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A bstr a ct — R e d u ci n g c o nt r ol c o m pl e xit y is ess e nti al f o r a c hi e vi n g
l a r g e-s c al e q u a nt u m c o m p uti n g, p a rti c ul a rl y o n pl atf o r ms o p e r-
ati n g i n c r y o g e ni c e n vi r o n m e nts. Wi ri n g e a c h q u bit t o a r o o m-
t e m p e r at u r e c o nt r ol p os es a c h all e n g e, as t his a p p r o a c h w o ul d
s u r p ass t h e t h e r m al b u d g et i n t h e f o r es e e a bl e f ut u r e. A n ess e nti al
t r a d e off b e c o m es e vi d e nt: r e d u ci n g c o nt r ol k n o bs c o m p r o mis es t h e
a bilit y t o i n d e p e n d e ntl y a d d r ess e a c h q u bit. R e c e nt p r o g r ess i n
n e ut r al at o m- b as e d pl atf o r ms s u g g ests t h at r e ct a n g ul a r a d d r essi n g
m a y st ri k e a b al a n c e b et w e e n c o nt r ol g r a n ul a rit y a n d fl e xi bilit y
f o r 2 D q u bit a r r a ys. T his s c h e m e all o ws a d d r essi n g q u bits o n
t h e i nt e rs e cti o ns of a s et of r o ws a n d c ol u m ns e a c h ti m e.
W hil e q u a d r ati c all y r e d u ci n g c o nt r ols, it m a y n e c essit at e m o r e
d e pt h. We f o r m ul at e t h e d e pt h- o pti m al r e ct a n g ul a r a d d r essi n g
p r o bl e m as e x a ct bi n a r y m at ri x f a ct o ri z ati o n, a n N P- h a r d p r o bl e m
als o a p p e a ri n g i n c o m m u ni c ati o n c o m pl e xit y a n d c o m bi n at o ri al
o pti mi z ati o n. We i nt r o d u c e a s atis fi a bilit y m o d ul o t h e o ri es- b as e d
s ol v e r f o r t his p r o bl e m, a n d a h e u risti c, r o w p a c ki n g, p e rf o r mi n g
cl os e t o t h e o pti m al s ol v e r o n v a ri o us b e n c h m a r ks. F u rt h e r m o r e,
w e dis c uss r e ct a n g ul a r a d d r essi n g i n t h e c o nt e xt of f a ult-t ol e r a nt
q u a nt u m c o m p uti n g, l e v e r a gi n g a n at u r al t w o-l e v el st r u ct u r e.
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I. I N T R O D U C T I O N

Q u a nt u m c o m p uti n g d e m a n ds a t h er m al e n vir o n m e nt wit h
si g ni fi c a ntl y l o w er fl u ct u ati o ns t h a n t h e e n er g y l e v el diff er-
e n c es i n q u bits. B e c a us e of t his, s oli d-st at e pl atf or ms, s u c h as
s u p er c o n d u cti n g cir c uits or s e mi c o n d u ct or q u a nt u m d ots, c a n
o nl y o p er at e i n cr y o g e ni c e n vir o n m e nts. C o ntr olli n g a q u a nt u m
pr o c ess or e ntir el y fr o m r o o m t e m p er at ur e b e c o m es i m pr a cti c al
f or l ar g e-s c al e q u a nt u m c o m p uti n g, w h er e t h e r e q uir e m e nt of
milli o ns of p h ysi c al q u bits e x c e e ds t h e c a p a cit y of dil uti o n
r efri g er at ors, s u p p orti n g o nl y h u n dr e ds of c o a xi al c a bl es [1 ].
Gi v e n a c ert ai n d e gr e e of h o m o g e n eit y i n q u bit f a bri c ati o n, o n e
vi a bl e str at e g y is m a ni p ul ati n g m ulti pl e q u bits wit h o n e si g n al.
H or ni br o o k et al. [ 2 ] d e m o nstr at e a mi cr o ar c hit e ct ur e utili zi n g
‘s wit c h m atri c es’ t o s el e cti v el y distri b ut e a n al o g si g n als. I n t his
w or k, w e e xt e n d it t o 2 D a n d ai m t o r e d u c e t h e c o ntr ol c o m-
pl e xit y b y e x pl ori n g t h e i d e a of r el a xi n g q u bit a d dr ess a bilit y.

F or a 2 D arr a y X × Y , a ( c o m bi n at ori al) r e ct a n gl e is a s et
of t h e f or m X ′ × Y ′, w h er e X ′ ⊆ X a n d Y ′ ⊆ Y . S p e cif yi n g
a r e ct a n gl e r e q uir es |X | + |Y | bits ( o n e bit f or e a c h r o w a n d
e a c h c ol u m n), a si g ni fi c a nt r e d u cti o n c o m p ar e d t o |X | · |Y |
bits f or all el e m e nts. I n Fi g ur e 1 a, w e pr es e nt a c o n c e pt u al
ar c hit e ct ur e w h er e q u bits c a n b e a d dr ess e d usi n g r e ct a n gl es
f or m e d b y i nt ers e cti o ns of r o ws a n d c ol u m ns. C o m p ar e d t o a
si n gl e a d dr ess li n e, t h er e ar e b ot h r o w a n d c ol u m n a d dr ess li n es,
a n d a n a d diti o n al s wit c h f or e a c h r o w. T his s etti n g pr o vi d es a n
a d v a nt a g e: i n e a c h cl o c k c y cl e, t h e r o w a n d c ol u m n a d dr ess
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Fi g ur e 1.  Q u a nt u m ar c hit e ct ur e e m pl o yi n g t h e r e ct a n g ul ar a d dr essi n g f or a
2 D q u bit arr a y. a) C o n c e pt u al i m a g e of t h e ar c hit e ct ur e. A n al o g li n es pr o vi d e
t h e si g n als t o m a ni p ul at e t h e q u bits. T h e y ar e first r o ut e d b y t h e r o w s wit c h es
usi n g t h e r o w a d dr ess si g n al, a n d l at er r o ut e d b y t h e q u bit s wit c h es usi n g t h e
c ol u m n a d dr ess si g n al. T h e r o w a n d c ol u m n a d dr ess si g n als tr a ns mit 6 bits p er
cl o c k c y cl e, i n c o ntr ast t o 9 bits t h at w o ul d b e us e d f or i n di vi d u al a d dr essi n g.
I n g e n er al, t his is a q u a dr ati c diff er e n c e. b) A d dr ess e d q u bits at diff er e nt st a g es
of a n e x a m pl e q u a nt u m cir c uit. At e a c h st a g e, o nl y a r e ct a n gl e of q u bits ar e
a d dr ess e d, w hi c h m a y n e c essit at e m or e d e pt h, e. g., t 4 a n d t 5 c a n n ot b e m er g e d.

li n es tr a ns mit o nl y t h e s q u ar e r o ot of t h e t ot al bits r e q uir e d i n
a si n gl e a d dr ess li n e c o n fi g ur ati o n, at t h e e x p e ns e of p ossi bl e
l a y er e x e c uti o n ti m e. T his q u a dr ati c r e d u cti o n is m ai nt ai n e d
w hil e pr es er vi n g i n di vi d u al a d dr ess a bilit y, as a si n gl e el e m e nt
c a n still b e c o nsi d er e d a r e ct a n gl e. F or e x a m pl e, i n Fi g ur e 1 b,
w e ill ustr at e q u bits b ei n g a d dr ess e d at diff er e nt st a g es of a
q u a nt u m cir c uit. At t2 , t h e c ol u m n a n d r o w a d dr ess es ar e
( 0, 1 , 0) a n d ( 0, 0 , 1) r es p e cti v el y, e ns uri n g o nl y q 5 is a d dr ess e d.

O ur m oti v ati o n st e ms fr o m r e c e nt s u c c essf ul l ar g e-s c al e
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Fi g ur e 2. R e ct a n g ul ar a d dr essi n g i n n e utr al at o m arr a ys. a) T h e e x p eri m e nt al
s et u p i n Bl u vst ei n et al. [ 3 ]: a 2 D a c o ust o- o pti c d e fl e ct or ( A O D, bl u e d as h es)
m o d ul at es a n ot h er l as er t o r e ali z e R z g at es o n q u bits at t h e A O D cr ossi n g
p oi nts ( c ol or e d d ots). Diff er e nt q u bits ( u n c ol or e d d ots) ar e a d dr ess e d b y
c h a n gi n g t h e A O D si g n al. Q u bits n ot i n t h e p att er n ( d as h cir cl es) s h o ul d n ot
b e a d dr ess e d. b) R e ct a n g ul ar p artiti o n of a). Diff er e nt m ar k ers disti n g uis h 5
r e ct a n gl es t o p artiti o n t h e m atri x. T h e 5 fill e d m ar k ers i n di c at e a f o oli n g s et.

e x p eri m e nts o n t h e n e utr al at o m arr a ys pl atf or m [ 3 ] t h at
hi g hli g hts t h e eff e ct of r e d u ci n g c o ntr ol c o m pl e xit y b y r e ct-
a n g ul ar a d dr essi n g. As d e pi ct e d i n Fi g ur e 2 a, t h e a c o ust o- o pti c
d e fl e ct or ( A O D) ill u mi n at es a pr o d u ct of r o ws a n d c ol u m ns.
Q u a nt u m g at es, i n d u c e d b y s p e ci fi c p uls es m o d ul at e d b y t h e
A O D, a d dr ess q u bits at t h e r o w a n d c ol u m n i nt ers e cti o ns.
A O Ds pr o v e eff e cti v e f or i m pl e m e nti n g g at es [ 3 ], [4 ] a n d q u bit
m o v e m e nts [ 5 ] –[8 ]. M or e o v er, c ert ai n k e y a p pli c ati o ns, s u c h as
t h e s urf a c e c o d e [9 ], i n h er e ntl y f e at ur e r e ct a n g ul ar str u ct ur es.
T his c o d e r e q uir es a 2 D gri d of d at a q u bits, a n d a n ot h er 2 D
gri d of a n cill a q u bits t o c o n d u ct err or c h e c ks. E x pl oiti n g t his
str u ct ur e, Versl uis et al. [ 1 0 ] s h o w t h at 8 s ets of si g n als ar e
s uf fi ci e nt f or t h e d e c o di n g s e q u e n c e o n s u p er c o n d u cti n g q u bits.
T h e q u bits a d dr ess e d b y e a c h s et f or ms a r e ct a n gl e, s o, i n
pri n ci pl e, t h e s e q u e n c e c a n b e r e ali z e d b y a d dr essi n g 8 c o ntr ol
si g n als t o all q u bits wit hi n t h eir r es p e cti v e r e ct a n gl es.

T h e c o ars er gr a n ul arit y of r e ct a n g ul ar a d dr essi n g m a y r e d u c e
c o ntr ol c o m pl e xit y at t h e c ost of i n cr e asi n g d e pt h. Alt h o u g h
t4 a n d t5 i n Fi g ur e 1 b i n v ol v e si n gl e- q u bit g at es o n diff er e nt
q u bits, t h e y c a n n ot b e c o m bi n e d i nt o a si n gl e st a g e, b e c a us e
m er gi n g t h e m w o ul d r es ult i n a n o n-r e ct a n g ul ar arr a n g e m e nt
of q u bits t o a d dr ess. A m or e g e n er al pr o bl e m is gi v e n b y
t h e m atri x i n Fi g ur e 2 b, w h er e t h e q u bits t o a d dr ess ar e
r e pr es e nt e d b y t h e 1’s. T his m atri x c a n b e p artiti o n e d i nt o fi v e
r e ct a n gl es, e a c h d esi g n at e d b y disti n ct m ar k ers. C o ns e c uti v el y,
e a c h r e ct a n gl e r e c ei v es a m o d ul at e d R z p uls e t hr o u g h s p e ci fi c
A O D c o n fi g ur ati o ns. Mi ni mi zi n g t h e n u m b er of r e ct a n gl es t o
p artiti o n ar bitr ar y bi n ar y m atri c es b e c o m es cr u ci al.

I n t his p a p er, w e c o nsi d er t h e pr o bl e m of a c hi e vi n g d e pt h-
o pti m al r e ct a n g ul ar a d dr essi n g, w hi c h w e f or m ul at e as e x a ct
bi n ar y m atri x f a ct oriz ati o n . We pr es e nt a s atis fi a bilit y m o d ul o
t h e ori es ( S M T, e xt e nsi o n of S A T) f or m ul ati o n f or t his pr o bl e m
a n d a n eff e cti v e h e uristi c d u b b e d r o w p a c ki n g . T h e c o m bi n e d
al g orit h m, S A P ( S M T a n d p a c ki n g), fi n ds hi g h- q u alit y h e uristi c
s ol uti o ns q ui c kl y a n d t h e n it er ati v el y a p pr o a c h es t o t h e o pti m al
s ol uti o n. T o ass ess o ur m et h o ds, w e g e n er at e t hr e e b e n c h m ar k
s ets. T h e first s et c o m pris es r a n d o m m atri c es, t h e s e c o n d
i n cl u d es m atri c es wit h k n o w n o pti m al s ol uti o ns, d es pit e t h e
pr o bl e m g e n er all y b ei n g N P- h ar d. T h e t hir d s et is c o nstr u ct e d
t o a c c e nt u at e t h e g a p b et w e e n t h e p artiti o n n u m b er a n d t h e
c o n v e nti o n al m atri x r a n k. We o bs er v e t h at f or f ut ur e f a ult-
t ol er a nt q u a nt u m c o m p uti n g ( F T Q C), t h e pr o bl e m m a y e x hi bit
a pr o d u ct str u ct ur e. T his i m pli es t h at w e c a n s ol v e li mit e d-si z e

b)a)

1  0  1  1  0  0
0  1  0  0  1  1
1  0  1  0  1  0
0  1  0  1  0  1
1  1  1  0  0  0
0  0  0  1  1  1

≅
⨉

𝔹 m ⨉ r

H W

𝔹 r ⨉ n

0
1
2
3
4
5

0
1
2
3
4
5

Fi g ur e 3. a) I nt er pr eti n g t h e m atri x as t h e a dj a c e n c y m atri x of a bi p artit e
gr a p h, t h e r e ct a n g ul ar p artiti o n pr o bl e m b e c o m es bi cli q u e p artiti o n w h er e
t h e e d g es ar e p artiti o n e d t o f or m c o m pl et e bi p artit e s u b gr a p hs ( diff er e nt li n e
t y p es). b) Bi n ar y m atri x f a ct ori z ati o n fi n ds l o w-r a n k a p pr o xi m ati o ns H W of
t h e ori gi n al m atri x w h er e H a n d W ar e als o r e q uir e d t o b e bi n ar y.

pr o bl e ms o n m ulti pl e l e v els a n d t h e n c o m bi n e t h e s ol uti o ns.
T h e p a p er is str u ct ur e d as f oll o ws. I n S e cti o n II , w e pr o vi d e

a r e vi e w of m at h e m ati c al c o n c e pts r el at e d t o t his pr o bl e m
a cr oss v ari o us c o nt e xts a n d a p pli c ati o ns. I n S e cti o n III , w e
i ntr o d u c e o ur al g orit h ms. T h e c o nstr u cti o n of b e n c h m ar ks a n d
t h e e v al u ati o n r es ults ar e pr es e nt e d i n S e cti o n I V . We dis c uss
t h e pr o bl e m i n t h e c o nt e xt of F T Q C i n S e cti o n V . Fi n all y, t h e
c o n cl usi o ns a n d f ut ur e dir e cti o ns ar e pr o vi d e d i n S e cti o n VI .

II. BA C K G R O U N D

T h e t er m w e h a v e a d o pt e d, r e ct a n gl e , is st a n d ar d i n c o m m u-
ni c ati o n c o m pl e xit y t h e or y [ 1 1 ], w h er e t h e m atri x i n Fi g ur e 2 b
r e pr es e nts a bi n ar y f u n cti o n g of t w o v ari a bl es. Ali c e h as s o m e
i, B o b h as s o m e j , a n d o ur i nt er est is d et er mi ni n g t h e n u m b er of
bits t h e t w o n e e d t o c o m m u ni c at e t o c o m p ut e g (i, j ). If g = 1
u nif or ml y o n a r e ct a n gl e, it is a 1- m o n o c hr o m ati c r e ct a n gl e .
T h e n u m b er of 1- m o n o c hr o m ati c a n d 0- m o n o c hr o m ati c r e ct-
a n gl es t o p artiti o n t h e w h ol e m atri x s er v es as a cr u ci al l o w er
b o u n d f or t h e c o m m u ni c ati o n c o m pl e xit y. F or a n i ntr o d u cti o n
t o t his t o pi c, r e a d ers ar e r ef err e d t o K us hil e vit z & Nis a n [1 2 ].
T w o r es ults t h e y c o v er ar e w ort h m e nti o ni n g f or l at er dis c us-
si o ns. First, t h er e e xists a n alt er n ati v e d e fi niti o n of a r e ct a n gl e:

(i, j ) ∈ R a n d (i′, j′) ∈ R ⇒ (i, j ′) ∈ R. ( 1)

I n t his p a p er, w e o nl y f o c us o n 1- m o n o c hr o m ati c r e ct a n gl es a n d
w e will r ef er t o t h es e as ‘r e ct a n gl es’ fr o m n o w o n. T h e s e c o n d
i m p ort a nt f a ct is t h at t h e p artiti o n n u m b er is l o w er b o u n d e d b y
t h e si z e of f o oli n g s ets. I n o ur c as e, a f o oli n g s et S c o nsists of
(i, j ) s u c h t h at g (i, j ) = 1 , a n d f or a n y disti n ct p air (i, j ) a n d
(i′, j′) i n S , g (i′, j) = 0 or g (i, j ′) = 0 . I n d e e d, t h e s h a d e d
m ar k ers i n Fi g ur e 2 b i d e ntif y s u c h a f o oli n g s et of si z e 5,
i m pl yi n g t h at o ur p artiti o n i nt o 5 r e ct a n gl es is o pti m al. F o oli n g
s ets d o n ot al w a ys g u ar a nt e e a ti g ht b o u n d, e. g.,

3 r e ct a n gl es ar e n e e d e d t o p artiti o n
b ut t h e si z e of a n y f o oli n g s et is ≤ 2




1 1 0
0 1 1
1 1 1



 ( 2)

T h e pr o bl e m h as a gr a p h-t h e or eti c i nt er pr et ati o n w h e n c o n-
si d eri n g t h e m atri x as t h e a dj a c e n c y m atri x of a bi p artit e gr a p h,
as ill ustr at e d i n Fi g ur e 3 a. T h e l eft v erti c es c orr es p o n d t o t h e
r o ws, w hil e t h e ri g ht v erti c es c orr es p o n d t o t h e c ol u m ns. A n
e d g e e xists b et w e e n v ert e x i o n t h e l eft a n d v ert e x j o n t h e
ri g ht if a n d o nl y if el e m e nt (i, j ) is 1 i n t h e m atri x. Vi e w e d i n
t his w a y, a r e ct a n gl e, s e e n as a s et of e d g es, f or ms a bi cli q u e ,
i. e., a c o m pl et e bi p artit e gr a p h. F or i nst a n c e, t h e a d dr ess e d sit es
i n Fi g ur e 2 a c orr es p o n d t o a c o m pl et e ( 3, 2)- bi p artit e s u b gr a p h
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in Figure 3a, as denoted by the solid edges. Therefore, the
rectangular partition is equivalent to a biclique partition of a
bipartite graph. Reinterpreting the left vertices as sets and right
vertices as objects, the biclique partition is finding a normal
set basis to decompose each set. In our example, the basis
is {{0, 2}, {1}, {3}, {4}, {5}}, with the first set on the left
decomposed into {0, 2}⊔{3}. The decision problem is proven
NP-complete [13]. Even approximating the problem is NP-
hard [14]–[16]. Amilhastre et al. [17] have characterized certain
graph families where the problem can be efficiently solved.

The third perspective regarding a rectangular partition is
through matrix factorization, as each rectangle precisely cor-
responds to a rank-1 submatrix. In Figure 3b, within a binary
matrix factorization (BMF), given a binary matrix M ∈ Bm×n

and an integer r, the objective is to minimize ∥M − HW∥
where H ∈ Bm×r and W ∈ Br×n. Note that HW =

∑r
i=1 Pi

where Pi is the product of column i in H and row i in W . Each
Pi ∈ Bm×n is 1 on a combinatorial rectangle and 0 elsewhere,
so it has rank 1. The minimum r for which M−HW = 0 is the
binary rank, rB of M . In this case,

∑r
i=1 Pi is an exact binary

matrix factorization (EBMF) of M . In contrast to SVD, which
provides the rank in R, EBMF additionally requires H and W
to be binary. However, it is crucial to note that the additions in
the matrix multiplication in EBMF is in R, not in B, e.g.,0 1 1

1 0 1
1 1 0

 EBMF
̸=

10
1

 [
1 1 0

]
+

11
0

 [
1 0 1

]
.

If the addition were in B, the equality holds. But in R, the top-
left element appears in both rectangles on the r.h.s., violating
the disjointedness requirement of rectangular partitioning. For
binary matrices, we have a straightforward lower bound [18]:

rankR(M) ≤ rB(M) ∀M ∈ Bm×n. (3)

Zhang et al. [19] develop a BMF optimizer which is integrated
into a well-known package NIMFA [20]. However, since it is
not designed for EBMF but to provide approximations given a
fixed r, it does not perform well for our specific purposes.

III. ALGORITHM

Given a matrix M ∈ Bm×n, we are interested in its exact
binary matrix factorization (EBMF) M =

∑rB−1
i=0 Pi where

each Pi ∈ Bm×n is 1 on a rectangle and 0 elsewhere.
Our SMT formulation encodes the problem: given M and a

number b, determine if rB(M) ≤ b. When rB is unknown, we
query an SMT solver with decreasing values of b to compute
it. Given the problem’s complexity, the worst-case runtime is
exponential to the size of M . Hence, the key lies in establishing
relatively tight bounds for b to minimize SMT invocations.

Our approach, SAP (SMT and packing), is presented in
Algorithm 1. First, our heuristic, row packing, provides a valid
EBMF, P . Since |P | is an upper bound of rB(M), the SMT
solving initiates with b = |P | − 1 and terminates when the
SMT formula is unsatisfiable or when b falls below rankR(M),
a lower bound as per Equation 3. P is updated each time the
SMT formula is satisfiable so that it retains to the best solution
found thus far even if the process is prematurely interrupted.

Algorithm 1: SAP (SMT and packing) EBMF
Data: M ∈ Bm×n

Result: P , an EBMF of M consisting of rectangles
1 P ← row packing EBMF(M ); /* Algorithm 2 */
2 b← |P | − 1;
3 formula ← construct SMT formula(M , b);
4 while b ≥ real rank of M do
5 if formula is satisfiable then
6 P ← readout solution( formula);
7 b← b− 1;
8 formula ← narrow down depth( formula, b);
9 else

10 break;

A. SMT Formulation

Fundamentally, we want to compute a function f : E → P ,
where E comprises the 1’s in the matrix, and P contains the
rectangles. This definition offers the convenience of inherently
ensuring the disjointedness of the rectangles. Furthermore, the
constraints needed to enforce the validity of f in specifying
rectangles can be expressed using first-order logic and equality
between function values. This closely aligns with the uninter-
preted function, a major addition in SMT compared to SAT
[21], [22]. Concretely, the only set of constraints follows from
Equation 1: for every pair of distinct 1’s at (i, j) and (i′, j′),{

fi,j ̸= fi′,j′ if Mi,j′ = 0,
(fi,j = fi′,j′)⇒ (fi,j = fi,j′) if Mi,j′ = 1.

(4)

Another SMT feature we leverage are bit-vectors. In fact, both
the domain and range of f are bit-vectors: fi,j above means
f(e(i, j)) where e is an index function of the 1’s in M , and
the value of f is the index of a rectangle. To narrow down the
solution space as in line 8 of Algorithm 1, we just add new
constraints fi,j ̸= b for every Mi,j = 1 to the SMT formula.

B. Heuristics

A trivial upper bound of rB(M) is the width or height of M ,
whichever smaller, after removing empty and duplicated rows
and columns. This corresponds to partitioning the matrix into
single rows or columns and consolidating duplicated ones.

The normal set basis viewpoint inspires our second heuristic.
We process matrix M row by row, with the goal of forming
a basis – each basis vector corresponds to one rectangle, as
outlined in Algorithm 2. For each row ri, as in lines 4-7, if an
existing basis vector vj is found within this row, we append i to
the rectangle Pj associated with vj . Subsequently, we remove
the 1’s in vj from ri and continue this process. The outcome
is the decomposition of ri into a disjoint union of existing
basis vectors, potentially leaving a residue of 1’s. An example
is displayed in Figure 4a where the first 4 rows cannot be
decomposed, so the residues are just the rows themselves, and
they are added to the basis, i.e., vi = ri, i ∈ {0, 1, 2, 3}. When
it comes to r4, we note it contains v0 (circles) and v1 (triangles),
so the residue is (0, 0, 0, 0, 1) denoted by the pentagon. Based
on this decomposition, the rectangles P0 and P1, corresponding
to v0 and v1, vertically grow to include row 4.
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Algorithm 2: Row-Packing EBMF
Data: M ∈ Bm×n

Result: P , an EBMF of M consisting of rectangles
1 M ′ ← shuffle rows(M );
2 basis ← [ ]; P ← [ ];
3 for ri ∈M ′ i = 0, 1, ...,m− 1 do
4 for vj ∈ basis do
5 if {1’s in vj} ⊆ {1’s in ri} then
6 Pj ← vertical grow(Pj , i);
7 ri ← ri − vj ;
8 if ri ̸= 0⃗ then
9 c← one hot column vec(i);

10 for vk ∈ basis do
11 if {1’s in ri} ⊆ {1’s in vk} then
12 Pk ← horizontal shrink(Pk, ri);
13 vk ← vk − ri;
14 ck ← 1;
15 basis.append(ri);
16 P .append(c× ri);
17 P ← undo shuffle(P , M , M ′);

Since we adhere to the order of basis vectors, the decom-
position can be suboptimal. For instance, we overlook the
possibility of r4 = v2+ v3, and the residue could have been 0.
To mitigate this, we run the heuristic multiple times, shuffling
the rows in each trial, e.g., another trial with a different row
ordering is exhibited in Figure 4b. This is a compromise to the
complexity of the problem. Formally, we are trying to find a
packing or exact cover of ri by the basis vectors, and it is an
NP-complete problem [23] to decide whether one exists.

In the presence of a residue, we perform an update to the
basis in lines 9-16. The intuition behind this is that smaller basis
vectors enhance the likelihood of a successful row packing. If
an existing basis vector vk contains the residue, we remove the
residue from the corresponding rectangle Pk and update vk.
In step 2 of Figure 4b, r1 itself (triangles) is the residue. We
find existing basis vector v0 = r0 (circles) containing r1, so
v0 is updated to r0 − r1, and then r1 is added to the basis as
v1. Because of the updates, some existing rectangles shrink to
remove the columns of 1’s in the new basis vector, which we
record with a column vector c. In step 3 of the example, c notes
that v0 gets updated and v1 gets added, so the new rectangle
P1 = c · v1 spans rows 0 and 1, and columns 0 and 1. And
the existing rectangle P0 shrinks by removing columns 0 and
1, which leads to the successful packing of r2 in step 4.

Finally, in line 17, we reverse the initial shuffling to de-
rive the correct EBMF. It is worth noting that the algorithm
introduces at most one rectangle for each non-repeating row,
ensuring that the result is no worse than the trivial heuristic.
The overall time complexity is O(n3k), where k represents the
number of trials, and n denotes the larger of matrix width and
height. This complexity is due to nested loops in lines (3,10)
and (3,4), with the innermost loop involving vector operations.
Additionally, note that we run the heuristic on both the original
matrix and its transpose, retaining the better result.

In scenarios with limited time budgets, two further compro-
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0 1 1 0 0
1 0 0 1 1
1 1 1 1 1
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r1
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r3
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0 0 1 1 0
0 1 1 0 0
1 0 0 1 1
1 1 1 1 1

a) b)
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P1
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P3
P4

1 1 1 1 1
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1 1 1 1 1
0 1 1 0 0
1 0 0 1 1
1 1 0 0 0
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1 1 1 1 1
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1 0 0 1 1
1 1 0 0 0
0 0 1 1 0

1 1 1 1 1
0 1 1 0 0
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(2)(1) (3)

(5)(4)

Figure 4. Two trials of running the row packing heuristic. Rectangles found
are represented by different markers. a) needs 5 rectangles but b) needs 4.

mises can be considered. The first one is removing the basis
update in lines 10-14. The second one is arranging rows with
a smaller number of 1’s at the beginning instead of random
shuffling, and invoking fewer runs. Based on our experience,
both of these tend to result in more suboptimal ‘local minima’
compared to the current setting, so we have not adopted them.

IV. EVALUATION

We implement the above approach which is open-source
under the MIT License1. The software relies on numpy 1.26.3
and z3-solver 4.12.1.0 [21]. The evaluation is conducted on a
server with an AMD EPYC 7V13 CPU and 512 GB RAM.

A. Benchmark Construction

We provide benchmarks in two sizes: 1) limiting the number
of rows by 10 so that we can reliably prove the optimality of
the solutions using SMT, and 2) 100×100, which is considered
to be the current limit of atom array technology [3].

The first benchmark set consists of random matrices. We
generate 10 matrices with varying occupancies of 1’s (10%,
20%, ..., 90%) for sizes 10×10, 10×20, and 10×30. For the
100×100 size, we choose occupancies of 1%, 2%, 5%, 10%,
and 20%, because higher occupancies almost always result in
full rank, which is trivial for our evaluation.

The second benchmark set is comprised of matrices with
known optimal solutions. According to Equation 3, if a matrix
has a k-rectangle partition and the real rank is also k, the parti-
tion is optimal. We create pairs of disjoint rows ri and linearly
independent columns ci, leading to matrices M =

∑k
i=1 ci · ri.

We enforce disjointedness among the rows to ensure that the
outcome matrices only contain 0’s and 1’s, and the rectangles
cannot merge. For each rank k = 1, 2, ..., 10, we generate 10
benchmarks of size 10×10 with known optimal solutions.

The third benchmark set is designed to create a gap between
the real rank and the binary rank. We begin by sampling a
random row r and then randomly decompose it into disjoint row
pairs r = r′+r′′. The parameter for this family of benchmarks
is the number of row pairs, k, which is limited to ⌊m/2⌋. The
real rank of these 2k rows should be k+1 because any pair can
recover the original row, r = r0 + r1. Each pair then should
provide an independent basis vector, e.g., r2i for i = 0, ..., k−1.
Note that decompositions like r3 = r0 + r1 − r2 require the
use of negative numbers, which are not allowed in an EBMF.

1https://github.com/UCLA-VAST/EBMF
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Table I
PERCENTAGE OF CASES FINDING AN OPTIMAL SOLUTION

row packing, number of trials
benchmark rank† trivial 1 10 100 1000
10×10, rand 98% 80% 91% 99% 100% 100%
10×20, rand 100% 100% 100% 100% 100% 100%
10×30, rand 100% 100% 100% 100% 100% 100%

100×100, rand 100%‡ 62% 92% 96% 98% 100%
10×10, opt 100% 100% 100% 100% 100% 100%

10×10, gap, 2 74% 29% 88% 100% 100% 100%
10×10, gap, 3 63% 16% 91% 100% 100% 100%
10×10, gap, 4 47% 40% 94% 98% 99% 99%
10×10, gap, 5 42% 84% 90% 94% 96% 96%

†Percentage of cases where real and binary ranks are the same.
‡Since the heuristics managed to find optimal solutions, the real and binary
ranks are the same for this set. The SMT for these cases are too large to solve.

Consequently, the binary rank of the matrix should be larger
than k + 1. The remaining m − 2k rows are completed with
random rows having a 50% occupancy, resulting in a total real
rank equal to or slightly lower than m − k + 1. We generate
100 benchmarks of size 10×10 with 2, 3, 4, and 5 row pairs.

B. Results
The SMT solver allows us to compute optimal solutions.

The percentage of cases achieving optimal solutions with the
heuristics is presented in Table I. The ‘rank’ column indicates
the percentage of cases where the binary rank equals the real
rank. Although the 100×100 benchmarks are too large for
SMT to find solutions, the heuristics find solutions with the
number of rectangles equal to the real rank. Consequently, these
solutions are known to be optimal, and the real and binary ranks
are in agreement. Several observations can be made.

Observation 1: the real and binary ranks are equal with
high probability for random matrices. This can be attributed in
part to the near-full real rank of random matrices. We observe
that almost all 10×20 matrices with an occupancy of 20% and
higher, all 10×30 matrices, and 100×100 matrices with an
occupancy of 5% and higher are full rank, necessitating full
binary rank, resulting in equality between the two.

Observation 2: the constructed benchmarks with known
optimal are easy. Due to the mechanism of row packing, it
can always find the optimal solutions for these benchmarks.
Surprisingly, the trivial heuristic also manages to find the
optimal solutions on all cases, because even though the row
space cannot be reduced by construction, e.g.,11

0

 [
1 1 0

]
+

01
1

 [
0 0 1

]
=

1 1 0
1 1 1
0 0 1

 ,

the columns may be reduced by recognizing duplication.
Observation 3: row packing is an effective heuristic. On

benchmarks with gaps and the large random benchmarks, there
is a big gap between the trivial heuristic and even one trial of
row packing, indicating row packing is highly non-trivial. As
expected, the performance of row packing improves with more
trials. On most of the benchmarks, it saturates at 100 trials and
finds optimal solutions on a remarkable percentage of cases.

Observation 4: edge cases for row packing needs more
general search. We look into the cases where row packing
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Figure 5. The most time-consuming cases. ‘r’ means it is a random benchmark,
‘g2’ means it comes from benchmarks with gap using 2 row pairs, etc.

fails to find the optimal solution. Going through Algorithm 2,
we find these cases necessitates introducing more than one
basis at some rows, whereas the row packing heuristic at most
introduces one new basis per row in order for efficiency.

Observation 5: the most time consuming cases are proving
UNSAT. We collect the most time-consuming cases in Figure 5.
In the majority of these cases, the SMT solver can only find
solutions with the same number of rectangles as row packing.
Then, the solver goes on decreasing the bound by 1 and proves
the formula to be UNSAT. This is the most time consuming
task. Note that in Algorithm 1, when we terminate at any time,
we can return P , the best solution found so far.

V. FAULT-TOLERANT QUANTUM COMPUTING

Fault-tolerant quantum computing performs on top of quan-
tum error correction codes that encode each logical qubit using
quantum states distributed across multiple physical qubits. A
promising approach is exemplified by the surface code [9],
where a logical qubit manifests as a patch of physical qubits, as
depicted in Figure 6a. For simplicity, only the data qubits are
illustrated, and check qubits are not shown. A single-logical-
qubit operation, designated as U , corresponds to a 2D pattern
(M ) of physical gates, as highlighted in the callout. On the
logical level, the quantum circuit may necessitate another 2D
pattern (M̂ ) of logical operations. Consequently, the overall
physical operation is expressed as the tensor product M̂ ⊗M .
This two-level structure allows for the independent computation
of the rectangular partition of M̂ and M . Subsequently, taking
the tensor product of the partitions produces the solution.

However, is this solution optimal? The real rank is multi-
plicative under a tensor product, as elementary row operations
can be employed to make both M and M̂ upper triangular,
resulting in an upper-triangular tensor product. In contrast,
whether the binary rank is multiplicative under a tensor product
remains an open question. Our aforementioned solution (tensor
product of partitions) provides an upper bound: rB(M̂ ⊗M) ≤
rB(M̂) · rB(M). For lower bounds, Watson [18] notes that

max
(
rB(M̂) · ϕ(M), rB(M) · ϕ(M̂)

)
≤ rB(M̂ ⊗M) (5)

where ϕ denotes the maximum fooling set size. However, as
per Equation 2, ϕ is not always equal to rB. In practice, the
majority of M is simple, such as applying X , Z, or H to all
the physical qubits in one patch. In this case, all the elements
of M are 1, and indeed we have ϕ(M) = rB(M) = 1, so the
rectangular partition of M̂ leads to an optimal solution.
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Figure 6. Rectangular addressing in fault-tolerant quantum computing. a) An
operation U on 2D patterns of logical qubits can be realized by the tensor
product of partitions on the logical and physical levels. b) For logical blocks
in 1D layout and with different operations, addressing by row is usually enough.

Another family of quantum error correction codes gaining
popularity is quantum low-density parity-check codes, which
can take advantage of the mobility of atom arrays [24]. In this
code, logical qubits are more globalized, with multiple logical
qubits stored in one logical block instead of one qubit per block.
These blocks are usually arranged in a 1D fashion, as shown
in Figure 6b, because they only serve as memory, and logical
qubits need to be read out to a computing zone. Considering
logical operations that can be realized with single-qubit gates
in this setting, the pattern on each block can be quite different,
depending on the offset of logical qubits inside the blocks.
We conjecture that addressing qubits row by row is usually
sufficient in this case, as in our evaluation, we find that given
the same occupancy, the 10×20 and 10×30 random matrices
are much easier to be full rank than the 10×10 matrices.

VI. CONCLUSION AND DISCUSSION

In this paper, we consider the depth-optimal rectangular
addressing for 2D qubit arrays, which turns out to be equivalent
to the exact binary matrix factorization problem that has ap-
plications in various fields. We introduce an SMT-based solver
for it along with an effective heuristic, row packing, which
scales to the current limits of atom array technology. Several
future directions can be explored. The packing procedure in
our implementation might benefit from ideas in existing works
such as Knuth’s Algorithm X for exact cover [25] instead of
purely relying on shuffling. Another avenue is the introduction
of vacancies in the atom arrays. Since there are no qubits, it is
irrelevant how many times we address these sites. They can be
represented as don’t cares in a matrix, which may be leveraged
to reduce rectangles. This task is binary matrix completion [26],
[27] instead of factorization. Additionally, the SMT tool could
aid in investigating the behavior of binary rank under a tensor
product. Furthermore, optimal rectangular partitions generated
by this tool can provide insight for designing cryogenic control
architecture of qubit arrays for various applications.
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