to infinity:

L@ 4, nio,1),
I(x)
and Y /
W 4 N(0,1).
Thus
L'(z) = O(v/n)
and

L' (z) = —I(x) + O(v/n).
Note that I(z) and L(x) and its derivatives are of order n.
Let z* be the maximum-likelihood estimator. We have L'(z*) = 0, and thus approximately

L'(z) + (2" —x)L"(z) = 0.

This results in

R A CO R Y C) +O<1)'

- —L"(x) I(x) n
Thus 1
E(z* —x) = O(E),
and

We now expand L’ (z*) to a higher order:
1
L'(z) + (z* —x)L" (x) + 5(1‘* —2)?L" (z) = 0,

where L is the third derivative of L. Taking the expected value, we obtain

2L

(22)

(23)

(24)

(25)

(26)

27

(28)

(29)

E(z* —2)EL"(z)+Cov (x* —z, L"(x)) + %E(az* —z)*EL" (z)+ %Cov ((x* —x)?, L’"(m)) =0.

(30)

We examine the orders of magnitude, in terms of powers of n, of the elements in this equation. We

find (dropping temporarily the dependence on = of L and I)

1 1
C ( ' ,L”) — “EL'L" 0(—), 31
ov(z* —x 7 + T (31)
1
Cov((x* — )2, L’”) = O(f), (32)
n
1 1
dE(z" — 2)*BL" = ZEL" +O0(—=). 33
and E(z* — ) 7 + NG (33)
! Lyapunov central limit theorem: let (X1, ..., X,) be a sequence of independent random variables with

finite expectation and variance, and let X = . X; and 52 = >, Var X;. If there exists 6 > 0 such that
limn— oo =55 3, E[|Xi — EX;|?*°] = 0, then (X —EX)/s,, converges in distribution to the standard normal

distribution, N (0,1).
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Substituting these relations in Eq. (30) we have

1 1 1
~IE(z" — o)+ SEL'L" + —EL" + 0(—=) =0 34
(@ =)+ 7 topEl" +0( ) =0, (34)
and thus
* o 1 1y 1 " 1
E(x —x)—IQ<IELL +3EL +O(W)‘ (35)
We note that EL"" = . EL!’, and, as the samples are independently drawn, EL'L" = 5. EL, L.
Moreover, just as with the relation E[L’(z)?] = —EL/(z), there are relations between the means of
higher powers and higher derivatives of L;. In particular, one can show that
1
E[Lj(2) L7 (2)] = 5[1i(z) = Ji(x)], (36)
where I/(z) is the derivative of I;(x) and J;(z) = E[L}(x)3]. Another relation is
1 3
E[L(z)] = 5Ji() = 51i(2). (37)

Substituting these relations in Eq. (35) results in the following expression for the bias of the
maximum-likelihood estimator:

E(z* —z) = —WJFO(TL;&), (38)
where J(z) = >, Ji(z) = E[L'(z)?].

B.1.2 Bias of the Bayesian mean

As shown in Eq. (2), the Bayesian mean is the ratio of two integrals of the type [ g(2)e @ dz,
which is amenable to a Laplace approximation. Let £ = & — z*. Taylor expansions of L(Z) and g(Z)
at z* yield the approximations

L(%) = L(z*) + %L”(m*)s2 + %L’”(x*)s?’ + iL(‘l) (z*)e* + O(ned), (39)
and thus
L@ — oL@ 3L (@) (1 + %L’"(aﬂ*)s3 + iLM‘) (x*)et + O(nes)), (40)
and
9() = 9(") + g (7)e + 5" + 20" (@) + gD +OE), @
where L4 if the fourth derivative of L, and ¢/, ¢”, ¢’ and ¢(*) are the first to fourth derivatives of

g. The product of the right-hand sides of the last two equations is a polynomial of € multiplied by a
Gaussian function of . Taking the integral of this product, we find

5 1(p* 1o(x* L(4) )+ ¢ ()L (z* 1 eL(w*) ors
/g(:z)eW)d:z: g(a*)+—2 G +4g( )L @) 9(2 ML )+ (=) SN
—2L"(z*) 2(L"(z*)) n L ()]

(42)

We use this approximation in the expression of the Bayesian mean (Eq. (2)), with g(x) = zx(z) for

the numerator, and g(x) = m(x) for the denominator. We obtain an expression of the Bayesian mean
as a function of the MLE, as

1 7_(_/(%*) 1 L/I/(x*) 5
T =a* = o(1 . 43
T=z + —L"(z*) 7(z%) + 2 (L (z%))2 +0(1/n%) (43)
This equation is consistent with the result reported by Ref. [28]. We can further approximate the
right-hand side by taking the functions involved at the point x instead of at the MLE x*. We have
LH(LC*):LH(CC)-FO(\/E), (44)
1 1
—L”(JZ*) - L”(x)
(a') ()
= O(1 46
o) w) T OV, (46)
L/N(ﬂj*) L/// (x) 3
d — O(1/n3/? 47
Ty~ wwyp T “n

+0(1/n%/?), (45)
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thus
1 @) 1 L"(x)

— n3/?).
@ @) @@y O ()

=z +

In addition, using Eq. (24),

1 __ 1 3/2
L”(a?) - I(z) + O(l/n ), (49)
and L8 _ EL"(z) +0(1/n3?), (50)

(L"(x)*  I*(z)

thus

1 7'(z) 1EL"(x)
I(z) w(z) 2 I?(x)
We have thus written the Bayesian mean, 2, as the MLE, x*, corrected by a function of the true
stimulus, z. Substituting EL"'(z) (see Eq. (37)), we obtain

1 7'(x) 1 J(x) 7 § I'(x)
I(x) w(x) 41%(z) 41%(x)

T=a"+ +0(1/n*?). (51

=z +

+O(1/n??). (52)

Using the expression of the bias of the MLE, derived above (Eq. (38)), we obtain, in expectation,

1 #(x) I'(z)

M= M ww) PG

+0(1/n%?). (53)

The second and third term constitute our approximation to the bias of the Bayesian mean, b(x)
(Eq. (3)). Equation (53) is consistent with the result (3.10) of Ref. [18].

B.1.3 Variance and expected squared error of the Bayesian mean
Using Egs. (52) and (53), we derive an approximation to the squared deviation of & from its mean, as
(& —E2)? = (z* — 2)2 4+ 0(1/n*/?). (54)
(The orders of additional terms are powers of 1/n greater than or equal to 3/2.) From Eq. (28) it
follows that the variance of the Bayesian mean is
E(z — Ez)? = ﬁ +0(1/n%?). (55)
Finally, we consider the expected squared error of the Bayesian mean,
E(z — x)? = E(& — 2*)? + 2E(& — 2*)(z* — 2) + E(z* — x)?. (56)
The first two terms are of order 1/n2, and the third is given by Eq. (28). Thus
1

E(z —z)? = w +0(1/n%?). (57)

B.2 The bias of the Bayesian mean cannot be globally ‘anti-Bayesian’
B.3 Encoding objective functions

To approximate the expected loss in a discrimination task with proportional rewards (Eq. (6)), we
note that asymptotically, the MLE is normally distributed (see Eqgs. (21) and (26)), and that it provides
an approximation to the Bayesian mean (see Eq. (52)). We thus approximate the distribution of the
Bayesian-mean estimator Z; of the stimulus x; by a Gaussian distribution with mean x; and variance
1/I(x;). The difference between two estimates, &1 — &0, is then normally distributed around 1 — x¢,
with variance 1/1(xg) + 1/1(x1). With
Lo, 1
I(wo) * I(z1)

15



and denoting by ® the standard normal CDF, the probability of erroneously ordering the two stimuli
is ®(z) if z < 0, and ®(—=z) if z > 0, i.e., P(error|zg,x1) = ®(—|z|). Fixing x¢ (in Eq. (6)), the
expected loss averaged over x; is approximately

[ o Dlel (7 + gy e 9
= (o) —|z|)|z| dz
g R IEL (60
m(20)
> T(wo) (61)

The expected loss in a discrimination task with proportional rewards (Eq. (6)) is thus proportional to
this quantity averaged over the distribution of z, i.e., it to the quantity in Eq. (7).

As for the expected loss with constant rewards, it is proportional to

//P(err0r|:c0,x1)7r(a:0)7r(m1)dxo dx;. (62)

With the same approximations as those presented just above, it is straightforward to show that this
quantity is proportional to the approximate expected loss

/ () du, (63)
V()

ie., Eq. (10) witha =2 and p = 1.

Finally, the discrimination threshold is the difference §,, between two close stimuli xg and z; =
Zo + 0z, such that the probability of correctly distinguishing the two is above some given success
rate. We approximate the probability of error, as

—16,

P(error|zg, 21 = o + 0g,) = fI)< - 9| - > (64)

\/1(10) T Twot6.y)

I(l‘o)
~ o |6, : ) (65)
1 I(.To) ’

~ — — |4, P'(0).

Ll ") (66)

The discrimination threshold is thus proportional to 1/+/I(x¢), and its average over the distribution
of stimuli x( is proportional to:
(o)

V(o)

dxg, (67)
ie., Eq. (10) witha =1 and p = 1.

B.4 Errors in the approximations

Figure 3 shows in logarithmic scale the absolute error of the approximations to the bias and to the
variance of the Bayesian mean.
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Figure 3: Errors in the approximations of the bias and the variance of the Bayesian mean,
under different encodings. First row: Absolute difference between the bias and its approximation,
|b*(x) — b(z)], as a function of the stimulus magnitude, z, with different amounts of encoding noise,
v, and with the encoding adapted to four different objectives, each characterized by its constant
~: 2/3, 1, 4/3, and 2 (first to last column). Second row: Absolute difference between the standard

deviation and its approximation, |v* ()2 — v(z)Z|.

17



	Introduction
	Bias and variance of the Bayesian mean
	Efficient coding
	Encoding objectives for different tasks
	Optimal encodings under a constraint

	Behavior of the Bayesian mean with different efficient codings
	Simulations
	Discussion
	Appendix
	Supplementary Materials
	Asymptotic approximations
	Bias of the maximum-likelihood estimator
	Bias of the Bayesian mean
	Variance and expected squared error of the Bayesian mean

	The bias of the Bayesian mean cannot be globally `anti-Bayesian'
	Encoding objective functions
	Errors in the approximations


