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ABSTRACT. We prove the existence of nontrivial closed surfaces with constant anisotropic
mean curvature with respect to elliptic integrands in closed smooth 3—-dimensional Riemannian
manifolds. The constructed min-max surfaces are smooth with at most one singular point.
The constant anisotropic mean curvature can be fixed to be any real number. In particular,
we partially solve a conjecture of Allard [3] in dimension 3.

1. INTRODUCTION

The min-max theory has been extremely successful in finding critical points of the area
functional, commonly referred to as minimal surfaces. Almgren [5] started a monumental
program to develop a variational theory for minimal surfaces of arbitrary dimension and
codimension using geometric measure theory. In particular, he proved the existence of a
nontrivial weak solution as a stationary integral varifold [6]. The regularity of the solution in
codimension one was established by Pitts [33] up to dimension 6 of the ambient manifold,
relying on the curvature estimates for stable minimal surfaces proved by Schoen-Simon-
Yau [34]. Then it has been extended to every dimension by Schoen-Simon [35] (always in
codimension one). Thereafter, Colding-De Lellis [10] and De Lellis-Tasnady [12] have proved
a similar construction using smooth sweepouts, building on ideas of Simon-Smith [37]. Very
recently, the zero mean curvature case has been generalized by Zhou-Zhu [39] to the existence
of constant mean curvature surfaces in closed Riemannian manifolds.

In spite of the aforementioned vast literature for the area functional, nothing is known
concerning the existence of anisotropic minimal or constant anisotropic mean curvature
surfaces. Allard [3] proved an analogue of the curvature estimates of Schoen-Simon [35] and
conjectured the existence of anisotropic minimal surfaces in closed Riemannian manifolds [3,
Page 288]. However he observed that: “there remains a considerable amount of work to do
before this becomes feasible for general integrands”[3, Page 288].

In this paper we partially solve this problem in dimension 3, proving the following first
main result:

Theorem 1.1. Let M be a 3-dimensional C* closed Riemannian manifold and F be a C3
elliptic integrand. Then there is a nontrivial surface ¥ C M without boundary which is a
critical point with respect to F'. Moreover there exists at most one singular point p € M for
¥, d.e. ¥ is C? embedded away from p. Furthermore one of the following properties hold:
(a) there ezists R > 0 such that ¥ is smooth stable in Br(x) for every x € M;
(b) X is stable in M \ {p}.

Theorem 1.1 is obtained from the following second main result:
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Theorem 1.2. Let M be a 3-dimensional C* closed Riemannian manifold, F' be a C? elliptic
integrand and ¢ € R\ {0}. Then there is a nontrivial surface ¥ C M without boundary which
has constant anisotropic mean curvature ¢ with respect to F'. Moreover there exists at most
one singular point p € M for ¥, i.e. ¥ is C* almost embedded away from p. Furthermore
one of the following properties hold:

(a) there ezists R > 0 such that ¥ is smooth stable in Br(x) for every x € M;
(b) X is stable in M \ {p}.

The assumptions of a C* Riemannian manifold and a C® Lagrangian are used to construct
a surface ¥ of class C2. A higher regularity on M and F provides a better regularity also for
Y. In this paper, if not further specified, smooth will always refer to the above regularities.

Theorem 1.1 is the 3-dimensional anisotropic counterpart of the celebrated existence result
for the area functional proved by Pitts in his groundbreaking monograph [33]. The isotropic
version of Theorem 1.2 has been recently proved by Zhou-Zhu in [39].

As previously remarked, Allard has conjectured in [3] the possibility to run the Pitts
min-max construction scheme [33] in the anisotropic setting. Theorem 1.1 positively answers
to this conjecture for 3-dimensional manifolds.

We conclude observing that Theorem 1.1 implies the following result in the setting of
Finsler manifolds: we refer the reader to [7, “Volumes on Normed and Finsler Spaces” by
Alvarez Paiva and Thompson] for a survey on Finsler manifolds and for the relevant definitions
about Busemann volume, Holmes—Thompson volume, Gromov’s mass, and Gromov’s mass:

Theorem 1.3. Let M be a 3-dimensional smooth Finsler sphere, such that the norms on
all tangent spaces T, M are uniformly convex. Then there is a nontrivial minimal surface
>, C M with respect to the Holmes—Thompson volume, without boundary, which is smooth
away from at most one singular point p € M

Strategy of the proof. The proof follows the scheme developed by Almgren-Pitts [33] for
the existence of isotropic minimal surfaces. The scheme consists of two parts: the existence
and the regularity part. The existence of an anisotropic stationary rectifiable varifold can
be proved with a similar strategy to the one used by Almgren-Pitts [33], replacing Allard
rectifiability theorem [1] with its anisotropic counterpart proved by the authors [14]. To
this aim we need to employ a density lower bound, proved by Allard in [3]. On the other
hand the regularity part has several obstructions. The main issue is in showing that two
consecutive replacements glue smoothly. Indeed, due to the lack of monotonicity formula
[2], it is not clear a priori if upper density estimates hold at the points of the interface of
two consecutive replacements. Moreover, the lack of monotonicity formula does not allow
to directly prove that the blowups at these points are planes by simple mass comparison at
different scales. To solve these issues, our strategy is first to focus on the existence of constant
non-zero anisotropic mean curvature (CMC) surfaces. Borrowing ideas from [39], in the CMC
setting we can construct multiplicity one replacements, containing just a 1-dimensional set of
touching points with multiplicity 2. This allows to split the proof of the smooth gluing at
the interface in two cases:

e For multiplicity one points we can refine the construction of the second replacement,

showing that its approximating sequence is regular up to the interface. Using its
stability and the work of the authors [16], we get uniform boundary curvature estimates,
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which allow to pass to the limit the sequence and to obtain a replacement that is
smooth (and stable) across the interface. For the boundary curvature estimate we
deeply rely on the surface being two-dimensional.

e For the isolated points of multiplicity two, we can show upper density estimates
adapting [16]. The blowups are then proved to be planes with multiplicity two,
exploiting the regularity in the points of multiplicity one and the maximum principle.
Then by a graphicality argument we conclude that the two replacements glue smoothly.

This allows to show that the constructed anisotropic CMC surface is smooth and locally
stable away from finitely many points: the centers of the balls of the previous argument.
Again due to the lack of monotonicity formula we cannot remove these singularities just
using the stationarity and stability. However, refining Almgren-Pitts combinatorial lemma,
by compactness we are able to remove all these isolated singularities, except one. This
last singularity is the one accounting for the index of the constructed surface and cannot
be removed by further exploiting Almgren-Pitts combinatorial lemma. However, we would
expect that this singularity is removable, too, by means of the PDE and of the stability
inequality outside of the singularity. The last step is to apply this construction to obtain a
sequence of CMC surfaces Y; with anisotropic mean curvature 1/k, smooth away from at
most one point x;. A simple compactness theorem will guarantee the convergence of ¥, to
an anisotropic minimal surface, smooth outside of at most one point.

Acknowledgments. Guido De Philippis has been partially supported by the NSF grant
DMS 2055686 and by the Simons Foundation. Antonio De Rosa has been partially supported
by the NSF DMS Grant No. 1906451, the NSF DMS Grant No. 2112311, and the NSF DMS
CAREER Award No. 2143124.

2. PRELIMINARIES

In this paper, unless otherwise specified, M will denote a 3-dimensional smooth closed
Riemannian manifold.

2.1. Notation. We first recall some classical notation: Inj(M) is the injectivity radius of M,
diam(S) is the diameter of S C M and d(S51,S2) := inf,es, yes, d(z,y) for every Sy, 5, C M.
We denote with B,.(z) and B, (z) respectively the open and closed balls centered at x of
radius 7 with respect to the metric of the Riemannian manifold M. B, (x) denotes instead
the ball of radius r and centered in x in R3. If the center is 0, we simply write B,. We set

An(z,s,r) == B,(x) \ Bs(x), An(z,s,r):=B.(z)\ Bs(z)
to be the open annulus centered at x of radii s and r. Furthermore we will define
AN (x) == {An(z,s,t) : 0<s<t<r}, and AN (z):={An(z,s,t) : 0 < s <t}

Given an annulus An, we denote with 0, An the largest connected component of 0An.
We denote the space of smooth vector fields on M as X'(M). For every open set U C M
we denote with X.(U) the subset of vector fields with support compactly contained in U.
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2.2. Measures, rectifiable sets and varifolds. Given a locally compact metric space Y,
we denote by M (Y) the set of positive Radon measures in Y. For a Borel set A C Y, ul_ A
is the restriction of u to A, i.e. the measure defined by [uL A](E) = pn(AN E) for every Borel
set £ CY.

For every n € N, we denote by H" the n-dimensional Hausdorff measure. A set K is said
to be 2-rectifiable if it can be covered, up to an H2-negligible set, by countably many C*
2-dimensional submanifolds. Given a 2-rectifiable set K, we denote T, K the approximate
tangent space of K at x, which exists for H?-almost every point z € K, [36, Chapter 3].

For pn € M (M) we consider its lower and upper 2-dimensional densities at x:

(B (x)) (B ()

0.(z,p) := liminf a : 0*(x, 1) := lim sup

r—0 Tr? r—0 Tr2 )

In case these two limits are equal, we denote by 0(z, ) their common value. Note that, if
p = 0H?_ K where K is 2-rectifiable, then 6(x) = 0,(z, ) = 0*(x, p) for p-a.e. z, see [36,
Chapter 3], and p is called a 2-rectifiable measure.

For every open subset {2 C M, we denote

Go(Q) :={(z,S) : x € Q, S is a 2-dimensional linear subspace of T, M},
and for every open subset U C R?
Go(U) :={(z,9) : » € U, S is a 2-dimensional linear subspace of R},

We denote with V(M) := M, (Gy(M)) (resp. V(U) := M, (G2(U))) the space of the
2-varifolds on M (resp. on U). Given a diffeomorphism ¢ € C'(M, M), we define the
push-forward of V' € V(M) with respect to 1 as the varifold ¢»V € V(M) such that

[ e sdw )@ s) = [ e(),di($) I SV . 5).
G2 (M) G2 (M)
for every ® € CY(Gy(M)). Here d,(S) is the image of S under the linear map d,v(x)
and Ji(x,S) denotes the 2-Jacobian determinant (i.e. area element) of the differential d v
restricted to the 2-plane S, see [36, Chapter §].

To a varifold V € V(M) (resp. V € V(U)), we associate the measure ||V|| € M (M) (resp.
V|| € M4(U)) defined by

IVI[(A) =V (Gy(A)) for every open A C M (resp. A C U).
We will also use the notation
O0(x, V) =0.(z, [[V]) and 6" (2,V)=0"(z, [|V])

for the upper and lower densities of ||V]|. In case 0.(x, V) = 0*(x, V), we denote the common
value 0(x, V') and it will be referred to as density of V' at x.

For every € M and r < Inj(M), we define T} : z € By — exp,(rz) € B,(x), where exp,
denotes the exponential map at the point 2. Then we define the function 7, ,(y) := (T%) ! (y).
We denote

Vi = (o) (VL Bo(2)) € V(By),

and we observe that, if 8*(x,V) < oo, then there exists a sequence r, — 0 and W € V(B;)
such that

Vm,rn -~ W e V(Bl)
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We denote with TV (z, V') the space of all varifolds W obtained as above.
A varifold V' € V(M) is said rectifiable if there exists a 2-rectifiable set K and a function
0 € LY(M;R"; H?*L K), such that
V=0H’LK ® 6r, k. (2.1)
Moreover we say that a rectifiable varifold V' is integral if in the representation (2.1), the

density function 6 is also integer valued.
The weak* topology on V(M) is not metrizable. Nevertheless, in any closed ball

{(VevM) - VI[(M) <r}

of radius r, the weak™ topology is metrizable by Banach—Alaoglu theorem: in particular, an
example of metric d which induces the weak* topology on V is

d(V1,Va) = sup{Vi(f) = Va(f) : f € WH(Go(M)) N Ce(Ga(M))}.
The balls of radius r and center V' in this metric will be denoted by U,.(V).

2.3. Integrands. The anisotropic integrands that we consider are C® positive functions
F:Gy(M) — RY := (0, +00),
for which there exist a positive constant A such that
0< ; < F(z,T)<A<oo  forall (z,T) € Go(M). (2.2)
Given a 2-rectifiable set K C M and V' € V(M), we define:
F(K) := /K F(z,T,K)dH?*_K and F(V):= / F(x,T)dV(x,T).

G2(M)

We will often identify a 2-rectifiable set with the canonically associated density one varifold
supported on K. For a vector field X € X (M), we consider a one-parameter family of
diffeomorphisms of M into itself {¢;}ier, such that dor — X The anisotropic first variation

dt
is defined as the following linear operator:
d
IRV (X) = EF((%)#V)‘

We say that a varifold V' € V(M) has bounded anisotropic first variation if dpV" is a Radon
measure on M, i.e. if there exists C' > 0 such that

0pV(X)| < O X, forall X € X(M).

t=0

Remark 2.1. We identify the integrand F' : Go(M) — R with a positively one homogeneous
even function G : TM — R™ via the equality

G(z,rv) := |r|F(z,vF) for all r € R and (x,v) € SM, (2.3)
where SM := {(z,v) € TM : |v| = 1}. Note that G € C3(TM \ {(x,0) : z € M}) and that

by one-homogeneity:

(D,G(z,v),v) = G(z,v) for all (z,v) € TM, with v # 0. (2.4)
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With these identifications, if M = R3 it is a simple calculation to check that:
IV (X) = / (D,G(z,v), X(x))dV(z,v)
SM

+/ (G(x, v)Ild — v ® D,G(x, V)) : DX (x)dV(z,v), VX € X (M),
SM

see for instance [4, Section 3] or [18, Lemma A.4].

We will always assume that F' is an elliptic integrand, i.e. the map G associated to F
satisfies (up to select a bigger A in (2.2)):

Id, .

o
The last condition above (the uniform convexity in all but the radial directions) in particular
implies the strict convexity of G in all (but the radial) directions:

G(z,v) > (D,G(z,v),v) for all (z,7), (x,v) € SM with v # +p. (2.6)

1
\D,G|,|D,G|,|D?,G|, |D3G| < A, |DVG|2X and  DZ(Gsur)(z,v) > (2.5)

Remark 2.2. We remark that condition (2.6) is necessary and sufficient to apply the rectifia-
bility theorem the authors proved in [14, Theorem 1.2], cf. also [22].

2.4. CMC surfaces. We will use the following definitions and tools, borrowed from [39].
We refer to [39, Section 2] for more detailed notation.

We denote with C(M) the space of finite perimeter sets in M, also referred to as Caccioppoli
sets. Given ¢ > 0, we define the following energy functional:

F¢(Q) = F(0Q) — cH*(Q)),  VQ € C(M).

In case 0f2 is a smooth surface, the first variation of €2 with respect to F¢ is
opeQ(X) = / (H2® — o) (X, v)dH?, VX € X (M), (2.7)
o0

where v and HZ? denote respectively the outward unit normal on 9 and the anisotropic
mean curvature of 02 with respect to v.

We deduce from (2.7) that for any critical point Q of F¢, 02 has constant anisotropic
mean curvature ¢ with respect to the outward unit normal . This allows us to compute
the second variation 62.Q(X, X) of a critical point 2 with respect to F¢ applied to a vector
field X € X (M) such that X (z) = ¢(z)D,G(z,v(x)) on 92 where p € C*(0f2), combining
[3, Section 1.5, Page 295] or [18, Lamma A.5] with [8, Remark 2.4, Proposition 2.5]. In
particular, OS2 is c-stable if

0 < 62.Q(X, X) = S%(p, ) == 62(0Q)(X, X) — / Ric™ (v, )G (z,v)*¢* dH?:.  (2.8)
o0

Here 62(09Q)(X, X) is the Euclidean second variation of F and it is calculated in [3, Section
1.5, Page 295| (for general F') or in [18, Lemma A.5] (without space dependence). The second
term — [} Ric" (v, v)G(x,v)*p* comes instead from the metric of M, as computed in [8,
Remark 2.4, Proposition 2.5], where G(z,v)*p? = (X,v)? as a simple application of the
one-homogeneity of G. We explicitly observe that (2.8) does not depend on ¢. For a more
detailed study about anisotropic CMC surfaces in the Euclidean space, we refer the author
to [13, 15, 19, 20, 21, 23, 24, 25, 29).
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Remark 2.3. We remark that we can absorb the metric of M in the elliptic integrand G.
Hence, up to modify G, we can always assume to work with the flat metric. This remark will
be particularly useful in all the local arguments of this paper, where we can consequently
always assume to work in R3 rather than M. In particular, in this way the stability inequality
(2.8) simply reads

52(09) (X, X) = 0,
where 62(99)(X, X) is the Euclidean second variation of F [3, Section 1.5, Page 295].

Remark 2.4. We remark that in the local arguments, by Remark 2.3, when we work in R?

condition (2.5) implies that HgBT(w) > + for every z € R?® and every r > 0.

Definition 2.5. Consider an immersed, smooth, two-sided surface ¥ with unit normal vector
v, and an open set U C M. ¥ is called a c-stable surface in U if the anisotropic mean
curvature Hy of X N U with respect to v is identically equals to ¢ and SE(p, ) > 0 for all
p € C™(X) with spt(p) C XNU.

If ¢ = 0 we simply say that % is a stable surface.

Remark 2.6. Since |RicM (v, v)|G(x,v)* < C(M, F), for every c-stable surface we deduce the
validity of [16, Equation (41)], applying [3, Lemma 2.1] or [18, Lemma A.5].

Definition 2.7. Consider an open subset U C M, and a smooth 2-dimensional surface ¥. A
smooth immersion v : ¥ — U is an almost embedding if for every p € ¢(X) where X fails to
be embedded, there exists a neighborhood Q C U of p, such that

e XNy HQ) = UL, where X are disjoint connected components;

e (%;) is an embedding for every i =1,...,n;

o for every i, every ¥(X;), j # i, lies on one side of ¥(%;) in Q.
We identify ¢(X) with ¥ and ¢(X%;) with X;. We define the touching set S(X) as the set of
points of ¥ where ¥ fails to be embedded. We define the reqular set as R(X) := X\S(X).

Theorem 2.8. Consider an open subset U C M. Let ¥ C U be a c-stable surface in U such
that 02 NU = 0, and H*(X) < D, then there exists C > 0 depending only on M, c, D, F,

such that o
%2
AT @) < 30 a0y
where A¥(x) denotes the second fundamental form of ¥ at x.
Moreover if ¥, C U is a sequence of c-stable surfaces in U such that 0¥, NU = () and
sup, H2(Xk) < oo, then up to a subsequence, Xy, converges locally smoothly to a c-stable
surface in U.

forallx € &, (2.9)

Proof. From Remark 2.6 we deduce that c-stable surfaces satisfy all the assumptions in [3]
to get the curvature estimate (2.9), provided they enjoy upper density estimates, cf. also
[38]. The upper density estimates for c-stable surfaces can be obtained again from Remark
2.6, i.e. the validity of [16, Equation (41)], applying [9, Lemma 3.5], compare with the proof
of [16, Lemma 4.3] for the estimate of the L?-norm of the isotropic mean curvature [ |H|?.
We deduce that (2.9) holds. The compactness statement can be easily deduced from the
curvature estimates, see [39, Theorem 2.6]. O

Theorem 2.9. Given a sequence of almost embedded, cj-stable surfaces ¥, C U, such that
supy, H2(3x) < 0o and supy ¢ < oo. Then the following hold:
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(i) if infcg > 0, then {3k} converges locally smoothly to an almost embedded c-stable
surface X2 in U (for some ¢ > 0), after possibly passing to a subsequence; moreover if
{Ex} are all boundaries, then the density of ¥ is 1 on R(X) and 2 on S(X), and ¥ is
a boundary as well;

(ii) if ¢, — 0, then {3} converges locally smoothly with integer multiplicity to a smooth
embedded stable surface ¥ in U, after possibly passing to a subsequence.

Proof. The proof is obtained repeating verbatim the proof of [39, Theorem 2.11], replacing
the use of [39, Theorem 2.6] with Theorem 2.8. O

2.5. Regularity for minimizers of F¢.

Theorem 2.10. Let Q € C(M), p € spt||0Q||, and r > 0, such that Q minimizes the
Fe-functional in B,.(p): that is, for every W € C(M) with (W \ Q) U (Q\ W) C B,.(p), we
have F¢(W) > F¢(Q). Then 002L B,(p) is a smooth, embedded surface.

Proof. Since for every U € C(M) with (U \ Q) U (2 \ U) C B,(p) we have F¢(U) > F¢(2),
then

F(OU) —F(08) > —c|H*(U) — H*(Q)| > —cH* (U \ Q) U (Q\ U)).

This is [17, Condition (1.12) in Definition 1.8]. We deduce the claimed regularity applying
[17, Theorem 1.2, Remark 1.3]. O

2.6. Sweepouts. We recall the following notions of generalized smooth families and sweep-
outs, cf. [12, Definition 0.2]:

Definition 2.11. Consider a family {3 },c0,1» of closed subsets of M. We say that {3, }1e(0,1jx
is a generalized smooth family if the following properties hold
e H* (X)) < oo for every t;
e For every t there exists a finite P, C M such that ¥, is a smooth surface in M \ P;;
o F(3,) depends continuously on t and if t — to, sup,cy, d(x, Xy,) — 0;
oY, — Y, in C?-norm ast — ty, in any U CC M\ B,.
A family {Qi}icio1) of open finite perimeter sets is a sweepout of M if {0 }icpoq) is a
generalized smooth family and
(sol) Qo =0 and Q0 = M;
(s02) H3(QAQy,) — 0 ast — to.

We recall the existence of sweepouts as in Definition 2.11, stated in [12, Proposition 0.4]:
Proposition 2.12 (see [12, Proposition 0.4]). Given any smooth Morse function g : M —
[0,1], then {{g < t}}ic] is a sweepout.

3. MIN-MAX CONSTRUCTION

For every ¢ > 0 and every sweepout {{2;} we define
F{Q}) = max F(Q).

te(0,1]
One can prove a uniform lower bound for F¢ on the sweepouts:

Proposition 3.1. There exists C(M, F,c) > 0 such that F¢({%}) > C(M, F,c) for every
sweepout {€}.
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Proof. Since {Q;} satisfies the properties of Definition 2.11, for every V € [0, H3(M)] there is
to € [0,1] such that H3(Q,) = V. By [39, Theorem 2.15|, choosing V' € [0, V4], we compute

H(0,) CoV's

A D
where Cj is the isoperimetric constant of M in [39, Theorem 2.15]. We can choose V €
[0, #3(M)] such that V = min{(£%)?,V;}, we deduce that

F(0Sy,) >

C()Vg . C10 ’
Fe(Qy,) = F(0Qy,) —cV > T cV > ¢V = cmin 2ex Vo p =:C(M, F,c),

where C'(M, F, ¢) depends just on M, F' and c. O

For every family .Z of sweepouts, we set

me(Z) = inf F¢ = inf {max FC(Qt)].
& {Q)e” [te0.]
By Proposition 3.1, m.(Z) > C(M, F,c) > 0. We say that a sequence {{Q:}*} C £ is
minimizing if
lim F({Q}") = m(ZL).
k—o0
A sequence {Qf } is a min-max sequence if {{{;}*} is minimizing and F¢(Qf ) — m.(.2).

Remark 3.2. We observe that

me(Z) < inf {max F(Qt)] =:my(Z) < o0, Ve > 0.
{Q:}e.Z | t€[0,1]

We will focus our study on the following families of sweepouts:

Definition 3.3. Two sweepouts {Q°}, {Ql} are homotopic if there exists a generalized
smooth family {Q }repo1z such that Qo) = Q2 and Q) = QL. A family £ of sweepouts is
homotopically closed if it contains the homotopy class of each of its elements.

The main result of this paper is the following:

Theorem 3.4. Given ¢ > 0, for any homotopically closed family £ of sweepouts there is
a min-maz sequence {4, } converging (in the sense of varifolds) to a non trivial surface ¥
with multiplicity one, which is smooth and almost embedded outside of one point p € M and
H% = c. Moreover F(X) < 2(m () + cH?*(M)) and one of the following properties hold:

(a) there exists Ry, > 0 such that ¥ is smooth stable in Bgy(x) for every x € M and there
exists y € M such that ¥ is smooth stable in M \ Bisry(y);

(b) denoting Ry := %min{)\/c, Inj(M)/lS,m}, then % is smooth stable in

Bg,,(x) for every x € M (when ¢ — 0 then Ry depends just on F' and M ).
(c) X is stable in M\ {p}.

Since Morse functions exist on every smooth compact Riemannian manifold without
boundary, [31, Corollary 6.7], Proposition 2.12 and Theorem 3.4 provide a proof for Theorem
1.2. We also remark that Theorem 1.1 is a corollary of Theorem 3.4, as we show below.
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Proof of Theorem 1.1. Fix an homotopically closed family .# of sweepouts. Consider the
sequence ¢, = % Applying Theorem 3.4, we construct a sequence of non trivial surfaces ¥
with multiplicity one, which are smooth and almost embedded outside of a point py € M,
with constant anisotropic mean curvature ¢y, such that F(3;) < 2(m,, () + cxH?*(M)).
In particular, by (2.2) and Remark 3.2, sup, H?(X;) < oo. Moreover one of the following
properties hold:

(i) there exists R > 0 such that up to subsequences Ry, > R for every k;
(iii) ¥ is smooth stable in Bpg,, (z) for every xz € M,
(iv) Xy is stable in M \ {px}.

In case (i), by Theorem 2.9(ii), we deduce that {3z} converges locally smoothly (with
multiplicity) to some smooth, embedded and stable surface in every Bgr(z). By the arbitrarity
of x € M, we conclude the proof.

In case (ii), for every k there exists y, € M such that ¥y is stable in M \ Bisg,, (yx). By
compactness of M, up to pass to a non-relabeled subsequence, y, — p € M. In particular,
since Ry, — 0, for every compact set K C M \ {p}, there exists N € N such that for every
k > N then Y is smooth, ¢g-stable and almost embedded in K. By Theorem 2.9(ii), we
deduce that {3z} converges locally smoothly (with multiplicity) to some smooth, embedded
and stable surface in int(K'). By the arbitrarity of K, we conclude the proof.

In case (iii), we can argue as in case (i).

In case (iv), by compactness of M, up to pass to a non-relabeled subsequence, pr — p € M.
In particular, for every compact set K C M \ {p}, there exists N € N such that for every
k > N then ¥ is smooth, c¢x-stable and almost embedded in K. By Theorem 2.9(ii), we
deduce that {3z} converges locally smoothly (with multiplicity) to some smooth, embedded
and stable surface in int(K'). By the arbitrarity of K, we conclude the proof. 0J

4. PROOF OF THEOREM 3.4

This section is devoted to the proof of Theorem 3.4.

4.1. Pull-tight. We aim to show the existence of a minimizing sequence {{{2;}*} such that
the boundaries of any corresponding min—max sequence converge to a varifold with anisotropic
first variation bounded by c¢. Nowadays, it is a well known construction for the isotropic case
and it is referred to as pull-tight [10, Section 4], [33, Section 4.3]. We adapt the pull-tight in
[10, 33] to the anisotropic setting for the sake of exposition. In order to state it, we need
further terminology.

We denote

Vi={VeV(M): [|[V|(M)<2Xm.(ZL) + cH*(M))} .
We set
Ve ={VeV:|pV(X) < c/ | X|d||V]| for all X € X(M))},

to be the set of varifolds with anisotropic mean curvature bounded by c. V< is clearly closed
by lower semicontinuity of the anisotropic first variation with respect to varifold convergence.
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Proposition 4.1. Let £ be a homotopically closed family of sweepouts. There exists
a minimizing sequence {{4}*} C &£ such that, if {Q } is a min-mazx sequence, then
d(9Qf ,Vs,) = 0.

Proof. Step 1: Mapping V to the space of vector fields. For every | € Z we define the annulus
V={Vey: 27" >dv,v)>27"2}

The sets V; are compact in the weak* topology by Banach-Alaoglu Theorem.
For every V' € V), there exists by definition a smooth vector field

Xy € X(M), s.t. (SFV(Xv) +C/ ’X| d”VH < 0.

If . € N\ {0}, up to multiply Xy by a suitable constant, we can also assume
1
Xl <1

By continuity of the functional Z — 6pZ(Xy) + ¢ [ |Xv|d||Z| with respect to the weak*
topology for varifolds, we get that for every V € V), there exists ey > 0 such that

1

By compactness of V;, we can cover it with a finite number N(I) of balls U, (V1) satisfying
property (4.1) (with vector fields X:). Moreover, for each ¢ = 1,.. .,N(l), we choose
¢} € Ce(Use (V) which is equal to 1 on U, ,(V}') and satisfies 0 < ¢} < 1.

We now define the following continuous function

MO GV Xy
H : VeV, — H,eX(M) where Hj = 2 #iV) v

SN LV

which by construction satisfies:
orV (HY) + c/ |H | d||V|| <0 for every V € V.
We also remark that if { € N'\ {0}, then ||H{,||c: < 7 for every V € V.
Next, for every [ € Z, we choose a function ¢! with the properties that 0 < ! < 1,
Yr=1on{VeV:27t>dV,V)>2"""},

and
Pr=0on{V eV 27 <q(V, V) or d(V, V<) < 27172}

On V \ V< we define the continuous function

ZZEZ ¢l(v>H€/
H:VeV\V, - Hye XM where Hy := ,
\ v € X(M) AR SWRTI 7

which by construction satisfies

SeV (Hy) + c/ Hy|dI|V]| < 0 for every V € V\ Ve
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Moreover, if d(V,V5) < 27 with I € N\ {0,1}, then ||Hy||ci-1 < 5. Hence, we can extend
the map V — Hy to V continuously in every C! norm by setting it equal to 0 on V<.

Step 2: Mapping V to the space of isotopies. For each V €V let ®y be the 1-parameter
family of diffeomorphisms generated by Hy, i.e.

0P
@y 1 [0, +00) x M — M where a—tV(t,x) = Hy(Dy(t,2)).

By continuity of the functional Z + dgZ(Hy) + ¢ [ |Hy|d||Z]|, for each V € V \ V<, there is
a positive time oy such that, for every s € [0, o]

Se(@y (s, NV )+ [ el @y (s, )V < 5 (00 )+ [ 1]V <o

By the continuity of the map Hy, the map

(5,V) = Sp((@y (s, )4 V) (Hy) + / Hy )| By (5, )4V

is also continuous. Thus we conclude the existence of a radius py such that, for every

s € [0,o0v] and W € Uy, (V)

Se (@ (s, )W) b [ 1wl (s, a1 < 3 (06 () + e [ L]l ) <o

Similarly to Step 1, we can construct a continuous function o : ¥V — [0, o] such that o(V) =0
for every V € V<, o(V) > 0 for every V € V' \ V<, and

max Op((Py (s, )xV)(Hy) + C/ |Hy | d||(®y(s,-)x V|| <0 for every V € V\ V. (4.2)

s€[0,0(V)]

We can redefine a (non relabeled) Hy by multiplying the old one by o(V'). The new function
Hy remains continuous and vanishes identically on V<, but (4.2) now reads

max op((Py (s, ))xV)(Hy) + c/ |Hy | d||(®y(s,-)£V] <0, YV e V\VS,. (4.3)

s€[0,1]

Step 3: Construction of an intermediate minimizing sequence. We choose a minimizing
sequence of families {{U;}*} C £ and consider the new families {{{2;}*} defined as

OF = Bope(1,Uf),  VEe[0,1],keN.

Notice that this is not our final minimizing sequence, because {{€,}*} is not necessarily an
element of &, since the map (¢, z) — ®ypx(1,2) is not known to be smooth in the parameter

t. Nevertheless, we prove that the sequence {{{);}*} satisfies the property claimed by the
proposition. By (4.3), we know that for every ¢ € [0,1] and k € N

1
F(OF) — FE(UF) < / e (Bopp (5, UF) (o) ds

1
< / (5F<<1>8Utk<s,avf>><ﬂaw> wo [ 1] d||<1>aUtk<s,an>||) ds < 0.
(4.4)



THE ANISOTROPIC MIN-MAX THEORY 13

Since {{U;}*} C & is a minimizing sequence, (4.4) implies that also {{;}*} is a minimizing
sequence. Notice that we are making a slight abuse of notation from now until the end of the
step, since {{Q;}*} is not necessarily a subset of .Z. We still call it minimizing sequence to
denote that limsup,_,., FS({Q}*) < m(L). We will use the same abuse of notation for a
min-max sequence {Q,’fk}, simply meaning that limy_, FC(ka) =m.(ZL).

We now want to show that every min-max sequence associated to {{€%,}*} clusters to V<.
The main idea of the proof is to show that the min-max sequences associated to {{,}*} are
generated through @ just by those min-max sequences of {{U;}*} clustering to V< . Indeed,
fix a general sequence {t;} such that limy_, FC(ka) =m.(Z). By (4.4), we deduce that
dU{ is a min-max sequence associated to {{U;}*}. In particular, up to extract a non relabeled
subsequence,

H2(OUL) < AF(0U}) < 2A(me(L) + cH* (M)).
This uniform bound implies that, up to possibly passing to a further subsequences, BUti
converges to some varifold V. In particular, by continuity of the maps ®, we deduce that

O = o (LUS) = Dy(1, )4V, in the sense of varifolds.
e
We claim that V' € Vg

¢, otherwise if V' € V\ V<, then we would compute the following
contradiction:

1
me(ZL) = lim F(QF ) = lim FE(UF) + lim [ Ope(Popr (s, UF))(Hopr ) ds
k—o0 k k—oc0 k k—oo Jg 2% k 122
1

< m.(£) + lim (5F<<%Ufk<s, D)#0UE)Haug) +¢ [ 1Houg | @, (s ->>#8U;;H) ds

k—oo 0

1 4.3

)+ [ (G5 V) + e [ 1l d@ris )1 ) ds < i 2),

Since V' € VS, then Hy = 0 and consequently the diffeomorphism ®y is just the identity.
We deduce that ka — ®y(1,-)xV =V € V. By the arbitrarity of the min-max sequence
{ka} we conclude the proof of this step.

Step 4: Construction of the final minimizing sequence. We now wish to construct the
final minimizing sequence {{Q;}*}, which still satisfies the property of the proposition and is
contained in .. To this aim we want to regularize each {{U;}*} in the parameter t.

For each k € N, let h¥ denote the one parameter family of vector fields H, puk- The map
(t,z) — h¥(z) is continuous. Moreover, for every fixed | € N

lim [[A£() — B cr = lim | e — Houler = 0.

Convolving hf with a standard convolution kernel in the parameter ¢, we can construct a
smooth map (¢, z) — hF(z) with the property that

max || (-) = e (-)ller < PR (4.5)
Consider now for each fixed k and ¢ the one-parameter family of diffeomorphisms Wk(s,-)
generated by h¥ and the one-parameter family of diffeomorphisms ®F(s,-) generated by h¥.
Recall that Qf = ®F(1,Uf). We define the corresponding family Q = W¥(1,U}). By the
smoothness of the map (¢, z) — h¥(z), we know that {{Q;}*} C .Z.
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We first observe that (4.5) and (4.4) imply that
lim sup max F¢(QF) = lim sup max F°(QF) < limsup max F(UF) < m.(Z).

k—roc0 t k—ro0 k—oc0
Consequently {{Q;}¥} C £ is a minimizing sequence.

Furthermore, given a min-max sequence {Qf } associated to {{{;}"}, that is limy_,. F¢(Qf ) =
me(Z), again by (4.5) we have limy,_, FC(ka) = m.(£). Therefore, by Step 3, limy_, o, d(f)@fk, Ve) =
0. Since, again by (4.5),

lim max d(09QF, 00F) =0,

k—oo t

we deduce that limy . d(0QF VS ) = 0, as desired. O

tk7

4.2. Almost minimality. The limiting varifolds of the min-max sequences obtained in
Subsection 4.1 are not necessarily regular. Hence, in order to prove Theorem 3.4 we introduce
the notion of almost minimizing varifolds, cf. [12, Definition 2.3].

Definition 4.2. Fix e > 0 and an open set U C M. An open set Q2 C M 1is called e-almost
minimizing (e-a.m.) in U if it does not exist any one parameter family of open sets {4 }repo ]
such that:

{0 }eepoyis a generalized smooth family and (so2) of Definition 2.11 hold; (4.6)
Qo=Q and U \U =Q\U forallt € [0,1]; (4.7)
Fe(€y) <F(Q) + 5 for all t € [0,1]; (4.8)
Fe() <F(Q) —e. (4.9)

A sequence {QF} of open sets is called almost minimizing (a.m.) in U if each QO is e-a.m.
in U, where g, possibly depends on U and €, — 0 as k — oo.

The analogous notion for the isotropic stationary setting was introduced by Pitts and then
rephrased by Colding-De Lellis (see Section 3.2 of [10]) and by De Lellis-Tasnady (see Section
2.2 of [10]). Using a combinatorial argument inspired by a general one of [6] reported in [33],
we prove the following existence result, following the isotropic counterpart in [12, Proposition
2.4].

Proposition 4.3. Let £ be a homotopically closed family of sweepouts. There is a min-maz
sequence QF = ka and a function v : M — (0, 00| such that for every An € AN,y (x) with
x € M, there exists a (non relabeled) subsequence {QF} that is a.m. in An and such that OQF
converges to a varifold V- € V<., as k — oo. Moreover the function r(x) satisfies one of the
following properties:

(a) there exists Inj(M)/18 > R > 0 such that r(x) = R for every x € M and there exists

y € M such that {QF} is a.m. in M\ Bigr(y).
(b) r(x) = Inj(M)/18 for every x € M.
(c) there exists p € M such that r(x) = d(x,p) for x # p and r(p) = oc.

The proof of Proposition 4.3 will build on the following result.

Lemma 4.4. Given two open sets U CC U C M and a sweepout {Q:i}icp,)- Consider an
>0, tg € [0,1] and a one parameter family of open sets {Qs}scp) satisfying (4.6), (4.7),
(4.8) and (4.9), with Qo = Qy,. Then there exists n > 0 such that for every a,«, 5,b with
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to—n<a<a<fB<b<ty+n, the following holds: There exists a sweepout {Q}}ico]
homotopic to {Q:}icpo,1) and satisfying:

(a) Q, = @, for everyt € [0,a] U [b,1] and Q; \ U = Q,\ U for every t € (a,b);
(b) FY(Q}) < F(Qy) + 5 for every t € [0,1];
() F(Q) < F*(Qu) — 5 for every t € (a, 5.

Proposition 4.3 can be proved gathering Lemma 4.4 with a combinatorial argument due to
Almgren-Pitts. This statement is slightly stronger than the corresponding propositions for the
isotropic case in [10, Section 5] and [12, Section 3]. We will need this stronger version to prove
the regularity of the surface we construct away from a single point. The difficulty appears in
Section 4.6: in the anisotropic setting we are not able to remove the center singularities in
the punctured balls, and in principle we may have a finite number of singularities. But with
the strengthened Proposition 4.3, we will be able to cover M with balls such that the surface
is regular in all the punctured balls and moreover each center, but p, is contained in another
ball.

In order to prove Proposition 4.3, we need some further notation. Below we recall [12,
Definition 3.2]:

Definition 4.5. Let A, B C M be two open sets. We say that Q € C(M) is e-a.m. in (A, B)
if it is e-a.m. in at least one of the two open sets. A sequence {QF} of open sets is called
almost minimizing (a.m.) in (A, B) if each QF is g,-a.m. in (A, B) for some sequence &j, — 0
(possibly depending on (A, B)). We denote by CO the set of pairs (A, B) of open sets with

d(A, B) > 4min{diam(A), diam(B)}.

The following proposition is Almgren—Pitts combinatorial Lemma: Proposition 4.3 follows
as a corollary of it.

Proposition 4.6. For every homotopically closed family of sweepouts £, there exists a
min-max sequence {Q"} = {Q,Z(ZL))} such that 0" —V € V<, in the sense of varifolds, and
{Q"} is a.m. in (A, B) for every (A, B) € CO.

Proof of Proposition /.3. We claim that the sequence {Q2"} given by Proposition 4.6 satisfies
the claim of Proposition 4.3. To this aim we fix R > 0 such that Inj(M) > 9R > 0. Then,

(Br(z), M \ Byg(z)) € CO for all x € M. In particular we deduce that {Q"} is a.m. in
(Br(x), M \ Bygr(x)). Hence for every R € (0,Inj(M)/9) one of the following cases holds:
(ag) {2"} is am. in Bg(z) for every z € M,
(br) there exists pr € M and a (not relabeled) subsequence {£2"} such that {Q"} is a.m.

in M \ BgR(pR).
Denote with R’ := sup{Inj(M)/18 > R > 0 : (ag) holds}. If Inj(M)/18 > R’ > 0, then

denoting R” := 2R we clearly have a sequence as in Proposition 4.3 (a) for which r(z) = R”

3
for every x € M and there exists y € M such that {Q"} is am. in M \ Bisgrr(y). If
Inj(M)/18 = R’, analogously (b) holds.

The last possibility is R’ = 0, that is (bg) holds for every R € (0,Inj(M)/18). Then there
exist a subsequence of {Q2"}, not relabeled, and a sequence of points {p;};jen C M such that

pj —p € M as j — oo and

for any fixed j, there exists a subsequence {Q2"} that is a.m. in M \ By,;(p;).
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If 2 € M\ {p}, for every r < d(z,p) then B,(x) CC M \ {p}. Therefore, for every
An € AN 4@ p)(x) there exists a (non relabeled) subsequence {Q2"} that is a.m. in An.
Moreover, for every An € AN (p), we have An CC M \ {p}, hence there exists a (non
relabeled) subsequence {Q"} that is am. in An. We deduce that {Q"} satisfies (c¢) of
Proposition 4.3, which completes the proof. [l

Proof of Proposition /.6. The proof of Proposition 4.6 is obtained repeating verbatim the
proof of [12, Proposition 3.4], with the only difference of replacing all the occurences of H™
and F in [12, Proposition 3.4] respectively with F¢ and F¢, and replacing the use of [12,
Lemma 3.1] with Lemma 4.4. O

Proof of Lemma /.4. Although the proof of Lemma 4.4 follows the same proof of [12, Lemma
3.1], the estimates need to be adapted to the functional F¢. Hence we sketch the argument
for the sake of readability, we refer to the proof of [12, Lemma 3.1] for more details.

We fix two open sets A, B such that U cC A cCc B cc U and 0@, N C' is a smooth
surface, where C' = B\ A. Moreover, we choose two functions ¢4 € C®(B), pp € C*(M\ A)
such that ¢4 + pp = 1. Next, we consider normal coordinates (z,0) € 9Q;, N C' x (=9, 9)
in a regular d-—neighborhood of C'N 0Qy,. As (), converges to ()y,, there exist 7 > 0 and an
open C" C C, such that the following holds for every t € (to — n,to + 1):

e 0Q); N C is the graph of a function ; over 0Qy, N C;
e QNC\C'=Q,NC\C;
e Q:NC ={(z0): 0 <u(z)}NnC"

We also define

Vs = Nt oal(l=s)n+sy) 7€ (to—nto+n),s€0,1].
Denoting with I'; 5 - the graph of ;5 -, there exists 7 small enough such that

maxF(Ty,,) < F(0Q:NC)+ % (4.10)

and
max cH*({(2,0) 1 0 < Y5-(2)} NC) < H (Q: N C) + 36—2 : (4.11)

Now, given tg —n < a < a < 8 < b < ty +n, we choose o’ € (a,a) and ' € (3,b) and
consider a smooth function ¢ : [a,b] — [0, 1] that is equal to 0 in a neighborhood of a and b
and has value 1 on [¢/, f']. Moreover we choose a smooth function 7 : [a, b] — [to — n, o + 7]
which is the identity in a neighborhood of a and b and equal to ¢y in [0/, f']. Finally, we
define the family of open sets {O,} satisfying O, = @, for t & [a, b], while for every ¢ € [a, b]
we impose:

Ot\EZQt\E, Oth:Q,y(t)ﬂA
Ot nc \ C, = Qto nc \ C/, Ot N Cl = {(Z,(T) o< %,zp(tm(t)(z)} N C,.
In particular {00, } is a sweepout homotopic to 0Q;. By (4.10) and (4.11), we estimate
F(O;NC) <maxF(Ty,,) + maxcH*({(2,0) : 0 < Y5-(2)} N C)
S, T S, T (4.12)

< F(Q,NC)+ 136 for ¢ € [a, b].
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We choose a smooth function x : [/, 5] — [0, 1] which is equal to 0 in a neighborhood of o/
and " and which is identically 1 on [a, §]. For t & [o/, 5] we set Q; = Oy, while for t € [/, ]
we set:
Q\A=0,\A4, QiNA=0Q,uNA

{Q.} is a sweepout homotopic to {O;} and hence to {Q;}. To verify properties (a), (b) and
(¢) of the lemma, we need to estimate F¢(Q}).

If t & [a,b], then @} = Q; and hence F°(Q;) = F°(Q;), which in turn implies the validity
of properties (a), (b).

We focus now on the more involved t € [a,b]. In this case, we have @, \ B = @Q; \ B and
Q;NC =0, NC. This shows the property (a) of the lemma. Moreover, we have

F(Q) —F(Q) < [F(O,NC)=F(QNC)+[F(Q;NA) —F(Q N A)

(4.12)

< S IF(QN A) - F(QuN A (113)

Now, we have to consider three subcases:
(Subcase 1) If t € [a, /] U[f, 0], then QN A=0,NA= Q1 NA. Since y(t),t € (to —n,to+1n),
choosing 77 small enough, we can assume
IF(Q, N A) — F(Q, N A)| < 1% for every 0,5 € (to —n,to + 7). (4.14)
Hence (4.13) implies that F°(Q;) < F¢(Qy) + 5.
(Subcase 2) If t € [/, o] U [f, 3], then Q; N A = Q) N A. Hence, by (4.13), we compute

F(Q) —F(Q) < o +[F(Qy N A4) — F(Q: N A)]

(4.14),(4.8)

HF(Q N A) —F(Q,NA)] <

(Subcase 3) If t € [a, (], then Q; N A = Q; N A. Hence, by (4.13), we compute
F(Q) —FY(Q) < 7=+ [F(NA)~F(Q,NA)

(19)(414) ¢

+[F(Q,, NA) —F(Q,NA)] < —3

The previous estimates imply properties (b) and (c¢) of the lemma. This concludes the

proof. O

=1 M

4.3. Replacements. We use the notion of replacements introduced by Pitts, but we also
require a density one condition, as in [39].

Definition 4.7. Let V € V° and U C M be an open set. We say that a varifold V' € VS, is
a replacement for V in U if V'L(M\U) = VL(M\U), 0(z, V') =1 for ||V'||-a.e. z €U,

and V' LU is a smooth c-stable surface.
We aim to show that almost minimizing varifolds posses replacements.

Proposition 4.8. Consider {¥}, V and r : M — (0,00] be as in Proposition 4.3. For every
z € M and An € AN ,(;)(z) there exist a varifold V, a min-maz sequence {€’} and a map
" M — (0, 00] satisfying the following properties:

o V is a replacement for V in An and Q7 — V in the varifolds topology;
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o {V} is a.m. in every An' € AN iy (y) for every y € M;
o '(x) = r(x),;
o litny oo (FE(06) — FE(9)) = 0.

Remark 4.9. Once we have applied Proposition 4.8 obtaining the replacement V, thanks
to the properties above we can apply Proposition 4.8 again to {7}, V, and ' in any

An/ EANr(x()UUy;A:cAN ()

4.4. Proof of Proposition 4.8. The proof of Proposition 4.8 follows the proof of [12,
Proposition 2.6], however it requires non-trivial adaptations. We fix An € AN, (,)(x), and
for every j, consider the class £(€7, An) of sets @ such that there is a family {{);} satisfying
Q =&, U =Q, (4.6), (4.7) and (4.8) for ¢ = 3, @ = & and U = An. We choose a
minimizing sequence {Q7*}; for F¢ in the class £(Q7, An) such that Q% converges to a
Caccioppoli set 7, Q% converges to a varifold V7 € V¢, and both V7 and a diagonal
sequence IQFE) converge to the same varifold V.
To prove Proposition 4.8 we need four intermediate lemmas:

Lemma 4.10. For every j € N and every y € An there exist a ball B,(y) C An and ko € N
for which the following statement holds:
For every k > ko and any open set Q) satisfying:
- 0Q) is smooth in the complement of a finite set,
- Q\ By(y) = F\ Bp(y);
- and F¢(Q) < F¢(Q9F),
then Q € E(Y, An).

Lemma 4.11. 907 N An is a smooth c-stable surface in An and OV An = V7L An.

Lemma 4.12. Assume that there exists y € 04 An and a ball B, (y) such that 0 N B,, (y)N
An = vy where 7y is a smooth simple curve. There exist a ball B,(y) C B,,(y) and ky € N for
which the following statement holds:

For every k > ko and any open set Q satisfying:

- 0Q) is smooth in the complement of a finite set,
- Q\ (By(y) \ An) = Y*\ (B,(y) \ An),
- and F(Q) < Fe(F),

then Q € E(V, An).

Lemma 4.13. Fiz y € 0, An and assume OV is a smooth embedded c-stable surface in a
ball B,,(y). Then there exists a ball B,(y) such that 9 N B,(y) N An is smooth up to the
boundary 0¥ N AL An N B,(y).

Assuming the validity of the intermediate lemmas 4.10, 4.11, 4.12, 4.13, we can conclude
the proof of Proposition 4.8 as follows:

By definition €/ coincides with Q7 outside An. Fix an annulus An/ = An(z,e,r(z)—€) DD
An. By the assumptions on {7}, then {7} is also a.m. in An/. As / is a.m. in every

open subset U C An/, by the arbitrarity of ¢ we deduce that 7 is a.m. in any annulus in
AN,y (). Moreover we have that M = An' U (M \ An).
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For every y € M\ An, y # x, we define r'(y) := min{r(y), d(y, An)}. If An” € AN, (y),
then Q7 N An” = O N An”, which in turn implies that {7} is a.m. in An”. If y € An, then
we define 7/(y) := min{r(y),d(y, 0An")}. If An” € AN, (y), then An” C An’ and, since
{7} is a.m. in An’, then {7} is a.m. in An”.

Now we prove that V is a replacement for V in An. Theorem 2.9 implies that V is a
c-stable surface in An. We need to show that V € V¢ . To this aim, we consider a partition
of unity {1y, 1,} for the covering {An/, M \ An} of M. Since V coincides with V in M \ An,
for every X € X (M) we compute

[BeVI(X)] < [[BeV](1X)| + [[5eV](¢2X)| = [6pV] /@/ledellVll
Hence, it is enough to prove that
10pV (X)] < c/ | X d||V]| for all X € X,(An/).
If the inequality above does not holds, then there exists X € X.(An’) such that
oV (X +c/|X|dHVH< —4C < 0.

We consider the isotopy ® generated by X through the ODE 2% ”) = X(®(x,t)). Denoting
V(t) = ot)uV  X(t) = d(t,00) Qj(t) = O(t, V),

there exists ¢ > 0 such that oV (£)(X) + ¢ [|X|d||V(t)|| < —2C for every t < e. Since
I (t) — V(¢) in the sense of varifolds, there exists N € N such that

SpX (1) (X) + c/ |X|d||¥7(t)]] < —C  for every j > N and t < ¢. (4.15)

Integrating (4.15) in ¢, we conclude that F¢(€(t)) < F¢(Q) — Ct for every t € [0,¢] and
j > N, which contradicts the a.m. property of Q7 in An’. This conclude the proof that V is
a replacement for V' in An.

Finally, observe that F¢(Q7) < F¢(Q9) by construction and lim inf, (F¢(Q7) — F¢(Q7)) > 0,
because otherwise we would contradict the a.m. property of {£} in An. We thus conclude
that:

lim (F¢(€Y) — FE(Q¥)) = 0.

n—0o0
4.5. Proof of the intermediate lemmas 4.10, 4.11, 4.12, 4.13.

Proof of Lemma /.10. The proof of Lemma 4.10 is analogous to the proof of [12, Lemma 4.1].
Hence we refer the reader to [12] for more detailed justifications of the proof.

Let us fix j € Nand y € An. Let p > 0 be such that By,(y) C An and consider an open
set () satisfying the properties in the statement of the Lemma. Given the local nature of
Lemma 4.10, by Remark 2.3 we will assume without loss of generality that the ambient space
is IR3.

As in the Step 1 of the proof of [12, Lemma 4.1], we can choose r € (p,2p) such that,
for every k, 0Q%F is regular in a neighborhood of dB,(y) and intersects it transversally.
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For each z € B,(y) we denote with [y, 2] the closed segment with end points y and z, and
(y,2) :=[y, 2] \ {y, z}. We define T as the following open cone

T = U (y,2).
2€0B,(y)NQ-k
We consider ¢ > 0 and a smooth function ¢ : [0,2p] — [0, 2p], such that: [¢(s) —s| < ¢
and 0 < ¢'(s) < 2 for every s; ¥(s) = s if |s — r| > ¢; and ¢ = r in a neighborhood of r.
We set U(t,s) := (1 —t)s + tp(s) and, for every A € [0,1] and every z € B,(y), we
define 7\(2) € [y, z] such that d(y,7\(z)) = Ad(y, z). For 1 < A, we define 7,(z) to be the
corresponding point on the segment that is the extension of [y, z]. We can finally define an
homotopy € between Q%F and ; as follows:
o O\ An(y,r —e, 7 +¢) = WP\ An(y,r —e,r +¢);
o O NIB(Y) = Topu(es) (¥ N OBy(rs) for every s € (r —e,r +¢).
Since 9QVF is regular in a neighborhood of 9B, (y) and intersects it transversally, we can
choose ¢ to have max; F¢(9€),) — F¢(0QF) as small as desired. Moreover ) coincides with T
in a neighborhood of 9B, (y). Since Q coincides with % on M \ B,(y), the same argument
can be applied to Q. We deduce that one can assume 7' = @ = Q% in a neighborhood of
0B, (y)-
We now consider the following family of open sets {€2; }+c(0,1):
e 0\ B,(y) = 04\ B,(y) for every &
o O, NAn(y, |1 —2tlr,r) =T N An(y, |1 — 2t|r,r) for every t;
e (N F(l,gt)r(y) = 71_2(W*F N B,(y)) for t € [0, %],
e O N F(gt_l)r(y) =T 1(Q N B,(y)) for t € [%, 1].
This is a generalized smooth family and it satisfies (so2) of Definition 2.11. It remains to
check that

max F(Q) < Fe(Q7F) + Vk > k. (4.16)

*

8j

We observe that for every r < 2p and v € [0, 1]:
F(OT N B,(y)) < XH*(0T N B,(y)) < MrHY (0" N OB, (y)) (4.17)

F((0(r (" N B, (y))] N By(y) < XHA([0(7, (X 0 B ()))] N Byr(y))

B A . (4.18)
< A0 N B,(y)) < NF(0Y" N B,(y))
F(0(r,(Q N Br)] N By () < AH(9(r5(Q N Br(1))] N Bye(w)) (419)
< AH*(0Q N B,(y)) < N’F(0Q N B, (y)) '
/ QPHI(an”f NOB,(y))dr < H2*(OVF N By,(y)) < AF(0Q% N By,y(y)). (4.20)

Since F¢(Q) < F¢(2*), we deduce from (4.19) that
F([0(m,(Q N B(y)))] N By(y)) < NF(0Q N By (y))
< N[F(O" N Byy(y)) + H*(Q N Bay(y)) — ¢H* (" N Bay(y))] (4.21)
< N[F(O9 1 Byyly)) + H (Bay(y))] < NF(OQ 1 Bay(y) + O,
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where C'is a (possibly changing) constant depending just on F' and c. Hence (4.17), (4.18)
and (4.21) imply that

max F(99) — F(0Q7F) < NPF(09F N By,(y)) + ArH (0* N OB, (y)) + Cp?.

Moreover, by (4.20) we can choose r € (p,2p) which satisfies:
2\

HIOVEN0B,(y) < ~ "R N Byy(y))

Hence, we conclude
max F(99;) < F(OQ%) + 2X2F (0927 N By, (y)) + Cp® . (4.22)
Furthermore, there exists kg such that
F(O" N Byy(y)) < 2F(VIL Buy(y)) < 2X|V|[(Baply))  for every k > ko (4.23)
By the non concentration Lemma 5.7,
IVI[(Bay(y)) < CIVI (M )adoB20/e). (4.24)

We recall that o € (0, 1) is the constant of Lemma 5.7 and it depends just on F'. To conclude,
we observe that

H3 (0P — mtin cH(00) < ¢H? (Ba,(y)) < Cp°. (4.25)
Combining (4.22), (4.23), (4.24) and (4.25), we deduce that
max Fe(0Q,) < FOF) + C||VI||(M)atospo/e) 1 Cp3 . (4.26)

As a € (0,1), choosing p < py small enough, by (4.26) we conclude (4.16), as desired. [

Proof of Lemma 4.11. Fix j € Nand y € An and let B,(y) C An be the ball given by Lemma
4.10. Repeating verbatim the proof of [12, Lemma 4.2], and replacing the use of [12, Lemma
4.1] with Lemma 4.10, one can prove that that Q7 minimizes F in the class P (€, B,2(y))
of the finite perimeter sets equal to 7 outside of B2 (y)-

Now, we want to show that Q7L An = V7L An. First we prove that

lim F(0F) = F (o). (4.27)
— 00
Indeed, if this is not the case, then we would have

F (' N B,j(y)) < limsup F(Q* N B, (y))
k—o0

for some y € An and some p to which we can apply the conclusion Lemma 4.10. We can
then use 7 in place of @ in the argument of the previous step to contradict, once again,
the minimality of the sequence {Q7*},. We apply [27, Theorem 1, Section 3.4] to (4.27) to
deduce that
Jim H2(OF) = H2 (). (4.28)
Applying [12, Proposition A.1] to (4.28), we deduce that O L An = VI L An.
To conclude, we prove the c-stability of the surface 97, Assume by contradiction that
there exists a smooth volume preserving vector field X compactly supported in An such



22 G. DE PHILIPPIS AND A. DE ROSA

that 02.Q7(X, X) = —C < 0. There exists a map ¢ : t € R — ¢, € C*°(An, An) solving the
following ODE:

220 = X(pi(x)) Vo e M,
wo(r) =2 Vo € M.
We set - B ‘ .
Qf = (2)(¥),  and Q"= (@)(VF).
Using the information on the first and second variation, we get that
Fe(QV) < Fe(Y) — Ce%. (4.29)
We can easily define an homotopy ¢(¢, 2) = ¢ (z) for every (¢,z) € [0,1]x An and ¢(¢,z) = =
for every (t,z) € [0,1] x (M \ An), so that € := 1 (1,€7). This contradicts the minimality
of the sequence QF in £(Q, An). O

Proof of Lemma 4.12. The proof is very similar to the one of Lemma 4.10. It is achieved
by exhibiting a suitable homotopy between % and Q. For simplicity, we will assume the
ambient space is R?, without loss of generality (as this is a local result). Up to translation
and rotation, we can assume y = 0, that the tangent space to dyAn in 0 is (e, e2), that
/|7 = e1, and An C {(z,e3) > 0}. Up to consider p small enough, for every a € [—p, p]
there exists a unique y, € v N {x; = a}. The key idea is:
- First deform Q* to the set  which is the union of Q% \ (B,(y) \ An) and the
family of 1-dimensional cones {C, }ac[p,0 lying in {z; = a}, with vertices y, and base
QI N OB,(y) N An;
- Then deform  to Q in a similar way.
Using this scheme, the proof becomes an immediate modification of the proof of Lemma 4.10
and we will omit it. d

Proof of Lemma 4.13. We observe that 9€V satisfies the assumptions of Lemma 4.12 in B,, (y).
Let B,(y) be the ball given by Lemma 4.12. We claim that () minimizes F¢ in the class
P($Y, B,2(y) N An) of the finite perimeter sets equal to €/ outside of B,s(y) N An. If this
was true, by Theorem 6.1 in Appendix 6, we would deduce that 97 N B, 2(y) N An is smooth

up to the boundary 09 N A, AnN B, (y).
Let us prove the claim. Assume, by contradiction, that @ is a Caccioppoli set with

Q\ (By2(y) N An) = Q7 \ (Byy2(y) N An) and

F(Q) < F(V) —2n. (4.30)
Then there exists § > 0 such that, denoting with An; := (1 —t)An,
F(Q N B,ja(y) N Any) < F(Q N B,ja(y) N Ang) — 1, vt € (0,9). (4.31)

Since the convergence 1q;x — 1g; is strong in L', there exist 7 € (p/2, p) and § € (0,9) such
that (up to subsequences)

Jim [[16) = Loz @5 (oo, any = 0. (4.32)
FO(CY N B, (y) N Ang) < liin inf F(Q% N B.(y) N Ang), and Fe(QY) < lilgn inf Fe(Q7F) .
—00 —00
(4.33)
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We define 4 ‘
Q™ = (QN B (y) N Ang) U (" \ (B:(y) N Any)).
Hence, we deduce from (4.31), (4.32) and (4.33) that

lim sup[F<(Q7F) — F*(Q74)] < —n.
k—o00

We fix now k and a compactly supported kernel ¢, then we define g. := 1g;» * ¢. and the
level set =, := {g. > t} for some ¢ € (1,2). Then F*(Z.) — F(Q’*) as e — 0, see [11, 32].

As Z. does not coincide with Q% outside B,(y) \ An, we need to modify =.. Hence we
choose (a,b) C (1, p) and (a, 8) C (0,9) so that 9% := 9% N ((By(y) \ Ba(y)) U (Ang, \ Ang))
is smooth. We also consider a smooth tubular neighborhood 7" of %% and the associated
normal coordinates (§,0). As Q*F\ (B, (y) N Ans) = Q%% \ (B, (y) N An;), then there exists
e > 0 and a smooth function f. : £ — f.(€) such that 0Z.N((By(y)\ Ba(y))U(Ang\ Ang)) € T
and TNE, :={o < f.(§)}, and f. — 0 smoothly as ¢ — 0,

Arguing as in the proof of Lemma 4.4 one can modify QF to a set =/* satisfying:

e 0=7* is smooth in the complement of a finite set;

o N\ (B,(y) \ An) = Q7" \ (B,(y) \ An);

o lim sup, (F¢(Z9%) — Fe(QFF)) < —n < 0.
Lemma 4.12 implies that Q7% € £(7, An) for k sufficiently large, contradicting the minimality
of the sequence Q7. U

4.6. Regularity. In this section we use Proposition 4.8 to get the desired regularity:

Proposition 4.14. Let V' be as in Proposition 4.3 (and consequently as in Proposition /.8).
Then V' is induced by a non trivial surface X with multiplicity one, which is smooth, c-stable
and almost embedded outside of one point p € M.

We remark that Proposition 4.14 implies the validity of Theorem 3.4. In order to prove
Proposition 4.14, we will use some intermediate results that are of independent interest. Since
they are also valid in general dimension, we state and prove them in Section 5.

As a first step towards the proof of Proposition 4.14 we have the following:

Lemma 4.15. Let V € V°. If there exists a positive function r on M such that V has
a replacement in any annulus An € AN, (,)(x), then V is integral. Moreover, there exists
C >0, depending only on F and ¢, such that 0,(x,V') > C for any = € supp (||V]]).

Proof. Fix x € supp (||V]|). Given the local nature around x of this lemma, by Remark 2.3
we will assume without loss of generality that the ambient space is R3. Fix r < \/LZ’ where A

is the constant defined in [3, page 294, Section 1.4] and depends just on F, and 2r < \/c.
Replace V' with V’ in An(z,r,2r). We claim that ||V’|| cannot be identically 0 on An(z, 7, 2r).
Assume it was; since x € supp (||V’||), there would be a p < r such that V' “touches” 0B,
from the interior. More precisely, there would exist p and ¢ such that supp ||V’||N0B,(z) # 0
and supp ||V’|| N An(z, p, p+€) = 0. Moreover supp ||[V'L An(x, p, p+¢)]|| is a (2, c) subset of
An(z, p, p+ ¢€), as proved in [23, Lemma 4.5]. In particular, we deduce from [16, Proposition

2 (iii)] that HgB”(x) (p) < ¢ for every p € supp ||[V'|| N 0B,(x) # . On the other hand, since

p < 2r < \c, we deduce that HgBP @ % > ¢, which is the desired contradiction.
Thus V'L An(x,r,2r) is a non—empty smooth c-stable surface X. (4.34)
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We fix y € 0Bs,/2(x) N3, which exists because otherwise we could apply the same argument
as before to the c-stable surface ¥ in Bs,/o(x), contradicting the maximum principle. We
apply [3, page 305, Theorem, Equation (9)] with Z = An(x,r,2r) and M = X: the whole set
of assumption needed is in [3, page 294, Section 1.4] and are trivially satisfied. Since r < \/LZ’

we deduce that there exists C' > 0 depending just on F' and ¢, such that
H* (XN B,a(y) > C(r/2)>

In particular
IVI(Bo (@) L HASOBply) _ Clr/2? _ C
(2r)2 - (2r)2 - (2r)2 T 16
Passing to the liminf in r, by the arbitrarity of x, we deduce that there exists C' > 0,
depending only on F' and ¢ such that 0, (z, V) > C for any x € supp (||V||), as claimed. The
density lower bound, together with V' having bounded anisotropic first variation, implies that
V' is a rectifiable varifold, see [14, Theorem 1.2] and Remark 2.2.

We next prove that V' is integral. Fix x € supp (]|V]|) such that the tangent cone C is
unique and is a plane f7 with constant multiplicity §. We recall that this is true for ||V]|-a.e.
x, given that V' is rectifiable, cf. [36]. We need to prove that 6 is an integer value.

We observe that ép(C) = 0. Consider a sequence p, | 0 such that (7,,,)xV — C.
Replace V' by V! in An(z, p,/4,3p,/4) and set W), = (1, )« V.. After possibly passing to a
subsequence, we can assume that W/ — C’, where C’ satisfies again ég(C’) = 0. A trivial
consequences of the definition of replacements is that

C'=C=60rin 81/4 U An(O, 3/4, 1) (435)

Moreover, by definition of replacement and rescaling properties, W, are smooth, almost
embedded, (cp,)-stable surfaces in An(0,1/4,3/4). Hence, by Theorem 2.9(ii) we conclude
that W/ converge locally smoothly (with integer multiplicity) to some smooth embedded
stable surface ¥’ in An(0,1/4,3/4). Since 0x(C’) = 0, with the same argument used on V'
to get (4.34), we can show that

Cl(zl) N 883/4 cm. (436)
We claim that >’ C 7. Indeed, assume by contradiction the claim is false. Up to rotation, we
can assume 7™ = (e, e3). Moreover, without loss of generality we can assume X' N {(z, e3) >
0} # (0 (the case where ¥’ lies below 7 is analogous). There exists min{a > 0: X' N {(z, e3) =
a} # 0}. By the classical maximum principle (cf. for instance [35, Corollary 5.1]):
{{z,e3) = a} N An(0,1/4,3/4) € X' N An(0,1/4,3/4),

which contradicts (4.36). Recalling (4.35), this implies that supp (||C’||) C w. Since ég(C’) =
0, the Constancy Theorem [16, Proposition 5|, together with (4.35), implies that C’' = 0.
Since ¥’ has integer multiplicity in An(0,1/4,3/4), we conclude that 6 is integer. O

Proof of Proposition /.14. Fix x € M, and consider

2p = %min {Inj(M), Ae,r(z), et /\1_1_ 759 } : (4.37)

where 7(z) is as in Proposition 4.3. Consider a replacement V' for V' in An(z, p,2p), and let
Y’ be the c-stable surface given by V' in An(x, p,2p). Thanks to Lemma 5.1, we can choose
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t €]p,2p| such that
HO(S(X) N OB, (x)) < o0, and Y/ intersects 0By (z) transversally. (4.38)

Fixing s < p, we consider the replacement V" of V'’ in An(x,s,t), which in this annulus
coincides with a smooth c-stable surface ”. We remark that V' and V" are integral varifolds
by Lemma 4.15 and the properties of replacements.

Fix a point y € ' N OBy (x).

Step 1: We claim that there exists a sufficiently small radius r, so that
YN By(z) N B.(y) = X' N By(x) N B,(y).

Given the local nature of Step 1, by Remark 2.3 we will assume without loss of generality
that the ambient space is R3. There are just two cases: either y € R(X') or y € S(X').

Case 1: Fizy € R(X'). Since y € R(Y'), there exists a sufficiently small radius r, so
that ¥’ N B,(y) is a smooth deformation of a disk and v = X' N 9B(x) N B,(y) is a C**
embedded curve. We recall that, by construction of the replacement, > is the smooth limit
of a locally Fe-minimizing sequence {0} en in An(z, p,2p). This implies that, denoting
v = 082, N OBy(x) N By.(y), then v; are uniformly bounded in C?? and uniformly embedded,
namely

d,. (z,

inf inf M>0.

I ]
T,YE<y;

Moreover ¥ is obtained as a smooth limit in An(x, s,t) of a sequence {99 } jen. Furthermore,
since V" is c-stationary, with the same argument used to prove (4.34) or (4.36), we get (up
to take a smaller radius )

095 N OB, () N B, (y) = v,

as t < 2p < \/c, then HgBt > 2c. We apply Lemma 4.13 to {09 };en and deduce that 92}
is smooth up to the boundary v; in By(z) N B,(y). Recalling that 97 is a c-stable surface in
An(z, s,t), we deduce from Theorem 5.5 the following uniform boundary curvature estimates:
sup A% (p)| < C.
PEB: (y)NE”
d(p,v;)<r1
This implies that {09} ey converge to ¥ smoothly up to the boundary 7. Standard
regularity theory for Elliptic PDEs implies that

Y0 By(x) N Br(y) O X' N By(w) N Br(y). (4.39)

In particular V' N Bz (y) is c-stable.

Case 2: Fix y € S(E’) We observe that, by (4.38), there exists a sufficiently small
radius r, so that S(X') N B.(y) N 0B,(z) = {y}. Up to take a smaller r, we can assume
Y NIB(z) N B.(y) =~ =~ Uq~, where 7, v~ are C** embedded curves, which are
tangent each other in y and such that 9y* N B,(y) = 0. Moreover, since V" € V¢,
then 6pX"(X) = [, (X, v™") dH? + n(X), for every X € X.(B,(y)), where 7 is a finite
Radon measure supported on 7 satisfying 6pX'(X) = [, ¢(X, ™) dH? — n(X), for every
X € X.(B,(y)). Furthermore X" N 9dB;(x) N B,(y) = =, otherwise we would have ¥ touching
OBy (z) from the inside. This violates the maximum principle, since t < 2p < A/¢, which in
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turn reads HgBt > 2c¢. Since HgBt > 2¢, we deduce by Proposition 5.4 that, up to take a
smaller r,

2 E// m BTJ
sup A ) < 00. (4.40)
r'<r W(T/>2
Moreover, since y € S(X'), up to take a smaller r, we get that

HA(X' N B (y))

< 3. 4.41
r'<r T‘-(T/)Q N ( )
Combining (4.40) and (4.41), we deduce that
V'\(B,
V7B () < 00, which implies 6" (V" y) < oo.
r'<r 7T(7“/)2

We deduce that the family {(n,,)4V"} <, has uniformly bounded mass and consequently
TV (y,V") # 0. Up to rotation, denoting p = (p1,p2,p3) € Bi, we can assume that
T,(0Bi(z)) = e, that n,,(Bi(z)) C {p1 > 0} and that §/|¥] = es. Since y € S(¥'),
by (4.38) we deduce that for every C € TV (y, V"),

CL{p <0} =2T,X'L{p; <0}, where T,% # ef. (4.42)

Fix C € TV (y,V") and denote with {r,},, the sequence of radii such that W, := (9, )xV"”
converges to C. Moreover, for every a € (0, 1), by (4.39), we know that there exists N(a) € N
such that for every n > N it holds W,,L An(0, o, 1/cx) D 1y, (X) N An(0, o, 1/c) and W, is
a sequence of (cr,)-stable almost embedded smooth surfaces in An(0, o, 1/a). Since 7, | 0,
by Theorem 2.9(ii) W,, L An(0, a, 1/cx) converge smoothly (with integer multiplicity) to X,
where 3% is a stable smooth embedded surface. Since CL An(0, o, 1/a) = X%, by (4.42) we
deduce the following inequality in the sense of varifolds

CLAn(0, o, 1/c) > 2T, 5" An(0, o, 1/ ), Va € (0,1).
and consequently
CL{0} > 2T, %' L{0}*.
Since from (4.41) it holds #*(C,y) < oo, we deduce that
C > 2T,y (4.43)

Since both C and 27,%' are stationary, we deduce that C' := C —21,X" C {p; > 0} is
stationary, where again the difference is to be intended in the space of varifolds. With the
same argument used in the proof of Proposition 5.3 to obtain (5.5) and (5.6), we can prove
that C’ is contained in a wedge L := {|ps| < apy, p1 > 0} for some a > 0. We claim that
C’ =0, and consequently that C = 27,%'. Indeed if by contradiction C’ # 0, there exists
h = min{h > 0 : {p, = h} Nspt(C’) # 0}. By the maximum principle, we deduce that
{p1 = h} C spt(C’). But this cannot be true as {p; = h} is not entirely contained in the
wedge L. This is the desired contradiction.
In conclusion we have proved that

TV (y, V") = {2T,5'1. (4.44)

To conclude the proof of this case, we borrow some ideas from the Step 2 of the proof of
[10, Proposition 6.3]. Let ¢ : B,.(y) — By be a diffeomorphism such that

gly) =0,  g(0By(x)) C{p1 =0} and  g(X") C {p1 > 0},
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where we denoted p = (p1, p2, p3) € Bi. We will also assume that g() = {(0, p2,v"(0,p2))} U

{(0,p2,v7(0,p2))} and g(X' N B, (y)) = {(p1, p2,v" (p1,p2))} U {(p1, 2, v (p1,p2)) } where v
are smooth, tangent in 0 and Lvt = —Lv~ = ¢. Moreover, by (4.39), for every a > 0 it holds

g(X' N An(y, o, 7)) N {p1 > 0} = g(X" N An(y, o, 7)). (4.45)

In the following, with an abuse of notation, we identify X, >/, ¥ V. V' V" respectively with
9(2),9(3), g(X"), gV, g4 V", g4 V"
The equality (4.44) implies that

[p, )l =0, where 7 denotes the unit normal to the graph of v*.  (4.46)

p—0pex” ||

Indeed assume that (4.46) fails; then there is a sequence {p,} C X" such that p, — 0 and
|{pn, T)| > a|py| for some a > 0. Set r, = |p,|. There exists a constant 3 € (0, 1) such that
Bagr, (pn) N T, = 0. Thus d(T,%', B, (pn)) > Brn. By (4.45), p, € ¥' N An(0, fry,, 1) =
V"L An(0, Br,,1). Since ¥’ is c-stable in By, also V" is c-stable in An(0, 8r,,1). Hence
we apply [3, page 305, Theorem, Equation (9)] with Z = B; and M = ¥': the whole set
of assumptions needed is in [3, page 294, Section 1.4] and are trivially satisfied. Since
Bss,, (pn) C An(0, Bry, 1), we have the lower density estimate

IV (Bsr, (pn)) = H*(E' 0 Bey, (pn)) = C By

This contradicts the fact that 273, is the only element of TV (y, V).

We now consider the unit normal vector field v to X" such that (v, (0,0,1)) > 0. We claim
that

p_}}){%zﬁ v(z) = 7. (4.47)

Indeed let o be the plane {(0, p2, p3), p2, ps € R}, assume that p,, — 0 and set 7, := d(pn, 0),
and X" :=n,, .. (3" N B, (pn)). Each ¥ is a (cr,)-stable surface in By with ¢r,, | 0, and
hence by Theorem 2.9(ii), after possibly passing to a subsequence, ¥" converges smoothly
(with integer multiplicity) in By /s to a stable surface 3°°. Since by (4.46) ¥°° = T,>' N By 2,
then v(p,) converges to 7 as desired.

We deduce that there exists r > 0 and functions w,w™ € C'({p; > 0}) satisfying

Z”mBr(y) = {(p17p27w+(p17p2>)7p1 > O} U {(plap27w_(pl7p2))7pl > 0}7

and the boundary conditions v*(0,py) = wt(0,p2), v (0,p2) = w (0,p2), Vot (0,p2) =
Vwt(0,ps), and Vo= (0, py) = Vw™ (0, p2). In the variables py, ps, p3, the functions v* and
w? satisfy the same second order uniformly elliptic equation. Hence, by standard elliptic

PDEs theory we deduce that v* and w* are restrictions of two unique smooth functions u*.

Step 2:  We claim that V' is almost embedded c-stable surface in Bao,(x) \ {x}. The strategy
to prove the claim is similar to the one used in Step 3 of the proof of [10, Proposition 6.3].
However several arguments need to be changed. Given the local nature of this claim, by
Remark 2.3 we will assume without loss of generality that the ambient space is R®. We first
observe that:

YN SNOBi(x) # 0, for every connected component S of . (4.48)
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Indeed assume there exists S which does not satisfy (4.48). Since ¢t < 2p < A/c and
consequently HgBﬁ > 2¢, the maximum principle implies that S N dB;(z) # 0. Fix y in
SNIBy(x). As S does not satisfy (4.48), there exists s > 0 such that

y € supp ([V)N0Bi(x)  and  (supp ([[V"[) N Bs(y)) C Bi(x).

Since V"L By(y) has bounded anisotropic first variation in By(y) and ||0g (V"L Bs(y))||sing = 0
as a varifold in the domain B;(y), we can apply [23, Lemma 4.5] with Q = B,(y) to conclude
that supp (||[V"L Bs(y)]|) is a (2, ¢) subset of Bs(y). In particular, applying [16, Proposition
2 (iii)] with Q@ = B,(y) and N = B(z) N Bs(y), we deduce that H;?Bt(””) (y) < ¢ (one can
verify that the proof of [16, Proposition 2 (iii)] works with the weaker assumption that N
has smooth boundary just around the point y). This contradicts the fact that HgB‘ > 2c.

We observe that (4.48) implies that for every r < p, then ¥’ can be extended to a surface
I, in An(z,r,2p) and for every ry < ry < p, then I',, = I';, in An(x,rs,2p). We can now
define our candidate 3 := J, T;, which is a c-stable surface with ¥\ ¥ C (8Ba,(z) U {z}).
To conclude Step 2, we need to prove that V' coincides with ¥ in B,(z) \ {z}. Recall
that V' = V' in B,(z). Given y € (supp (||V|])) N B,(x) \ {z} we define r = d(y,z). We
claim that if TV (y, V) = {fn}, with # > 0, and 7 is a plane transversal to 0B,(z), then
y € X. Denoting the second replacement V" of V' in An(z,r,t), it is enough to show that
y € cl((supp (|V"|) \ B,(z)), which in turn implies y € ¥, C ¥. Assume by contradiction
y & cl((supp (|[V”|])) \ B-(z)). In particular there exists a > 0 such that

((supp (V7)) \ By (2)) N Ba(y) = 0. (4.49)

n—oo

Up to rotation we can assume that n,1/,(B,(x)) — {p1 > 0}. Fix an element C €
TV (y,V"). Combining (4.49) with the fact that V"L B,.(z) = VL B,.(z), we deduce that
C = 0rL{p1 > 0}. Since dp(C) =0 and € > 0, we get a contradiction with the Constancy
Theorem [16, Proposition 5].

It is now enough to observe that by Lemma 5.6, the set of points y € B,(z) considered
above is dense in supp (||V]|). We deduce that

(supp (V1)) N By(x) \ {z} < %. (4.50)

By the last property in Proposition 4.8, we deduce that F(X N B,(z)) = F(V L B,(z)), which
by (4.50) and the integrality of V' implies that V' =¥ on B,(x) \ {z}.

Step 3: We deduce the global reqularity of V.

The function r(z) is characterized in Proposition 4.3. In particular we split the proof of
this step in three cases:

Case (a): there exists Inj(M)/18 > R > 0 such that r(xz) = R for every x € M and there
exists y € M such that {QF} is a.m. in M\ Bisgr(y).
By the definition of p in (4.37), if we denote

1 . !
3.:§m1n{)\/0vR’ )\(C+)\+4)\3)}’

we deduce that V' is smooth, almost embedded c-stable surface in By(x)\ {x}, for every z € M.
By compactness of M, we can extract from {B(x)}.enr a finite cover {Bg(x1), ..., Bs(xk)}
such that for every ¢ = 1,..., k there exists j # ¢ such that z; € Bs(x;) \ {z;}. This implies
that V' is smooth, almost embedded surface in the whole ambient space M. Using the
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logaritmic cutoff, one can easily verify that {z} has zero 2-capacity in a 2-dimensional smooth
surface. Then, by a simple capacity argument, V' is a c¢-stable surface in B;(z), for every
x € M. Moreover there exists y € M such that {QF} is a.m. in M \ Big,(y) and since 99QF
converges to V' € V¢, and V is smooth everywhere, then V is a c-stable surface in M \ Big,(y).
This can be shown using the same argument as at the end of Proof of Lemma 4.11. We
repeat the argument for the sake of exposition:

Assume by contradiction that there exists a smooth volume preserving vector field X
compactly supported in M \ Big(y) such that 02V (X) = —C < 0. There exists a map
p:tE€Rm @ € C®°(M \ Bigs(y), M \ Biss(y)) solving the following ODE:

258 = X(pi(z)) Vo e M,
vo(z) =2 Vo € M.

We set

QF = (00)(Q°).
Since X is a volume preserving vector field, ¢; has C®-norm bounded uniformly in ¢ € [0, 1],
SpV(X) =0, 62V (X) = —C < 0 and 99QF — V as varifolds, we get that there exists ¢ > 0
and k¢ € N such that

Fo() < FE(QF) — %tz Vit <e, Vk> ko

We can easily define an homotopy (¢, ) = ¢ (x) for every (t,z) € [0,1] x (M \ Biss(y))
and ¥(t, z) = x for every (t,x) € [0,1] X Biss(y). Then, denoting QF := (1, QF), it is easy
to see that {Qf},c0.1) satisfies all properties (4.6),(4.7),(4.8),(4.9) for k large enough. This
contradicts the almost minimality of the sequence {Q2*} in M \ Big,(y).

We observe that the radius 18s should be multiplied by a factor, by the definition of s.
However the factor is a geometric constant depending just on F' and M, hence we can omit
it without loss of generality.

Case (b): r(x) = Inj(M)/18 for every x € M. We denote

1 1
= = mi Inj(M)/1 .
° zmm{k/c’ nj(M)/ 8’A(c+/\+4/\3)}

With the same argument of Case (a), we can show that V' is a smooth, almost embedded
surface in the whole ambient space M and that V' is a c¢-stable surface in Bg(x), for every
xr e M.

Case (c): there exists p € M such that r(x) = d(z,p) for x # p and r(p) = co.

Again, by the definition of p in (4.37), if we denote

1. . 1 )
S(z) = len{InJ(M)J\/C,d(a?,p),m} 1fx7ép’
3 min{Inj(M), Me ifzx=p

2

’ )\(c+)\1+4/\3)}
we deduce that V' is smooth, almost embedded c-stable surface in By, (x) \ {z}, for every
x € M. By compactness of M, we can extract from {B;(2) }rem\B, ) ») Y {Bsp)(p)} a finite
cover { By, (1), ..., Bs,(wx), Bsp)(p)} such that for every ¢ = 1,...,k it holds z; # p and
there exists j # i such that x; € By, (x;) \ {z;}. This implies that V' is smooth, almost
embedded c-stable surface in M \ {p}. Notice that the stability is not a consequence of the
local stability (the second variation is not linear), but of the fact that r(p) = co. O
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5. TECHNICAL PROPOSITIONS

In this section, we prove some technical propositions of independent interest. Since they
are valid in every dimension, i.e. for hypersurfaces in (n + 1)-dimensional manifolds, just in
this section we will denote with n the dimension of the hypersurface and n + 1 will be the
dimension of the ambient manifold. We remark that the notation introduced in Section 2
easily extends to every dimension.

Lemma 5.1. Let M be an (n+ 1) dimensional C* manifold. Let > C M be a C? almost
embedded hypersurface in M with Hy = c. Then the touching set S(X) is H" -locally finite,
i.e., for every compact set K C M there exists C' > 0 such that

HHS(E)NK) < C.

Proof. Let x € S(X). There exists r(x) > 0 such that XN B, (x) decomposes as two distinct
graphs u; < ug over the common tangent plane T, (compare with the proof of Theorem 2.9).
We define u := u; — ug and, since Lu; = —Lus = ¢, then Lu = 2¢. Moreover, by standard
regularity for elliptic PDEs, up to shrink r(z), we have that u, uy, u; € C?. We further observe
that S(X) N By(g)(x) C {u =0, Du = 0}. Since at every p € {u =0, Du = 0} N By(y)(z) the
equation Lu(p) = 2¢ > 0 has just the second order terms, we deduce that D*u(z) # 0. In
particular, there exists v € T,,% such that 9,(Du)(z) # 0. By the implicit function theorem,
we deduce that there exists r'(z) < r(x), an (n — 1)-plane V and f € CY(V,V+ NT,%) such
that, denoting with G the graph of f over V, it holds:

{Du =0} N Bry(x) = Gy N By (2).
Since f € C*, there exists C, > 0 such that
H"H(S(2) N By (x)) < H" ™ ({u=0,Du = 0} N Bry(2))
< W ({Du = 0} 1 By ()
= 1 (G 1 By () < ol ()"

Since §(X) is a closed set in X, then for every compact set K C M the set KNS(X) is compact.
We can extract a finite covering of K N S(X) from the family {B, ) () }zexns) of balls
By,...By of radii rq,...,r, centered in points xy,...zg. Setting C' := max{C,,,...,Cy,},
we deduce that

k k
HHKENS(E) <Y HH(S(E)NB) <Y Ol = C.

This concludes the proof. [l

Remark 5.2. Given the local nature of Proposition 5.3, Proposition 5.4, Theorem 5.5, Lemma
5.6, Lemma 5.7 and Lemma 6.2, by Remark 2.3 we can replace R"*! with a C® (n + 1)-
dimensional manifold M.

Proposition 5.3. Let Q C R such that 0Q N Byg is C° and satisfies HY} > 2c in Byp.
Let T be a C** embedded (n — 1)-submanifolds in 9Q N Bap with OT N Bag = 0. Let X be a
C? almost embedded manifold in Q0 such that

Sp(X) :/C<X, V=) dH? + n(X), VX € X.(Bg), (5.1)
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where 1 is a finite Radon measure supported on I'. Then there exists a constant C' and a
radius ro > 0 depending only on F,$Q,T" such that

HM (XN B,
sup ( (z)) < (C < .
xGl—%ﬁBR Wy r™

r<ro

Proof. The proof is identical to the proof of [16, Proposition 6]. Indeed the statement of
Proposition 5.3 differs from the one of [16, Proposition 6] just in the assumption (5.1), which
is different from the corresponding one in [16], i.e. 0¥ = 0 and 0X. N B =I'. However one
can easily verify by the maximum principle that (5.1) is enough for the proof. 0

Proposition 5.4. Let Q C R such that 00 N Bag is C* and satisfies HY > 2c in Byp.
Let T =TT UT™, where TT, T~ are C** embedded (n — 1)-submanifolds in 0L N Bag, which
are tangent each other in x € TY NI~ and such that OTF N Bag = 0. Furthermore, let ¥ be a
C? almost embedded manifold in Q such that

Sp2(X) :/C<X, VY dH? +n(X), VX € X.(Bg), (5.2)

where 1 is a finite Radon measure supported on I'. Then there exists a constant C' and a
radius ro > 0 depending only on F,$, x, 1" such that

ap H B0 Bi(2))

r<ro Wy T"

< C < 0. (5.3)

Proof. The proof is analogous to the proof of [16, Proposition 6]. Indeed the statement of
Proposition 5.4 differs from the one of [16, Proposition 6] in two assumptions. The first
difference is (5.2), which is weaker than the corresponding assumption in [16] 03X N Bgr =1T.
However one can verify that (5.2) is enough for the proof. The second difference is that here
I" is the union of two touching curves I't, '~ while in [16] T is a single curve. However, one
can slightly modify the proof of [16, Proposition 6] as follows.

Assume the conclusion (5.3) does not hold, then there exists a sequence Xy, 1y satisfying

0<m < 1 and A (2 0 B, (0))

k.
k Ty o

Let us denote y*,~~ the projection of respectively I'",T'~ onto {z,,1 = 0}. Up to subse-
quences, and performing if necessary a rotation of Byg, the normals 7 (0) and 2~ (0) of
respectively 4+ and v~ in the plane {z,,1; = 0} at 0 satisfy

1 (0) = e, and v (0) = —e, (5.4)

We can choose rg > 0 such that for all £k € N we have

< mi { 1 1 1}

ro < min , — =7,
AT [l " IIA7 I 2

where A7 is the second fundamental form of 7%, Defining

B* := B} (rogp™(0)) C {241 = 0},
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our choice of ry implies that BEN (4T U~~) = {0}. For each 0 < s < §, using [16, Assumption
1] and the notation therein (in particular the definition of ®), we can consider the unique
solutions uf € C?%(B*) of the following problems

Luf =s in B*
uf =® on OB*.

s

From the Hopf-maximum principle, it follows that if s > hy,q, then uf < ® and if s < hyin
then uf > ®. We observe that the graphs of uF never touch ¥y in the interior of B x R when
5> %hmm. Indeed, if s > h,,q, this easily follows by ¥ C 2. Hence we can assume without
loss of generality that there exists a first (the biggest) %hmm < 8 < hypae Where the graph
ul touches ¥y at a point ¢ = (y,uS (y)). Then X is the graph of a map f; over the plane
{zn11 = 0} in a neighborhood of y. Since ¥ is c-stationary, we have L(fy) = ¢ < %hmin < s,
which contradicts the maximum principle, as u < f. One can argue analogously for u; .

We now set u® = ufh . Hopf boundary point lemma allows us to compare ® with u* at
2

min

0. We deduce that there exists ¢y > 0 depending only on F' and 0f2 such that
+ —
min éhf (0) B (9fI>(O) 7 aqf (0) B ﬁfb(O) = e
ovt(0)  Jv+(0) 9r—(0)  9dv—(0)
Now we consider the blow-up sequences
1

1 1
Shim Sk Q=@ TE=-TE D=THUT;,  9f =%
k Tk Tk Tk

(5.5)

u® (rpx) — O(rpw) ‘

1
df :x € —B* —
Tk Tk

Using (5.4), (5.5), since %Bi — R*"N{+x, >0}, and di =0 on (‘9(%Bi), we conclude that
Y = {zar1 205 g = {z, =0k

df(x) — a*z, for every x € R" N {&x, > 0} for some a®, —a~ > cy. (5.6)

One can now conclude the proof analogously as in [16, Proposition 6].
O

Theorem 5.5. Let Q C R? s.t. 9Q N Byg is C° and satisfies HZXY > 2c in Bop. Let T be a
C%* embedded curve in O N Bop with OT' N Byr = 0. Furthermore let ¥ be a c-stable, C?
reqular surface in Q such that 0¥ N Br = I'. Then there exists a constant C' > 0 and a radius
r1 > 0 depending only on F,Q, T such that
sup r1|A(p)| < C.
pEB RrNA
d(p,F§<r1

Moreover the constants C' and 1 are uniform as long as ), I' and F vary in compact classes.

Proof. The proof can be repeated verbatim as the proof of [16, Theorem 4.1]. We highlight
here only the differences. By Remark 2.6, the c-stable surface X satisfies [16, Equation
(41)]. We conclude observing that the proof [16, Lemma 4.3] applies also to c-stable surfaces,
provided [16, Equation (41)] holds and replacing [16, Proposition 6] with Proposition 5.3. [
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Lemma 5.6. Consider a point x € R™ an integral n-varifold V€ V<, in R"™' and the set
Q = {y esuwp ([V])): TV(y,V) = {0},
with 6 > 0, and 7 is a plane transversal to OBy ()} .
If p < m, then @ is dense in (supp (||V]])) N B,(x).

Proof. Being V integral, we have V = 0H" L K ® o,k for some n-rectifiable set K and some
Borel function 6 : K — N. Assume by contradiction that the lemma is false. In particular,
there exists y € B,(x) Nsupp (||V]|) and ¢ > 0 such that T.K is tangent to 0Bq(. »)(x), for
any z € B,(y). We choose t so that B,(y) C B,(z). Let f be a smooth nonnegative function
in C2°(By(y)) with f =1 on Bys(y). We define the vector field

X(2) := f(2)D,G(2,0(2)), where i(z) := 9P (2).
We observe that, by (2.5),
f(z)

(X (2)] = WS (5.7)

We compute the following contradiction
5V (X) = / (D.G(z,v), X(2)) + (G(z,)Id — D,G(z,v) @ v) : DX(2)dV (z,v)
> —A/ X|d|V] + /th(y) 0(=)(G (2, 5(=))Id — DyG(z, (=) ® 5(2)) -
 (DF(2) ® D,G(=, 1(2)) + f(:) D2C(= #(2))Di(z) + F(2) D Gz, (=) dH™ (2)
> [ X+ [ o WGP D), DG, )+
— G, A DI (), DG, () + F()G(z, 5 H D (2) = F(2)02(m + ) ()

> O Nt 2) [ XV - 0(=)f ()G (2, 7(2))
KnBu(y) Ad(z, 2)

dH"(z)

> <Aip ~ (v N0+ 2))) / X|dIV]| > ¢ / X|d|V])

where in the first inequality we used (2.5), in the second inequality we used (2.4) and
Do (2)[p(2)] =0, (2.2) and (2.5), in the third inequality we used (5.7), Remark 2.4 and the
1

assumption p < N i) =

Lemma 5.7. There exists a € (0,1) and ro > 0 (depending just on F') such that, for every
n-varifold V€ V¢, and for every xo € R"™!

IVII(Br(z0)) < al[VI[(Bar(x0)),  Vr <ro.
Proof. By Remark 2.1, we recall that

5pV(X) = / (D.G(x, 1), X(2)) + (Gla,1)Id — DGz, v) @ v) : DX (2)dV (x, V).
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Up to translation, we can assume g = 0. Since V € VS, we have

‘/(DZG(SC, v),X(z)) + (G(z,v)Id — D,G(z,v)®@v) : DX (x)dV (z,v)

<c [1xX]dIv].

(5.8)
We consider X (z) := ¢(|z|)x, where ¢ : R — [0, 00) satisfies ¢(s) = 1 if s <r, ¢(s) = 0 if
s = 2r and ¢(s) < 2/r if s € (r,2r). It follows that DX(z) = ¢(|z[)Id + ¢/(|z|)*F. Then
(5.8) reads

’/nGcb(livl) — (DG, v)p(|x]) — (v, 2/ |z|[(D, G, 2)¢'(|z]) + Gla|¢'(|z])dV (z, v)

<(c+ N / ol ] IV,

which, using the one-homogeneity of G reads

n—1

o [ dllahava.v)

y

By (2.6), we deduce that

(v, %)(DVG($, V), |%|> + G(z,v)| ¢ (|2])|z]dV (z,v) + 2r(c + N)|[V]|(Bar).

VB < [ (Clr) + Gl N (aDlelaV ,v) + 20+ VIVI(B2),
or equivalently
IVI(B,) < 22 VI (An(r, 20)) + 2r(e + NIV (Ba).

Denoting K := 2%21 and adding on both side K||V||(B,), we deduce that

< K +2r(c+ \)

B
IVIE) < =

IVII(Bar)-

Choosing r < 79 := —— and a :=

sy we conclude the claim. O

K+1
K+1°
6. APPENDIX: A BOUNDARY REGULARITY THEOREM

Theorem 6.1. Fiz y € 0, An and assume that the finite perimeter set 2 minimizes F¢ in
the class P(S2, B,(y) N An) of the finite perimeter sets equal to 2 outside of B,(y) N An.
Moreover assume that 02N B,(y) \ An is smooth embedded and 02N B,(y) NO;An is a smooth
embedded curve y. Then there exists a smaller ball B,(y) C B,(y) such that 02N B,(y) N An
is smooth up to the boundary 022 N Oy An N By (y).

Proof. Thanks to [26, Theorem 0.1], it is enough to prove that the lower density 6,(9Q2 N
An,y) < % To this aim, it is enough to show the existence of a blowup C € TV (y, 9 N An)
which is half a plane. This is the content of Lemma 6.2. 0
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In the following, given 2 € C(R3) and z € R3, we denote with TV (z,Q) the set of all the
subsequential limits, as r — 0, of n, () € C(R?).

To prove the following Lemma 6.2, we closely follow the strategy of [17, Lemma 5.4], which
is the analogous of [28, Lemma 4.5].

Lemma 6.2. Under the assumptions of Theorem 6.1, denoting H := {x1 > 0}, there exists
v € S? := {|w| = 1} such that up to rotations

Hn{(v,z) <0} € TV(y, Q2N An). (6.1)
Proof. We denote G = G N H for every G C R?. Up to a translation and a rotation, we

assume y = 0 and ey = /||, hence arguing as in the proof of Proposition 5.3, compare also
with [17, Lemma 5.3], we deduce the existence of L = L(F), c) such that

b Lzes)l

<L, VEcTV(yQ). 6.2
©op)+ (T,e1) ~ v, 2) 6.2)
Moreover
OENOH = {0} x R x {0}, VE € TV (y,9). (6.3)
We define £ : TV (y,Q) — [—L, L] as
. <x7 63)
FE) = inf EeT Q).
{E) = o) VE € TV(y,Q)

One can easily check that ¢ is upper semicontinuous on T'V (y, Q) with respect to the L (R?)

loc

convergence. Indeed, if By, E € TV (y,Q) and Ej, — E in L} _(H), then, for every z € HNOE

loc

there exist x;, € H N0Ey, h € N, such that z;, — x as h — co. Hence,

@1e8) _ iy ) s iy cup (B

<377 €1> h—o0 (fh, €1> h—00

as claimed. Since TV (y, ) is compact in L, (R?), we deduce the existence of E; € TV (y,Q)
such that

(B Z&(E),  VEeTV(y,Q). (6.4)
Let us fix o € (—7/2,7/2) so that tana = {(E;) and set
v =cosaes —sinae; €S?, le{er:<x,u1>20}.
We now prove that
(OH,)" C (OE))™. (6.5)
Indeed, by definition of £, it holds
(8E1)+ C H,. (66)

Moreover, denoting with w : {z € R? : z; > 0} — [—00, +00) the function satisfying
w(z):inf{teR:(z,t)EaEl}, Vee{z€R?: 2 >0},
we deduce from (6.3), (6.6), and the lower semicontinuity of w that
{x €H:z3< w(xl,xg)} C By, (6.7)
w(xy, xe) > E(EY) 11, V(zy,79) € {z €R*: 2, > 0}. (6.8)
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If (6.5) fails, then there exists T € (0F;)" such that
w(T1, T2) > (L) Ty - (6.9)
By (6.8) and (6.9), if we set T = |(T1,T2)|, Z = (%1, T2) and Dy = B; NR? x {0}, then we can
find ¢ € CH(9(D;7)) such that
w(z) > @(2) > &(Ey) (z,e1), Vze d(D-NH) (6.10)
©(2) > E(BY) (Z,e1) . (6.11)

In particular, ¢ = 0 on D N JH. By part two of [17, Lemma 2.11}, there exists u €
CY(D;) N Lip (cl(D;)) such that, if we set G& (p) = Go(p, —1) for p € R, then

div(V,G# (Vu)) =0, in D,
U=, on 9(D;),
with
[Vu(0)] = [{Vu(0),e1)| > (). (6.12)
Since 2 minimizes F€ in the class P(2, B,(y) N An), then the blowup E; satisfies
F(E,cl(H)) < F(F,cl(H)), whenever E5AF C H, (6.13)

and in particular:
F(E, c(Df x R)) < F(F,cl(Df xR)), whenever EyAF C Df x R.
This, combined with (6.7) and (6.10), allows us to apply [17, Lemma 2.12] to infer that

{(z, t)ye DI xR:t < u(z)} C By N (D x R) up to zero H3-measure sets.  (6.14)

If we now pick a sequence {s,}nen such that s, — 0 as h — oo and 7y, (E1) — E in
Li . (R?), then, by (6.14) and u(0) = 0, we find that

{(z,t) < <Vu0(0),el)(z,el>} cE,

so that, thanks to (6.12), {(F) > (FE1). Since Ey € TV (0, Ey) C TV (y, ), this contradicts
(6.4), and completes the proof of (6.5). Since 92N B,(y) \ An is smooth, by (6.3), (6.5), and
(6.6), we conclude that there exists v € S? N (ey, e3) \ {&e1} which is an orthogonal vector to
T,(02N B,(y) \ An) such that

oW C 0E; and W CEy, where W= {(x,v) <0} N H;. (6.15)
The two properties above (6.15) imply that
HA(O(E, \ W) N oW) =0, (6.16)

compare with [30, Section 16.1] or with [17, Equation (2.7)]. We claim that this implies
that W = E; up to zero H3-measure sets. Indeed if this was not case, by (6.16) we would
deduce that F(OW) < F(JE;), which would contradict (6.13), as EYAF C H by (6.2). Hence
W e TV(y,Q), which implies the desired (6.1). O
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