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ABSTRACT

Graph transformers (GTs) have emerged as a promising architecture that is the-
oretically more expressive than message-passing graph neural networks (GNNS).
However, typical GT models have at least quadratic complexity and thus can-
not scale to large graphs. While there are several linear GTs recently proposed,
they still lag behind GNN counterparts on several popular graph datasets, which
poses a critical concern on their practical expressivity. To balance the trade-off be-
tween expressivity and scalability of GTs, we propose Polynormer, a polynomial-
expressive GT model with linear complexity. Polynormer is built upon a novel
base model that learns a high-degree polynomial on input features. To enable
the base model permutation equivariant, we integrate it with graph topology and
node features separately, resulting in local and global equivariant attention mod-
els. Consequently, Polynormer adopts a linear local-to-global attention scheme to
learn high-degree equivariant polynomials whose coef cients are controlled by at-
tention scores. Polynormer has been evaluateti3dromophilic and heterophilic
datasets, including large graphs with millions of nodes. Our extensive experiment
results show that Polynormer outperforms state-of-the-art GNN and GT baselines
on most datasets, even without the use of nonlinear activation functions. Source
code of Polynormer is freely available at: github.com/cornell-zhang/Polynormer.

1 INTRODUCTION

As conventional graph neural networks (GNNSs) are built upon the message passing scheme by ex-
changing information between adjacent nodes, they are known to sufferofrersmoothingand
over-squashingssues (Oono & Suzuki, 2020; Alon & Yahav, 2021; Di Giovanni et al., 2023), re-
sulting in their limited expressive power to (approximately) represent complex functions (Xu et al.,
2018; Oono & Suzuki, 2020). Inspired by the advancements of Transformer-based models in lan-
guage and vision domains (Vaswani et al., 2017; Dosovitskiy et al., 2021), graph transformers (GTs)
have become increasingly popular in recent years, which allow nodes to attend to all other nodes in a
graph and inherently overcome the aforementioned limitations of GNNSs. In particular, Kreuzer et al.
(2021) have theoretically shown that GTs with unbounded layers are universal equivariant function
approximators on graphs. However, it is still unclear how to unlock the expressivity potential of GTs
in practice since the number of GT layers is typically restricted to a small constant.

In literature, several prior studies have attempted to enhance GT expressivity by properly involv-
ing inductive bias through positional encoding (PE) and structural encoding (SE). Speci cally, Ying
et al. (2021); Chen et al. (2022a); Zhao et al. (2023); Ma et al. (2023) integrate several SE methods
with GT to incorporate critical structural information such as node centrality, shortest path dis-
tance, and graph substructures. Moreover, Kreuzer et al. (2021); Dwivedi et al. (2022); Rampasek
et al. (2022); Bo et al. (2023) introduce various PE approaches based upon Laplacian eigenpairs.
Nonetheless, these methods generally involve nontrivial overheads to compute PE/SE, and mostly
adopt the self-attention module in the vanilla Transformer model that has quadratic complexity with
respect to the number of nodes in a graph, prohibiting their applications in large-scale node classi-
cation tasks. To address the scalability challenge, many linear GTs have been recently proposed.
Concretely, Choromanski et al. (2021); Zhang et al. (2022); Shirzad et al. (2023); Kong et al. (2023)
aim to sparsify the self-attention matrix via leveraging node sampling or expander graphs, while
Wu et al. (2022; 2023) focus on kernel-based approximations on the self-attention matrix. Unfor-
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tunately, both prior work (Platonov et al., 2023) and our empirical results indicate that those linear
GT models still underperform state-of-the-art GNN counterparts on several popular datasets, which
poses a serious concern regarding the practical advantages of linear GTs over GNNs.

In this work, we provide an orthogonal way to ease the tension between expressivity and scalabil-
ity of GTs. Speci cally, we propose Polynormer, a linear GT model that is polynomial-expressive:
an L-layer Polynormer can expressively represent a polynomial of dejreevhich maps input

node features to output node representations and is equivariant to node permutations. Note that the
polynomial expressivity is well motivated by the Weierstrass theorem which guarantees any smooth
function can be approximated by a polynomial (Stone, 1948). To this end, we rst introduce a base
attention model that explicitly learns a polynomial function whose coef cients are determined by
the attention scores among nodes. By imposing the permutation equivariance constraint on polyno-
mial coef cients based on graph topology and node features separately, we derive local and global
attention models respectively from the base model. Subsequently, Polynormer adopts a linear local-
to-global attention paradigm for learning node representations, which is a common practice for
ef cient transformers in language and vision domains yet less explored on graphs. To demonstrate
the ef cacy of Polynormer, we conduct extensive experiments by comparing Polynormer against
22 competitive GNNs and GTs ob3 node classi cation datasets that include homophilic and het-
erophilic graphs with up to millions of nodes. We believe this is possibly one of the most extensive
comparisons in literature. Our main technical contributions are summarized as follows:

To the best of our knowledge, we are the rst to propose a polynomial-expressive graph trans-
former, which is achieved by introducing a novel attention model that explicitly learns a high-degree
polynomial function with its coef cients controlled by attention scores.

By integrating graph topology and node features into polynomial coef cients separately, we derive
local and global equivariant attention modules. As a result, Polynormer harnesses the local-to-global
attention mechanism to learn polynomials that are equivariant to node permutations.

Owing to the high polynomial expressivity, Polynormer without any activation function is able to
surpass state-of-the-art GNN and GT baselines on multiple datasets. When further combined with
ReLU activation, Polynormer improves accuracy over those baselines by a margin ofl106%
acrossl1 out of 13 node classi cation datasets, including both homophilic and heterophilic graphs.

Through circumventing the computation of dense attention matrices and the expensive PE/SE
methods used by prior arts, our local-to-global attention scheme has linear complexity in regard to
the graph size. This renders Polynormer scalable to large graphs with millions of nodes.

2 BACKGROUND

There is an active body of research on GTs and polynomial networks, from which we draw inspi-
ration to build a polynomial-expressive GT with linear complexity. In the following, we present
preliminaries for both areas and provide an overview of their related work.

Graph transformers exploit the Transformer architecture (Vaswani et al., 2017) on graphs. Specif-
ically, given ann-node graphG and its node feature matriX 2 R" 9, whered represents
the node feature dimension, a GT layer rst projextsinto query, key, and value matrices, i.e.,
Q= XW ;K = XW g ;V = XW y, whereWq; Wk ; Wy 2 R? 9 are three trainable weight
matrices. Subsequently, the outpuf with self-attention is calculated as:
K T

S = %af;x 0= softmax (S)V (1)
whereS 2 R" " is the self-attention matrix. For simplicity of illustration, we assume query, key,
and value have the same dimension and only consider the single-head self-attention without bias
terms. The extension to the multi-head attention is standard and straightforward.

As Equation 1 completely ignores the graph topology, various PE/SE methods have been proposed
to incorporate the critical graph structural information into GTs. Concretely, Kreuzer et al. (2021);
Dwivedi et al. (2022); Rampasek et al. (2022); Bo et al. (2023) use thk tggplacian eigenpairs

as node PEs, while requiring nontrivial computational costs to learn the sign ambiguity of Laplacian
eigenvectors. Similarly, SE methods also suffer from high complexity for computing the distance
of all node pairs or sampling graph substructures (Ying et al., 2021; Chen et al., 2022a; Zhao et al.,
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2023; Ma et al., 2023). Apart from the expensive PE/SE computation, most of these approaches
follow Equation 1 to compute the dense attention ma&jxesulting their quadratic complexity

with regard to the number of nodes. While there are scalable GTs recently proposed by linearizing
the attention matrix and not involving PE/SE, they lack a thorough analysis of their expressivity in
practice and may perform worse than state-of-the-art GNNs (Choromanski et al., 2021; Zhang et al.,
2022; Shirzad et al., 2023; Kong et al., 2023; Wu et al., 2022; 2023). In this work, we provide a
novel way to balance the expressivity and scalability of GTs, via introducing a linear GT model that
can expressively represent a high-degree polynomial.

Polynomial networks aim to learn a function approximator where each element of the output is
expressed as a polynomial of the input features. Formally, we denote themmweeetor product of
atenso 2 R'+ 'z 'm with avectoru 2 R'™ by T, u. Given the input feature 2 R" and

the outputy 2 R°, polynomial networks learn a polynomidl: R" ! R° with degreeR 2 N:

T
yi = PO = b+ wi x+ xTWBEx + W x px ax+ + Wi X (2)
=1
0, 9 r
wherel; 2 Randfw; " 2 R r times gi., are learnable parameters for the¢h element

of outputy. Note that Equation 2 can be naturally extended to a more general case where both the
input and output of the polynomi& are matrices or higher-order tensors. Moreover, suppasel

y have the same dimension (ex;y 2 R"), we say a polynomidP is permutation equivarianif

for any permutation of the indiced 1, 2; ; ng, the following property holds:

P( x)= P(X)= 'y 3)
Note that wherx 2 R" represents node features for mmode graph (i.e., each node feature has
a scalar value), the aforementioned equivariance property essentially indicates the polymomial
is equivariant to node permutations. It is worth mentioning that the polynomial networks are fun-
damentally distinct from the polynomial graph Itering methods widely explored in spectral-based
GNNs, which purely focus on the polynomials of graph shift operators rather than node features.

In the literature, the notion of learnable polynomial functions can be traced back to the group method
of data handling (GMDH), which learns partial descriptors that capture quadratic correlations be-
tween speci ¢ pairs of input features (lvakhnenko, 1971). Later, the pi-sigma network (Shin &
Ghosh, 1991) and its extensions (Voutriaridis et al., 2003; Li, 2003) have been proposed to cap-
ture higher-order feature interactions, while they struggle with scaling to high-dimensional input
features. Recently, Chrysos et al. (2020) introduce P-nets that utilize a special kind of skip con-
nections to ef ciently implement the polynomial expansion with high-dimensional features. In
addition, Chrysos et al. (2022) express as polynomials a collection of popular neural networks,
such as AlexNet (Krizhevsky et al., 2012), ResNet (He et al., 2016), and SENet (Hu et al., 2018),
and improve their polynomial expressivity accordingly. While these approaches have demonstrated
promising results on image and audio classi cation tasks, they are not directly applicable to graphs.

To learn polynomials on graph-structured data, Maron et al. (2018) rst introduce the basis of con-
stant and linear functions on graphs that are equivariant to node permutations. Subsequently, a series
of expressive graph models have been developed by leveraging polynomial functions (Maron et al.,
2019; Chen et al., 2019; Azizian & Lelarge, 2020; Hua et al., 2022). More recently, Puny et al.
(2023) demonstrate that the polynomial expressivity is a ner-grained measure than the traditional
Weisfeiler-Lehman (WL) hierarchy for assessing the expressive power of graph learning models.
Besides, they devise a graph polynomial model that achieves strictly betteB-iWanexpressive

power with quadratic complexity. However, these prior studies either only consider polynomials on
local structures or cannot scale to large graphs due to their high complexity. In contrast, our work
learns a high-degree polynomial on node features while integrating graph topology into polynomial
coef cients. As a result, the learned polynomial function captures both local and global structural
information with linear complexity, rendering it applicable to large-scale graphs.

3 METHODOLOGY

In this work, we follow the common setting that there are a grgph (V;E) and its node fea-
ture matrixX 2 R" 9, wheren andd denote the number of nodes and node feature dimension,
respectively. Our goal is to design a polynomial-expressive GT miedeht produces node repre-
sentationsY = F(G; X ) = Pg(X ), wherePg is a high-degree polynomial o0 whose learnable
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Figure 1: A toy example on a 3-node graph with scalar node features.

coef cients encode the information @. To this end, we rst introduce a base attention model

in Section 3.1 that explicitly learns high-degree polynomials. To enable the learned polynomial
equivariant to node permutations, we extend the base model to equivariant local and global (linear)
attention models in Section 3.2, via incorporating graph topology and node features respectively.
Finally, Section 3.3 presents the proposed Polynormer architecture that employs a local-to-global
attention scheme based on the equivariant attention models. As a result, Polynormer preserves high
polynomial expressivity while simultaneously bene ting from linear complexity.

3.1 A POLYNOMIAL -EXPRESSIVEBASE MODEL WITH ATTENTION

By following the concept of polynomial networks in Hua et al. (2022); Chrysos et al. (2020; 2022),
we provide De nition 3.1 of the polynomial expressivity, which measures the capability of learning
high-degree polynomial functions that map input node features into output node representations.
Appendix M provides a detailed discussion on our de nition and comparison to prior work.

De nition 3.1. Given ann-node graph with node featurds 2 R" ¢, amodelP : R" 94! R" d
is r-polynomial-expressiviéfor any nodei and degreer(1) monomialM " ! formed by rows inX ,
P can be parameterized such tRgtX )i = X; M" ! where denotes the Hadamard product.

Polynomial expressivity of prior graph modefs. For typical message-passing GNN models, we
can unify their convolution layer a$ (X ); = i Gi X, wherec;; is the edge weight between
noded andj . As each output is a linear combination of input node features, these models are at most
1-polynomial-expressive. Hence, they mainly rely on the activation function to capture nonlinearity,
instead of explicitly learning high-degree polynomials. In regard to GTs and high-order GNNs (e.qg.,
gating-based GNNs), they only capture a subset of all possible monomials with a certain degree,
resulting in their limited polynomial expressivity, as discussed in Appendix C

A motivating example. Before constructing a polynomial-expressive model, let us rst examine a
simpli ed scenario where node features2 R", i.e., each node feature is a scalar. In this context,
we consider a modét that outputyy = P(x) = (Wx) (x + b), wherewW 2 R" "andb2 R"

are weight matrices. Figure 1 shows that this mdelés able to represent degr@gsolynomials,
which consist of all possible monomials of degree uj2 {@xcept the constant term). Besides, as
W controls the coef cients of quadratic monomials (i>e1X 2, X1X 3, andx 2X 3), we can interpret

W as a general attention matrix, whéhg; represents the importance of ngde nodei.

Motivated by the above example, we proceed to establish a base model using the following de ni-
tion; we then theoretically analyze its polynomial expressivity.

De nition 3.2. Given the input node features © 2 R" 9 and trainable weight matrica4 2
R" ";B 2 R" 9 amodelP is de ned as thébase modeif its |-th layer is computed as:

XO=(wOx Dy (x4 (4)
Theorem 3.3. AnL-layer base modd?P is 2- -polynomial-expressive.

The complete proof for Theorem 3.3 is available in Appendix A. Theorem 3.3 shows that the polyno-
mial expressivity of the base model increases exponentially with the number of layers. Additionally,
Appendices A and B reveal th&t andB control the learned polynomial coef cients, which can

be viewed as attention scores for measuring the importance of different node feature interactions.

Limitations of the base model.As the matrice®W andB fail to exploit any graph inductive bias,

the base model learns polynomials that are not equivariant to node permutations. Besides, the model
has quadratic complexity due to thé size of W and thus cannot scale to large graphs. To address
both limitations, we derive two equivariant models with linear attention in Section 3.2.
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3.2 EQUIVARIANT ATTENTION MODELS WITH POLYNOMIAL EXPRESSIVITY

For clarity, we omit the layer indefd) in the ensuing discussion unless it is explicitly referenced.
Instead of learning the non-equivariant maBix2 R" ¢ in Equation 4, we replace it with learnable
weights 2 RY sharing across nodes, i.B.,= 1 T, wherel 2 R" denotes the all-ones vector. In
addition, we apply linear projections of to allow interactions among feature channels. This leads
to Equation 5, wher®¥ = XW y andH = XW y with trainable matrice®Vy ;W 2 RY 9.

X =(WV) H+1T) (5)

Subsequently, it is straightforward to show that we only need to achieve permutation equivariance on
the termWV in Equation 5 to build an equivariant model. To this end, we introduce the following
two equivariant attention models, by leveraging graph topology and node features respectively.

Equivariant local attention. We incorporate graph topology information by settilg= A, where

A is a (general) sparse attention matrix such that the nonzero elemehtsdpresent attention
scores of adjacent nodes. While can be implemented by adopting any sparse attention methods
previously proposed, we choose the GAT attention schemecResiic et al., 2017) due to its ef -

cient implementation. We leave the exploration of other sparse attention approaches to future work.
Consequently, the terrAV holds the equivariance property, i.62 AP T)(PV ) = P (AV ) for

any node permutation matrR . It is noteworthy that replacingy with A essentially imposes a
sparsity constraint on the learned polynomial of the base model, such that polynomial coef cients
are nonzero if and only if the corresponding monomial terms are formed by features of nearby nodes.

Equivariant global attention. By settingW = softmax (S), whereS denotes the global self-
attention matrix de ned in Equation 1, the teV in Equation 5 becomesoftmax (S)V thatis
permutation equivariant (Yun et al., 2019). According to our discussion in Appendix A;laper

model based on the updated Equation 5 learns an equivariant polynomial of Begvék the coef-

cients determined by attention scores$n More importantly, the learned polynomial contains all
monomial basis elements that capture global and high-order feature interactions. Nonetheless, the
dense attention matrig still has quadratic complexity in regard to the number of nodes, rendering
the approach not scalable to large graphs. To tackle this issue, we linearize the global attention by
introducing a simple kernel trick in Equation 6, wh&e= XW o;K = XW g with weight ma-
tricesWq; Wk, and denotes the sigmoid function to guarantee the attention scores are positive.
The denominator term in Equation 6 ensures that the sum of attention scores is normaliped to
node. In this way, we preserve two key properties ofgbigmax function: non-negativity and nor-
malization. As we can rst compute(K T)V whose output is then multiplied by(Q), Equation

6 avoids computing the dense attention matrix, resulting in the linear global attention. In Appendix
D, we further demonstrate the advantages of our approach over prior kernel-based linear attention
methods in terms of hyperparameter tuning and training stability on large graphs.

Wy = QKD (@G KTV) ©

Q) i (K) Q) ; (K{)

Complexity analysis. Given a graph witm nodes andn edges, suppose the hidden dimension is
d n, then the local attention model has the complexitydgimd + nd?). Since we exploit the
kernel trick to linearize the computation of global attention in Equation 6, the complexity of global
attention model is reduced fro@(n?d) to O(nd?). Hence, both proposed equivariant attention
models have linear complexity with respect to the number of nodes/edges.

Discussion. It is noteworthy that the introduced local and global attention models are intended to
enable the base model to learn high-degree equivariant polynomials, which is fundamentally distinct
from the purpose of prior attention models in literature. This allows our proposed Polynormer model
to outperform those attention-based baselines, even without nonlinear activation functions.

3.3 THE POLYNORMER ARCHITECTURE

Guided by the aforementioned equivariant models with linear attention, Figure 2(b) shows the Poly-
normer architecture that adopts a local-to-global attention scheme based on the following modules:

Local attention module. We employ the local attention approach via repladiigin Equation 5
with the sparse attention matex as discussed in Section 3.2, which explicitly learns an equivariant
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experiments. Besides, we also evaluatgéTs that have shown promising results on the node clas-

si cation task. We report the performance results of baselines from their original papers or of cial
leaderboards whenever possible, as those results are obtained by well-tuned models. For baselines
whose results are not publicly available on given datasets, we tune their hyperparameters to achieve
the highest possible accuracy. Detailed hyperparameter settings of baselines and Polynormer are
available in Appendix H. Our hardware information is provided in Appendix F.

4,1 PERFORMANCE ONHOMOPHILIC AND HETEROPHILIC GRAPHS

Table 1: Averaged node classi cation accuracy (%¥td overl0runs on homophilic datasets. —
Polynormer-r denotes Polynormer wieLU activation. We highlight the topst , second and
results per dataset.

Computer Photo Cs Physics WikiCS
GCN 8965 0:52 9270 0:20 9292 0:12 9618 0:07 7747 085
GraphSAGE 91:20 0:29 9459 0:14 9391 0:13 9649 006 7477 0:95
GAT 90:78 0:13 9387 0:11 9361 0:14 9617 0:08 7691 0:82
GCNII 91:04 0:41 9430 0:20 9222 0:14 9597 0:11 7868 0:55
GPRGNN 8932 0:29 9449 0:14 9513 0:09 9685 0:08 7812 0:23
APPNP 90:18 0:17 9432 0:14 9449 007 9654 007 7887 011
PPRGo 8869 0:21 9361 0:12 9252 0:15 9551 0:08 7789 0:42
GGCN 91:81 0:20 9450 0:11 9525 0:05 9707 0:05 7844 0:53
OrderedGNN 0:13 9510 0:20 9500 0:10 9700 0:08 0:68
tGNN 8340 1:33 8992 0:72 9285 0:48 9624 0:24 7149 1.05
GraphGPS 91119 0:54 9506 0:13 9393 0:12 9712 019 7866 0:49
NAGphormer 9122 0:14 0:11 95:75 0:09 97:34 003 7716 072

Exphormer 91:47 0:17 9535 0:22 9493 0:01 9689 0:09 7854 049
NodeFormer 86:98 0:62 9346 0:35 95:64 0:22 9645 028 7473 094
DIFFormer 91199 0:76 9510 0:47 9478 0:20 9660 0:18 7346 0:56

GOAT 90:96 0:90 9296 1:48 9421 0:38 9624 0:24 7700 077
Polynormer  93:18 0:18 96:11 0:23 9551 0:29 0:06 79:53 0:83
Polynormer-r 93:68 0:21 96:46 0:26 0:16 97:27 0:08 80:10 0:67

Performance on homophilic graphs We rst compare Polynormer with6 popular baselines that
include SOTA GNNSs or GTs 0B common homophilic datasets. As shown in Table 1, Polynormer

is able to outperform all baselines 8rout of 5 datasets, which clearly demonstrate the ef cacy of
the proposed polynomial-expressive model. Moreover, incorporatinBéhé) function can lead

to further improvements in the accuracy of Polynormer. This is because the nonlinearity imposed
by ReLU introduces additional higher-order monomials, which in turn enhance the quality of node
representations. It is noteworthy that the accuracy gain of Polynormer over SOTA baselib&84s

on Computer which is a nontrivial improvement given that those baselines have been nely tuned
on these well-established homophilic datasets.

Performance on heterophilic graphs Table 2 reports the average results o¥8rruns on het-
erophilic graphs. Notably, the GT baselines underperform SOTA GNNs dnddtasets, which
raises concerns about whether those prior GT models properly utilize the expressivity brought by
the self-attention module. Moreover, there is no baseline model that consistently ranks among
the top3 models acros$ datasets. In contrast, by integrating the attention mechanism into the
polynomial-expressive model, Polynormer surpasses all baseliné®oonof 5 datasets. Further-
more, Polynormer-r consistently outperforms baselines across all datasets with the accuracy im-
provement by a margin up ®155%(i.e., 97:46%vs. 93:91% on minesweepegr

4.2 PERFORMANCE ONLARGE GRAPHS

We conduct experiments on large graphs by comparing Polynormer against GTs as well as some
representative GNN models. Since the graphagibn-product@andpokecare too large to be loaded

into the GPU memory for full-batch training, we leverage the random partitioning method adopted
by prior GT models Wu et al. (2022; 2023) to perform mini-batch training. As shown in Table 3,
Polynormer-r outperforms all baselines on these large graphs with the accuracy gain 4fQ§%to
Besides, we can observe that the accuracy of Polynormer drég% when removingReLU acti-

vation onogbn-arxiv Thus, we believe the nonlinearity associated ViU is more critical on
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Table 2: Averaged node classi cation results ot€rruns on heterophilic datasets — Accuracy is
reported for roman-empire and amazon-ratings, and ROC AUC is reported for minesweeper, tolok-
ers, and questions. Polynormer-r denotes PolynormerRethlU activation. We highlight the top

rst , second and results per dataset.

roman-empire amazon-ratings minesweeper tolokers questions
GCN 7369 074 4870 0:63 8975 052 8364 0.67 7609 1:27
GraphSAGE 8574 0:67 0:39 9351 057 8243 044 7644 062
GAT-sep 8875 041 5270 0:62 0:35 0:43 7679 071
H2GCN 60:11 0:52 3647 0:23 8971 0:31 7335 1.01 6359 1:46
GPRGNN 64:85 0:27 4488 0:34 8624 061 7294 097 5548 091
FSGNN 7992 056 5274 083 9008 0:70 8276 061 78:86 092
GloGNN 59.63 0:69 3689 0:14 5108 1:23 7339 1:17 6574 1:19
GGCN 7446 054 4300 0:32 8754 1:22 7731 114 7110 157
OrderedGNN 77:68 0:39 4729 065 8058 1.08 7560 1:36 7509 1:00
G2-GNN 8216 0:78 4793 0:58 9183 056 8251 080 7482 0:92
DIR-GNN 0:32 4789 0:39 8705 0:69 8119 1.05 7613 124
tGNN 7995 075 4821 0:53 9193 0:77 7084 175 7638 179

GraphGPS 8200 0:61 5310 042 9063 0:67 8371 048 7173 147
NAGphormer 7434 0:77 5126 0:72 8419 066 7832 0:95 6817 153
Exphormer 89.03 0:37 5351 0:46 9074 053 8377 078 7394 1.06
NodeFormer 6449 073 4386 035 8671 0:88 7810 103 7427 1:46
DIFFormer 7910 0:32 4784 065 9089 058 8357 068 7215 1:31
GOAT 7159 125 4461 050 8109 1:.02 8311 104 7576 1.66

Polynormer  92:13 0:50 54:46 040 96:96 052 84:83 0:72 1.06
Polynormer-r 92:55 0:37 54:81 049 97:46 0:36 85:91 0:74 78:92 0:89

Table 3: Averaged node classi cation accuracy (%¥td on large-scale datasets — Polynormer-r
denotes Polynormer witReLU activation. We highlight the topst , second and results per
datasetOOM means out of memory.

ogbn-arxiv.  ogbn-products pokec

GCN 7174 029 7564 021 7545 017
GAT 7201 020 7945 059 7223 018
GPRGNN 7110 012 7976 059 7883 0:05
LINKX 6618 0:33 7159 071 0:07
GraphGPS 7097 041 OOM OOM

NAGphormer 70:13 0:55 7355 0:21 7859 0:25
Exphormer 72:44 0:28 OOM OOM

NodeFormer 67:19 0:83 7293 0:13 7100 1:30
DIFFormer 69:86 025 7416 031 7389 035
GOAT 0:40 0:43 6637 094

Polynormer  71:82 0:23 82:97 0:28 85:95 0:07
Polynormer-r 73:46 0:16 83:82 0:11 86:10 0:05

ogbn-arxiv which is known to be a challenging dataset (Shirzad et al., 2023). In addition, Appendix

J provides the training time and memory usage of Polynormer and GT baselines. Moreover, we fur-
ther evaluate Polynormer on an industrial-level graph benchmark named TpuGraphs (Phothilimthana
et al., 2024), whose results are provided in Appendix L.

4.3 ABLATION ANALYSIS ON POLYNORMER ATTENTION SCHEMES

Figure 3 shows the comparison of the SOTA baseline (red bar), Polynormer without global attention
(orange bar), a variant of Polynormer where the local and global attention modules are applied
simultaneously to update node features per layer (blue bar), and Polynormer (green bar). We provide
the detailed architecture of the Polynormer variant in Appendix G. Besides, we omit the results of
Polynormer without local attention, as it completely ignores the graph structural information and
thus performs poorly on the graph datasets.

By comparing the orange and green bars in Figure 3, we can observe that the local attention model
achieves comparable results to Polynormer on homophilic graptmuterand Photd, while it
lags behind Polynormer on heterophilic grapfms{an-empireandminesweep@r This observation
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A PROOF FORTHEOREM 3.3

Proof. For the convenience of our proof, we denote the initial feature matriXby R" ¢,
the number of layers by, the number of nodes by, and[n] = f1;2;::;;ng. Besides, we set
B =0;8l 2 [L]. The role ofB () is analyzed in Appendix B. By de ning to be an ordered
set that consists of node indices (elgs (i1;i2;i3;i4)), we de ne the following functiorc, on
coef cients:

. - (L) (L Dy L D @ @
c(l,w)= Yv{'i;i}?/viz;ig {¥Vi3;i4 } ?NiZL L e Wil i y 9
2° times 2! times 2L 1times

whereWig;)ib represents théi,;ip)-th block inW at thej -th layer. Based on Equation 9, we
further de ne the following monomiaf | of degree2-, where eaclX ; denotes al-dimensional
feature vector of node

fL(h,W X)) =c (W) X, X, X, (10)
Next, we prove by induction that thelayer base model produces the following node representation
X i(L) for any node 2 [n]: X
XM= T WX (11)

l2s),

whereS‘2L is a set that represents all the combinations of chooginglements fronn] (with
replacement), with the rst element xed to bei.e.,S) = fy 2 2 jyi=ig
Base caseWhenL = 1, we have:

xo
1 1
xP = wfxp x;
j=1
xo

w® X X

1
Ty

j
1
= Wi(l;)iz
12s),
f1(1;W;X) 12)
128},

Xi, Xi,

P
Induction step. WhenL = |, suppose we havg i(') = fi(1; W ;X). Then, forL = | +1,
12
2l
we have:

X
| | | |
Xi(+l) :( Wl,(J+1)XJ()) XI()
1

_ (1+1) X . . X . .
= Wy fl(3;W: X)) ( fi(1;W ;X))

j=1 J2s! 12s!,
2 2
X (1+1) X .
=( Wi;j Cl(J’W)le Xi, Xizw)
j=1 328,
X
( a(l; W) Xi,  Xi, Xi,)
128},
X X X

= a(l; W) W™ a@;w) xi, X, X,

2
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X>j(1 Xi, X,
c+ (W) X, Xy, X

2! X [PI X o141

EE

fler (1, W5 X) (13)

128},

The rst 3 equations and the last equation above are straightforward. For the fourth equation, we
essentially expand the product in LHS to the sum in RHS. For the second last eugation, we merge
the weight matrixW (*1) into the coef cient functiorg (J; W ), and then replace the index set
fig;j2;njagWith 19= fiy,g igss ;i g, Which is combined with the séty;i,; ;i gto

obtain the new index sét= fii;io; i io oy iihign g2 S‘2|+1 . This complements our proof

for Equation 11.

As for any node, the rstindex ofl 2 Si2L is alwaysi, we can rewrite Equation 11 as:

X
X = fwiX)

12s),
= c (W) Xi, X, Xi,.
12s),
=Xi1 C|_(|;W)xi2 XiZL
128,
= X, wiwie?  w o X X jo. (14)
Lo2s 1 112 oL ool g 2L 1

2L 1

whereS,. ; is a set that represents all the combinations of chod®ing1 elements fronfn] (with
replacement), i.eS,. ;:= fy 2 [n]2 lg.

As a result, for any degre@--1) monomialM 2" 1 formed by rows inX , we can denote it by
X, X, Xj,. ,»Which corresponds to a speci c oredered index & S,. ,in Equation

14. Therefore, we can always parameterize weight matiéés; | 2 [L] such that only the ele-
ments with indices$ °that determine the given monomial drén Equation 14, and all other elements

in W () are set t). Consequently, Equation 14 with parameterixéd) becomeX; M2 1,
which complements our proof for Theorem 3.3. O

Discussion. Notably, Equation 9 reveals that the weight mawx controls the coef cients of the
monomial terms of degre2- in the learned polynomial. Thus, if we repladé with any attention
matrix S (e.g., the global self-attention matrix described in Section 3.2), then the attention scores
in S naturally control all the monomial coef cients, which essentially capture the importance of
different (global) node feature interactions with or@er In Appendix B, we are going to provide

the analysis to demonstrate that the ma®ixn Equation 4 controls the coef cients of lower-degree
monomials in practice.

B ANALYSIS ONB IN EQUATION 4

By ignoring the weight matrixB in Equation 4, we have demonstrated in Appendix A that the base
model learns a polynomial that encompasses all possible monomials of @gréwever, our

proof in Appendix A also reveals that the learned polynomial is unable to represent any monomials
with degrees smaller tha?t . This raises concerns since these lower-degree monomial terms are
often crucial for the model predictions (Hua et al., 2022). Fortunately, we are going to show that
incorporatingB into Equation 4 enables thelayer base model to capture all monomial terms with
degrees up t@- (except the constant term).

Speci cally, we can consider each monomial term of the learned polynomial as generated in the
following way: for each layel of the base model, we select two monomials, denotdd ﬂ% and
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M"Y, from the termgw X ¢ Dy and(X ¢ D+ B () in Equation 4, respectively. Consequently,
the generated monomial after layés obtained by the Hadamard product, i) = M M),
We continue this process recursively until we obtslif-) at thel -th layer.

Regarding the selection of a monomiak” from (X (' 1 + B (), two scenarios arise: (i) ¥1."

is a monomial term from the polynomixl (' V| it increases the degree of the generated monomial
M () by up to the degree of (' D (i.e.,2' 1, as analyzed in Appendix A). (i) K1) = B M it
does not increase the degree.

If we never choos " = B ) for all | 2 [L], then the generated monomial at layehas a degree
of 21, as proven in Appendix A. Hence, each time we seléél = B () at layerl, we reduce the
degree of a monomial at tHe-th layer (whose original degree ) by 2' 1. In other words, the
more we opt foM " = B (), the smaller the degree of the monomial at théh layer, and vice
versa. In the extreme scenario where we chddse = B () for all | 2 [L], we obtain a monomial

of degree2- 2- ! 21 20 =1. Consequently, the weight matricBs" ;| 2 [L], enable
the base model to capture all possible monomials with degrees rangind fprto 2- .

Discussion. The above analysis demonstrates the importand& of Equation 4, i.e., controlling

the coef cients of lower-degree monomials, which is another key distinction of our approach to
previous gating-based GNNSs that ign&dn their gating units (Yan et al., 2022; Rusch et al., 2022;
Song et al., 2023).

C PoLYNOMIAL EXPRESSIVITY OFPRIOR GRAPH MODELS

Polynomial expressivity of GTs.For the sake of simplicity, we omit theftmax operatorin GTs
and assume each node feature contains a scalar valug, ReR" for ann-node graph. Besides,
we denote the weights for query, key, and vable/\laywk, andw, respectiyely. Consequently, for
any nodei, a GT layer produces? = wqwi W, P XX X] T WWWy X sz, which consists
of degree3 monomials. However, there are still many degBamonomials that GTs fail to capture.
For instance, any monomial in the set?x; j i 8 jg cannot be captured by?, resulting in the
limited polynomial expressivity of prior GT models.

Polynomial expressivity of high-order GNNs.We initially focus on a closely related model known

as tGNN, which is recently proposed by Hua et al. (2022). In tGNN, the polynomial for each target
nodei is computed a$x ;; 1]W [Xk;1]W , where[x;; 1] represents the concatenation of
the feature vector of nodewith a constantl. As asserted by Hua et al. (2022), tGNN learns a
multilinear polynomial in which no variables appear with a powelafr higher. Consequently,
tGNN cannot represent any monomials where a speci ¢ variable has a power of &, |kasting

its polynomial expressivity.

Furthermore, there exist multiple GNN models based on gating mechanisms that implicitly capture
high-order interactions among node features (e.g., GGCN (Yan et al., 202N (Rusch et al.,

2022), and OrderedGNN (Song et al., 2023)). However, these models primarily consider local
structures and, therefore, are unable to learn high-order monomials formed by features of distant
nodes. Additionally, few gating-based GNNs considers leveraging the weight lBatn>Equation

4 to learn lower-degree monomial terms, as discussed in Appendix B.

Conclusion. Due to the limitations of polynomial expressivity analyzed above, previous GTs and
high-order GNNs still necessitate nonlinear activation functions to attain reasonable accuracy. In
contrast, our method achieves higher accuracy than these models even without activation functions,
thanks to its high polynomial expressivity.

D COMPARISON TOKERNEL-BASED LINEAR ATTENTION MODELS

D.1 HYPERPARAMETERTUNING

In literature, several linear GTs employ kernel-based methods to approximate the dense self-
attention matrix within the vanilla Transformer architecture. Concretely, both GraphGPS (with
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Performer-based attention) (Rampasek et al., 2022) and NodeFormer (Wu et al., 2022) utilize a
kernel function based on positive random features (PRFs). However, PRFs introduce a critical
hyperparameter, denoted as which determines the dimension of the transformed features. In
addition to this, NodeFormer introduces another crucial hyperparametemtrolling the tempera-

ture in Gumbel-Softmax, which is integrated into the kernel function. Furthermore, the DiFFormer
model (Wu et al., 2023) offers a choice between two types of kernel functions in practice.

Consequently, these kernel-based GTs require extensive tuning of these critical hyperparameters,
which can be time-consuming, particularly when dealing with large graphs. In contrast, our pro-
posed linear global attention, as de ned in Equation 6, eliminates the need for any hyperparameters
in model tuning.

D.2 TRAINING STABILITY

To the best of our knowledge, the work most similar to Equation 6 is cosFormer (Qin et al., 2022),
which primarily focuses on text data rather than graphs. The key distinction between cosFormer and
our proposed linear global attention lies in their choice of kernel function. CosFormer utilizes the
ReLU function instead of th&igmoid function in Equation 6. WhileReLU performs well on

text data containing up th6K tokens per sequence, we observe that it leads to training instability
when applied to large graphs with millions of nodes.

P
peci cally, if we substituteReLU into Equation 6, the denominator term;, (KT) becomes

i ReLU(K T) This modi cation results in a tralnmg loss dfaN during our experiments on
both theogbnproducts and pokecdatasets The issue arises becaRstU oply sets negatlve
values inK ;.. to zero while preserving positive values. As a consequence, the tefReLU (KI.)
accumulates potentially large positive values across millions of nodes. This leads to the denomlnator
in Equation 6 exceeding the representational capacity3@flait oating-point format and results in
aNaN loss during model training.

In contrast, our approagw employs tBegmoid function, which maps all elements ;.. to the

range(0; 1). As a result, (K T) does not produce excessively large values, av0|d|ng the issue
of NaN loss.

E DATASET DETAILS

Table 4: Statistics of datasets used in our experiments.

Dataset Type Homophily Score Nodes Edges Classes Features
Computer Homophily 0:700 13752 245861 10 767
Photo Homophily 0:772 7,650 119081 8 745
Cs Homophily 0:755 18333 81894 15 6805
Physics Homophily 0:847 34493 247962 5 8415
WikiCS Homophily 0:568 11701 216123 10 300
roman-empire  Heterophily 0:.023 22662 32927 18 300
amazon-ratings Heterophily 0:127 24492 93050 5 300
minesweeper Heterophily 0:009 19000 39402 2 7
tolokers Heterophily 0:187 11758 519000 2 10
questions Heterophily 0:072 48921 153540 2 301
ogbn-arxiv Homophily 0:416 169343 1 166,243 40 128
ogbn-products  Homophily 0:459 2449029 61859 140 47 100
pokec Heterophily 0:000 1632803 30622564 2 65

Table 4 shows the statistics of dlB datasets used in our experiments. The homophily score per
dataset is computed based on the metric proposed by Lim et al. (2021) (higher score means more
homophilic).

Train/Valid/Test splits. For Computer Photq CS andPhysicsdatasets, we adhere to the widely
accepted practice of randomly dividing nodes into traini®@2g), validation 0%), and test20%)
sets (Chen et al., 2022b; Shirzad et al., 2023). As for the remaining datasets in our experiments, we
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use the of cial splits provided in their respective papers (Mernyei & Cangea, 2020; Hu et al., 2020;
Lim et al., 2021; Platonov et al., 2023).

F HARDWARE INFORMATION

We conduct all experiments on a Linux machine equipped with an Intel Xeon &8 CPU
(featuring 8 cores @:30GHz) and 4 RTX A000GPUs (each with 48 GB of memory). It is worth
noting that Polynormer only requires 1 GPU for training, while the remaining GPUs are used to run
baseline experiments in parallel.

G A VARIANT OF POLYNORMER

In the following, we provide the detailed architecture of the variant of Polynormer mentioned in
Section 4.3, which is built upon the local-and-global attention scheme, i.e., the local and global
attention layers of Polynormer are employed in parallel to update node features.

X =(AV + Q) (KT)V)) H+ (1 7)) (15)

Q) i (KT)

where matrice®), K, V, H are obtained by linearly projecting the node feature mafrixrom

the previous layer. It is worth pointing out that this type of attention has been widely used by
prior GT models (Rampasek et al., 2022; Wu et al., 2022; 2023; Kong et al., 2023). However, our
ablation study in Section 4.3 indicates that the local-and-global attention performs worse than the
local-to-global attention adopted by Polynormer.

H HYPERPARAMETERSSETTINGS

H.1 BASELINE MODELS

For the homophilic datasets listed in Table 1, we present the results of GCN (Kipf & Welling, 2016),
GAT (Velickovit et al., 2017), APPNP (Gasteiger et al., 2018), GPRGNN (Chien et al., 2020),
PPRGo (Bojchevski et al., 2020), NAGphormer (Chen et al., 2022b), and Exphormer (Shirzad et al.,
2023), as reported in Chen et al. (2022b); Shirzad et al. (2023).

For the heterophilic datasets in Table 2, we provide the results of GCN, GraphSAGE (Hamilton
et al., 2017), GAT-sep, H2GCN (Zhu et al., 2020), GPRGNN, FSGNN (Maurya et al., 2022), and
GloGNN (Li et al., 2022), as reported in Platonov et al. (2023).

In the case of large-scale datasets listed in Table 3, we include the results of GCN, GAT, GPRGNN,
LINKX (Lim et al., 2021), and GOAT (Kong et al., 2023), as reported in Hu et al. (2020); Lim et al.
(2021); Zhang et al. (2022); Kong et al. (2023).

For baseline models without publicly available results on given datasets, we obtain their highest
achievable accuracy through tuning critical hyperparameters as follows:

GCNII (Chen et al., 2020). We set the hidden dimension 512, the learning rate t0:001, and
the number of epochs 2000 We perform hyperparameter tuning on the number of layers from
f5; 10g, the dropout rate frorh0:3; 0:5; 0:7g, fromf0:3;0:5;0:7g, and fromf 0:5; 1:0g.

GGCN (Yan et al., 2022). We set the hidden dimension &2 the learning rate t®:001, and

the number of epochs 00Q We perform hyperparameter tuning on the number of layers from
f5; 10g, the dropout rate frorh0:3; 0:5; 0:7g, the decay rate from f 0:5; 1.0; 1:5g, and the exponent
fromf 2; 3g.

OrderedGNN (Song et al., 2023)We set the hidden dimension 54 2, the learning rate t6:001,
and the number of epochs200Q We perform hyperparameter tuning on the number of layers from
f5; 10g, the dropout rate fromh0:3; 0:5; 0:7g, and the chunk size froifrd; 16; 64g.

tGCN (Hua et al., 2022). We set the hidden dimension 512 the learning rate t0:001, and the
number of epochs t200Q We perform hyperparameter tuning on the number of layers fr2i8g,
the dropout rate from0:3; 0:5; 0:7g, and the rank fronfi 256, 5129.
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G?-GNN (Rusch et al., 2022) We set the hidden dimension$d.2, the learning rate t6:001, and
the number of epochs 000 We perform hyperparameter tuning on the number of layers from
f5; 10g, the dropout rate from0:3; 0:5; 0:7g, and the exponem from f 2; 3; 4g.

DIR-GNN (Rossi et al., 2023) We set the hidden dimension $d.2, the learning rate t6:001, the
number of epochs ta00Q and to 0.5. Besides, we choose GATConv with the type of jumping
knowledge as “max”. We perform hyperparameter tuning on the number of layerd &dg, the
dropout rate fronf 0:3; 0:5; 0:79.

GraphGPS (Rampasek et al., 2022)We choose GAT as the MPNN layer type and Performer as
the global attention layer type. We set the number of layerd tihe number of heads #® the
hidden dimension t64, and the number of epochs 200Q We perform hyperparameter tuning on
the learning rate frorhle 4;5e 4;1e 3g, and the dropout rate frofrD:0; 0:1; 0:2; 0:3; 0:4; 0:5g.

NAGphormer (Chen et al., 2022b).We set the hidden dimension$d 2, the learning rate t6:001,
the batch size t@00Q and the number of epochs 0. We perform hyperparameter tuning on
the number of layers fromil; 2; 3g, the number of heads froifil; 8g, the number of hops from
f3;7; 10g, and the dropout rate frof0:0; 0:1; 0:2; 0:3; 0:4; 0:5¢.

Exphormer (Shirzad et al., 2023). We choose GAT as the local model and Exphormer as the
global model. We set the number of epoch2@0and the number of heads & We perform
hyperparameter tuning on the learning rate fifdla  4;1e 3g, the number of layers frofi2; 4g,

the hidden dimension forii64; 80; 96g, and the dropout rate frofr0:0; 0:1; 0:2; 0:3; 0:4; 0:5g.

NodeFormer (Wu et al., 2022).We set the number of epochs200Q Additionally, we perform

hyperparameter tuning on the learning rate frbbe 4;1e 3;1le 2g, the number of layers

from f 1; 2; 3g, the hidden dimension frofi32; 64; 128y, the number of heads frofrl; 4g, M from

f30; 50g, K from f 5; 10g, rb_order fromf 1; 2g, the dropout rate frorhi0:0; 0:3g, and the temperature
from f 0:10; 0:15; 0:20; 0:25; 0:30; 0:40; 0:50g.

DIFFormer (Wu et al., 2023). We use the “simple” kernel. Moreover, we perform hyperparameter
tuning on the learning rate frofrle 4;1le 3;le 2g, the number of epochs frof500, 2000y,

the number of layers frorh2; 3g, the hidden dimension fori64; 128y, the number of heads from
f1,89, fromfO0:1;0:2;0:3g, and the dropout rate frofrD:0; 0:1; 0:2; 0:3; 0:4; 0:5g.

GOAT (Kong et al., 2023). We set the “constype” to “full’, the number of layers td ( xed by
GOAT), the number of epochs &90, the number of centroids #096 the hidden dimension 266,
the dropout of feed forward layers @5, and the batch size 024 We perform hyperparameter
tuning on the learning rate frofle 4;1e 3;1le 2g, the global dimension frorh128 256y,
and the attention dropout rate frdr:0; 0:1; 0:2; 0:3; 0:4; 0:5g.

H.2 POLYNORMER

Table 5: Hyperparameters of Polynormer per dataset.

Warm-up Epochs Local-to-Global Epochs Local Layers Global Layers Dropout

Computer 200 1000 5 1 0
Photo 200 1000 7 2 o
Cs 100 1500 5 2 B
Physics 100 1500 5 4 43
WikiCS 100 1000 7 2 )
roman-empire 100 2500 10 2 3
amazon-ratings 200 2500 10 1 3
minesweeper 100 2000 10 3 3
tolokers 100 800 7 2 (13)
questions 200 1500 5 3 @
ogbn-arxiv 2000 500 7 2 B
ogbn-products 1000 500 10 2 )
pokec 2000 500 7 2 @
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Like the baseline models, we set the hidden dimensidiliband the learning rate @001 Ad-
ditionally, we introduce a warm-up stage dedicated to training the local module. This step ensures
that the node representations generated by the local module capture meaningful graph structural
information before being passed to the global module. Moreover, we lev8ragads for our at-
tention modules. For thegbn-product@ndpokecdatasets, we use mini-batch training with a batch

size of100 000and550, 000respectively, while for the other datasets, we employ full batch train-
ing. Besides, we disable the local attention modul®ghbn-arxivandpokecdatasets by replacing

GAT (Velickovit et al., 2017) with GCN (Kipf & Welling, 2016), which we empirically observe
perform better with lower memory usage. In Table 5, we provide the critical hyperparameters of
Polynormer used with each dataset.

Additional implementation details. We can rewrite Equation 7 as Equation 16:
X=H AV + (1 7) AV (16)

To improve training stability, we adoptleayerNormonH AV . Besides, we empirically nd

that scaling_ayerNornfH AV ) by 1 (1 T) typically improves model accuracy. Thus, we
implement the local attention module as shown in Equation 17, and the global attention module
follows a similar way:

X =@ (1 7)) LayerNormfH AV )+ (1 T) AV (17)

Appendix | provides the basic Polynormer implementation. We refer readers to our source code for
the detailed model implementation and hyperparameter settings.

| MODEL IMPLEMENTATION

# N: the number of nodes

# M: the number of edges

# D: the node feature dimension

# L1: the number of local attention layers
# L2: the number of global attention layers

# x: input node feature matrix with shape [N, D]

# edge_index: input graph structure with shape [2, M]

# local_convs: local attention layers (e.g., GATConv from PyG)
# local_betas: trainable weights with shape [L1, D]

# global_convs: global attention layers (implemented in Code 2)
# global_betas: trainable weights with shape [L2, D]

# equivariant local attention module

x_local = 0
for i, local_conv in enumerate (local_convs):
h = h_lins[i](x)
beta = F.sigmoid(local_betas][i]).unsqueeze(0)
x = local_conv(x, edge_index) * (h + beta)

X_local += x

# equivariant global attention module

x = x_local

for i, global_conv in enumerate (global_convs):
g = g_lins[il(x)
beta = F.sigmoid(global_betas[i]).unsqueeze(0)
x = global_conv(x) * (g + beta)

# output linear layer
out = pred_lin(x)

# negative log-likelihood loss calculation
y_pred = F.log_softmax(out, dim=1)
loss = criterion(y_pred[train_idx], y_true[train_idx])

Code 1: PyTorch-style Pseudocode for Polynormer
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time results, which linearly increase with graph size, as the CPU is less powerful than the GPU for
parallel computation.

J.2 PROFILING RESULTS ONLARGE REALISTIC GRAPHS

Table 6: Training time and GPU memory usage on large graphs — We underline the results obtained

via full batch training, and highlight the topst , second and results per dataset.
ogbn-arxiv ogbn-products pokec

Method Train/Epoch (s) Mem. (GB) Train/Epoch (s) Mem. (GB) Train/Epoch (s) Mem. (GB)
GAT 0.16 0.97 9.04 1.36
GraphGPS 132 3891 OoOoM OOM OOM OOM
NAGphormer 4:26 5.15 9:64 7.91 38:32 6.12
Exphormer 34:04 OOM OOM OOM OOM
NodeFormer 1:20 16:30 337 3155 615 1721
DIFFormer 0:77 2451 1.50 16:24 16:03
GOAT 12:32 6.98 2011 51:93 8.73
Polynormer 0.31 16.09 12:93 2.64 21:54

Table 6 shows the pro ling results of GAT, linear GTs, and Polynormer in terms of training time per
epoch and memory usage on large realistic graphs. Note that we perform full batch training for all
models whenever possible, since it avoids the nontrivial overhead associated with graph sampling in
mini-batch training.

The results demonstrate that Polynormer consistently ranks among the top 3 fastest models, with
relatively low memory usage. We attribute this ef ciency advantage to the implementation of Poly-
normer that only involves common and highly-optimized built-in APIs from modern graph learning
frameworks (e.g., PyG). In contrast, the GT baselines incorporate less common or expensive com-
pute kernels (e.g., complicated kernel functions, Gumbel-Softmax, and nearest neighbor search),
making them more challenging for graph learning frameworks to accelerate. Thus, we believe Poly-
normer is reasonably ef cient and scalable in practice.

K WL EXPRESSIVITY OFPOLYNORMER

While we have shown that Polynormer is polynomial-expressive, it is also interesting to see its
expressivity under the Weisfeiler-Lehman (WL) hierarchy. To this end, we are going to rstly show
that Polynormer is at least as expressive as 1-WL GNNs, and then introduce a simple way that
renders Polynormer strictly more expressive than 1-WL GNNSs.

For the sake of illustration, let us revisit Equation 4 in the following:
X =(WX) (X +B) (18)

whereW 2 R" ", B 2 R" ¢ are trainable weight matrices, axd 2 R" ¢ represents node
features. Suppose all nodes have identical features (followed by the original formulation of WL
algorithm), if we replac8 = 1 T, thetermX + 1 T is essentially a constant feature vector
shared across nodes. As a result, the WX ) (X + 1 T)isreduced taV X . By properly
designing the weight matri¥ (e.g. the adjacency matrix with self-loop), the tewhX can be
reduced to 1-WL GNNSs. Hence, Polynormer based on Equation 18 is at least as expressive as 1-WL
GNNs.

To make Polynormer strictly more expressive than 1-WL GNNSs, let us focus on how to properly de-
sign the weight matri¥ . Previously, we se8 = 1 T. Note that the constant vectbr2 R" here

is essentially the eigenvector that corresponds to the smallest (normalized) graph Laplacian eigen-
value. This motivates us to desi§n= v, ', wherev, denotes the eigenvector corresponding to
the second smallest (i.e., rst non-trivial) eigenvalue of the normalized Laplacian. Consequently,
Polynormer can be built upon the following Equation:

X =(WX) (X +vp, ") (19)
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Notably, the vectov, essentially encodes the node positional information from graph spectrum into
polynomial coef cientsB , which makes each output node feature unique in Equation 19 and thus
allows Polynormer to distinguish non-isomorphic graphs that 1-WL GNNs fail to distinguish, as
empirically con rmed in Figure 6. It is noteworthy that this approach is fundamentally different
from prior PE methods based on Laplacian eigenvectors. Speci cally, prior PE methods primarily
focus on concatenating node positional encodings with node features. In contrast, we incorporate
the positional information into the polynomial coef cients learned by Polynormer.

To distinguish the aforementioned two options of designing the weight mAtriwe denote the
Polynormer of using the constant vectarand the second Laplacian vector by Polynormer-vl

and Polynormer-v2, respectively. In the following, we empirically show that Polynormer-v2 is more
powerful than 1-WL GNNs on distinguishing non-isomorphic graphs.

Experimental setup. Without loss of generality, we focus on the local attention layer of Polynormer,
and set as well as initial node features to thie As the attention scores between identical features
are not meaningful, we replace the sparse attention matrix introduced in Section 3.2 with the random

walk matrix&' = AD 1, whereA andD denote the adjacency and degree matrices, respectively.

Experimental results. As shown in Figure 6, Polynormer-v2 is able to distinguish non-isomorphic
graphs such as circular skip link (CSL) graphs, which are known to be indistinguishable by the
1-WL test as well as 1-WL GNNs Sato (2020); Rampasek et al. (2022); Dwivedi et al. (2022).

1 1 0.1085 0.1085 0.1085
Graph Readout
/2\ 4 0 /2\ 4 (sum-pooling)
) o6sw0
1 1 1 0.1085 0.1085 0.1085
g © 5 g ® 5

Polynormer-v2

0.0489 26283 Graph Readout

(sum-pooling)

> 75907

Graph Readout
(sum-pooling)
7.000

Polynormer-v2

0.4224225 G(r;pﬁ_;iigg)ut
A P 8.000
1.000 ——>

0.4226

1.000

Figure 6: Two example pairs of non-isomorphic graphs from Sato (2020) that cannot be distin-
guished by 1-WL test. Our Polynormer-v2 can distinguish them.

While Polynormer-v2 is strictly more powerful than the 1-WL algorithm, our empirically results

in Table 7 indicate that it does not clearly outperform Polynormer-vl1 on realistic node classi ca-

tion datasets. One possible reason is that each node possesses unique features in realistic datasets,
which diminishes the importance of incorporating additional node positional information into Poly-
normer. Hence, we implement Polynormer based on Polynormer-v1 in practice to avoid computing
the Laplacian eigenvector, and leave the improvement of Polynormer-v2 to our future work.
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Table 7: Comparison of Polynormer-v1 and Polynormer-v2.

Computer Photo WikiCS roman-empire amazon-ratings minesweeper

Polynormer-vl 9318 0:18 96:11 023 7953 0:83 92:13 050 54:46 040 96:96 0:52
Polynormer-v2 93:25 0:22 9609 030 80:01 055 9133 0:39 5441 0:35 9648 0:37

L CASE STuUDY: Al M ODEL RUNTIME PREDICTION ONTPU

Apart from comparing Polynormer against conventional GRL models on mainstream graph datasets,
we further evaluate it on TpuGraphs (Phothilimthana et al., 2024), a large-scale runtime prediction
dataset on tensor computation graphs: github.com/google-research-datasgtgitys.

Dataset details.Unlike prior datasets for program runtime prediction that are relatively small (up

to 100 nodes), TpuGraphs is a runtime prediction dataset on full tensor programs, represented as
computation graphs. Each graph within the dataset represents the primary computation of an ML
program, typically encompassing one or more training steps or a single inference step. These graphs
are obtained from open-source ML programs and include well-known models such as ResNet, Ef-
cientNet, Mask R-CNN, and various Transformer models designed for diverse tasks like vision,
natural language processing, speech, audio, recommender systems, and generative Al. Each data
sample in the dataset comprises a computational graph, a compilation con guration, and the corre-
sponding execution time when the graph is compiled with the speci ed con guration on a TPU v3,

an accelerator tailored for ML workloads. The compilation con guration governs how the XLA (Ac-
celerated Linear Algebra) compiler transforms the graph through speci ¢ optimization passes. The
TpuGraphs dataset is composed of two main categories based on the compiler optimization level:
(1) TpuGraphs-Layout (layout optimization) and (2) TpuGraphs-Tile (tiling optimization). Layout
con gurations dictate how tensors are organized in physical memory, determining the dimension
order for each input and output of an operation node. Notably, TpuGraphs-Layout has 4 collections
based on ML model type and compiler con guration as follows:

* ML model type:

— NLP: computation graphs of BERT models,

— XLA: computation graphs of ML models from various domains such as vision, NLP, speech,
audio, and recommendation.

» Compiler con guration:

— Default: con gurations picked by XLA compiler's heuristic.
— Random: randomly picked con gurations.

On the other hand, tile con gurations control the tile size of each fused subgraph. The TpuGraphs-
Layout comprise81 million pairs of graphs and con gurations, with an average of Gy&00nodes

per graph. In contrast, the TpuGraphs-Tile incluti@sillion pairs of kernels and con gurations,
averagingd0 nodes per kernel subgraph.

L.1 RESULTS ONTPUGRAPHS-LAYOUT COLLECTIONS.

As shown in Table 8, we compare Polynormer against the GraphSAGE baseline provided by
Google Hamilton et al. (2017). To ensure a fair comparison, we only change the model architecture
while keeping all other con gurations the same (i.e., no additional feature engineering). Experimen-
tal results show that Polynormer/Polynormer-local outperforms GraphSAGE on all collections. In
particular, Polynormer achiev@g:3% accuracy improvement over GraphSAGE &@Pb6 accuracy
improvement over Polynormer-local on the XLA-Random collection, which is the most challeng-
ing collection since XLA consists of diverse graph structures from different domains and Random
contains various compiler con gurations. This showcases that the global attention of Polynormer
effectively captures critical global structures in different graphs, owing to its high polynomial ex-
pressivity.

L.2 RESULTS ONTPUGRAPHS(LAYOUT + TILE).

We further evaluate Polynormer on the whole TpuGraphs dataset that contains Layout and Tile opti-
mizations. Table 9 shows that the local attention module alone in Polynormer is able to outperform
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Table 8: Ordered pair accuracye) on TpuGraphs-Layout collections — “Polynormer-Local” de-
notes the local attention module in Polynormer.

GraphSAGE Polynormer-Local Polynormer

NLP-Default 81:2 820 82:1
NLP-Random 93.0 94:1 93.6
XLA-Default 773 737 79:6
XLA-Random 76:3 813 87:6

Table 9: Averaged runtime prediction accuragg) en TpuGraphs — “Polynormer-Local” denotes
the local attention module in Polynormer.

GraphSAGE Polynormer-Local Polynormer
TpuGraphs (Layout+Tile) 30:1 498 61:9

the baseline model b$9:6%, indicating the ef cacy of our polynomial-expressive architecture for
capturing critical local structures. Moreover, the accuracy of Polynormer gets further improved
when adding the global attention module, leading 81:8% accuracy improvement over the base-
line model. This con rms the effectiveness of the proposed local-to-global attention scheme.

M DISCUSSION ON THEDEFINITION OF POLYNOMIAL EXPRESSIVITY

As graph learning models primarily learn node representations by aggregating input features from
a set of nodes, they can be viewed as a multiset pooling problem with auxiliary information about
the graph topology (Baek et al., 2021; Hua et al., 2022). In the context of polynomial networks on
graphs, we follow a similar notion by focusing on polynomial functions that map input node features
into output node representations, with the graph topology encoded into polynomial coef cients.
Notably, such polynomials have been explored by prior studies Hua et al. (2022); Chrysos et al.
(2020; 2022); Wang et al. (2021), which inspire us to formally provide De nition 3.1. Moreover,
assessing the ability to learn high-degree polynomials is well motivated based on the Weierstrass
theorem, which guarantees any smooth function can be approximated by a polynomial Stone (1948).
Thus, models with higher polynomial expressivity are more capable of learning complex functions.

While De nition 3.1 does not explicitly mention graph topology, the utilization of graph topology

in different graph learning models affects the inclusion of distinct monomial terms in the learned
polynomial function, thereby impacting the polynomial expressivity. It is also worth noting that
De nition 3.1 can be viewed as a simpli ed version of the de nition on polynomial expressivity in
Puny et al. (2023), since we consider graph structural information as polynomial coef cients rather
than indeterminates. This simpli cation allows us to decouple the analysis on node features from
graph topology, which renders us to develop a scalable model with high polynomial expressivity.
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