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HOMOTOPICAL FOUNDATIONS OF PARAMETRIZED

QUANTUM SPIN SYSTEMS

AGNÈS BEAUDRY1, MICHAEL HERMELE2,3, JUAN MORENO1,
MARKUS J. PFLAUM1,3, MARVIN QI2,3, AND DANIEL D. SPIEGEL4,5

Abstract. In this paper, we present a homotopical framework for study-
ing invertible gapped phases of matter from the point of view of infinite
spin lattice systems, using the framework of algebraic quantum me-
chanics. We define the notion of quantum state types. These are certain
lax-monoidal functors from the category of finite dimensional Hilbert
spaces to the category of topological spaces. The universal example
takes a finite dimensional Hilbert space H to the pure state space of the
quasi-local algebra of the quantum spin system with Hilbert space H

at each site of a specified lattice. The lax-monoidal structure encodes
the tensor product of states, which corresponds to stacking for quantum
systems. We then explain how to formally extract parametrized phases
of matter from quantum state types, and how they naturally give rise
to E∞-spaces for an operad we call the “multiplicative” linear isometry
operad. We define the notion of invertible quantum state types and
explain how the passage to phases for these is related to group comple-
tion. We also explain how invertible quantum state types give rise to
loop-spectra. Our motivation is to provide a framework for constructing
Kitaev’s loop-spectrum of bosonic invertible gapped phases of matter.
Finally, as a first step towards understanding the homotopy types of the
loop-spectra associated to invertible quantum state types, we prove that
the pure state space of any UHF algebra is simply connected.

Contents

1. Introduction 2
Acknowledgements 14
2. Functorial properties of quasi-local algebras and their states 15
2.1. Quasi-local algebras 15
2.2. States and pure states 20

2020 Mathematics Subject Classification. 81Q35, 46N50, 46L30, 55P48.
Key words and phrases. quantum spin system, quasi-local algebra, gapped invertible

phases, Kitaev’s conjecture, loop-spectra, topological group completion, operads, pure
state spaces, quantum state type.

1Department of Mathematics, University of Colorado Boulder.
2Department of Physics, University of Colorado Boulder.
3Center for Theory of Quantum Matter, University of Colorado Boulder.
4Department of Mathematics, University of California, Davis.
5Center for Quantum Mathematics and Physics, University of California, Davis.

1

http://arxiv.org/abs/2303.07431v2


2 BEAUDRY, HERMELE, MORENO, PFLAUM, QI, AND SPIEGEL

2.3. Quantum state types 26
3. Formal properties of quantum state types 35
3.1. Cellularizing quantum state types 35
3.2. The classifying spaces for quantum systems and phases 38
3.3. Stacking structure 39
3.4. Parametrized phases and group completion 46
3.5. Loop-spectra and May’s Recognition Principle 53
3.6. Berry phase and free fermions 55
4. The fundamental group of the pure state space 60
4.1. Action of A on its state space 61
4.2. A-homotopies and the fundamental group 62
4.3. Finite dimensional density matrices and rectification of paths 65
4.4. Triviality of the fundamental group for UHF algebras 71
Appendix A. Homotopical background 73
A.1. Topological monoids and H-spaces 73
A.2. Operads and E∞-spaces 75
A.3. Simplicial sets and geometric realization 78
References 80

1. Introduction

Gapped invertible quantum phases of matter are a topic of major interest
in condensed matter physics. Selected key examples and partial classifica-
tions of such phases were introduced in the following works: [Lau81, Hal83b,
Hal83a, AKLT87, RG00, KM05, MB07, Roy09, FKM07, Kit09, SRFL09,
GW09, PTBO10, FK11, TPB11, CGW11, SPGC11, CGLW13, LG12].

In recent years, there has been significant work done specifically towards
better understanding Kitaev’s conjecture that gapped invertible phases form
a loop-spectrum in the sense of homotopy theory [Kit13, Kit15, Kit19,
GJF19]. A loop-spectrum Y is a sequence of pointed topological spaces
Y0, Y1, Y2, . . . together with weak equivalences (see Definition 3.2)

Yd
≃
−→ ΩYd+1

where ΩYd+1 is the space of based loops in Yd+1. The space Yd is to be
interpreted as the classifying space for phases in spacetime dimension d+1,
so that its path components π0Yd is the set of phases. Furthermore, phases
in spacetime dimension d + 1 should be in one-to-one correspondence with
homotopy classes of loops in the classifying space for phases one dimension
higher.

One successful approach aimed at describing the loop-spectrum that clas-
sifies phases has been to use topological quantum field theories (TQFTs);
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in particular, cobordism invariants play a key role [Kap14]. Work of Freed–
Hopkins followed by many others settles the question in the TQFT frame-
work. They identify representing loop-spectra depending on the choice of
bosonic versus fermionic phases and on the symmetry group of interest
[FH21, FH20]. This has led to many computations and predictions, for
example, in work of Wan–Wang [WW19, WW20].

However, while it is widely accepted that invertible gapped phases are
classified by TQFTs, there are still many mysteries associated to this cor-
respondence. For instance, there is a need for a better understanding of
Kitaev’s insight directly from lattice spin systems. Progress has been made
in this direction in several recent papers, especially by Kapustin, Sopenko,
Spodyneiko and Yang [KS20a, KS20b, KSY21, Sop21, KS22]. Work of Xiong
[Xio19] also gives a framework for Kitaev’s conjecture, including many de-
tails on the connections between homotopy theory and condensed matter
theory. We also note recent work of Marcolli [Mar19], which explores the
connections between Segal’s theory of Gamma-spaces and quantum infor-
mation theory.1

In this article, we do not settle the main question of identifying Kitaev’s
loop-spectrum. Our goal is to introduce a homotopical framework that we
think is well-suited to the problem. This framework is not new to homotopy
theory, but its application to lattice spin systems we think is new.

To explain the framework, it is helpful to think of the generalized coho-
mology theory associated with the loop-spectrum of phases. We say what
we mean here.

Given a loop-spectrum Y = {Y0, Y1, · · · } and a topological space X, one
defines

Y d(X) := [X,Yd]

where the right-hand side is the homotopy classes of maps. The sets Y d(X)
are in fact abelian groups. This is a consequence of the fact that Yd is an
infinite loop space

Yd ≃ ΩYd+1 ≃ Ω2Yd+2 ≃ Ω3Yd+3 ≃ . . .

and, already, Ω2Yd+2 is a homotopy associative and commutative H-space,
and so homotopy classes of maps into it form an abelian group.2

In the context of invertible gapped phases, there should be a spectrum
GP of gapped phases with spaces GP0, GP1, . . . , and then GPd(X) is to be
thought of as the group of phases of quantum systems parametrized by the

1In this paper, we use E∞-spaces and operads to produce loop-spectra. Gamma-spaces
are a different (but related) framework which can also be used to construct loop-spectra.
Background on operads and E∞-spaces is given in Appendix A.2.

2An H-space is a based topological space Y with a multiplication Y × Y −→ Y and
such that the base point of Y is a unit up to homotopy. Properties of H-spaces such
as associativity and commutativity are always only required to hold up to homotopy.
Background on this is given in Appendix A.1.
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space X. When X = pt, a single point, we recover the non-parametrized
gapped phases.

In practice, when trying to understand phases in spacetime dimension
d + 1, one often starts with a space Q of quantum systems as opposed to
phases. This space could be model dependent. For example, one might
choose to work with Hamiltonians on certain lattices, or to already restrict
to spaces of states with special properties. Furthermore, the space Q may
depend on the symmetry group of interest, or whether or not one is studying
fermions or bosons.

For a given dimension, and a space Q of systems, a quantum system
parametrized by X is a continuous function f : X → Q. Given two such
systems f1 and f2, one must be able to stack them to obtain a new system
f1 ⊖ f2 : X → Q. For example, for systems modeled by states, the stacking
operation takes two states ω1 and ω2 and forms their tensor product ω1⊗ω2.
For systems modeled by Hamiltonians H1 and H2, stacking corresponds to
forming the operator H1 ⊗ 1+ 1⊗H2.

Some quantum systems are considered trivial. For example, in a “states”
model, trivial systems will often be completely factorized states. In this
paper, we will say a parametrized system f : X → Q is trivial if f is constant
with value a completely factorized state.

Steps 1.1. To pass from quantum systems to phases, one should perform
the following identifications, where f, g : X → Q are quantum systems:

(0) (Isomorphism) If f and g differ by a change of presentation, such as
a change of basis, they are in the same phase;

(1) (Deformation) If f and g are homotopic, they represent the same
phase;

(2) (Stacking stabilization) If f and g become the equal after stacking
with trivial systems, then they represent the same phase.

Often, the first type of equivalence, that of isomorphism, is subsumed
by the second in the sense that isomorphisms of systems are realized via
homotopies. This will be assumed to be the case in our framework, so we
will not discuss the notion of isomorphism further.

Example 1.2. Anyone who has worked with topological K-theory will feel
a sense of déjà-vu. We review this connection in Section 3.6.2 and discuss
the relationship of the framework with Kitaev’s classification of free fermion
phases.

Example 1.3. The classification of bosonic systems without symmetry in
spacetime dimension 0+1 is well understood. There are no non-trivial phases
if one does not allow for varying parameters. That is, phases over a point
are all trivial. The parametrized phases over more interesting topological
spaces, however, are not all trivial. Indeed, over the sphere S2, there is a
non-trivial phase modeled by the quantum system

H(w1, w2, w3) = w1σ
1 + w2σ

2 + w3σ
3
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where the σi are the Pauli matrices and w = (w1, w2, w3) ∈ S2. The ground
states of this system form a non-trivial line bundle over S2 and this is the
only phase invariant. It is the line bundle associated with the Berry curva-
ture form.

For any parameter space, the line bundle of ground states is always a com-
plete phase invariant in spacetime dimension 0 + 1. Since BGL(1) classifies
complex line bundles, there is an isomorphism

GP0(X) ∼= [X,BGL(1)]

and, for bosonic systems with no-symmetry, we have GP0 ≃ BGL(1). We
review this more in Section 3.6.1.

Example 1.4 ([WQB+23]). Consider an infinite chain of spin-1/2 particles
in spacetime dimension 1 + 1. This is modeled by taking a lattice Γ = Z

and, on each lattice site v ∈ Z, placing a copy of B(C2). Denote the Pauli
operators on site v by σ1

v , σ
2
v , σ

3
v . Model S3 as pairs (w, t) in the quotient of

S2 × [−1, 1] which identifies all the points (w, 1) to one point, and similarly
for the points (w,−1). Consider a Hamiltonian which is a sum of three
terms

H(w, t) =
∑

v∈Z

H1
v (w, t) +

∑

v∈Z|v even

H2+
v,v+1(t) +

∑

v∈Z|v odd

H2−
v,v+1(t).

For the first term,

H1
v (w, t) = (−1)v

√
1− t2H(w)

where H(w) is the Hamiltonian for the 0 + 1 dimensional family in Exam-
ple 1.3. For the other two terms, we let g+(t) = t − 1/2 for t ∈ [1, 1/2),
and g−(t) = −t− 1/2 for t ∈ (−1/2,−1]. Both functions are zero otherwise.
Then

H2±
v,v+1 = g±(t)(σ

1
vσ

1
v+1 + σ2

vσ
2
v+1 + σ3

vσ
3
v+1).

At each value of (w, t) the system decomposes as a tensor product of decou-
pled 0 + 1 dimensional quantum systems, which are either single or pairs
of spins, making the ground state and spectrum of H(w, t) easy to analyze.
In particular, H(w, t) is always gapped with a unique ground state ω(w, t).
The pairing of the spins is not fixed and two different pairings occur as one
varies t, with a switch between them as we go from t = 1 to −1.

Note that we get a function

ω : S3 −→ PZ(C
2)

where PZ(C
2) is the pure state space of the C∗-algebra

⊗
v∈Z B(C2) (as

defined in Section 2). This is a parametrized family of states over S3, and it
is continuous if we give PZ(C

2) the weak∗ topology (but not with the norm
topology).

In both Examples 1.3 and 1.4, the specific Hamiltonian representing the
system was not important. Modeling systems using Hamiltonians was a
choice of presentation, and there are many such choices. In fact, Kitaev
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has argued that in the context of local gapped invertible phases with unique
ground states on an infinite lattice, one should only study the states them-
selves, as the map which sends a Hamiltonian to its ground state will be
a weak equivalence. While the arguments, as described in [Xio19, §2.1.1],
are quite compelling, to our knowledge, a mathematically rigorous treat-
ment of local gapped Hamiltonians on an infinite lattice, and of this weak
equivalence, still has not appeared in the literature.

Example 1.5. In spacetime dimension 0 + 1, suppose we have a finite
dimensional Hilbert space H. Let P(H) be its pure state space. Let H (H)
be the space of Hermitian operators on H with one-dimensional ground
state. The map

H (H) −→ P(H)

which sends H to its ground state is a homotopy equivalence. Therefore,
there is no loss in only studying the pure state space instead of Hamiltonians.

In this paper, we therefore focus on pure state spaces. In spacetime di-
mension d + 1 > 0 + 1, the state spaces come from infinite dimensional
objects. So there is a question of topology that needs to be resolved. In
Example 1.4, we noted that the family of states parametrized by S3 is not
norm continuous, but rather weak∗ continuous. We expect that more gen-
eral parametrized Hamiltonians should also give rise to weak* continuous
families of ground states; for example this is true for the families of states
considered in [BMNS12, KS22]. Furthermore, it is physically reasonable to
require expectation values of local observables to be continuous. The weak*
topology is the minimal topology with respect to this property. We therefore
consider the weak* topology on our spaces of states Q and will henceforth
restrict our attention to this topology.

We now get more specific about the content of our paper. Throughout,
we work in the category of compactly generated topological spaces cgTop.
We define this category in Convention 1.12.

We let Hilbfin be the category whose objects are the non-zero finite-
dimensional complex Hilbert spaces and morphisms are linear isometric em-
beddings. This is a symmetric monoidal category with respect to the tensor
product. When considering the monoidal structure, we denote the category
by Hilb⊗fin. This is a topologically enriched category where the set of linear
isometries, which we denote by I (H,K), is given the subspace topology
with respect to all linear maps.

Now, let Γ be a lattice. In spacetime dimension d+1, we will usually use
Γ = Z

d but this is not important for the general framework. For each H in
Hilb⊗fin, we consider the C∗-algebra AΓ(H), where the quantum degrees of
freedom on each lattice site of Γ are described by H. So,

AΓ(H) =
⊗

v∈Γ

B(H)
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where the tensor product is understood as a UHF algebra. We let PΓ(H) be
the pure state space of AΓ(H) with the weak∗ topology. Note that PΓ(C)
is a space with a single point, which we denote by pt. This is all reviewed
in detail in Section 2.

Given states ω1 ∈ PΓ(H1) and ω2 ∈ PΓ(H2), we can define their tensor
product ω1 ⊗ ω2 ∈ PΓ(H1 ⊗ H2). We note that this is the operation on
ground states that corresponds to stacking gapped Hamiltonians with a
unique ground state.

In Section 2, we show the following result:

Theorem (2.13). There is a topologically enriched functor

PΓ : Hilb
⊗
fin −→ cgTop

which maps H to PΓ(H) and with the property that for a linear isometric
embedding f : H −→ K,

PΓ(f) : PΓ(H) −→ PΓ(K)

is a closed embedding. Furthermore, the map which takes states to their
tensor product gives a natural transformation

ηPΓ : PΓ(H1)× PΓ(H2) −→ PΓ(H1 ⊗H2),

making PΓ into a lax monoidal functor.

We construct PΓ by first constructing a strong monoidal contravariant
functor (AΓ, η

AΓ) : Hilb⊗fin −→ C∗-Alg⊗1,+ which takes H to AΓ(H), viewed

as an object in the category C∗-Alg⊗1,+ of nuclear unital C∗-algebras and

unital completely positive linear maps (which are automatically bounded),
equipped with their unique tensor product. This is Proposition 2.6. By
composing AΓ with the functor that assigns the state space, we obtain a
pair (SΓ, η

SΓ) consisting of a functor SΓ : Hilb
⊗
fin −→ cgTop and a natural

transformation ηSΓ just as above, but here SΓ(H) is the space of all states
(not just pure ones) in the weak∗ topology. This is Theorem 2.10. Then
PΓ is obtained by restricting SΓ to the pure state space. Of course, there
are many details to check to ensure this works, and Section 2 is dedicated
to that.

As we will see in the construction, for a linear isometric embedding
f : H −→ K,PΓ(f)(ω) is obtained via pre-composition of ω with a com-
pletely positive map AΓ(f). The map AΓ(f) is the colimit of maps AΛ(f) =
Ad

(⊗
v∈Λ f∗

)
defined for finite subsets Λ ⊂ Γ. That is, one might write

AΓ(f) suggestively as Ad
(⊗

v∈Γ f
∗
)
.

Example 1.6. If d = 0 so that Γ = Z
0 is a single point, then

PZ0(H) ∼= P(H)

and

PZ0(f) : P(H) −→ P(K)
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is simply the map which takes the one dimensional subspace ψ of H to the
subspace f(ψ) of K. On the other hand ηP

Z0 (ψ, φ) = ψ ⊗ φ, the tensor
product of the one-dimensional subspaces.

We construct and study PΓ in Section 2. Once we have constructed PΓ,
we can introduce the main structure we study in the rest of the paper, that
of a quantum state type. We make this definition with bosonic systems with
no symmetry in mind, in the hope that it can be adapted to more general
settings.

Definition (2.14). A quantum state type on a lattice Γ is a topologically
enriched functor

QΓ : Hilb
⊗
fin −→ cgTop

such that the following hold:

(a) For each object H, QΓ(H) is a subspace of PΓ(H) containing all com-
pletely factorized states.

(b) For each morphism f : H −→ L, QΓ(f) is the restriction of PΓ(f) and
is a closed embedding.

(c) The natural transformation ηPΓ restricts to a natural transformation

ηQΓ : QΓ(H1)× QΓ(H2) −→ QΓ(H1 ⊗H2).

The quantum state type PΓ is called the universal quantum state type.

This setup will allow us to deduce many formal results about quantum
state types. In this paper, we will focus on the universal quantum state
type PΓ. While example of physical interest on infinite lattices will take
QΓ(H) to be a proper subspace of PΓ(H), the universal quantum state
type PΓ gives us a toy example for developing the theory and the results we
prove about PΓ are of independent interest for non-commutative geometry.
We discuss proposals for more physically relevant quantum state types on
infinite lattices in Example 1.10 below.

Assume we have fixed a quantum state type QΓ. We let H be an object
of Hilb⊗fin of dimension at least two. We choose a distinguished vacuum state

ψ of H. We let fi : H
⊗i −→ H⊗(i+1) be the map obtained by tensoring on

the right with a fixed choice of unit vector in ψ. This is a linear isometry,
so the maps QΓ(fi) are closed embeddings. The completely factorized state⊗

Γ ψ is in QΓ(H) by assumption. By an abuse of notation, we simply call
this state ψ. We then have

QΓ(fi)(ω) = ηQΓ(ω,ψ) = ω ⊗ ψ.
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We introduce two spaces that play a key role in our study of phases.3

First, we let

Q
⊔
Γ (H) :=

∐

i≥0

QΓ(H
⊗i).

Also let ψi = ψ⊗i ∈ QΓ(H
⊗i). The natural transformations ηQΓ give Q⊔

Γ(H)
the structure of a strictly associative topological monoid with unit ψ0. It is
homotopy commutative, but not strictly commutative. See Proposition 3.11.

The space Q⊔
Γ (H) is our classifying space for quantum systems. Hence-

forth, a parameter space will always be assumed to be a compact Hausdorff
space X which is homotopy equivalent to a CW complex. Then, a continu-
ous function

ω : X −→ Q
⊔
Γ (H)

is a quantum system parametrized by X. See Definition 3.9. We say it is
trivial if it is constant with value the completely factorized state ψi for some
i ≥ 0. We continue our abuse of notation and call this constant function ψi.

Now that we have defined quantum systems, we also want to define quan-
tum phases. To this end, define

QΓ(H
⊗∞) := colim

i,⊗ψ
QΓ(H

⊗i).

We give QΓ(H
⊗∞) the base point corresponding to the image of ψ0, which,

by design, is equal to the image of every ψi. Physically, we can roughly
think of elements of QΓ(H

⊗∞) as states in Q⊔
Γ (H), stacked with an infinite

number of copies of the trivial state ψ. Upon passing to QΓ(H
⊗∞), we no

longer need to explicitly consider stacking stabilization, and all information
about phases is encoded in the homotopy type of QΓ(H

⊗∞). We emphasize
that QΓ(H

⊗∞) is not a subspace of pure states with H⊗∞ as the single-site
vector space.

With this space in hand, we can define our notion of phases. Namely, the
quantum phases of state type QΓ parametrized by X is the set of homotopy
classes

[X,QΓ(H
⊗∞)].

We will justify this definition, but first we discuss the structure on the space
QΓ(H

⊗∞). We prove it is a homotopy associative and commutative H-
space. This means that QΓ(H

⊗∞) has a product that is associative and
commutative up to homotopy, with an element that also satisfies the condi-
tions of being a unit up to homotopy. In fact, we prove more, we show that it
is an E∞-space, a concept which is reviewed in Appendix A.2. In particular,
π0QΓ(H

⊗∞), the space of path components, is a monoid. However, it may
not be a group. The cases when it is a group are particularly interesting.

3At this point, we apply a functorial CW-replacement to our quantum state type. This
preserves the weak homotopy type but puts us in a context better suited for homotopy
theory. The theorems are to be understood up to this functorial replacement. This is
explained carefully in Section 3.1. Since we are interested in the homotopy theory of
quantum state types, we don’t lose anything through this replacement.
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We will say that a quantum state type QΓ is invertible if π0QΓ(H
⊗∞) is

a group (see Definition 3.14). We summarize this in the following theorem
which is proved in this paper.

Theorem (3.12). The space QΓ(H
⊗∞) is an E∞-space. As such, it is a

homotopy commutative and associative H-space. If QΓ is invertible, then
QΓ(H

⊗∞) is an H-group.
The map

 =
∐

i : Q
⊔
Γ(H) −→ QΓ(H

⊗∞)

obtained from the inclusions i : QΓ(H
⊗i) −→ QΓ(H

⊗∞) is a morphism of
H-spaces.

The reason QΓ(H
⊗∞) is particularly interesting to us is the following

result.

Theorem (3.20). For a parameter space X, the map  induces a map of
monoids

π0 Map(X, ) : Map(X,Q⊔
Γ (H)) −→ [X,QΓ(H

⊗∞)],

which identifies [X,QΓ(H
⊗∞)] with the quotient of the space of quantum

systems

Map(X,Q⊔
Γ (H))

by the relation ω1 ≈ ω2 if and only if there are i, j ≥ 0 such that

ω1 ⊗ ψi ≃ ω2 ⊗ ψj .

Therefore, [X,QΓ(H
⊗∞)] is precisely the result of passing from quantum

systems to quantum phases by imposing the equivalences of deformation (1)
and of stacking stabilization (2). As noted before, we expect that equiva-
lences corresponding to isomorphisms (0) will be realized by deformations.4

For invertible quantum state types, we can do even better and describe
the passage from quantum systems to phases as a group completion process.

Theorem (3.34). If QΓ is an invertible quantum state type, then the monoid
of phases [X,QΓ(H

⊗∞)] is an abelian group, and there is an isomorphism

K0([X,Q⊔
Γ (H)]) ∼= [X,QΓ(H

⊗∞)]× [X,Z]

where K0 is the Grothendieck group completion functor.

The factor of [X,Z] appears because, on any path component X0 of X, a
quantum systems f on X must satisfy f(X0) ⊂ QΓ(H

⊗i) for some specific
i ≥ 0, and the group completion of the non-negative integers is Z.

4For example, because QΓ is a topologically enriched functor and the unitary group
of H is path connected, any isomorphism between systems obtained by conjugating each
site in AΓ(H) by a fixed a unitary U ∈ B(H) (the same on each site) is realized through
a homotopy.
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Remark 1.7. The definition of invertibility only depended on π0QΓ(H
⊗∞).

Since this formally implies that [X,QΓ(H
⊗∞)] is an abelian group, this

means that a quantum system parametrized by X is invertible if and only
if it is invertible at each point of X. See Remark 3.32 for more discussion
on this point.

Remark 1.8. We can actually do more than this and relate the spaces
Q⊔

Γ(H) and QΓ(H
⊗∞) to Quillen’s group completion ΩBQ⊔

Γ(H). This is
a step-up in theoretical technicality so we do not discuss it further in the
introduction, but the results are in Theorem 3.35 and further discussion in
Remark 3.36.

At this point, we want to return to the story with loop-spectra. As a
direct consequence of the fact that QΓ(H

⊗∞) is an E∞-space, we have the
following result, which is discussed in Section 3.5.

Theorem (3.44). If QΓ is an invertible quantum state type, then QΓ(H
⊗∞)

is an infinite loop space, i.e., the zero space of a loop-spectrum.

Now that we have established our framework, we reconnect with the ques-
tions of computing parametrized phases. For an invertible quantum state
type QΓ, the group of phases always corresponds to π0QΓ(H

⊗∞). Further-
more, we have shown that QΓ(H

⊗∞) is an E∞-space.
May’s Recognition Principle [May72] gives a correspondence between infi-

nite loop spaces whose monoid of path components is a group and connective
loop-spectra. These are loop-spectra Y whose homotopy groups vanish in
all negative degrees. That is, πdY = π0Y−d = 0 for all d < 0. This feels
very promising. Homotopy groups of spectra and other terminology about
loop-spectra are reviewed in Section 3.5.

We return to the physical context, fixing a space-time dimension d+1 and
letting Γ be Z

d. The hope is that with clever choices of invertible quantum
state types QZd , the space QZd(H⊗∞) will give a first approximation for
the classification of gapped invertible phases in spacetime dimension d + 1
and that the E∞-space structure will be related to Kitaev’s loop-spectrum.
However, even with a reasonable choice of QZd , there will still be important
open questions to resolve:

(1) We have not established a connection between QZd and QZd+1 . So,
all we have is a collection of loop-spectra that have not been shown
to interact with one another. Establishing this connection will nec-
essarily be non-formal input depending on the choice of invertible
quantum state type QZd .

(2) We have not imposed any spatial homogeneity on quantum systems,
as would be required for instance by translation symmetry. It is
possible that pathological behavior may arise from highly inhomo-
geneous infinite systems, which could result in a classification that
does not model physical expectations.
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(3) The spectra GP believed to classify invertible gapped phases (of
various flavors) will not be connective! Indeed, π0GPd is meant
to classify gapped invertible phases in space-time dimension d + 1
and these are known to be non-trivial. However, the loop-spectrum
corresponding to QZd will be a shift of a “Whitehead cover” of GP.
In particular, in the range 0 ≤ i ≤ d, we do recover the phases since

π0GP i
∼= πiQZd(H⊗∞)

and, in fact, if one is careful, one can also recover any Postnikov k-
invariant of GP from QZd+N (⊗H∞) for N large enough with respect
to the degree of the Postnikov k-invariant.

Example 1.9. For gapped invertible bosonic phases with no symmetry, the
loop-spectrum GP is believed to be

Σ2IZMSO.

This spectrum is almost the opposite of connective since its homotopy groups
are trivial for d > 2 and non-trivial for infinitely many values of d ≤ 2.

In spacetime 0+1, the universal quantum state type is physically relevant,
and we can consider PZ0((C2)⊗∞). It is not hard to show that the loop-
spectrum we obtained from this E∞-space is

Σ2HZ ≃ Σ2IZMSOτ≥0,

where HZ is (up to weak equivalence) a spectrum

(K(Z, 0),K(Z, 1),K(Z, 2), . . .)

with choices of weak equivalences K(Z, n)
≃
−→ ΩK(Z, n+ 1) for each n.

Example 1.10. To capture physically meaningful states, we can start by
considering the quantum state type GZd , which assigns to H the subspace
GZd(H) ⊂ PZd(H) consisting of ground states of gapped local Hamiltonians.
Not all such states are invertible, so we must restrict this space further. Note
that all factorized states will be in the same path component of GZd(H), and
we define

PicGZd(H) ⊂ GZd(H)

to be the subspace of those states ω ∈ GZd(H) such that there exists τ ∈
GZd(K) with ω ⊗ τ in the path component of the factorized states.

Another concrete proposal for modeling a subset of invertible local gapped
quantum systems via a quantum state type would be to take Kapustin–
Sopenko–Yang [KSY21] subspaces

Q
LGA
Zd (H) ⊂ PZd(H)

of states that are LGA-equivalent to a factorized state. Physically, these can
be thought of as those ground states of gapped local Hamiltonians for which
the Hamiltonian is joined to that for a factorized ground state through a path
of gapped Hamiltonians. Some invertible states do not have this property
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(e.g. the E8 state in d = 2; see Remark 1.11), so QLGA
Zd would not model all

invertible states.

Given a quantum state type QΓ, the first step to understanding the coho-
mology theory it represents is to compute the values of the reduced theory on
spheres, called the coefficients of the cohomology theory. This is equivalent
to the problem of computing the homotopy groups of QΓ(H

⊗∞). Clearly,
the answer depends on your choice of QΓ (although not on the choice of
(H, ψ)). The last section of this paper is dedicated to studying this question
for the universal quantum state type PΓ. We do not compute all of the
homotopy groups, but we do make a step in this direction by computing the
fundamental group. In fact, Section 4 is dedicated to proving the following
result.

Theorem (4.21). The pure state space of a UHF algebra in the weak∗ topol-
ogy is simply connected. In particular, for any lattice Γ and any state type
H, PΓ(H) and PΓ(H

⊗∞) are simply connected spaces.

The idea of the proof is to perform a homotopy of an arbitrary loop in
PΓ(H) such that as the homotopy progresses we disentangle more and more
sites from the rest of the lattice. We are inspired by the work of [KOS03],
in which it is shown that for any two pure states ψ, ω ∈ P(A) of a unital
separable simple C∗-algebra A, there exists an automorphism α : A −→ A

and a continuous family of unitaries U : [0,∞) −→ U(A) such that ω = ψ◦α
and

α = lim
t→∞

Ad(Ut),

where the limit is taken in the strong topology of Aut(A). In particular,
there is a weak∗ continuous path from ψ to ω implemented by a norm-
continuous family of unitaries at every point except the last endpoint. Our
proof that PΓ(H) is simply connected takes on a similar flavor.

Remark 1.11. Although the universal quantum state type PΓ has simply
connected spaces PΓ(H

⊗∞), we do not expect this to be true in general for
the quantum state types that arise in condensed matter theory.

For PicGZd as above, motivated by results in the physics literature [Tho83,
Kit13, Kit15, Xio19, KS20b, Shi22, WQB+23], we expect that the fundamen-
tal groups π1(PicGZd(H⊗∞)) are not generally trivial. For example, gapped
invertible phases of bosonic systems in 2 + 1 spacetime dimensions with no
symmetry are believed to be classified by π0(PicGZ2(H⊗∞)) ∼= Z, with the
generator of the Z referred to as the E8 state [Kit11]. In 3 + 1 dimensions,
we thus have an “E8 pump,” which is a non-trivial system over S1 that can
be obtained from the E8 state via a suspension construction [WQB+23].
Therefore, we expect that π1(PicGZ3(H⊗∞)) ∼= Z for PicGZ3 the quantum
state type for gapped invertible ground states in 3 + 1 dimensions. In other
words, we should have

π0(PicGZ2(H⊗∞)) ∼= π0Ω(PicGZ3(H⊗∞)) ∼= π1(PicGZ3(H⊗∞)) ∼= Z
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However, the fundamental groups are generally expected to be abelian. In
fact, this expectation is already present when we assume that invertible
phases are classified by an infinite loop space since all homotopy groups of
an infinite loop space are abelian groups. For invertible quantum state types
in the sense of this paper, we deduce this formally in Lemma 3.30.

Convention 1.12. In this paper, we work in the category cgTop of com-
pactly generated topological spaces in the sense of [Lew78, Appendix A].
These are also called weak-Hausdorff k-spaces. There is a k-ification functor
from weak-Hausdorff spaces to k-spaces. Products and mapping space ob-
jects in cgTop are defined to be the k-ification of the usual constructions. In
particular, if cgTop is given the symmetric monoidal structure given by the
k-ification of the cartesian product and mapping spaces are understood as
the k-ification of the usual mapping space with the compact-open topology,
then cgTop is a closed symmetric category in the sense that

Map(X × Y,Z) ∼= Map(X,Map(Y,Z))

in cgTop.
We let cgTop∗ be the category of based compactly generated topological

spaces and based maps, with the convention that the base point of a space
is non-degenerate (i.e., the inclusion of the base point is a closed embed-
ding which is a neighborhood deformation retract). In this case, we get an
adjunction

Map∗(X ∧ Y,Z) ∼= Map∗(X,Map∗(Y,Z))

in cgTop∗, where Map∗ denotes the k-ification of the space of based map
topologized as a subspace of the space of all maps with the compact-open
topology.
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2. Functorial properties of quasi-local algebras and their

states

The goal of this section is to construct the universal quantum state type
functor PΓ of Theorem 2.13 and to define our notion of quantum state types.

2.1. Quasi-local algebras. In this section, we construct a strong monoidal
functor

AΓ : Hilb
⊗
fin −→ C∗-Alg⊗1,+

from the category Hilb⊗fin of finite dimensional non-zero complex inner prod-

uct spaces with linear isometries as morphisms to the category C∗-Alg⊗1,+
of nuclear unital C∗-algebras and unital completely positive linear maps
(which are automatically bounded). Both categories are made symmetric
monoidal using the tensor product, as the notation indicates, and we ex-
plain in detail how that works for the codomain. In case we consider these
categories without their monoidal structures we denote them by Hilbfin and
C∗-Alg1,+, respectively. Let us emphasize that the morphisms in Hilbfin
are always embeddings, a simple observation which will be crucial for the
following.

We begin by reviewing definitions about quasi-local algebras and their
states.

In C∗-algebraic language, a quantum lattice system consists of a countable
set Γ called the lattice and, for each lattice site v ∈ Γ, a finite-dimensional
Hilbert space Hv which encodes the quantum mechanical states of a particle
or collection of particles at the site v. The spaceHv is often referred to as the
single-site Hilbert space associated with site v. The lattice Γ is endowed with
the discrete topology. For simplicity, we assume that all sites are described
by the same Hilbert space H.

We first define the quasi-local algebra of a quantum lattice system. This
is a C∗-algebra whose self-adjoint elements are regarded as the observables
of the system. Later we will consider states on the quasi-local algebra.

Let us write Λ ⋐ Γ to indicate that Λ is a nonempty finite subset of Γ.
Then for any Λ ⋐ Γ, we define

HΛ =
⊗

v∈Λ

H and AΛ(H) =
⊗

v∈Λ

B(H) ∼= B(HΛ).

The (self-adjoint) elements of the C∗-algebra AΛ(H) can be understood as
the observables of the quantum lattice system localized at Λ.

When Λ1 ⊂ Λ2 ⋐ Γ, there exists a canonical map

ιHΛ2Λ1
: AΛ1

(H) → AΛ2
(H)

defined by tensoring identity operators 1 on lattice sites in Λ2 \Λ1. The C
∗-

algebras AΛ(H) together with these inclusions then form a directed system
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in the category of C∗-algebras and ∗-homomorphisms. We define the quasi-
local algebra of the quantum lattice system as the colimit

AΓ(H) = colim
Λ⋐Γ

AΛ(H)

together with the canonical maps ιHΛ : AΛ(H) → AΓ(H). Note that the
inclusions ιHΛ2Λ1

and ιHΛ are all unital and injective. The quasi-local algebra
has a dense ∗-subalgebra

AΓ,loc(H) =
⋃

Λ

ιHΛ (AΛ(H))

called the local algebra.

Given finite-dimensional Hilbert spaces H1 and H2, one can form their
(completed) tensor product H1 ⊗H2. Physically, the tensor product corre-
sponds to the composite of the quantum mechanical systems described by
H1 and H2 at a given lattice site. The C∗-algebra AΓ(H1 ⊗H2) is then in-
terpreted as the quasi-local algebra of the quantum lattice system obtained
by internally stacking the systems AΛ(H1) and AΛ(H2). But one can also
form the (completed) tensor product AΓ(H1)⊗AΓ(H2) and regard it as the
quasi-local algebra obtained by externally stacking the systems AΛ(H1) and
AΛ(H2). Note that by nuclearity of the C∗-algebras AΓ(Hi), i = 1, 2, the
completed tensor product AΓ(H1) ⊗ AΓ(H2) is uniquely determined. That
the two quasi-local algebras obtained by internally and externally stacking
are isomorphic is the first result we state. Although we could not find a
reference in the literature, this is most certainly folklore.

Proposition 2.1. For any two finite dimensional Hilbert spaces H1 and
H2, there is a canonical isomorphism

ηAΓ

H1,H2
: AΓ(H1)⊗ AΓ(H2)

∼=
−→ AΓ(H1 ⊗H2) .

Proof. Note first that by the universal property of the tensor product there
is a canonical embedding B(H1)⊗B(H2) →֒ B(H1⊗H2) which is an isomor-
phism since H1 and H2 are finite dimensional. For any Λ ⋐ Γ, one therefore
obtains a natural ∗-isomorphism as the composite

ηΛH1,H2
: AΛ(H1)⊗ AΛ(H2) =

(
⊗

v∈Λ

B(H1)

)
⊗

(
⊗

v∈Λ

B(H2)

)

∼=
−→

⊗

v∈Λ

(B(H1)⊗ B(H2))
∼=
−→

⊗

v∈Λ

B(H1 ⊗H2) = AΛ(H1 ⊗H2)
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where the first isomorphism is the obvious one. For Λ1 ⊂ Λ2 ⋐ Γ, these
isomorphisms form a commutative square

AΛ2
(H1)⊗AΛ2

(H2) AΛ2
(H1 ⊗H2)

AΛ1
(H1)⊗AΛ1

(H2) AΛ1
(H1 ⊗H2)

η
Λ2
H1,H2

η
Λ1
H1,H2

By nuclearity of the C∗-algebras AΓ(Hi) and since the colimit of a countable
strict inductive system of nuclear C∗-algebras is nuclear [Tak64, Thm. 5],

forming the colimits on both sides gives the desired isomorphism ηAΓ

H1,H2
. �

Next we want to show that associating to every finite dimensional Hilbert
space H the quasi-local algebra AΓ(H) over the lattice Γ can be turned into
a functor. The domain of that functor is the category Hilbfin of non-zero
finite dimensional Hilbert spaces and linear isometries. We therefore need
to define what we mean by AΓ(f) where f : H −→ K is a linear isometry
between Hilbert spaces. To this end we put for Λ ⋐ Γ and P ∈ B(H)

HΛ =
⊗

v∈Λ

H, KΛ =
⊗

v∈Λ

K, fΛ =
⊗

v∈Λ

f, and PΛ =
⊗

v∈Λ

P .

We implicitly use the identification AΛ(H) ∼= B(HΛ). Furthermore, we let
Ad(A) denote the adjoint action

Ad(A)(B) = ABA∗

whenever A is a bounded linear operator between Hilbert spaces or when A
is an element of a C∗-algebra.

Remark 2.2. Note that f∗f = 1 and ff∗ = P , where P ∈ B(K) is the
orthogonal projection onto the image of f . Since f∗

ΛfΛ = 1 and fΛf
∗
Λ = PΛ,

we have

Ad(f∗
Λ) ◦ Ad(fΛ) = idAΛ(H) and Ad(fΛ) ◦ Ad(f

∗
Λ) = Ad(PΛ).

The following results establish the functoriality of AΓ on Hilbfin.

Lemma 2.3. There exists a unique bounded linear map

AΓ(f) : AΓ(K) → AΓ(H)

such that, for all Λ ⋐ Γ, the diagram

(2.1)

AΓ(K) AΓ(H)

AΛ(K) AΛ(H)

AΓ(f)

ιK
Λ

Ad(f∗
Λ
)

ιH
Λ

commutes. Furthermore, AΓ(f) is completely positive and unital.
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Proof. Observe that Ad(f∗
Λ) is linear and positive, as well as unital by the

fact that f∗
ΛfΛ = 1. Again from the fact that f∗f = 1, it follows that the

diagram

AΛ2
(K) AΛ2

(H)

AΛ1
(K) AΛ1

(H)

Ad(f∗
Λ2

)

ιK
Λ2Λ1

Ad(f∗
Λ1

)

ιH
Λ2Λ1

commutes for all finite subsets Λ1 ⊂ Λ2 ⋐ Γ. Therefore, by construction of
AΓ,loc(K), there exists a unique function

AΓ(f) : AΓ,loc(K) −→ AΓ(H)

such that (2.1) commutes when AΓ(K) is replaced by AΓ,loc(K).
Linearity and boundedness of AΓ(f) follow from linearity and bounded-

ness of the maps Ad(f∗
Λ) and from the structure of Aloc(K). Therefore AΓ(f)

has a unique extension to a bounded linear map

AΓ(f) : AΓ(K) −→ AΓ(H).

From the fact that any Ad(f∗
Λ) is unital we see that AΓ(f) is unital. From

the fact that each Ad(f∗
Λ) is completeley positive by [Stø13, Lem. 1.2.2] we

see that AΓ(f) is completely positive on Aloc(K). One concludes that AΓ(f)
is completely positive on AΓ(K) as follows.

If A is a positive element of the matrix algebra Mn(AΓ(K)) ∼= AΓ(K) ⊗
Mn(C), then there exist a B ∈ Mn(AΓ(K)) such that A = B∗B and a
sequence (Bk)k∈N in Mn(Aloc(K)) converging to B. By positivity of AΓ(f)⊗
idMn(C) we know that each (AΓ(f)⊗idMn(C))(B

∗
kBk) is positive. On the other

hand, the sequence
(
(AΓ(f) ⊗ idMn(C))(B

∗
kBk)

)
k∈N

converges to
(
AΓ(f) ⊗

idMn(C)(A)
)
k∈N

. Since the limit of a sequence of positive elements is again

positive, (AΓ(f)⊗ idMn(C))(A) is a positive element of Mn(AΓ(H)) and the
claim is proved. �

Proposition 2.4. There is a contravariant functor

AΓ : Hilbfin −→ C∗-Alg1,+.

On objects and morphisms it is defined by

H 7→ AΓ(H)
(
f : H −→ K

)
7→

(
AΓ(f) : AΓ(K) → AΓ(H)

)
.

Furthermore, there is a canonical isomorphism AΓ(C) ∼= C.

Proof. If H = K and f = idH, then it is clear from uniqueness in Lemma
2.3 that AΓ(f) = idA(H). If we have two isometries f and g such that g ◦ f
is defined, then it is again clear from uniqueness in Lemma 2.3 that

AΓ(g ◦ f) = AΓ(f) ◦AΓ(g).
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The isomorphism AΓ(C) ∼= C is the unique unital ∗-homomorphism between
these C∗-algebras. �

Remark 2.5. If we equip the category C∗-Alg1,+ of nuclear unital C∗-
algebras and completely positive maps with the C∗-tensor product it in fact
becomes a symmetric monoidal category.

To verify this recall first that both the minimal and the maximal C∗-
tensor products are associative by [KR97, 11.1 & 11.3] and the universal
property of the maximal C∗-tensor product. This implies in particular that
the C∗-tensor product of two nuclear C∗-algebras is again nuclear; see also
[Bla06, IV.3.1.1.]. Moreover, the algebraic tensor product of two completely
positive linear maps between nuclear C∗-algebras extends uniquely to a com-
pletely positive map between the C∗-tensor product algebras by e.g. [BO08,
Prop. 3.5.3]. Therefore, the C∗-tensor product ⊗ is a bifunctor on the cat-
egory C∗-Alg1,+. By associativity of the minimal (or maximal) C∗-tensor
product one has a natural associator map αA,B,C : A⊗(B⊗C) ∼= (A⊗B)⊗C

for nuclear C∗-algebras A,B,C. The monoidal unit is obviously given by C.
The coherence conditions for the algebraic tensor product naturally extend
to the C∗-tensor product for nuclear C∗-algebras, and C∗-Alg1,+ endowed
with ⊗ becomes a monoidal category as claimed.

It is in fact symmetric since the swap map on the algebraic tensor product
of A and B is continuous in the maximal (or minimal) C∗-tensor product
norm, hence extends to an isomorphism A⊗B ∼= B⊗ A.

We denote the symmetric monoidal category of nuclear unital C∗-algebras
and completely positive maps by C∗-Alg⊗1,+.

Recall that Hilb⊗fin denotes the category Hilbfin of non-zero finite dimen-
sional Hilbert spaces and linear isometric embeddings, equipped with the
C-linear tensor product as its symmetric monoidal structure. The unit is
again C.

Proposition 2.6. The functor

AΓ : Hilb
⊗
fin −→ C∗-Alg⊗1,+

together with the natural isomorphism

ηAΓ : AΓ(−)⊗AΓ(−)
∼=

−−→ AΓ(−⊗−) .

of Proposition 2.1 is a strong monoidal functor.

Proof. We have to verify that the isomorphisms ηAΓ

H1,H2
given in Proposi-

tion 2.1 for finite dimensional Hilbert spaces Hi, i = 1, 2, are actually the
components of a natural transformation. In other words we have to prove
that for any pair of linear isometries

fi : Hi −→ Ki, i = 1, 2 ,
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between non-zero finite dimensional Hilbert spaces the diagram

(2.2)

AΓ(H1)⊗ AΓ(H2) AΓ(H1 ⊗H2)

AΓ(K1)⊗ AΓ(K2) AΓ(K1 ⊗K2)

η
AΓ
H1,H2

f∗
1⊗f∗

2

η
AΓ
K1,K2

(f1⊗f2)∗

commutes, where for brevity of notation we have written f∗ instead of AΓ(f)
for any linear isometry f : H −→ K. To this end we further abbreviate and
write f∗ for the maps Ad(f∗

Λ) : AΛ(K) −→ AΛ(H) with Λ ⋐ Γ which were
introduced in Lemma 2.3. By construction of the completely positive maps
f∗
i = Ad(f∗

i,Λ), i = 1, 2, and (f1 ⊗ f2)
∗ = Ad

(
(f1 ⊗ f2)

∗
Λ

)
, the cube below

commutes for Λ1 ⊂ Λ2 ⋐ Γ.

AΛ2
(H1)⊗ AΛ2

(H2) AΛ2
(H1 ⊗H2)

AΛ2
(K1)⊗AΛ2

(K2) AΛ2
(K1 ⊗K2)

AΛ1
(H1)⊗ AΛ1

(H2) AΛ1
(H1 ⊗H2)

AΛ1
(K1)⊗AΛ1

(K2) AΛ1
(K1 ⊗K2)

η
Λ2
H1,H2

f∗
1⊗f∗

2

η
Λ2
K1,K2

(f1⊗f2)∗

η
Λ1
H1,H2

η
Λ1
K1,K2

f∗
1⊗f∗

2

(f1⊗f2)∗

Passing to the four vertical colimits results in the four corners of Diagram
(2.2). By the universal property of the colimit, commutativity of all cubes

with Λ1 ⊂ Λ2 ⋐ Γ and by constrution of the ηAΓ

H1,H2
in Lemma 2.3, the

corners may be filled with the maps between them making (2.2) commute.
Naturality of ηAΓ follows. �

2.2. States and pure states. Mathematically, the states of a quantum
mechanical system described by a C∗-algebra A consist of the positive nor-
malized linear functionals ω : A −→ C. Given a quantum lattice system over
the lattice Γ and with site Hilbert space H, we consider the sets

SΓ(H) := S (AΓ(H)) and PΓ(H) := P(AΓ(H))

of states and pure states on AΓ(H), respectively, equipped with the weak∗

topology.
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There is an abundance of literature on state spaces of C∗-algebras, see
e.g. [Kad62, Dix77, AHOS80, BR87, Eil99, AS01, AS03, KOS03, SMQ+22]
and further references therein. We discussed in [SMQ+22, Thms. 1.20 &
1.21] properties of P(AΓ(H)). For instance, it is a path connected and
locally path connected topological space [Eil99]. It is also a Polish space,
meaning that it is separable and completely metrizable [Ped18]. Since a
first countable Hausdorff space is compactly generated, the pure state space
P(AΓ(H)) is a compactly generated topological space as in Convention 1.12.
It is thus an object in our category cgTop.

Remark 2.7 ([Tak55] and [SMQ+22, Thm. 5.2]). We will use the following
useful fact about states on directed colimits of C∗-algebras.

Consider a directed system of unital C∗-algebras (Ai)i∈I and injective
unital ∗-homomorphisms ιji : Ai → Aj defined whenever i ≤ j. Let A and
the ∗-homomorphisms ιi : Ai → A form a directed colimit of this system. If
ω ∈ S (A), then ωi := ω◦ιi ∈ S (Ai) for all i ∈ I, and ωj ◦ιji = ωi whenever
i ≤ j. Conversely, given states ωi ∈ S (Ai) for all i satisfying ωj ◦ ιji = ωi

whenever i ≤ j, there exists a unique state ω ∈ S (A) such that ωi = ω ◦ ιi
for all i. Furthermore, if all of the states ωi are pure, then so is ω.

We caution, however, that purity of ω does not imply purity of the states
ωi. By the Banach-Alaoglu theorem, the state space of a unital C∗-algebra
is compact in the weak∗ topology. Hence the state space S (A) of the colimit
A of a directed system of unital C∗-algebras (Ai)i∈I and injective unital ∗-
homomorphisms ιji : Ai → Aj can be identified with the limit of the inverse
system of topological spaces (S (Ai))i∈I and continuous maps ι∗ji : S (Aj) →

S (Ai). Note that the maps ι∗ji are surjective by e.g. [Ped18, Prop. 3.1.6].

As a consequence of this remark we obtain the next auxiliary result.

Proposition 2.8. Let H be a finite-dimensional Hilbert space H and

(2.3) SΛ(H) := S (AΛ(H))

for all Λ ⋐ Γ. The state space SΓ(H) of the quasi-local algebra AΓ(H) is the
directed colimit of the state spaces (SΛ(H))Λ⋐Γ and the natural continuous
surjections

(
ιHΛ2Λ1

)∗
: SΛ2

(H) → SΛ1
(H) Λ1 ⊂ Λ2 ⋐ Γ .

We want to extend SΓ to a functor from the category Hilbfin to compact
topological spaces. So suppose H and K are non-zero finite-dimensional
Hilbert spaces and f : H −→ K is a linear isometry (which need not be
surjective). We now define

(2.4) SΓ(f) : SΓ(H) → SΓ(K), SΓ(f)(ψ) = ψ ◦ AΓ(f).

Since AΓ(f) is positive and unital by Lemma 2.3, this is well-defined. From
the characteristic mapping property of the weak∗ topology we see that SΓ(f)
is continuous when both the domain and codomain are given the weak∗

topology.
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Proposition 2.9. The map SΓ(f) is injective and its image is given by

(2.5) ImSΓ(f) =
{
ω ∈ S (AΓ(K)) : ω(ιKΛ(PΛ)) = 1 for all Λ ⋐ Γ

}
,

where as before PΛ = fΛf
∗
Λ is projection onto the image of fΛ. Thus, SΓ(f)

is a closed embedding.

Proof. If ψ1, ψ2 ∈ SΓ(H) and ψ1 ◦ AΓ(f) = ψ2 ◦ AΓ(f), then restricting to
any Λ ⋐ Γ yields

ψ1 ◦ ι
H
Λ ◦Ad(f∗

Λ) = ψ1 ◦ AΓ(f) ◦ ι
K
Λ = ψ2 ◦AΓ(f) ◦ ι

K
Λ = ψ2 ◦ ι

H
Λ ◦ Ad(f∗

Λ) .

Composing with Ad(fΛ) on both sides yields ψ1 ◦ ι
H
Λ = ψ2 ◦ ι

H
Λ . Since this

holds for all Λ we conclude that ψ1 = ψ2, so SΓ(f) is injective. Since SΓ(H)
and SΓ(K) are compact Hausdorff, we know that SΓ(f) is an embedding.
If we can show (2.5), then it will follow that SΓ(f) is a closed embedding,
since the right-hand side of (2.5) is manifestly weak∗ closed.

We now prove (2.5). Since fΛf
∗
Λ = PΛ and f∗

ΛfΛ = 1, we have

AΓ(f)(ι
K
Λ(PΛ)) = ιHΛ (Ad(f

∗
Λ)(fΛf

∗
Λ)) = 1.

Thus, for any ψ ∈ SΓ(H), we have SΓ(f)(ψ)(ι
K
Λ (PΛ)) = ψ(1) = 1.

Now suppose ω ∈ SΓ(K) and ω(ιKΛ(PΛ)) = 1 for all Λ ⋐ Γ. Let ωΛ =
ω ◦ ιKΛ . The fact that ωΛ(PΛ) = 1 implies both that ωΛ = ωΛ ◦ Ad(PΛ) and
that ωΛ ◦ Ad(fΛ) ∈ S (AΛ(H)). Given Λ1 ⊂ Λ2 ⋐ Γ, we observe that

ωΛ2
◦ Ad(fΛ2

) ◦ ιHΛ2Λ1
= ωΛ2

◦Ad(fΛ2
) ◦ ιHΛ2Λ1

◦ Ad(f∗
Λ1
) ◦Ad(fΛ1

)

= ωΛ2
◦Ad(fΛ2

) ◦ Ad(f∗
Λ2
) ◦ ιKΛ2Λ1

◦Ad(fΛ1
)

= ωΛ2
◦ ιKΛ2Λ1

◦ Ad(fΛ1
)

= ωΛ1
◦Ad(fΛ1

).

Thus, there exists a unique ψ ∈ SΓ(H) such that ψ ◦ ιHΛ = ωΛ ◦ Ad(fΛ) for
all Λ ⋐ Γ.

We claim that SΓ(f)(ψ) = ω. Indeed, observe that for any Λ ⋐ Γ,

ψ ◦AΓ(f) ◦ ι
K
Λ = ωΛ ◦ Ad(fΛ) ◦ Ad(f

∗
Λ) = ωΛ = ω ◦ ιKΛ

This proves the claim, and completes the proof of (2.5). �

Since AΓ is a contravariant functor, the construction of SΓ by Equations
(2.3) and (2.4) entails that SΓ can be understood as a functor from the
category Hilbfin to the category cgTop of compactly generated topological
spaces. But there is more structure. The categories Hilbfin and cgTop are
both topologically enriched. Such an enrichment is a choice of compactly gen-
erated topology on the morphism sets which makes the composition pairings
continuous. The topological enrichment on Hilbfin is obtained by noting that
the set of linear isometric maps, which we denote by I (H,K), is naturally
a subspace of the space of bounded linear maps. The set Map(X,Y ) of con-
tinuous maps between two compactly generated spaces X and Y is endowed
with the k-ification of the compact-open topology as explained in Conven-
tion 1.12. Recall that for every topological space Z the k-ification kZ can
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be understood as the coarsest topology on the set Z such that kZ is com-
pactly generated and such that the identitiy map kZ −→ Z is continuous.
Note that one has kZ = Z for metrizable Z. This implies that if X is com-
pact and Y is metrizable, then the compact-open topology on Map(X,Y )
is metrizable hence already compactly generated. So k-ification does not
change the topology in this case. We will silently make use of these obser-
vations. By endowing morphism sets Map(X,Y ) with the k-ification of the
compact-open topology, cgTop becomes a topologically enriched category as
well.

Together, these observations imply the following.

Theorem 2.10. The assignment which maps a finite dimensional Hilbert
space H to SΓ(H) and a linear isometry f to SΓ(f) is a topologically en-
riched covariant functor

SΓ : Hilbfin −→ cgTop

with the property that, for each H, SΓ(H) is a compact space and for each
f , SΓ(f) is a closed embedding.

Furthermore, there is a natural transformation

ηSΓ : SΓ(−)× SΓ(−) −→ SΓ(− ⊗−)

which sends (ω1, ω2) ∈ SΓ(H1)× SΓ(H2) to (ω1 ⊗ ω2) ◦ (η
AΓ

H1,H2
)−1.

Proof. The only parts that requires further justification are the topologi-
cal enrichments and the construction and naturality of ηSΓ . Let us start

with the construction of ηSΓ . Using the natural isomorphism ηAΓ

H1,H2
from

Propositions 2.1 and 2.6 we put

ηSΓ

H1,H2
(ω1, ω2) = (ω1 ⊗ ω2) ◦ (η

AΓ

H1,H2
)−1 .

For Ai ∈ AΓ(Hi), i = 1, 2, we then obtain

ηSΓ

H1,H2
(ω1, ω2)

(
ηAΓ

H1,H2
(A1 ⊗A2)

)
= (ω1⊗ω2)(A1 ⊗A2) = ω1(A1) ·ω2(A2) .

This equation entails continuity of ηSΓ

H1,H2
(ω1, ω2) because the span of ele-

ments of the form ηAΓ

H1,H2
(A1⊗A2) is dense in AΓ(H1⊗H2) and the equation

shows that evaluating on these elements is jointly weak∗ continuous in ω1

and ω2. Naturality of ηSΓ follows from the naturality of ηAΓ .
It remains to prove that the functor SΓ is enriched. We need to show

that the map

(2.6) I (H,K) −→ Map(SΓ(H),SΓ(K)), f 7→ SΓ(f)

is continuous. Since SΓ(H) is compact and SΓ(K) is metrizable by separa-
bility of AΓ(K), the compact-open topology on the set Map(SΓ(H),SΓ(K))
is metrizable and coincides with the topology of uniform convergence. The
space I (H,K) is a closed subspace of the Banach space B(H,K) of all linear
maps from H to K, hence I (H,K) is a complete metric space. The strategy
now is to construct an appropriate metric d on SΓ(K) inducing the weak∗
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topology and such that the map (2.6) becomes Lipschitz continuous when
Map(SΓ(H),SΓ(K)) is endowed with the supremum metric

dSΓ(H) : Map(SΓ(H),SΓ(K)) −→ R, (F,G) 7→ sup
ω∈SΓ(H)

d
(
F (ω), G(ω)

)
.

By [DS88, V.5.1], a metric d recovering the weak∗ topology can be obtained
by choosing a countable dense family (Ak)k∈N in the unit ball of AΓ(K), a
sequence of positive numbers λk ≥ 1 and defining

d(ψ, ω) =
∑

k∈N

1

2k+1λk
|(ω − ψ)(Ak)| for all ψ, ω ∈ SΓ(K) .

We can assume without loss of generality that the elements Ak are all con-
tained in the local algebra AΓ,loc(K). For each k then choose a finite Λk ⋐ Γ
such that Ak ∈ AΛk

(K) and put λk := |Λk|. Now compute for f, g ∈ I (H,K)
and ω ∈ SΓ(H):

d(SΓ(f)(ω),SΓ(g)(ω)) =
∑

k∈N

1

2k+1|Λk|

∣∣(SΓ(f)− SΓ(g)
)
(ω)(Ak)

∣∣

=
∑

k∈N

1

2k+1|Λk|

∣∣ω ◦
(
AΓ(f)− AΓ(g)

)
(Ak)

∣∣

=
∑

k∈N

1

2k+1|Λk|

∣∣ω ◦
(
Ad(f∗

Λk
)−Ad(g∗Λk

)
(Ak)

∣∣

=
∑

k∈N

1

2k+1|Λk|

∣∣ω
(
f∗
Λk

AkfΛk
− g∗Λk

AkgΛk

)∣∣

≤
∑

k∈N

1

2k+1|Λk|

( ∥∥(f∗
Λk

− g∗Λk

)
AkfΛk

∥∥+
∥∥g∗Λk

Ak

(
fΛk

− gΛk

)∥∥
)

≤
∑

k∈N

1

2k|Λk|
‖fΛk

− gΛk
‖ ≤

∑

k∈N

1

2k
‖f − g‖ ≤ 2 ‖f − g‖ .

(2.7)

Hence dSΓ(H)

(
SΓ(f),SΓ(g)

)
≤ 2 ‖f−g‖ and the map sending f ∈ I (H,K)

to SΓ(f) is Lipschitz continuous, so in particular continuous. �

Remark 2.11. The natural isomorphism ηA : AΓ(−)⊗AΓ(−) −→ AΓ(−⊗−)
provides a canonical identification of the internally and externally stacked
quantum lattice systems, so from a physical and categorical standpoint they
are the same. Henceforth, we suppress from now on to distinguish them
notationally. Under this agreement, the natural transformation ηSΓ maps
(ω1, ω2) to ω1 ⊗ ω2.

We now restrict our attention to the pure states.

Proposition 2.12. For every linear isometry f : H −→ K between finite
dimensional Hilbert spaces the map SΓ(f) maps pure states to pure states.
The restriction PΓ(f) := SΓ(f)|PΓ(H) : PΓ(H) → PΓ(K) has image

(2.8) ImPΓ(f) =
{
ω ∈ PΓ(K) : ω(ιKΛ(PΛ)) = 1 for all Λ ⋐ Γ

}
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and is a closed embedding.

Proof. Suppose ψ ∈ PΓ(H) and suppose φ is a positive linear functional

on AΓ(K) such that φ ≤ ψ ◦ AΓ(f). Assuming φ 6= 0, let φ̂ = φ/‖φ‖, so

that φ̂ is a state. Since ψ(AΓ(f)(ι
K
Λ(1 − PΛ))) = 0 for all Λ ⋐ Γ, we know

φ(ιKΛ(1− PΛ)) = 0 for all Λ ⋐ Γ, hence φ̂(ιKΛ(PΛ)) = 1 for all Λ. By Lemma

2.9 there exists χ ∈ SΓ(H) such that φ̂ = SΓ(f)(χ).
We now observe that for any Λ ⋐ Γ,

‖φ‖ · χ ◦ ιHΛ = ‖φ‖ · χ ◦ ιHΛ ◦ Ad(f∗
Λ) ◦ Ad(fΛ)

= ‖φ‖ · χ ◦AΓ(f) ◦ ι
K
Λ ◦ Ad(fΛ)

= φ ◦ ιKΛ ◦Ad(fΛ)

≤ ψ ◦AΓ(f) ◦ ι
K
Λ ◦ Ad(fΛ) = ψ ◦ ιHΛ .

It follows that ‖φ‖ · χ ≤ ψ. Since ψ is pure, we know there exists t ∈ [0, 1]
such that ‖φ‖ ·χ = t ·ψ. Applying 1 yields t = ‖φ‖. Thus we obtain χ = ψ,
hence φ = ‖φ‖SΓ(f)(χ) = ‖φ‖SΓ(f)(ψ). This proves that SΓ(f)(ψ) is
pure.

Now suppose ω ∈ PΓ(K) and ω(ιKΛ(PΛ)) = 1 for all Λ ⋐ Γ. There
exists ψ ∈ SΓ(H) such that ω = SΓ(f)(ψ). Suppose χ is a positive linear
functional on A(H) and χ ≤ ψ. Then χ ◦ AΓ(f) ≤ ψ ◦ AΓ(f) = ω, so there
exists t ∈ [0, 1] such that χ ◦ AΓ(f) = tω. Applying this functional to 1

yields t = ‖χ‖. Assuming ‖χ‖ 6= 0, let χ̂ = χ/‖χ‖. Then on any Λ ⋐ Γ we
have

ψ ◦ ιHΛ ◦ Ad(f∗
Λ) = ω ◦ ιKΛ = χ̂ ◦ AΓ(f) ◦ ι

K
Λ = χ̂ ◦ ιHΛ ◦ Ad(f∗

Λ).

Applying Ad(fΛ) to both sides yields ψ ◦ ιHΛ = χ̂◦ ιHΛ . Since Λ was arbitrary,
we conclude that ψ = χ̂, hence χ = ‖χ‖ψ. This proves that ψ ∈ PΓ(H),
hence ω ∈ SΓ(f)(PΓ(H)). This proves (2.8).

Since SΓ(f) is an embedding on the full state spaces, its restriction to
the pure state spaces is an embedding. Its image is manifestly weak∗ closed
in PΓ(K), so PΓ(f) is a closed embedding. �

We finally put these results together and state the main result of this
section, the construction of the universal quantum state type.

Theorem 2.13. There is a topologically enriched covariant functor from the
category of finite dimensional Hilbert spaces and isometric linear embeddings
to the category of compactly generated topological spaces

PΓ : Hilbfin −→ cgTop

which, on objects and morphisms is given by

H 7→ PΓ(H),
(
f : H −→ K

)
7→

(
PΓ(f) : PΓ(K) → PΓ(H)

)
.
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It has the property that, for any isometric linear embedding f , PΓ(f) is a
closed embedding.

Furthermore, there is a natural transformation

ηPΓ : PΓ(−)× PΓ(−) −→ PΓ(−⊗−)

which sends (ω1, ω2) ∈ PΓ(H1) × PΓ(H2) to ω1 ⊗ ω2, so that PΓ is a lax
monoidal functor

PΓ : Hilb
⊗
fin −→ cgTop

where the monoidal product on cgTop is the cartesian product.

Proof. The functoriality of PΓ follows immediately by definition of PΓ as
the restriction of SΓ to pure state spaces and by functoriality of SΓ. The
claim on closed embeddings is Proposition 2.12.

Analogously one constructs ηPΓ as the restriction of the natural trans-
formation ηSΓ to pure state spaces. Since

(2.9) ηSΓ(ω1, ω2) = ω1 ⊗ ω2 for all (ω1, ω2) ∈ PΓ(H1)× PΓ(H2)

and since the tensor product of two pure states is pure, ηPΓ is well-defined
and a natural transformation indeed. Moreover, Eqn. (2.9) entails that PΓ

is a lax monoidal functor.
It remains to discuss the topological enrichment. Since the weak∗ topol-

ogy on PΓ(K) is induced by a uniformity, more precisely by the weak∗

uniformity, the compact-open topology on Map(PΓ(H),PΓ(K)) coincides
with the topology of compact convergence or in other words with the topol-
ogy of uniform convergence on compact subsets. The topology of uniform
convergence is metrizable, so in particular compactly generated, and finer
then the topology of uniform convergence on compacta. By the universal
property of the k-ification, the topology of uniform convergence therefore
is finer than the topology we assume Map(PΓ(H),PΓ(K)) to be endowed
with, namely the k-ification of the compact-open topology. Now if (fn)n∈N
is a sequence in I (H,K) converging to f : H −→ K, then Eqn. (2.7) in
the proof of Theorem 2.10 shows that the image sequence

(
PΓ(fn)

)
n∈N

converges uniformly on PΓ(H) to PΓ(f). Therefore, the map

I (H,K) −→ Map(PΓ(H),PΓ(K)), f 7→ PΓ(f)

is continuous, and PΓ is a topologically enriched functor. �

2.3. Quantum state types. With the results of the preceding sections in
hand, we are ready to define the more general notion of a quantum state
type.

The following definition will play an important role in the rest of the
paper. It provides minimal assumptions necessary to deduce some formal
homotopical properties of spaces of quantum states.

Definition 2.14. A quantum state type on a lattice Γ is a functor

QΓ : Hilb
⊗
fin −→ cgTop
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such that the following hold:

(a) For each object H, QΓ(H) is a subspace of PΓ(H) containing all com-
pletely factorized states.

(b) For each morphism f : H −→ K, QΓ(f) is the restriction of PΓ(f) and
is a closed embedding.

(c) The natural transformation ηPΓ restricts to a natural transformation

ηQΓ : QΓ(H1)× QΓ(H2) −→ QΓ(H1 ⊗H2).

The quantum state type PΓ is called the universal quantum state type.

We will show that a quantum state type QΓ naturally extends to a larger
class of complex inner product spaces. We start with the following definition,
which is the source for our extension of QΓ.

Definition 2.15. Let I ⊗ be the category whose objects are non-zero com-
plex vector spaces of countable algebraic dimension over C, equipped with a
Hermitian inner product. The infinite dimensional objects are topologized
as the topological union of their finite dimensional subspaces. The mor-
phisms are linear isometries I (V,W) topologized as subsets of the mapping
space in cgTop.

In the following, we will examine the topological vector space structure of
the objects of I ⊗ in some more detail. To this end we need a few additional
notions from functional analysis and topological tensor products which we
briefly recall. For further information on locally convex vector spaces we
refer to [Köt69, Trè67] and for details on topological tensor products we
recommend the seminal work by Grothendieck [Gro55] or the books [Pie72,
Trè67].

Recall first that by a Fréchet space one understands a complete and
metrizable locally convex topological vector space. A Limit of Fréchet spaces
or briefly an LF space is a locally convex topological vector space E which
can be written as the colimit in the category of locally convex topological
vector spaces of a countable inductive system (En, in,m) of Fréchet spaces.
If each of the maps in,m : En −→ Em is an embedding of topological vector
spaces, then the colimit E = colimn∈NEn is called a strict LF space. Note
that in the older literature the terminology “direct limit” instead of “col-
imit” is used. In case all the topological vector spaces in the inductive system
(En, in,m) are Banach spaces, one often calls the colimit E = colimn∈NEn

an LB space. See [Köt69, §19. 5.] for more details on LB and LF spaces.
To describe the monoidal structure of the category I ⊗ we need an appro-

priate choice of a topological tensor product. Unlike in the finite dimensional
case or the case of Hilbert spaces there are in general several admissible lo-
cally convex topologies on the algebraic tensor product E⊗F of two locally
convex vector spaces E and F . The finest locally convex topology ι on
E ⊗ F such that the map E × F −→ E ⊗ F is separately continuous has
been called the inductive tensor product topology by Grothendieck [Gro55,
Def. 3 in I §3.I]. One writes E ⊗ι F for the tensor product endowed with
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the topology ι. The finest locally convex topology π on E⊗F such that the
map E×F −→ E⊗F is (jointly) continuous is the projective topology. The
corresponding projective topological tensor product is denoted by E ⊗π F .
The last topological tensor product which is of relevance here is the injective
tensor product. It is somewhat more complicated to be defined. Given two
convex zero neighborhoods U ⊂ E and V ⊂ F one obtains a semi-norm εU,V
on E ⊗ F by defining it for t =

∑n
i=0 vi ⊗ wi ∈ E ⊗ F with vi, . . . , vn ∈ E,

w0, . . . , n ∈ F by

εU,V (t) := sup

{∣∣∣∣∣

n∑

i=0

λ(vi)× µ(wi)

∣∣∣∣∣
∣∣∣ λ ∈ U◦ & µ ∈ V ◦

}
,

where U◦ and V ◦ denote the polar sets of U and V , respectively. Note
that εU,V (t) is independent of the particular representation of t as a sum
of simple tensors. The semi-norms εU,V generate a locally convex topology
ε on E ⊗ F which is compatible with the tensor product in the sense that
the canonical map E × F −→ E ⊗ε F is (jointly) continuous. In particular,
ε is weaker than the projective tensor product topology. The topology ε is
called the injective tensor product topology, the resulting topological tensor
product E ⊗ε F the injective tensor product of E and F . Note that the
three thus defined tensor product topologies can be completed to give the
locally convex topological vector spaces E⊗̂ιF , E⊗̂πF , and E⊗̂εF called the
completed inductive, projective and injective tensor product, respectively.

By definition according to Grothendieck [Gro95, Def. 1], a nuclear space is
a locally convex topological vector space E such that for each locally convex
space F the natural continuous linear map E ⊗π F −→ E ⊗ε F is even a
topological isomorphism. Note that if E and F are Fréchet spaces, then the
natural map E ⊗ι F −→ E ⊗π F is an isomorphism of topological vector
spaces.

Now we can formulate and prove our result on the monoidal structure of
the category I ⊗ and the topological structure of its objects.

Proposition 2.16. The objects of I ⊗ are nuclear strict LB spaces, so in
particular locally convex. For two objects V,W of I ⊗, the colimit topology
on the tensor product V ⊗ W with respect to the inductive system of finite
dimensional subspaces coincides with Grothendieck’s inductive tensor prod-
uct topology ι. Moreover, if (V)i∈I and (Wj)j∈J are two countable strict
inductive systems in I ⊗ with colimits V = colimi Vi and W = colimj Wj ,
respectively, then the canonical maps induce isomorphisms

(2.10) V ⊗W ∼= colim
j

V ⊗Wj
∼= colim

i
Vi ⊗W ∼= colim

(i,j)
Vi ⊗Wj.

That is, the tensor product in I ⊗ commutes with colimits of strict inductive
systems. Finally, the category I ⊗ is a symmetric monoidal category with
product given by the tensor product and unit the vector space C.

Proof. Let V be an object of I ⊗ and (Vi)i∈N a sequence of finite dimensional
subspaces Vi ⊂ V such that V =

⋃
i∈N Vi. A subset U ⊂ V is then open if and
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only if the intersection of U with any Vi is open in Vi. By local compactness
of the Vi one concludes that for any open U ⊂ V and any point v ∈ U there
is an open convex V ⊂ U such that v ∈ V . Hence V is the locally convex
colimit of (Vi)i∈N, so in particular an LB space. By nuclearity of the Vi, the
colimit V then is nuclear as well.

By [Gro55, Prop 14], (2.10) holds true when the tensor product V ⊗W of
two colimits V = colimi Vi and W = colimWj is endowed with the inductive
tensor product topology. Moreover, (2.10) also shows that the inductive
tensor product topology on V ⊗W coincides with the locally convex colimit
topology of the inductive system (Vi ⊗ Wj)(i,j)∈I×J when (Vi)i∈I ⊂ V and
(Wj)j∈J ⊂ W are countable families of finite dimensional subspaces whose
union span V and W, respectively. In other words, the inductive tensor
product topology on V ⊗W coincides with topology constructed according
to Definition 2.15. Since the projective tensor product is associative and
since the inductive and the projective tensor product topologies coincide
on any object V of I ⊗ by Remark 2.17 below, the category I ⊗ is in fact
symmetric monoidal. Obviously, C is the unit in this monoidal category. �

Remark 2.17. Let V and W be two complex vector spaces of countable
infinite dimension endowed with the colimit topologies according to Def-
inition 2.15. Then the inductive, injective and projective tensor product
topologies on the algebraic tensor product V ⊗W all coincide.

Equality of the injective and projective tensor product topologies follows
from nuclearity of V and W [Gro95, Def. 1]. The tricky part is equality of
the inductive and projective tensor product topologies which in general need
not hold true for non-metrizable LF spaces. More precisely, one has to show
that the canonical map V ×W −→ V ⊗ι W from the cartesian product of V
and W to the inductive tensor product of V and W is not only separately
but even jointly continuous.

Because V and W are both colimits of countable strict inductive systems
of finite dimensional vector spaces (Vi)i∈I and (Wj)j∈J , respectively, one
can apply [HSTH01, Thm. 4.1] to conclude that the product topology on
V×W coincides with the colimit topology of the strict inductive system (Vi×
Wj)(i,j)∈I×J . Moreover, by local compactness of the Vi and Wj, the colimit
topologies on V, W and V × W are all locally convex. Hence V × W −→
V ⊗ι W is jointly continuous since the restrictions to the finite dimensional
vector spaces Vi ×Wj are.

Remark 2.18. The compact-open topology on I (V,W) coincides with the
topology of uniform convergence on compacta since W inherits a uniform
structure from its locally convex topology. To check that a sequence in
I (V,W) converges, it suffices to verify that it converges uniformly on the
closed unit balls Bi ⊂ Hi, where (Hi)i∈N is a strict inductive system of
finite dimensional subspaces Hi ⊂ V whose union is V. Moreover, if W =
colimj Kj , where (Kj)j∈N is a sequence of finite dimensional subspaces whose
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union is W, then

(2.11) colim
j

I (Hi,Kj)
∼=
−→ I (Hi, colim

j
Kj) = I (Hi,W) .

This follows from the observation that I (Hi,W) is a subspace of the space
L(Hi,W) of linear maps Hi −→ W endowed with the compact-open topol-
ogy and the fact that the inductive tensor product commutes with colimits:

colim
j

L(Hi,Kj) ∼= colim
j

H′
i ⊗Kj

∼= H′
i ⊗ colim

j
Kj

∼= L(Hi,W) ,

where H′
i is the dual vector space of Hi.

Remark 2.19. The category Hilb⊗fin embeds in I ⊗ as the full-subcategory
whose objects are finite dimensional. Any object V of I ⊗ is a colimit

V = colim
i

Hi

for (Hi)i∈I a countable family of finite dimensional subspaces whose union
is V .

Before extending quantum state types to functors defined on the category
I ⊗, we state the following auxiliary lemma. These kinds of result are
typically left implicit or stated without proof by homotopy theorists working
exclusively in cgTop, but we have decided to break with tradition and include
a proof for clarity, especially due to the subtle nature of pure state spaces
in the weak∗ topology.

Lemma 2.20. Let X be a compact Hausdorff space and let

Y0
f0 // Y1

f1 // Y2
f2 // · · ·

be a diagram in the category of topological spaces, where the fi are closed
embeddings and the Yi are weak Hausdorff spaces. Let

i : Yi −→ colim
i,fi

Yi =: Y

be the canonical maps to the colimit Y of the diagram in topological spaces.
Suppose that the Yi are weak Hausdorff. Then

(a) the colimit Y is weak Hausdorff.
(b) if g : X −→ Y is continuous, then there exists i such that g(X) ⊂ i(Yi).
(c) if the Yi are compactly generated, then so is Y .
(d) if the Yi are compactly generated, then the canonical map

Φ: colim
i,Map(X,fi)

Map(X,Yi) −→ Map(X, colim
i,fi

Yi)

is a homeomorphism.

Proof. Let i(Yi) ⊂ Y . Then

Y ∼=
⋃

i≥0

i(Yi)
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with the union topology, defined so that a subset A ⊂ Y is closed if and only
if i(Yi) ∩A is closed in i(Yi) for all i ≥ 0. Furthermore, i : Yi −→ i(Yi) is
a homeomorphism onto its image. So, we suppress the i and simply prove
the claims for

Y ∼=
⋃

i≥0

Yi

with the union topology, under the assumption that

Y0 ⊂ Y1 ⊂ Y2 ⊂ · · ·

are the inclusions of closed subspaces.
We first show (a), that if the Yi are weak Hausdorff, then Y is weak

Hausdorff. Let X be a compact Hausdorff space and consider g(X). We
want to show that this is closed. This holds if and only if g(X)∩Yi is closed
for every i. But Yi is closed in Y since the union is along closed embeddings,
hence g−1(Yi) is closed in X. But since X is compact, g−1(Yi) is compact.
So,

g(g−1(Yi)) = g(X) ∩ Yi

is closed since Yi is weak Hausdorff. Hence, g(X) is closed since its intersec-
tion with each Yi is closed.

Now, we turn to (b). Since X is compact Hausdorff, by the definition of
a weak Hausdorff space, g(X) is closed in Y since it is the continuous image
of a compact Hausdorff space. Suppose there is no i such that g(X) ⊂ Yi.
Then for every i ≥ 0, there exists xi ∈ X such that g(xi) 6∈ Yi. Consider the
sets

Km = {g(xm), g(xm+1), . . .}.

Note that
K0 ⊃ K1 ⊃ K2 ⊃ K3 ⊃ · · ·

so this is a nested family. Furthermore, for any i

Km ∩ Yi = g(Xm)

for a finite subset Xm ⊂ X. Since X is Hausdorff, Xm is compact, so it’s
image under g must be closed in the weak Hausdorff space Yi. Therefore,
Km is closed for all m ≥ 0. We thus have a nested sequence

g(X) ⊃ K0 ⊃ K1 ⊃ K2 ⊃ K3 ⊃ · · ·

of closed subsets of a compact set. The sequence has the finite intersection
property, but the intersection

⋂
m≥0 Km is empty. This is a contradiction.

So, g(X) ⊂ Yi for some i.
Next we show (c). Let A ⊂ Y be a compactly closed subset of Y . That

is, A has the property that g−1(A) is closed in X for any continuous map
g : X −→ Y for X a compact Hausdorff space. We need to show that A∩Yi

is closed for any i. Let g : X −→ Yi be any continuous map from a compact
Hausdorff space X. Then we can compose g with the inclusion to get a
continuous map g : X −→ Y . But,

g−1(A ∩ Yi) = g−1(A) ∩ g−1(Yi).
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Both these sets are closed, hence g−1(A ∩ Yi) is closed in X. Therefore,
A∩Yi is compactly closed. Since Yi is compactly generated, A∩Yi is closed.
Hence, A is closed.

It remains to prove (d). Since the fi are closed embeddings, so are the
maps fi∗ = Map(X, fi). It follows that colimiMap(X,Yi) is in cgTop. The
canonical map Φ is induced by the map of diagrams

· · · // Map(X,Yi)

Map(X,ιi)
��

// Map(X,Yi+1) //

Map(X,ιi+1)
��

· · ·

· · · // Map(X, colim Yi)
= // Map(X, colim Yi)

= // · · ·

and so is continuous. We show that it is also a closed map. Note that a
subset A ⊂ Z of a compactly generated space Z is closed if and only if
G−1(A) is closed for every continuous map G : K −→ Z where K is com-
pact Hausdorff. Let A be closed in colimi,Map(X,fi)Map(X,Yi) and consider
Φ(A) ⊂ Map(X, colimi,fi Yi). Let G : K −→ Map(X, colimi,fi Yi) be a map
from a compact Hausdorff space K. Since

Map(K,Map(X, colim
i,fi

Yi)) ∼= Map(X ×K, colim
i,fi

Yi)

and X×K is compact, the adjoint g : X×K −→ colimi,fi Yi of G has image
in Yi0 for some i0 by (b). That means

g(x, k) = G(k)(x) ∈ Yi0 for all (x, k) ∈ X ×K .

Therefore, we get a factorization

K
G //

G0

��

Map(X, colimi,fi Yi)

Map(X,Yi0)

Map(X,ιi0 )

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧

Hence,

G−1(Φ(A)) = G−1
0 Map(X, ιi0)

−1(A)

Since A is closed in the colimit if and only if each Map(X, ιi)
−1(A) ⊂

Map(X,Yi) is closed, then Map(X, ιi0)
−1(A)) ⊂ Map(X,Yi0) is closed. Since

Map(X,Yi0) is in cgTop, this implies that G−1
0 (Map(X, ιi0)

−1(A)) is closed
in K. The claim follows. �

We extend the quantum state type to I ⊗ as follows. First, we extend
the functor QΓ to I ⊗ by defining it on an infinite dimensional V ∈ I ⊗ as

QΓ(V) := colim
i

QΓ(Hi) ,

where the colimit is taken over all finite dimensional subspaces Hi ⊂ V.
Denote by

Vi : QΓ(Hi) −→ QΓ(V)
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the inclusions in the colimit. For f ∈ I (V,W) with V = colimi Hi, W =
colimj Kj and Hi ⊂ V, Kj ⊂ W finite dimensional, we can choose for every
i an index j(i) so that f(Hi) ⊂ Kj(i). Then f restricts to a linear isometry

fi : Hi −→ Kj(i) .

We now let QΓ(f) : QΓ(V) −→ QΓ(W) be the unique continuous map such
that

QΓ(f) ◦ 
V
i = Wj(i) ◦ QΓ(fi) for all i .

Next, we extend

ηQΓ : QΓ(V)× QΓ(W) −→ QΓ(V ⊗W)

as follows. Note that

V ⊗W ∼= colim
i,j

Hi ⊗Kj.

Therefore, up to a canonical homeomorphism,

colim
i,j

QΓ(Hi ⊗Kj)
∼=
−→ QΓ(V ⊗W)

Since ηQΓ is a natural transformation, we also have a map

colimi,j QΓ(Hi)× QΓ(Kj)
colimi,j η

QΓ
// colimi,j QΓ(Hi ⊗Kj)

Since the natural map

colim
i,j

QΓ(Hi)× QΓ(Kj)
∼=

−−→ colim
i

QΓ(Hi)× colim
j

QΓ(Kj)

is a homeomorphism, composing its inverse with the previous maps gives
the extension of ηQΓ .

Remark 2.21. Here, it is important that we are working in compactly
generated topological spaces. For any compactly generated X, the functor
− ×X is left adjoint to Map(X,−) and so commutes with colimits. These
unions are directed colimits along maps with closed images. In the category
of compactly generated spaces, such a colimit is again a compactly generated
space as we saw in Lemma 2.20. We can then use use

QΓ(V)× QΓ(W) ∼= colim
i

(QΓ(Hi)× QΓ(W))

∼= colim
i

(colim
j

(QΓ(Hi)× QΓ(Kj)).

We claim that the extended functor QΓ : I ⊗ −→ cgTop we just con-
structed is topologically enriched. To this end, we need to show that for all
objects V,W in I ⊗ the map

(2.12) ΦV ,W : I (V,W) × QΓ(V) −→ QΓ(W), (f, ω) 7→ QΓ(f)(ω)

is continuous. We show this by a number of reductions.
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Lemma 2.22. Write V = colimi Hi with Hi finite dimensional. The dia-
gram

I (V,W) × QΓ(Hi)

id×QΓ(
V
i )

��

(−◦Vi )×id
// I (Hi,W)× QΓ(Hi)

ΦHi,W

��
I (V,W) × QΓ(V)

ΦV,W

// QΓ(W)

then commutes for every i. Furthermore, ΦV ,W is continuous if ΦHi,W is so
for all i.

Proof. That the diagram commutes is obvious. First we show that ΦV ,W is
continuous if and only if ΦV ,W ◦

(
id×QΓ(

V
i )
)
is continuous for all i. If ΦV ,W

is continuous, then since QΓ(
V
i ) is continuous, so is ΦV ,W ◦

(
id × QΓ(

V
i )
)
.

Furthermore,

colim
i

(I (V,W) × QΓ(Hi))
∼=
−→ I (V,W) × colim

i
QΓ(Hi)

= I (V,W) × QΓ(V).

But a map out of colimi (I (V,W) × QΓ(Hi)) is continuous if and only if it
is continuous when restricted to each of the I (V,W)×QΓ(Hi). Therefore,
ΦV ,W is continuous if and only if ΦV ,W ◦

(
id× QΓ(

V
i )
)
is continuous. But

(− ◦ Vi ) : I (V,W) −→ I (Hi,W)

is continuous, so provided that ΦHi,W is continuous, then so is

ΦHi,W ◦
(
(− ◦ Vi )× id

)
= ΦV ,W ◦

(
id× QΓ(

V
i )
)
.

This proves the claims. �

So, we have reduced the problem to proving that

ΦHi,W : I (Hi,W) × QΓ(Hi) −→ QΓ(W)

is continuous.

Lemma 2.23. Write W = colimj Kj with Kj finite dimensional. Then for
every finite dimensional H the map ΦH,W is continuous provided that, for
each j, ΦH,Kj

is continuous.

Proof. By (2.11), we have a natural isomorphism

colim
j

I (H,Kj)
∼=
−→ I (H, colim

j
Kj) = I (H,W).

Therefore, we have isomorphisms

colim
j

(I (H,Kj)×QΓ(H))
∼=
−→ (colim

j
I (H,Kj))×QΓ(H)

∼=
−→ I (H,W)×QΓ(H) .

But a map out of the colimit is continuous if and only if each of its restrictions
is continuous, so we need to know that the maps

I (H,Kj)× QΓ(H) −→ QΓ(W)
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given by

(f, ω) 7→ QΓ(
W
j ◦ f)(ω) = QΓ(

W
j ) ◦ QΓ(f)(ω) = QΓ(

W
j ) ◦ ΦH,Kj

(f, ω)

are continuous. Since the maps QΓ(
W
j ) and ΦH,Kj

are continuous, the claim
follows. �

Altogether, we have thus proved the following main result of this section.

Proposition 2.24. Given any quantum state type QΓ, the above construc-
tion gives a topologically enriched extension

QΓ : I
⊗ −→ cgTop

and an extended natural transformation ηQΓ

ηQΓ : × ◦QΓ −→ QΓ ◦ ⊗

between functors

× ◦ QΓ,QΓ ◦ ⊗ : (I ⊗)2 −→ cgTop.

3. Formal properties of quantum state types

In this section, we deduce various formal properties of a quantum state
type (QΓ, η

QΓ). First, we define our space of “probes” as follows:

Definition 3.1. A parameter space is a compact Hausdorff space X which
is homotopy equivalent to a CW complex. A pair consisting of a parameter
space X and a closed embedding x0 : pt −→ X whose image is a neighbor-
hood deformation retract is called a based parameter space.

Our goal will be to relate

[X,QΓ(V)]

for certain infinite dimensional objects V ∈ I ⊗ with phases of quantum
systems of type QΓ parametrized by X.

3.1. Cellularizing quantum state types. We want to study quantum
state types from a homotopical perspectives. To this end, it useful to put
ourselves in a slightly more friendly setting for homotopy theory by perform-
ing a CW-replacement. The reader who is happy to just accept that we can
implicitly replace a quantum state type so that QΓ(H) are CW-complexes
and QΓ(f) are inclusions of subcomplexes can skip this section.

Let cwTop be the full subcategory of cgTop whose objects are compactly
generated spaces that are homotopy equivalent to CW-complexes. We con-
sider the functor

R : cgTop −→ cwTop ⊂ cgTop

obtained as the composite

R(X) = |Sing•(X)|
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where
| − | : sSets

//
cgTop : Sing•oo

for sSets the category of simplicial sets, Sing• the singular simplicial complex
functor, and |−| the geometric realization functor. See, for example, [May92]
for a thorough treatment on simplicial sets. We have also provided some
minimal background in Appendix A.3.

The pair of functors (| − |,Sing•) form an adjunction with | − | the left
adjoint, so that

HomcgTop(|X•|, Y ) ∼= HomsSets(X•,Sing•(Y )).

Furthermore, the co-unit of the adjunction

εX : RX −→ X

is a weak equivalence in the following sense.

Definition 3.2. A map f : Y −→ Z is called a weak equivalence if it induces
a bijection on path components, and an isomorphism on all homotopy groups
with respect to any choice of base point in Y . We say that two spaces are
weakly equivalent if there is a zig-zag of weak equivalences connecting them.

Remark 3.3. By the Whitehead Theorem, if X has the homotopy type
of a CW-complex, and Y −→ Z is a weak equivalence, then f induces an
isomorphism

[X, f ] : [X,Y ]
∼=

−−→ [X,Z].

The functor Sing• preserves all limits since it is a right adjoint and | − |
preserves finite limits (this is a non-formal property of that functor). There-
fore, for any Y and Z, there is a natural isomorphism

γX,Y : R(Y × Z)
∼=
−→ RY ×RZ.

On the other hand, the functor |− | preserves all colimits (since it is a left
adjoint). The functor Sing• is defined using Map(∆n,−) where ∆n is the
standard n-simplex. Since this is a compact Hausdorff and connected space,
it follows that Sing• preserves coproducts, as well as colimits over diagrams
in cgTop which have a countable cofinal subset, and whose maps are closed
embeddings. See Lemma 2.20. Again, these are not formal properties, but
rather follow from the definition of Sing•.

In particular, for any collection of compactly generated spaces Yi, there
is a natural isomorphism

∐

i

RYi
∼=
−→ R

(
∐

i

Yi

)
,

and for any diagram colimi,fi Yi in cgTop indexed on the non-negative inte-
gers for which the maps fi are closed embeddings, a natural isomorphism

colim
i,Rfi

RYi
∼=
−→ R

(
colim
i,fi

Yi

)
.
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Therefore, we have the following comparison result.

Lemma 3.4. If X is a parameter space, and colimi,fi Yi in cgTop is a colimit
over a diagram indexed on the non-negative integers for which the maps fi
are closed embeddings, then there are isomorphisms

colim
i,Rfi

[X,RYi]
∼=
−→ [X, colim

i,Rfi
RYi]

∼=
−→ [X,R colim

i,fi
Yi]

∼=
−→ [X, colim

i,fi
Yi]

∼=
←− colim

i,fi
[X,Yi]

which are natural in X.

We can use the functor R to replace any quantum state type QΓ with a
CW-valued topologically enriched functor

R ◦ QΓ : I
⊗ −→ cwTop

and natural transformations

R(ηQΓ

H,K) ◦ γ
−1
QΓ(H),QΓ(K) : RQΓ(H)×RQΓ(K) −→ RQΓ(H⊗K).

The replacement comes equipped with weak equivalences

RQΓ(V)
≃

−−→ QΓ(V)

for all V ∈ I ⊗, and satisfies the property that, if

V = colim
i,fi

Hi ∈ I
⊗

where the Hi are finite dimensional and the fi are linear isometries, then

colim
i,RQΓ(fi)

[X,RQΓ(Hi)]
∼=
−→ [X, colim

i,RQΓ(fi)
RQΓ(Hi)]

∼=
−→ [X,RQΓ(V)]
∼=
−→ [X,QΓ(V)]

∼=
←− colim

i,QΓ(fi)
[X,QΓ(Hi)].

Remark 3.5. If QΓ is such that QΓ(H) is a CW-complex for all H ∈ Hilbfin
and QΓ(f) : QΓ(H) −→ QΓ(K) is the inclusion of a sub-complex for all
morphism f : H −→ K in Hilbfin, the replacement is not necessary and in
fact, in that case,

εQΓ(H) : RQΓ(H) −→ QΓ(H)

is a homotopy equivalence by the Whitehead Theorem. We do not know if
this holds for the universal quantum state type PΓ in the case when Γ is
infinite.

Convention 3.6. For the remainder of Section 3, we implicitly replace all
quantum state types with RQΓ, but we suppress R from the notation.
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3.2. The classifying spaces for quantum systems and phases. In this
section, we introduce our classifying spaces.

We choose an object H of Hilb⊗fin of dimension at least two and a pure
state ψ of H. We (temporarily) choose a unit vector u ∈ ψ. We let

Φi : H
⊗i −→ H⊗(i+1)

be defined by

Φi(x) = x⊗ u.

This is a linear isometric embedding, and so we get maps

QΓ(Φi) : QΓ(H
⊗i) −→ QΓ(H

⊗(i+1)).

If we also denote by ψ the factorized state uniquely determined by

ψ(A) =
∏

v∈Λ

〈ψ,Avψ〉 for A =
⊗

v∈Λ

Av ∈ AΛ(H)

then

QΓ(Φi)(ω) = ω ⊗ ψ

and so does not depend on the choice of vector u we used to define Φi.

Definition 3.7. For H⊗i, Φi as above and QΓ a quantum state type, let

Q
⊔
Γ(H) :=

∐

i≥0

QΓ(H
⊗i)

and

µi : QΓ(H
⊗i) −→ Q

⊔
Γ (H)

be the inclusions. We base the space Q⊔
Γ(H) at µ0.

5 Let

QΓ(H
⊗∞) := QΓ(colim

i,Φi

H⊗i) ∼= colim
i,QΓ(Φi)

QΓ(H
⊗i)

and

i : QΓ(H
⊗i) −→ QΓ(H

⊗∞)

be the inclusion of QΓ(H
⊗i) in the colimit. We base QΓ(H

⊗∞) at 0. Finally,
let

 =
∐

i : Q
⊔
Γ (H) −→ QΓ(H

⊗∞).

Remark 3.8. In the colimit defining QΓ(H
⊗∞), the base point is identified

with each

ψi :=
⊗

v∈Γ

ψ⊗i ∈ QΓ(H
⊗i).

The spaces Q⊔
Γ (H) and QΓ(H

⊗∞) depend on the choice of vacuum ψ but
we have decided not to include that dependence in our notation.

5Since we implicitly replaced QΓ by RQΓ, this base point is the inclusion of a zero-cell
and so is non-degenerate. This holds for all our choices of based points in this section.



HOMOTOPICAL FOUNDATIONS OF QUANTUM SPIN SYSTEMS 39

Both spaces Q⊔
Γ(H) and QΓ(H

⊗∞) are going to have additional structure.
That is, we will show that they are homotopy commutative and associative
H-spaces. That is, they have a product which is unital, associative and
commutative up to homotopy. Furthermore, the map  will be a map of
H-spaces in the sense that it will preserve the product and units up to
homotopy. Background on these concepts is given in Appendix A.1.

Before jumping into the work we need to show these claims, we make the
definition that motivates our study of these spaces.

Definition 3.9. For a parameter space X, we define:

(a) A parametrized system of quantum state type QΓ modeled on (H, ψ) is
a continuous function

ω : X −→ Q
⊔
Γ (H).

The space of parametrized systems is Map(X,Q⊔
Γ (H)) equipped with

the k-ification of the compact-open topology.
(b) The parametrized system is called trivial if it is constant with value the

completely factorized state ψi for some i ≥ 0. We abuse notation and
call this constant function ψi.

(c) A quantum phase parametrized by X of state type QΓ modeled on (H, ψ)
is the homotopy class of a map

ϕ : X −→ QΓ(H
⊗∞).

The set of parametrized quantum phases is [X,QΓ(H
⊗∞)], the set of

homotopy classes maps.

Remark 3.10. In Definition 3.9, X is not assumed to be based and the
maps and homotopies are not based.

3.3. Stacking structure. The goal for this section is to define the H-
space structures for Q⊔

Γ (H) and QΓ(H
⊗∞) coming from stacking (or tensor

product in this case) and to discuss the relationship between the two spaces.
Background on topological monoids and H-spaces is given in Appendix A.1.

We start with Q⊔
Γ(H).

Proposition 3.11. The natural transformation ηQΓ endows Q⊔
Γ(H) with

the structure of a strictly associative topological monoid through the pairing

Q
⊔
Γ(H)× Q

⊔
Γ(H) ∼=

∐

i,j≥0

QΓ(H
⊗i)× QΓ(H

⊗j) −→ Q
⊔
Γ (H)

given by

(ωi, ωj) 7→ ηQΓ(ωi, ωj) ∈ QΓ(H
⊗(i+j)).

The unit is the state

ψ0 ∈ QΓ(C).

The topological monoid Q⊔
Γ (H) is homotopy commutative, but not strictly

commutative.
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Proof. Everything except the last statement is straightforward. For homo-
topy commutativity, we note that for any K ∈ Hilb⊗fin, the unitary group on
K is a path connected space. So, we can choose a path

αi,j : I −→ I (H⊗(i+j),H⊗(i+j))

from the identity to the map σi,j which switches the factors in H⊗(i+j) ∼=
H⊗i ⊗H⊗j. Then

hi,j : I × QΓ(H
⊗i)× QΓ(H

⊗j) −→ QΓ(H
⊗(i+j))

(t, x, y) 7→ QΓ(αi,j(t))(x⊗ y).

gives a path from the two compositions in the diagram

QΓ(H
⊗i)× QΓ(H

⊗j)
σ //

⊗ ))❙❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙
QΓ(H

⊗j)× QΓ(H
⊗i)

⊗uu❦❦❦❦
❦❦❦

❦❦❦
❦❦❦

❦

QΓ(H
⊗(i+j)).

Defining the top horizontal arrow in

I × Q⊔
Γ (H)× Q⊔

Γ (H)

∼=
��

// Q⊔
Γ (H)

∐
i,j I × QΓ(H

⊗i)× QΓ(H
⊗j)

∐
hi,j //

∐
k QΓ(H

⊗k)

∼=

OO

so that the diagram commutes gives the required homotopy. �

To discuss the higher structure of QΓ(H
⊗∞), we will need to introduce

more theory. The reader who is not familiar with the notion of E∞-spaces
and of operads may be satisfied with knowing that the result implies that
QΓ(H

⊗∞) has a multiplication that is unital, associative and commutative
up to homotopy. That is, QΓ(H

⊗∞) is a homotopy commutative and asso-
ciative H-space. In particular, this implies that π0QΓ(H

⊗∞) is a monoid.
Furthermore, if π0QΓ(H

⊗∞) happens to also be a group, then QΓ(H
⊗∞) has

inverses up to homotopy and so is an H-group. Such quantum state types
are called invertible. With this in mind, such a reader can skip ahead to
Section 3.4. Alternatively, we have provided some background on E∞-spaces
in Appendix A.2.

In the remainder of this section, we will show the following result.

Theorem 3.12. The space QΓ(H
⊗∞) is an E∞-space. As such, it is a

homotopy commutative and associative H-space. If QΓ is invertible, then
QΓ(H

⊗∞) is an H-group.
For any quantum state type modeled on (H, ψ), the map  : Q⊔

Γ(H) −→
QΓ(H

⊗∞) is a morphism of H-spaces.
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The key for proving Theorem 3.12 will be to show the following much
stronger result.

Theorem 3.13. For any infinite dimensional object V of I ⊗ and linear
isometry u : C −→ V, the space QΓ(V) based at

QΓ(u) : QΓ(C) −→ QΓ(V)

is an E∞-space. In particular, any choice of ϕ ∈ I (V⊗2,V) with the property
that ϕ(u ⊗ u) = u specifies the structure of homotopy commutative and
associative H-space on QΓ(V).

If π0QΓ(V) is a group, then this H-space is an H-group (i.e., it has
homotopy inverses), and there is an equivalence of H-groups

QΓ(V) ≃ QΓ(V)0 × π0QΓ(V)

where π0QΓ(V) is given the discrete topology and QΓ(V)0 is the path com-
ponent of ψ0 = QΓ(u)(pt).

For any choice of (u1 ∈ V1) and (u2 ∈ V2) where V1 and V2 are infinite
dimensional gives isomorphic E∞-spaces QΓ(V1) and QΓ(V2).

Definition 3.14. A quantum state type QΓ is invertible if, given any choice
of infinite dimensional object V and unit vector u ∈ V, for theH-space struc-
ture of Theorem 3.13, π0QΓ(V) is a group. Equivalently, QΓ is invertible if
π0QΓ(V) is a group for some choice of (V, u).

To prove Theorem 3.13, we will introduce an operad which is a mul-
tiplicative analogue of the linear isometry operad, so could be called the
multiplicative linear isometry operad. The necessary background on operads
can be found in [May72, §1] although, here, we do not require the zero space
of an operad to be a single point. We use the terminology introduced in
[MZZ20] and call operads whose zero space is a point reduced.

Definition 3.15. Let V be an infinite dimensional object in I ⊗. Let

L
⊗(V)(j) = I (V⊗j ,V)

and 1 ∈ L ⊗(V)(1) be the identity. For
∑

ji = j, let

γ : L
⊗(V)(k) × L

⊗(V)(j1)× · · · × L
⊗(V)(jk) −→ L

⊗(V)(j)

be given by
γ(g; f1, . . . , fk) = g ◦ (f1 ⊗ · · · ⊗ fk).

For Σj the symmetric group on j letters, define a right action by letting
σ ∈ Σj act on L ⊗(V )(j) by

fσ := f ◦ σ

for f ∈ I (V⊗j ,V), where σ acts on V⊗j through the linear action determined
by

σ(u1 ⊗ · · · ⊗ uj) = uσ−1(1) ⊗ · · · ⊗ uσ−1(j).

For any choice of u ∈ V, let

L
⊗
u (V)(j) = Iu(V

⊗j ,V) = {ϕ ∈ I (V⊗j ,V) : ϕ(u⊗j) = u},
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topologized as a subspace of I (V⊗j ,V), with structure maps the restrictions
of the γs.

Proposition 3.16. Let V be an infinite dimensional object in I ⊗. Then
L ⊗(V) is an unreduced Σ-free operad in cgTop with the property that the
spaces L ⊗(V)(j) are contractible for all j ≥ 0. Furthermore, L ⊗

u (V) is a
reduced E∞-operad.

Proof. Checking that these are operads is quite formal as the structure maps
of L ⊗(V) are closely related to those of the endomorphism operads ([May72,
Def. 1.2]), so we do not give further details on that point. For the Σ-free
property, note that if f = fσ where f ∈ L ⊗(V)(j) and σ ∈ Σj, then for
any simple tensor,

f(u1 ⊗ · · · ⊗ uj) = f(uσ−1(1) ⊗ · · · ⊗ uσ−1(j)).

But f is injective, hence this implies that any simple tensor is fixed by σ.
This happens only if σ is the identity (since the dimension of V is greater
than one). For the last claim, since V is infinite dimensional, then I (W,V)
is contractible for any W. See [May77, Lemma 1.3].

For L ⊗
u (V) we simply note that L ⊗

u (V)(j) is a subspace of L ⊗(V)(j) and
the structure maps are simply restrictions. Thus L ⊗

u (V) is an operad and it
is reduced since the condition ϕ(1) = u completely determines a linear map
ϕ : C −→ V. Furthermore, since the restriction map

L
⊗
u (V) = Iu(V

⊗j ,V) −→ I (V⊗j − Cu⊗j,V − Cu)

to the space of linear embeddings on the orthogonal complements is a home-
omorphism, and the target is contractible, we have that L ⊗

u (V) is indeed
an E∞-operad. �

Definition 3.17. Let (QΓ, η
QΓ) be a quantum state type and V ∈ I ⊗ be

infinite dimensional. Let

θj : L
⊗(V)(j) × QΓ(V)

j −→ QΓ(V)

be given by

θj(f ;ω1, . . . , ωj) = QΓ(f)(η
QΓ(ω1, . . . , ωj)) = QΓ(f)(ω1 ⊗ · · · ⊗ ωj)

for f ∈ L ⊗(V)(j) = I (V⊗j,V) and ω1, . . . , ωj ∈ QΓ(V).
For a choice of u ∈ V, give QΓ(V) the base point

QΓ(u) : QΓ(C) −→ QΓ(V)

where we write u : C −→ V for the linear map which sends 1 to u. Let

θuj : L
⊗
u (V)(j) × QΓ(V)

j −→ QΓ(V)

be the restrictions of θj along the inclusion L ⊗
u (V)(j) ⊂ L ⊗(V)(j).

The proof of the following result is as in [May77, §1] for the linear isometry
operad so we do not repeat the arguments here.
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Proposition 3.18. The space QΓ(V) together with the structure maps of
Definition 3.17 is an L ⊗(V)-space. For u ∈ V, QΓ(u) : QΓ(C) −→ QΓ(V)
is a based L ⊗

u (V)-space.

Proof of Theorem 3.13. The first claim follows from Proposition 3.18 and
the fact that L ⊗

u (V) are E∞-operads.
We give a bit more information on how the structure maps of Defini-

tion 3.17 allow us to define the H-space structure. This is very standard so
we do not give all the details.

Let V be an infinite dimensional object in I ⊗ and u : C −→ V our choice
of linear isometric embedding. Any element

ϕ ∈ L
⊗
u (V)(2) = I (V ⊗ V,V)

determines a binary operation

θ := θ2(ϕ;−) : QΓ(V)
2 −→ QΓ(V)

which is the multiplication for the H-space structure. Concretely,

θ(ω, τ) = QΓ(ϕ)(ω ⊗ τ),

so ϕ is used to internalize the tensor product. The key is that, because the
space Iu(V ⊗V,V) is contractible, all choices give homotopic products, and
the homotopies between those homotopies are homotopic, and so on. So,
the choice was “unique” up to all higher homotopies,

The unit for the H-space structure is the base point ψ0 := QΓ(u)(1) of
QΓ(V). The properties of an L ⊗

u (V)-space, and the fact that L ⊗
u (V)(j) are

all contractible, then imply that QΓ(V) is an H-space. See, for example,
[May72, Lemma 1.9] for a detailed proof of homotopy associativity.

If QΓ(V) is group-like, i.e., π0QΓ(V) is a group, then since QΓ(V) is a
homotopy commutative and associative H-space, it is in fact an H-group.6

In fact, all of the path components of QΓ(V) are homotopy equivalent to
the path component QΓ(V)0 of ψ0. This is an H-group in the sense that
there is a map

i : QΓ(V) −→ QΓ(V)

so that

θ(−, i(−)) ≃ id ≃ θ(i(−),−).

Furthermore, there is an equivalence of H-spaces

QΓ(V) ≃ QΓ(V)0 × π0QΓ(V)

where π0QΓ(V) is given the discrete topology. These things are shown in
[MP12, Lemmas 9.2.2 & 9.2.3].

6Here, we use the fact that we have implicitly replaced QΓ(V) by the CW-complex
RQΓ(V).
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Next, consider two choices (u1 ∈ V1) and (u2 ∈ V2) where V1 and V2

are infinite dimensional. Let f ∈ I (V1,V2) be an isomorphism so that
f(u1) = u2. Then QΓ(f) is a homeomorphism of based spaces

QΓ(f) : (QΓ(V1),QΓ(u1))
∼=

−−→ QΓ(V2),QΓ(u2))

meaning the diagram

QΓ(C)

QΓ(u1)
��

QΓ(C)

QΓ(u2)
��

QΓ(V1)
QΓ(f)

∼= // QΓ(V2)

commutes. Furthermore, for any j, we get a commuting diagram

L ⊗
u1
(V1)(j)

∼= //

⊂
��

L ⊗
u2
(V2)(j)

⊂
��

L ⊗(V1)(j)
∼= // L ⊗(V2)(j)

where the horizontal isomorphisms are given by

ϕ 7→ fϕ(f−1)⊗j .

One can check that these isomorphisms commute with the strucutre maps
so that we have an isomorphism of operads. From this, it is straightforward
to check that we have an isomorphism of E∞-spaces. �

It remains to prove Theorem 3.12.

Proof of Theorem 3.12. Letting V be H⊗∞, then Theorem 3.12 implies the
first statement of Theorem 3.12. It remains to prove that  is a map of
H-spaces.

The H-space structure is independent of the choice of

ϕ ∈ I (H⊗∞ ⊗H⊗∞,H⊗∞),

so for convenience, we choose ϕ defined as follows. Write v1 ⊗ v2 ⊗ · · · with
vi = v for i > m to mean the equivalence class of a simple v1 ⊗ · · · ⊗ vm in
H⊗∞. Let

ϕ((v1 ⊗ v2 ⊗ · · · )⊗ (w1 ⊗ w2 ⊗ · · · )) = v1 ⊗ w1 ⊗ v2 ⊗ w2 ⊗ · · ·

We need to prove that

Q⊔
Γ (H)× Q⊔

Γ (H)
⊗ //

×

��

Q⊔
Γ(H)



��
QΓ(H

⊗∞)× QΓ(H
⊗∞)

QΓ(ϕ)◦η
QΓ

// QΓ(H
⊗∞)
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commutes up to homotopy. It suffices to find, for each m,n ≥ 0, a homotopy
between the two composites of

QΓ(H
⊗m)× QΓ(H

⊗n)
ηQΓ

//

m×n
��

QΓ(H
⊗(m+n))

m+n

��
QΓ(H

⊗∞)× QΓ(H
⊗∞)

QΓ(ϕ)◦η
QΓ

// QΓ(H
⊗∞).

First note that m = QΓ(im), where

im : H⊗m −→ H⊗∞

is the inclusion map. The diagram above can be expanded into

QΓ(H
⊗m)× QΓ(H

⊗n)
ηQΓ

//

m×n
��

QΓ(H
⊗m ⊗H⊗n)

QΓ(im⊗in)
��

m+n // QΓ(H
⊗∞)

QΓ(H
⊗∞)× QΓ(H

⊗∞)
ηQΓ

// QΓ(H
⊗∞ ⊗H⊗∞)

QΓ(ϕ)

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦

where, by naturality of ηQΓ , the lefthand square commutes. It therefore,
suffices to find a homotopy

γm,n : QΓ(ϕ) ◦ QΓ(im ⊗ in) ≃ m+n.

To do this, choose a path

αm,n : I −→ I (H⊗∞ ⊗H⊗∞,H⊗∞)

from ϕ to

ϕm,n((v1 ⊗ v2 ⊗ · · · )⊗ (w1 ⊗ w2 ⊗ · · · )) =

v1 ⊗ · · · ⊗ vm ⊗ w1 ⊗ · · · ⊗ wn ⊗ vm+1 ⊗ wn+1 ⊗ · · · .

Since QΓ : I ⊗ −→ cgTop is a topologically enriched functor, the map

QΓ : I ((H⊗∞)⊗2,H⊗∞) −→ Map(QΓ((H
⊗∞)⊗2),QΓ(H

⊗∞))

which sends ϕ to QΓ(ϕ) is continuous. Hence, so is the restriction along
αm,n. This is the map

QΓ ◦ αm,n : I −→ Map(QΓ(H
⊗∞ ⊗H⊗∞),QΓ(H

⊗∞))

which sends t to QΓ(αm,n(t)). Since cgTop has an exponential law, the
adjoint

βm,n : I × QΓ(H
⊗∞ ⊗H⊗∞) −→ QΓ(H

⊗∞)

given by

βm,n(t, ω) = QΓ(αm,n(t))(ω)

is also continuous. The homotopy is then

γm,n = βm,n ◦ (idI ×QΓ(im⊗ in)) : I×QΓ(H
⊗m⊗H⊗n) −→ QΓ(H

⊗∞). �
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3.4. Parametrized phases and group completion. In this section, we
fix a quantum state type QΓ and a pair (H, ψ) consisting of an object H of
Hilbfin and a pure state ψ of H. We also let X denote a parameter space in
the sense of Definition 3.1.

Since QΓ(H) is a strictly associative and unital topological monoid in
cgTop, then so is Map(X,QΓ(H)) with respect to the monoidal product

(f ⊗ g)(x) = f(x)⊗ g(x).

Similarly, the space Map(X,QΓ(H
⊗∞)) is an E∞-space since QΓ(H

⊗∞) has
that structure. Furthermore, post-composition with  gives a map of H-
spaces

Map(X, ) : Map(X,QΓ(H)) −→ Map(X,QΓ(H
⊗∞)).

In this section, we will study this map and its relationship with group com-
pletion.

First, note that applying π0 to an H-space produces a monoid. Further-
more, for any space Y ,

[X,Y ] = π0Map(X,Y ).

Hence, we get a morphism of commutative monoids

[X, ] : [X,QΓ(H)] −→ [X,QΓ(H
⊗∞)].

Remark 3.19. Applying π0 to Map(X,QΓ(H)) is the step of taking defor-
mation classes in the passage from quantum systems to phases, as described
in Steps 1.1 (1). We next explain how [X, ] is precisely the quotient by
stacking stabilization, as described in Steps 1.1 (2). This justifies our termi-
nology of calling [X,QΓ(H

⊗∞)] the monoid of quantum phases parametrized
by X.

Theorem 3.20. For a parameter space X, the map  induces a map of
monoids

π0 Map(X, ) : Map(X,Q⊔
Γ (H)) −→ [X,QΓ(H

⊗∞)],

which identifies [X,QΓ(H
⊗∞)] with the quotient of the space of quantum

systems

Map(X,Q⊔
Γ (H))

by the relation ω1 ≈ ω2 if and only if there are i, j ≥ 0 such that

ω1 ⊗ ψi ≃ ω2 ⊗ ψj .

Proof. That ≈ is an equivalence relation that preserves the monoidal oper-
ation is straightforward to verify.

Since X is compact the canonical map

colim
i,Map(X,QΓ(Φi))

Map(X,QΓ(H
⊗i)) −→ Map(X,QΓ(H

⊗∞))
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is a homeomorphism. But π0 also commutes with directed colimits along
closed embeddings since both pt and I are compact, so applying π0 to both
sides gives an isomorphism

colim
i,[X,QΓ(Φi)]

[X,QΓ(H
⊗i)]

∼=
−−→ [X,QΓ(H

⊗∞)].

The morphism

[X, ] : [X,Q⊔
Γ (H)] −→ colim

i,QΓ(Φi)
[X,QΓ(H

⊗i)] ∼= [X,QΓ(H
⊗∞)]

is clearly surjective. So, it remains to show that (f) = (g) if and only if
f ≈ g.

First observe that, since a parameter space X is compact, it has a finite
number of path components Xα. For f : X −→ Q⊔

Γ (H), let fα be the re-
striction of f to Xα. Then f ≈ g implies that fα ≈ gα for each α. But the
converse also holds. Indeed, if fα ⊗ ψnα ≃ gα ⊗ψmα , then f ⊗ ψn ≃ g ⊗ ψm

for n =
∑

nα and m =
∑

mα.
Therefore, it suffices to justify the claim when X is connected. In this

case,

[X,Q⊔
Γ (H)] ∼=

∐

i≥0

[X,QΓ(H
⊗i)].

Any element in the colimit is equal to kf for some f : X −→ QΓ(H
⊗k).

Furthermore, for g : X −→ QΓ(H
⊗ℓ), kf ≃ ℓg if and only if there are n

and m so that f ⊗ ψn ≃ g ⊗ ψm. This is because

QΓ(Φi+j−1) · · ·QΓ(Φi+1)QΓ(Φi)(f) = f ⊗ ψj .

Hence, for X connected, the claim holds. �

The remainder of this section focuses on relating the passage from quan-
tum systems to phases, to the process of Grothendieck group completion
(a.k.a., K-theory). This material is not necessary for the rest of the paper,
so the reader who is not interested in this relationship can skip to Section 3.5.

To relate our framework to group completion, we will need to introduce
another space.

Definition 3.21. Let QΓ be a quantum state type. Let H be an object of
Hilb⊗fin of dimension at least two and ψ be a pure state of H. Let

ψ−1
Q

⊔
Γ (H) = colim

j,
∐

QΓ(Φi)
Q

⊔
Γ (H),

where
∐

QΓ(Φi)(ω) = ω ⊗ ψ. That is, ψ−1Q⊔
Γ(H) is the colimit of the

diagram

Q⊔
Γ (H)

∐
QΓ(Φi)// // Q⊔

Γ (H)

∐
QΓ(Φi)//// Q⊔

Γ(H)

∐
QΓ(Φi)// // · · ·

Let
ιk : Q

⊔
Γ(H) −→ ψ−1

Q
⊔
Γ (H)
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be the inclusion in the colimit through the kth term of the diagram. We
base ψ−1Q⊔

Γ(H) at ι0 ◦ µ0.
For any k ∈ Z, let

κk : QΓ(H
⊗∞) −→ ψ−1

Q
⊔
Γ (H)

be the unique map satisfying

κk ◦ k+ℓ = ιℓ ◦ µk+ℓ.

Remark 3.22. If Q⊔
Γ (H)ℓ denotes the ℓth copy of Q⊔

Γ(H) in the colimit
diagram defining ψ−1Q⊔

Γ (H), then κk is the map on colimits induced by the
map of diagrams

QΓ(H
⊗(k+ℓ))

⊂µk+ℓ

��

QΓ(Φk+ℓ)// QΓ(H
⊗(k+ℓ+1))

⊂µk+ℓ+1

��

QΓ(Φk+ℓ+1)// QΓ(H
⊗(k+ℓ+2))

⊂µk+ℓ+2

��

QΓ(Φk+ℓ+2)// · · ·

Q⊔
Γ(H)ℓ

∐
QΓ(Φi) // Q⊔

Γ (H)ℓ+1

∐
QΓ(Φi) // Q⊔

Γ (H)ℓ+2

∐
QΓ(Φi) // · · ·

where it is understood that we only begin the diagram when k + ℓ, k, ℓ ≥ 0.

Example 3.23. The construction of ψ−1Q⊔
Γ(H) is a generalization of the

following standard algebraic construction. Let M be a commutative monoid
(in the algebraic rather than topological sense) and choose an element m ∈
M . Define

m−1M := colim
(
M

m // M
m // M

m // · · ·
)

and let

ι0 : M −→ m−1M

be the map coming from the inclusion of the first factor of M in the colimit
diagram. Then ι0 has the following universal property. For any morphism
of monoids φ : M −→ N such that φ(m) is invertible in N , there is a factor-
ization in the category of monoids:

M

ι0 ##●
●●

●●
●●

●

φ // N

m−1M

m−1φ

;;✇✇✇✇✇✇✇✇

.

For example, for N0 the non-negative integers under addition, the inclusion
N0 −→ Z induces an isomorphism

1−1
N0 = colim

(
N0

+1 // N0
+1 // · · ·

)
∼= Z.

Lemma 3.24. For any parameter space X,

[X, ι0] : [X,Q⊔
Γ (H)] −→ [X,ψ−1

Q
⊔
Γ(H)]

is the localization of the monoid [X,Q⊔
Γ (H)] at the constant map at ψ.



HOMOTOPICAL FOUNDATIONS OF QUANTUM SPIN SYSTEMS 49

Proof. Based on Example 3.23, it suffices to show that

[X,ψ−1
Q

⊔
Γ (H)] ∼= colim

i,ψ
[X,Q⊔

Γ (H)] = ψ−1[X,Q⊔
Γ (H)].

As in the proof of Theorem 3.20, this holds because X is compact. �

Remark 3.25. Since the localization of a monoid is again a monoid, we get
a monoid structure on [X,ψ−1Q⊔

Γ(H)]. Henceforth, this is the structure we
mean when discussing algebraic properties of this set.

Definition 3.26. Let QΓ be a quantum state type. Let

ψ−1 : ψ−1
Q

⊔
Γ(H) −→ QΓ(H

⊗∞)

be the map induced by the diagram

QΓ(H)0
ψ //



��

QΓ(H)1
ψ //



��

QΓ(H)2
ψ //



��

· · ·

QΓ(H
⊗∞)

= // QΓ(H
⊗∞)

= // QΓ(H
⊗∞)

= // · · · .

That is, ψ−1 is the unique map so that for k, ℓ ≥ 0,

ψ−1 ◦ ιℓ ◦ µk = k.

Let N0 have the discrete topology. Let

c : Q
⊔
Γ (H) −→ N0

be the map of topological monoids which takes QΓ(H
⊗i) to i. Let

ψ−1c : ψ−1
Q

⊔
Γ −→ c(ψ)−1

N0
∼= Z

be the induced map on localizations, where Z has the discrete topology.
This is the map induced by the diagram

Q⊔
Γ(H)0

ψ //

c
��

Q⊔
Γ (H)1

ψ //

c
��

Q⊔
Γ(H)2 //

c
��

· · ·

N0
+1 // N0

+1 // N0
+1 // · · · .

That is, ψ−1c is the unique map so that for k, ℓ ≥ 0,

ψ−1c ◦ ιℓ ◦ µk = k − ℓ.

Lemma 3.27. Let QΓ be a quantum state type. Then

ψ−1× ψ−1c : ψ−1
Q

⊔
Γ(H) −→ QΓ(H

⊗∞)× Z

is a homeomorphism.

Proof. Let κ denote the map

QΓ(H
⊗∞)× Z ∼=

∐

Z

QΓ(H
⊗∞)

∐
k∈Z

κk

−−−−−→ ψ−1
Q

⊔
Γ(H).
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Both κ and ψ−1×ψ−1c are continuous by construction. We will show that
they are inverses.

Take (j(ω), k) ∈ QΓ(H
⊗∞)×Z for some ω ∈ QΓ(H

⊗j). We can and will
choose j so that i = j − k ≥ 0. Now

κ(j(ω), k) = κk ◦ j(ω) = κk ◦ i+k(ω) = ιi ◦ µi+k(ω),

and

(ψ−1× ψ−1c)(ιi ◦ µi+k(ω)) = (i+k(ω), k).

Now take ιi ◦ µj(ω) ∈ ψ−1Q⊔
Γ (H), for some ω ∈ QΓ(H

⊗j). Then

ψ−1× ψ−1c(ιi ◦ µj(ω)) = (j(ω), j − i),

and

κ(j(ω), j − i) = κj−i ◦ j(ω) = ιi ◦ µj(ω). �

Remark 3.28. The image of κk : QΓ(H
⊗∞) −→ ψ−1Q⊔

Γ (H) as in Defini-
tion 3.7, consists of the elements that can be expressed as ιj(µk+j(ω)) for

ω ∈ QΓ(H
⊗(k+j)).

Proposition 3.29. Let X be a parameter space. For any quantum state
type QΓ, there is an isomorphism of monoids

[X,ψ−1] × [X,ψ−1c] : [X,ψ−1
Q

⊔
Γ (H)]

∼=
−−→ [X,QΓ(H

⊗∞)]× [X,Z].

Proof. This is a bijection by Lemma 3.27. We just need to justify why these
are maps of monoids. But c and  are maps of commutative and associative
H-spaces, so this follows from the fact that

[X,ψ−1c] = ψ−1[X, c], [X,ψ−1] = ψ−1[X, ]. �

We are almost ready to state our group completion results. This result
only applies to invertible quantum state types.

Lemma 3.30. Let QΓ be an invertible quantum state type. Let V be an
infinite dimensional object in I ⊗. Let u ∈ V, and give QΓ(V) the base
point QΓ(u).

(1) For any space X, the monoid [X,QΓ(V)] obtained from the H-space
structure of QΓ(V) is an abelian group.

(2) The fundamental group of QΓ(V) at any choice of base point is
abelian.

Proof. The first statement is an easy consequence of the fact, for any choice
of u ∈ V, an invertible quantum state type gives rise to homotopy commuta-
tive H-group QΓ(V) with unit QΓ(u). The second follows from the fact that
QΓ(V) ≃ QΓ(V)0 × π0QΓ(V). Since QΓ(V)0 is an H-space, its fundamental
group is abelian by the Eckmann–Hilton argument. �

Invertibility implies that for any ω ∈ QΓ(H
⊗i), there exists a state τ ∈

QΓ(H
⊗j) with a path from ω ⊗ τ to ψi+j . But we have a established the

following stronger result, which we rephrase for clarity.
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Proposition 3.31. Let X be a parameter space. If QΓ is an invertible quan-
tum state type, then for any f ∈ [X,QΓ(H

⊗i)], there exists g ∈ [X,QΓ(H
⊗j)]

such that f ⊗ g is homotopic to the constant map at ψi+j ∈ [X,QΓ(H
⊗i+j)].

In particular, pointwise invertibility implies parametrized invertibility.

Proof. By Lemma 3.30, [X,QΓ(H
⊗∞)] is an abelian group. So i(f) has an

inverse, say ℓ(h). That is,

i(f)⊗ ℓ(h) ≃ 0(ψ0).

But  is a map of H-spaces, hence

i(f)⊗ ℓ(h) ≃ i+ℓ(f ⊗ g).

It follows that for some k,

f ⊗ h⊗ ψk ≃ ψi+ℓ+k.

So, we take g = h⊗ ψk and j = ℓ+ k. �

Remark 3.32. In [WQB+23, §III], we studied a gapped Hamiltonian H
parametrized by X. We pointed out that while an invertible parametrized
system H over X has the property that for each point of x, H(x) is an
invertible system, the converse is not clear. Proposition 3.31 gives an an-
swer to this question for invertible quantum state types. As explained in
the introduction, assuming the weak equivalence between a gapped Hamil-
tonian model and a state model for invertible gapped quantum systems,
Proposition 3.31 should also settle this question for Hamiltonians.

We are finally ready to compare the passage from quantum systems to
phases with the process of group completion. We first recall the definition
of Grothendieck group completion.

Definition 3.33. The Grothendieck group completion of a commutative
monoid M consists of an abelian group K0(M) together with a morphism
of monoids

g : M −→ K0(M)

(where we can always think of an abelian group as a monoid by forgetting
the inverses) satisfying the following universal property. If A is an abelian
group and f : M −→ A is a morphism of monoids, then there is a unique
group homomorphism K0(φ) : K0(M) −→ A making the following diagram
commute

M
f //

g

��

A

K0(M)
K0(f)

;;

In other words, K0(−) is the left adjoint to the forgetful functor from abelian
groups to commutative monoids.



52 BEAUDRY, HERMELE, MORENO, PFLAUM, QI, AND SPIEGEL

Theorem 3.34. Let X be a parameter space and QΓ be an invertible quan-
tum state type. Then [X,ψ−1Q⊔

Γ (H)] is an abelian group and

[X, ι0] : [X,Q⊔
Γ (H)] −→ [X,ψ−1

Q
⊔
Γ(H)]

is the Grothendieck group completion. Therefore, the maps of Proposi-
tion 3.29 induce an isomorphism

K0([X,Q⊔
Γ (H)]) ∼= [X,ψ−1

Q
⊔
Γ(H)]

∼=
−→ [X,QΓ(H

⊗∞)]× [X,Z].

Proof. That [X,Q⊔
Γ (H)] is an abelian group follows from the isomorphism

of monoids of Proposition 3.29 and the fact that [X,QΓ(H
⊗∞)] is a group

when QΓ is invertible (Lemma 3.30). Since ψ maps to an invertible element
in the Grothendieck group K0[X,Q⊔

Γ (H)], the group completion factors as

[X,Q⊔
Γ (H)]

g //

[X,ι0]
��

K0[X,Q⊔
Γ (H)]

[X,ψ−1Q⊔
Γ (H)]

ψ−1g

66❧❧❧❧❧❧❧❧❧❧❧❧❧

But, g is the initial group homomorphism from [X,Q⊔
Γ (H)], hence ψ−1g is

an isomorphism. �

We actually have the following a stronger result which concerns the topo-
logical group completion of Q⊔

Γ(H), and we finish this section by stating it.
It will not be used later.

Theorem 3.35. Let QΓ be an invertible quantum state type. The local-
ization ψ−1Q⊔

Γ(H) is weakly equivalent to Quillen’s topological group com-
pletion ΩBQ⊔

Γ(H) and QΓ(H
⊗∞) is weakly equivalent to the identity path

component of this loop space.

Proof. This follows from [MS76] using the fact Q⊔
Γ(H) is a homotopy com-

mutative monoids, that π0ψ
−1Q⊔

Γ(H) is already a group, and π1ψ
−1Q⊔

Γ(H)
is abelian for any choice of base point. �

Remark 3.36. We think that, for invertible quantum state types, Theo-
rem 3.34 should be explained by a more topological statement. In fact, it
seems likely that the canonical map

Map(X,ψ−1
Q

⊔
Γ(H)) −→ ΩBMap(X,Q⊔

Γ (H))

is a weak equivalence, although we were not able to prove that. If Q⊔
Γ(H)

was an E∞-space, then Map(X,ψ−1Q⊔
Γ (H)) would be a grouplike E∞-space

and so would already group complete. However, Q⊔
Γ (H) is not an E∞-space

and we were not able to settle this question.

Remark 3.37. There is a very nice history of the results on topological
group completion given in [Ada78, Ch. 3]. Early versions of topological
group completion are due to Quillen in unpublished private communica-
tions among the key players, Barratt [Bar61], Barratt-Priddy [BP72], May
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[May74, May75], McDuff–Segal [MS76] and Segal [Seg74]. More recent treat-
ments include Randal-Williams [RW13] and Nikolaus [Nik17].

3.5. Loop-spectra and May’s Recognition Principle. Because of the
importance of loop-spectra in this story, we dedicate this section to reviewing
some key definitions. We also give more details about May’s Recognition
Principle.

We start with recalling the definition of a loop-spectrum.7

Definition 3.38. A loop-spectrum Y is a sequence of based spaces in cgTop∗

Y0, Y1, Y2, . . .

together with weak equivalences

ωd : Yd
≃

−−→ ΩYd+1.

A map of loop-spectra f : Y −→ Z is a sequence of based continuous
maps fd : Yd −→ Zd so that ωd ◦ fd = Ωfd+1 ◦ ωd. Loop-spectra form a
category which we denote by ΩSp.

Definition 3.39. For any integer d, the dth homotopy group of a loop-
spectrum Y is defined to be

πdY :=

{
πdY0 d ≥ 0

π0Y−d d < 0.

A loop-spectrum Y is connective if πdY = 0 for all d < 0.

Definition 3.40. A map f : Y −→ Z is a weak equivalence of loop-spectra
if πdf is an isomorphism for all d ∈ Z.

For any spectrum Y and n ≥ 0, let ΣnY be the spectrum

(ΣnY )d = Yd+n

with the same structure maps as Yd. Let Σ
−nY be the spectrum

(Σ−nY )d = ΩnYd,

with structure maps Ωnωd. Then

(Σ−n ◦ Σn)(Y ) = (Σn ◦ Σ−n)(Y ) = (ΩnYn,Ω
nYn+1,Ω

nYn+2, . . .)

and so the maps ωd+n−1◦· · ·◦ωd assemble to give a natural weak equivalence

Y
≃

−−→ ΩnΣnY .

It follows that, for any n ∈ Z,

πdY ∼= πd+nΣ
nY .

For any spectrum Y and any integer n, we can construct a Postnikov
stage Yτ<n and a Whitehead cover Yτ≥n. For a detailed review of these

7In the homotopy theory literature, these are often called Ω-spectra. However, the
name “loop-spectrum” is the more popular term in condensed matter theory.
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constructions see [Rud98, §4]. But, roughly, these are loop-spectra equipped
with maps

Yτ≥n −→ Y −→ Yτ<n

so that

• Yτ≥n −→ Y is induces an isomorphism on πd for d ≥ n, and
• Y −→ Yτ<n induces an isomorphism on πd for d < n.

The loop-spectrum Yτ≥0 is called the connective cover Y . We also note
that, for any m ∈ Z, there is a weak equivalence

Σm(Yτ≥n) ≃ (ΣmY )τ≥n+m,

and a similar identity holds for Postnikov stages.

Definition 3.41. If Y is a loop-spectrum, we let

Ω∞Y = Y0,

the zeroth space of the spectrum Y . Given a map f of spectra, we let
Ω∞f = f0. This defines a functor

Ω∞ : ΩSp −→ cgTop∗.

We say that a space is an infinite loop space if it is the image of Ω∞.

Finally, recall that a loop-spectrum determines a generalized cohomology
theory. If X is a space, which we always assume has the homotopy type of
a CW complex, then

Y d(X) = [X,Yd].

If X is a based space, we also let Ỹ d(X) = [X,Yd]∗. Then the structure
maps ωd can be used to construct an isomorphism

Ỹ d(X) ∼= Ỹ d+1(ΣX).

This is also reviewed in [BC18, §2].

We are now ready to discuss May’s Recognition Principle.

Remark 3.42. In general, an E∞-space X is grouplike if π0X is a group
with respect to the induced H-space structure on X. So a quantum state
type is invertible if the associated E∞-spaces QΓ(V) for (V, u) is a grouplike
E∞-space.

Theorem 3.43 (May’s Recognition Principle [May72, §14]). The functor
Ω∞ refines to a functor

Ω∞ : ΩSp −→ E∞-cgTop∗,

where E∞-cgTop∗ is the category of E∞-spaces. As such, it has a left adjoint

B∞ : E∞-cgTop∗ −→ ΩSp

which takes an E∞-space X and produces a loop-spectrum

B∞X = (X,B1X,B2X, · · · ).
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The unit of the adjunction X −→ Ω∞B∞X is weakly equivalent to the group
completion X −→ ΩBX. This is a weak equivalence if and only if X is
grouplike. The co-unit B∞Ω∞Y −→ Y is weakly equivalent to a Whitehead
cover Yτ≥0 −→ Y , which is a weak equivalence if and only if Y is connective.

Combining this with what we have already established gives the following
result.

Theorem 3.44. Let QΓ be a quantum state type, V ∈ I ⊗ an infinite
dimensional object, and choice of unit vector u ∈ V. There is a loop-spectrum
B∞QΓ(V) whose zero space is weakly equivalent to QΓ(V) if and only if QΓ

is an invertible state type (i.e., π0QΓ(V) is a group). In particular, if QΓ is
invertible, then QΓ(V) is an infinite loop-space.

Remark 3.45. Since we implicitly assume that we have replaced QΓ by its
cellular approximation RQΓ, for any u ∈ V, the replacement of QΓ(u) is the
inclusion of a zero simplex so is a non-degenerate base point. Therefore, so
long as we replace QΓ, we can assume that we are working in cgTop∗.

3.6. Berry phase and free fermions. In the preceding sections we de-
veloped an abstract framework for modeling certain parametrized phases of
matter. This framework was guided by some examples which we describe
here.

3.6.1. Gapped Quantum Systems in spacetime dimension 0 + 1. It is well
understood that the unique phase invariant of a quantum system in space-
time dimension 0+ 1 is the line bundle of ground states over X. We review
this fact in the context of our framework.

Consider a 0 + 1 dimensional quantum system described by a finite di-
mensional Hilbert space H. Let P(H) be its pure state space, and H (H) be
the space of Hermitian operators on H with a unique ground state. Then
H (H) and P(H) are homotopy equivalent. This means that any state in
P(H) is the unique ground state of some Hamiltonian, and we can model
gapped parametrized systems over X with a map

X −→ P(H).

Remark 3.46. This approach fails to model gapped parametrized systems
in spacetime dimensions greater than 0 + 1 because there exist pure states
which are not ground states of any gapped and local Hamiltonian. For
example, it has been proven that for local Hamiltonians, a spectral gap above
the ground state implies exponential decay of correlations in the ground state
[Has04, NS06, HK06]. It follows that a state ω ∈ PΓ(H) (where Γ = Z

d for
d ≥ 1) which has a power-law decay of correlations is not the ground state
of any local Hamiltonian.

Armed with a model for gapped parametrized systems overX in spacetime
dimension 0 + 1, the framework developed in the previous sections provides
a prescription to pass to parametrized phases over X.
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To connect with the results of the previous section, we can let Γ be the
zero lattice. Then

P : Hilb⊗fin −→ cgTop

maps H to P(H), which can be canonically identified with the space of pure
states on the C∗-algebra B(H), i.e., with P(B(H)).

Then
ηP : P(H)× P(K) −→ P(H⊗K)

is the map which sends a pair of lines ψ and φ to their tensor product ψ⊗φ.
If we fix a Hilbert space H and a vacuum state ψ ∈ P(H), then

P
⊔(H) =

∐

i≥0

P(H⊗i)

and

P(H⊗∞) = colim

(
P(H⊗0)

⊗ψ // P(H⊗1)
⊗ψ // P(H⊗2)

⊗ψ // · · ·

)

is an E∞-space. In fact, this gives the standard E∞-structure on infinite
complex projective space coming from the tensor product of line bundles.
Since P(H⊗∞) is connected, this is an invertible state type. In fact, we have
reproduced a space with many names,

P(H⊗∞) ∼= CP∞ ≃ K(Z, 2) ≃ BGL(1) ≃ BU(1).

Therefore, a 0 + 1 dimensional phase of quantum systems parametrized by
X is an element of

[X,P(H⊗∞)] ∼= LineC(X) ∼= H2
sing(X,Z) ∼= H̆1(X,U(1)).

Here, the second group is the isomorphism classes of complex line bundles,
the third is the singular cohomology group, and the fourth is C̆ech cohomol-
ogy.

Remark 3.47. One way to obtain the E∞-structure on BU(1) is using the
fact that U(1) is an abelian group. Indeed, for any topological abelian group,
we can iterated the bar construction and so

(BU(1), B2U(1), B3U(1) · · · )

is a de-looping of BU(1). See, for example, Segal’s Γ-space theory for gen-
eralizations for this construction. It could be that our construction of the
infinite loop space structure on P(H⊗∞) using the operad L ⊗(H⊗∞) ap-
pears somewhere in the literature, but we did not find it.

3.6.2. K-theory and free fermions. Here, we review the classification of cer-
tain free-fermion phases following [Kit09] and explain how the classification
is related to our framework. Although this classification is not via quantum
state types, the framework for free fermions is intimately related to the one
we presented above, as will become apparent in this section. Physically, the
vector bundle discussed below gives the occupied single-particle states; the
ground state of the system is obtained by filling these states with fermions.
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The physical situation is the following. We wish to describe families of
free fermion systems with particle number symmetry in spacetime dimension
0 + 1. Such systems are characterized by a Hamiltonian of the form

HA =
∑

1≤j,k≤n

Ajka
†
jak,

where A is a Hermitian matrix of size n equal to the size of the system. We
consider only gapped systems, i.e. systems for which there exists ∆ > 0
with ∆ < |ε| for each eigenvalue ε of A. The set of such matrices A defines a
subspace of M(C) = colimnMn(C) which we will call the space of admissible
matrices. The colimit is taken with respect to the inclusions

Mn(C) −→ Mn+1(C)

given by

A 7→

(
A 0
0 1

)
.

The goal is then to study the homotopy type of this space.
First, let’s make a reduction to a simpler space of the same homotopy

type. The function

ft(x) =
x

|x|t

can be applied using functional calculus to an admissible matrix A to obtain

a matrix Ã = f1(A) with eigenvalues ±1. This defines a deformation retrac-
tion from the space of admissible matrices onto the space C of hermitian
matrices with eigenvalues ±1. Note that the characteristic polynomial map

colim
n

Mn(C) −→ C[t]

A 7→ det(A− tI)

is continuous. The restriction of this map to C is then a continuous map
into a discrete space giving a decomposition

C =
∐

k∈N

Ck,

where Ck is the subspace of C consisting of matrices with (−1)-eigenspace
of dimension k.

We next analyze Ck further. First note that Ck = colimnCk(n), where
Ck(n) is the subspace of Ck consisting of matrices of size n. We then have
maps into grassmanians

gk,n : Ck(n) −→ Grk(C
n)

sending a matrix to its (−1)-eigenspace. We view these as maps into

BGL(k) ≃ Grk(C
∞) = colim

n
Grk(C

n)

by postcomposition with the inclusion into the colimit. The result is a map

gk : Ck −→ BGL(k)
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which by a straightforward analysis of the fiber can be shown to be a weak
equivalence.

For the purposes of phase-classification we can now identify

F
⊔ :=

∐

k≥0

BGL(k) ≃ C

as a model of the classifying space of 0 + 1d free fermion systems with
particle number symmetry in the following sense. A family of such systems
parametrized by a space X is the same as a map A : X −→ F⊔. The phase
of this family of systems depends only on the deformation (a.k.a. homotopy)
class in [X,F⊔], which by this identification can be viewed as an element in

[X,F⊔] ∼= VectC(X),

i.e. as an isomorphism class of a vector bundle over X. Explicitly, A defines
a vector bundle over X whose fiber over x ∈ X is the (−1)-eigenspace of
A(x). The deformation invariant is then the isomorphism class of this vector
bundle.

However, the phase of a family of systems is not determined completely
by its deformation class, but its deformation class after stacking with ar-
bitrary trivial systems. We must, therefore, study the operation on F⊔

corresponding to stacking of systems.
In the free fermion setup, stacking two Hamiltonians determined by ad-

missible matrices A0 and A1 corresponds to taking the direct sum A0 ⊕A1

of the two matrices. Accordingly, the stacking operation is modeled on M
by the map

F
⊔ × F

⊔ −→ F
⊔

assembled from the maps

BGL(n)×BGL(m) −→ BGL(n+m)

coming from the group homomorphism

GL(n)×GL(m) −→ GL(n+m)

which is defined by the inclusion of (X,Y ) as a block diagonal matrix with
blocks X and Y . This operation is unital with respect to the point BGL(0).
So, F⊔ is a topological monoid.

Finally, we can form a directed system

BGL(1) −→ BGL(2) −→ BGL(3) −→ · · ·

using the inclusions
BGL(n) −→ BGL(n+ 1)

given by

(3.1) X 7→

[
X 0
0 1

]

Then
F

∞ := colim
n

BGL(n) = BGL.



HOMOTOPICAL FOUNDATIONS OF QUANTUM SPIN SYSTEMS 59

This is the classifying space for reduced complex K-theory. On the other
hand, the self map

ψ : F
⊔ −→ F

⊔

which does (3.1) on each point can be “inverted” by forming the colimit of

ψ−1
F

⊔ := colim

(
F⊔ ψ // F⊔ ψ // F⊔ ψ // · · ·

)
.

The resulting space is
ψ−1

F
⊔ ∼= BGL× Z

the classifying space for topological complex K-theory.

Remark 3.48. The topological monoid F⊔ is, famously, the monoid that
gives rise to K-theory using Quillen’s topological group completion. It ap-
pears ubiquitously in the literature discussing these topics. See [Ada78, Ch.
2 & 3] for a very nice discussion and further references.

The connection with our framework is already apparent, but there are
even more similarities than we have pointed out so far. In the remainder
of this section, we want to make this clear. This will be more technical, as
again we will discuss operads and E∞-spaces.

What we do next was first introduced by Boardman–Vogt [BV68] in their
introduction of “homotopy everything” spaces. It was framed into the con-
text of operads by May[May77].

We need a category akin to I ⊗.

Definition 3.49 ([BV68]). Let I ⊕ be the category whose objects are real
inner product spaces of countable algebraic dimension over R. The mor-
phisms are real linear isometries I (V,W). This is a topologically enriched
category. The finite dimensional objects have the standard metric topol-
ogy. The infinite dimensional objects are topologized so that they are the
topological union of their finite dimensional subspaces. Then I (V,W) is
given the compactly generated compact-open topology. The category I ⊕ is
a symmetric monoidal category with monoidal operation given by the direct
sum.

Definition 3.50 ([May77]). Let V be an infinite dimensional object in I ⊕.
The operad L⊕(V) is defined as

L⊕(V)(j) = I (V⊕j,V)

with the identity as 1 ∈ L⊕(V)(1) and structure map

γ : L⊕(V)(k) × L⊕(V)(j1)× · · · × L⊕(V)(jk) −→ L⊕(V)(j)

given by
γ(g; f1, . . . , fk) = g ◦ (f1 ⊕ · · · ⊕ fk).

The action of Σj is given by (fσ)(x) = f(σ(x)) where σ permutes the
summands in V⊕j .

The operad L⊕(R
∞) is called the linear isometry operad.
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The operads L⊕(V) are E∞-operads. This is shown in [May77, §1].

Definition 3.51 ([BV68]). An I ⊕-space (T , η) consists of a topologically
enriched functor

T : I
⊕ −→ cgTop,

and a natural transformation η : T (V) × T (W) −→ T (V ⊕W) such that,
T (0) is a single point, and the ηs are unital, associative and commutative (in
an appropriate categorical sense) and the value of T on infinite dimensional
objects is the colimit of the value of T its finite dimensional subspaces.

Theorem 3.52 ([BV68, May77]). If (T , η) is an I ⊕-space, and V is infinite
dimensional, then T (V) is an L⊕(V)-space where

θj : L⊕(V)(j) × T (V)j −→ T (V)

is given by
θj(f ;x1, . . . , xj) = (Tf)(η(x1, . . . , xj)).

In particular, T (V) is an E∞-space.

Example 3.53. For each finite dimensional V, let

T (V) = BGL(VC),

the classifying space of the general linear group of its complexification VC.
Let η be the map induced by the homomorphism

GL(VC)×GL(WC) −→ GL(VC ⊕WC)

given by the inclusion of GL(VC)⊕GL(WC) in GL(VC ⊕WC).
If V is infintie dimensional, let T (V) = colimi T (Vi) where Vi runs over

the finite dimensional subspaces of V. We can also extend T to morphisms,
and extend η. We then have a I ⊕-space and

T (R∞) = BGL,

the classifying for reduced K-theory. This equips BGL with an infinite loop
space structure.

Remark 3.54. There are many ways to produce BGL × Z as an infinite
loop space. Producing this space seems like a right-of-passage for any theory.
One is by showing that it is the classifying space of a permutative category
[May74], another is using Segal’s Γ-spaces [Seg74].

4. The fundamental group of the pure state space

Now that we have established the universal quantum state type PΓ as a
basis for a theory of quantum state types, we turn to the question of better
understanding this universal example. For example, we do not know the
weak homotopy type of PΓ(H) for an infinite lattice Γ (and H of dimension
at least 2). In this section, we will compute its fundamental group.

As a matter of fact, all we need to know to do this computation is that it
is the pure state space of a UHF algebra. So in the following we step back
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from lattices and state types and prove that the pure state space of a UHF
algebra is simply connected in the weak∗ topology.

We begin by recalling the natural action of a C∗-algebra on its state
space and then show some crucial properties we later need. This is done in
Section 4.1. Using this action we introduce in Section 4.2 a new notion of
homotopy in the state space which essentially is a kind of homotopy lifted to
the C∗-algebra. We then examine the space of density matrices of a matrix
algebra in Section 4.3 and finally use the results obtained there to prove
our main claim that the space of pure states of a UHF algebra is simply
connected.

4.1. Action of A on its state space. In this section, we study an action
of A on its state space.

Definition 4.1. Let A be a C∗-algebra, let ω ∈ S (A), and let

Nω = {A ∈ A : ω(A∗A) = 0}

be the Gelfand ideal of ω. Recall that if A /∈ Nω, then we may define

(4.1) A · ω : A −→ C, (A · ω)(B) =
ω(A∗BA)

ω(A∗A)
.

This is a state of A. In the GNS representation (Hω, πω,Ωω) of ω, it is

represented by the unit vector πω(A)Ωω/
√

ω(A∗A). Thus, if ω is pure,
then so is A · ω. Following the definition, we see that given A,B ∈ A,
we have AB /∈ Nω if and only if B /∈ Nω and A /∈ NB·ω, in which case
(AB) · ω = A · (B · ω). Of course, if A is unital, then we have 1 · ω = ω.

Let us now prove a few elementary facts of this action.

Proposition 4.2. Let A be a C∗-algebra and let ω ∈ S (A). If A ∈ A is
nonzero and satisfies |ω(A)| = ‖A‖, then A · ω = ω.

Proof. Let (Hω, πω,Ωω) be the GNS representation of ω. By the Cauchy-
Schwarz inequality, we have

|ω(A)| = |〈Ωω, πω(A)Ωω〉| ≤ ‖Ωω‖‖πω(A)Ωω‖ ≤ ‖A‖.

Since |ω(A)| = ‖A‖, we see that the Cauchy-Schwarz inequality is saturated,
so πω(A)Ωω = λΩω for some λ ∈ C. Observe that λ 6= 0, otherwise we find

that |ω(A)| = 0, which contradicts the hypotheses. Note that
√

ω(A∗A) =

|λ|, so that A · ω is represented by the vector λ|λ|−1Ωω. Vectors that differ
by a phase represent the same state, so we conclude that A · ω = ω. �

Proposition 4.3. Let A be a C∗-algebra and let ω ∈ P(A). Suppose A,B ∈
A\Nω and A·ω = B ·ω. If α, β ∈ C and αA+βB /∈ Nω, then (αA+βB)·ω =
A · ω = B · ω.

Proof. Let (Hω, πω,Ωω) be the GNS representation of ω. Since A ·ω = B ·ω
and ω is pure, we know πω(A)Ωω and πω(B)Ωω are linearly dependent, i.e.,
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there exists λ ∈ C\{0} such that πω(B)Ωω = λπω(A)Ωω. Then (αA+βB)·ω
is represented by

πω(αA+ βB)Ωω

‖πω(αA+ βB)Ωω‖
=

(α + λβ) · πω(A)Ωω

‖πω(αA+ βB)Ωω‖
.

This differs from πω(A)Ωω/
√

ω(A∗A) by a phase, so (αA+βB)·ω = A·ω. �

Next, let us examine the continuity properties of the action of A on S (A).

Proposition 4.4. Let A be a C∗-algebra and equip S (A) with the weak*
topology. The map

(4.2) A× S (A) −→ C, (A,ω) 7→ ω(A)

is continuous.

Proof. Fix A0 ∈ A, ω0 ∈ S (A), and ε > 0. Given A ∈ A such that
‖A−A0‖ < ε/2 and ω ∈ S (A) such that |ω(A0)− ω0(A0)| < ε/2, we have

|ω(A)− ω0(A0)| ≤ |ω(A)− ω(A0)|+ |ω(A0)− ω0(A0)|

≤ ‖A−A0‖+ |ω(A0)− ω0(A0)| < ε.

Thus, the map (4.2) is continuous at the arbitrary point (A0, ω0). �

Proposition 4.5. Let A be a C∗-algebra and equip S (A) with the weak*
topology. The map

(4.3) {(A,ω) ∈ A× S (A) : A /∈ Nω} −→ S (A), (A,ω) −→ A · ω

is continuous.

Proof. Fix an arbitrary B ∈ A. Continuity of (4.3) will follow from conti-
nuity of (A,ω) 7→ (A · ω)(B) since B was arbitrary. But since A 7→ A∗A
and A 7→ A∗BA are continuous maps from A to itself, it is easy to see from
(4.1) and Proposition 4.4 that (A,ω) 7→ (A · ω)(B) is continuous. �

4.2. A-homotopies and the fundamental group. A key idea in our com-
putation of the fundamental group is to study homotopies that can be fac-
tored through a special kind of lift from the state space to the C∗-algebra.
We define what we mean here.

Definition 4.6. Let A be a unital C∗-algebra, equip S (A) with the weak*
topology, and let X be a topological space. We then say that a continuous
map ψ : X −→ S (A) is A-homotopic to a continuous map ω : X −→ S (A)
if there exists a continuous map A : X × I −→ A such that

(1) Ax,s /∈ Nψx
for all (x, s) ∈ X × I,

(2) Ax,0 = 1 for all x ∈ X,
(3) Ax,1 · ψx = ωx for all x ∈ X.

In this case (x, s) 7→ Ax,s · ψx is a homotopy from ψ to ω in the standard
sense. We call the map A : X × I −→ A fulfilling conditions (1) to (3) an
A-homotopy from ψ to ω. It can be understood as a lift of the homotopy
from ψ to ω. Let us write ψ ≃A ω if ψ is A-homotopic to ω.
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When X is the unit interval I, then we say ψ is A-homotopic to ω relative
endpoints if there exists an A-homotopy A : I × I −→ A from ψ to ω such
that

(4) A0,s · ψ0 = ω0 for all s ∈ I, and
(5) A1,s · ψ1 = ω1 for all s ∈ I.

An A-homotopy fulfilling these properies will be called an A-homotopy rel-
ative endpoints. Let us write ψ ≃A,rel ω if ψ is A-homotopic to ω relative
endpoints. In case both ψ and ω are loops we sometimes say that ψ is
A-homotopic to ω relative the basepoint whenever ψ ≃A,rel ω.

Proposition 4.7. The relations ≃A and ≃A,rel are transitive.

Proof. Suppose χ ≃A ψ and ψ ≃A ω. Let A : X×I −→ A and B : X×I −→
A be respective A-homotopies. Define C : X × I −→ A by

Cx,s =

{
Ax,2s for s ∈ [0, 1/2] ,

Bx,2s−1Ax,1 for s ∈ [1/2, 1] .

This is a well-defined continuous map since Bx,0 = 1 for all x ∈ X. By
construction, C then is an A-homotopy from χ to ω. If X = I and both A
and B are A-homotopies relative endpoints, then it is easy to see that C is
also an A-homotopy relative endpoints. �

We note that being A-homotopic is not a symmetric relation. For ex-
ample, in what follows, we will act on non-pure states with projections to
obtain pure states, but we cannot undo this operation by acting with an
element of A because acting on a pure state with an element of A always
returns a pure state.

In our applications, A will be unital (with unit denoted 1), we will have
X = I, and the function A : I × I −→ A will be of the form

At,s = sÃt + (1− s)1

for some continuous map Ã : I −→ A. Given a state ψ and A ∈ A \Nψ, it is
therefore important to examine when the linear interpolation sA+ (1− s)1
falls outside the Gelfand ideal of ψ for all s. We examine a few special cases
of interest.

Proposition 4.8. Let A be a unital C∗-algebra and let ω ∈ S (A). If P ∈ A

is a projection and ω(P ) > 0, then sP + (1− s)1 /∈ Nω for all s ∈ I.

Proof. For ease of notation, let Ps = sP + (1− s)1. Then

ω(P ∗
s Ps) = s2ω(P ) + (1− s)2 + 2s(1− s)ω(P ) > 0. �

Proposition 4.9. Let A be a unital C∗-algebra and let ω ∈ S (A). If
U ∈ U(A) and s ∈ I, then sU +(1− s)1 ∈ Nω if and only if ω(U) = −1 and
s = 1/2.
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Proof. For ease of notation, let Us = sU + (1− s)1. Observe that

ω(U∗
sUs) = s2 + (1− s)2 + 2s(1− s)Reω(U)

≥ s2 + (1− s)2 − 2s(1− s) = (1− 2s)2

If ω(U) = −1 and s = 1/2, then the inequality is an equality and we get
ω(U∗

sUs) = (1−2s)2 = 0. If s 6= 1/2, then we have ω(U∗
sUs) ≥ (1−2s)2 > 0.

If s = 1/2 and ω(U) 6= −1, then the inequality is strict, so ω(U∗
sUs) >

(1− 2s)2 = 0. �

Suppose we have a path ω : I −→ S (A) of states and a path of unitaries
U : I −→ U(A), and we want to perform a homotopy of ω via a linear
interpolation (t, s) 7→ sUt + (1− s)1. We are in trouble if there exists t ∈ I
such that ωt(Ut) = −1. As the next lemma implies, we can avoid this
difficulty by multiplying the path U by a continuous phase λ : I −→ S1.

Lemma 4.10. Let γ : I −→ D2 be a path in the closed unit disk D2 ⊂ C.
There exists a continuous map λ : I −→ S1 ⊂ C such that for all t ∈ I either
λ(t)γ(t) = 1 or |γ(t)| < 1.

Intuitively, the lemma can be thought of as follows. Imagine γ is the path
of an ant walking on a round table and you are seated at the table. Any
λ = eiθ ∈ S1 corresponds to a rotation of the table by an angle θ. The
lemma says that as the ant is walking along the table, you can continuously
rotate the table so that whenever the ant gets to the edge of the table, the
ant will be directly in front of you.

Proof of Lemma 4.10. The proof more or less follows the standard path-
lifting argument for fiber bundles, although we are not looking at a fiber
bundle here.

Begin by covering D2 with the open balls B1(0) and B1(z) ∩ D2 for all
z ∈ S1. For any point w0 ∈ B1(0) and any µ0 ∈ S1, the constant function
µ : B1(0) −→ S1 with value µ0 satisfies µ(w0) = µ0 and |w| < 1 for all
w ∈ B1(0).

Now consider any z ∈ S1, any point w0 ∈ B1(z) ∩D2, and any µ0 ∈ S1

such that either µ0w0 = 1 or |w0| < 1. If µ0w0 = 1, then the map

µ : B1(z) ∩D2 −→ S1, µ(w) =
|w|

w

satisfies µ(w0) = µ0 and for all w ∈ B1(z) ∩ D2 either µ(w)w = 1 or
|w| < 1. On the other hand, suppose |w0| < 1 and let θ ∈ [0, 2π) such that
eiθ = µ0w0/|w0|. Then the function

µ : B1(z) ∩D2 −→ S1, µ(w) = µ0 ·
w0

|w0|
·
|w|

w
· e−iθ(|w|−|w0|)/(1−|w0|)

satisfies µ(w0) = µ0 and for all w ∈ B1(z)∩D2, either µ(w)w = 1 or |w| < 1.
Now consider the path γ. Cover I by the preimages γ−1(B1(0)) and

γ−1(B1(z)∩D
2) for all z ∈ S1. By the Lebesgue number lemma, there exists
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N ∈ N such that for all k ∈ {0, . . . , N − 1}, the interval [k/N, (k + 1)/N ] is
contained in one of these preimages.

Assume that for some k ∈ {0, . . . , N − 1} we have constructed a path
λ : [0, k/N ] −→ S1 such that for all t ∈ [0, k/N ] either λ(t)γ(t) = 1 or
|γ(t)| < 1. Choose one of the preimages above that contains [k/N, (k+1)/N ]
and denote it γ−1(O). Setting w0 = γ(k/N) and µ0 = λ(k/N), we may
compose the restriction γ : [k/N, (k+1)/N ] −→ O with the appropriate map

µ : O −→ S1 defined previously to obtain a map λ̃ : [k/N, (k+1)/N ] −→ S1

such that λ̃(k/N) = µ0 = λ(k/N) and for all t ∈ [k/N, (k + 1)/N ] either

λ̃(t)γ(t) = 1 or |γ(t)| < 1. We may now glue λ to λ̃ to get a continuous
map λ : [0, (k + 1)/N ] −→ S1 such that for all t ∈ [0, (k + 1)/N ] either
λ(t)γ(t) = 1 or |γ(t)| < 1. Continuing in this manner constructs the desired
path λ : I −→ S1. �

Corollary 4.11. Let A be a unital C∗-algebra and let ω : I −→ S (A) be
weak* continuous. Given a continuous map U : I −→ U(A), there exists a
continuous λ : I −→ S1 such that sλtUt + (1− s)1 /∈ Nωt for all t, s ∈ I.

Proof. This is immediate from Proposition 4.9 and Lemma 4.10 upon setting
γ(t) = ωt(Ut). �

4.3. Finite dimensional density matrices and rectification of paths.

Let us now fix n ∈ N and consider the specific example A = Mn(C). In
several steps we will show in this section that every loop in the state space
S (Mn(C)) is Mn(C)-homotopic relative the basepoint to the constant loop.
In particular this implies that the state space of a matrix algebra Mn(C) is
simply connected. We start by identifying S (Mn(C)) with the set DMn(C)
of n× n density matrices, topologized as a subspace of Mn(C). Recall that
if ̺ ∈ DMn(C), then A 7→ tr(̺A) is a state on Mn(C).

Proposition 4.12. The map DMn(C) −→ S (Mn(C)) that associates to a
density matrix the corresponding state is a homeomorphism.

Proof. Suppose ̺1, ̺2 ∈ DMn(C) map to the same state. Then

tr((̺1 − ̺2)A) = 0

for all A ∈ Mn(C). Since ̺1 − ̺2 is self-adjoint, we can find an orthonormal
basis of eigenvectors. Letting A be the projection onto any eigenspace, the
equation tr((̺1 − ̺2)A) = 0 implies that the corresponding eigenvalue is
zero. Therefore ̺1 − ̺2 = 0.

We now show surjectivity. Since Mn(C) has only one superselection sec-
tor, we know P(Mn(C)) ∼= P(Cn), so P(Mn(C)) is compact. We know
S (Mn(C)) is the closed convex hull of P(Mn(C)), but since P(Mn(C))
is a compact subset of a finite-dimensional vector space, the convex hull
of P(Mn(C)) is already closed, so S (Mn(C)) is just the convex hull of
P(Mn(C)). Any pure state can be written as A 7→ tr(PA) for some rank-
one projection P , and any convex combination of rank-one projections is a
density matrix. Thus, any state can be represented by a density matrix.
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Since DMn(C) and S (Mn(C)) are compact Hausdorff, all that remains
to do is show continuity. Letting ̺1, ̺2 ∈ DMn(C) and letting e1, . . . , en be
an orthonormal basis of Cn, we have

|tr((̺1 − ̺2)A)| ≤

n∑

i=1

|〈ei, (̺1 − ̺2)Aei〉| ≤ n‖̺1 − ̺2‖‖A‖.

Continuity follows. �

Note that if ω ∈ S (Mn(C)) is represented by the density matrix ̺
and A ∈ Mn(C) \ Nω, then A · ω is represented by the density matrix
A̺A∗/tr(A̺A∗). We will use this correspondence between states and den-
sity matrices freely.

Our first goal is to show that any loop in S (Mn(C)) based at a pure state
is Mn(C)-homotopic to the constant map relative the basepoint (in the sense
of Definition 4.6). Since all pure states on Mn(C) are unitarily equivalent,
it suffices to take our loop to be based at the state represented by the first
standard basis vector. Denote this state by ωn

0 . Explicitly, ω
n
0 is the state

ωn
0 : Mn(C) −→ C, A 7→ 〈e0, Ae0〉,

where e0 = (1, 0, . . . , 0) ∈ C
n. The following notation will also be convenient.

Given n ∈ N and k ∈ {0, . . . , n− 1}, let

Pn
k = diag(1, . . . , 1, 0, . . . , 0) ∈ Mn(C)

where there are k zeros on the diagonal.

Lemma 4.13. If n > 1 and ω ∈ S (Mn(C)), then ω(Pn
1 ) = 0 if and only

if ω is represented by the last standard basis vector, that is, if and only if
ω(A) = 〈en, Aen〉 for all A ∈ Mn(C), where en = (0, . . . , 0, 1) ∈ C

n.

Proof. If ω is represented by the last standard basis vector, then it is clear
that ω(Pn

1 ) = 0. Suppose ω(Pn
1 ) = 0. Let ̺ be the density matrix repre-

senting ω. Then tr(Pn
1 ̺P

n
1 ) = 0, but Pn

1 ̺P
n
1 is positive, so this implies that

Pn
1 ̺P

n
1 = 0. Note that Pn

1 ̺P
n
1 is the matrix with the same entries as ̺ in

the upper left (n− 1)× (n− 1) submatrix, and with zeros everywhere else.
Since this (n − 1) × (n − 1) submatrix is zero, it follows from the fact that
tr(̺) = 1 that the bottom right entry of ̺ is 1. Acting ̺ on the last standard
basis vector and using the fact that ‖̺‖ ≤ 1, we see that all other entries
in the last column of ̺ are zero. Since ̺ is self-adjoint, all other entries in
the last row of ̺ are zero as well. Thus, the only nonzero entry of ̺ is a one
in the bottom right corner, and this is the density matrix corresponding to
the last standard basis vector. �

Our next two lemmas follow the same train of thought as Lemma 4.10. In
Lemma 4.10, the situation was analogous to an ant walking on a round table
D2 while an observer rotated the table by multiplying with elements of S1.
In Lemma 4.14 and Lemma 4.15, our aim is to make a similar statement for
paths in S (Mn(C)), where we act on states with unitaries.
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For example, when n = 2 the state space S (Mn(C)) is the Bloch ball
and we can think of our unitaries acting on the Bloch ball by rotations.
Analogously, if an ant is eating through an apple, I can rotate the apple
continuously so that whenever the ant emerges, it is facing straight up.

Lemma 4.14. For every ψ ∈ S (Mn(C)), there exists an open neighborhood

ψ ∈ O ⊂ S (Mn(C))

with the following property:
For every ψ0 ∈ O and U0 ∈ U(n) such that either U0 · ψ0 = ωn

0 or U0 · ψ0

is not pure, there exists a continuous map U : O −→ U(n) such that

(a) Uψ0
= U0, and

(b) for every φ ∈ O, either Uφ · φ = ωn
0 or Uφ · φ is not pure.

Proof. Suppose ψ is not pure. Then we may take

O = S (Mn(C)) \ P(Mn(C)).

Indeed, observe that for any ψ0 ∈ O and U0 ∈ U(n), the constant map at
U0 satisfies the desired properties, since a unitary cannot take a non-pure
state to a pure state.

Suppose ψ is pure, let Ψ be a representing vector for ψ, and let P = |Ψ〉〈Ψ|.
Let

O = {φ ∈ S (Mn(C)) : φ(P ) > 7/8}.

Suppose φ ∈ O and let ̺φ ∈ DMn(C) be the density matrix representing φ.
Write ̺φ using the spectral decomposition

̺φ =
n∑

i=1

ti |Φi〉〈Φi| ,

where Φ1, . . . ,Φn is an orthonormal basis of eigenvectors of ̺φ. Observe
that

7

8
< φ(P ) = tr(̺φP ) =

n∑

i=1

ti|〈Φi,Ψ〉|2 ≤

(
max

i
ti

) n∑

i=1

|〈Φi,Ψ〉|2 = max
i

ti.

Let k ∈ {1, . . . , n} be such that tk = maxi ti. We have just shown that
tk > 7/8. Since

∑n
i=1 ti = 1, we know that tk ≤ 1 and ti < 1/8 for all i 6= k.

Next, observe that

7

8
< φ(P ) = tk|〈Φk,Ψ〉|2 +

∑

i6=k

ti|〈Φi,Ψ〉|2 ≤ |〈Φk,Ψ〉|2 +
1

8
.

Thus, |〈Φk,Ψ〉|2 > 3/4.
Consider the map O ∋ φ 7→ ωφ ∈ P(Mn(C)), where ωφ is represented by

an eigenvector of ̺φ with maximum eigenvalue. This is a continuous map
that leaves O ∩ P(Mn(C)) invariant. With Φk representing a maximum
eigenvector of φ as above, we observe that

‖ωφ − ψ‖2 = 4− 4|〈Φk,Ψ〉|2 < 4− 4 ·
3

4
= 1.
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Thus,
‖ωφ − ωψ0

‖ ≤ ‖ωφ − ψ‖+ ‖ψ − ωψ0
‖ < 2.

There exists a continuous map U : B2(ωψ0
) ∩ P(Mn(C)) −→ U(n) such

that Uωψ0
= I and Uω · ω = ωψ0

for every ω ∈ B2(ωψ0
) ∩ P(Mn(C)). If ψ0

is pure, then ψ0 = ωψ0
, and the function

φ 7→ U0Uωφ

is the desired family of unitaries.
If ψ0 is not pure, then choose a unitary V such that V · ωψ0

= ωn
0 . Write

U0 = eiA and V = eiB where A,B ∈ Mn(C) are self-adjoint. Then the
function

φ 7→ eiB[S(̺ψ0
)−S(̺φ)]/S(̺ψ0

)eiAS(̺φ)/S(̺ψ0
)Uωφ

has the desired properties, where S(̺) is the von Neumann entropy of ̺. �

Lemma 4.15. Let ω : I −→ S (Mn(C)) be a loop based at ωn
0 . There exists

a continuous family of unitaries U : I −→ U(n) such that

U0 · ω
n
0 = U1 · ω

n
0 = ωn

0

and (Ut · ωt)(P
n
1 ) > 0 for all t ∈ I.

Proof. For each ψ ∈ S (Mn(C)), let Oψ be an open neighborhood of ψ as
provided by Lemma 4.14. The neighborhoods Oψ cover S (Mn(C)), hence
the neighborhoods ω−1(Oψ) cover I. Thus, there exists N ∈ N such that for
each k ∈ {0, . . . , N − 1}, the set [k/N, (k + 1)/N ] lies in some ω−1(Oψ).

We now follow the standard path-lifting argument. Assume that for some
k ∈ {0, . . . , N − 1} we have defined a continuous map U : [0, k/N ] −→ U(n)
such that U0 = I and for all t ∈ [0, k/N ] either Ut · ωt = ωn

0 or Ut · ωt is not
pure. Choose ψ ∈ S (Mn(C)) such that [k/N, (k+1)/N ] ⊂ ω−1(Oψ). Com-
posing ω|[k/N,(k+1)/N ] with such a continuous family of unitaries as provided
by Lemma 4.14, we obtain a continuous map V : [k/N, (k + 1)/N ] −→ U(n)
such that Vk/N = Uk/N and for every t ∈ [k/N, (k+1)/N ], either Vt ·ωt = ωn

0
or Vt · ωt is not pure. We may glue the maps U and V together to obtain a
continuous map W : [0, (k + 1)/N ] −→ U(n) such that W0 = I and for all t,
either Wt · ωt = ωn

0 or Wt · ωt is not pure.
Proceeding in this fashion, we define a continuous map U : I −→ U(n)

such that U0 · ωn
0 = U1 · ωn

0 = ωn
0 and for all t either Ut · ωt = ωn

0 or
Ut · ωt is not pure. The fact that (Ut · ωt)(P

n
1 ) > 0 for all t follows from

Lemma 4.13. �

Lemma 4.16. If ω : I −→ S (Mn(C)) is a loop based at ωn
0 , then ω is

Mn(C)-homotopic relative the basepoint to a loop ψ : I −→ S (Mn(C)) such
that ψt(P

n
1 ) = 1 for all t ∈ I.

Proof. Using Lemma 4.15 we find a continuous family of unitaries U : I −→
U(n) such that U0·ω

n
0 = U1·ω

n
0 = ωn

0 and (Ut·ωt)(P
n
1 ) > 0 for all t ∈ I. Using

Lemma 4.10 we find a continuous path λ : I −→ S1 such that λtωt(Ut) 6= −1
for all t ∈ I. Then (s, t) 7→ sλtUt + (1 − s)1 is continuous, equals 1 when
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s = 0, and satisfies sλtUt+(1− s)1 /∈ Nωt for all t, s ∈ I by Proposition 4.9.
Furthermore, for all s ∈ I, sλ0U0 + (1− s)1 and sλ1U1 + (1− s)1 leave ωn

0

invariant by Proposition 4.3. Therefore, ω is homotopic relative the base
point to χt = λtUt · ωt = Ut · ωt.

Note that χt(P
n
1 ) > 0 for all t ∈ I and χ0(P

n
1 ) = χ1(P

n
1 ) = 1. Then

by Proposition 4.8 we have the homotopy (t, s) 7→ [sPn
1 + (1− s)1] · χt.

By Proposition 4.2 and Proposition 4.3, this is a homotopy relative the
basepoint. Finally, we note that (Pn

1 · χt)(P
n
1 ) = 1 for all t ∈ I. �

We would now like to prove the result of Lemma 4.16 but with Pn
1 re-

placed by Pn
k for arbitrary k ∈ {1, . . . , n− 1}. We note that Mn−k(C) ∼=

Pn
k Mn(C)P

n
k , where the ∗-isomorphism maps A ∈ Mn−k(C) to the n × n

matrix with A as the upper left (n − k) × (n − k) submatrix, and zeros
everywhere else. If we have a state ψ ∈ S (Mn(C)) such that ψ(Pn

k ) = 1,
then ψ is essentially a state on Mn−k(C) ∼= Pn

k Mn(C)P
n
k .

At this point it is worth taking a step back and considering this last
statement through a more abstract lens. Note that if A is a C∗-algebra
and P ∈ A is a projection, then PAP is a unital C∗-algebra with unit P .
In fact, it is a hereditary C∗-subalgebra. Proposition 4.2 has the following
consequence for states on PAP .

Proposition 4.17. Let A be a C∗-algebra and let P ∈ A be a projection.

(1) If ψ ∈ S (A), then ψ|PAP ∈ S (PAP ) if and only if ψ(P ) = 1.
(2) Given a state ω ∈ S (PAP ) the function ω ◦ Ad(P ) is the unique

extension of ω to a state on A.
(3) The map

S (PAP ) ∋ ω 7→ ω ◦Ad(P ) ∈ S (A)

is a closed embedding with respect to the weak* topologies and has
image {ψ ∈ S (A) : ψ(P ) = 1}.

Proof. (1) This is immediate from the fact that ψ|PAP is a positive linear
functional and P is the unit of PAP .

(2) Since PAP is a hereditary C∗-subalgebra of A with unit P , this is
provided by [Mur90, Thm. 3.3.9].

(3) Using the characteristic mapping property of the weak* topology, we
see that ω 7→ ω ◦ Ad(P ) is weak* continuous. It is clear that if ω1, ω2 ∈
S (PAP ) and ω1 ◦Ad(P ) = ω2 ◦Ad(P ), then ω1 = ω2. Since S (PAP ) and
S (A) are compact Hausdorff, this implies that ω 7→ ω ◦Ad(P ) is an embed-
ding. We observe that [ω ◦Ad(P )](P ) = ω(P ) = 1 for all ω ∈ S (PAP ). On
the other hand, if ψ(P ) = 1, then Proposition 4.2 implies that P · ψ = ψ,
so ψ = ψ|PAP ◦Ad(P ) and ψ|PAP ∈ S (PAP ). Thus, the image of the map
ω 7→ ω ◦Ad(P ) is the set {ψ ∈ S (A) : ψ(P ) = 1}, and this set is manifestly
weak* closed. �

Lemma 4.18. Let A and B be unital C∗-algebras, let P ∈ B be a projection,
let π : A −→ PBP be a ∗-isomorphism, and let ψ : I −→ S (B) be a weak*
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continuous path such that ψt(P ) = 1 for all t ∈ I. If A : I×I −→ A is an A-
homotopy relative endpoints from the path t 7→ ψt|PBP ◦π to ω : I −→ S (A),
then (t, s) 7→ (1− P ) + π(At,s) is an A-homotopy relative endpoints from ψ
to the path t 7→ ωt ◦ π

−1 ◦ Ad(P ).

Proof. Note that π(1) = P since π is a ∗-isomorphism. We check that
(1−P ) + π(At,s) has the desired properties. If π(At,s) +1−P ∈ Nψt

, then

0 = ψt

[(
(1− P ) + π(A∗

t,s)
)
((1− P ) + π(At,s))

]
= ψt(π(A

∗
t,sAt,s)),

which implies At,s ∈ Nψt|PBP ◦π, which contradicts the definition of A. Thus,
(1− P ) + π(At,s) /∈ Nψt

for all t and s.
Next, observe that for all t, we have

(1− P ) + π(At,0) = (1− P ) + π(1) = 1− P + P = 1.

For arbitrary t and s, we have

[[(1− P ) + π(At,s)] · ψt] (B) =
ψt(π(A

∗
t,s)Bπ(At,s))

ψt(π(A∗
t,sAt,s))

=
ψt(π(A

∗
t,sπ

−1(PBP )At,s))

ψt(π(A∗
t,sAt,s))

= [At,s · (ψt|PBP ◦ π)] (π−1(PBP ))

When s = 1, this yields

[[(1− P ) + π(At,s)] · ψt] (B) = ωt(π
−1(PBP )),

so [(1− P ) + π(At,s)] · ψt = ωt ◦ π−1 ◦ Ad(P ). When t = 0 or t = 1, this
yields

[[(1− P ) + π(At,s)] · ψt] (B) = (ψt|PBP ◦ π)(π−1(PBP )) = ψt(B),

so [(1 − P ) + π(At,s)] · ψt = ψt for all s when t = 0 and t = 1. �

Theorem 4.19. Fix k ∈ {1, . . . , n− 1}. If ω : I −→ S (Mn(C)) is a loop
based at ωn

0 , then ω is Mn(C)-homotopic relative the basepoint to a loop
ψ : I −→ S (Mn(C)) which satisfies ψt(P

n
k ) = 1 for all t ∈ I.

Proof. We prove the theorem by induction on k. The base case is given by
Lemma 4.16. Suppose the theorem is true for some k < n − 1. Then ω
is Mn(C)-homotopic relative the basepoint to a loop ψ : I −→ S (Mn(C))
based at ωn

0 and which fulfills ψt(P
n
k ) = 1 for all t ∈ I.

Now consider the ∗-isomorphism π : Mn−k(C) −→ Pn
k Mn(C)P

n
k that maps

A ∈ Mn−k(C) to the matrix

π(A) =

(
A 0
0 0

)
.

We have a loop t 7→ ψt|Pn
k
Mn(C)Pn

k
◦ π based at ωn−k

0 . By Lemma 4.16,

this loop is Mn−k(C)-homotopic relative the basepoint to a loop φ : I −→

S (Mn−k(C)) such that φt(P
n−k
1 ) = 1 for all t ∈ I. By Lemma 4.18, ψ
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is Mn(C)-homotopic relative the basepoint to t 7→ φt ◦ π−1 ◦ Ad(Pn
k ). We

observe that

(φt ◦ π
−1 ◦ Ad(Pn

k ))(P
n
k+1) = (φt ◦ π

−1 ◦ Ad(Pn
k ))(π(P

n−k
1 ))

= φt(P
n−k
1 ) = 1

for all t ∈ I. The result now follows by induction. �

We note that given ω ∈ S (Mn(C)), the statement ω(Pn
n−1) = 1 implies

that ω = ωn
0 . Thus, setting k = n − 1 in Theorem 4.19, the loop ψ is the

constant map at ωn
0 .

4.4. Triviality of the fundamental group for UHF algebras. We fi-
nally come to our goal to show that P(A) is simply connected for a UHF
algebra A. So let us now consider the state space of a UHF algebra A.

It is well-known (see [KR97, §12.1]) that every UHF algebra is ∗-isomorphic
to the directed colimit of a directed system of tensor products

An =
n⊗

i=1

Mki(C)

where we have assigned a dimension ki ∈ N\{1} for each i ∈ N. For m < n,
the embedding Am →֒ An of the directed system is defined by tensoring on
identity matrices in the factors Mki(C) for i > m. We may therefore assume
A is of this form.

It is known that P(A) is path-connected in the weak∗ topology [Eil99,
SMQ+22], so it suffices to show that π1(P(A), ω0) = 0 for some choice of
ω0. For convenience, we will choose the basepoint ω0 to be the product state
represented by the first standard basis vector in each tensor factor.

The C∗-algebras Mki(C) embed into any An for n > i, and then embed
into A. Let Bi denote this copy of Mki(C) inside A. Let Pi ∈ Bi be the

copy of the projection P ki
ki−1 inside Bi. The following lemma will be useful.

Lemma 4.20 ([BO08, Lem. 3.4.2]). Let A be a C∗-algebra and let B be a
C∗-subalgebra of A. If ω ∈ S (A) and ω|B ∈ P(B), then

ω(AB) = ω(A)ω(B)

for all A ∈ B
′ and B ∈ B, where B

′ is the commutant of B.

Theorem 4.21. Let A be a UHF algebra and let ω : I −→ S (A) be a weak*
continuous loop based at the product state ω0. There exists a continuous
map A : I × [0, 1) −→ A and a homotopy H : I × I −→ S (A) from ω to the
constant loop at ω0 such that H(t, s) = At,s ·ωt for all s < 1. It follows that
π1(P(A), ω0) = 0.

The strategy is as follows. Beginning with the arbitrary loop ω, we first
focus on its restriction to the first “lattice site” Mk1(C). Acting with uni-
taries and projections localized on “site one” (and their linear interpolations
with the identity), we deform ω so that its restriction to site one becomes
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constant and pure, as in Theorem 4.19. Lemma 4.20 implies that site one
is now disentangled from the rest of the sites. We then proceed to do the
same thing to site two, site three, and so on. We can fit this countable
infinity of homotopies in the half-open interval [0, 1), and then define the
homotopy to be constant ω0 when the homotopy parameter reaches s = 1.
This turns out to be weak* continuous because for a fixed local operator A,
the expectation values of A become independent of the homotopy parameter
after the support of A has become disentangled from the rest of the sites.

Proof of Theorem 4.21. We will follow the notation in the discussion preced-
ing the theorem statement. Moreover, for any C∗-subalgebra B ⊂ A we will
say that an A-homotopy B : I × I −→ A is supported in B if and only if it
has image in B. As the last preparation we set ψ0 = ω for convenience. Now
we construct recursively for each positive integer i a loop ψi : I −→ S (A)
whose restriction to Bi is a constant loop and an A-homotopy Bi supported
in Bi.

The restriction t 7→ ωt|B1
of ω to the first tensor factor is a loop of states

based at ωk1
0 , so it follows from Theorem 4.19 that ω|B1

is B1-homotopic

relative the basepoint to the constant loop at ωk1
0 . Thus, there exists an

A-homotopy B1 : I × I −→ A relative the basepoint and supported on B1

from ψ0 = ω to a loop ψ1 such that ψ1
t (P1) = 1 for all t ∈ I.

Suppose that for some n ∈ N and all i ∈ {1, . . . , n} we have constructed
loops ψi : I −→ S (A) based at ω0 and continuous maps Bi : I× I −→ Bi ⊂
A such that Bi is an A-homotopy relative basepoints from ψi−1 to ψi and
such that ψi

t(Pj) = 1 for all j ≤ i and t ∈ I. Restricting ψn to Bn+1 and
applying Theorem 4.19, we obtain an A-homotopy Bn+1 : I× I −→ Bn+1 ⊂
A relative the basepoint from ψn to a loop ψn+1 satisfying ψn+1

t (Pn+1) = 1
for all t ∈ I. Note that the A-homotopy Bn+1 is supported on Bn+1. We
observe further that for j < n + 1, the restricted state ψn

t |Bj
is pure (and

independent of t) since ψn
t (Pj) = 1, so Lemma 4.20 implies

ψn+1
t (Pj) = (Bn+1

t,1 · ψn
t )(Pj)

=
ψn
t ((B

n+1
t,1 )∗PjB

n+1
t,1 )

ψn
t ((B

n+1
t,1 )∗Bn+1

t,1 )

=
ψn
t ((B

n+1
t,1 )∗Bn+1

t,1 ) · ψn
t (Pj)

ψn
t ((B

n+1
t,1 )∗Bn+1

t,1 )
= 1.

By recursion we therefore obtain for all positive integers i a loop ψi : I −→
S (A) based at ω0 and an A-homotopy Bi : I × I −→ Bi ⊂ A from ψi−1 to
ψi such that ψi

t(Pj) = 1 for all j ≤ i and t ∈ I.
Now define A : I × [0, 1) −→ A as follows. Given i ∈ N, define A on

I × [1− 2−i+1, 1− 2−i] as

At,s = Bi
t,rB

i−1
t,1 Bi−2

t,1 · · ·B1
t,1, where r =

s− 1 + 2−i+1

2−i+1 − 2−i
.
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Since Bi
t,0 = 1 for all t and i, we see that

At,1−2−i+1 = Bi−1
t,1 Bi−2

t,1 · · ·B1
t,1.

Note also that

At,1−2−i = Bi
t,1B

i−1
t,1 · · ·B1

t,1.

Thus, the functions A : I × [1 − 2−i+1, 1 − 2−i] −→ A glue together to a
continuous function A : I × [0, 1) −→ A. Note that At,0 = 1 for all t ∈ I.

Finally, we define H : I × I −→ S (A) as

H(t, s) =

{
At,s · ωt : s < 1

ω0 : s = 1
.

Since At,0 = 1 for all t, we see that H(t, 0) = ωt. Since B
i fixes the endpoints

of ψi−1, we see that H(0, s) = H(1, s) = ω0 for all s ∈ I. Clearly H(t, 1) is
constant at ω0. All that remains is to show weak* continuity of H.

It suffices to show continuity of H(t, s)(C) for fixed but arbitrary C ∈⋃
n∈NAn ⊂ A. On I × [0, 1), we have H(t, s)(C) = (At,s · ωt)(C), which is

continuous since A is continuous. Now, there exists n ∈ N such that C ∈ An.
For i > n+ 1 and s ∈ [1− 2−i+1, 1− 2−i], we have

H(t, s)(C) = (At,s · ωt)(C)

=
[(

Bi
t,rB

i−1
t,1 · · ·Bn+1

t,1

)
·
(
Bn

t,1 · · ·B
1
t,1

)
· ωt

]
(C)

=
[(

Bi
t,rB

i−1
t,1 · · ·Bn+1

t,1

)
· ψn

t

]
(C) = ψn

t (C) = ω0(C).

The fact that ψn
t (C) = ω0(C) follows from the fact that ψn

t (Pi) = 1 for all
i ≤ n, which implies ψn

t |An
= ω0|An

. The second to last step follows from
the fact that ψn

t |An
is pure, the fact that Bi

t,rB
i−1
t,1 · · ·Bn+1

t,1 ∈ A
′
n, and an

application of Lemma 4.20. Thus, on I×[1−2−n−1, 1], we see thatH(t, s)(C)
is constant at ω0(C). This proves that H(t, s) is weak* continuous on all of
I × I, completing the proof. �

Appendix A. Homotopical background

In this appendix, we review some notions from homotopy theory that are
used in the paper. We refer the reader to [AGP02, May72, May77, May99,
GJ09] for further information. Throughout the appendix, by “topological
spaces”, we mean compactly generated topological spaces and follow Con-
vention 1.12.

A.1. Topological monoids and H-spaces. We start with a space M to-
gether with a binary operation

⊗ : M ×M −→ M.

and a map

ε0 : pt −→ M
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selecting a base point in M . We have three diagrams which “categorify”
common algebraic properties:

(u) (unitality) M
ε0×id //

id $$■
■■

■■
■■

■■
■ M ×M

⊗
��

M
id×ε0oo

idzz✉✉✉
✉✉
✉✉
✉✉
✉

M

(a) (associativity) M ×M ×M
⊗×id //

id×⊗
��

M ×M

⊗
��

M ×M
⊗ // M

(c) (commutativity) M ×M

⊗ !!❇
❇❇

❇❇
❇❇

❇

s // M ×M

⊗}}⑤⑤
⑤⑤
⑤⑤
⑤⑤

M

We say that a diagram commutes up to homotopy if there is a homotopy
between any composite of arrows around the diagram which begin at the
same object and have the same endpoint. To contrast this weaker condition,
we say that the diagram commutes strictly if it is a commutative diagram,
so that any composite of arrows around the diagram that start at the same
place and end at the same place are equal arrows. Clearly, if a diagram
commutes strictly, then it commutes up to homotopy.

Definition A.1. (see e.g. [AGP02, Sec. 2.7]) Let M be a based topological
space, with base point ε0, and a continuous binary operation ⊗.

(1) We say that M is an H-space if the diagram (u) commutes up to
homotopy. It is called homotopy associative if (a) commutes up to
homotopy and homotopy commutative if (c) commutes up to homo-
topy.

(2) We say that M is a topological monoid if (u) and (a) commute stictly.
We say that it is a commutative topological monoid if, in addition,
(c) commutes strictly.

(3) A homotopy commutative topological monoid is a topological monoid
for which (c) commutes up to homotopy.

A morphism of H-spaces is a continuous function φ : M → N so that

M ×M

⊗
��

φ×φ // N ×N

⊗
��

M
φ // N

pt
ε0 //

ε0   ❆
❆❆

❆❆
❆❆

M

φ

��
N

commute up to homotopy. For a morphism of topological monoids, the
diagrams are required to commute strictly.

Example A.2. Here are a few examples:

(1) Any topological group G is a topological monoid.
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(2) A loop space ΩX is a homotopy associative H-space and Ω2X is a
homotopy associative and commutative H-space.

(3) Any monoid M is a topological monoid with the discrete topology.

If M is a homotopy associative H-space or a topological monoid and X
is a topological space, the homotopy classes of maps [X,M ] form a monoid
(in the sense of algebra) where for f, g ∈ [X,M ],

(f ⊗ g)(x) = f(x)⊗ g(x).

If M is homotopy commutative, this monoid is commutative.

Remark A.3. The path components of a space are the homotopy classes
of maps

π0X = [pt,X]

from the one point space pt. Hence, if M is a homotopy associative H-space,
then π0M is a monoid. In fact, if π0M is given the discrete topology, then
so long as M is locally path connected,

M
π0−−→ π0M

is a continuous map of H-spaces.

Definition A.4. If M is a homotopy associative H-space or a topological
monoid, we say that M is grouplike if π0M is a group. That is, if the monoid
π0M has inverses.

A.2. Operads and E∞-spaces. One of the first appearances of E∞-spaces
is in Boardman-Vogt [BV68] under the guise of homotopy everything spaces.
The intention was to capture the notion of an H-space which is commutative
up to all higher homotopies. Roughly, this means that the commutativity
diagram (c) commutes up to homotopy, and that given two homotopies,
there is a homotopy between them, and so on. May in [May72] introduced
the notion of an E∞-operad. This allowed for a re-packaging of the structure
present in a “homotopy everything space” into a mathematical object called
an E∞-space. The reformulation is discussed in [May77, §1].

An E∞-operad parametrizes the higher homotopies that witness commu-
tativity. We start with some definitions and give references for further de-
tails. In what follows, Σj denotes the symmetric group on j letters, and a
Σj-space is a topological space with a continuous right action of Σj.

Definition A.5 ([May72, Def. 1.1]). An operad O in topological spaces
consists of the following data:

(1) for each integer j ≥ 0, a Σj-space O(j),
(2) for each tuple (k; j1, j2, . . . , jk) of non-negative integers such that the

relation
k∑

i=1
ji = j holds continuous operations

γ : O(k)×O(j1)× · · · × O(jk) −→ O(j)

which satisfy
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(a) the associativity formula

γ(γ(c; d1, . . . , dk); e1, . . . , ej) = γ(c; f1, . . . , fk)

for all c ∈ O(k), ds ∈ O(js), and et ∈ O(it), where

fs = γ(ds; ej1+...+js−1+1, . . . , ej1+...+js) ,

and
(b) the equivariance conditions

γ(cσ; d1, . . . , dk) = γ
(
c; dσ−1(1), . . . , dσ−1(k)

)
σ(j1, . . . , jk) ,

γ(c; d1τ1, . . . , dkτk) = γ(c; d1, . . . , dk)(τ1 × . . .× τk)

for all c ∈ O(k), ds ∈ O(js), σ ∈ Σk, and τs ∈ Σjs , where σ(j1, . . . jk)
denotes the permutation of j letters given by permutation of the k
blocks via σ, and τ1 × . . .× τk is the image of (τ1, . . . , τk) under the
canonical embedding Σj1 × . . .× Σjk →֒ Σj.

(3) a distinguished element 1 ∈ O(1) which acts as a unit for the operations
γ in the sense that

γ(1;−) : O(j) −→ O(j) and

γ(−; 1k) : O(k) −→ O(k)

are the identity morphisms.

If O(0) is a single point, the operad is called reduced. If the O(j) are free
Σj-spaces, we say that O is Σ-free.

Definition A.6. An E∞-operad is an operad O which is reduced, Σ-free
and such that the spaces O(j) are contractible for all j.

Example A.7. The Barratt–Eccles operad E is the operad given by

E(j) = EΣj

where EΣj is the universal free contractible Σj-space of the symmetric group
on j elements. The maps γ are given by applying the functor E(−) to the
group homomorphism

Σk × Σj1 × · · · × Σjk −→ Σj

which sends (τk;σj1 , . . . , σjk) to the obvious block permutation.
Given any other E∞-operad O, then E × O is again an E∞-operad. Each

projection from E ×O to E and O are maps of operads which are also weak
equivalences on each space of the operad. This witnesses that fact that any
E∞-operad is weakly equivalent to the Barratt–Eccles operad. Later, we see
another E∞-operad, the linear isometry operad.

Example A.8 ([May72, Def. 1.2]). If X is a topological space, then Xj is
a left Σj-space if we let a permutation σ act as

σ(x1, · · · , xj) = (xσ−1(1), · · · , xσ−1(j)).
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Then for any space Y , the space Map(Xj , Y ) is made into a right Σj-space
by letting (fσ) = f ◦ σ. The endomorphism operad of X, denoted E(X) is
then defined by E(X)(j) = Map(Xj ,X). The unit element is the identity in
E(X)(1). The structure maps are given by γ(f ; g1, · · · , gk) = f(g1×· · ·×gk)
and the symmetric group acts as fσ = f ◦ σ.

More generally, if C is a topologically enriched symmetric monoidal cate-
gory and A is an object of C, the endomorphism operad EC(A) is the operad
in C with EC(A)(j) = C(A⊗j , A). The unit is again the identity morphism,
and the structure maps γ satisfy the same formula where we replace carte-
sian product with the monoidal product ⊗.

Definition A.9. Let O be an operad. An O-space consists of a space X
and continuous maps

θj = θXj : O(j) ×Xj −→ X

so that

(1) θ1(1;−) is the identity on X,
(2) θj(−σ;−) = θj(−;σ−) for σ ∈ Σj, where Σj acts on Xj as in Ex-

ample A.8.

(3) the θ’s and γ’s are compatible in the sense that whenever
k∑

i=1
ji = j,

the following diagram commutes:

O(k)×O(j1)× · · · × O(jk)×Xj γ×id //

id×shuffle

��

O(j)×Xj
θj

))❙❙❙
❙❙❙

❙

X

O(k)×O(j1)×Xj1 × · · · × O(jk)×Xjk
id×θj1×···×θjk// O(k)×Xk

θk

55❦❦❦❦❦❦

A map of O-spaces is a continuous map f : X → Y making the diagram

O(j) ×Xj
θXj //

id×fj

��

X

f

��
O(j)× Y j

θYj

// Y

commute.
If O is a reduced operad, then a based O-space is a based space X which

is an O-space and such that θ0 is the base point of X.

Remark A.10. One can define the notion of a morphism of operadsO → P.
These are continuous maps O(j) → P(j) that respect all of the structure.
Specifiying an O-space is then equivalent to giving a morphism of operads
from O to E(X).

Definition A.11. A space X is an E∞-space if it is a based O-space for
some E∞-operad O.
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An E∞-space is automatically a homotopy commutative and associative
H-space. Choose any element c ∈ O(2). We get a binary operation

θ := θ2(c;−) : X2 −→ X

and

ε = θ0 : O(0) = pt −→ X.

The properties of an O-space then imply that X is an H-space with these
maps.

Lemma A.12. The space X together with θ and ε as defined above is a
homotopy commutative and associative H-space.

Proof sketch. See [May72, Lemma 1.9] for the homotopy associativity. We
will check unitality and leave commutativity as an exercise. The diagram

O(2) ×O(0)×O(1)×X
γ×id //

��

O(1)×X
θ1

))❚❚❚
❚❚❚

X

O(2)×O(0) ×X0 ×O(1)×X1 id×θ0×θ1 // O(2)×X2
θ2

55❦❦❦❦❦❦

commutes. It follows that, as maps X → X,

θ1(γ(c; ∗, 1), x) = θ2(c; ∗, x) = θ(∗, x).

SinceO(1) is connected, we can choose a path α : [0, 1] → O(1) from γ(c; ∗, 1)
to 1. Since θ1 is continuous

h : X × [0, 1] −→ X, h(x, t) = θ1(α(t), x)

is a homotopy from θ1(γ(c; ∗, 1), x) to θ1(1, x). But θ1(1, x) is the identity
on X, so θ(∗, x) is homotopic to the identity. �

We can fix an E∞-operad and define the category of E∞-spaces to be the
category of O-spaces and morphisms. As discussed in Example A.7, any
choice of E∞-operad O gives an equivalent category of E∞-spaces. For this
reason, we allow ourselves to be imprecise about the operad and simply talk
about the category of E∞-spaces.

Definition A.13. We let E∞-cgTop∗ denote the category of E∞-spaces. We
say that an E∞-space X is grouplike if π0X is a group with respect to the
induced H-space structure on X.

A.3. Simplicial sets and geometric realization. We review the defi-
nition of a simplicial set and its geometric realization. References on this
include [May92, GJ09].

Definition A.14. A simplicial set X• is a sequence of sets

X0,X1,X2, . . . ,
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together with face maps ∂i : Xk → Xk−1 defined for 0 ≤ i ≤ k if k 6= 0 and
degeneracy maps sj : Xk → Xk+1 defined for 0 ≤ j ≤ k. These data must
satisfy some coherency conditions called the simplicial identities:

∂i∂j = ∂j−1∂i if 0 ≤ i < j ≤ k ,

sisj = sj+1si if 0 ≤ i ≤ j ≤ k ,

∂isj = sj−1∂i if 0 ≤ i < j ≤ k ,

∂isj = sj∂i−1 if 1 ≤ j + 1 < i ≤ k + 1 ,

∂isj = 1 if i = j or i = j + 1 .

An element of the set Xj is called a j-simplex.

Simplicial sets form a category, denoted sSets, where a morphism

f• : X• −→ Y•

is a sequence of functions fk : Xk −→ Yk which commute with all face and
degeneracy maps, i.e., ∂ifk = fk−1∂i and sifk = fk+1si for all k and i with
0 ≤ i ≤ k.

Example A.15. For Y a topological space, we associate a simplicial set
Sing•(Y ) as follows. Let

∆k =
{
(t0, . . . , tk) ∈ R

k+1
∣∣

k∑

i=1

ti = 1 and 0 ≤ ti ≤ 1
}

be the standard k-dimensional simplex. For 0 ≤ i ≤ k, let δi : ∆k−1 → ∆k

be the map which inserts a zero in the ith spot, and σi : ∆k+1 → ∆k be the
map that sums the ith and (i+ 1)th coordinates.

To define Sing•(Y ), we let

Singk(Y ) = Map(∆k, Y ) .

The face and degeneracy maps are the maps ∂i and si obtained by pre-
composition with δi and σi, respectively. The simplicial identities precisely
reflect the relationship imposed by the relationships satisfied by δi and σi.

Definition A.16. The geometric realization of X•, denoted by |X•|, is the
following topological space. The space underlying |X•| is the quotient of

∐

k≥0

Xk ×∆k,

by the equivalence relation generated by

(∂ix, t) ∼∂ (x, δit) for x ∈ Xk, t ∈ ∆k−1, and 0 ≤ i ≤ k ,

and

(six, t) ∼s (x, σit) for x ∈ Xk, t ∈ ∆k+1, and 0 ≤ i ≤ k .
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Roughly, the set Xk labels the “k-cells” of a CW complex glued along the
face maps ∂i. This is the gluing recorded by the first relation ∼∂ . However,
not all elements ofXk truly give k-cells. Some are what we call “degenerate”.
These are the simplicies in the image of the si-maps. The second relation ∼s

is telling you to crush those k-cells, gluing them onto a lower dimensional
skeleton. Therefore, we could have written the geometric realization by first
throwing out all of the degenerate elements in Xk, keeping those simplicies

Xnon-degen
k not in the image of the degeneracy maps s, and then using only

the first relation to take the quotient,

|X•| ∼=



∐

k≥0

Xnon-degen
k ×∆k


 / ∼∂ .

The importance of these construction is captured in the following ad-
junction, which allows one to do homotopy theory in the nicer category of
CW-complexes. Indeed, let cwTop be the full subcategory of cgTop whose
objects are compactly generated spaces that are homotopy equivalent to
CW-complexes. There is an adjunction

| − | : sSets
//
cgTop : Sing•oo

where Sing• is the right adjoint. The co-unit of the adjunction

εX : |Sing•(X)| −→ X

gives a functorial replacement for any topological spaceX by a weakly equiv-
alent CW-complex |Sing•(X)|.
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