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Kernel-based learning algorithms have been extensively studied over the past two
decades for their successful applications in scientific research and industrial problem-
solving. In classical kernel methods, such as kernel ridge regression and support vector
machines, an unregularized offset term naturally appears. While its importance can be
defended in some situations, it is arguable in others. However, it is commonly agreed
that the offset term introduces essential challenges to the optimization and theoretical
analysis of the algorithms. In this paper, we demonstrate that Kernel Ridge Regression
(KRR) with an offset is closely connected to regularization schemes involving centered
reproducing kernels. With the aid of this connection and the theory of centered repro-
ducing kernels, we will establish generalization error bounds for KRR with an offset.
These bounds indicate that the algorithm can achieve minimax optimal rates.

Keywords: Centered reproducing kernels; regularized least squares; offset; minimax opti-
mal rate.
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1. Introduction

Kernel methods, with kernel ridge regression, support vector machines and kernel
principal component analysis being the most typical examples, play important roles
in nonlinear data analysis 7] [18] [19, [24] [25]. They have been used in many machine
learning tasks such as classification, regression, clustering, and dimension reduction.
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Their success in a variety real applications has inspired extensive research in this
topic in the last two decades.

In supervised learning, let X be the input space, ¥ be the output space, and
assume the input variable x € X and output variable y € Y are linked via an
unknown probability measure p on X x Y. Given a data set of N observations
D = {(zi,y;) : i = 1,..., N} sampled independently and identically distributed
according to p, a machine learning algorithm aims to learning a function that can
predict the value y for any x € X as accurate as possible. Given a reproducing
kernel K, denote by Hx the corresponding reproducing kernel Hilbert space and
Il - ||k the norm on Hg. A kernel-based learning algorithm with an unregularized
offset takes the form

N
(fDAsbD\) = arg fg&{% > L(yi, f(w:) +b) + )\|f|§(}7
beR =1

where L is a loss function measuring the error made when f(z) + b is used to predict
the value y and A > 0 is the regularization parameter that trades off the fitting error
and model complexity. The constant term b is called offset (or bias, threshold) and
is usually not regularized in the traditional formula of kernel learning algorithms.
It appears naturally and is clearly necessary in linear model based learning such as
ridge regression and linear support vector machines. When nonlinear reproducing
kernels are used, its importance seems arguable. It is observed that the offset may
play a crucial role in spline based regression if the kernel is only positive semidef-
inite or in text processing applications where the distribution of labels is typically
uneven. From an approximation perspective, however, the offset term seems unnec-
essary if the kernel is universal, i.e. the reproducing kernel Hilbert space Hy is
sufficiently rich and can approximate any function well. Nevertheless, it is com-
monly agreed that the offset term brings essential difficulty to the optimization
and theoretically analysis of these algorithms [4, [6, [26], [32]. In this paper, we focus
on the regression problem. As the kernel ridge regression without an offset term
has been well studied in the literature, we will consider the kernel ridge regression
with offset, study its similarity to and difference from the no-offset algorithm, and
derive its generalization error bounds.

A main tool for our analysis is the theory of centered reproducing kernels. Cen-
tered kernel matrix is closely related to the empirical covariance operator and arises
naturally in kernel principal component analysis and other kernel based dimension
reduction algorithms [23, [31]. Centered kernel alignment was found beneficial in
kernel based regression, classification, pairwise learning, as well multiple kernel
clustering [2, 5] [14] [28-30].

The two main contributions of this paper are as follows. (i) We will build a con-
nection between the kernel ridge regression with offset and regularization schemes
with centered reproducing kernels. (ii) By the aid of centered reproducing ker-
nel theory we derive the generalization bounds for KRR with offset and verify it
achieves minimax optimal learning rate.
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The rest of this paper will be arranged as follows. In Sec. 2, we will introduce the
algorithm for KRR with offset, discuss its relation to centered reproducing kernels,
and state our main theorem as well as the key ideas towards its proof. In Sec. [3,
we provide properties of centered reproducing kernels that play essential roles in
our analysis. The proof of the main theorem is given in Secs. dHE, where some
preliminary lemmas are stated in four while Secs. [5 and [6 are devoted to present
our technical analysis. We close with some concluding remarks in Sec.

2. Kernel Ridge Regression with Offset

In this paper, we set ¥ C R and use the least squares loss L(y,t) = (y — t)2. The
algorithm for KRR with offset can be written as

N
(orsbp.) = arg pin {%g;(f(xmbyi)?wﬂ%{}. 1)

Our primary purpose is to understand how well the solution fp x +bp x can approx-
imate the mean regression function

f(x) = Elyla] = /Y ydp(yla),

where p(y|x) is the conditional distribution of y for a given x € X.
By the well-known representer theorem, fp € span{K,,,1 < i < N}, so we
write

N
foa= E i Ky,
i1

where K,, = K(z;,-). Let K = [K (2, 2;)]),_, be the kernel matrix defined on
the sampled input values x = {z1,..., 2N}, I ~ denote the identity matrix on RY,
e= \/Lﬁ(l, ...,1)T € R and P, = ee' be the orthogonal projection operator. By
simple calculation we can verify that the solution of (2.I)) is given by

¢ = (Clv"'ch)T

= (INn — Po)(ANIy + (In — P.)K(Iy — Po)) *(In — Po)y

1 & 1 &
bpa = N;yi* N;fD,A(%)-

Note that (Iny — Pe)K(Ix — Pe) is the centered kernel matrix, which naturally moti-
vates the potential relation between KRR with offset and centered reproducing
kernels. To investigate this relationship, we define an empirically centered repro-
ducing kernel

N

. 1

K(z,u) = K(x,u) — NZK(x,xz -
i=1

HMz

1 N N
Il 9 N2 E E Il 9 I’J
=1 j=1
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and an associated regularization scheme

N
(fp.xsbpx) = arg flélvlffl( {% Z(f(l’i) +b—yi)* + )\|f|§(}- (22)

bER =1

Let K be the kernel matrix corresponding to K. Obviously, K = (Iy — Po)K(Iy —
P.). Again, by the representer theorem and the properties of quadratic function we
have

N
fD Z Kziv
i=1
with
&= (¢1,...,¢en) = (ANIN+K)"'(Iy — Py,
and Z;D,A = %Zf\;l y;. 1t is easy to verify that ¢ = ¢ and Zf\;l ¢; = 0. They
together with the definition of K imply the equivalence between (2.1) and 2.2).

Proposition 2.1. We have

. 1 X
fox=[fpx— N ;fD,,\(!E )

Consequently,
foa+bpa=fox+bpa.

The data dependent feature of K makes it inappropriate to characterize the
approximation ability of the algorithm. To overcome this difficulty and for theoret-
ical analysis purpose, we define a population version of the centered kernel as

K(z,u) = K(z,u) — E¢[K(&, u)] - B¢ [K (2, &)] + Ee.or[K(€,¢)]

and denote K the corresponding kernel matrix. Define mean value of y as b = E[y] =
E[f,(z)] and the centered response values by 7; = y; — b. Then D = {(z;,9;) : i =
1,...,N} is a sample of (z,§ = y — b) which corresponds to a centered regression
function

Fo(@) = Ely — bja] = f,(2) = b = £,(z) - /X i),

Define
_ 1
fp,\ = arg flg}{nk {N Z(f(xz) —¥i)% + )\|f|§<} (2.3)

Note that both the kernel K and Sample D are not computable SO fD A is not
computable either. But since y; ~ y; — bD s and K ~ K we would expect fD 2
is close to for fD, » and thus is able to serve as a good bridge to our theoretical
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analysis of KRR with offset. Our error bound analysis will be based on the follow
error decomposition:

| fox+bpa— follp = HfD,/\ + l;D,,\ — follp = HfD,/\ + l;D,,\ - fp - BHP
< |\fox— foullp + 11fos = Follp + [bp,x = B, (2.4)

where || - ||, denotes the L2, norm.
Now we state our assumptions and error bounds. Define the integral operator
associated to the kernel K by

Licf(x) = /X K (ar,w) f (u)dpx (1),

It defines a symmetric, positive, and compact operator both on L%X and on Hy. We
also analogously define the integral operator associated to K. Our first assumption
requires that fp be well approximated by Hz. We adopt classical source condition
in the interpolation space,

fp=L'%h,, for some h, in LiX (X) and r>0. (2.5)

The second condition is on the capacity of the reproducing kernel Hilbert space
as measured by the effective dimension. We assume the effective dimension of L
satisfies

NN\ :=Tr(Ly (L +X)71) < CoA™%, (2.6)

for some Cy > 1 and s > 0. From Theorem B.1 (2.6) implies N . (A) < CoA™*.
With the assumptions above, we have the following error bounds.

Theorem 2.1. Assume |y| < M almost surely, (2.5]) holds with some 0 < r <1
and (2.6) holds with some 0 < s < 1.

(i) If £ <r <1, then with the choice A = N~ we have
E[| fo+bpx — follp) < CTNT =5,

(i) If 0 <r < &, then with the choice X = N™T we have
E[| /o +bpx — foll,] < C3N™TH,

where C} and C3, are constant independent of D, N, or A and will be specified in
the proof.

Remark. It is proved in [I] that, under a similar source condition f, € L (L%X)
(which is almost equivalent to the assumption (2.5))) and the assumption (2.6]), the
minimax optimal rate of learning f, by KRR without offset is O(n_#ﬂ). As a
result, under the source condition ([2.5) and (2.6) the minimax rate of learning f,
by the centered kernel K via the scheme (2.3)) is also O(n~ s ). Theorem[2.1]shows
that KRR with offset can also reach the minimax optimal rate if % <r<I.
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3. Centered Reproducing Kernels

One easily verifies that Lz = (I — P)Li(I — P), where P is the orthogonal pro-
jection on the subspace in sz spanned by constant functions. Recall that Ly is

2 ,andsois Lg.

compact and positive semi-definite on L7 ,

Theorem 3.1. Let Ay > Ay > --- > 0 be the eigenvalues of Lk, and A >
Ay > -+ >0 be the eigenvalues of L. We count multiplicity for both eigenvalue
sequences. One has the interlacing relationship

M2 >X>h> A2 >
Consequently, for any 0 < s <1,
NLK ()‘)

and therefore, as \ | 0,
NLK(/\) = O()\_s) <:>NLR()\) = O(/\_S).

At
- /\1+)\ SNL{((A) S'/\/-LK(A)

Proof. This is a direct corollary of the Cauchy interlacing theorem in linear alge-
bra. See for example, [10, p. 242]. We give a proof for the sake of completeness. For
n > 0, denote F, a subspace of L%X with dimension n. In particular, Fy = {0}.
For n > 1, we use the min-max theorem to have

\, = inf sup (z,(I = P)Lk(I — P)x),

En1gepLl \{0} |2
L L
= inf sup L’ K2x>p < inf sup L’ K;C>p = A\n.
En—1 ge(B,_,0{1})L\{0} H$||p En1gepLl \{0} ||17Hp
On the other hand, for any subspace F,_; of Lix,
L L
sup L’ K2x>p > inf sup 7@’ K;C>p
we(Bn_u{1n\{oy  zl2 U oe(Bou{on\for T3
L
>inf sup L’ KT)p = Ant1,

En zeEL\{0} Hx||%

which implies that Ay > An+1. This verifies the interlacing relation. Therefore,

A
NiieQ) = 555 SNee ) S N (V)

The proof is complete. O

In the following lemma, we state the relationship between K and K.
Lemma 3.1. For K and K, we have the following assertions.

(i) If we take the maps K +— K and K K as transformations of kernels and
denote them by~ and *, respectively, then we have the following relations:

K=K, K=K, K=K, K=K. (3.1)
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(ii) The associated kernel matrices satisfy
K = (Iy — Pe)K(Iy — Pe). (3:2)
As a result, we have
Ke = 0. (3.3)

So e is an eigenvector ofK associated with the eigenvalue 0.

Proof. For item (i) we only prove K = K. Other relations in B.1) follow from
similar calculation. Note that

K(s,t) :K(s,t)f/ K(&t)dpx ()

/ R (s, €)dpx (€) + /X R(E€)dpx(©dpx (€)

N N
E (z4,1) — E (s, ;) N2 g (p, zq)

z:l p,q=1

- ( /X K€ 0dpx(©) = 5 > K1)
1 & 1 &
- N;/}(K(&xi)de(f)Jr N2 Z K(xp,xq)>

p,q=1

N
(/ K de Z/ 171, dPX(f)
1 & 1 <
_N;K(S,wi)—i—m Z K(*Tpvxq)>

p,q=1

- ( R LNGIINE NZ JRERIING

1
N;/}(K(g,xi)dpx N2 Z xp,xq>

p,g=1
= K(s.) = [ K(€0dpx(©) - [ K(s.€)px(€)
+ K(&&)dpx(§)dpx (&)

= K(s,t).

We obtain K = K in B.1).
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For item (ii), note

~ 1 N N A
PK = —Ne (ZK(Ii,Il),ZK(LEZ‘,Iz), .. ZK(xzny)>

i=1 i=1 =1

1 N N N T
er = —N (ZK(xl,xi),ZK(xg,xi), e ,ZK(LEN,IZ')> eT,
i=1 i=1 i=1
_ 1 XN
P.KP, = N HZI K(z;,xj) | ee
1,]=

We can verify (B.2) by comparing each entry of both sides of the equatlon In
particular, note that K=K= (In — Po)K(In — Pe) is the kernel matrix of K =K.
Equation (3.3) follows from (B3.2]) and the simple fact (Iy — P.)e=e—e=0. O

4. Useful Preliminary Lemmas

In this section, we collect some useful preliminary lemmas that will be used in the
proof of our main result. The first one is a well-known concentration inequality. It
is derived by simple calculation.

Lemma 4.1. Let £ be a random variable on a Hilbert space and {&;}Y_; be a sample
of N observations drawn independently for &. If ||E|| < M almost surely, then

1 & M
E[ N;ﬁi*E[ﬁ] S\/—N-

The following lemma allows to obtain expectation bound from probabilistic
bound. It is well known and a detailed proof can be found in [9].

Lemma 4.2. Let £ be positive random variable. If there are constants a > 0,b >
0,7 > 0 such that for any 0 < 6 < 1, with confident at least 1 — §, there holds
¢ < a(log 2)", then for any 6 > 0 we have E[¢?] < a®bI'(76 + 1).

For a Mercer kernel K, define the sampling operator Sy : Hx ~— RY by
Suf = (f(x1),..., f(zn))". Its adjoint operator is Si : RV + Hp defined by
Sra = Zf\;l a;K,, for a = (ai,...,an) € RN. Then Ly x = %S;Sx is a positive
symmetric operator on Hg such that

1 N
LK,xf = N Z f(xl)Km
=1

It is an empirical version of the integral operator L. It is useful to note that for
any a € RY we have

N 1
> 4K, | = =Si(Ka)
— N
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and hence
N N N 1
1/2 _ ) ) _ T2
LK,x E a; Ky, = E a; Ky, Lk x E a; Ky, = Na K-a.
7j=1 K 7j=1 j=1 K

We can analogously define Ly , for the centered kernel K.
We need the following two quantities:

Qp = [[(Lx + MDY (L x + A7V ||opx)
and
Opx = (L + M) (Lig s+ M) 72| op(i0)5

where || - ||lop(x) represents the operator norm on Hy and || - ||,k is the operator
norm on Hj. The following lemma can be found in [11 [3, [8, [13].

Lemma 4.3. For each 0 < § < 1, we have with probability at least 1 — ¢

2(k2 + k) Ap.alog(2/6 2
where
1 NLK(A)
Apy = + :
b NV VN

We apply Theorem [3.1] to obtain

1 VNL.O)
NVA VN

< Ap,x.
Moreover,

sup K (z,z) < 2k.
zeX

So we can obtain the following estimation for Qp by adapting Lemma 3] for the
kernel K.

Lemma 4.4. For any 0 < 6 < 1, we have with probability at least 1 — 4,

4(2k2 + Kk)Ap xlog(2/6) 2
N ) + 2.

Qh <2 ( (4.1)

Consequently, for any a > 0,

E[Q%,] < (8(25 +1)* (Azf\” + 1)) 2 o (v + 1). (4.2)
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Proof. Aswe already mentioned, the bound (4.1)) is an easy adaption of Lemmal4.3]
for K. Note that 2log(2/8) > 1 for 0 < § < 1. So we have with probability 1 — ,

B ./42 2
QQD,A < 8(2k +1)* ( )\’)‘ ) <log§> )

Then the estimation (4.2]) follows from Lemma[4.2] This finishes the proof. O

To carry out the error analysis, we need to treat the difference between two
invertible operators on a Banach space. The following lemma from will be
useful.

Lemma 4.5. Let A and B be two invertible operators on a Banach space. We have
At -B'=B'B-AA' =4 (B-A)B! (4.3)
and

A B =B B-AB'+B Y (B-AA(B-AB!

5. Error Analysis when fp isin H

We are going to conduct the error analysis and derive the error bound in our main
result, Theorem [2.1] Recall the error decomposition in (2.4]). The second term on
the right hand side can be easily bounded by the studies on KRR without offset
in the literature. The last term is the difference between the sample mean and
expected value of the response variable y and thus can be bounded easily. So our
main effort will be on a technical treatment of the first term. Note that f, € Hy
when r > % while fp is not in Hiz when r < % The estimation techniques are
different for these two cases. In this section we consider r» > % first and we will

move to r < % in Sec. 5.1.

5.1. Bounding the difference between fD,A and fD,A

Note that the solution to (2.3) takes the form

with the coefficients
(= _ONT 5\ —1
c=(¢1,...,cn) = (ANIy +K)

where y = (71,...,9n)" =y — VN be. R

K and G = LK. By the
)y =N — P)y Note

In the sequel, for notational simplicity, we write G = %
preliminary fact (Iy — Po)e = e —e = 0, we have (Ixy — Pe
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further that P, commutes with K. We can now rewrite

o

_ %(IN ~ PG+ ANy, (5.1)

- N(G+,\1N) : (5.2)

By K = K in B.1) and 211\;1 ¢; = 0 we verify that

1L 1L 1 _
fDA—ZCz wz__ZK%_NZK(xiaxj)"’m Z K<$P’xq)
j=1 j=1

i=1 1<p,q<N
N N N

i=1 z:l j=1
Thus we can decompose

N N N
~ _ R - 1 _
fD,A — fD,)\ = ;(Cl — Ci)Kxi — N ;; K(xi,xj) = J1 — JQ. (53)

Note that J; is a function in H i and Js is a constant.

Lemma 5.1. Lety = \/Lﬁ(yl —fo(z1)s . yn—Folon)) T € RN, Assume f, € Hy.
We have

< Bus (|eT<é M)y %UPHK), (5.4)

p

with By x = Qp A3V G/ 2e|2 + 2(|G'/2%e||3) and
N

D (& - ek,

i=1

_ _ L 1
< 21GH%ela (J7(G -+ AT) 3|+ T=lfole )

K

Proof. Note that

N —
LY? (Z(c - ci)K%)

i=1

p

(L + M)Y? (

o
N

™

|

o

=

8
N——
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N
< Op ||(Lg .y + A2 Z(éz — &) Ky,

i=1

K

= QD,A\/(@ ~¢) (%K? - /\]K) (¢ —c)

< Q9pa <

1 - _
k(e -0 +VAIRYe - o)l
|7eee-el,
= Qp (Y1 + VAT). (5.5)
By the expression of ¢ in (&) and ¢ in (5.2), we have

2
T = Hé[(IN — Pe)(G 4+ AIn) ™ = (G + My) 7]

1 _
VN

2
Recall that
(In — P)(G — G) = (Iy — Po)(PsG + GPy — P.GP,) = (Iny — Po)GPe.

By (4.3) and noting the facts P, commutes with G and (Iy — Ps)? = (I — Ps),
we obtain

(In — P)(G+ My) " = (G + My) !
= (Iy — Po)[G 4+ My) ™t — (G4 My) 7Y = Po(G + M)~}
= (In — Po)(G 4+ My)H(In — Po)[G — GG + My) ™! = Po(G + M y)7?
= (In — Po)(G 4+ MN)'GPo(G + My )™ — Po(G 4 My) ™t

Therefore,

é[(IN — Pe)(é + )\IN)_I — (é + )‘IN)_I]\/LNS’

_ . o 1
=Gy — P)(G 4+ NN)'GP(G + M) ' —y
(N )( N) ( N) \/Ny
_ 1
— GP(G+ NN —y

_ . L 1

= Iy — P)G(Iy — P)(G 4+ MN) 'GP (G + M) ' —y
(In )G(In )( N) ( N) Nk
_ _ 1 _

— GP,(G+ My '—y + P.G(Iy — P,

. _ 1
x (G + Mn)"'GP(G + AIN)*lﬁy
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A o 1
= (G(G + M N)"F = IN)GP (G + M y) ' ——7
(G( N) ~N)GPe( N) \/Ny

+ P.G(Iy — Po)(G 4 MN)'GPs(G + My) ' —=3

—_

= MG+ M) 'GP(G + AIN)*l\/—Ny

+ P.G(Iy — Po)(G 4 My)'GPs(G + My) ' ——=5

For Y11, note that by ([8.2), we have
(G + Mx) V2 (Iy = Pe)GY2|3
= (G + M) 2 (Iy = Po)G(Iy — Po)(G + M) 2|15
= (G + AIn)"Y2G(G + AIn) V2|52 < 1.

So,

1Tl < VAI(G + M) V2G5 || G el [eT (G 4+ M)~

1
el
_ 1
TG+ A —1—-’
e ( N) Vil
1

T/A -1 -
e (G+ )\ —
( N) Ny

< V(G + M) V2 (In — Pe)GY?||2]| G e

+ V(G + An) P PGY2 |G e 2

< (VAIG el + [IG'2e]3)

~ 1
e (G+ M 1—‘.

For 115, we have
IT12]l2 < [[GY2e]2| G2 (In — Pe)(G + Aly) " G2 ||| G ?e]|2

X

eT(GHIN)l\/LNy’

_ _ 1
< ||G1/2e|\§ eT(G + )\IN)l—y'.

VN

Combining the estimation for T1; and Y2, we obtain

_ _ . 1
T1 < (VAIG |2 +2(|GY?e|l3) |e T (G + Ay) ' ==y |.

VN
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For Y5, note that

[GY2(G + Mn) " (In — Pe)GY?||
= ||GM2(In — Po)(G + M) "Y2(G + My) V2 (In — P)GY?||o

= (G + My)"Y2G(G + My) 22 < 1. (5.6)
We have

T, < Hélﬂpe(é + My

1
VN

- HGW(G + MN) Iy = P)GPo(G + My) ™t

2

< 2||G%ell2

~ 1
eT(G + )\IN)l—y‘.

VN

Plugging the estimation for T and Y5 into (5.5]), we obtain

N
(e — )R]l < QoABVXIG 2e]s +2 GV %e|3)
i=1 p
_ 1
x leT(G+ AI —1—’. 5.7

Since ﬁy =y + \/Lﬁgxf‘p, we have

_ 1 - -
e (G+ My) ' —=5xf,|-

_ 1 _
le™(G+ AMN) ' —=y| < |e"(G+ Aln)"'y| + =

VN

By

2

H(GHIN)-W\/LNSXJFP

_ 1 - - _
= { (G4 MN)YV2—=8xf,, (G+ N y)V?—=8, >
< \/N P P )

2

(Sx(G+AIN) " Sfp fo) &

1L/ a1 4 o P
- N< : (Nsxsx +)\IN) Sxfp,fp>

=2l

K



Learning with centered reproducing kernels 521

K
< 1Foli%, (5.8)

we obtain

_ 1 _ 1
e (G+ M\ 1—‘<eTG+)\I 1y + — 5.
( N) my <le ( N) Yl \/X”fPHK

Plugging this estimation into (5.7)), we prove the bound in (5.4)).
Note that

N

D (e - ek,

i=1

—Je-oTK@E-e) =T,

which has already been estimated above. We finish the proof of Lemma [5.1] O

Lemma 5.2. For any vector n = (n1,...,1mn)" € RY we have

. 2M||n|l2
E[InTYIIX] < W

N
fo(zi)) = 0. Since |g;] < f/—%, by the independence between g; and §;, we have

Proof. For each i, recall §; = \/L—(yl — fo(x;)). Note that E[g;|z;] = \/LN(E[nyz] -

N

> oniufx

=1

N N
Elln "y =E > mndid;

i=1 j=1

x| =E

] _ AMmll3
- N

By Cauchy’s inequality E[|n"y||x] < \/E[|nT¥|2|x] we obtain the desired bound.
O

Lemma 5.3. We have

= 41 ~ 48x*
T T Ao)2
Ele' Ge] < N and E[(e Ge)*] < N

Consequently, by Holder’s inequality, we have E[||G'/?e||5] < (j—%)r for any r €
(0,2].
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Proof. Since

B ] NN LN | NN
eTGe:mZ K(wl,ac])——221((;61,;61)—1——222[((:51-,%)
=1 j=1 i=1 i=1 3;1
and
E[K (zi,zj)|z;] =0, for j # i,
we have
N
1 _ (2k)?
T _
Ee' Ge W;E[K(a@“xz)]g I
Write
2
LN 1 NN
(e'Ge)’ = [ > K(zi,z:)+ 5 Y Y Klwi,x;)
i=1 i=1 -1
1 N 2 N N N
= (ZK(wi,xi)> +2<ZK(:@,%)> SN K(aww)
i=1 i=1 k=1 ;;i
2
N N
+ ZZK(CE“,’EJ)
=1 j=1
Gt

i=1 k=1 t=1
I#£k
and
2
N N N N N N )
E|Y D K@iz)| =E (> > > > Kwiz)K(wkz)
i=1 sz i=1 sz k=1 f;;
N N
=28 | Y ) K(wi,x;)*| <326*N(N —1).
=
Since
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we get

This completes the proof. O

Lemma 5.4. If |y| < M almost surely and f, € Hg, then

AD . 1 1 1
E[H‘Ial] <y (1 + W) <N—\/X + \/—N + m), (5.10)

with some constant Cy independent of D, N or .

Proof. We estimate .J; according to (5.4). By the obvious bound ||(G + A y) te|2
< @ = % and Lemma [5.2] we obtain

2M?

Elle” (G + Mx) 3] = Witk

Thus,

E[llJ1llo] = ELEL[| 1] o))

. [gx,@uewé AN + %nmm}
< BlBea] ( 2o+ s ),

By Holder’s inequality, Lemmas [5.3] and [4.4] we obtain
ElBya] < \/EIQ% ] 3VAVE[G1/2el3] +2y/E[(eT Ge)2))

< 4V2(2 + 1) <A\j’§ + 1) (6% + 8\/5“2)

Therefore the desired estimation (5.I0) holds with C; = 4v2(2k + 1)? x
max{12Mr + 8v3k%|| fol &, 65 foll &, 16V/3MK?}. |

Lemma 5.5. We have

AMr 46| foll
E[|J5]] < + .
(2] < NV VN
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Proof. Write
1

_ 1 ~
Jy=——e K—(Iny — P)(G+ \N)"'y
2 \/Ne N(N )( N) y

_ R 1
=e Gy — P)(G + \y) ' —7

(In )( N) Nl
=e Gy — Po)(G+ M)y

_ ~ 1 -
+e"G(Ixy — P)(G + )\IN)*l—NSX )
=: Jo1 + Joo.

Apply Lemma 5.2 to n, = (G + My) ' (Ixy — Po)Ge. Since |02 < 7”61/29“2, we
! L VA
obtain

2M||my||l2 _ 2M |G %]l

E[| Jo1||x] < NS T

For Ja2, by (6.8) we have
| Jaa| < [IGM e[| G2 (I — Pe)(G + AIn) "HG + M) 22

_ 1 - -
(G + My)"YV2—=5,f
VN

< |G %]l (IGH2(In — Pe)(G + AIn) 1 GY2]

X

+VAIGY2(In — Pe)(G + M) HI2) Iyl
< 2| fpll 211G/ ?el2.

Combining the estimation for Jo; and Jos and using Lemma [5.3] we obtain the
desired bound and complete the proof. O

By (5.3), Lemmas [5.4] and [5.5] we obtain the error bound for the difference
between fp x and fD, A- The result is summarized in the following proposition.

Proposition 5.1. Assume |y| < M almost surely and f, € Hg. We have

Ellfor = ol <4 ($341) (75 + 7+ o)

with C{ = Cy + 4x max{M, || f,|| '}

5.2. Bounding total error

We are now in the position to estimate the total error and prove our main theorem.
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Proof of Theorem [2.1](i). We estimate the total error by bounding the three
1

terms on the right-hand side of (2.4). With the choice A = N~ 2+ and using the

fact that N7 . (A) < N, (A) < CoA™*, we have

1 Ni..(\) a1/ 1 s/ __r
A — + K <N 457 + CyN 2+27‘+s Co+1)N ¥,
PAT N VN ’ <@+
AD 9o 2r-l 2 1 _2r4s—1
= < (Co+1)*N7z# < (Co+1)°, —<=N "=z <1,

N

thanks to the assumption r > 1/2.
Proposition [5.1] implies the following bound for the first term:

Elll fox — foall,] < (Ch'+2)qu

To bound the second term || fp x — £, ,, We apply Theorem 7] (for p = o)
to fD,A and fp, which states that

E(|fpo — follo) < (24 56(2k)" + 57(2)%)(1 + 2r) <1 + (N1)\)2 + NX‘A(A))

NLR()\)
{(1+¢—_) 1 fp|p+2MT}» (511)

where f\ = (Lg + M) "' Lz f,. Under assumption (2.5), we have

Hf/\_fpnpg/\rnhp”p: ”hp”pN_ﬁ- (5-12)

This together with the fact (

< CoN™ e < () leads to

E[HfD»k - fp"ﬂ] < Cé(”]?)\ - fp“p + N_ﬁ)

with C% = (2 + 56(2k)* + 57(2)?)(1 + 2k)(Co + 2) max{2,2/CoM }.
For the third term, we apply Lemma 4.1l to £ = y and obtain

z%

Combining the estimation for all three terms, we obtain the desired estimation
with C} = 3C1(Co + 2) + C4(||h,ll, + 1) + M. This finishes the proof. O

E[|bp,» — b]] =

M .
< = < MN 7%, 5.13
ST (5.13)

6. Error Analysis when f, is not in Hz

When r < %, because fp ¢ Hz, most estimation techniques in previous section do
not apply anymore and new techniques are needed. But the proof process is quite
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similar to that in previous section. We still use (5.3) and estimate the J; and J,

respectively. To this end we need to bound the following four quantities.

2
Lemma 6.1. Denote Vp \ = (A?\’* + 1)1+ )\“1/2)’4%5'\*. We have

(VD + )\2r 1 )

oo

(eTé(G + AIN)—l—y)f

IR
o}
_‘
Q
+
-
z
<
N——
[\v]
IN

)2\2 (V35 + A1 41,

7N
\9)
o)
>
[¢)
Q
@
+
-
z
|
SN—
ZI Sl

2r—1 A%,A
(VDA+)\ ) T+1

N2

ERT S= 1
—y,(G+ A
\/NY( N)

S SE(G + )\IN)‘l\/—Ny, (G + \y)!

S
N

BT D)
= [Ifoall%-
By Cauchy’s inequality, we have

1

N

_ _ 1 2 A2
<QD,AeT(G+AIN)—1\/_Ny> < Cy ——(Vha+ 1+ A 1))( D,

E|(e'G (G+AIN)‘1—5’) 1 < (E(IG"%e]l3)* Ell oAl k]2

(6.5)
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To bound || fp.allg, write || foallg < Ifox — fallg + [ fall z- By the analysis in [3]
(Proposition 6 and the proof of Theorem 1) we know that with confidence 1 — ¢,

we have
F 7 6\ % [ (4K2 + 2r)2A2
/o — Aallg < 16(26 +1) <1og _) ( DA |

) A
ol Ap .
x (M + 2K\ 2”%)”/))%
6 3
< 1625+ 1% + Iyl o (105 ) (6.6)

By Lemma [4.2] we have
Elllfox = fAllk) < (16(25 + 1)°(M + [|hy[l,)V,2) 6T (13).
For 0 < r < 1, we can bound || fx| x as
IAlg < Lk +AD T L oo 1L 2Rl g < N2, (6.7)
So we have
Ellfoall%] < 16(E[ fox — fallz) + I1A]%)
< 16°(26 + 1)* (M + ||hy || ) 6T (13) (V5 + A7 72).

By Lemma [5.3] we obtain

o 1\ ¢
E (eTG(GJr)\IN)l\/—Ny) gﬁl(vg7A+A2T*1),

with C; = 16%k+/180(13)(2k + 1)'2(M + ||h,||,,)?. This proves (G.1).
To show (6.2), note that, by (G + Aly) ‘e = +e and Gee = 0, we have

e (G+My) 'y =e" (G+My) 'y —e (G+AN) 'y +e (G+AN)'y
A A — = 1
=[e" (G4 Myn)"HG - GG+ M\n)1y] + XeTy

1 o
=——e' GG+ \y) 'y +

3 e'y. (6.8)

> =

Thus

E

<eT(G+>JN)1\/1—Ny>2]

2 o 1 \?
SF<]E (eTG(GJr/\IN) 1—y) +E

N

(5)])
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By (6.1) and the fact
1 2
E —eT)
[(m Y

we prove ([6.2) with Co = 2max{Cy,4M?}.
By (6.5) and Cauchy’s inequality, we have

E

(QD,,\GTG(G + MN)l\/LNy)j

(E(eT Ge)?)) (E[Qh I Ffoalk])?

16V3K2 0 - , _ o
< 15V (8168, Ao — Frllk] + BIOH ).

By Lemma [4.4] and (6.6]) we have with confidence 1 — ¢ that

IN

- . A 6\*
Qoo = Fllc < 3232+ DPOL + gl Vo (222 +1) (1063

By Lemma [4.2] we obtain
E|Qp o — Ak

4 32 4454 AD/\ 4
< (32v2)4 (2K + 1)2(M + ||h,ll,) vD,A< \/X +1) 60 (17).

By (42) with o =4 and (6.7)), we obtain

2
S 1F Aba .
E[QD AIAAll%] < 48(8)*(26 + 1)%||hpll ( L Air=2,

One summarizes the above two estimates to get (6.3) with Cs = 323 x 6x2(2k +
DI (M + [[hllp)* /20 (17).
To prove (6.4), we use (6.8) and write

E

2
(QD,AQT(G + AIN)_ILLY) 1

VN
2 . o 1\’
<3z (E l(QD,)\eTG(G + AIN)‘l—Ny) ]
- 1 .\
+E (QD’/\\/—Ne y) )
By the facts E[g;] = 0 and |7;| < 2M, it is easy to verify that
1 5N\ ey
=E (ﬁ ; y1> < .

<[ () x
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So by (4.2) we obtain

2 4\ 2
E (QD,WLNeTy) ] < (E[05 )} (E (%ﬁeTy) )
. 32v/3(25k ;1)4(21\4)2 (A%)?A . 1)

This in combination with (6.3) proves (6.4) with C; = 2Cs.

With the preparation in Lemma[6.1] we can estimate J; and Jo now.

Lemma 6.2. We have

E[||J|]<C"( LR ) A%”\—i—l 2(1+x—%)
HeE =1 ANV T NN ) '

Proof. By (5.7), (6.4), and Lemma [5.3] we have

B[ 1],] < (E[18AeT G + 8(e” Ge)?))}

« (E l(gmg(c + MN)—liNy> 2] ) %

529

9 2
< 8\/3(2/-@+ 1)2/{\/6’74 <N1/X 4 N}i/ﬁ) (Al/\)) + 1) (1+ )\T,%).

This proves the lemma with C} = 8v/3(2k + 1)2k/Cy.

Lemma 6.3. We have

E[|J2

= (L 1 Ab : r—1
I= 2<\/—N+N>\\/N>< A H) (14275

Proof. We decompose

—_

Jy = —=e G(G+ Nn) " (Ix — Po)y

TGy — P)(G+ My) 'y

=

+ ——e Gy — P)((G+ My)' = (G+ My) Dy

=
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1 _
= ——e GG+ ANy

vV N
I v 1.4 1
— ——e Gee (G+ A\
\/N ( N) Yy
I 5 A “1A A 1
+ —e Gy — P)(G+ NI GP.(G+ M\
ik (In ) N) ( N)TY

By (6.1), we have

3
2

E[|J21]) < \/E[lJ21 2] < V%l (@—1—1) (1+ %),

By (6.2) and Lemma[5.3] we have

(eT(éJrAIN)‘lLNy)QD%

Nt 3 )
< 4V3r2V Gy (AD.s +1) 1+
NMN A

E[|J2s]] < (El(e’ Ge)?))= (E

~—

For Joz, we use (5.6) and (6.2) to obtain

eT(é+AIN)—1¢LNyH

(e[(io o))

N 1
< L3V G (Aba F1] (1+ae).
NMWN A

EflJusl] < E [|él/2e||§

[MES

IN

(El(e” Ge)?))

Therefore, the desired bound for J, holds with C% = max{\/C1,8k2v/3Cs}. |

Combining the results in Lemmas [6.2] and [6.3] and selecting appropriate regu-

larization parameters, we can bound fp \ — fD7 \ as follows.

Proof of Theorem [2.1[(ii). We apply the decomposition (2.4) and (5.3]) as above,

Elllfox+bpx = follo] < ElllJ1llp] + E[J2l] + Ell fo,x — foll o] +Ellbp . — 0l],
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of which we bound the four terms in the right-hand side, one by one. Recall A =
N~7 and Ny, (\) < CoA=*. From definition,

A2 ’
ba g L1 ¥NMY
A AN VN

1+s(N*1+114_25+ CoN~ 2+1+s) +1

<N

<ONTH (N2 4 CoN ™1 T5) +1 < 20 + 3.

Since 0 < r < 1/2,

—r+d

14N "2 <2N TFe
We apply Lemma [6.2] to give

7+1 1/2

E[||J1]l,] < C4(2Cs + 3)% x 2N 77 (N~1F 16 4 N~3+18%)

< 4CY(2Cy + 3)2N ™1+

We apply Lemma [6.3] to give

[

~ —r+ i 1
E[|J2]] < C4(2Cy 4 3)%/? x 2N 1%+ (N2

_|_

=
v
+

< 4Ch(20, + 3)*/2N 7.
To estimate E[|| fp.x — f,ll,], we apply (5.11). Note that

L N

<1+ N7 4 AN
A R

1+

<2+ Cy.
Here, 75 < 1. Recall (5.12) and our assumption 0 < r < 1/2. We have

- Ni . (N _
14— + oM YK <o || A 4 2M A/ Co\~*/2N—1/2
( F) T et <2l VG

< 2(HBPHP + M+/Cy)N
We summarize the above estimates and use (B.11]) to obtain
Elll fox — Foll,) < C5 N7,

where C3 | 1= (2+ 56(2k)* + 57(2x)%) (1 + 2k)(2 4 Co) x 2(||h, ||, + M~/Cp).
Lastly, we use (24) to derive

E[lbpx —b]] <
The proof is completed by letting
Cy := 407 (2C + 3)% + 4C}(2Co + 3)*/% + O3, + M. O
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7. Conclusions and Discussions

In this paper, we studied KRR with offset and characterized its equivalence to learn-
ing with centered reproducing kernels. By using KRR without offset as a bridge, we
derived the generalization error bound for KRR with offset and verified it reaches
the minimax optimal rate under appropriate source conditions on the target func-
tion and capacity assumptions on the kernels.

It is well understood that kernel ridge regression without offset penalizes the
whole output function, including its constant component which is not penalized in
Algorithm (2.I)). By the operation K +— K , we separate constant components from
the reproducing kernel Hilbert space Hy . Consequently, our main result, Theo-
rem [2.1] uses a weak assumption (2.5, i.e.

fo=1o—Elf] € L;?(L;%x)»

which tolerates the constant component in the target function f,. Note that this
is important improvement. For example, it is well understood that constant func-
tions are not included in reproducing kernel Hilbert spaces spanned by Gaussian
kernels [L7]. Along this way, one can indeed separate any finite dimensional func-
tion spaces from a reproducing kernel Hilbert space.* The analysis is postponed as
future work, and would be useful for kernel-based semi-parametric regression [15],
scattered data interpolation [20, [33], and so on. An interesting question is how to
balance the model complexity and keep the curse of dimensionality back in the
bottle.

In future work, we aim to extend the application of our centered kernel to the
areas of distributed learning [13] and semi-supervised learning [22]. Another inter-
esting topic is to explore the extension of the centered kernel to the Neural Tangent
Kernel (NTK) setting, as indicated by [12], which is related to the universality of
deep neural networks [11], [16], 21} [34]. Considering that the centered reproducing
kernel adapts the capacity of the RKHS, comparing the capacities of the centered
NTK, the NTK, and deep neural networks in terms of universality would be an
intriguing research area.
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