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1. Introduction

Modular flavor symmetries are an exciting approach to solve the flavor puzzles [1]. Yukawa couplings get replaced by modular forms
which depend on the so-called modulus 7. The approach gives rise to the phenomenon of “Local Flavor Unification” [2,3] with enhanced
symmetries at the fixed points and lines of the modular flavor group. This allows for flavor hierarchies of quark/lepton masses and mixing
angles. In fact, it has recently been pointed out that values of the modulus 7 close to the fixed points i and w :=exp(27i/3) are favored
by successful fits to the data [4-8]. This seems to call for a dynamical mechanism that drives the modulus to the vicinity of the fixed
points (and lines if we include CP or a CP-like symmetry).

A particular appealing feature of modular flavor symmetries is its natural appearance in string theory. It has been known for some
time that heterotic orbifold couplings are indeed modular forms [9-12]. This provides us with a consistent ultraviolet (UV) completion of
modular flavor symmetries as a starting point for top—-down model building. The central question to understand a dynamical mechanism
that drives 7 close to its fixed points can thus be addressed from the top-down perspective. This is, of course, nothing else but the widely
discussed question of moduli stabilization in string theory.

This question about the localization of the modulus is the main focus of this paper. We suggest that such a mechanism should best be
discussed in two separate steps:

1. finding a mechanism which in the case of unbroken symmetry favors solutions located exactly at, or close to, the fixed points,
2. identifying the dynamics of the theory that breaks the enhanced symmetry and moves t slightly away from the fixed loci.

In what follows we shall outline a consistent scheme that gives rise to these two features.

From the discussion of moduli stabilization of heterotic string theory, it is known that the scalar potential favors minima at the
boundary of the fundamental domain [13,14]. This even led to the conjecture of the absence of minima inside this domain [13]. Subsequent
work, however, identified solutions inside the fundamental domain close to the fixed point T = w [15,16]. Unfortunately, these solutions
all have negative vacuum energy. This leads to anti de Sitter (AdS) space and is thus incompatible with the experimental observation
that require de Sitter (dS) minima. In fact, there have been formulated various no-go theorems against the existence of dS vacua in this
context. An exhaustive discussion can be found in [17].

Is this a severe problem? Probably not. The above results are based on models with very few fields. Similar no-go theorems for
models with very few fields have been shown to no longer be valid in the presence of additional “matter” fields [18]. In more realistic
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models, however, there are more fields that have to be included in the scalar potential. Some of them are needed, for example, to break
the remnants of the traditional flavor symmetry that accompanies the modular flavor symmetry in the top-down approach. Typically,
these fields also transform nontrivially under the modular group [19-21]. This leads to a picture reminiscent of an uplift via “matter
superpotentials” [18,22] in the discussion for the so-called Kachru-Kallosh-Linde-Trivedi [23] (KKLT) scenario. This allows the realization
of metastable dS vacua as described by Intriligator-Seiberg-Shih [24] (ISS).

Thus we arrive at a very satisfactory scenario. In a first step we obtain AdS vacua at the boundary of the fundamental domain. The
uplift mechanism in the second step shifts the modulus slightly away from the boundary giving rise to small parameters that can explain
the hierarchies of masses and mixing angles in the quark and lepton sectors. The advocated two-stage scenario is thus naturally realized
in this framework and gives a dynamical explanation for the existence of vacua in the vicinity of fixed loci of the modular group.

The paper is organized as follows. We proceed in Section 2 with a review of moduli stabilization in the presence of modular invariance,
the appearance of AdS vacua at the boundary of the fundamental domain as well as the few solutions within that domain that have been
identified up to now. Section 3 will be devoted to the introduction of the uplift via “matter superpotentials” and spontaneous breakdown
of modular invariance. We describe this mechanism qualitatively within the approach of ISS to obtain metastable dS vacua. In Section 4
we present simple examples to illustrate our two-step process in which the spontaneous breakdown of modular invariance by matter
fields and the uplift shifts the vacua away from the boundary of the fundamental domain. In addition, we discuss the conditions on the
uplifting scheme and the spontaneous breakdown of modular symmetry. Further discussion and outlook will be given in Section 5.

2. Modular invariant modulus stabilization

Gaugino condensates [25-27] are standard non-perturbative ingredients in moduli stabilization. In torus-based compactifications these
gaugino condensates respect target-space modular invariance [28-31]. We will base our discussion on heterotic models and restrict the
supergravity moduli sector to consist of the dilaton S and a complex structure modulus 7. Our (modular invariant) gaugino condensate is
then described by [13,16,17,28,29]

_ QS H(()
HaclS ) == 5= (1)
Here, Q(S) is typically chosen to be Be™®S, where B is a constant (see e.g. [14]), and b a S—function coefficient. In addition,
_ Es(t)\" [ Es(m) \" . . mpa . n3 .
H(t) = <r]8(r)> (n”(r)) P(j(m)) = (j(r) —1728) " (j(r)) " P(j(1)). (2)

where the Ej denote Eisenstein series, j is Klein’s modular invariant function, P a polynomial thereof, and n and m are integers.
Many of the minima discussed in the literature occur at special points like T = i, or other critical points, e.g. along the critical line
|T] =1, on the boundary of the fundamental domain of the extended modular group PGL(2, Z) =PSL(2, Z) x CP,

D*:(reH’—l/ZfRergO, |r|zl>. 3)

This fact is easily understood from the general statement that minima often occur at symmetry-enhanced points [32,33], and the ob-
servation that these values of 7 lead to enhanced symmetries [2,3], as discussed in some detail in Appendix A. In short, this symmetry
enhancement arises from the invariance of certain points in T-moduli space under a finite set of PGL(2, Z) transformations, generated by
the standard modular transformations

S T
T— —1/7 and T—T+1, (4)
and the CP or CP-like transformation’ [2,15,35]
cP
T —7%. (5)
While it is true that extrema often prefer to occur at symmetry-enhanced points, they can also be found at locations that are not
(obviously) special. In fact, [15-17,36-38] find minima of t away from the critical line, i.e. away from the boundary of the fundamental
domain. However, apart from the fact that these minima are AdS, i.e. have negative vacuum energy, they are not continuously connected
to the critical points in any known way.
In what follows, we focus on the question of how one may perturb the vacuum expectation value (VEV) of 7 to be parametrically close,
but not identical, to special values such as i or w. As we shall see, these corrections often also provide us with positive contributions to
the vacuum energy, and may allow us to uplift unrealistic AdS vacua.

3. Uplifting and spontaneous breaking of modular invariance
3.1. Uplifting in flux vacua
Negative vacuum energy is a problem that has been considered in connection with the so-called KKLT scenario. KKLT consider a

modulus setting the value of the 4D gauge coupling, which we will denote S in order to connect this discussion to Section 2. S is
described by a superpotential and Kdhler potential of the sort

1 For the distinction between physical CP transformations and CP-like transformations see [34].
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Whoyxxir =C¢ — Be ™S (6a)
Ktoykkir = —In(S + 5) . (6b)
Here, c is a constant that in the original KKLT scenario gets induced by fluxes. In the framework of heterotic models, which we are
primarily interested in, hierarchically small constants can emerge from approximate R symmetries [39]. The scalar potential derived from

(6) has an AdS minimum at S ~ In(c/Bb). KKLT also have triggered extensive research to identify possible solutions. In what follows, we
will focus on [18], where the uplift results from matter field interactions.

3.2. Metastable dynamical supersymmetry breaking

Dynamical supersymmetry breaking [40] is an attractive scheme to explain why the scale of supersymmetry breaking, and hence
the electroweak scale, is hierarchically smaller than the fundamental scale. While it is rather nontrivial to construct models without a
supersymmetric ground state [41], it has been noticed that rather straightforward models have metastable supersymmetry breaking vacua
which are sufficiently long-lived [24]. In the vicinity of the metastable vacuum the model can be described by [42, Section 2.2]

(XTX)?2
2
Afss
Wissett = fx X . (7b)

The second term in (7a) may be thought of as locally describing the Coleman-Weinberg potential stabilizing the meson field X at or close
to the origin.

Kissef = X"X — , (7a)

3.3. Spontaneous breaking of modular invariance

Modular invariance is nonlinearly realized and, in a sense, therefore spontaneously broken for a generic VEV of t. However, it can be
broken additionally by VEVs of matter fields with nontrivial modular weights. In explicit string models most of the matter fields have
nontrivial modular weights. This is also true for those fields ¢; whose VEVs cancel the so-called Fayet-Iliopoulos [43] (FI) term &g > O in
the D-term

D=¢m+ Y a™" (o)), (8)

associated with a pseudo-anomalous U(1)anom gauge symmetry, where qi"°" denote the U(1)anom charges of the fields with non-trivial
VEVs (¢;). In addition to modular flavor symmetries, string constructions exhibit “traditional” Abelian [44] and non-Abelian flavor symme-
tries [45,46], which are defined as (flavor) symmetries under which 7 transforms trivially. These symmetries can combine with modular
flavor symmetries in an eclectic scheme [19,47,48] (also realized in bottom-up scenarios [49-51]), and can also be spontaneously broken
by the VEVs of fields transforming nontrivially under them.

In earlier analyses it has been found that these field VEVs provide us with an expansion parameter of the order of the Cabibbo angle
that breaks traditional flavor symmetries [44]. Surveys of explicit string models such as [52] with the chiral matter content of the standard
model (SM) under the SM gauge group show that practically all models have an FI term of the appropriate size, and SM singlets which
can acquire VEVs that cancel it. This then leads to the interpretation of these SM singlets as “flavons” of traditional symmetries like in the
Froggatt-Nielsen [53] (FN) model. As we shall see below, the same VEVs lead to a small departure of the T VEV from the critical points
or lines.

The alert reader may now be worried that, if modular invariance is broken by a number of fields, the predictive power of the scheme
may disappear. This is, however, not the case in models which resemble top-down constructions, in which the modular weights of the
couplings and fields have patterns which largely prevent us from replacing the modular forms by monomials of matter fields. This question
will be studied in detail elsewhere. It is nonetheless worthwhile to recall that the predictive power of bottom-up models in this scheme
is challenged by e.g. supersymmetry breaking effects [54] and the lack of control over the Kihler potential [55].

4. Examples

In order to describe the ingredients outlined in Section 2, we consider a system consisting of the dilaton S, the (complex structure)
modulus 7 and an ISS-type matter field X. The Kihler potential and superpotential are given by?

— — XX)2
K=—In(S+S)—3In(—it+iT)+ (—it+ i7) XX - (—it+ if)*”‘X% , (9a)
ISS
2% —bS 2(ky +ky) H(t)
7/:<C1+czn <(7) — Be S 4 fy n2kv+kx (r)X) . (9b)
n%(t)

In all the examples, X settles at a very small yet nonzero value (and smaller than Ajss), consistently with the expectations and
constraints outlined in Section 3.2. For simplicity, we set P(j(r)) =1 in the modular function H(t). Note that the exponents k. and ky
can be related to modular weights of matter fields that have developed VEVs, as explained in Section 3.3.

2 It is known that additional contributions to the Kihler potential can alter the predictions of these constructions [55]. Such terms can lead to numerical changes of the
locations of the minima, but generally do not alter the qualitative picture.
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Fig. 1. Partial and full breakdown of modular invariance. The upper inlay illustrates the stabilization of t close to i (cf. Section 4.1) while the lower one refers to 7 close to
 (cf. Section 4.2).

Table 1

Survey of vacua close to i with different residual symmetries. Our choice of nonzero
values of ¢, is c; =2ei7/3.10~8, however our results are not qualitative impacted if we
change the phase or magnitude of c,, as long as the phase is nontrivial. The last column
contains the vacuum energy, which is either negative (< 0) or slightly positive (>~ 0).

() fx ky T (V)
0 0 0 i <0
£0 0 0 —0.014 +1.015i <0

0 3.49.10°8 0 i ~0
0 6-1078 1 1.010i ~0
£0 5.1078 0 —0.018 +1.011i ~0
£0 8.5-1078 1 —0.018 +1.021i ~0

4.1. Fixing T close to i

In order to have realistic vacua in which t is close to i, we set

m=0,n=1,c;=2-108, ke=1, kx=0,b=10, B=1and Ajgs=10"2, (10)

where the dimensionful parameters are, as usual, given in Planck units. It depends on the choices of the remaining parameters whether t
gets fixed

(i) precisely at i, leaving a residual Zg X Z?f’ (cf. Table 2),

ii) along the imaginary axis with Imt > 1, preserving a residua , or
(ii) along the imaginary axis with I 1,p ing idual Z§”
(iii) away from i with Ret #0 and Im7 > 1.

We visualize these options in Fig. 1, and provide examples in Table 1.

As one can clearly see, in the absence of spontaneous breakdown of modular invariance as outlined in Section 3.3, i.e. for ¢c; and ky =0,
T remains at i. However, once modular invariance gets broken spontaneously, T somewhat deviates from i but remains parametrically
close to this special value.

4.2. Fixing t close to w

Let us next look at a model with parameters
m=1,n=0, c; =2-10_8, c=0,b=10,B=1, k=0, fx=0andA155=10_7. (11)
As discussed in [15,16], this leads to an AdS vacuum close to w. In more detail, the vacuum occurs at
Tads ~ —0.48 +0.88i, S~2.15and ¥ ~ —1.28-107"? <0. (12)
Next we introduce an ISS sector with
Aiss=10""  kx=0, ky=1and fx ~6-107%. (13)
This gives rise to a slight dS vacuum at

Tds = —0.49 4 0.94i and S ~2.16.. (14)

Note that |tgs| >~ 1.06 while |Taqs| ~ 1.008, i.e. uplifting moves t further away from the boundary of the fundamental domain. This is
illustrated in Fig. 1.
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Table 2
The critical points and lines in the fundamental domain of the (extended) modular group PGL(2, Z) = PSL(2, Z) % CA73 and the corresponding symmetry enhancements at
those locations. More detailed information can be found e.g. in [21,58].

critical points/lines T=i T=w ioco IT]=1 Ret =0 Ret =-1/2

enhanced symmetries Z3 x ZST Z3T 1 Z§PT VARV Z$PS VA Z$PeT

Note that in all of these examples, after the introduction of the uplift term that spontaneously breaks modular invariance, the deviation
87 of the T minimum from the critical points/lines is obviously continuously dependent on the continuous parameter fx. Moreover, fx
always falls within a certain interval, which is usually rather small: if fx was too small, the corresponding vacuum would be AdS; on the
other hand, if fx was too large, the minimum of S would run away, i.e. S — oo. Therefore, fx is always limited to a certain range, which
ensures that the deviation 7 from the critical points/lines remains nonzero yet parametrically small.

5. Discussion and outlook

We have revisited the question of moduli stabilization in the context of modular flavor symmetries. We point out that a number of
no-go theorems which rule out realistic vacua no longer apply once matter field dynamics is taken into account. These matter fields
provide us with two crucial ingredients:

1. spontaneous breakdown of modular invariance when fields of nontrivial modular weights attain VEVs, and
2. positive contributions to the vacuum energy from (metastable) dynamical supersymmetry breaking.

These ingredients are, in particular, realized in SM-like string models in which FI terms force certain matter fields acquire VEVs, and
which are typically endowed with a hidden sector exhibiting nonperturbative strong dynamics at an intermediate scale.

Historically, the VEVs induced by the FI terms have been used in scenarios with traditional flavor symmetries, where the suppression
of the VEVs against the fundamental scale was used to explain flavor hierarchies. In the context of the more recent models with modular
flavor symmetries, it has been argued that data requires t to be close to, but not exactly at, symmetry-enhanced points like T = i
or T = w. We find that the contributions from some “hidden” matter fields give us precisely that, namely small departures of t from
symmetry—-enhanced points.

This means, in particular, that certain string compactifications, which have been constructed to reproduce the (chiral) spectrum of the
SM, have all the ingredients to provide us with a successful theory of flavor. Altogether we are hence led to conclude that values of the
modulus t close to the special points T =i or T = w do have a clear top—-down explanation.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements

The work of V.K.-P, X.-G.L. and M.R. is supported by the National Science Foundation, under Grant No. PHY-1915005. The work of
V.K.-P, S.R.-S. and M.R. is supported by C-MEXUS-CONACYT grant No. CN-20-38. The work of S.R.-S. is also supported by UNAM-PAPIIT
IN113223, CONACYT grant CB-2017-2018/A1-S-13051, and Marcos Moshinsky Foundation.

Appendix A. Symmetry enhancement

If 7 is located at a point or locus in moduli space that is left invariant under some discrete PGL(2, Z) transformations, the “traditional”
symmetries of the theory get enhanced. Any of these symmetries is given by combinations of the S, T and CP modular generators, of
which the actions on 7 are defined in (4) and (5). It is worth noting that in models based on modular flavor symmetries, the modulus
vacua located at invariant points or loci tend to lead to trivial flavor mixing or unbroken CP due to the presence of a residual enhanced
symmetry [56,57]. As a result, more realistic modulus vacua typically need to deviate from the fixed points or loci. Interestingly, the
fermion spectrum deviating from the fixed points exhibits a universal near-critical scaling behavior [G]. As such, we often refer to these
fixed points or loci as critical points or critical lines, emphasizing their potential association with critical phenomena. A summary of the
various critical points and lines along with their respective symmetry enhancements is presented in Table 2.

Let us start by discussing the symmetry enhancements which occur at the three critical points, which coincide with the three vertices
of D* of (3). We see that 7 =i is invariant both under the S-transformation in (4) and the CP-like transformation in (5), i.e. it respects
a Z5 x ZS” symmetry. On the other hand, T = w :=e>'/3 is left invariant under ST,

el 1@+, (15)

as well as the combined action of T and (5), leading to an enhancement by a ZgT X ng"T symmetry. The point at infinity, T = ioo, is
invariant under both the T and the ng CP-like transformations. Since the Z' T-symmetry is an infinite discrete symmetry and does
not commute with Z$7, we obtain a ZT x Z$” symmetry enhancement.

5
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The critical lines correspond to the boundaries of the fundamental domain D* given in (3). Any point along the critical line |t] =1
is invariant under the ngs combined action of S and CP. Similarly, generic points along the line Ret = —1/2 are invariant under the

Z?"’T combined action of T and CP. Finally, localizing the modulus along Re T =0 yields a Z%P symmetry enhancement.
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