


2 CAMERON and STRAIN

1 INTRODUCTION ANDMAIN RESULTS

The immersed boundary method, as formulated by Peskin in [31, 32], has become a useful and

effective method to computationally solve fluid-structure interaction (FSI) problems [33]. This

method has developed numerous applications in different fields of science [26, 34]. And the

scientific computing of FSI problems has remained an active area of research [5, 23, 33, 35, 40].

The Peskin problem, considered in this paper, describes the time evolution of an elastic sim-

ple closed string immersed in a 2D incompressible Stokes flow. The string exerts a singular force

which generates the flow, and then the configuration of the string evolves over time according

to the local fluid velocity. This model is probably among the simplest FSI problems and it has

been used extensively as a test problem in the development of numerical algorithms in addition

to being used in physical modeling. We assume that the string Γ(�) splitsℝ2 into two simply con-

nected domains Ω(�) (interior) and ℝ2∖Ω(�) (exterior). We shall consider the problem when the

viscosities, �� , in both fluids are equal, and we set them equal to one for simplicity �1 = �2 = 1.

Then there are several formulations of this problem, all of which are equivalent assumingwe have

a sufficiently smooth solution.

The first formulation is at the level of the fluid; for each fixed time � > 0, both the fluid velocity


 and pressure � solve the equations

⎧
⎪⎨⎪⎩

∆
 + ∇� = 0, � ∈ ℝ2∖Γ(�),

∇� ⋅ 
 = 0, � ∈ ℝ2∖Γ(�)


, � → 0, as � → ∞

(1.1)

We are left to describe the time evolution of Γ(�) as well as the appropriate boundary conditions

for 
 and � at Γ(�). Parametrize Γ(�) by the Lagrangian coordinate � ∈ � = ℝ∕(2�ℤ) = [−�, �],

and let �(�, �) ∶ � → ℝ2 denote the coordinate position of Γ at time �. Here � = (�1, �2)
� and

|�|2 def= �21 + �
2
2 . Then the evolution of � is given by

���(�, �) = 
(�, �(�, �)). (1.2)

Define [[�]] = [[�]](�(�)) as the jump across the filament Γ:

[[�]](�(�)) = lim
Ω∋�→�(�)

�(�) − lim
ℝ2∖Ω∋�→�(�)

�(�).

Then the final boundary conditions for 
 and � are given by

{
[[
]] = 0,

[[
((
∇
 + (∇
)T

)
− �)!]] = "el|���|−1. (1.3)

Above  is the 2 × 2 identity matrix and ! is the outward pointing unit normal vector on Γ:

! =

[
0 1

−1 0

]
�̂′, �̂′ =

�′

|�′| , �
′ = ��� =

��

��
.

Since we will frequently be working with the parameterization � at fixed times, we will often

omit the time variable and denote derivatives in � of � as �′. Lastly we denote "el as the elastic
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CRITICAL LWP FOR THE PESKIN PROBLEM 3

force exerted by the string Γ. In the case that the elastic string obey Hooke’s law, we have a simple

tension given by:

"el = %0�
2
�
�, %0 > 0, (1.4)

where %0 is the elasticity constant of the string Γ(�). The general tension force law is given by

"el = ��

(
 (|���|) ���|���|

)
(1.5)

This is also called the fully nonlinear force law in [36]. Here  (&) is a coefficient modeling the
elastic tension in the filament that satisfies the structure condition  > 0 and ' ∕'& > 0. Note
that (1.5) is reduced to (1.4) if we take  (&) = %0&, hence %0 =  (1) = ' ∕'&.
The set of equations (1.1)–(1.2)–(1.3) above was first proposed as a simplified model to study

blood flow through heart valves [31, 32]. A second equivalent formulation of (1.1)–(1.2)–(1.3) is the

following immersed boundary formulation

∆
 + ∇� = ∫
�

��

(
 (|���|) ���|���|

)
*(� − �(�))'�, ∇ ⋅ 
 = 0, (1.6)

which is very useful for numerical analysis. Then (1.6) combined with (1.2) allows us to discretize

the fluid domain in � and the elastic string in � independently of each other, with all communica-

tion between the two domains coming from the singular forcing of the fluid in (1.6), and the time

evolution of the string in (1.2). This became the basis for the immersed boundary method, which

has been applied to numerous problems and is of great use in applications [34].

The third formulation which we will primarily be using is the following boundary integral

formulation for the general force law (1.5):

���(�) = ∫
�

-(*/�(�))�/

(
 (|�′(� + /)|) �′(� + /)|�′(� + /)|

)
'/. (1.7)

Here, for a generic function 4 ∶ � → ℝ2, we define the standard partial difference operator by

*/4(�)
def
= 4(� + /) − 4(�). (1.8)

For 5 ∈ ℝ2, then -(5) is the Stokeslet given by

-(5) = -1(5) + -2(5), -1(5)
def
= −

1

4�
log(|5|), -2(5)

def
=

1

4�

5 ⊗ 5

|5|2 . (1.9)

Notice that in the simple tension case (1.4) the equation (1.7) takes the form

���(�) = %0 ∫
�

-(*/�(�))�
2
/�(� + /)'/,

which contains the second order derivative �2/� inside the equation. We also define

8/�(�)
def
=

*/�(�)

/
. (1.10)
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4 CAMERON and STRAIN

Then we introduce the arc-chord number

|�|∗ def= inf
�,/∈�,/≠0 |8/�(�)|. (1.11)

The evolution equation (1.7) is then is well-defined for a sufficiently regular function �(�, �) that

satisfies |�(�)|∗ > 0. If the parametrization �(�, �) is sufficiently regular, it has been proven that
all three formulations (1.1)–(1.2)–(1.3), (1.2)–(1.6), and (1.7) are equivalent [22]. Considering the

importance of the Peskin problem in applications, establishing the existence of smooth solu-

tions is vitally important in order to guarantee that various numerical methods based on different

formulations of the problem all approximate the same solution.

The Peskin problem has several known similarities with the Muskat problem. The Muskat

problem is also a free boundary problem that can be written in a boundary integral for-

mulation [16]. Also, both systems satisfy an energy balance law [13, 14, 27]. Further both

equations have the invariant scaling :<(�, �) = <
−1:(<�, <�) (see also Section 1.1). Lastly, both

systems of equations can be written in the form

��: + (−∆)
1

2 : = ℜ,

with a “remainder” termℜ. For the Peskin problem : = �(�, �) and the remainder isℜ = (�, �)
as in (1.12) below. Recently there has been a large amount of research work studying the local-

and global-in-time well-posedness for the Muskat problem [1–3, 7, 8, 12–15, 18, 19, 28–30] and

break-down [9]. This work was motivated by recent results on scaling critical local-in-time well-

posedness for theMuskat problem in [1–3], aswell as recent analyticalwork on the Peskin problem

in [24, 27].

Analytical study of the Peskin problem began very recently, with all but one paper focussing on

the case of simple tension  (@) = %0@ in (1.4). Lin andTongwere able to prove localwell-posedness
for the boundary integral formulation (1.7) with initial data�0 ∈ A

5∕2(�;ℝ2) using energy meth-

ods and the Schauder fixed point theorem [24]. At the same time Mori et al. proved local

well-posedness for initial data �0 ∈ C
1,D(�;ℝ2) for any 0 < D < 1 using semigroup theory [27].

In particular the result of [27] is barely subcritical, but the semi-group approach used in the proof

makes a scaling critical result difficult. The only equilibrium states are uniformly parametrized

circles [27], and both groups were able to prove global well-posedness and exponential conver-

gence to equilibrium for initial data sufficiently close to a circle [24, 27]. Additionally, [27] was

able to prove that solutions to the Peskin problem immediately become C∞ for positive time, and

that if�(�) blows up in finite time, either a chord arc condition fails or theC1,D normmust blowup

for any small D > 0. Tong [39] then further established the globalwell-posedness of the regularized

Peskin problem and proved convergence as the regularization parameter diminishes.

Regarding scaling critical initial data for (1.7), recently García-Júarez et al. were able to prove

global well-posedness if the initial data is sufficiently close to a uniformly parametrized circle

in the Wiener algebra ̇1,1 ∶= {4 ∶ � → ℝ2|∑%∈ℤ2 |%||4̂(%)| < ∞}. This result uses the spectral
decomposition of the linearized operator [21], and it holds even in the case that the interior and

exterior fluids have different viscosities – it is the first analytical result in that case. Recently,

Gancedo et al. [20] studied a toy model of the Peskin problem and proved global existence and

uniqueness in the critical Lipschitz space. Then more recently, Chen and Nguyen were able to

prove local well-posedness for (1.7) whenever �′0 is in VMO using estimates on the fundamental
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CRITICAL LWP FOR THE PESKIN PROBLEM 5

solution of (−∆)
1

2 and interpolation results, and they further prove global existence when�′0 is in

BMO for initial data that is close to equilibrium [11].

The previously mentioned results in a sense rely on rewriting (1.7) with (1.4) as

���(�, �) + (−∆)
1

2�(�, �) = (�, �), (1.12)

for some remainder . And then controlling this remainder further requires controlling the

derivative �′. These results then make use of properties that are particular to the fractional heat

equation such as the fundamental solution, the semigroup property, and the spectral decomposi-

tion. Once we consider a general tension  as in (1.5) though, we lose access to the full power of

these properties, and major alterations to the approach are needed. The only paper before which

that has dealt with a general tension is Rodenberg’s thesis [36]. By localizing around the initial

data, Rodenberg was able to apply the semigroup method from [27] again and prove local exis-

tence when �0,  ∈ C1,D. However, the result is weakened because the approach to localizing the

initial data and thereby patching the semigroup method in [36] did not allow to also prove the

smoothing effects, only guaranteeing that the solution�(�) remains in C1,D even if the initial data

and tension are C∞.

In order to further develop the fully nonlinear case (1.5), it is vital to understand exactly how

the addition of a nonlinear tension  changes the problem. In particular, its important to under-

stand how this affects the evolution of the derivative �′, as the regularity of and behavior of the

remainder in (1.12) has been controlled by that. In this article, we propose a new representation

of the boundary integral equation for the problem. We write the equation (1.7) in the following

equivalent formulation that will cancel out the terms featuring an �2/� = �
′′. In (1.7) we integrate

by parts against -1(5) while leaving -2(5) alone to obtain

���(�) =∫
�

�/

( (|�′|)
|�′| �/(-1(*/�))

)
*/�(�)'/

+ ∫
�

-2(*/�)�/

(
 (|�′(� + /)|) �′(� + /)|�′(� + /)|

)
'/

=
1

4� ∫
�

2
(
�′(� + /) ⋅

*/�

|*/�|
)2
− |�′(� + /)|2

|*/�|2
 (|�′(� + /)|)
|�′(� + /)| */�(�)'/.

The calculation is performed in full detail in Section 2.

This property of the cancelation of the highest order derivatives is also satisfied by the equa-

tion for �′(�, �). Let �(�, �) be the solution of the Peskin problem with initial data �0 and tension , Then �′(�, �) solves the following equation

���
′(�) = ∫

�

'/

/2
[�](�, /)*/G(�′(�)), (1.13)

where G ∶ ℝ2 → ℝ2 is the tension map

G(5)
def
=  (|5|)5̂, 5 ∈ ℝ2. (1.14)
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6 CAMERON and STRAIN

Here the kernel(�, /) = [�](�, /) is given by

[�](�, /) def
=

1

4�

�′(� + /) ⋅ (8/�(�))�′(�)
|8/�(�)|2 

−
1

4�

�′(� + /) ⋅(8/�(�))�′(�)
|8/�(�)|2 (8/�(�))

+
1

4�

�′(� + /) ⋅ ((8/�(�)) − )�′(�)
|8/�(�)|2 (8/�(�)). (1.15)

Again  is the identity matrix on ℝ2. Also the reflection matrices  and  are defined ∀5 ∈ ℝ2

by

(5) def= 5̂ ⊗ 5̂⟂ + 5̂⟂ ⊗ 5̂, (5) def= 5̂ ⊗ 5̂ − 5̂⟂ ⊗ 5̂⟂, (1.16)

where 5̂⟂ ∈ ℝ2 is the unit vector perpendicular to 5̂. We remark that the three matrices ,(5),
(5) are mutually orthogonal in ℝ4 and form a basis for the 2 by 2 symmetric matrices for any

fixed value of 5 ∈ ℝ2 ⧵ {0}. This representation of the equation (1.13) for the evolution of�′(�, �) is

fundamental to the analysis in the remainder of this article. Equation (1.13) is derived in Section 2.

Now, recalling (1.10), to further expand out the additional cancelation in the kernel[�](�, /)
we introduce the notation

*+/�
′(�)

def
= �′(� + /) − 8/�(�), *−/�

′(�)
def
= �′(�) − 8/�(�). (1.17)

Then it is an important observation that the kernel[�](�, /) from (1.15) can be expressed as the

following matrix valued function

[�](�, /) = 1

4�
 +[�](�, /), (1.18)

where

4�[�](�, /) def
=

*+/�
′(�) ⋅ (8/�(�))*−/�′(�)
|8/�(�)|2 

+
(*+/�

′(�) + *−/�
′(�)) ⋅ (8/�(�))8/�(�)
|8/�(�)|2 

−
*+/�

′(�) ⋅(8/�(�))*−/�′(�)
|8/�(�)|2 (8/�(�))

−
(*+/�

′(�) + *−/�
′(�)) ⋅(8/�(�))8/�(�)
|8/�(�)|2 (8/�(�))

+
*+/�

′(�) ⋅ ((8/�(�)) − )*−/�′(�)
|8/�(�)|2 (8/�(�)). (1.19)

This expression follows after taking into account the orthogonality in (1.16).
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CRITICAL LWP FOR THE PESKIN PROBLEM 7

Then (1.13) can be written as

���
′(�) −

1

4� ∫
�

'/

/2
*/G(�

′(�)) = ∫
�

'/

/2
[�](�, /)*/G(�′(�)), (1.20)

The expression
1

4�
∫
�

'/

/2
*/G(�

′(�))motivates our definition of Λ̃ in (1.40). Then, due to the higher

order cancelation of[�](�, /) as in (1.19), for small / the integrand for the equation (1.13) using
(1.18) is approximately

[�](�, /)
/2

*/G(�
′(�)) ≈

*/G(�
′)

4�/2
.

Thus a basic model equation for the general tension equation (1.13) would be a vector version of

the fractional porous medium equation:

��N = −(−∆)
1

2G(N).

To the best of our knowledge, this equation has not been studied before, though both the scalar

fractional version [6, 17, 41] and local vector valued [37, 42, 43] have been studied. Then the pos-

itivity and monotonicity assumptions that we will make on the tension  are both physically

motivated, as well as the same assumptions that typically appear on the porousmedia equation in

order to ensure “ellipticity” for the problem such as in [41].

1.1 Scaling

For the Peskin problem (1.13) in general for any < > 0 the rescaling�<(�, �) = <
−1�(<�, <�) leaves

the equation invariant for an arbitrary tension  in (1.14). If the tension takes the form of a power

law  (@) = @1+D for some D ≥ 0 then the Peskin problem has the additional rescaling �@(�, �) =

@�(@D�, �). In the case of a simple tension  (@) = %0@, there is a twodimensional family of rescaling
�O,<(�, �) = O�(<�, <�), where O ∈ ℝ and < > 0 are independent of each other. To ensure that the

arc-chord condition (1.11) also remains invariant then we are limited to the rescaling �<(�, �) =

<−1�(<�, <�).

Here we give a list of some scaling critical spaces for the Peskin problem (1.13) under the rescal-

ing �<(�, �) = <
−1�(<�, <�): the Lipshitz space Ṗ1,∞, the Wiener algebra 1, �QR1, and the

homogeneous Besov spaces �̇
1+

1

�
�,@ for all �, @ ∈ [1,∞]. In particular we emphasize the spaces �̇

3

2
2,@

for 1 ≤ @ ≤∞ and Ȧ
3

2 due to their S2 structure.

In this paper we utilize the scaling critical Banach space �̇
3

2
2,1 since it has a clearly defined S

2

based structure, and then hopefully it might be useful also in the further development and study

of numerical methods.

1.2 Notation

We use C > 0 to denote some inessential constant whose value may change from line to line.

We will write U ≲ � if U ≤ C�. We also write U ≈ � if both U ≲ � and � ≲ U hold. We will use
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8 CAMERON and STRAIN

4 ∶ � → ℝ2 or ℂ to denote a generic smooth function throughout this paper, where 4 = (41, 42)

and |4|2 def= 421 + 4
2
2 . We also define the translation operator OX applied to the � ∈ � variable by

OX4(�)
def
= 4(� + X). (1.21)

We define YU as the standard indicator function of the set U. We use the notation *X for the

difference operator (1.8) frequently.

We will use the standard notation for the S�(�) spaces as

||4||S�(�) = ||4||S�
�

def
=

(
∫
�

|4(�)|�'�
)1∕�

, 1 ≤ � < ∞.
In this function space, and in all the functional spaces below, we use the standard generalization

to � = ∞ as

||4||S∞(�) def= ess sup
�∈�

|4(�)|.

We will also use the temporal spaces

||4||S�([0,�]) = ||4||S��
def
=

(
∫

�

0

|4(�)|�'�
)1∕�

, 1 ≤ � < ∞.

We define the S
Z
�S

�

�
mixed Lebesgue space norms for 1 ≤ �, Z ≤∞ as follows:

||4||SZ�S�� = ||4||SZ�(S�� )
def
= ||||||4(⋅, ⋅)||S�(�)||||SZ([0,�]).

Next we introduce the Besov spaces as follows

||4||�̇&�,@
def
=

(
∫
�

'X

|X|
(||*X4||S�(�)

|X|&
)@)1∕@

. (1.22)

Unless otherwise stated, all indices in the rest of this section are for 0 < & < 1 and �, Z, @ ∈ [1,∞].

When @ = ∞ we use

||4||�̇&�,∞
def
= ess sup

X∈�

(||*X4||S�(�)
|X|&

)
.

In the rest of this paper for simplicity when we write sup�∈� or sup0≤�≤� we mean it to be the
standard essential supremum.

We will then also use the standard Sobolev spaces that can be defined as

||4||Ȧ&
def
= ||4||�̇&2,2 , ∀& ∈ ℝ.

Technically to define �̇&2,2 in particular ∀& ∈ ℝ we use the definition in Remark A.4.
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CRITICAL LWP FOR THE PESKIN PROBLEM 9

We will also use the Chemin-Lerner [10] mixed regularity spaces as described for example in

[4, Definition 2.67 on page 98] that are defined as

||4||S̃Z�(�̇&�,@)
def
=
⎛⎜⎜⎝∫�

'X

|X|
||*X4||@SZ�(S�� )
|X|&@

⎞⎟⎟⎠

1∕@

. (1.23)

Next, motivated by [1–3], we introduce periodic Besov spaces with additional regularity on the

logarithmic scale for 0 < & < 1 and �, @ ∈ [1,∞] as

||4||�̇&,��,@
def
=

(
∫
�

'X

|X|
(
�(|X|−1) ||*X4||S�(�)|X|&

)@)1∕@
. (1.24)

Here the log scale derivative � is defined as follows:

Definition 1.1. We consider functions � ∶ [0,∞) → [1,∞) which satisfy the following three

assumptions:

∙ �(@) is increasing and lim@→∞ �(@) = ∞.
∙ There is a ^0 > 0 such that �(2@) ≤ ^0�(@) for any @ ≥ 0.
∙ The function @ ↦ �(@)∕ log(4 + @) is decreasing on [0,∞).

Then we similarly define

||4||S̃Z�(�̇&,��,@)
def
=
⎛⎜⎜⎝∫�

'X

|X|

(
�(|X|−1)

||*X4||SZ�(S�� )
|X|&

)@⎞⎟⎟⎠

1∕@

. (1.25)

We introduce streamlined notation for the main norms used in the paper

||4||��
def
= ||4||

S̃∞�

(
�̇

1
2
,�

2,1

) = ∫
�

'X

|X|3∕2�(|X|
−1)||*X4||S∞�

(
S2
�

), (1.26)

and

||4||��
def
= ||Λ̃

1

24||
S̃2�

(
�̇

1
2
,�

2,1

) = ∫
�

'X

|X|3∕2�(|X|
−1)||Λ̃

1

2 *X4||S2�
(
S2
�

). (1.27)

Above the operator Λ̃ is a constant multiple of Λ
def
= (−∆)

1

2 and is defined precisely in (1.40) in

Section 1.6. Further from (1.40) we have

||Λ̃
1

24||2
S2
�

= ∫
�

'� 4(�) ⋅ Λ̃4(�) =
1

8� ∫
�

'� ∫
�

'/

/2
|*/4(�)|2.
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10 CAMERON and STRAIN

This can be taken as the definition of ||Λ̃
1

24||S2
�
in (1.27). For the initial data we will use the

following norm:

||4||� def= ||4||
�̇

1
2
,�

2,1

= ∫
�

'X

|X|3∕2�(|X|
−1)||*X4||S2

�
. (1.28)

Lastly we have ||4||
S∞� (�̇

1∕2,�
2,1 )

≤ ||4||�� , and this inequality shows that the norm ||4||�� is stronger
than ||4||

S∞� (�̇
1∕2,�
2,1 )

. We will also use the standard definitions of the Hölder spaces C%,D.

1.3 Main results

Without loss of generality we can suppose initially that �′0 has mean zero since the equation (1.7)

and the equation (1.13) both annihilate constants. Therefore, this mean zero property will be

preserved by the solution. Next we give definitions of our notions of solution.

Definition 1.2 (Weak solution). Let �′0 ∈ �̇
1

2
2,1(�;ℝ

2) with |�0|∗ > 0. We say that � ∶ [0, �] ×
� → ℝ2 is a weak solution of the Peskin problem (1.13) with tension  and initial data �0 if

�′, G(�′) ∈ S2�(S
∞
�
∩ Ȧ

1

2

�
) with inf 0≤�≤� |�(�)|∗ > 0, and for any function b ∶ [0, �] × � → ℝ2

with b′ ∈ S2�(S
∞
�
∩ Ȧ

1

2

�
) and ��c

′ ∈ S2�(S
∞
�
∩ Ȧ

1

2

�
)∗, we have

∫
�

'� b′(�, �) ⋅ �′(�, �) −∫
�

'� b′0(�) ⋅ �
′
0(�) = ∫

�

0

'� ∫
�

'� ��b
′(�, �) ⋅ �′(�, �)

−
1

2 ∫
�

0

'� ∫
�

'� ∫
�

'/

/2
*/b

′(�) ⋅[�(�)](�, /)*/G(�′(�)).

Remark 1.3. Our definition of aweak solution can be accurately paraphrased as theweakest notion

of distributional solution such that �′ is a valid test function for itself. This is chosen in order to

justify the calculations of our main a priori estimate in Section 3.

Definition 1.4 (Strong solution). Let �′0 ∈ �̇
1

2
2,1(�;ℝ

2) with |�0|∗ > 0. We say that � ∶ [0, �] ×
� → ℝ2 is a strong solution if � ∈ C2((0, �] × � → ℝ2) solves the equation (1.13) pointwise with

inf 0≤�≤� |�(�)|∗ > 0 and

lim
�→0
||�′(�) − �′0||S∞ = 0.

Theorem 1.5. Let�0 ∶ � → ℝ2 with�′0 ∈ �̇
1

2
2,1 and |�0|∗ > 0. Let the scalar tension  ∶ (0,∞) →

(0,∞) be such that  ∈ C1,1
hj^
(0,∞) with  ′(@) > 0 for all 0 < @ < ∞. Then there is a time � > 0

such that there exists a unique weak solution� ∶ [0, �] × � → ℝ2 to the Peskin problem in the sense

of Definition 1.2, which is also a strong solution to the Peskin problem (1.13) as in Definition 1.4.
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CRITICAL LWP FOR THE PESKIN PROBLEM 11

Furthermore for any 0 < X < 1, � ∈ C
2,X
hj^
((0, �] × �;ℝ2). Additionally, if  ∈ C

%,D
hj^
(0,∞) for some

% ≥ 2 and 0 < D < 1 then we have that � ∈ C%+1,D
hj^

((0, �] × �;ℝ2).

Note that due to the structure of equation (1.13), � ∈ C
%+1,D
hj^

is the optimal regularity for  ∈

C
%,D
hj^
. We prove Theorem 1.5 by first establishing a quantitative version under more restrictive

assumptions on the tension.

Theorem 1.6 (Quantitative existence). Consider initial data �0 ∶ � → ℝ2 such that ||�′0||
�̇

1
2
,�

2,1

≤
Q for some � satisfying Definition 1.1, for any Q > 0, and |�0|∗ > 0. Let the tension map

G ∶ ℝ2 → ℝ2 from (1.14) be such that 8G ∈ P1,∞(ℝ2; ℝ2×2) satisfying the ellipticity condition

8G(5) ≥ < > 0.
Then there exists a time � > 0 depending only onQ, �, |�0|∗, < and ||8G||P1,∞ such that there

exists a strong solution, in the sense of Definition 1.4,� ∶ [0, �] × � → ℝ2 to the Peskin problem (1.13)

with tension G and initial data �0. This solution satisfies for some universal constant ^ > 0 that

∫
�

'X

|X|
3

2

� (|X|−1)
(
||*X�′||S∞� S2� + ^

√
<||*X(−∆)

1

4�′||S2�S2�
)

≤ 4∫
�

'X

|X|
3

2

�(|X|−1)||*X�′0||S2� . (1.29)

Further for any small time O > 0 and any 0 < X < 1, � ∈ C2,X([O, �] × �;ℝ2), with its norm

depending only on O, X, and the previously mentioned constants.

If we additionally have that G ∈ C%,D(ℝ2; ℝ2) for some % ≥ 2 and 0 < D < 1, then for any small
time O > 0,� ∈ C%+1,D([O, �] × �;ℝ2)with theC%+1,D norm controlled byQ, �, |�0|∗, <, D, ||G||C%,D ,
and O.

Remark 1.7. Since in Theorem 1.5 and Theorem 1.6 we have that � ∈ C2,X([O, �] × �;ℝ2) for any

O > 0 and any 0 < X < 1 then the calculation in Section 2 can be reversed, andwe have that�(�, �)

solves both (1.13) and (1.7) pointwise for any � > 0.

Theorem 1.8 (Uniqueness). Consider �0 and b0 such that �
′
0, b

′
0 ∈ �̇

1

2
,�

2,1 (�;ℝ
2) with |�0|∗ > 0

and |b0|∗ > 0. Let the tension map G ∶ ℝ2 → ℝ2 satisfy the same conditions as in Theorem 1.6

and consider the corresponding solutions �,b ∶ [0, �] × � → ℝ2. Choose any k(@) satisfying Defi-

nition 1.1 such that there exists @∗ ≥ 1 so that k(@)�(@)
is decreasing for @ ≥ @∗ and lim

@→∞

k(@)

�(@)
= 0. For any

q > 0, there exists *∗ > 0 such that for any 0 < * ≤ *∗ then ||�′0 − b′0||S2� < * implies

∫
�

'X

|X|
3

2

k(|X|−1)||*X(�′ − b′)||S∞� S2� < q. (1.30)

In particular if ||�′0 − b′0||S2� = 0 then the solution is unique in k� .
Remark 1.9. In (1.30) we can take for example k(@) = �(@)D for any 0 < D < 1.
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12 CAMERON and STRAIN

Remark 1.10. Note that if �′0, b
′
0 ∈ �̇

1

2
2,1, then there exists some function � satisfying the Defini-

tion 1.1 such that �′0, b
′
0 ∈ �̇

1

2
,�

2,1 . To see this, note that by Lemma 1.15 there exist functions �� , �c

such �′0 ∈ �̇
1

2
,��

2,1 and b′0 ∈ �̇
1

2
,�c

2,1 . Then taking �(@) = min{��(@), �c(@)} is sufficient.

Theorem 1.11 (Strong continuity).We consider the two strong solutions �,b ∶ [0, �] × � → ℝ2 to

the Peskin problem (1.13) with initial data �0, b0 as in Theorem 1.6. Suppose the tension map G as

in (1.14) satisfies 8G ∈ P2,∞(ℝ2; ℝ2×2) and the ellipticity condition 8G(5) ≥ < > 0.
Then there exists a time�Q > 0 depending only onQ, |�0|∗, |b0|∗, �, <, and ||8G||P2,∞ such that

for any 0 < � ≤ �Q , we have the following strong continuity estimate

||�′ − b′||r� + 2<
1

2 ||�′ − b′||r� ≤ 8||�′0 − b′0||r .
Above r, which is defined precisely in (5.4) also satisfies Definition 1.1 and defines norms of r� andr
� that are equivalent to �� and�

� respectively as seen in (5.5).

Corollary 1.12 (Locally Lipschitz). Suppose the tension map G as in (1.14) satisfies 8G ∈

P2,∞(ℝ2; ℝ2×2) and the ellipticity condition 8G(5) ≥ < > 0, and let � satisfy the assumptions of
Definition 1.1. Then for anyQ,t ∈ (0,∞), there exists a time � > 0 such that for all 0 < � ≤ �, the
map

�0 ⟶�(�),

is Lipschitz continuous from the bounded set {w ∶ ||w′||
�̇
1∕2,�
2,1

≤ Q, |w|∗ ≥ t} to �̇1∕2,�2,1 , with Lipschitz

constant depending onQ,t, �, <, and ||8G||P2,∞ .

Corollary 1.12 follows directly from Theorem 1.11.

1.4 Discussion of the assumptions on the tension

In this subsection we will discuss our assumptions on the scalar tension  (@) and on the tension
map G(5) =  (|5|)5̂ in (1.14). We separate our assumptions on the tension into two groups: the
assumptions needed for the qualitative Theorem 1.5 versus the assumptions used to prove the

quantitative bounds in Theorems 1.6, 1.8, and 1.11.

Our qualitative assumptions in Theorem 1.5 are very weak, only requiring

{ ∈ C1,1
hj^
((0,∞); (0,∞)),

 ′(@) > 0, 0 < @ < ∞. (1.31)

By  ∈ C
%,D
hj^

or C
%,D
hj^
(0,∞) for an integer % ≥ 0 and 0 ≤ D ≤ 1, we mean for any 0 < x < y < ∞

that  ∈ C%,D([x, y]; (0,∞)). For qualitative higher regularity, we also assume  ∈ C
%,D
hj^
(0,∞).

Thus, singularities or degeneracy at @ = 0 or as @ → ∞ are allowable, and in particular any

positive power law  (@) = C@� for � > 0 and C > 0 satisfies (1.31). Note that there is no
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CRITICAL LWP FOR THE PESKIN PROBLEM 13

requirement that lim
@→∞

 (@) = ∞, so a bounded function such as  (@) = arctan(@) would also

satisfy (1.31).

For our quantitative estimates, we work with tensions that have the following global bounds

⎧
⎪⎨⎪⎩

 ′ ∈ P1,∞([0,∞); [0,∞)),

inf
0<@<∞

 ′(@) ≥ < > 0,
 (0) = 0,

(1.32)

For quantitative higher regularity and the strong continuity estimate, we also need to assume  ∈

C
%,D
@ [0,∞)with  ′(%)(0) = 0 for % ≥ 2. This would be implied for example if  (@) = ^@ on 0 ≤ @ ≤ �

for some ^ > 0 and any small � > 0. Note that the estimateswe provewill depend on bounds for the

tension map G(5), rather than the scalar tension itself. The assumption that  has higher order

derivatives vanish at 0 guarantees that  ∈ C%,D([0,∞); [0,∞)) implies G ∈ C%,D(ℝ2; ℝ2), with

||G||C%,D controlled in terms of || ||C%,D . Also note that the global lower bound inf  ′(@) ≥ < > 0
and  (0) = 0 give us a lower bound on the derivative of the tension map G as

8G(5) =  ′(|5|)5̂ ⊗ 5̂ +
 (|5|)
|5| 5̂⟂ ⊗ 5̂⟂ ≥ <, < > 0. (1.33)

Of course in the case of simple tension (1.4) where  (@) = %0@, it follows that 8G(5) = %0. For
our quantitative estimates, we will typically state our assumptions for the tension map G(5) in

(1.14) by assuming ∀5 ∈ ℝ2 that (1.33) holds and further that

{|8G(5)| ≤ 1 ,
|82G(5)| ≤ 2 . (1.34)

Here 1 and 2 are any fixed positive finite constants that are allowed to be large. For our

strong continuity estimate in Theorem 1.11, for a fixed positive finite constant 3 , we additionally
assume ∀5 ∈ ℝ2 that

|83G(5)| ≤ 3 . (1.35)

Our quantitative estimates on higher regularity additionally depend on ||G||C%,D .
Lastly, we note the apparent mismatch between our qualitative (1.31) and quantitative (1.32)

assumptions. That is, not every scalar tension  satisfying the qualitative assumptions will also

satisfy the quantitative version. In particular, all positive power laws satisfy the former, but only

the linear case satisfies the latter.

We are able to deal with these different assumptions for the following reason. Suppose that

we have a tension 1 satisfying the quantitative assumptions (1.32), and we use our quantita-
tive estimates to construct a solution � ∶ [0, �] × � → ℝ2 to the Peskin problem with tension

1. Then for any time � and any � ∈ � we have 0 < |�(�)|∗ ≤ |�′(�, �)| ≤ ||�′(�)||S∞
�
. Taking

x = inf 0≤�≤� |�(�)|∗ and y = ||�′||S∞� (S∞� ), we then have that �(�) is also a solution to the Peskin
problem (1.13) for any tension 2 such that 2|[x,y] = 1|[x,y].
Now suppose that our tension  only satisfies the qualitative assumptions (1.31). These are

still enough to guarantee that for any 0 < x < y < ∞, there exists a tension ̃ such that ̃ |[x,y] = |[x,y], and ̃ satisfies the quantitative assumptions (1.32). Thus, for any fixed initial data�0 with
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14 CAMERON and STRAIN

�′0 ∈ �̇
1

2
2,1 ⊆ S

∞ and |�0|∗ > 0, we take some interval (x, y) which compactly contains {|�′0(�)| ∶
� ∈ �}, and then we construct a solution � ∶ [0, �] × � → ℝ2 to the Peskin problem with tension

̃ . Taking� > 0 small enough that {|�′0(�, �)| ∶ (�, �) ∈ [0, �] × �} ⊂ (x, y), we thenhave that�(�)
is also a solution to the Peskin problemwith our original tension  . We go through this argument
again in more detail in the proof of our main theorem in Section 7.

Remark 1.13. We note that the trick explained above and in the proof of our main theorem in

Section 7 always works for the kinds of solutions we consider with Definitions 1.2 and 1.4. For the

assumptions needed in order to apply this trick (to replace one tension with another) to fail, the

solution would have to satisfy one of two conditions. Either (1) the solution �(�) violates the arc-

chord condition (1.11) after an infinitesimal amount of time lim inf
�→0+

|�(�)|∗ = 0, or (2) the S∞ norm

of the solution �′(�) blows up after an infinitesimal amount of time: lim sup
�→0+

||�′(�)||S∞ = ∞. It

is not clear whether a notion of solution which obey either of these two conditions starting from

initial data with �′0 ∈ �̇
1∕2
2,1 ⊆ S

∞
�
and |�0| > 0 would represent a physical solution.

Remark 1.14. At the same time we remark that Theorems 1.6, 1.8 and 1.11 also hold if instead we

replaced (1.34) and (1.35) with

||||8
(%)G(5)||5=�′

|||| ≤ % (||�′||S∞
�
, |�|−1∗ ),

where for % ∈ {1, 2, 3} we have % = % (||�′||S∞
�
, |�|−1∗ ) are any increasing functions of both

variables. Then under these conditions the proofs of those theorems in this paper continue to hold

without any essentialmodifications. And further the solutions constructed under the assumptions

in this remark would prevent the occurrence of (1) or (2) in the previous Remark 1.13.

1.5 A de la Valle-Poisson lemma

Motivated by the work in [1–3], we now prove the following de la Valle-Poisson type lemma.

Lemma 1.15. Fix any � ∈ [1,∞], @ ∈ [1,∞), and & ∈ (0, 1). Given any function 4 satisfying

||4||�̇&�,@(�) < ∞, then there exists a function �, depending upon 4, satisfying the assumptions of

Definition 1.1 such that ||4||�̇&,��,@(�) < ∞.

The proof builds upon the related lemma from [3, Lemma 3.8 on page 35].

Proof. Since ||4||�̇&�,@(�) < ∞ then after a simple change of variables we have that

||4||@
�̇&�,@(�)

= ∫
�

0

'X

|X|1+&@
(||*X4||@S� + ||*−X4||@S�

)
< ∞.

We now define

ℎ�,@(X)
def
= ||*X4||@S� + ||*−X4||@S� , k(/)

def
= �−&@/&@−1ℎ�,@(�/

−1).
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CRITICAL LWP FOR THE PESKIN PROBLEM 15

Then we will use the change of variables / = �X−1 to obtain

∫
∞

1

'/ k(/) = ∫
�

0

'X

|X|1+&@
(||*X4||@S� + ||*−X4||@S�

)
< ∞.

By [3, Lemma 3.8 on page 35] there then exists some function r ∶ [1,∞) → [1,∞) satisfying the

conditions of Definition 1.1 such that

∫
∞

1

'/ k(/) r(/) = ∫
�

0

'X

|X|1+&@ r(�|X|
−1)
(||*X4||@S� + ||*−X4||@S�

)
< ∞.

Taking �(|X|−1) = r(�|X|−1)1∕@, we have that � satisfies the conditions of Definition 1.1 as well,
and further ||4||�̇&,��,@(�) < ∞. □

We point out that using this Lemma 1.15 then Theorem 1.5 follows immediately from

Theorems 1.6 and 1.8.

1.6 The � operator

For a function 4 ∶ ℝ → ℂ the Λ& = (−∆)
&

2 operator is widely defined for any & ∈ (0, 2) as

−Λ&4(�)
def
= C&pv∫

ℝ

(*� + *−�)4(�)

|�|1+& '�, C&
def
=

2&�(
1

2
(1 + &))

2�
1

2 |�(− &

2
)|
.

Herewe use the principal value integral when it is needed, and� is the standardGamma function.

Then for 4 ∶ � → ℂ, identified as a periodic function on ℝ, this can readily be reduced to

−Λ&4(�) = C& ∫
�

(*/ + *−/)4(�)
∑
%∈ℤ

1

|/ + 2�%|1+& '/. (1.36)

The above can be taken as the definition of Λ& on �. Now for simplicity we define the notation

(/) as

(/) def= 2 sin(/∕2). (1.37)

Then we have the following known expansion formula

1

(/)2 =
+∞∑
�=−∞

1

(/ + 2��)2
, 0 < |/| ≤ �.

Thus for & = 1 the Λ operator on � has the following succinct formula

−Λ4(�) =
1

� ∫
�

4(/) − 4(�)

(� − /)2 '/ =
1

� ∫
�

*/4(�)

(/)2 '/, (1.38)
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16 CAMERON and STRAIN

Notice further that we have

2

�
≤ (/)

/
≤ 1, ∀/ ∈ �. (1.39)

In particular in the S�(�) sense then (1.38) is equivalent to the operator containing /2 in the

denominator instead of (/)2. This discussion motivates the following simplified notation that
we will use in the rest of this article

−Λ̃4(�)
def
=

1

4� ∫
�

*/4(�)

/2
'/. (1.40)

By (1.39) the operator Λ̃ is equivalent to Λ from (1.38) in the S�(�) norms.

More generally, for & ∈ (0, 2) we write the previous sum as

∑
%∈ℤ

1

|/ + 2�%|1+& =
1

|/|1+&
(
1 +
∑
%≠0

|/|1+&
|/ + 2�%|1+&

)
=

1

|/|1+& (1 + �(/)).

Notice that for / ∈ � the series �(/) converges uniformly. Also �(/) is non-negative and is

uniformly bounded for / ∈ �. We conclude that

∑
%∈ℤ

1

|/ + 2�%|1+& ≈
1

|/|1+& , ∀/ ∈ �.

Thus again in the S�(�) sense Λ& is equivalent to the operator containing
1

|/|1+& instead of
∑
%∈ℤ

C&

|/+2�%|1+& in (1.36) for any & ∈ (0, 2).

1.7 Overview of the proof

One very important point in the proof is the derivation of the equation (1.13) with the kernel (1.18).

It is crucial that the equation (1.13) cancels the second order derivatives that are present in (1.7).

Let ∇�′ denote the directional derivative in the direction �
′ as in (2.2), then with (1.9) the main

idea can be seen as in

[∇�′(�+/)-1](*/�)*/� + -2(*/�)�
′(� + /) = 0.

Fortunately this type of cancelation is preserved when we take higher order derivatives of the

equation (1.7). This more general cancelation structure is observed via a sequence of integrations

by parts performed in Section 2.

Then the heart of our argument is the initial a priori estimate (1.29). In order to prove this, we

make use of our new formulation of the equation for ���
′ in (1.13). Because(�, /) is symmetric

in �, � + /, our equation (1.13) has divergence form symmetry making S2 based energy estimates

a useful choice. By making use of Besov spaces, we’re interested then in keeping careful track of

the time evolution of differences ||*X�′||S2
�
(�)where X ∈ � is arbitrary. Taking into account (1.18)
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CRITICAL LWP FOR THE PESKIN PROBLEM 17

and (1.20) with (1.40), we have that *X�
′ solves the equation

��*X�
′ + Λ̃*XG(�

′) = ∫
�

'/

/2
*X
([�](�, /)*/G(�′)).

When we calculate
'

'�
||*X�′||2S2

�

, we then get one good diffusive term −<||*X�′||2Ȧ1∕2 from the

Λ̃*XG(�
′) (along with additional error terms if our tension is not simple). We treat the remaining

terms as error, and then we are left to bound integrals (for Z = 1, 2) of the form

∫
�

'� ∫
�

'/

/2
|*X*/�′(�)|2 |*/�′(�)|Z,

and

∫
�

'� ∫
�

'/

/2
|*X*/�′(�)| |*X�′(�)| |*/�′(�)|Z+1.

If we were to bound the first term naively, we would get

C||*X�′||2Ȧ1∕2 ||�′||
Z

S∞
�

,

which would make it impossible to close the estimate, as this is of the same order as our good

diffusive term but with a possibly large coefficient in front for large data. However, the norm for

�̇
1

2
,�

2,1 both controls the size of the norm �̇
1

2
2,1 and the rate of decay for

@ → ∫|/|<@ '/
||*/4||S2

�

|/|3∕2 ≲

||4||
�̇
1∕2,�
2,1

�(@−1)
. (1.41)

Thus splitting the integral in our error term between |/| < � and |/| > � for some � sufficiently
small depending on �, ||�′0||�̇1∕2,�2,1

, and other relevant constants, we are able to bound this error

term for any small � > 0 as

�||*X�′||2Ȧ1∕2 + C�||*X�′||2S2
�

,

which we can handle. For the second type of error term, the story is similar except that we are

forced to bound the |*X�′| in S∞, as it has no decay as / → 0. Thus we end up with an error term

of the form

�||*X�′||2Ȧ1∕2 + C||*X�′||2S2
�

+ �||*X�′||2S∞
�

.

This S∞ error term at first seems very bad, as notably the Sobolev embedding fails in S∞ and

||*X�′||2S∞
�

is not controlled by our good diffusive piece −<||*X�′||2Ȧ1∕2 . However, once we inte-
grate in X against �(|X|−1)|X|−3∕2 the Sobolev embedding is again true, and we can control this
error term at the end of the estimate.

 1
0

9
7

0
3

1
2

, 0
, D

o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://o
n

lin
elib

rary
.w

iley
.co

m
/d

o
i/1

0
.1

0
0

2
/cp

a.2
2

1
3

9
 b

y
 U

n
iv

ersity
 O

f P
en

n
sy

lv
an

ia, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

8
/0

9
/2

0
2
3
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



18 CAMERON and STRAIN

It is also vitally important to get a positive bound frombelow on the arc-chord condition |�(�)|∗.
In order to do this, we make use of the estimate

||�(�)|∗ − |�0|∗| ≤ ||�′(�) − �′0||S∞ .
Thus in Section 4 we prove continuity of the map � → �′(�) in S∞

�
for small times. Our main a

priori estimate (1.29) grants us uniform bounds on the �� and �
� norms. Using our �

� bound,

we then control ���
′ in S2

�,�
and use this to prove continuity of �′(�) in S2

�
. Continuity in time in

S2
�
and our bound in �� then gives us continuity in time in �̇1∕22,1 , which controls S

∞
�
.

The strong continuity estimate given in Theorem 1.11 is for the most part similar to our main

a priori estimate (1.29). However to obtain this estimate requires subtracting two solutions to the

equation (1.13) which in turn requires using the higher order bound (1.35). Additionally when

taking the difference of two solutions �′ and b′ to (1.13) we encounter a new term of the form

2 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||OX[�](�, /)||(�′ − b′)(�)||*X*/b′(�)|. (1.42)

The structure of this term does not have the ability to obtain extra smallness using the rate of

decay in (1.41) in the energy estimate. This major difficulty prevents closing the strong continuity

estimate in the norm of �� in (1.26). Instead we simply bound this term by

<

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C<−12
2 ||�′ − b′||2S∞

�

||*XΛ̃
1

2b′||2
S2
�

.

The term ||*XΛ̃
1

2 (�′ − b′)||2
S2
�

can be controlled by the dissipation. But we also require a small

constant in front of ||�′ − b′||2
S∞
�

to close the continuity estimate. For this reason instead of using

the norm �� with � satisfying Definition 1.1, we need to introduce an equivalent norm as in (5.4)

for a small constant q = q(<,2 , ||�′0||
�̇

1
2
,�

2,1

, ||b′0||
�̇

1
2
,�

2,1

) > 0 as

r(@)
def
= 1 + q�(@).

And then r also satisfies Definition 1.1. Then the norm of r� is equivalent to the norm of �� and
we are able to close the continuity estimate in r� .
We also prove continuity for �′(�) − b′(�) in S2

�
. This estimate is much simpler than the strong

continuity estimate, and only requires8G ∈ P1,∞ rather than8G ∈ P2,∞. In particular, bymak-

ing use of our a priori estimate in the higher order�� and�
� norms, we are able to bound a term

like (1.42) directly without changing to some equivalent norm. Continuity in S2
�
and a bound in

�� then implies that we have control over �′ − b′ in the k� norm, for any function k satisfying
that

k(@)

�(@)
is eventually decreasing with lim

@→∞

k(@)

�(@)
= 0.

Our higher regularity proofs are contained in Section 6.We begin by proving an S∞� Ȧ
1 estimate

for �′ and then establish regularity of the remainder from (1.20):

(�) def= ∫
�

'/

/2
[�](�, /)*/G(�′(�)),
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CRITICAL LWP FOR THE PESKIN PROBLEM 19

in terms of the regularity of �′. Following the proof in [41] for the scalar fractional porous

medium equation, we then establish higher regularity for the fully nonlinear Peskin problemwith

a bootstrapping argument.

1.8 Outline

In the next Section 2 we will derive the equation (1.13) that we will study in the rest of this

work. Then in Section 3 we will prove our main a priori estimate. After that in Section 4 we

will explain a priori how we control the arc-chord condition (1.11) along the time evolution of

(1.13). And then in Section 5 we prove the a priori continuity estimates for solutions to (1.13)

that enable us to establish the strong continuity and uniqueness. Next in Section 6 we prove

the higher order smoothing effects. Finally in Section 7 we collect the previous results to explain

the proof of our main theorems. Afterwards in Section A we explain some of the inequalities

that we use in the previous sections of this text using the Littlewood-Paley decomposition on the

torus. Lastly in Section B we give the difference estimates for the kernel (1.18) and (1.19) of the

equation (1.13).

2 DERIVATION OF THE GENERAL TENSION EQUATION

In this section wewill derive our alternative formulation of the equation for�′(�) as in (1.13) with

(1.14) and (1.15). It is important for ourmain theorems in this paper that the equation (1.13) does not

contain any terms with�′′(�) or higher derivatives. This is not obvious because the equation (1.7)

does in fact contain terms with �′′(�). Then in this section we explain the cancelation necessary

to show that the higher derivative terms do not occur. We will first derive an alternative form of

the equation for ���(�) in (2.4). Then afterwards we will derive in (2.6) the equation for ���
′(�)

that we have written previously in (1.13).

To this end, with a general tension  as in (1.14), the Peskin problem (1.7) takes the form of an

equation for the parametrization

���(�) = ∫ -(�(�) − �(�))��
(
G(�′)(�)

)
'�,

where -(5) = -1(5) + -2(5) is the matrix valued function from (1.9) and G(5) is the tension map

from (1.14). In this section we will write the integral, ∫ , without a domain such as � to emphasize
that our calculations in this section are independent of the parametrization.

Next making the change of variables � = � + / and using (1.8), we write

���(�) = ∫ -1(*/�)�/

( (|�′|(� + /))�̂′(� + /))'/

+ ∫ -2(*/�)�/

( (|�′|(� + /))�̂′(� + /))'/.

First we will focus on the term involving -1(5).
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20 CAMERON and STRAIN

We use integration by parts and �′(� + /) = �/(*/�
′(�)) to obtain

∫ -1 (*/�)�/

( (|�′|(� + /))�̂′(� + /))'/

= −∫ �/[-1(*/�)] (|�′|(� + /))�̂′(� + /)'/

= −∫ �/[-1(*/�)]
 (|�′|(� + /))
|�′|(� + /) �/(*/�(�))'/

= ∫ �/

( (|�′|(� + /))
|�′|(� + /) �/[-1(*/�)]

)
*/�(�)'/.

We plug this calculation back into the equation to obtain

���(�) = ∫ -(*/�)�/

( (|�′|)
|�′| �′

)
(� + /)'/

= ∫ �/

( (|�′|)(� + /)
|�′|(� + /) �/[-1(*/�)]

)
*/�(�)'/

+ ∫ -2(*/�)�/

( (|�′|)(� + /)
|�′|(� + /) �′(� + /)

)
'/. (2.1)

Next let ∇� denote the directional derivative in the direction � ∈ ℝ
2, that is,

∇�4(5)
def
= lim

�→0+

4(5 + ��) − 4(5)

�
. (2.2)

For the matrix valued functions -1(5) and -2(5) from (1.9) direct calculation gives

4�

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∇�-1(5) = −
� ⋅ 5̂

|5| ,

∇�-2(5) =
� ⋅ 5̂⟂

|5| (5),

∇�∇�-1(5) =
� ⋅ (5)�
|5|2 ,

∇�∇�-2(5) = −
� ⋅(5)�
|5|2 (5) + � ⋅ ((5) − )�

|5|2 (5),

where(5) and (5) are the reflection matrices from (1.16). Thus

�/[-1(*/�)] =
[
∇�′(�+/)-1

]
(*/�),

and

�2/[-1(*/�)] =
[
∇2
�′(�+/)

-1

]
(*/�) +

[
∇�′′(�+/)-1

]
(*/�).
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We now claim that

���(�) = ∫
[
∇2
�′(�+/)

-1

]
(*/�)

 (|�′|(� + /))
|�′|(� + /) */�(�)'/. (2.3)

Then (2.3) directly implies that

���(�) =
1

4� ∫
�′(� + /) ⋅ (*/�)�′(� + /)

|*/�|2
 (|�′|(� + /))
|�′|(� + /) */�(�)'/. (2.4)

Then (2.4) will be our main expression for the Peskin equation for �(�).

Now (2.1) and the previous calculations imply that

���(�) = ∫
[
∇2
�′(�+/)

-1

]
(*/�)

 (|�′|(� + /))
|�′|(� + /) */�(�)'/

+ ∫
 (|�′|(� + /))
|�′|(� + /) [∇�′′(�+/)-1](*/�)*/�(�)'/

+ ∫
 (|�′|(� + /))
|�′|(� + /) -2(*/�)�

′′(� + /)'/

+ ∫ �/

( (|�′|(� + /))
|�′|(� + /)

)
[∇�′(�+/)-1](*/�)*/�(�)'/

+ ∫ �/

( (|�′|(� + /))
|�′|(� + /)

)
-2(*/�)�

′(� + /)'/.

Now to prove the claim (2.3), with (1.9) we use

[∇�-1(5)]5 = −
1

4�

� ⋅ 5̂

|5| 5 = −
� ⋅ 5̂

4�
5̂ = −-2(5)�. (2.5)

This exact calculation (2.5) is crucial to cancel the second two terms above, and in particular

to cancel the second order derivatives. Using this cancelation, since the last two terms in the

equation above are zero, thenwe obtain the claim in (2.3). And the equation (2.4) is our alternative

representation of the Peskin equation for �(�, �).

To obtain an equation for ���
′(�), we could of course just differentiate (2.4) in �. However, that

equation contains �′′(�) and ends up being more difficult to work with. Luckily though, there is

another form for ���
′ which can be written in terms of only �′. To begin our derivation for ���

′,

we note that integrating by parts and using (1.7) with (1.14) we have

���(�) = ∫ -(*/�)�/G(�
′)(� + /)'/

= −∫ �/-(*/�)*/G(�
′)(�)'/.

Differentiating this equation with respect to �, we see that

���
′(�) = −∫ ���/-(*/�)*/G(�

′)(�) − ∫ �/-(*/�)��*/G(�
′)(�)'/.
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As �/-(*/�) is a derivative, it follows that

∫ �/-(*/�)��G(�
′)(�)'/ = ��G(�

′)(�)∫ �/-(*/�)'/ = 0.

Notice that the zero integral above removes a highest order derivative.

We also have that ��G(�
′)(� + /) = �/G(�

′)(� + /). So we can make this exchange and

integrate by parts to obtain

∫ �/-(*/�)��*/G(�
′)(�)'/ = ∫ �/-(*/�)�/*/G(�

′)(�)'/

= −∫ �2/-(*/�)*/G(�
′)(�)'/.

Hence, we have that

���
′(�) = ∫ (�2/ − �/��)-(*/�)*/G(�

′)(�)'/.

Its a straight forward calculation to see that

(�/ − ��)[-(*/�)] = [(∇�′(�+/) − ∇*/�′(�))-](*/�) = [∇�′(�)-](*/�),

and

�/[∇�′(�)-(*/�)] = [∇�′(�+/)∇�′(�)-](*/�).

Thus using our previous calculations of the derivatives of -(5), we have that the Peskin problem

for a general tension can be written as an evolution equation for �′(�) as

���
′(�) = ∫ 0[�](�, /)*/G(�

′)(�)'/. (2.6)

Here the kernel0[�](�, /) is given by

0[�](�, /)
def
=

1

4�

�′(� + /) ⋅ (*/�)�′(�)
|*/�|2 

−
1

4�

�′(� + /) ⋅(*/�)�′(�)
|*/�|2 (*/�)

+
1

4�

�′(� + /) ⋅ ((*/�) − )�′(�)
|*/�|2 (*/�). (2.7)

Note that nothing we have done so far has implied periodicity of the solution�(�), and that these

forms of the equations work for any parametrization.

Then further we can write |*/�|2 = /2|8/�(�)|2 using (1.8) and (1.10). Thus we can write that0[�](�, /) = /
−2[�](�, /) where[�](�, /) is given by (1.15). This establishes equation (1.13)

from (2.6) and (2.7).
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3 MAIN ESTIMATE

In this section we will prove our main a priori estimate for the Peskin problem (1.13) with a gen-

eral tension (1.14) in Proposition 3.1. To this end we let �′(�, �) be the solution of the Peskin

problem (1.13) with the general tension map  given in (1.14) satisfying the assumptions from

Section 1.4 and the kernel given by (1.18) with (1.19). We consider initial data for (1.13), �0,

satisfying

||�′0||� = ||�′0||
�̇

1
2
,�

2,1

≤ Q, |�0|∗ = inf
/≠� |8/�0(�)| > 0. (3.1)

Here 0 < Q < ∞ is allowed to be large. We then suppose in this section that over a short time

interval � > 0 for some fixed t > 0 we have

|�(�)|∗ ≥ t, 0 ≤ � ≤ �. (3.2)

For some C∗ > 0 we further suppose for � > 0 that we have

||�′||�� ≤ C∗Q. (3.3)

We recall the notation (1.26), (1.27), and (1.28). Then themain result in this section is the following

proposition.

Proposition 3.1. Let � ∶ [0, �] × � → ℝ2 be a weak solution to the Peskin problem with tension 
in the sense of Definition 1.2. Assume that�0, andG satisfy the assumptions of Theorem 1.6 including

(3.1). Additionally, assume that (3.2) and (3.3) hold. Then there are uniform constants ^, C > 0 such

that the solution �′(�, �) satisfies the following inequality

||�′||�� + ^<
1∕2||�′||�� ≤ 2||�′0||� + C�1∕2 1∕2||�′||�� .

Above  =  [Q, t, <,1 ,2 ] is defined in (3.48). In particular there exists �Q =

�Q(Q, t, �, <,1 ,2 ) > 0 such that if � ≤ �Q then we have

||�′||�� + 2^<
1∕2||�′||�� ≤ 4||�′0||� ≤ 4Q.

In the rest of this section, we will prove Proposition 3.1. To that end, we first fix some arbitrary

|X| > 0. Then direct calculation using (1.13) gives
'

'�
||*X�′(�)||2S2 = 2∫

�

'� *X�
′(�) ⋅ *X���

′(�)

= 2∫
�
∫
�

'�'/
*X�

′(�) ⋅ *X
((�, /)*/G(�′(�)))
/2

.

The above follows by taking *X of the equation (1.13) then taking the dot product of that with

*X�
′(�) and then integrating the result over S2. Next we take one copy of the integrals on the
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right side and we change variables � → � − / in the � integration to obtain

∫
�
∫
�

'�'/
*X�

′(�) ⋅ *X
((�, /)*/G(�′(�)))
/2

= ∫
�
∫
�

'�'/
*X�

′(� − /) ⋅ *X
((� − /, /)*/G(�′(� − /)))

/2
.

Above */G(�
′(� − /)) = −*−/G(�

′(�)). Then from (1.15) and (1.10) we have (� − /, /) =
(�, −/). Then we change variables / → −/ in the / integration to obtain

∫
�
∫
�

'�'/
*X�

′(�) ⋅ *X
((�, /)*/G(�′(�)))
/2

= −∫
�
∫
�

'�'/
*X�

′(� + /) ⋅ *X
((�, /)*/G(�′(�)))
/2

.

We add this calculation back into the original expression keeping the other integral unchanged to

obtain that

'

'�
||*X�′(�)||2S2 = −∫

�
∫
�

'�'/
*X*/�

′(�) ⋅ *X
((�, /)*/G(�′))
/2

.

We thus conclude that

'

'�
||*X�′(�)||2S2 = −∫

�
∫
�

'�'/
*X*/�

′(�) ⋅ OX(�, /)*X*/G(�′)
/2

− ∫
�
∫
�

'�'/
*X*/�

′(�) ⋅ *X(�, /)*/G(�′)
/2

.

(3.4)

We will deal with these two integrals on the right side in order.

We next study the differences of the tension map. First we give the following useful lemma

which tells us in particular that the operators *±/ from (1.17) and the kernel (1.19) are bounded

above by the same Besov space with the operator */.

Lemma 3.2. Let � = ℝ∕2�ℤ = [−�, �]. Recall the operators 8/ from (1.10) and *±/ from (1.17).

Then for any � ∈ [1,∞] we have

||*−/ 4′||S�
�
≤ 2||4′||S�

�
, ||*+/ 4′||S�

�
≤ 4||4′||S�

�
, ||8/4||S�

�
≤ ||4′||S�

�
. (3.5)

Furthermore, fix 0 < & < 1 and �, Z ∈ [1,∞]. Then we have the uniform estimate

(
∫
�

'X

|X|1+&Z ||*
±
X
4′||Z

S
�
�

)1∕Z
≲ ||4′||�̇&�,Z . (3.6)

We use the standard modification of the lower bound when Z = ∞.
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Proof. From (1.10) we have

8/4(�) = ∫
1

0

'O 4′(� + O/).

Then also using (1.17) we have

*−/ 4
′(�) = 4′(�) − ∫

1

0

'O 4′(� + O/) = −∫
1

0

'O *O/4
′(�),

and then

*+/ 4
′(�) = */4

′(�) + *−/ 4
′(�). (3.7)

Then from Minkowski’s integral inequality we have for example

||*−/ 4′||S�
�
≤ ∫

1

0

'O ||*O/4′||S�
�
,

Thus the inequalities in (3.5) follow fromMinkowski’s inequality, translation invariance, and the

triangle inequality.

It remains to prove (3.6). We use Minkowski’s integral inequality twice as

(
∫
�

'X

|X|1+&Z ||*
−
X
4′||Z

S
�

�

)1∕Z
≤ ∫

1

0

'O

(
∫
�

'X

|X|1+&Z ||*OX4
′||Z
S
�

�

)1∕Z
.

Now applying the change of variable / = OX we obtain (3.6) for *−
X
. The inequality (3.6) for *+

X

then follows from the formula (3.7) and the triangle inequality. □

Remark 3.3. In the rest of this article, whenwe use the estimates of (1.19) in Lemma 3.6, Lemma 5.2

and Lemma 5.3 that are proven in Section B, we will only write the upper bounds with */ in place

of *+/ and *−/ from (1.17). We use this simplification to ease the notation, but more importantly

because these operators have no effect on our final estimates due to Lemma 3.2 and the inequality

in (3.6). We will also ignore the translation operator OX from (1.21) when we use the estimates of

(1.19) as in (3.18), which is justified because all of the functional spaces that we are using in this

article are translation invariant.

Now to begin studying the differences of the tension map in (3.4) we write

*/G(�
′(�)) = ∫

1

0

'&1
'

'&1
G(&1*/�

′(�) + �′(�)) = 8G[�′]*/�
′(�), (3.8)

where letting 8G(5) denote the derivative in (1.33) of the tension map G(5) in (1.14) we have

8G[�′](�)
def
= ∫

1

0

'&1 8G(:1[�
′](&1, /, �)), (3.9)

where

:1[�
′](&1, /, �)

def
= &1O/�

′(�) + (1 − &1)�
′(�).
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26 CAMERON and STRAIN

We therefore obtain from (1.34) that

|*/G(�′(�))| ≤ 1 |*/�′(�)|. (3.10)

We will use this estimate on the second term in (3.4).

To study the first term in (3.4), we apply *X to */G(�
′(�)) to obtain

*X*/G(�
′(�)) = OX8G[�

′](�)*X*/�
′(�) + *X8G[�

′](�)*/�
′(�), (3.11)

where

*X8G[�
′](�) = ∫

1

0

'&1 82G[�
′](�)(:1[*X�

′](&1, /, �)), (3.12)

and

82G[�′](�)
def
= ∫

1

0

'&2 8
2G(:2[�

′](&2, &1, /, �, X)),

with :2[�
′](&2, &1, /, �, X) given by

:2[�
′](, /, �, X)&2, &1

def
= &2:1[OX�

′](&1, /, �) + (1 − &2):1[�
′](&1, /, �). (3.13)

We conclude using Remark 3.3 and (1.34) that

|*X8G[�′](�)*/�′(�)| ≤ 2 |*X�′(�)||*/�′(�)|, (3.14)

and

|*X*/G(�′)| ≤ 1 |*X*/�′(�)| + 2 |*X�′(�)||*/�′(�)|. (3.15)

We will use this estimate on the first term in (3.4). Also notice that we have the matrix inequality

in (1.33) for8G, since the pointwise lowerbound for8G(5) automatically applies to8G from (3.9).

Plugging all of this into (3.4), and using (1.18) with (1.19), (1.40) and the bounds from (1.33) we

obtain

'

'�
||*X�′||2S2

�

+ <||*XΛ̃
1

2�′||2
S2
�

≤ 1 + 2 + 3. (3.16)

Then with (1.19) we have

1 def= 1 ∫
�

'� ∫
�

'/

/2
|*X*/�′(�)|2|OX[�](�, /)|,

2 def= 1 ∫
�

'� ∫
�

'/

/2
|*X*/�′(�)||*/�′(�)||*X[�](�, /)|,

3 def= 2 ∫
�

'� ∫
�

'/

/2
|*X*/�′(�)||*X�′(�)||*/�′(�)||OX[�](�, /)|.
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We will estimate each of the terms above.

Remark 3.4. Note that in the simple tension case, 82G ≡ 0, and hence as in (3.12) in this case
3 ≡ 0.
For 1 we split the kernel (1.19) as

(�, /) = �(�, /) +S(�, /),

where for a fixed small � > 0 to be chosen

�(�, /) = (�, /)Y|/|<�, S(�, /) = (�, /)Y|/|≥�. (3.17)

Thus we have

�1 def= 1 ∫
�

'� ∫
�

'/

/2
|*X*/�′(�)|2|OX[�](�, /)|Y|/|<�.

And we define S1 = 1 − �1 . Next, from (1.19) and Remark 3.3 we have the general estimate

|(�, /)| ≲ |�|−2∗ |*/�′(�)|2 + |�|−1∗ |*/�′(�)|. (3.18)

Then we apply Hölder’s inequality using (3.2) to obtain

�1 ≲ 1
(
∫|/|<�

'/

/2
||*X*/�′||4S4

�

) 1

2
(
∫|/|<�

'/

/2
||*/�′||4S4

�

) 1

2
1

t2

+1 ||*XΛ̃
1

2�′||
S2
�

(
∫|/|<�

'/

/2
||*X*/�′||4S4

�

) 1

4
(
∫|/|<�

'/

/2
||*/�′||4S4

�

) 1

4
1

t
.

In order to deal with this error term, we need to absorb it by the elliptic term. A priori though,

1 and t−1 could both be very large, and this might seem like we need to restrict our choice of

tensions in Section 1.4.

However, the function � from Definition 1.1 allows us to control the decay rate of the integral

on the right hand side. Specifically, for any � > 1 we have

∫ |/|<�
'/

/2
||*/�′||�S�

�

≤ 1

�(�−1)� ∫
�

'/

/2
||*/�′||�S�

�

�(|/|−1)� =
||�′||�

�̇

1
�
,�

�,�

�(�−1)�
. (3.19)

Note that �(�−1)−1 can be made arbitrarily small for � > 0 small. We next use the following

embeddings from Proposition A.5 as

||4||
�̇

1
�
�,�

≲ ||4||
�̇

1
2
2,�

, ||4||
�̇

1
�
,�

�,�

≲ ||4||
�̇

1
2
,�

2,�

, � ≥ 2. (3.20)

We remark that we will also use the following inequality frequently in the rest of this paper,

||4||�̇&�,@1 ≲ ||4||�̇&�,@2 which holds for any @1 ≥ @2 ≥ 1 and any & ∈ ℝ.
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28 CAMERON and STRAIN

We will now use these inequalities in the form

||*X�′||
�̇

1
4
4,4

≲ ||*X�′||
�̇

1
2
2,4

≲ ||*X�′||
�̇

1
2
2,2

≈ ||*XΛ̃
1

2�′||S2
�
,

and also using (3.3) we have,

||�′||
�̇

1
4
,�

4,4

≤ C||�′||
�̇

1
2
,�

2,4

≤ CC∗Q.

We therefore conclude that

�1 ≤ C�11 ||*X�′||2
�̇

1
2
2,2

, (3.21)

where we define �1 = �1(�) by

�1
def
=

1

t2
Q2

�(�−1)2
+
1

t

Q

�(�−1)
. (3.22)

This will be our main estimate for �1 . We will later choose � > 0 small enough so that C�11 ≪
<.

Nextwewill estimateS1 containingS(�, /) from (3.17) and (1.19) on the region |/| ≥ �. Noting
that ||*/4||S� ≤ 2||4||S� for all � ∈ [1,∞], we can neglect the */’s and apply Hölder’s inequality
in � to obtain

S1 ≲ 1
(
∫|/|≥�

'/

/2

)⎛⎜⎜⎝

||*X�′||2S4
�

||�′||2
S4
�

t2
+
||*X�′||S2

�
||*X�′||S4

�
||�′||S4

�

t

⎞⎟⎟⎠
.

We will use the Sobolev embedding ||4||S4
�
≲ ||4||

Ȧ
1
4
≈ ||4||

�̇

1
4
2,2

in the next inequalities. Then

from Lemma A.7 and (3.3) we use the following inequalities

||�′||S4
�
≲ ||�′||

�̇

1
4
2,2

≲ ||�′||
�̇

1
2
2,∞

≲ Q.

For the other term we use also Lemma A.6 to obtain

||*X�′||S4
�
≲ ||*X�′||

�̇

1
4
2,2

≲ ||*XΛ̃
1

2�′||1∕2
S2
�

||*X�′||1∕2S2
�

.

We also use that (∫|/|≥� '//2 ) = �−1. Then we obtain

S1 ≲ 1Q2

�t2
||*XΛ̃

1

2�′||S2
�
||*X�′||S2

�
+

1Q
�t
||*XΛ̃

1

2�′||1∕2
S2
�

||*X�′||3∕2S2
�

.

Using Young’s inequality, we can separate out the higher order terms and get

S1 ≤ <

8
||*X�′||2

�̇

1
2
2,2

+ C||*X�′||2S2
�

1, (3.23)
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where

1 = 1[Q, <, t,1 , �] def= 2
1Q4

<�2t4
+

4∕3
1 Q4∕3

<1∕3�4∕3t4∕3
. (3.24)

This is our main estimate for S1 .
Now we can collect the estimates for �1 in (3.21) and S1 in (3.23) to obtain

1 ≤
(
<

8
+ C�11

)
||*X�′||2

�̇

1
2
2,2

+ C||*X�′||2S2
�

1. (3.25)

This is our main estimate for the term 1.
This estimate abovemotivates the following lemma. First, for someU > 0, we consider a typical

term of the following form

 = [�′1, �′2, �′3] def= U ∫
�

'� ∫
�

'/

/2
|*X*/�′1||*X�′2||*/�′3|. (3.26)

Here �′
�
are given functions for � = 1, 2, 3. Then we have

Lemma 3.5. For any small constant 0 < ^ < 1, and for < > 0 from (1.33), for any small � > 0 we

have the following uniform estimate for (3.26) as

 ≤ ^<||*XΛ̃
1

2�′1||2S2
�

+
CU2

<�(�−1)2
||*X�′2||2S∞

�

||�′3||2�

+^||*X�′1||2S2
�

+ CU2�−2||*X�′2||2S2
�

||�′3||2S∞
�

. (3.27)

In particular if �′1 = �
′
2 then we also have

 ≤ ^<||*XΛ̃
1

2�′1||2S2
�

+
CU2

<�(�−1)2
||*X�′1||2S∞

�

||�′3||2� + C
U

�
||*X�′1||2S2

�

||�′3||S∞� .

Proof of Lemma 3.5. We split this term into  = � + S where � is restricted to the integration
domain |/| < � and S to the domain |/| ≥ � similar to (3.17). For � we use Hölder’s inequality
to obtain

� ≲ ||*X�′2||S∞�
(
∫|/|<�

'/

/2
||*/*X�′1||2S2

�

) 1

2
(
∫|/|<�

'/

/2
||*/�′3||2S2

�

)1∕2
.

We further use the embeddings (3.19) and (3.20) to obtain

� ≲ ||*XΛ̃
1

2�′1||S2� ||*X�
′
2||S∞�

||�′3||
�̇

1
2
,�

2,2

�(�−1)
.
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30 CAMERON and STRAIN

Next we estimate S. Again using Hölder’s inequality we have

S ≲ ||*X�′1||S2� ||*X�′2||S2� ||�′3||S∞�
(
∫|/|≥�

'/

/2

)

≲ �−1||*X�′1||S2� ||*X�
′
2||S2� ||�

′
3||S∞� .

Wecombine the estimates above anduse the embedding� ⊂ �̇
1

2
,�

2,2 to obtain the following general

estimate

 ≤ CU

�(�−1)
||*XΛ̃

1

2�′1||S2� ||*X�
′
2||S∞� ||�′3||�

+CU�−1||*X�′1||S2� ||*X�
′
2||S2� ||�

′
3||S∞� . (3.28)

Then (3.27) follows after applying Young’s inequality. □

Next, we turn our attention towards bounding the term 3 in (3.16). Recalling (1.18), (3.2) and
(3.18), we can bound |OX[�]| in general as

|OX[�](�, /)| ≤ C
(
1 + t−1||�′||S∞

�
+ t−2||�′||2

S∞
�

)
.

Now we state the following useful embedding as

||�′||S∞
�
≲ ||�′||

�̇

1
2
2,1

. (3.29)

This embedding follows as in Proposition A.5. Then further using ||�′||
�̇

1
2
2,1

≲ ||�′||
�̇

1
2
,�

2,1

and (3.3)

we have

C

(
1 + t−1||�′||S∞

�
+ t−2||�′||2

S∞
�

)
≤ C(1 + t−2Q2)

def
= 1 =1[�

′]. (3.30)

Thus we notice that the remaining part of 3 is in the form of (3.26) with �′1 = �
′
2 = �

′
3 = �

′.

Thus applying (3.28) we obtain

3 ≤ C||*XΛ̃
1

2�′||S2
�
||*X�′||S∞

�

||�′||�
�(�−1)

1[�
′]2

+C�−1||*X�′||2S2
�

||�′||S∞
�
1[�

′]2 .
We further apply Young’s inequality to the first term above, and use (3.3), to obtain

3 ≤ <

8
||*XΛ̃

1

2�′||2
S2
�

+ C�222 ||*X�′||2S∞
�

+ C||*X�′||2S2
�

2, (3.31)

where recalling (3.30) we have

2 = 2[Q, t
−1,2 , �] def= �−1Q(1 + t−2Q2)2 , (3.32)
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and �2 = �2(�) is

�2
def
= <−1

Q2

�(�−1)2
(1 + t−2Q2)2. (3.33)

This will be our main estimate for 3. We will later choose � > 0 small enough so that under our
assumptions C�222 ≪ <.

To prove further estimates we will now state the following lemma which gives the pointwise

estimates of *X(�, /). The proof of Lemma 3.6 is given in Section B.
Lemma 3.6. Considering(�, /) from (1.19) we can split *X(�, /) as

*X(�, /) = 1X(�, /) +2X(�, /), (3.34)

where1X(�, /) satisfies the following uniform upper bound

|||1X(�, /)
||| ≲
|*X*+/�′(�)||OX*−/�′(�)| + |*+/�′(�)||*X*−/�′(�)|

|�|2∗

+
|*X*+/�′(�)| + |*X*−/�′(�)|

|�|∗ . (3.35)

Further2X(�, /) satisfies the uniform upper bound

|||2X(�, /)
||| ≲ |*

+
/�

′(�)|(|OX*−/�′(�)| + |*−/�′(�)|
) |*X8/�(�)|
|�|3∗

+
(|*+/�′(�)| + |*−/�′(�)|

) |*X8/�(�)|
|�|2∗

. (3.36)

Next we will estimate the term 2 from (3.16). For future use we will estimate the following

more general term with a constant U > 0 as

2[�′1, �′2, �′3] def= U ∫
�

'� ∫
�

'/

/2
|*X*/�′1(�)||*X[�2](�, /)||*/�′3(�)|. (3.37)

Here �1, �2 and �3 are given functions. Then in Lemma 3.6 we split the kernel from (1.19) as

*X[�2](�, /) = 1X[�2](�, /) +2X[�2](�, /). Taking into account Remark 3.3, from (3.35) and

(3.36) we have

|||1X[�2](�, /)
||| ≲
|*X*/�′2(�)||*/�′2(�)|

|�2|2∗
+
|*X*/�′2(�)|
|�2|∗ , (3.38)

and

|||2X[�2](�, /)
||| ≲
|*/�′2(�)|2|*X8/�2(�)|

|�2|3∗
+
|*/�′2(�)||*X8/�2(�)|

|�2|2∗
. (3.39)
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Now we split 2 = 21 + 22 according to (3.34). In particular 21 is the term 2 with *X(�, /)
replaced by1X(�, /). Now notice that 21[�′1, �′2, �′3] = 21 satisfies the upper bound

21 ≲ U
2∑
�=1

t−�||�′2||�−1S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/�′1(�)||*X�′2(�)||*/�′3(�)|.

Therefore as in (3.26) we have from (3.27) the estimate

21 ≤ ^<||*XΛ̃
1

2�′1||2S2
�

+
CU2

<�(�−1)2

(
2∑
�=1

t−�||�′2||�−1S∞
�

)2
||*X�′2||2S∞

�

||�′3||2�

+ ^||*X�′1||2S2
�

+ C||*X�′2||2S2
�

||�′3||2S∞
�

U2�−2

(
2∑
�=1

t−�||�′2||�−1S∞
�

)2
. (3.40)

This is our main estimate for the term 21[�′1, �′2, �′3].
Lastly we will estimate 22 = 22[�′1, �′2, �′3]. For this term we have the upper bound

|22| ≲ U
3∑
�=2

t−�||�′2||�−1S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/�′1(�)||*X8/�2(�)||*/�′3(�)|.

We can estimate this term the same way that we estimated 3 in (3.31) using Lemma 3.5. This
follows because the term |*X8/�2(�)| in 22 is treated exactly as the term |*X�′2(�)| in (3.26) and
(3.27). We can do that as in (3.5) because

||*X8/�2||S�
�
≲ ||*X�′2||S�� , � ∈ [1,∞]. (3.41)

Thus as in (3.27) we have

22 ≤ ^<||*XΛ̃
1

2�′1||2S2
�

+
CU2

<�(�−1)2

(
3∑
�=2

t−�||�′2||�−1S∞
�

)2
||*X�′2||2S∞

�

||�′3||2�

+ ^||*X�′1||2S2
�

+ C||*X�′2||2S2
�

||�′3||2S∞
�

U2�−2

(
3∑
�=2

t−�||�′2||�−1S∞
�

)2
. (3.42)

This is our main estimate for the term 22.
Then for the term 2 = 2[�′1, �′2, �′3] from (3.40) and (3.42) we have for any small constant

0 < ^ < 1 that

2 ≤ ^<||*XΛ̃
1

2�′1||2S2
�

+ C
U24[�

′
2]

<�(�−1)2
||*X�′2||2S∞

�

||�′3||2�

+^||*X�′1||2S2
�

+ C||*X�′2||2S2
�

||�′3||2S∞
�

U2�−24[�
′
2]. (3.43)
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where

4 = 4[||�′2||S∞� , t−1]
def
=

(
2∑
�=1

t−�||�′2||�−1S∞
�

)2
+

(
3∑
�=2

t−�||�′2||�−1S∞
�

)2
. (3.44)

The above general estimate will be used in Section 5.1.

Specifically for 2 = 2[�′, �′, �′] from (3.16) following a similar procedure we obtain

2 ≤ <

4
||*X�′||2

�̇

1
2
2,2

+ C�321 ||*X�′||2S∞
�

+ C||*X�′||2S2
�

1 3, (3.45)

where recalling (3.3) then �3 = �3[�
′](�) is

�3
def
=

Q2

<�(�−1)2

(
2∑
�=1

t−�Q�−1

)2
(1 + t−2Q2), (3.46)

and

3 = 3[Q, t
−1, �−1]

def
= Q�−1

3∑
�=1

t−�Q�−1. (3.47)

This is our main estimate for the term 2. We will later choose � > 0 small enough so that under
our assumptions C�321 ≪ <.

Putting together our estimates for 1 (3.25), 2 (3.45) and 3 (3.31) into (3.16) we arrive at
'

'�
||*X�′||2S2

�

+
<

2
||*X�′||2

�̇

1
2
2,2

≤ C�11 ||*X�′||2
�̇

1
2
2,2

+C
(2
2 �2 + 2

1 �3
)||*X�′||2S∞

�

+ C||*X�′||2S2
�

(1 +2 + 1 3),

where we recall (3.22), (3.33), (3.46), (3.24), (3.32) and (3.47), respectively.

For convenience from (3.24), (3.30), (3.32) and (3.47) we now define by

 =  [Q, t, <,2 ,1 ] def= 1 +2 + 1 3. (3.48)

From (3.33) and (3.46) we also define

�0
def
= 2

2 �2 + 2
1 �3.

Now we can choose � > 0 small enough so that C�11 < <∕4. Thus we obtain
'

'�
||*X�′||2S2

�

+
<

4
||*X�′||2

�̇

1
2
2,2

≤ C�0||*X�′||2S∞
�

+ C ||*X�′||2S2
�

.

Further integrating in time, we get that

||*X�′||2S2
�

(�) +
<

4
||*X�′||2

S2� (�̇

1
2
2,2)

≤ ||*X�′0||2S2
�

+C�0||*X�′||2S2� (S∞� ) + C ||*X�
′||2
S2� (S

2
�
)
.
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34 CAMERON and STRAIN

Note that trivially, we have the bound

||*X�′||2S2� (S2�) ≤ �||*X�
′||2
S∞� (S

2
�
)
. (3.49)

Nowwe take the essential supremum over 0 ≤ � ≤ �, at the cost of an extra factor of 2 on the RHS,
to obtain

||*X�′||2S∞� (S2�) +
<

4
||*X�′||2

S2�(�̇

1
2
2,2)

≤ 2||*X�′0||2S2
�

+C�0||*X�′||2S2�(S∞� ) + C� ||*X�
′||2
S∞� (S

2
�
)
. (3.50)

Next, note that for any constants U and � we have

1√
2
(|U| + |�|) ≤ (U2 + �2)1∕2 ≤ |U| + |�|. (3.51)

So taking the previous inequality and raising it to the 1∕2 power, we obtain

||*X�′||S∞� (S2�) +
(
<

4

)1∕2
||*X�′||

S2�(�̇

1
2
2,2)

≤ 2||*X�′0||S2�
+C�

1∕2
0 ||*X�′||S2�(S∞� ) + C�

1∕2 1∕2||*X�′||S∞� (S2�).

Then further integrating the above in 'X against |X|−3∕2�(|X|−1) thus gives us

||�′||�� +

(
<

4

)1∕2
||�′||�� ≤ 2||�′0||�

+C�
1∕2
0 ∫

�

'X

|X|3∕2�(|X|
−1)||*X�′||S2�(S∞� ) + C�

1∕2 1∕2||�′||�� .

To handle the term containing �
1∕2
0 we will use the following lemma.

Lemma 3.7. There exists a constant C� > 0 such that

||4||
S̃2�(�̇

1
2
,�

∞,1 )

≤ C� ∫
�

'X

|X|3∕2�(|X|
−1)||*XΛ̃

1

24||S2�(S2�) = C�||4||�� . (3.52)

The proof of Lemma 3.7 is a direct combination of Proposition A.5 with (A.12). Then after using

Lemma 3.7 we can further choose � > 0 small enough so that (
<

4
)1∕2 − C�

1∕2
0 C� ≥ ^<1∕2 > 0 for

some small positive constant ^ ≪ 1. We thus obtain

||�′||�� + ^<
1∕2||�′||�� ≤ 2||�′0||� + C�1∕2 1∕2||�′||�� .

This completes the proof of Proposition 3.1.
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CRITICAL LWP FOR THE PESKIN PROBLEM 35

4 CONTROL OF THE ARC-CHORD CONDITION

In this section we will establish the a priori control over the arc-chord condition defined with

(1.11) for a solution to the Peskin problem (1.13) with a general tension (1.14) satisfying the a priori

estimates (4.2). Recall from (1.20) with (1.19) and (1.40) that �′(�) solves the equation

���
′ + Λ̃G(�′) = (�), (�) def= ∫

�

'/

/2
(�, /)*/G(�′(�)). (4.1)

We suppose that we are given initial data satisfying (3.1) for equation (4.1). For some C∗ > 0 we

will further suppose for � > 0 that for some ^ > 0 and for < > 0 as in (1.33) that we have

||�′||�� + ^<
1

2 ||�′||�� ≤ C∗Q. (4.2)

Next we have the following estimate on the S2�(Ȧ
1) norm of a solution.

Lemma 4.1. Given a solution to (4.1) satisfying (3.2) and (4.2). For any q > 0, there exists �q =

�(q,Q, �, t, <) > 0 such that

∫
�q

0

'& ||�′(&)||2
Ȧ1

≤ q.

Proof. We split into |X| < � and |X| ≥ � for some small � > 0 to be chosen:

∫
�

0

||�′(&)||2'&Ȧ1 ≲ ∫
�

0

'& ∫
�

'� ∫
�

'X

X2 ∫
�

'/

/2
|*X*/�′(&, �)|2

≲
1

�(�−1)2 ∫|X|<�
'X

X2
�(|X|−1)2 ∫

�

0

'& ∫
�

'� ∫
�

'/

/2
|*X*/�′(&, �)|2

+
1

� ∫
�

'� ∫
�

0

'& ∫
�

'/
|*/�′(&, �)|2

/2

≲

||Λ̃
1

2�′||
2

S̃2�(�̇

1
2
,�

2,2 )

�(�−1)2
+

�||�′||2
S̃∞� (�̇

1
2
2,2)

�
≲

C2∗Q
2

�(�−1)2<
+
C2∗Q

2�

�
.

Abovewe use the spaces from (1.23) with (1.24) as in (1.26) and (1.27), and the last line follows from

(4.2). We can choose � > 0 small enough so that C
C2∗Q

2

�(�−1)2<
<

1

2
q, and then we can choose � = �q

small enough so that C
C2∗Q

2�

�
<

1

2
q. □

Next, we prove the following lemma, which controls the S2(�) norm of the time derivative of a

solution by the Ȧ1(�) norm.

Lemma 4.2. A solution to (4.1) satisfying (3.2) and (3.3) has the estimate

||���′(�)||S2(�) ≤ C1||�′(�)||Ȧ1(�),
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36 CAMERON and STRAIN

for some constant C1 = C1(Q, t,1 ) > 0 and for any time 0 < � < �.
Proof. We use the equation (4.1) to obtain that

||���′||S2 ≤ ||Λ̃G(�′)||S2 + ||||S2 .
We will therefore estimate each of the two terms in the upper bound. For the first term, we have

from (1.34) that

||Λ̃G(�′)||S2 ≈ ||G(�′)||Ȧ1 ≈ ||8G(�′)�′′||S2
≲ 1 ||�′′||S2 ≲ 1 ||�′||Ȧ1 .

For the term ||||S2 , by the structure of from (3.18) with (3.2) and (3.10), it is straightforward to

get that

|(�)| ≲ 1 ∫
�

'/

(|*/�′(�)|2
t/2

+
|*/�′(�)|3
t2/2

)
. (4.3)

Applying Minkowski’s inequality, we then get that

||||S2 ≲ 1 ∫
�

'/

/2

(
t−1||*/�′||2S4 + t−2||*/�′||3S6

)
.

In terms of the Besov spaces the upper bound above is

||||S2 ≲ 1 t−1||�′||2
�̇
1∕2
4,2

+ 1 t−2||�′||3
�̇
1∕3
6,3

.

From Proposition A.5 and Lemma A.6, we have the embedding inequalities

||�′||2
�̇
1∕2
4,2

≲ ||�′||2
�̇
3∕4
2,2

≲ ||�′||
�̇
1∕2
2,1

||�′||Ȧ1 ,

and

||�′||3
�̇
1∕3
6,3

≲ ||�′||3
�̇
2∕3
2,2

≲ ||�′||2
�̇
1∕2
2,1

||�′||Ȧ1 .

Plugging in these inequalities and using (4.2) we have

||||S2 ≲ 1 (t−1Q + t−2Q2
)||�′||Ȧ1 .

This completes the proof. □

Corollary 4.3. Given a solution to (1.13) satisfying both (3.2) and (4.2). Then for any q > 0 there

exists a time �q = �(q,Q, �, t, <,1 ) > 0 such that

∫
�q

0

'� ||���′(�)||2S2
�

< q.

The proof of Corollary 4.3 follows from Lemma 4.2 and Lemma 4.1.
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Proposition 4.4. Given a solution to (1.13) satisfying both (3.2) and (4.2). Then for any small q > 0

there exists a time �� = �(�,Q, �, t, <,1 ) > 0 such that
||�′(�) − �′0||S∞� < q,

for all 0 < � < ��.

Proof. We use the embedding (3.29) and (4.2), and then we have for any � > 0:

||�′(�) − �′0||S∞� ≲ ∫
�

'X

|X|3∕2 ||*X(�
′(�) − �′0)||S2� ≲ ∫|X|<� +∫|X|≥�

≲
||�′||�� + ||�

′
0||�

�(�−1)
+
||�′(�) − �′0||S2�

�1∕2
≲

C∗Q

�(�−1)
+
||�′(�) − �′0||S2�

�1∕2
.

Now fix q > 0 small. Then we take � sufficiently small, and we can guarantee

||�′(�) − �′0||S∞� ≤ q

2
+ C
||�′(�) − �′0||S2�

�1∕2
.

Next we apply the Minkowski and Hölder inequalities so that we can bound the latter term as

follows

||�′(�) − �′0||S2� =
||||
||||∫

�

0

'& ���
′(&)
||||
||||S2
�

≤ � 12
(
∫

�

0

'& ||���′(&)||2S2
�

) 1

2

.

Lastly we apply Corollary 4.3, and then the result then follows so long as �� > 0 is taken

sufficiently small. □

Wenow point out that the argument in [25, Prop 8.7 on page 337] shows that for any two vectors

�1 and �2 from (1.10) and (1.11) we have

||�1|∗ − |�2|∗| =
||||inf�≠/ |8/�1(�)| − inf�≠/ |8/�2(�)|

||||

≤ sup
�≠/
||||
|*/�1(�)|
|/| −

|*/�2(�)|
|/|

|||| ≤ sup�≠/
|*/(�1 − �2)(�)|

|/| .

We thus conclude that

||�1|∗ − |�2|∗| ≤ ||�′1 − �′2||S∞� . (4.4)

We can now deduce from Proposition 4.4 and (4.4) that if initially |�0|∗ > 0, then for a solution to
(1.13) satisfying (4.2) for any fixed t satisfying 0 < t < |�0|∗ there exists a small-time �t > 0 such
that (3.2) holds over 0 ≤ � ≤ �t.
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5 STRONG CONTINUITY ESTIMATE

In this section we will prove two a priori continuity estimates that will imply the uniqueness

of solutions. In Section 5.1 we will prove the estimate that will establish the strong continuity

result in Theorem 1.11. Then Section 5.2 we prove the estimates that will give the uniqueness in

Theorem 1.8.

5.1 Strong continuity estimate

We consider two different solutions to (1.13), �′(�, �) and b′(�, �), with corresponding initial data

�0 and b0 respectively. In this section we will sometimes use the notation w to denote either �

or b. When we use w in the estimates below it will not matter whether it is � or b. We consider

initial data for (1.13), w0, satisfying

||w′0||� = ||w′0||
�̇

1
2
,�

2,1

≤ Q, |w0|∗ = inf
/≠� |8/w0(�)| > 0. (5.1)

Here 0 < Q < ∞ is allowed to be large. Then for some C∗ > 0we suppose for � > 0 that for some

^ > 0 and < > 0 as in (1.33) we have

||w′||�� + ^<
1

2 ||w′||�� ≤ C∗Q. (5.2)

We also prove our estimate in this section, for some t > 0 that is allowed to be small, under the

following condition

|w(�)|∗ ≥ t, 0 ≤ � ≤ �. (5.3)

Given � from Definition 1.1 we will use the equivalent semi-norm defined with r instead of �

where r is given by

r(@)
def
= 1 +

�(@)

C3max{1,Q}
, C3 ≥ 1. (5.4)

We will choose C3 = C3(<
−1,1 ) to be a possibly large constant at the end of the proof of Propo-

sition 5.1. Notice that r defines equivalent norms r� and r
� to the norms �� and �

� defined in

(1.26) and (1.27), respectively. In particular, from (5.4) we have

||4||r� ≤ 2||4||�� , ||4||r� ≤ 2||4||�� , (5.5)

and

||4||�� ≤ C3max{1,Q}||4||r� , ||4||�� ≤ C3max{1,Q}||4||r� .
Then with this equivalent norm we will prove the following continuity estimate.

Proposition 5.1. Let�,b ∶ [0, �] × � → ℝ2 be two weak solutions to the Peskin problem with ten-

sion  in the sense of Definition 1.2 with initial data �0, b0 respectively. Assume that �0, b0, and

G satisfy the assumptions of Theorem 1.11 including (5.1). Additionally, assume that (5.2) and (5.3)
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CRITICAL LWP FOR THE PESKIN PROBLEM 39

hold. For the tension map (1.14) we assume that (1.34) and (1.35) hold. Then for the two solutions �′

and b′ to (1.13) over 0 ≤ � ≤ � with � > 0 we have

||�′ − b′||r� + <
1

2 ||�′ − b′||r� ≤ 4||�′0 − b′0||r + C||�′ − b′||r��
1

2 ,

where =[t,Q] is defined in (5.42).

In particular, there exists �Q = �Q(Q, t, �, <,1 ,2 ,3 ) > 0 such that for any 0 < � ≤ �Q ,
we have the following estimate

||�′ − b′||r� + 2<
1

2 ||�′ − b′||r� ≤ 8||�′0 − b′0||r .
For use below we define the following notation using (1.11):

|�,b|∗ def= min{|�|∗, |b|∗}. (5.6)

Then the next two lemmas will be used in the proof of Proposition 5.1.

Lemma 5.2. We have the following uniform estimate

|[�] −[b]| ≲ |�|−1∗ (||*+/ (�′ − b′)(�)|| + ||*−/ (�′ − b′)(�)||)

+ |�|−2∗
(||*+/ (�′ − b′)(�)||||*−/�′(�)|| + ||*−/ (�′ − b′)(�)||||*+/b′(�)||

)

+ |�,b|−2∗ ||8/(�′ − b′)(�)||
(||*−/b′(�)|| + ||*+/b′(�)||

)

+ |�,b|−3∗ ||8/(�′ − b′)(�)||||*−/b′(�)||||*+/b′(�)||.

We also use the decomposition in (3.34) as

*X[�] = 1X[�] +2X[�], *X[b] = 1X[b] +2X[b].

We further introduce the following notation

|*X8/�, *X8/b| def= max{|*X8/�(�)|, |*X8/b(�)|}. (5.7)

Lemma 5.3. We have the uniform estimate for the difference

|||1X[�] −1X[b]
||| ≲
(|*X*+/ (�′ − b′)(�)| + |*X*−/ (�′ − b′)(�)|

)|�|−1∗
+
(|*X*+/ (�′ − b′)(�)||OX*−/�′(�)| + |*X*−/ (�′ − b′)(�)||*+/b′(�)|

)|�|−2∗
+ |*X*+/b′(�)||OX*−/ (�′ − b′)(�)||�|−2∗ + |*+/ (�′ − b′)(�)||*X*−/�′(�)||�|−2∗
+
(|*X*+/b′(�)| + |*X*−/b′(�)|

)|OX8/(�′ − b′)(�)||�,b|−2∗
+ |*X*+/b′(�)||OX*−/b′(�)||OX8/(�′ − b′)(�)||�,b|−3∗
+ |*+/b′(�)||*X*−/b′(�)||8/(�′ − b′)(�)||�,b|−3∗ . (5.8)
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40 CAMERON and STRAIN

And we have

|||2X[�] −2X[b]
||| ≲ |*

+
/ (�

′ − b′)(�)|(1 + |OX*−/�′(�)| + |*−/�′(�)|)
|*X8/�(�)|
|�|3∗

+
(|OX*−/ (�′ − b′)(�)||*+/b′(�)| + |*−/ (�′ − b′)(�)|(1 + |*+/b′(�)|)

) |*X8/�(�)|
|�|3∗

+ (|*+/b′(�)|(1 + |*−/b′(�)| + |OX*−/b′(�)|) + |*−/b′(�)|)
|*X8/(�′ − b′)(�)|

|�,b|3∗

+ |*+/b′(�)||OX*−/b′(�)||OX8/(�′ − b′)(�)|
|*X8/�, *X8/b|
|�,b|4∗

+
(|*+/b′(�)||OX*−/b′(�)| + |*+/b′(�)||*−/b′(�)|

)|8/(�′ − b′)(�)|
|*X8/�, *X8/b|
|�,b|4∗

+
(|*+/b′(�)| + |*−/b′(�)|

)|8/(�′ − b′)(�)|
|*X8/�, *X8/b|
|�,b|4∗

. (5.9)

The proofs of Lemmas 5.2 and 5.3 are contained in Section B.

Proof of Proposition 5.1. For now we consider (1.13), and we take the difference of two solutions

as

���
′(�) − ��b

′(�) = ∫
�

'/
[�](�, /)

/2
*/
(
G(�′(�)) − G(b′(�))

)

+∫
�

'/
[�](�, /) −[b](�, /)

/2
*/G(b

′(�)).

We now take *X of the equation above to obtain

��*X(�
′ − b′)(�) = ∫

�

'/
OX[�](�, /)

/2
*X*/
(
G(�′(�)) − G(b′(�))

)

+∫
�

'/
*X[�](�, /)

/2
*/(G(�

′(�)) − G(b′(�)))

+∫
�

'/
OX([�] −[b])(�, /)

/2
*X*/G(b

′(�))

+∫
�

'/
*X([�] −[b])(�, /)

/2
*/G(b

′(�)).

Now we consider this expression in S2 similar to (3.4) as

'

'�
||*X�′ − *Xb′||2S2 = −∫

�

'� ∫
�

'/ *X*/(�
′ − b′)(�) ⋅

OX[�](�, /)
/2

*X*/(G(�
′(�)) − G(b′(�)))

−∫
�

'� ∫
�

'/ *X*/(�
′ − b′)(�) ⋅

*X[�](�, /)
/2

*/(G(�
′(�)) − G(b′(�)))
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−∫
�

'� ∫
�

'/ *X*/(�
′ − b′)(�) ⋅

OX([�] −[b])(�, /)
/2

*X*/G(b
′(�))

−∫
�

'� ∫
�

'/ *X*/(�
′ − b′)(�) ⋅

*X([�] −[b])(�, /)
/2

*/G(b
′(�)). (5.10)

To prove our estimate, we will first expand out each of the terms above.

To this end we recall (3.8) and (3.11). As in (3.8) we expand out

*/(G(�
′(�)) −G(b′(�))) = 8G[�′]*/(�

′ − b′)(�)

+ (8G[�′] − 8G[b′])*/b
′(�). (5.11)

Further as in (3.9) we calculate that

8G[�′] − 8G[b′] = ∫
1

0

'&1 8̃2G(&1, �, /) (:1[�
′] − :1[b

′]), (5.12)

where :1[�
′] = :1[�

′](&1, /, �) is defined below (3.9) and

8̃2G(&1, �, /)
def
= ∫

1

0

'&2 8
2G(42[�

′, b′](&1, &2, �, /)). (5.13)

Here we also use the definition

42[�
′, b′](&1, &2, �, /)

def
= &2(&1O/(�

′ − b′)(�) + (1 − &1)(�
′ − b′)(�))

+ &1O/b
′(�) + (1 − &1)b

′(�).

Thus recalling Remark 3.3 and using (1.34) we have

|*/(G(�′(�)) −G(b′(�)))| ≤ 1 |*/(�′ − b′)(�)|
+2 |(�′ − b′)(�)||*/b′(�)|.

We will use this estimate for the second term in (5.10).

For the first term in (5.10), we expand (3.11) out as

*X*/(G(�
′(�)) −G(b′(�))) = OX8G[�

′]*X*/(�
′ − b′)(�)

+ OX(8G[�
′] − 8G[b′])*X*/b

′(�) + *X8G[�
′]*/(�

′ − b′)(�)

+ (*X8G[�
′] − *X8G[b

′])*/b
′(�).

Notice that *X8G[�
′] is calculated in (3.12) and it has the bound (3.14). We further calculate using

:1 from (3.9) and (3.12) that

*X8G[�
′] − *X8G[b

′] = ∫
1

0

'&1 82G[�
′](�):1[*X(�

′ − b′)](&1, /, �)

+ ∫
1

0

'&1 (82G[�
′] − 82G[b′]):1[*Xb

′](&1, /, �), (5.14)
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42 CAMERON and STRAIN

where

82G[�′] − 82G[b′] = ∫
1

0

'&2 83G(�, /, X):2[�
′ − b′],

where :2[�
′ − b′] is defined in (3.13). We further use

83G(�, /, X)
def
= ∫

1

0

'&3 8
3G(:3(&3, �, /, X)),

and with :2[�
′] defined in (3.13) we use

:3(&3, �, /, X)
def
= &3:2[�

′](&2, &1, /, �, X) + (1 − &3):2[b
′](&2, &1, /, �, X).

Notice that OX8G[�
′]*X*/(�

′ − b′)(�)with (3.9) will give rise to the crucial elliptic term in (5.10)

using (1.33). Putting all of this together including Remark (3.3) using (3.14), (1.34) and (1.35) we

conclude the following bound

|*X*/(G(�′(�)) −G(b′(�))) − OX8G[�′]*X*/(�′ − b′)(�)|
≤ 2 (|*X*/b′(�)||(�′ − b′)(�)| + |*X�′(�)||*/(�′ − b′)(�)|)
+2 |*X(�′ − b′)(�)||*/b′(�)| + 3 |(�′ − b′)(�)||*Xb′(�)||*/b′(�)|.

We will use this to estimate the first term in (5.10). To bound the third term in (5.10), we recall

(3.11) and (3.15). Lastly, to bound fourth term in (5.10) we recall (3.8) and (3.10).

Plugging all of these calculations into (5.10), and using (1.18) with (1.19) and (1.33) and Remark

(3.3) we obtain

'

'�
||*X(�′ − b′)||2S2 +< ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)|2

≤
3∑
�=0

� +

7∑
�=4

� +

9∑
�=8

� . (5.15)

To ease the notation, when we list the terms below we will drop the (�) and (�, /) notation from

each term. For example we will write OX[�](�, /) = OX[�]. Then with (1.18) and (1.19) we have

0
def
= 1 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)|2|OX[�]|,

1
def
= 1 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||*/(�′ − b′)||*X[�]|,

2
def
= 1 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||*X*/b′||OX([�] −[b])|,

3
def
= 1 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||*/b′||*X([�] −[b])|,

4
def
= 2 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||OX[�]||�′ − b′||*X*/b′|,
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5
def
= 2 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||OX[�]||*X�′||*/(�′ − b′)|,

6
def
= 2 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||OX[�]||*X(�′ − b′)||*/b′|,

7
def
= 2 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||*X[�]||�′ − b′||*/b′|,

8
def
= 2 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||OX([�] −[b])||*Xb′||*/b′|,

9
def
= 3 ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)||OX[�]||�′ − b′||*Xb′||*/b′|.

Wewill estimate each of the terms above individually. In the all of the following estimates we will

use a small � > 0 to be chosen at the end of the proof.

First notice that0 is analogous to 1 from (3.16) and (3.18). Thus similar to (3.25) we have

0 ≤
(
<

64
+ C�11

)
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C||*X(�′ − b′)||2S2
�

1, (5.16)

where �1 = �1(�) is given by (3.22) and 1 is defined in (3.24). Later we will be able to choose

� > 0 small enough in so that we have C�11 ≤ 1

2

<

64
. This is our main estimate for the term0.

Then the term1 is exactly2[�′ − b′, �′, �′ − b′] from (3.37). Thus as in (3.43),1 satisfies

the estimate

1 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C�321 ||*X�′||2S∞
�

||�′ − b′||2�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*X�′||2S2
�

||�′ − b′||2
S∞
�

2
1 2, (5.17)

where �3 = �3(�) is given by (3.46) and as in (3.44) we have

2 =2[Q, t
−1, �−1]

def
= �−2

(
2∑
�=1

t−�Q�−1

)2
(1 + t−2Q2). (5.18)

This is our main estimate for the term1.

Next we consider7. After bounding |�′ − b′| ≲ ||�′ − b′||S∞
�
, then as in (3.43) with (5.2) the

term7 satisfies the bounds

7 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C�322Q2||�′ − b′||2
S∞
�

||*X�′||2S∞
�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*X�′||2S2
�

||�′ − b′||2
S∞
�

Q22
2 2. (5.19)

This is our main estimate for7.
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Next, we apply the estimate (3.27) to5 to obtain

5 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C�522 ||*X�′||2S∞
�

||�′ − b′||2�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*X�′||2S2
�

||�′ − b′||2
S∞
�

2
2 5. (5.20)

where recalling1 =1[t,Q] = C(1 + t
−2Q2) from (3.30) we define

�5
def
=

(1 + t−2Q2)2

<�(�−1)2
, (5.21)

and

5
def
= �−2(1 + t−2Q2)2. (5.22)

Next, we apply the estimate (3.27) to6 to obtain

6 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C�622 ||*X(�′ − b′)||2S∞
�

+C||*X(�′ − b′)||2S2
�

2Q(1 + t−2Q2)�−1, (5.23)

where

�6 =
Q2

<�(�−1)2
(1 + t−2Q2)2. (5.24)

We also apply the estimate (3.27) to9 to obtain

9 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C�623 ||�′ − b′||2S∞
�

||*Xb′||2S∞
�

+
1

64
||*X(�′ − b′)||2S2

�

C||*Xb′||2S2
�

||�′ − b′||2
S∞
�

2
3Q2(1 + t−2Q2)2�−2. (5.25)

This is our main estimate for9.

We will now estimate the terms2 and8. From Lemma 5.2, Remark 3.3 and (5.3) we have

|[�] −[b]| ≲ |*/(�′ − b′)(�)|(t−1 + t−2(|*/�′(�)| + |*/b′(�)|))

+ |8/(� − b)||*/b′(�)|
(
t−2 + t−3|*/b′(�)|

)
. (5.26)

We thus define

21 =21[t,Q]
def
= t−1 + t−2Q, 22 = t

−121. (5.27)

Then for2 using (3.5) we split it up as
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2 ≤ C211 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*Xb′(�)||*/(�′ − b′)(�)|

+C221 ||�′ − b′||S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*Xb′(�)||*/b′(�)|

= 21 +22.

Then for21 we use (3.27) to obtain

21 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+
C2

2121
<�(�−1)2

||*Xb′||2S∞
�

||�′ − b′||2�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*Xb′||2S2
�

||�′ − b′||2
S∞
�

2
2121 �−2. (5.28)

And for22 we similarly obtain

22 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+
C2

2221Q2

<�(�−1)2
||*Xb′||2S∞

�

||�′ − b′||2
S∞
�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*Xb′||2S2
�

||�′ − b′||2
S∞
�

Q22
2221 �−2. (5.29)

These are our main estimates for2.

For the term8, also using (3.5), with (5.2) and Remark 3.3 we will use the following estimate

|[�] −[b]| ≤ C8||�′ − b′||S∞
�
,

where

8 =8[t,Q]
def
= t−1 + t−2Q + t−3Q2. (5.30)

Then for8 we further use (3.27) to find

8 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C
2
8Q

22
2

<�(�−1)2
||*Xb′||2S∞

�

||�′ − b′||2
S∞
�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*Xb′||2S2
�

||�′ − b′||2
S∞
�

Q22
8�
−22

2 . (5.31)

This is our main estimate for8.

We will now estimate3. To this end we use the decomposition in (3.34) as

*X[�] = 1X[�] +2X[�], *X[b] = 1X[b] +2X[b].

Then from (5.8) with Remark 3.3 and (5.3) we have the following bound

|||1X[�] −1X[b]
||| ≲ |*X*/(�′ − b′)(�)|t−1

+ |*/(�′ − b′)(�)|
(|*X*/b′(�)| + |*X*/�′(�)|

)
t−2

+ |*X*/(�′ − b′)(�)|
(|*/b′(�)| + |*/�′(�)|

)
t−2

+ |*X*/b′(�)||8/(� − b)(�)|
(
1 + t−1|*/b′(�)|

)
t−2.
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And from (5.9) we have

|||2X[�] −2X[b]
||| ≲ t−3|*/(�′ − b′)(�)||*X8/�(�)|

+t−3(|*/b′(�)| + |*/�′(�)|)|*/(�′ − b′)(�)||*X8/�(�)|
+t−3

(|*/b′(�)| + |*/b′(�)|2
)|*X8/(� − b)(�)|

+t−4
(|*/b′(�)| + |*/b′(�)|2

)|8/(� − b)(�)|(|*X8/�(�)| + |*X8/b(�)|).

We thus define3 =3[t,Q] by

3
def
= t−1 + t−2(1 + Q)

(
1 + t−1(1 + Q)

)
+ t−4Q(1 +Q). (5.32)

And then we plug these estimates in, using also (3.5), to observe

3 ≤ C1 3 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*/(�′ − b′)(�)||*Xw′(�)|

+C1 3 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*/(�′ − b′)(�)||*X8/w(�)|

+C1 3 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*X(�′ − b′)(�)||*/w′(�)|

+C1 3 ∫
�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*X8/(� − b)(�)||*/w′(�)|

+C1 3||�′ − b′||S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*/b′(�)||*Xw′(�)|

+C1 3||�′ − b′||S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*/b′(�)||*X8/w(�)| =

6∑
�=1

3� .

Here we recall the notation w′ defined above (5.1).

Now for the term31 we use (3.27) to get

31 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+
C2

1 2
3

<�(�−1)2
||�′ − b′||2� ||*Xw′||2S∞

�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*Xw′||2S2
�

||�′ − b′||2
S∞
�

2
1 2

3�
−2. (5.33)

Then because of (3.41), in32 we can treat |*X8/w(�)| the same as |*Xw′(�)| in31. Thus32

also satisfies (5.33).

Next for the term33 we again use (3.27) and (5.2) to obtain

33 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+
C2

1 2
3

<�(�−1)2
Q2||*X(�′ − b′)||2S∞

�

+C||*X(�′ − b′)||2S2
�

1 3�
−1Q. (5.34)
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Then again because of (3.41)34 also satisfies (5.34).

For the term35 we use (3.27) to obtain

35 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+
C2

1 2
3

<�(�−1)2
Q2||*Xw′||2S∞

�

||�′ − b′||2
S∞
�

+
1

64
||*X(�′ − b′)||2S2

�

+ C||*Xw′||2S2
�

||�′ − b′||2
S∞
�

2
1 2

3�
−2Q2. (5.35)

And again with (3.41) then36 also satisfies (5.35). These are our main estimates for3.

The last term to estimate is4. From (3.30) we can bound

4 ≤ 12 ||�′ − b′||S∞
� ∫

�

'� ∫
�

'/

/2
|*X*/(�′ − b′)(�)||*X*/b′(�)|.

For the term4 we apply Cauchy-Schwartz to obtain

4 ≤ 12 ||�′ − b′||S∞
�
||*XΛ̃

1

2 (�′ − b′)||S2
�
||*XΛ̃

1

2b′||S2
�
.

Notice that this term does not have the same opportunity to achieve an extra smallness using the

regularity fromDefinition 1.1 similar to the other terms, as in (3.27). Thus, the presence of the term

4 is the reason why we use the equivalent normwith (5.4). For nowwe apply Young’s inequality

4 ≤ <

64
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

+ C<−12
122 ||�′ − b′||2S∞

�

||*XΛ̃
1

2b′||2
S2
�

. (5.36)

This completes our individual estimates for all of the terms in (5.15).

Next we collect all the estimates above in (5.16), (5.17), (5.19), (5.20), (5.23), (5.25), (5.28), (5.29),

(5.31), (5.33), (5.34), (5.35) and (5.36) and put them into (5.15) to obtain

'

'�
||*X(�′ − b′)||2S2

�

+
3<

4
||*XΛ̃

1

2 (�′ − b′)||2
S2
�

≤ C�7
(
||*X�′||2S∞

�

+ ||*Xb′||2S∞
�

)
||�′ − b′||2� + C||�X(�′ − b′)||2S2

�

9

+C�9||�X(�′ − b′)||2S∞
�

+ C

(
||*X�′||2S2

�

+ ||*Xb′||2S2
�

)
||�′ − b′||2

S∞
�

7

+C�11 ||*XΛ̃
1

2 (�′ − b′)||2
S2
�

+ C<−12
2 2

1 ||*XΛ̃
1

2b′||2
S2
�

||�′ − b′||2
S∞
�

.

Here we recall (3.22). Further recalling (3.46), (5.21), (5.24), (5.27), (5.30) and (5.32), we define

�7
def
= �321 + �322Q2 + �522 + �623 +

2
2121

<�(�−1)2

+
2
2221Q2

<�(�−1)2
+

2
8Q

22
2

<�(�−1)2
+

2
1 2

3

<�(�−1)2
(1 + Q2), (5.37)
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and additionally recalling (5.18) and (5.22) we have

7
def
= 2

1 2 +Q
22
2 2 + 2

2 5 + 2
3Q2(1 + t−2Q2)2�−2 +2

2121 �−2
+Q22

2221 �−2 +Q22
8�
−22

2 + 2
1 2

3�
−2(1 + Q2). (5.38)

Above we also used the definition

�9
def
= �622 +

2
1 2

3

<�(�−1)2
Q2, (5.39)

and additionally recalling (3.24) we define

9
def
= 1 +1 + 2Q(1 + t−2Q2)�−1 + 1 3�

−1Q. (5.40)

We now choose � > 0 small enough so that we have C�11 ≤ 1

4
<. Next we further integrate in

time over 0 ≤ & ≤ � and afterwards we take the essential supremum in time over 0 ≤ � ≤ � to

obtain

sup
0≤�≤� ||*X(�

′ − b′)||2
S2
(�) +

<

2
||*XΛ̃

1

2 (�′ − b′)||2
S2�(S

2
�
)

≤ ||*X(�′0 − b′0)||2S2 + C�7
(
||*X�′||2S2�(S∞� ) + ||*Xb

′||2
S2�(S

∞
�
)

)
||�′ − b′||2

S∞� (�)

+C�9||�X(�′ − b′)||2S2�(S∞� ) + C||�X(�
′ − b′)||2

S2�(S
2
�
)
9

+C

(
||*X�′||2S2�(S2�) + ||*Xb

′||2
S2�(S

2
�
)

)
||�′ − b′||2

S∞� (S
∞
�
)
7

+
1

2
� sup
0≤�≤� ||�X(�

′ − b′)||2
S2
�

(�) + C<−12
2 ||*XΛ̃

1

2b′||2
S2�(S

2
�
)
||�′ − b′||2

S∞� (S
∞
�
)
.

Next we suppose that 0 < � ≤ 1, and we use the inequality (3.51) to obtain
1

2
sup
0≤�≤� ||*X(�

′ − b′)||S2(�) + <1∕2

2
||*XΛ̃

1

2 (�′ − b′)||S2�(S2�)

≤ ||*X(�′0 − b′0)||S2 + C�1∕27

(
||*X�′||S2�(S∞� ) + ||*Xb

′||S2�(S∞� )
)
||�′ − b′||S∞� (�)

+C�
1∕2
9 ||�X(�′ − b′)||S2�(S∞� ) + C||�X(�

′ − b′)||S2�(S2�)
1∕2
9

+C
(
||*X�′||S2�(S2�) + ||*Xb

′||S2�(S2�)
)
||�′ − b′||S∞� (S∞� )1∕2

7

+C<−1∕22 ||*XΛ̃
1

2b′||S2�(S2�)||�
′ − b′||S∞� (S∞� ).

We further integrate the above in 'X against |X|−3∕2r(|X|−1) for r defined in (5.4) to obtain
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1

2
||�′ − b′||r� +

<1∕2

2
||�′ − b′||r� ≤ ||�′0 − b′0||r

+C�
1∕2
7

(
||�′||

S̃2�(�̇

1
2
,r

∞,1)

+ ||b′||
S̃2�(�̇

1
2
,r

∞,1)

)
||�′ − b′||r�

+C�
1∕2
9 ||�′ − b′||

S̃2�(�̇

1
2
,r

∞,1)

+ C�1∕21∕2
9 ||�′ − b′||r�

+C�1∕2
(
||�′||r� + ||b′||r�

)
||�′ − b′||S∞� (S∞� )1∕2

7

+C<−1∕22 ||b′||r� ||�′ − b′||S∞� (S∞� ).
We use the embedding (3.52) to see that ||4||

S̃2�(�̇

1
2
,r

∞,1)

≤ Cr||4||r� . We also use the embeddings in
(3.29), Proposition A.5 and then we use Definition 1.1 to obtain

||4||S∞� (S∞� ) ≤ C||4||
S∞� (�̇

1
2
2,1)

≤ C||4||r� .

The last inequality above follows simply because r ≥ 1 in (5.4). Thus we have
1

2
||�′ − b′||r� +

<1∕2

2
||�′ − b′||r� ≤ ||�′0 − b′0||r

+ Cmax{1,Q}Cr�
1∕2
7

(
||�′||r� + ||b′||r�

)
||�′ − b′||r�

+CCr�
1∕2
9 ||�′ − b′||r� + C�1∕21∕2

9 ||�′ − b′||r�
+C�1∕2

(
||�′||r� + ||b′||r�

)
||�′ − b′||r�1∕2

7

+C<−1∕22 ||b′||r� ||�′ − b′||r� .
Nowusing (5.2) and (5.5) we can choose � > 0 additionally small enough so that �7 > 0 from (5.37)

enforces

Cmax{1,Q}Cr�
1∕2
7

(
||�′||r� + ||b′||r�

) ≤ 4Cmax{1,Q}Cr�1∕27 Q <
1

8
.

Then we can further choose � > 0 additionally possibly smaller so that �9 from (5.39) enforces

CCr�
1∕2
9 <

<1∕2

4
.

Thus we obtain

3

8
||�′ − b′||r� +

<1∕2

4
||�′ − b′||r� ≤ ||�′0 − b′0||r

+C�1∕20||�′ − b′||r� + C<−1∕22 ||b′||r� ||�′ − b′||r� .
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where recalling (5.40), (5.38), (5.2) and (5.5) we define

0
def
= 1∕2

9 +Q1∕2
7 . (5.41)

Next from (5.4) and (1.27) we have that

||b′||r� = ∫
�

'X

|X|3∕2 ||*XΛ̃
1

2b′||S2�(S2�) +
1

C3max{1,Q}
||b′||�� .

Since we can bound ||b′||�� ≤ C<−1∕2||b′0||� as in Proposition 3.1 and (5.2), then we can make
the second term above arbitrarily small. In particular we can choose C3 ≥ 1 large enough so that

C<−1∕2
2 ||b′||��
C3max{1,Q}

≤ C<−1 2 ||b′0||�
C3max{1,Q}

≤ C<−12
C3

<
1

16
.

It is important that C3 = C3(<,2 ) but C3 does not depend upon �. Then for the first term above,

we split into |X| < �1 and |X| ≥ �1 for some small �1 > 0. Then similar to (3.19) using also (5.2) we
have

∫|X|<�1
'X

|X|3∕2 ||*XΛ̃
1

2b′||S2�(S2�) ≤
1

�(�−11 )
||b′||�� ≤ C Q

<
1

2�(�−11 )

.

For the other part, again with (5.2), we have

∫|X|≥�1
'X

|X|3∕2 ||*XΛ̃
1

2b′||S2�(S2�) ≤ C�
−1∕2
1 ||Λ̃

1

2b′||S2�(S2�)

≤ C�1∕2�−1∕21 ||b′||
S∞� (�̇

1
2
2,2)

≤ C�1∕2Q�−1∕21 .

Notice that
1

�(�−11 )
can bemade arbitrarily small for �1 > 0 chosen small enough. Thus if we choose

�1 > 0 small enough we have

C<−1∕22 Q

<
1

2�(�−11 )

<
1

16
.

Thus we obtain

||�′ − b′||r� + <1∕2||�′ − b′||r� ≤ 4||�′0 − b′0||r + C||�′ − b′||r��1∕2 ,

where using (5.41) we define

 def
= 0 + �

−1∕2
1 Q<−1∕22 . (5.42)

The proof is complete. □
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5.2 �� continuity estimate

For some C∗ > 0 we now suppose for � > 0 that for some ^ > 0 and < > 0 as in (1.33) for some

Q > 0 that we have

||w′||
S∞� Ȧ

1
2
+ ^<

1

2 ||w′||S2�Ȧ1 ≤ C∗Q. (5.43)

Notice that this condition is implied by (5.2). Then in this subsectionwewill prove in the following

proposition that as long as (5.43) holds then the S2
�
norm of the difference of two solutions to (1.13)

is stable.

Proposition 5.4. Let �,b ∶ [0, �] × � → ℝ2 be two weak solutions to the Peskin problem (1.13)

with tension  (1.14) in the sense of Definition 1.2 with initial data �0, b0 respectively. Assume

that �0, b0, and G satisfy the assumptions of Theorem 1.6, in particular we assume (1.34). Addi-

tionally assume (5.3) holds with � > 0. Then for two solutions �′ and b′ over 0 ≤ � ≤ � we

have

||(�′ − b′)(�)||S2
�
≤ C||�′0 − b′0||S2� ,

where C = C(Q, t, <,1 ,2 ) > 0.
Proof. Direct calculation gives us that

'

'�
||�′ − b′||2

S2
�

= −∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅
([�]*/G(�′) −[b]*/G(b′))

= −∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅[�]*/(G(�′) − G(b′))

− ∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅ ([�] −[b])*/G(b′) = � + �.

Recalling (3.9), we use (1.18) and (5.11) to expand out � as

� = − 1

4� ∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅ 8G[�′]*/(�
′ − b′)

− ∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅[�]8G[�′]*/(�′ − b′)

− ∫
�
∫
�

'/'�

/2
*/(�

′ − b′) ⋅[�](8G[�′] − 8G[b′])*/b′ = �1 + �2 + �3.

Then from (1.33) we have �1 ≤ −<||Λ̃ 1

2 (�′ − b′)||2
S2
�

.

Next we estimate the following sample term for an integer � ≥ 1 using Proposition A.5 and

Lemma A.6 and Young’s inequality for any small constant ^ > 0 as

 1
0

9
7

0
3

1
2

, 0
, D

o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://o
n

lin
elib

rary
.w

iley
.co

m
/d

o
i/1

0
.1

0
0

2
/cp

a.2
2

1
3

9
 b

y
 U

n
iv

ersity
 O

f P
en

n
sy

lv
an

ia, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

8
/0

9
/2

0
2
3
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



52 CAMERON and STRAIN

∫
�

'� ∫
�

'/

/2
|*/(�′ − b′)|2|*/w′|� ≤ C ∫

�

'/

/2
||*/(�′ − b′)||2S2

�

||*/w′||�S∞
�

≤ C||�′ − b′||2
�̇

1
4
2,4

||w′||�
�̇

1
2�
∞,2�

≤ C||�′ − b′||2
Ȧ
1
4

||w′||�
�̇

�+1
2�
2,2�

≤ C||�′ − b′||
Ȧ
1
2
||�′ − b′||S2

�
||w′||�−1

Ȧ
1
2

||w′||Ȧ1

≤ ^<||�′ − b′||2
Ȧ
1
2

+ C<−1||�′ − b′||2
S2
�

||w′||2(�−1)
Ȧ
1
2

||w′||2
Ȧ1
. (5.44)

Then for �2 we use (3.9), (1.34), (3.18), (5.3) and (5.44) to obtain

�2 ≤ C ∫
�

'� ∫
�

'/

/2
|*/(�′ − b′)|2(t−1|*/�′| + t−2|*/�′|2)|8G[�′]|

≤ <

8
||�′ − b′||2

Ȧ
1
2

+ C
2
1
<

⎛
⎜⎜⎜⎝
1 +

||�′||2
Ȧ
1
2

t2

⎞
⎟⎟⎟⎠

||�′||2
Ȧ1

t2
||�′ − b′||2

S2
�

. (5.45)

Next we will estimate �3. First similar to (5.44) for an integer � ≥ 1 we estimate

∫
�

'� ∫
�

'/

/2
|*/(�′ − b′)||�′ − b′||*/w′|�

≤ C||�′ − b′||S2
� ∫�

'/

/2
||*/(�′ − b′)||S2

�
||*/w′||�S∞

�

≤ C||�′ − b′||S2
�
||�′ − b′||

Ȧ
1
2
||w′||�

�̇

1
2�
∞,2�

≤ C||�′ − b′||
Ȧ
1
2
||�′ − b′||S2

�
||w′||�−1

Ȧ
1
2

||w′||Ȧ1

≤ ^<||�′ − b′||2
Ȧ
1
2

+ C<−1||�′ − b′||2
S2
�

||w′||2(�−1)
Ȧ
1
2

||w′||2
Ȧ1
. (5.46)

Now we use (5.12) with (3.9) and (1.34) to see that

|||8G[�′] − 8G[b′]
||| ≲ 2 |�′ − b′|.

Thus for �3 with (1.18), (3.18) and (5.46) we have the following bound

�3 ≤ C2 ∫
�
∫
�

'/'�

/2
|*/(�′ − b′)||�′ − b′|

(
|*/w′| + |*/w

′|2
t

+
|*/w′|3
t2

)

≤ C2
2
<

(
1 + t−2||w′||2

Ȧ
1
2

+ t−4||w′||4
Ȧ
1
2

)
||w′||2

Ȧ1
||�′ − b′||2

S2
�

+
<

8
||�′ − b′||2

Ȧ
1
2

. (5.47)

These are all of our estimates for �.
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To estimate � we use the bounds in (3.10) and (5.26) to see that

� ≲ 1 ∫
�
∫
�

'/'�

/2
|*/(�′ − b′)|2

(
t−1|*/w′| + t−2|*/w′|2

)

+ 1 t−2 ∫
�
∫
�

'/'�

/2
|*/(�′ − b′)||8/(� − b)|

(|*/w′|2 + t−1|*/w′|3
)
= �1 + �2.

Then similar to (5.44) and (5.45) we have

�1 ≤ <

8
||�′ − b′||2

Ȧ
1
2

+ C
2
1
<

⎛
⎜⎜⎜⎝
1 +

||w′||2
Ȧ
1
2

t2

⎞
⎟⎟⎟⎠

||w′||2
Ȧ1

t2
||�′ − b′||2

S2
�

.

Also using (3.5) then similar to (5.46) and (5.47) we have

�2 ≤ C2
2 t−4
<

(
||w′||2

Ȧ
1
2

+ t−2||w′||4
Ȧ
1
2

)
||w′||2

Ȧ1
||�′ − b′||2

S2
�

+
<

8
||�′ − b′||2

Ȧ
1
2

.

These are our main estimates for �.
Now from all of the bounds above we define

 (�) def= 2
1
t2<

⎛
⎜⎜⎜⎝
1 +

||w′(�)||2
Ȧ
1
2

t2

⎞
⎟⎟⎟⎠
+

2
2
<

(
1 + t−2

)(
1 + t−4||w′(�)||4

Ȧ
1
2

)
.

Then putting all of these bounds together, we get that

'

'�
log(||(�′ − b′)(�)||2

S2
�

) ≤ C (�)||w′(�)||2
Ȧ1
.

We conclude that

||(�′ − b′)(�)||2
S2
�

≤ exp
(
C ∫

�

0

'&  (&)||w′(&)||2
Ȧ1

)
||�′0 − b′0||2S2

�

.

Then applying (5.43) completes the proof. □

Corollary 5.5. Let �,b ∶ [0, �] × � → ℝ2 be two weak solutions to the Peskin problem (1.13) with

tension  in the sense of Definition 1.2 with initial data �0, b0, respectively, satisfying all the con-

ditions in Proposition 5.4. Let � and k satisfy in Definition 1.1 and additionally suppose that there

exists @∗ ≥ 1 such that k(@)�(@)
is decreasing for @ ≥ @∗ and in particular

lim
@→∞

k(@)

�(@)
= 0.
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For any q > 0, there exists *∗ > 0 such that for any 0 < * ≤ *∗ then (5.2) and ||�′0 − b′0||S2� < *
imply

||�′ − b′||k� < q.

Proof. For any small � > 0, we can bound

||�′ − b′||k� = ∫
�

'X

|X|3∕2k(|X|
−1) sup

0≤�≤� ||*X(�
′ − b′)(�)||S2

�
≤ ∫|X|<� +∫|X|>�

≤ k(�−1)

�(�−1)
(||�′||�� + ||b

′||�� ) +
k(�−1)

�1∕2
sup
0≤�≤� ||(�

′ − b′)(�)||S2
�
.

Thus by our assumptions on �, k, �′, and b′, we can take � > 0 sufficiently small to guarantee

that

k(�−1)

�(�−1)
(||�′||�� + ||b

′||�� ) <
q

2
.

Then applying Proposition 5.4, we can take * > 0 sufficiently small to obtain the result. □

6 HIGHER REGULARITY

In this section we establish the gain of higher regularity for the solutions �′(�, �) to the Peskin

problem (1.13) satisfying (3.1), (3.2) and (4.2). In Section 6.1 we prove the C
1

2
�,� estimate. Then in

Section 6.2 we prove the C1,/�,� estimate and the higher regularity.

6.1 �
�

�

�,�
estimate for �′(�, �)

We now prove the C
1

2
�,� estimate for solutions �

′(�, �) to the Peskin problem (1.13). We first prove

in Lemma 6.1 a general estimate of some quantities that will come up repeatedly in subsequent

estimates.

Lemma 6.1. For any Z ∈ ℕ we have the following uniform estimates:

Z def= ∫
�

'X

X2 ∫
�

'�
||||∫�

'/

/2
|*/�′(�)|Z|*X*/�′(�)|

||||
2

≲ ||�′||2(Z−1)
Ȧ
1
2

||�′||4
Ȧ1
,

Z def= ∫
�

'X

X2 ∫
�

'�
||||∫�

'/

/2
|*/�′(�)|Z+1|*X�′(�)|

||||
2

≲ ||�′||2Z
Ȧ
1
2

||�′||4
Ȧ1
.
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Proof. Fix Z ∈ ℕ. We apply Minkowski’s inequality in � and /, and then we use the Cauchy-

Schwartz inequality to obtain

∫
�

'�
||||∫�

'/

/2
|*/�′(�)|Z|*X*/�′(�)|

||||
2

≤
⎛⎜⎜⎝∫�

'/

/2

[
∫
�

'�|*/�′|2Z|*X*/�′|2
] 1
2
⎞⎟⎟⎠

2

≤
(
∫
�

'/

/2
||*/�′||ZS∞

�

||*X*/�′||S2
�

)2

≤ ||�′||2Z
�̇
1∕2Z
∞,2Z

||*X�′||2Ȧ1∕2 ,

and similarly

∫
�

'�
||||∫�

'/

/2
|*/�′(�)|Z+1|*X�′(�)|

||||
2

≤
⎛
⎜⎜⎝∫�

'/

/2

[
∫
�

'�|*/�′|2(Z+1)|*X�′|2
] 1
2
⎞
⎟⎟⎠

2

≤
(
∫
�

'/

/2
||*/�′||Z+1

S
2(Z+1)

�

||*X�′||S∞
�

)2

≤ ||�′||2(Z+1)
�̇
1∕(Z+1)

2(Z+1),Z+1

||*X�′||2S∞
�

.

Integrating against
'X

X2
we obtain

Z ≤ ||�′||2Z
�̇
1∕2Z
∞,2Z

∫
�

'X

X2
||*X�′||2Ȧ1∕2 ≲ ||�′||

2Z

�̇
1∕2Z
∞,2Z

||�′||2
Ȧ1
,

Z ≤ ||�′||2(Z+1)
�̇
1∕(Z+1)

2(Z+1),Z+1
∫
�

'X

X2
||*X�′||2S∞

�

≲ ||�′||2(Z+1)
�̇
1∕(Z+1)

2(Z+1),Z+1

||�′||2
�̇
1∕2
∞,2

.

Then above we will use ||�′||2
�̇
1∕2
∞,2

≲ ||�′||2
Ȧ1

from Proposition A.5 . Finally, since Z ≥ 1, applying
Proposition A.5 and Lemma A.6 gives

||�′||2Z
�̇
1∕2Z
∞,2Z

≲ ||�′||2Z
Ȧ1∕2+1∕2Z

≲ ||�′||2(Z−1)
Ȧ1∕2

||�′||2
Ȧ1
,

||�′||2(Z+1)
�̇
1∕(Z+1)

2(Z+1),Z+1

≲ ||�′||2(Z+1)
Ȧ1∕2+1∕2(Z+1)

≲ ||�′||2Z
Ȧ1∕2
||�′||2

Ȧ1
,

completing the estimate. □

Let �′ be a smooth solution of (1.13) with (1.18) and (1.19), we will use the equation in the form

(4.1). Next we prove the Ȧ1 estimate.
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Proposition 6.2. For any 0 < �0 < � < � we have the following estimate

||�′||2
Ȧ1
(�) ≤ ||�′||2

Ȧ1
(�0) exp

(
C||||S∞(�0,�) ∫

�

�0

'&||�′||2
A1
(&)

)
. (6.1)

Here  = (&) = (||�′(&)||
Ȧ
1
2
, t−1, <−1,1 ,2 ) is a polynomial that is written explicitly in

(6.5). Thus in particular we have that

||�′||2
Ȧ1
(�) ≤ C(Q, �, t, <,1 ,2 )||�′||2Ȧ1(�0). (6.2)

Proof. Notice that we use ||�′||2
Ȧ1
= ∫

�
'� |Λ̃�′(�)|2 with (1.40). Thus from (4.1) we have

1

2

'

'�
||�′||2

Ȧ1
= −∫

�

'� Λ̃
3

2�′ ⋅ Λ̃
3

2G(�′) + ∫
�

'� Λ̃
3

2�′ ⋅ Λ̃
1

2 . (6.3)

To estimate the first term we split

Λ̃3∕2G(�′) = 8G(�′(�))Λ̃3∕2�′ +1,

where similar to (3.8) and (3.9) we have

1
def
=

1

4� ∫
�

'/

/5∕2

(
∫

1

0

(
8G(�′(�) + &*/�

′(�)) − 8G(�′(�))
)
'&

)
*/�

′(�).

Then similar to (5.13) we have

||8G(�′(�) + &*/�′(�)) − 8G(�′(�))|| ≲ 2 |*/�′(�)|.
ThenusingMinkowski’s inequality and the Besov space embeddings in PropositionA.5, we bound

1 in S
2 as

||1||S2
�
≲ 2 ∫

�

'/

/5∕2
||*/�′||2S4

�

≲ 2 ||�′||2
�̇
3∕4
4,2

≲ 2 ||�′||2Ȧ1 .

Recalling 8G(5) ≥ <� from (1.33), applying Young’s inequality we thus have

−∫
�

'� Λ̃
3

2�′ ⋅ Λ̃
3

2G(�′) ≤ −<||�′||2
Ȧ
3
2

+ C2 ||�′||
Ȧ
3
2
||�′||2

Ȧ1

≤ −<
2
||�′||2

Ȧ
3
2

+ C<−12
2 ||�′||4Ȧ1 .

(6.4)

This is our main estimate for the first term in (6.3).

To estimate the second term in (6.3), it suffices to bound Λ̃
1

2 from (4.1) in S2. This is equivalent

to bounding ∫
�

'X

X2
∫
�
'�(*X(�))2. Thus, we have

||Λ̃
1

2||2
S2
�

≈ ∫
�

'X

X2 ∫
�

'�
||||∫�

'/

/2
*X[(�, /)*/G(�′(�))]||||

2
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≲ ∫
�

'X

X2 ∫
�

'�
||||∫�

'/

/2
|(�, /)| |*X*/G(�′(�))|||||

2

+ ∫
�

'X

X2 ∫
�

'�
||||∫�

'/

/2
|*X(�, /)| |OX*/G(�′(�))|||||

2

= 2 +3.

We now use (3.15), (3.18), (3.2) and Lemma 6.1 to calculate that

2 ≲ 2
1 (t−21 + t−42) + 2

2 (t−21 + t−42)
≲ (2

1 + 2
2 ||�′||2

Ȧ
1
2

)(t−2 + t−4||�′||2
Ȧ
1
2

)||�′||4
Ȧ1
.

These are our main estimates for the term containing2.

To bound the term 3, we will use (3.10) and the estimate of |*X(�, /)| in Lemma 3.6, (3.38)
and (3.39). Then as in Lemma 6.1 we have

3 ≲ 2
1 (t−21 + t−42 + t−41 + t−62)

≲ 2
1 (t−2 + t−4||�′||2

Ȧ
1
2

+ t−6||�′||4
Ȧ
1
2

)||�′||4
Ȧ1
.

Notice that above the estimates in (3.39) with |*X8/�(�)| can be treated the same as |*X�′(�)| in
Lemma 6.1 due to (3.5).

Thus putting everything together, we have that

||Λ̃
1

2||2
S2
�

≲ (2
1 t−2 + 2

2 )t−2||�′||2
Ȧ
1
2

(1 + t−2||�′||2
Ȧ
1
2

)||�′||4
Ȧ1
+ 2

1 t−2||�′||4Ȧ1 .

Thus for the second term in (6.3) after applying Young’s inequality we have

||||∫� '�Λ̃
3

2�′ ⋅ Λ̃
1

2|||| ≤
<

4
||�′||2

Ȧ
3
2

+ C<−12
1 t−2||�′||4Ȧ1

+ C<−1(2
1 t−2 + 2

2 )t−2||�′||2
Ȧ
1
2

(1 + t−2||�′||2
Ȧ
1
2

)||�′||4
Ȧ1
.

From the above estimate and (6.4) we are motivated to define = (&) by

 def
= <−1(2

1 t−2 + 2
2 )
(
t−2||�′(&)||2

Ȧ
1
2

(1 + t−2||�′(&)||2
Ȧ
1
2

) + 1

)
. (6.5)

We plug these estimates into (6.3) and apply Grönwall’s inequality to get (6.1).

Recalling (4.2) and noting that

||�′||
S∞� Ȧ

1
2
≲ ||�′||�� , ||�′||S2� Ȧ1 ≲ ||�′||�� ,

then gives (6.2). □

Next, we prove the gain of Ȧ1 for small times.
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58 CAMERON and STRAIN

Lemma 6.3. Let �′ be a solution to the Peskin problem (1.13). Then for any fixed q > 0 sufficiently

small, there exists a time �q = �q(q, t, �,Q, <) > 0 such that for all 0 < � ≤ �q we have
||�′||Ȧ1(�) ≤ q�−1∕2.

Proof. For a fixed q > 0 by Lemma 4.1 for all � > 0 sufficiently small we have

∫
�

0

'&||�′||2
Ȧ1
(&) ≤ q2 log 2

4
. (6.6)

Then as

∫
�

�∕2

'&
q2

4&
=
q2 log 2

4
,

there must some time �0 ∈ [�∕2, �] such that

||�′||2
Ȧ1
(�0) ≤ q2

4�0
≤ q2

2�
.

Then combining the Ȧ1 estimate (6.1) with Lemma 4.1 gives us that

||�′||2
Ȧ1
(�) ≤ q2

2�
exp

(
C sup
�∕2≤&≤�

(&)∫
�

�∕2

'&||�′||2
Ȧ1
(&)

)
≤ q2

2�
exp

(
C sup
�∕2≤&≤�

(&)q2
)

≤ q2

�
,

so long as q is sufficiently small. □

Next we will prove the C
1∕2

�,�
estimate.

Lemma 6.4. Let ¡� = [
�

2
, �] × � for all times 0 < � ≤ �∗, where 0 < �∗ ≤ �q for some fixed q > 0

and �q as in Lemma 6.3. Then there exists a finite constant C = C(�,Q, t, <,1 ,2 ) > 0 such
that

||�′||
C
1∕2

�,�
(¡�)

≤ C�−1∕2.

Proof. Combining Proposition 6.2, Lemma 6.3 and the embedding in Proposition A.5 gives us for

any time �∕2 ≤ & ≤ � that
||�′(&)||

C
1∕2

�

≲ ||�′(&)||Ȧ1 ≲ �−1∕2. (6.7)

Thus �′ is uniformly C1∕2 in � on the time interval [�∕2, �].

To show Hölder continuity in time, let �∕2 ≤ &1 < &2 ≤ �, and � ∈ �. Fixing some / > 0 to be
determined, by the C

1∕2

�
estimate above we have for � ∈ {1, 2} that

||||�
′(&� , �) −

1

2/ ∫
/

−/

'X�′(&� , � + X)
|||| ≲
√
/

�
. (6.8)
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Taking the difference of the two averages at times &1 and &2, we get that

||||
1

2/ ∫
/

−/

'X
(
�′(&2, � + X) − �

′(&1, � + X)
)|||| =
||||
1

2/ ∫
/

−/

'X ∫
&2

&1

'& ���
′(&, � + X)

||||. (6.9)

Applying Cauchy-Schwartz in the 'X integral to equation (6.9), using Lemma 4.2 and (6.7) we get

that

||||
1

2/ ∫
/

−/

'X ∫
&2

&1

'& ���
′(&, � + X)

|||| ≲
1√
/ ∫

&2

&1

'& ||���′(&)||S2

≲
1√
/ ∫

&2

&1

'& ||�′(&)||Ȧ1 ≲
|&2 − &1|√

/�
. (6.10)

Taking / = &2 − &1 > 0 and combining equations (6.8) and (6.10) then gives us

|�′(&2, �) − �′(&1, �)| ≲ |&1 − &2|
1∕2

�1∕2
.

This completes the proof. □

6.2 ��,¢ estimate for �′

With Lemma 6.4, we have shown that our solution �′ is in C1∕2 in both time � and the

parametrization �. Our next goal is to prove that �′ ∈ C1,/
�,�
([O, �] × �;ℝ2) for any fixed O > 0.

Our proof follows from the paper [41], where the authors prove regularity estimates for the

(scalar) fractional porous medium equation

��� + (−∆)
£∕2¤(�) = 0.

They make similar assumptions on their scalar nonlinearity ¤ as we make on our tension map G,

and their proof transfers over to our vector valued case.

We shall go through the argument of [41] and show that it applies. But first, recall that�′ solves

the equation

���
′ + Λ̃G(�′) = (�, �),

where  is defined in (4.1). Thus, we are dealing with a fractional porous media equation with an

additional forcing term, so we shall need some estimates on  .
Lemma 6.5. Let (�, �) be as in (4.1). If �′ ∈ S∞� Ȧ1� , then

(�, �) ∈ S∞
�,�
.

If �′ ∈ C
X

�,�
for some

1

2
< X < 1, then

(�, �) ∈ C2X−1
�,�

.
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If �′ ∈ C0,1
�,�
, then  is log-Lipschitz. Finally, if �′ ∈ C

%,X

�,�
and  ∈ C

%,X
@ for some % ≥ 1, 0 < X ≤ 1

then all %-th order derivatives of  are log-CX .

Proof. To prove the S∞ estimate, as in (4.3) we bound

|(�, �)| ≲ 1 ∫
�

'/

/2

(|*/�′|2
t

+
|*/�′|3
t2

)
≲ 1

⎛⎜⎜⎜⎝

||�′(�)||2
�̇
1∕2
∞,2

t
+

||�′(�)||3
�̇
1∕3
∞,3

t2

⎞⎟⎟⎟⎠

≲ 1
(
1 +
||�′||S∞� A1∕2

t

)||�′||2
S∞� A

1

t
.

With Proposition A.5, we just used the following embedding and interpolation ||�′||
�̇
1∕3
∞,3

≲

||�′||
Ȧ
5
6
≲ ||�′||

1

3

Ȧ
1
2

||�′||
2

3

Ȧ1
.

Now assume that �′ ∈ C
X

�,�
for some 1∕2 < X < 1. Letting Θ = (�, �), and Φ = (&, §), we need

to bound the difference of |(Θ) − (Φ)|. To begin, we split from (1.19) into two piecesS and¡, where

S
def
=

(*+/�
′ + *−/�

′) ⋅ (8/�(�))8/�(�)
|8/�(�)|2  − (*+/�

′ + *−/�
′) ⋅(8/�(�))8/�(�)
|8/�(�)|2 (8/�(�)),

and

¡
def
=

*+/�
′ ⋅ (8/�(�))*−/�′
|8/�(�)|2  − *+/�

′ ⋅(8/�(�))*−/�′
|8/�(�)|2 (8/�(�))

+
*+/�

′ ⋅ ((8/�(�)) − )*−/�′
|8/�(�)|2 (8/�(�)).

Correspondingly, we define S and . We will focus on proving that S is C2X−1 when �′ is
CX . Since �′ ∈ S∞ ∩ CX then ¡ is min{|/|X , 1} smoother than S so that the proof for ¡
follows similarly.

To show that S is 2X − 1 Hölder continuous, fix any Θ ≠ Φ ∈ [0, �] × �

|S(Θ) − S(Φ)| ≲ 1
t ∫

�

'/
|(*+/ + *−/ )(�′(Θ) − �′(Φ)| |*/�′|

/2

+
1
t ∫

�

'/
|(*+/ + *−/ )�′| |*/�′(Θ) − */�′(Φ)|

/2

+
1
t2 ∫

�

'/
|(*+/ + *−/ )�′| |*/�′|

/2
|8/(�(Θ) − �(Φ))|
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+
2
t ∫

�

'/
|(*+/ + *−/ )�′| |*/�′|

/2
(|�′(Θ) − �′(Φ)| + |O/(�′(Θ) − �′(Φ)|

)

=
1
t
�1 +

1
t
�2 +

1
t2
�3 +

2
t
�4. (6.11)

Note that above and below when we do not write the dependence on the variable Θ or Φ it is

because it will not have an effect on the following argument.

As X > 1∕2, we can easily bound

∫
�

'/
|(*+/ + *−/ )�′| |*/�′|

/2
≲ ||�′||2

CX
+ ||�′||2S∞ .

Thus

�3 + �4 ≲ (||�′||2CX + ||�′||2S∞)||�′||CX |Θ − Φ|X . (6.12)

To bound �1 and �2, we split each integral into the regions where |/| < |Θ − Φ| and |/| > |Θ − Φ|.
For small /, we use the bounds

|*/�′|, |*±/�′| ≲ ||�′||CX |/|X ,
and for large / we bound

|(*+/ + *−/ )(�′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||2CX |Θ − Φ|X|/|X ,
|(*+/ + *−/ )�′| |*/�′(Θ) − */�′(Φ)| ≲ ||�′||2CX |Θ − Φ|X|/|X .

Plugging in these bounds, we then get that

�1 + �2 ≲ ||�′||2CX |Θ − Φ|2X−1. (6.13)

As 2X − 1 < X, plugging in (6.12) and (6.13) into (6.11) gives us that S ∈ C2X−1�,�
. The proof for ¡

follows similarly, giving the result for  .
Now suppose that �′ is Lipschitz. Then again focusing on the S bound, we again are left to

bound (6.11). As  is bounded, we may assume without loss of generality that |Θ − Φ| ≤ 1. We
can bound �3, �4 using the same argument as the 1∕2 < X < 1 case to get

�3, �4 ≲ (||�′||2C0,1 + ||�′||2S∞)||�′||C0,1 |Θ − Φ|. (6.14)

To bound �1, �2 we now need to split our integral into three regions. For |/| ≤ |Θ − Φ|, we again
use the bounds

|*/�′|, |*±/�′| ≲ ||�′||C0,1 |/|. (6.15)

For |Θ − Φ| ≤ |/| ≤ 1, we use the bounds
|(*+/ + *−/ )(�′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||2C0,1 |Θ − Φ| |/|,
|(*+/ + *−/ )�′| |*/�′(Θ) − */�′(Φ)| ≲ ||�′||2C0,1 |Θ − Φ| |/|. (6.16)
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And for |/| > 1, we use

|(*+/ + *−/ )(�′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||C0,1 ||�′||S∞ |Θ − Φ|,
|(*+/ + *−/ )�′| |*/�′(Θ) − */�′(Φ)| ≲ ||�′||C0,1 ||�′||S∞ |Θ − Φ|. (6.17)

Integrating and plugging in the above bounds (6.15), (6.16) and (6.17) we then get that

�1 + �2 ≲ ||�′||C0,1(||�′||C0,1 + ||�′||S∞)(1 − log |Θ − Φ|))|Θ − Φ|. (6.18)

Plugging (6.14), (6.18) into (6.11) gives us that  is log-Lipschitz.

Now assume that �′ ∈ C
%,X

�,�
and  ∈ C

%,X
@ for some % ≥ 1, and 0 < X ≤ 1. We claim that for

every 0 ≤ � ≤ % that �
�
� �
%−�

�
 is log-CX . The difference of |��� �%−��

(Θ) − ��� �%−��
(Φ)| can be

bounded by the sum of a number of integrals. They can all be bounded similarly as above but

for clarity we will directly show how to bound the two most difficult integrals, namely

¨1 = ∫
�

'/
|��� �%−��

(*+/ + *
−
/ )(�

′(Θ) − �′(Φ)| |*/�′|
/2

,

¨2 = ∫
�

'/
|(*+/ + *−/ )�′|

/2
||||*/8

%G(�′(Θ)) − */8
%G(�′(Φ))

|||| |���
′|�|�′′|%−� .

Without loss of generality, we assume |Θ − Φ| ≤ 1. To bound ¨1, we again split our integral into
three regions. For |/| ≤ |Θ − Φ| we use the bound

|��� �%−��
(*+/ + *

−
/ )(�

′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||C%,X ||�′||C0,1 |/|1+X .
For |Θ − Φ| ≤ |/| ≤ 1, we use the bounds

|��� �%−��
(*+/ + *

−
/ )(�

′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||C%,X ||�′||C0,1 |Θ − Φ|X|/|.

Finally for |/| > 1 we use

|��� �%−��
(*+/ + *

−
/ )(�

′(Θ) − �′(Φ)| |*/�′| ≲ ||�′||C%,X ||�′||S∞ |Θ − Φ|X .

Plugging these in, we get that

¨1 ≲ ||�′||C%,X (||�′||C0,1 + ||�′||S∞)(1 − log |Θ − Φ|)|Θ − Φ|X .

The other important integral to bound is ¨2. Note that

|���′|�|�′′|%−� ≤ ||�′||%C0,1 .
To bound the rest of ¨2, we split the integral into the same three regions for /. Using the three

bounds

|(*+/ + *−/ )�′| |*/8%G(Θ) − */8%G(Φ)| ≲ ||G||C%,X ||�′||2C0,1 |/|1+X ,
|(*+/ + *−/ )�′| |*/8%G(Θ) − */8%G(Φ)| ≲ ||G||C%,X ||�′||2C0,1 |Θ − Φ|X|/|,
|(*+/ + *−/ )�′| |*/8%G(Θ) − */8%G(Φ)| ≲ ||G||C%,X ||�′||C0,1 ||�′||S∞ |Θ − Φ|X ,
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for small, medium, and large / respectively. Plugging these in, we then get that

¨2 ≲ ||G||C%,X ||�′||%+1C0,1
(||�′||C0,1 + ||�′||S∞)(1 − log |Θ − Φ|)|Θ − Φ|X .

All the other integrals involved in bounding |��� �%−��
(Θ) − ��� �%−��

(Φ)| can be bounded either
following similar arguments, or by using only lower order norms. Thus all %-th order derivatives

of  are log-CX . □

With the regularity estimates for  , we can now slightly modify [41]’s proof of regularity for the

scalar fractional porous medium equation. The crux of their argument is an a priori estimate for

solutions to the fractional heat equation.

Lemma 6.6. (Vázquez, de Pablo, Quirós and Rodríguez [41]) Let 4, : ∶ [0, �] × ℝ → ℝ be such

that

{
��: + Λ: = Λ4,

:(0, ⋅) ≡ 0.
Fix Θ0 = (�0, �0) ∈ (0, �) × ℝ. Suppose that there exist some 0 < X, � < 1 and @0 > 0 such that 4

satisfies

{|4(Θ1) − 4(Θ0)| ≤ ^|Θ1 − Θ0|X+�,
|4(Θ1) − 4(Θ2)| ≤ ^@�|Θ1 − Θ2|X ,

for all Θ1, Θ2 ∈ �@(Θ0) = {Θ ∶ |Θ − Θ0| < @} and 0 < @ ≤ @0.
Then : satisfies

|:(Θ0 + Φ) + :(Θ0 − Φ) − 2:(Θ0)| ≲ |Φ|X+�.

Note that Lemma 6.6 above is a collection of Lemmas 4.1, 5.1, and 5.3 from [41]. Lemma 6.6

effectively says that if 4 is CX everywhere and CX+� at a fixed point Θ0, then so is the solution :.

We also remark that Lemma 6.6 generalizes automatically fromℝ to �. Also as in Section 1.6 then

Lemma 6.6 generalizes automatically from ��: + Λ: = Λ4 to ��: + Λ̃: = Λ̃4.

As in [41], we apply Lemma 6.6 repeatedly to steadily improve the regularity of our solution �′

in a bootstrapping argument.

Proposition 6.7. Let � ∶ [0, �] × � → ℝ2 be the solution to the Peskin problem we constructed.

Then for any 0 < O < �, �′ ∈ C
1,X

�,�
([O, �] × �;ℝ2) for all 0 < X < 1.

Proof. To begin, fix some pointΘ0 = (�0, �0) ∈ (O, �) × �. Let©
Θ0 be the solution to the equation

{
��©

Θ0 + 8G(�′(Θ0))Λ̃©
Θ0 = −[�′],

©Θ0(O∕2, ⋅) = �′(O∕2, ⋅).
(6.19)

Together Proposition 6.2 and Lemma 6.3 imply that �′ ∈ S∞� ([O∕2, �];A
1(�;ℝ2)). Thus in par-

ticular, by Lemma 6.5,  ∈ S∞([O∕2, �] × �). Notice that (6.19) can be diagonalized using ©Θ0 ⋅

�̂′(Θ0) and ©
Θ0 ⋅ �̂′(Θ0)

⟂. Then since ©Θ0 is a solution to the fractional heat equation with
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64 CAMERON and STRAIN

bounded initial data and bounded forcing term, we thus have for any 0 < X < 1 that

©Θ0 ∈ CX([O, �] × �), (6.20)

with the constant depending on O, X, ||�′||S∞ , ||||S∞ , Λ̃, and 1 . Now take NΘ0(�, �)
def
=

�′(�, �) − ©Θ0(�, �). Then using (4.1) we see thatNΘ0 solves the system

{
��N

Θ0 + 8G(�′(Θ0))Λ̃N
Θ0 = Λ̃"Θ0 ,

NΘ0(O∕2, ⋅) ≡ 0,
where

"Θ0(�, �) = 8G(�′(Θ0))�
′(�, �) − G(�′(�, �)).

Note that "Θ0 satisfies

|"Θ0(Θ1) − "Θ0(Θ0)| = |G(�′(Θ1)) − G(�′(Θ0)) − 8G(�′(Θ0))(�′(Θ1) − �′(Θ0)|
≤ 2 |�′(Θ1) − �′(Θ0)|2, (6.21)

and

|"Θ0(Θ1) − "Θ0(Θ2)| = |G(�′(Θ1)) − G(�′(Θ2)) − 8G(�′(Θ0))(�′(Θ1) − �′(Θ2)|

=
||||

(
∫

1

0

'&8G(&�′(Θ1) + (1 − &)�
′(Θ2)) − 8G(�

′(Θ0))

)
(�′(Θ1) − �

′(Θ2))
||||

≤ 2 max{|�′(Θ1) − �′(Θ0)|, |�′(Θ2) − �′(Θ0)|}|�′(Θ1) − �′(Θ2)|. (6.22)

We will use (6.21) and (6.22) to apply the bounds in Lemma 6.6.

Let N
Θ0
1 = NΘ0 ⋅ �̂′(Θ0) and N

Θ0
2 = NΘ0 ⋅ �̂′(Θ0)

⟂. Then using (1.33) we see that N
Θ0
1 solves

the scalar equation

{
��N

Θ0
1 +  ′(|�′(Θ0)|)Λ̃NΘ0

1 = Λ̃("Θ0 ⋅ �̂′(Θ0)),

N
Θ0
1 (O∕2, ⋅) ≡ 0,

andN
Θ0
2 solves

{
��N

Θ0
2 +

 (|�′(Θ0)|)
|�′(Θ0)|

Λ̃N
Θ0
2 = Λ̃("Θ0 ⋅ �̂′(Θ0)

⟂),

N
Θ0
2 (O∕2, ⋅) ≡ 0,

Note that from (1.33) and (1.34) we have

< ≤  ′(|�′(Θ0)|),  (|�
′(Θ0)|)

|�′(Θ0)| ≤ 1 .
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As "Θ0 satisfies (6.21), (6.22) and �′ ∈ C
1∕2

�,�
by Lemma 6.4, after rescaling in time we can apply

Lemma 6.6 toN
Θ0
�

with X = � = 1∕2 to get

|NΘ0(Θ0 + Φ) + N
Θ0(Θ0 − Φ) − N

Θ0(Θ0)| ≲ |Φ|,

where the constant depends on ||�′||C1∕2 , <,1 , and 2 . In particular, we have that NΘ0 is CX

at Θ0 for any X < 1. As �
′ = NΘ0 + ©Θ0 , we thus have for any X < 1 that

|�′(Θ0 + Φ) − �′(Θ0)| ≲ |Φ|X .

Since Θ0 ∈ [O, �] × � was arbitrary, we thus have that �
′ ∈ CX([O, �] × �;ℝ2) for all 0 < X < 1.

But now as�′ ∈ CX for all X < 1, by Lemma 6.5 we have that  is CX for all X < 1 as well. Thus

as ©Θ0 solves (6.19) with a CX forcing term, we must have ©Θ0 ∈ C1,X([O, �] × �) for any X < 1.

As"Θ0 satisfies (6.21), (6.22) and�′ ∈ C
X

�,�
, after rescaling in timewe can again apply Lemma6.6

toN
Θ0
�

with for any � = X < 1 to get

|NΘ0(Θ0 + Φ) + N
Θ0(Θ0 − Φ) − N

Θ0(Θ0)| ≲ |Φ|2X .

Since �′ = NΘ0 + ©Θ0 and Θ0 ∈ [O, �] × � and X < 1 were arbitrary, we thus have that �′ ∈

C1,X([O, �] × �) for all X < 1. □

Proposition 6.8. Assume that  ∈ C%,D([0,∞)) for some % ≥ 2, and 0 < D < 1. Then for any O > 0,
�′ ∈ C%,D([O, �] × �;ℝ2).

Proof. If % = 2, we will show �′ ∈ C2,D. Else, we will show that �′ ∈ C2,X for all X < 1 and then

proceed by induction on %.

So to begin, we will prove that �′′ ∈ C1,D. Differentiating our equation for �′ (4.1), we get that

���
′′ + Λ̃(8G(�′)�′′) =  ′. (6.23)

Fix some point Θ0 ∈ [O, �) × �. Then we can rewrite (6.23) as

���
′′ + 8G(�′(Θ0))Λ̃�

′′ =  ′ − �′′(Θ0)Λ̃8G(�′)
− Λ̃
[
(8G(�′) − 8G(�′(Θ0))(�

′′ − �′′(Θ0))
]
. (6.24)

As in the proof of Proposition 6.7 again take ©Θ0 to be the solution to

{
��©

Θ0 + 8G(�′(Θ0))Λ̃©
Θ0 =  ′[�′] − �′′(Θ0)Λ̃8G(�′),

©Θ0(O∕2, ⋅) = �′′(O∕2, ⋅).
(6.25)

By Proposition 6.7 and Lemma 6.5 we have that ′ ∈ CX for all X < 1. If % > 2, then Λ̃8G(�′) isCX
for all X < 1, and if % = 2 then Λ̃8G(�′) is CD. Thus ©Θ0 ∈ C1,X([O, �] × �) for all X < 1 if % > 2

and©Θ0 ∈ C1,D([O, �] × �) if % = 2. TakingNΘ0 = �′′ − ©Θ0 , subtracting (6.25) from (6.24) gives
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66 CAMERON and STRAIN

us thatNΘ0 solves

{
��N

Θ0 + 8G(�′(Θ0))Λ̃N
Θ0 = Λ̃"Θ0 ,

NΘ0(O∕2, ⋅) ≡ 0,
where

"Θ0(Θ) = (8G(�′(Θ)) − 8G(�′(Θ0)))(�
′′(Θ) − �′′(Θ0))

= R(|�′′(Θ) − �′′(Θ0)|2) = R(|Θ − Θ0|2X),

for all X < 1. Using Lemma 6.6 and following the same argument as in Proposition 6.7, we then

get that NΘ0 is C2X at Θ0. If % = 2, then we get that �
′′ = NΘ0 + ©Θ0 is C1,D. And if % ≥ 2, then

�′′ is C1,X for all X < 1. A symmetric argument works for ���
′, so we get that �′ ∈ C2,X for all

X < 1 if % > 2, and �′ ∈ C2,D if % = 2.

We now proceed by induction. Suppose that we have proven that �′ ∈ C�,X for all X < 1 for

some � < %. Let �� = �h��
�−h

�
for some 0 ≤ h ≤ � be some �-th order derivative. Then for any Θ0 ∈

[O, �] × �, similar to (6.24) we can write the equation for ���′ as

��(�
��′) + 8G(�′(Θ0))Λ̃�

��′ = �� − Λ̃(��G(�′) − 8G(�′)���′)
− ���′(Θ0)Λ̃8G(�

′) − Λ̃
[
(8G(�′) − 8G(�′(Θ0))(�

��′ − ���′(Θ0)
]
.

Then Lemma 6.5 �� is CX for all X < 1. Since % > 2, Λ̃8G(�′) is also CX for all X < 1. Finally,

Λ̃(��G(�′) − 8G(�′)���′) is either CX for all X < 1 if % > � + 1, or its CD if % = � + 1.

Thus by defining ©Θ0 , NΘ0 ,and "Θ0 analogously, we can follow the same proof scheme as in

Proposition 6.7 and get that ���′ is C1,X for all X < 1 if % > � + 1 or ���′ is C1,D if % = � + 1. Thus

by induction, we have that �′ ∈ C%,D if  ∈ C%,D. □

7 PROOF OF THEMAIN THEOREM

In this section we will collect the previous a priori estimates to explain the proofs of our main

theorems from Section 1.3. We will use an approximation argument starting with the existence

and uniqueness theorem for general tension from [36]:

Theorem 7.1. [[36, Theorem 1.2.9 on page 17]] From (1.14) we suppose the tension  ∶ [0,∞) →

[0,∞) satisfies  (&) ∈ ℎ1,D(0,∞), for any fixed 0 < D < 1, is such that both  (&) > 0 and  ′(&) >
0. Consider the fully nonlinear Peskin problem (1.7) and (1.9) with initial data �0 ∈ ℎ

1,D(�)

with |�0|∗ > 0. (a) Then there exists � > 0 such that (1.7) and (1.9) has a unique solution

�(�) ∈ C([0, �]; ℎ1,D(�)) ∩ C1([0, �]; ℎ0,D(�)). (b) There exists some q > 0 such that if b0 ∈ ℎ
1,D(�)

with ||�0 − b0||ℎ1,D < q then (1.7) and (1.9) has a unique solution b(�; b0) ∈ C([0, �]; ℎ1,D(�)) ∩
C1([0, �]; ℎ0,D(�)) corresponding to the initial data b0 where � > 0 is the same as in statement (a).

In Theorem 7.1 recall that the little Hölder spaces ℎ1,D are the completion of C∞ in the C1,D

norm and that C1,/ ⊂ ℎ1,D whenever / > D > 0. We refer to [27, 36] and the references therein for

further discussion of the little Hölder spaces.
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CRITICAL LWP FOR THE PESKIN PROBLEM 67

Now let �′0 ∈ �̇
1

2
2,1(�;ℝ

2) with |�0|∗ > 0. We choose t such that �0 satisfies

|�0|∗ ≥ 3t > 0.
Then by Lemma 1.15 there is some function � satisfying the conditions of Definition 1.1 and a

constantQ > 0 such that

||�′0||
�̇

1
2
,�

2,1

≤ Q < ∞.

Let the scalar tension  ∶ [0,∞) → [0,∞) satisfy the strong bounds (1.32), (1.33) and (1.34).

Next we define the following approximations

�0,�(/) =
∑
|%|≤�

�̂0(%)ª
�%/, � ≥ 1.

Above, for % ∈ ℤ, we define the standard Fourier transform on � as

�(4)(%) = 4̂(%) def= 1

2� ∫
�

4(/)ª−�%/'/.

Then �0,�(/) is smooth, ||�′0,�||
�̇

1
2
,�

2,1

≤ ||�′0||
�̇

1
2
,�

2,1

≤ Q for all �, and we have

�′0,� → �′0 as � → ∞ in �̇
1

2
2,1 ∩ �̇

1

2
,�

2,1 .

Since �̇
1

2
2,1 controls the S

∞ norm as in Lemma A.8, we have

||4||S∞ ≲ ∫
�

||*X4||S2
�

|X|3∕2 'X ≈ ||4||
�̇

1
2
2,1

. (7.1)

Using this estimate and (4.4) then as � → ∞ we also have

|||�0|∗ − |�0,�|∗|| ≲ ||�′0 − �′0,�||
�̇

1
2
2,1

→ 0.

We conclude in particular that |�0,�|∗ ≥ |�0|∗ + j(1). Therefore, for any small q > 0 there is
1 ≤ «q < ∞ such that |�0,�|∗ ≥ |�0|∗ − q > 0 for all � ≥ «q. Since we will be taking the limit as
� → ∞, without loss of generality we can take «q = 1 by throwing away the first «q terms in the

sequence and relabeling. Specifically we choose q = t and then we have

|�0,�|∗ ≥ 2t > 0
uniformly. We also have �0,� ∈ ℎ

1,D(�) for all � ≥ 1 and any 0 < D < 1.
Then using the result in [36], as stated above in Theorem 7.1, we have that there exists a unique

solution

��(�, �) ∈ C([0, �max]; ℎ
1,
1

2 (�)) ∩ C1([0, �max]; ℎ
0,
1

2 (�))

 1
0

9
7

0
3

1
2

, 0
, D

o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://o
n

lin
elib

rary
.w

iley
.co

m
/d

o
i/1

0
.1

0
0

2
/cp

a.2
2

1
3

9
 b

y
 U

n
iv

ersity
 O

f P
en

n
sy

lv
an

ia, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

8
/0

9
/2

0
2
3
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



68 CAMERON and STRAIN

to the fully nonlinear Peskin problem (1.7) and (1.9) with tension  for some time �max >

0. Notice that over 0 < � < �max the solution to (1.7) and (1.9) in C([0, �max]; ℎ
1,
1

2 (�)) ∩

C1([0, �max]; ℎ
0,
1

2 (�)) has enough regularity to be a weak solution the equation (1.13) with kernel

(1.18) in the sense of Definition 1.2. If �max < ∞ then either

lim inf
�→�max

|��(�)|∗ = 0,
or

lim sup
�→�max

||�′�||C1∕2
�

(�) = ∞.

We will show that our estimates imply that this cannot happen over a uniform time interval that

is independent of �.

To this end, since the tension  satisfies (1.32) and (1.34) then our previous a priori estimates

apply. Next let �∗Q be defined by

�∗Q = inf
{
� > 0 ∶ ||�′�||�� + 2^<

1∕2||�′�||�� > 5Q
}
, (7.2)

where ^ and <1∕2 are the constants in Proposition 3.1. We further define �∗t by

�∗t = inf {� > 0 ∶ |��(�)|∗ < t}. (7.3)

We then take the time �∗ to be the minimum of the two

�∗ = min{�∗Q , �
∗
t}. (7.4)

Since under our assumptions the norms ||�′�||�� and ||�
′
�||�� are continuous in � > 0 then we

have �∗ > 0. We will estimate this time �∗ from below in terms ofQ, � and t. We will show that

�∗ can be taken independent of � and �max ≥ �∗.
We then estimate �′�(�) on the time interval [0, �

∗]. We shall first consider the case that �∗Q ≤
�∗t , and get a lower bound on �

∗
Q using Proposition 3.1. For 0 ≤ � ≤ �∗ under (7.2), (7.3) and (7.4)

we have that

||�′�(�)||
�̇

1
2
,�

2,1

≤ 5Q, (7.5)

and

|��(�)|∗ ≥ t > 0. (7.6)

Then for  =  [Q, t, <,2 ,1 ] as defined in (3.48) with (3.24), (3.32) and (3.47), we obtain
from Proposition 3.1 for 0 < �Q sufficiently small that

C�
1∕2
Q  1∕2[Q, t, <,2 ,1 ] ≤ 1

2
.

Thus we can plug this back into Proposition 3.1 to obtain

1

2
||�′�||�� + ^<

1∕2||�′�||�� ≤ 2||�′0||�� ≤ 2Q,
which holds for all � ∈ [0, �Q]. Thus �

∗
Q ≥ �Q > 0 uniformly in �.
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CRITICAL LWP FOR THE PESKIN PROBLEM 69

Next, suppose that �∗Q ≥ �∗t . Let �∗ be as defined in (7.4), then we have (7.5) and (7.6) over
0 ≤ � ≤ �∗, and we also have (7.1). Thus for a fixed � > 0 to be chosen sufficiently small, then
breaking up the integral on the right-hand side of (7.1) into |X| < � and |X| > �, we get in general
that

∫
�

||*X4||S2
|X|3∕2 'X = ∫|X|<�

||*X4||S2
|X|3∕2 'X + ∫|X|>�

||*X4||S2
|X|3∕2 'X

≤ 1

�(�−1) ∫�
||*X4||S2
|X|3∕2 �(|X|−1)'X + 4

�1∕2
||4||S2 .

Since �(�−1)−1 → 0 as � → 0, then under (7.5) for any q > 0, we can choose � = �(�,Q, q) > 0

such that

||�′�(�) − �′0,�||S∞ ≤ q

2
+

C

�1∕2
||�′�(�) − �′0,�||S2 ,

for some universal constant C > 0. Thus, it remains to control the continuity of �′�(�) in S
2. Then

from Corollary 4.3 over 0 ≤ � ≤ �t uniformly in � we have

||�′�(�) − �′0,�||S2 =
||||
||||∫

�

0

���
′
�(&)'&

||||
||||S2

≤ ∫
�

0

||���′�(&)||S2'& ≤ C2�1∕2t .

Then by taking �t sufficiently small for some time �t = �t(�,Q, t, q) > 0 and using using (4.4)

we can guarantee that

|||��(�)|∗ − |�0,�|∗|| ≤ ||�′�(�) − �′0,�||S∞ ≤ q, 0 ≤ � ≤ �t. (7.7)

In particular, taking q = t we can guarantee that (7.6) holds over 0 ≤ � ≤ �t uniformly in �. Thus
�∗t ≥ �t > 0 uniformly in �.
In particular then (7.6) and (7.3) imply that �max > �

∗
t . Next we consider �

∗
Q > 0 defined in

(7.2). By Lemma 6.3 we have for any small �0 > 0 that ||�′�(�0)||Ȧ1 < ∞ uniformly in �. Then by

(6.2) for any �0 < � < �
∗
Q we have ||�′�(�)||Ȧ1 ≲ ||�′�(�0)||Ȧ1 . Further from Proposition A.3 and

then Proposition A.5 we have

||�′�(�)||
Ċ

1
2
�

≈ ||�′�(�)||
�̇

1
2
∞,∞

≲ ||�′�(�)||�̇12,∞ ≲ ||�
′
�(�)||Ȧ1 ≲ ||�′�(�0)||Ȧ1 .

Then using (7.1) and (7.2) we have ||�′�(�)||S∞
�
≤ C||�′�(�)||

�̇

1
2
2,1

≤ 5CQ uniformly in � over 0 <

� < �∗Q . We conclude that �max ≥ �∗Q . Thus �max ≥ �∗ > 0 uniformly in �.
Thus our sequence of solutions��(�) are all defined uniformly in � on the interval [0, �

∗]. They

also satisfy the uniform bounds

||�′�||�� + ^<
1∕2||�′�||�� ≤ 5CQ,

inf 0<�<� |��(�)|∗ ≥ t,
||��||C2,X

�,�
([O,�]×�)

≤ C(Q, �, <,1 ,2 , O, X), ∀0 < X < 1,

(7.8)

where the last bounds follow by Proposition 6.7. After passing to a subsequence, we then have that

the sequence converges strongly in S∞� �̇
3∕2
2,1 ∩ S

2
�A

2
�
∩ C

2,X
hj^
((0, �] × �) to a limit�(�) satisfying the
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70 CAMERON and STRAIN

same bounds in (7.8). Thus�(�)will be a strong solution to the Peskin problemwith tension  and

initial data �0 in the sense of Definition 1.4. Thus Theorem 1.6 follows, and the higher regularity

in Theorem 1.6 is a consequence of Proposition 6.8. Theorem 1.8 is then a direct consequence of

Corollary 5.5.

Alternatively, for a tension  satisfying also (1.35), then by Proposition 5.1 using the equivalent

weight r in (5.4) we have

||�′� − �′¬||r� + 2<
1

2 ||�′� − �′¬||r� ≤ 8||�′0,� − �′0,¬||r .
From (5.5)wehave ||�′0,� − �′0,¬||r ≤ 2||�′0,� − �′0,¬||� → 0 as¬, � → ∞. Therefore {�′�(�)} is a

Cauchy sequence inr� ∩r
� over 0 < � < � = �

∗. Since�′0,� → �′0 in� as � → ∞ then�′�(�) →

�′(�) inr� ∩r
� over 0 < � < � = �

∗. Then the limit� ∶ [0, �∗] → ℝ2 is a solution to the Peskin

problem (1.13) for tension  with initial data �0. Now Theorem 1.11 follows from Proposition 5.1.

Lastly, suppose that our scalar tension  only satisfies the weaker qualitative assumptions

(1.31). We again assume that �0 satisfies ||�′0||
�̇

1
2
,�

2,1

≤ Q and |�0|∗ ≥ 3t > 0. Let ̃ ∶ [0,∞) →

[0,∞) be such that

̃ (@) =  (@), t ≤ @ ≤ ||�′0||S∞ + t, (7.9)

and ̃ satisfies the stronger assumptions (1.32), (1.33) and (1.34). Then by the above argument,

there exists a strong solution� ∶ [0, �] × � → ℝ2 to the Peskin problemwith tension ̃ and initial

data �0.

We claim that �(�) is also a solution over [0,T] to the Peskin problem with our original tension

 as well. To see this, notice that (7.7) implies that

||�′(�) − �′0||S∞ ≤ t, 0 ≤ � ≤ �. (7.10)

We conclude that t ≤ |�(�)|∗ ≤ inf � |�′(�, �)| ≤ ||�′(�)||S∞
�
≤ ||�′0||S∞� + t over 0 ≤ � ≤ �. Thus

combining (7.9) and (7.10) we obtain

���(�, �) = ∫
�

'/
�′(� + /)(8/�)�′(� + /)

|*/�|2
̃ (|�′|)(� + /)
|�′(� + /)| */�(�)

= ∫
�

'/
�′(� + /)(8/�)�′(� + /)

|*/�|2
 (|�′|)(� + /)
|�′(� + /)| */�(�).

We conclude that �(�, �) is a solution to the Peskin problem (1.13) for our original tension  on

the time interval [0, �]. The gain of higher regularity in Theorem 1.5 follows from Proposition 6.8.

We thus conclude that Theorem 1.5 holds.
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APPENDIX A: LITTLEWOOD-PALEY DECOMPOSITION ON THE TORUS

In this appendix we will state and prove some important Besov space embedding inequalities in

the torus that are used in the main text. Then we will work on �' = [−�, �]' for ' ≥ 1 since
all the results are the same in any dimension. To this end we quickly build the Littlewood-Paley

operators on�'. We refer to [4, Section 2.3] regarding the theory of Besov spaces using Littlewood-

Paley operators in ℝ'. The theory of Besov spaces on �' is essentially the same, and it has been

developed in [38, Chapter 3.5]. We will explain the main embedding inequalities for Besov spaces

in �' using the Littlewood-Paley operators in this appendix. This approach allows us to develop

the embeddings of the spaces �̇
&,�
�,@(�

') in (1.24) and to develop the equivalences of �̇
&,�
�,@(�

') in

Proposition A.3. Although the proofs are known, this appendix is included because we could not

find any reference for these estimates of �̇
&,�
�,@(�

').
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To this end, we choose § ∈ C∞^ (ℝ
') with 0 ≤ § ≤ 1 such that §(�) = §(|�|) and §(�) = 1 for

|�| < 3

2
and §(�) = 0 for |�| ≥ 8

3
, and §(|�|) is non-increasing for |�| ≥ 0. Then define

¤(�)
def
= §(�) − §(2�),

so that ¤(�) ≥ 0 and ¤(�) = 0 for |�| < 3

4
and ¤(�) = 0 for |�| ≥ 8

3
. Further define

¤�(�)
def
= ¤(2−��), � ∈ ℤ.

Then we have for � ≠ 0 that
¬∑

�=¬′

¤�(�) = §(2
−¬�) − §(2−¬

′+1�) → 1 as ¬ → ∞,¬′ → −∞.

In this sense it holds that

∞∑
�=−∞

¤�(�) = 1, (� ≠ 0). (A.1)

These will be the building blocks of the Littlewood-Paley decomposition on �'.

For a function 4 ∶ �' → ℂ we have the Fourier series representation

4(/) =
∑
%∈ℤ'

4̂(%)ª�%⋅/, % ⋅ / = %1/1 +⋯%'/'.

where the Fourier transform on �' is defined by

�' (4)(%) = 4̂(%) def= 1

(2�)' ∫
�'
4(/)ª−�%⋅/'/, % ∈ ℤ'.

Note that in the remainder of this section our function4will always havemean zero, whichmeans

that

�' (4)(0) = 1

(2�)' ∫
�'
4(/)'/ = 0.

Then we define the Littlewood-Paley projections on �' by

∆�4(/) =
∑
%∈ℤ'

¤�(%)4̂(%)ª
�%⋅/, � ∈ ℤ,

where the sum above clearly only contains a finite number of terms. In particular we define the

following sets

®�
def
= {% ∈ ℤ' ∶ 3 ⋅ 2�−2 ≤ |%| < 2�+3∕3}.

Then

∆�4(/) =
∑
%∈®�

¤�(%)4̂(%)ª
�%⋅/, � ∈ ℤ.
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We further have from (A.1) that

4(/) =

∞∑
�=−∞

∆�4(/).

We point out that the sum above terminates for sufficiently negative �. In particular ¤�(%) ≠ 0 if
and only if |%| < 2�+3∕3. Since 4̂(0) = 0 then ∆�4 = 0 whenever 2�+3∕3 < 1. Thus there exists a
uniform fixed value �∗ ∈ ℤ such that

4(/) =

∞∑
�=�∗

∆�4(/). (A.2)

Further notice that if¤�(%)¤�′(%) ≠ 0 for �′ ≥ � from the support condition this implies that 2�
′ 3

4
≤

4

3
2�+1, which further implies 0 ≤ �′ − � ≤ 1. This combined with (A.1) further implies that

∆�4(/) =
∑
|�−�′|≤1

∆�∆�′4(/). (A.3)

This will be useful in several places below.

Next define

ℎ�(/)
def
=
∑
%∈ℤ'

¤�(%)ª
�%⋅/.

Then we have that ∆�4(/) = (ℎ� ∗ 4)(/). For a Schwartz function ¯ ∶ ℝ' → ℂ the Poisson

summation formula grants

∑
%∈ℤ'

ª�%⋅X¯(%) = (2�)'
∑
¬∈ℤ'

−1
ℝ'
(¯)(X + 2�¬), ∀X ∈ �',

where the inverse Fourier transform on ℝ' is given by

−1
ℝ'
(4)(�) =

1

(2�)
'

2
∫
ℝ'
4(/)ª��⋅/'/.

Therefore we are able to write

ℎ�(/) =
∑
%∈ℤ'

¤�(%)ª
�%⋅/ = (2�)'

∑
¬∈ℤ'

−1
ℝ'
(¤�)(/ + 2�¬).

In particular we will denote §
def
= −1

ℝ'
(¤) to conclude that

ℎ�(/) = (2�)
' 2'�

∑
¬∈ℤ'

§(2�/ + 2�2�¬). (A.4)

Since § = −1
ℝ'
(¤) is a Schwartz function on ℝ' then the sum converges absolutely and ℎ� is a

periodic function on �'. If we use the form (A.4) for the function ℎ� then the proofs of the Besov

space inequalities on ℝ' translate to �'.
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Lemma A.1. With (A.4), for anyQ ≥ 0 we have the following uniform estimate

∫
�'
'/ |2�/|Q|||ℎ�(/)

||| ≤ (2�)' ∫
ℝ'
'/ |/|Q|§(/)| < ∞. (A.5)

We also have for anyQ ≥ 0 the following uniform estimate for all / ∈ �':

|/|Q|||ℎ�(/)
||| ≲ 2'�2−�Q . (A.6)

Further these bounds imply that for any � ∈ (1,∞) we have

(
∫
�'
'/ (|2�/|Q|||ℎ�(/)

|||)�
) 1

�

≲ 2
'�
(
1−

1

�

)
. (A.7)

Proof. We split (A.4) as ℎ�(/) = :1(/) + :2(/), where

:1(/)
def
= (2�)'2'�

∑
¬∶2�|/+2�¬|≤1

§(2�/ + 2�2�¬),

and

:2(/)
def
= (2�)'2'�

∑
¬∶2�|/+2�¬|>1

§(2�/ + 2�2�¬).

For :1(/), since 2
�|/ + 2�¬| ≤ 1, notice that we have
|¬| ≤ 1

2�
|/ + 2�¬| + |/|

2�
≤ 1

2�
2−� +

1

2
≤ 1

2�
2−�∗ +

1

2
≲ 1.

Since |§(/)| ≲ 1 we have that |:1(/)| ≲ 2'� .
For :2(/), since 2

�|/ + 2�¬| > 1, we use that § is Schwartz on ℝ' so that

|§(/)| ≤ C«|/|−« , ∀|/| ≥ 1, ∀« ≥ ' + 1. (A.8)

In particular

|:2(/)| ≤ 2'�C« ∑
¬∶2�|/+2�¬|>1

|2�(/ + 2�¬)|−« .

Here we have the following uniform in � bound

∑
¬∶2�|/+2�¬|>1

|2�(/ + 2�¬)|−« ≲ 1. (A.9)

We conclude that |:2(/)| ≲ 2'� . This establishes (A.6) forQ = 0.

We now prove (A.6) forQ > 0. To this end, for / ∈ �' using (1.37) we define

|(/)|2 def=
'∑
�=1

(/�)2.

 1
0

9
7

0
3

1
2

, 0
, D

o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://o
n

lin
elib

rary
.w

iley
.co

m
/d

o
i/1

0
.1

0
0

2
/cp

a.2
2

1
3

9
 b

y
 U

n
iv

ersity
 O

f P
en

n
sy

lv
an

ia, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

8
/0

9
/2

0
2
3
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



76 CAMERON and STRAIN

Then we have |(/)| ≈ |/| uniformly for all / ∈ �'. Further, from (1.37) we have that |(/)| =
|(/ + 2�¬)| for any¬ ∈ ℤ' and any / ∈ �'. Thus from (A.4) for any / ∈ �' we have

|/|Q|||ℎ�(/)
||| ≲ |(/)|Q|||ℎ�(/)||| ≲ 2'�

∑
¬∈ℤ'

|(/ + 2�¬)|Q||§(2�/ + 2�2�¬)||.

Notice from (1.37) and (1.39) that we have the global uniform bound

|(/ + 2�¬)|
|/ + 2�¬| ≲ 1, ∀/ ∈ �' ∀¬ ∈ ℤ'.

We thus conclude that

|/|Q|||ℎ�(/)
||| ≲ 2'�

∑
¬∈ℤ'

|/ + 2�¬|Q||§(2�/ + 2�2�¬)||. (A.10)

We will split this sum into 2�|/ + 2�¬| ≤ 1 and 2�|/ + 2�¬| > 1 as previously. On the region
2�|/ + 2�¬| ≤ 1, as before independent of � we have

∑
¬∶2�|/+2�¬|≤1

|/ + 2�¬|Q||§(2�/ + 2�2�¬)|| ≲ 1.

This follows exactly as in the proof of (A.6) for Q = 0. Next on the region 2�|/ + 2�¬| > 1, we
use the estimate (A.8) with « replaced by « +Q to obtain

∑
¬∶2�|/+2�¬|>1

|/ + 2�¬|Q||§(2�/ + 2�2�¬)||

≲ C«+Q
∑

¬∶2�|/+2�¬|>1
|/ + 2�¬|Q||2�(/ + 2�¬)||

−«−Q

≲ 2−�Q
∑

¬∶2�|/+2�¬|>1
||2�(/ + 2�¬)||

−«
≲ 2−�Q .

The last uniform inequality follows as in (A.9). Collecting these estimates we obtain (A.6) for

Q > 0. We will now prove (A.5). Since ℎ� is 2� periodic, from (A.4)

∫
�'
'/
|||ℎ�(/)

||| = (2�)'2'�
∑
¬∈ℤ'

∫
�'
'/ ||§(2�/ + 2�2�¬)||

≤ (2�)' ∑
¬∈ℤ'

∫
2��'

'/ ||§(/ + 2�2�¬)|| = (2�)' ∫
ℝ'
'/ |§(/)|.

This yields (A.5) forQ = 0. ForQ > 0we use (A.10) and then the proof is exactly the same. Lastly,

to prove (A.7) forQ = 0 for any 1 < � < ∞ we interpolate as

||ℎ�||S� ≲ ||ℎ�||
1

�

S1
||ℎ�||

1−
1

�

S∞ .

Then (A.7) follows from (A.5) and (A.6). The proof of (A.7) forQ > 0 is exactly the same. □
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Lemma A.2. We have the following Bernstein inequalities

||∆�4||SZ ≲ 2�
(
1

�
−
1

Z

)
'||∆�4||S� , Z ≥ � ≥ 1. (A.11)

For any 0 < ¬ ≤ 1 we have that
2�¬||∆�4||S� ≲ ||Λ¬∆�4||S� ≲ 2�¬||∆�4||S� , � ≥ 1. (A.12)

The proof of Lemma A.2 is in [4, Lemma 2.1 on page 52], if we use (A.4) and Lemma A.1 in

�'. Next, we recall the Besov spaces given in (1.22), (1.24), (1.23) and (1.25). Then for 0 < & < 1

and �, Z, @ ∈ [1,∞] and � satisfying Definition 1.1 we more generally define the semi-norm

representation of the Besov spaces over �' by

||4||�̇&�,@(�')
def
=

(
∫
�'

'X

|X|'
(||*X4||S�(�')

|X|&
)@)1∕@

, (A.13)

||4||S̃Z�(�̇&�,@(�'))
def
=
⎛
⎜⎜⎝∫�'

'X

|X|'
(||*X4||SZ�(S�(�'))

|X|&
)@⎞
⎟⎟⎠

1∕@

, (A.14)

||4||�̇&,��,@(�')
def
=

(
∫
�'

'X

|X|'
(
�(|X|−1) ||*X4||S�(�')|X|&

)@)1∕@
, (A.15)

||4||S̃Z�(�̇&,��,@(�'))
def
=
⎛⎜⎜⎝∫�'

'X

|X|'
(
�(|X|−1)

||*X4||SZ�(S�(�'))
|X|&

)@⎞⎟⎟⎠

1∕@

. (A.16)

For all the spaces above we use the standard modification when @ = ∞. We can equivalently

write these semi-norms using the Littlewood-Paley operators as follows.We define the°@ = °@(ℤ)

spaces with the norm

||x�||°@ def=
(∑
�∈ℤ

|x�|@
)1∕@

, 1 ≤ @ < ∞, ||x�||°∞ def
= sup

�∈ℤ
|x�|.

Then we have the following equivalent representations of these Besov spaces.

PropositionA.3. We consider any 0 < & < 1 and �, @ ∈ [1,∞] and � satisfying Definition 1.1. Then

we have for (A.13) and (A.15) that

||4||�̇&�,@(�') ≈ ||2�&||∆�4||S�� ||°@ , ||4||�̇&,��,@(�') ≈ ||2
�&�(2�)||∆�4||S�

�
||°@ .

If also Z ∈ [1,∞] then for (A.16) we have

||4||S̃Z�(�̇&,��,@(�')) ≈ ||2
�&�(2�)||∆�4||SZ�(S�� )||°@ , (A.17)

and for (A.14) we have ||4||S̃Z�(�̇&�,@(�')) ≈ ||2
�&||∆�4||SZ�(S�� )||°@ .
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78 CAMERON and STRAIN

Remark A.4. These equivalences motivate the standard definition of these Besov spaces for all

& ∈ ℝ, for all �, @ ∈ [1,∞] and for any � satisfying Definition 1.1 as

||4||�̇&�,@(�')
def
= ||2�&||∆�4||S�

�
||°@ , ||4||�̇&,��,@(�')

def
= ||2�&�(2�)||∆�4||S�

�
||°@ .

And if also Z ∈ [1,∞] then we similarly can define

||4||S̃Z�(�̇&�,@(�'))
def
= ||2�&||∆�4||SZ�(S�� )||°@ ,

and ||4||S̃Z�(�̇&,��,@(�'))
def
= ||2�&�(2�)||∆�4||SZ�(S�� )||°@ .

Proof of Proposition A.3. We only show the proof of the equivalence of (A.16) as in (A.17). The

proofs of the other equivalences are exactly the same, or easier. In this proof we will write the

semi-norm on the RHS in (A.17) as

||4||@
def
= ||2�&�(2�)||∆�4||SZ�(S�� )||

@
°@
.

For brevity we write the LHS of (A.17) as ||4|| def
= ||4||S̃Z�(�̇&,��,@(�')) from (A.16).

Then, from (A.3), we that ∆� =
∑
|�−�′|≤1 ∆�∆�′ . Next we use (A.4) to obtain

*X∆�4(�) =
∑
|�−�′|≤1

(
*Xℎ� ∗ ∆�′4

)
(�),

where we expand *Xℎ�(/) = ∫ 1
0
'& 2�X ⋅ (∇ℎ)�(/ + &X). Then as in (A.4) we have

(∇ℎ)�(/) = (2�)
'2'�

∑
¬∈ℤ'

(∇§)(2�/ + 2�2�¬).

Notice that for any � ∈ ℝ', exactly the same as (A.5), we have

∫
�'
'/
|||(∇ℎ)�(/ + �)

||| ≲ ∫
ℝ'
'/ |∇§(/)| ≲ 1.

We conclude from (A.5) and the above that

||*Xℎ�||S1
�
≲ min{1, 2�|X|}. (A.18)

Thus using Young’s inequality we have

||*X∆�4||SZ�(S�� ) ≲ min{1, 2
�|X|} ∑

|�−�′|≤1
||∆�′4||SZ�(S�� ).

Thus we have

||*X∆�4||SZ�(S�� ) ≲ ^@,�2
−&��(2�)−1min{1, 2�|X|}||4|| ,
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where above and in the rest of the proof ^@,� ≥ 0 is an element of the unit sphere of °@(ℤ) (which
could be a different element on different lines). In this case

^@,� =

∑
|�−�′|≤1 2&�

′
�(2�

′
)||∆�′4||SZ�(S�� )

3||4|| .

Thus we have that

||*X4||SZ�(S�� ) ≤
∞∑

�=−∞

||*X∆�4||SZ�(S�� )

≲ ||4||
(
|X| ∑

�≤�0
^@,�2

�(1−&)�(2�)−1 +
∑
�>�0

^@,�2
−&��(2�)−1

)
. (A.19)

Here �0 = �0(|X|) satisfies that 12
1

|X| < 2
�0 ≤ 1

|X| .
We first suppose that 1 ≤ @ < ∞. Then we conclude that

||4||@ ≤ C2@||4||@ (�1 + �2), (A.20)

where as in (A.16) we have

�1
def
= ∫

�'

'X

|X|'
�(|X|−1)@|X|@(1−&)

(∑
�≤�0

^@,�2
�(1−&)�(2�)−1

)@
,

and

�2
def
= ∫

�'

'X

|X|'
�(|X|−1)@|X|−@&

(∑
�>�0

^@,�2
−&��(2�)−1

)@
.

We use Hölder’s inequality, and 2−&�0 ≲ |X|&, as

(∑
�>�0

^@,�2
−&��(2�)−1

)@
≲

(∑
�>�0

2−&�

)@−1∑
�>�0

^@
@,�
2−&��(2�)−@ ≲ |X|&(@−1)∑

�>�0

^@
@,�
2−&��(2�)−@.

(A.21)

Then for �2 by Fubini’s theorem we have the estimate

�2 ≲

∞∑
�=−∞

^@
@,�
2−&��(2�)−@ ∫

�'

'X

|X|'
�(|X|−1)@|X|−&Y2�|X|>1 ≲

∞∑
�=−∞

^@
@,�
≲ 1.

Above we used that � is increasing from Definition 1.1.

Next for �1, we use Hölder’s inequality similar to (A.21) to get

(∑
�≤�0

^@,�2
�(1−&)�(2�)−1

)@
≲ |X|−(1−&)(@−1)∑

�≤�0
^@
@,�
2(1−&)��(2�)−@.
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Then also by Fubini’s theorem, we have

�1 ≲

∞∑
�=−∞

^@
@,�
2(1−&)��(2�)−@ ∫

�'

'X

|X|'
�(|X|−1)@|X|1−&Y2�|X|≤1.

To estimate this term we will use a decomposition that is similar to the one from [3, Equa-

tion (18) on Page 10]. The intuition of the decomposition is that under our assumptions a term

like 2(1−&)�∕2�(2�)−@ will be effectively eventually increasing. In particular we split

2(1−&)�∕2�(2�)−@ = (�1(2
�)�2(2

�)�3(2
�))−1, (A.22)

where for ^&
def
= exp(

3@

1−&
) we have

�1(O)
def
=

�(O)@

(log(4 + O))@
, �2(O)

def
=

(log(4 + O))@

(log(^& + O))@
, �3(O)

def
= O−(1−&)∕2(log(^& + O))

@.

Then, by Definition 1.1, �1(O) is decreasing for O ∈ [0,∞). Further �2(O) is clearly uniformly

bounded from above and below. And we will see that �3(O) is decreasing for O ∈ [0,∞). In

particular

'

'O
�3(O) = O

−(1−&)∕2

(
@

^& + O
−
(1 − &)

2O
log(^& + O)

)
(log(^& + O))

@−1

= O−(1−&)∕2
(1 − &) log(^& + O)

2O

(
2O@

(1 − &)(^& + O) log(^& + O)
− 1

)
< 0.

The above holds for all O ∈ [0,∞), so that �3(O) is decreasing, because

2O@

(1 − &)(^& + O) log(^& + O)
<

2@

(1 − &) log(ª3@∕(1−&) + O)
≤ 2

3
< 1.

Note that this is also true with a better constant than ^&, which was chosen for clarity of the

exposition. We conclude that

2(1−&)��(2�)−@ ∫
�'

'X

|X|'
�(|X|−1)@|X|1−&Y2�|X|≤1

≲ 2(1−&)�∕2�2(2
�)−1 ∫

�'

'X

|X|'
|X|(1−&)∕2�2(|X|−1)Y2�|X|≤1 ≲ 1.

Therefore we have that �1 ≲
∑∞
�=−∞ ^

@
@,�
≲ 1. Thus we conclude that ||4|| ≲ ||4|| . This proves

the upper bound in (A.17) for 1 ≤ @ < ∞. If @ = ∞ we use ^@,� ≲ 1 in (A.19) then following the

same argument we obtain ||4|| ≲ ||4|| .
We will now prove the opposite inequality. Using that the mean value of ℎ�(X) from (A.4) is

zero we have

∆�4(�) = ∫
�'
'X ℎ�(X) OX4(�) = ∫

�'
'X ℎ�(X) *X4(�).
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Then if @ = ∞ we have

2�&�(2�)||∆�4||SZ�(S�� ) ≲ ||4|| ∫
�'
'X

�(2�)

�(|X|−1)
|2�X|&|ℎ�(X)|.

Then splitting into 2�|X| ≤ 1 and 2�|X| > 1 we can prove that �(2�)

�(|X|−1) ≲ 1 as in Definition 1.1 and
(A.22). Then when @ = ∞, ||4|| ≲ ||4|| follows from (A.5).

If 1 ≤ @ < ∞, then we have ||4||@ ≤ 2@(Σ@1 + Σ@2) where

Σ@1
def
=
∑
�∈ℤ

2�&@�(2�)@

(
∫
2�|X|≤1

'X
|||ℎ�(X)

||| ||*X4||SZ�(S�� )
)@
,

and

Σ@2
def
=
∑
�∈ℤ

2�&@�(2�)@

(
∫
2�|X|>1

'X
|||ℎ�(X)

||| ||*X4||SZ�(S�� )
)@
.

For Σ@1 we use Hölder’s inequality and (A.7) as

(
∫
2�|X|≤1

'X
|||ℎ�(X)

||| ||*X4||SZ�(S�� )
)@

≲

(
∫
2�|X|≤1

'X
|||ℎ�(X)

|||
@′
)@−1

∫
2�|X|≤1

'X ||*X4||@SZ�(S�� )

≲ 2'� ∫
2�|X|≤1

'X ||*X4||@SZ�(S�� ).

We plug this in and use Fubini’s theorem to obtain

Σ@1 ≲ ∫
�'
'X

(∑
�∈ℤ

2�(&@+')�(2�)@Y2�|X|≤1
)
||*X4||@SZ�(S�� ) ≲ ||4||

@.

The last inequality follows since �(O) is increasing from Definition 1.1.

Lastly we consider the term Σ@2. We again use Hölder’s inequality as

(
∫
2�|X|>1

'X
|||ℎ�(X)

||| ||*X4||SZ�(S�� )
)@

= 2−�('+1)@

(
∫
2�|X|>1

'X

|X|' |2
�X|'+1|||ℎ�(X)

|||
||*X4||SZ�(S�� )
|X|

)@

≲ 2−�@ ∫
2�|X|>1

'X

|X|'
||*X4||@SZ�(S�� )
|X|@ .

 1
0

9
7

0
3

1
2

, 0
, D

o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://o
n

lin
elib

rary
.w

iley
.co

m
/d

o
i/1

0
.1

0
0

2
/cp

a.2
2

1
3

9
 b

y
 U

n
iv

ersity
 O

f P
en

n
sy

lv
an

ia, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

8
/0

9
/2

0
2
3
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



82 CAMERON and STRAIN

Above from (A.7) we used that

(
∫
2�|X|>1

'X

|X|'
|2�X|('+1)@′ |||ℎ�(X)

|||
@′
) @

@′

≲ 2�'2�'(@−1).

We thus conclude that

Σ@2 ≲ ∫
�'

'X

|X|'
(∑
�∈ℤ

2−�@(1−&)�(2�)@Y2�|X|>1

)||*X4||@SZ�(S�� )
|X|@ ≲ ||4||@.

Above we just used the following uniform inequality

∑
�∈ℤ

2−�@(1−&)�(2�)@Y2�|X|>1 ≲ |X|@(1−&)�(|X|−1)@,

which is again a consequence of (A.22). This completes the proof. □

We also refer the reader to the analogous proofs of Proposition A.3 of these equivalences (with-

out the factor � and without the argument in (A.22)) in the whole space case from [4, Theorem

2.36 on page 74].

Proposition A.5. For &1 ∈ ℝ, 1 ≤ �1 ≤ �2 ≤∞, 1 ≤ @1 ≤ @2 ≤∞, any � satisfying Definition 1.1

and &2 = &1 + '(
1

�1
−

1

�2
), we have the uniform estimates

||4||�̇&1�2,@2 (�') ≲ ||4||�̇&2�1,@1 (�'), ||4||�̇&1,��2,@2
(�') ≲ ||4||�̇&2,��1,@1

(�').

Additionally for any 1 ≤ Z ≤∞ we have

||4||S̃Z�(�̇&1�2,@2 (�')) ≲ ||4||S̃Z�(�̇&2�1,@1 (�')), ||4||S̃Z�(�̇&1,��2,@2
(�')) ≲ ||4||S̃Z�(�̇&2,��1,@1

(�')).

The proof is the standard, see [4, Proposition 2.20 on page 64]. Next we state a lemma about

interpolation in Besov spaces.

Lemma A.6. If &1 < &2 are real numbers and � ∈ (0, 1), then for any 1 ≤ � ≤∞ we have

||4||
�̇
�&1+(1−�)&2
�,1

≲
1

&2 − &1

(
1

�
+

1

1 − �

)
||4||�

�̇
&1
�,∞

||4||1−�
�̇
&2
�,∞

Additionally for any 1 ≤ @ ≤∞ we have ||4||
�̇
�&1+(1−�)&2
�,@

≤ ||4||�
�̇
&1
�,@

||4||1−�
�̇
&2
�,@

.

The above is proven in [4, Proposition 2.22 on page 65].

Lemma A.7. If &1 < &2 are real numbers, then for any 1 ≤ � ≤∞ we have

||4||�̇&1�,1 ≲ ||4||�̇&2�,∞
The proof of Lemma A.7 follows directly from the property (A.2).
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Lemma A.8. For any (�, Z) ∈ [1,∞]2 such that � ≤ Z the space �̇

'

�
−
'

Z

�,1 (�') is continuously

embedded in SZ(�'). In particular,

||4||S�(�') ≲ ||4||
�̇

'
�
−
'
Z

�,1 (�')

.

In addition if � < ∞ then �̇

'

�

�,1(�
') is continuously embedded in the space of continuous functions.

This is proven in [4, Proposition 2.39 on page 79] using (A.4).

APPENDIX B: ESTIMATES ON THE DIFFERENCES OF THE KERNELS

The purpose of this appendix is to prove the pointwise bounds that are stated in Lemma’s 3.6, 5.2

and 5.3. To ease the notation in this appendix we will drop the dependencies on �. In particular

we write *+/�
′(�) = *+/�

′, *−/�
′(�) = *−/�

′, *+/b
′(�) = *+/b

′, *−/b
′(�) = *−/b

′, 8/�(�) = 8/�,

8/b(�) = 8/b, *
+
/ (�

′ − b′)(�) = *+/ (�
′ − b′), and *−/ (�

′ − b′)(�) = *−/ (�
′ − b′) etc.

First we will give the proof of Lemma 3.6.

Proof of Lemma 3.6. Considering(�, /) from (1.19), for (3.34) we can write

4�1X(�, /)
def
= 4�1X1 + 4�1X2 + 4�1X3 + 4�1X4, (B.1)

where

4�1X1
def
= *X*

+
/�

′ ⋅ OX
(8/�)
|8/�|2 OX*

−
/�

′ + *+/�′ ⋅ (8/�)|8/�|2 *X*
−
/�

′,

4�1X2
def
= (*X*

+
/�

′ + *X*
−
/�

′) ⋅ OX
(8/�)8/�
|8/�|2 

− (*X*
+
/�

′ + *X*
−
/�

′) ⋅ OX
(8/�)8/�
|8/�|2 OX(8/�),

4�1X3
def
= −*X*

+
/�

′ ⋅ OX
(8/�)
|8/�|2 OX*

−
/�

′OX(8/�) − *+/�′ ⋅ (8/�)|8/�|2 *X*
−
/�

′OX(8/�),

4�1X4
def
= *X*

+
/�

′ ⋅ OX
((8/�) − )
|8/�|2 OX*

−
/�

′OX(8/�)

+ *+/�
′ ⋅
((8/�) − )
|8/�|2 *X*

−
/�

′OX(8/�).
Then for2X we also further split

4�2X(�, /)
def
= 4�2X1 + 4�2X2 + 4�2X3 + 4�2X4, (B.2)

where

4�2X1
def
= *+/�

′ ⋅ *X

((8/�)
|8/�|2

)
OX*

−
/�

′,
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4�2X2
def
= −*+/�

′ ⋅ *X

((8/�)
|8/�|2

)
OX*

−
/�

′OX(8/�) − *+/�′ ⋅ (8/�)|8/�|2 *
−
/�

′*X(8/�),

4�2X3

def
= (*+/�

′ + *−/�
′) ⋅ *X

((8/�)8/�
|8/�|2

)
 − (*+/�′ + *−/�′) ⋅ *X

((8/�)8/�
|8/�|2 (8/�)

)
,

4�2X4
def
= *+/�

′ ⋅ *X

(
((8/�) − )
|8/�|2

)
OX*

−
/�

′OX(8/�)

+ *+/�
′ ⋅
((8/�) − )
|8/�|2 *−/�

′*X(8/�).

Then the bound (3.35) for1X(�, /) follows directly from (B.1). And the bound for term2X(�, /)

in(3.36) similarly follows from (B.2). This completes the proof. □

Next we give the proof of Lemma 5.2.

Proof of Lemma 5.2. We recall (1.19) and then we split

4�[�] − 4�[b] = 4�1 + 4�2.

Here we are splitting so that1 contains all the � − b differences on the terms such as *±/ (�
′ −

b′)(�), and2 contains the terms that have differences on8/(�
′ − b′)(�). Thus for1we further

split

1 = 11 +12 +13 +14,

where

4�11 = *
+
/ (�

′ − b′) ⋅
(8/�)
|8/�|2 *

−
/�

′ + *+/b′ ⋅ (8/�)|8/�|2 *
−
/ (�

′ − b′),

4�12 = (*
+
/ (�

′ − b′) + *−/ (�
′ − b′)) ⋅

(8/�)8/�
|8/�|2 

− (*+/ (�
′ − b′) + *−/ (�

′ − b′)) ⋅
(8/�)8/�
|8/�|2 (8/�),

4�13 = −*
+
/ (�

′ − b′) ⋅
(8/�)
|8/�|2 *

−
/�

′(8/�)

− *+/b
′ ⋅

(8/�)
|8/�|2 *

−
/ (�

′ − b′)(8/�),

4�14 = *
+
/ (�

′ − b′) ⋅
((8/�) − )
|8/�|2 *−/�

′(8/�)

+ *+/b
′ ⋅
((8/�) − )
|8/�|2 *−/ (�

′ − b′)(8/�).
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Therefore we observe that1 satisfies the following uniform estimate

|1| ≲ |�|−2∗
(||*+/ (�′ − b′)||||*−/�′|| + ||*−/ (�′ − b′)||||*+/b′||

)

+ |�|−1∗
(||*+/ (�′ − b′)|| + ||*−/ (�′ − b′)||

)
.

And then for2 we also split

2 = 21 +22 +23 +24,

where

4�21 = *
+
/b

′ ⋅

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
*−/b

′

+ (*+/b
′ + *−/b

′) ⋅

((8/�)8/�
|8/�|2 −

(8/b)8/b
|8/b|2

)
,

4�22 = −*
+
/b

′ ⋅

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
*−/b

′(8/�)

− *+/b
′ ⋅

(8/b)
|8/b|2 *

−
/b

′((8/�) −(8/b)),

4�23 = −(*
+
/b

′ + *−/b
′) ⋅

((8/�)8/�
|8/�|2 −

(8/b)8/b
|8/b|2

)
(8/�)

− (*+/b
′ + *−/b

′) ⋅
(8/b)8/b
|8/b|2 ((8/�) −(8/b)),

4�24 = *
+
/b

′ ⋅

(
((8/�) − )
|8/�|2 −

((8/b) − )
|8/b|2

)
*−/b

′(8/�)

+ *+/b
′ ⋅
((8/b) − )
|8/b|2 *−/b

′((8/�) − (8/b)).
Thus by inspection we have the following uniform estimate for2 as

|2| ≲ |�,b|−3∗ ||8/(�′ − b′)||||*−/b′||||*+/b′|| + |�,b|−2∗ ||8/(�′ − b′)||
(||*−/b′|| + ||*+/b′||

)
.

This completes the proof. □

We lastly give the proof of Lemma 5.3.

Proof of Lemma 5.3. Then as in (B.1) and (B.2) we decompose the terms �X�[�] −�X�[b] for

� ∈ {1, 2} and for � ∈ {1, 2, 3, 4} individually as

�X�[�] −�X�[b]
def
= �X�1[�, b] +�X�2[�, b],
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where

4�1X11[�, b] = *X*
+
/ (�

′ − b′) ⋅ OX
(8/�)
|8/�|2 OX*

−
/�

′

+ *X*
+
/b

′ ⋅ OX
(8/�)
|8/�|2 OX*

−
/ (�

′ − b′)

+ *+/ (�
′ − b′) ⋅

(8/�)
|8/�|2 *X*

−
/�

′

+ *+/b
′ ⋅

(8/�)
|8/�|2 *X*

−
/ (�

′ − b′),

4�1X12[�, b] = *
+
/b

′ ⋅

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
*X*

−
/b

′,

+ *X*
+
/b

′ ⋅ OX

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
OX*

−
/b

′,

4�1X21[�, b] = (*X*
+
/ (�

′ − b′) + *X*
−
/ (�

′ − b′)) ⋅ OX
(8/�)8/�
|8/�|2 

− (*X*
+
/ (�

′ − b′) + *X*
−
/ (�

′ − b′)) ⋅ OX
(8/�)8/�
|8/�|2 OX(8/�),

4�1X22[�, b] = (*X*
+
/b

′ + *X*
−
/b

′) ⋅ OX

((8/�)8/�
|8/�|2 −

(8/b)8/b
|8/b|2

)


− (*X*
+
/b

′ + *X*
−
/b

′) ⋅ OX
(8/�)8/�
|8/�|2 OX(8/�)

+ (*X*
+
/b

′ + *X*
−
/b

′) ⋅ OX
(8/b)8/b
|8/b|2 OX(8/b),

4�1X31[�, b] = −*X*
+
/ (�

′ − b′) ⋅ OX
(8/�)
|8/�|2 OX*

−
/�

′OX(8/�)

− *X*
+
/b

′ ⋅ OX
(8/�)
|8/�|2 OX*

−
/ (�

′ − b′)OX(8/�)

− *+/ (�
′ − b′) ⋅

(8/�)
|8/�|2 *X*

−
/�

′OX(8/�)

− *+/b
′ ⋅

(8/�)
|8/�|2 *X*

−
/ (�

′ − b′)OX(8/�),

4�1X32[�, b] = −*X*
+
/b

′ ⋅ OX

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
OX*

−
/b

′OX(8/�)

− *X*
+
/b

′ ⋅ OX
(8/b)
|8/b|2 OX*

−
/b

′OX((8/�) −(8/b))
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− *+/b
′ ⋅

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
*X*

−
/b

′OX(8/�)

− *+/b
′ ⋅

(8/�)
|8/�|2 *X*

−
/b

′OX((8/�) −(8/b)),

4�1X41[�, b] = *X*
+
/ (�

′ − b′) ⋅ OX
((8/�) − )
|8/�|2 OX*

−
/�

′OX(8/�)

+ *X*
+
/b

′ ⋅ OX
((8/�) − )
|8/�|2 OX*

−
/ (�

′ − b′)OX(8/�)

+ *+/ (�
′ − b′) ⋅

((8/�) − )
|8/�|2 *X*

−
/�

′OX(8/�)

+ *+/b
′ ⋅
((8/�) − )
|8/�|2 *X*

−
/ (�

′ − b′)OX(8/�),

4�1X42[�, b] = *X*
+
/b

′ ⋅ OX

(
((8/�) − )
|8/�|2 −

((8/b) − )
|8/b|2

)
OX*

−
/b

′OX(8/�)

+ *X*
+
/b

′ ⋅ OX
((8/b) − )
|8/b|2 OX*

−
/b

′OX((8/�) − (8/b))

+ *+/b
′ ⋅

(
((8/�) − )
|8/�|2 −

((8/b) − )
|8/b|2

)
*X*

−
/b

′OX(8/�)

+ *+/b
′ ⋅
((8/�) − )
|8/�|2 *X*

−
/b

′OX((8/�) − (8/b)).

Therefore by inspection of each term we have

|||1X11[�, b]
||| +
|||1X31[�, b]

||| +
|||1X41[�, b]

||| ≲ |*X*
+
/ (�

′ − b′)||OX*−/�′||�|−2∗
+ |*X*+/b′||OX*−/ (�′ − b′)||�|−2∗ + |*+/ (�′ − b′)||*X*−/�′||�|−2∗
+ |*+/b′||*X*−/ (�′ − b′)||�|−2∗ , (B.3)

|||1X12[�, b]
||| +
|||1X32[�, b]

||| +
|||1X42[�, b]

||| ≲ |*X*
+
/b

′||OX*−/b′||OX8/(�′ − b′)||�,b|−3∗
+ |*+/b′||*X*−/b′||8/(�′ − b′)||�,b|−3∗ , (B.4)

|||1X21[�, b]
||| ≲
(|*X*+/ (�′ − b′)| + |*X*−/ (�′ − b′)|

)|�|−1∗ , (B.5)

|||1X22[�, b]
||| ≲
(|*X*+/b′| + |*X*−/b′|

)|OX8/(�′ − b′)||�,b|−2∗ . (B.6)

Then (5.8) follows from collecting the estimates in (B.3), (B.4), (B.5) and (B.6).

Next we consider the differences of the form2X�[�] −2X�[b]. We obtain

4�2X11[�, b] = *
+
/ (�

′ − b′) ⋅ *X
(8/�)
|8/�|2 OX*

−
/�

′ + *+/b′ ⋅ *X(8/�)|8/�|2 OX*
−
/ (�

′ − b′),
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4�2X12[�, b] = *
+
/b

′ ⋅ *X

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
OX*

−
/b

′,

4�2X21[�, b] = −*
+
/ (�

′ − b′) ⋅ *X
(8/�)
|8/�|2 OX*

−
/�

′OX(8/�)

− *+/b
′ ⋅ *X

(8/�)
|8/�|2 OX*

−
/ (�

′ − b′)OX(8/�)

− *+/ (�
′ − b′) ⋅

(8/�)
|8/�|2 *

−
/�

′*X(8/�)

− *+/b
′ ⋅

(8/�)
|8/�|2 *

−
/ (�

′ − b′)*X(8/�),

4�2X22[�, b] = −*
+
/b

′ ⋅ *X

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
OX*

−
/b

′OX(8/�)

− *+/b
′ ⋅ *X

(8/b)
|8/b|2 OX*

−
/b

′OX((8/�) −(8/b))

− *+/b
′ ⋅

((8/�)
|8/�|2 −

(8/b)
|8/b|2

)
*−/b

′*X(8/�)

− *+/b
′ ⋅

(8/�)
|8/�|2 *

−
/b

′*X((8/�) −(8/b)),

4�2X31[�, b] = (*
+
/ (�

′ − b′) + *−/ (�
′ − b′)) ⋅ *X

(8/�)8/�
|8/�|2 

− (*+/ (�
′ − b′) + *−/ (�

′ − b′)) ⋅ *X

((8/�)8/�
|8/�|2 (8/�)

)
,

4�2X32[�, b] = (*
+
/b

′ + *−/b
′) ⋅ *X

((8/�)8/�
|8/�|2 −

(8/b)8/b
|8/b|2

)


− (*+/b
′ + *−/b

′) ⋅ *X

((8/�)8/�
|8/�|2 (8/�)

)

+ (*+/b
′ + *−/b

′) ⋅ *X

((8/b)8/b
|8/b|2 (8/b)

)
,

4�2X41[�, b] = *
+
/ (�

′ − b′) ⋅ *X
((8/�) − )
|8/�|2 OX*

−
/�

′OX(8/�)

+ *+/b
′ ⋅ *X

((8/�) − )
|8/�|2 OX*

−
/ (�

′ − b′)OX(8/�)

+ *+/ (�
′ − b′) ⋅

((8/�) − )
|8/�|2¬�16701*

−
/�

′*X(8/�)

+ *+/b
′ ⋅
((8/�) − )
|8/�|2 *−/ (�

′ − b′)*X(8/�),
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4�2X42[�, b] = *
+
/b

′ ⋅ *X

(
((8/�) − )
|8/�|2 −

((8/b) − )
|8/b|2

)
OX*

−
/b

′OX(8/�)

+ *+/b
′ ⋅ *X

((8/b) − )
|8/b|2 OX*

−
/b

′OX((8/�) − (8/b))

+ *+/b
′ ⋅

(
((8/�) − )
|8/�|2 −

((8/b) − )
|8/b|2

)
*−/b

′*X(8/�)

+ *+/b
′ ⋅
((8/�) − )
|8/�|2 *−/b

′*X((8/�) − (8/b)).
Therefore by inspection of each term we have

|||2X11[�, b]
||| +
|||2X21[�, b]

||| +
|||2X41[�, b]

||| ≲ |*
+
/ (�

′ − b′)||OX*−/�′|
|*X8/�|
|�|3∗

+
(|*+/b′||OX*−/ (�′ − b′)| + |*+/ (�′ − b′)||*−/�′|

) |*X8/�|
|�|3∗

+ |*+/b′||*−/ (�′ − b′)|
|*X8/�|
|�|3∗

, (B.7)

|||2X12[�, b]
||| +
|||2X22[�, b]

||| +
|||2X42[�, b]

||| ≲ |*
+
/b

′||OX*−/b′|
|*X8/(�′ − b′)|
|�,b|3∗

+ |*+/b′||OX*−/b′||8/(�′ − b′)|
|*X8/�, *X8/b|
|�,b|4∗

+ |*+/b′||OX*−/b′||OX8/(�′ − b′)|
|*X8/�, *X8/b|
|�,b|4∗

+ |*+/b′||*−/b′|
|*X8/(�′ − b′)|
|�,b|3∗

+ |*+/b′||*−/b′||8/(�′ − b′)|
|*X8/�, *X8/b|
|�,b|4∗

, (B.8)

|||2X31[�, b]
||| ≲
(|*+/ (�′ − b′)| + |*−/ (�′ − b′)|

) |*X8/�|
|�|3∗

, (B.9)

|||2X32[�, b]
||| ≲
(|*+/b′| + |*−/b′|

) |*X8/(�′ − b′)|
|�,b|3∗

+
(|*+/b′| + |*−/b′|

)|8/(�′ − b′)|
|*X8/�, *X8/b|
|�,b|4∗

. (B.10)

Then (5.9) again follows from collecting the estimates in (B.7), (B.8), (B.9) and (B.10). □
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