
ar
X

iv
:2

40
2.

10
34

2v
1 

 [c
s.L

G
]  

15
 F

eb
 2

02
4

Exploration-Driven Policy Optimization in RLHF:

Theoretical Insights on Efficient Data Utilization

Yihan Du

UIUC

yihandu@illinois.edu

Anna Winnicki

UIUC

annaw5@illinois.edu

Gal Dalal

NVIDIA Research

gdalal@nvidia.com

Shie Mannor

Technion

NVIDIA Research

smannor@nvidia.com

R. Srikant

UIUC

rsrikant@illinois.edu

Abstract

Reinforcement Learning from Human Feedback (RLHF) has achieved impressive empirical successes
while relying on a small amount of human feedback. However, there is limited theoretical justification for
this phenomenon. Additionally, most recent studies focus on value-based algorithms despite the recent
empirical successes of policy-based algorithms. In this work, we consider an RLHF algorithm based on
policy optimization (PO-RLHF). The algorithm is based on the popular Policy Cover-Policy Gradient
(PC-PG) algorithm, which assumes knowledge of the reward function. In PO-RLHF, knowledge of the
reward function is not assumed and the algorithm relies on trajectory-based comparison feedback to infer
the reward function. We provide performance bounds for PO-RLHF with low query complexity, which
provides insight into why a small amount of human feedback may be sufficient to get good performance
with RLHF. A key novelty is our trajectory-level elliptical potential analysis technique used to infer
reward function parameters when comparison queries rather than reward observations are used. We
provide and analyze algorithms in two settings: linear and neural function approximation, PG-RLHF and
NN-PG-RLHF, respectively.

1 Introduction

Reinforcement Learning (RL) Sutton & Barto [2018], Agarwal et al. [2021] is a classic sequential decision-
making problem where an agent interacts with an unknown environment in order to maximize the expected
cumulative reward. In many applications, e.g., robotics and Large Language Models (LLMs) Ouyang et al.
[2022], Achiam et al. [2023], the goal of the agent is complex and related to human evaluation. Additionally,
the reward function may be hard to manually design.

To handle these challenges, a framework called Reinforcement Learning from Human Feedback (RLHF) Christiano et al.
[2017] has been proposed and has achieved huge empirical successes in ChatGPT Achiam et al. [2023]. In
RLHF, the agent does not directly observe rewards, but has access to queries from humans on preferences
based on trajectories. The agent learns the quality of trajectories (policies) from the preference feedback
over time in order to optimize performance. Existing empirical works have demonstrated the practical effi-
ciency of RLHF: human feedback can solve complex RL tasks by using fewer than 1% of the data from the
agent’s interactions with the environment Christiano et al. [2017].

Recently, there have also been a number of theoretical RL papers which seek to provide analyze RLHF,
e.g., Pacchiano et al. [2021], Chen et al. [2022], Zhu et al. [2023], Wang et al. [2023]. Most of these works
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consider value-based algorithms or a given dataset of human feedback, while in many applications, e.g.,
ChatGPT, policy optimization algorithms are often used. Our goal is to quantify the query and sample
complexities of policy-based algorithms when used in conjunction with RLHF, and show that the query
complexity is a small fraction of the overall sample complexity.

In order to address the aforementioned issues, we study Policy Optimization for RLHF (PO-RLHF) with
active human feedback, through which we provide insights on the query efficiency of RLHF. The algorithm
can be summarized as follows. It is an iterative process where at each iteration there is a policy, and several
trajectories are drawn by following the policies obtained so far. The trajectories are compared to trajectories
generated by following a baseline policy. Humans make comparisons between the trajectories generated by
the two policies. Assuming a Bradley-Terry model Bradley & Terry [1952], the algorithm uses the results
of the comparison queries to update the estimate of the underlying reward function. Then, there is an inner
loop where the algorithm follows several steps of the PC-PG policy optimization algorithm Agarwal et al.
[2020] using the estimated reward model. At each step of the inner loop, there is a current estimate of a
parameter corresponding to the policy, and Monte Carlo simulations of the policy are used to determine
the subsequent policy parameter.

Under this formulation, we consider two settings, i.e., linear function approximation and neural function
approximation, where the reward function is linear and belongs to a neural function class, respectively. For
both settings, we design policy gradient algorithms, PG-RLHF and NN-PG-RLHF, which can efficiently explore
the unknown environment and collect human feedback adapting to the exploration. We establish sample
and query complexity guarantees for these two algorithms.

While our algorithm is based on the PC-PG algorithm Agarwal et al. [2020], unlike PC-PG where the
reward function is assumed to be known, we assume the use of human feedback. In order to take into
account human feedback, we first extend the PC-PG analysis techniques to incorporate sources of error
in the rewards. Then we directly quantify the error from human feedback. Characterizing error from
human feedback is challenging for the following reason. The standard tool to analyze policy-based methods
with exploration is the elliptical potential lemma Abbasi-Yadkori et al. [2011]. However, this lemma has
previously been used only in the case where the reward information is generated and observed from each
individual state-action. A key novelty in our paper is in transforming our error terms involving feature
covariance matrices into a trajectory-wise form such that the elliptical potential lemma can be applied to
our RLHF situation, i.e., where rewards are not observed and two trajectories are compared based on the
sum of rewards at all (state, action) pairs in each trajectory. To address this issue, we develop a novel
trajectory-level elliptical potential analysis technique (for more, see Section 4.2).

Our results are consistent with the empirical observation that a small amount of human feedback is
sufficient for RLHF to be successful. The reason is clear: human feedback is used to estimate the reward
function which is then used in the policy-based RL algorithm. In other words, the during the policy update
and policy evaluation phases of our algorithm, the reward estimate is fixed. While it may take many
iterations of gradient ascent and many samples to evaluate each policy, the number of queries required to
estimate the reward function is a small fraction of the overall sample complexity.

We summarize our main contributions as follows:

• Motivated by the success of RLHF, we study policy optimization for RLHF with exploration and
active human feedback collection, and seek to theoretically explain the practical efficiency of RLHF.

• For linear and neural function approximation, we design provably efficient algorithms PG-RLHF and
NN-PG-RLHF, which simultaneously explore the unknown environment and adaptively collect human
data according to the exploration.

• We develop novel analytical techniques, including a trajectory-level elliptical potential argument and
a biased MLE guarantee with neural approximation.
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• We provide justification for the practical efficiency of RLHF through a rigorous comparison of sample
complexity between RLHF and standard RL.

2 Related Work

In this section, we discuss works that are most closely related to ours, and defer a detailed review to
Appendix A.

RLHF Christiano et al. [2017] has shown great empirical successes, especially in LLMs Ouyang et al.
[2022], Achiam et al. [2023]. Recently, a number of works have started to theoretically analyze RLHF.
Xu et al. [2020], Novoseller et al. [2020], Pacchiano et al. [2021] study online RLHF for tabular MDPs.
Chen et al. [2022], Wang et al. [2023] consider online RLHF with general function approximation. Wang et al.
[2023] design a reduction framework for RLHF, and prove that the sample complexity for RLHF is no higher
than that for standard RL. Zhu et al. [2023], Zhan et al. [2023a] study offline RLHF with function approxi-
mation. Ji et al. [2023] seek to understand the empirical success of RLHF from the perspective of intrinsic
data bias.

Different from the above works which mostly consider value-based algorithms, we analyze policy gradient
RLHF algorithms with exploration, and show that the amount of data needed to implement RLHF is a small
fraction of the amount of data needed to train an RL algorithm.

Our work is also related to prior neural RL works, e.g., Cai et al. [2019], Wang et al. [2019], Xu et al.
[2021], which theoretically analyze neural function approximation.

3 Formulation

In this section, we formally define the PO-RLHF problem.
We consider a discounted MDP M(S,A, r, P, γ, sinit). Specifically, S is the state space, and A is the

action space. r : S × A 7→ [0, 1] is an underlying reward function, so that r(s, a) specifies the reward of
taking action a in state s. In the RLHF setting, the agent cannot directly observe r(s, a), and instead,
can only observe comparison feedback between trajectories generated according to r (detailed shortly).
P : S × A 7→ △S is an unknown transition distribution, and P (s′|s, a) gives the transition probability of
transitioning to s′ if action a is taken in state s. Here for any set X , △X denotes the space of all distributions
over X , and γ ∈ [0, 1) is a discount factor. We define a policy as a mapping π : S 7→ △A which specifies
what action to take in a state.

Let the state at step h be denoted by sh, and the action taken at step h be denoted by ah. The value
function

V π(s) := E

[ ∞∑

h=0

γhr(sh, ah)|s0 = s, π

]

and the state-action value function

Qπ(s, a) := E

[ ∞∑

h=0

γhr(sh, ah)|s0 = s, a0 = a, π

]

denote the expected sum of discounted rewards received under policy π, starting from a given state s and
state-action pair (s, a), respectively. We define the optimal policy as π∗ := argmaxπ V

π(sinit).
The RLHF model is as follows. The agent starts from an initial state sinit. At each step h, the agent

first observes the current state sh, and then takes an action ah according to her policy. After that, she
obtains an underlying reward r(s, a) (not observed), and transitions to a next state sh+1 ∼ P (·|sh, ah). The
agent can choose to terminate the current trajectory with probability 1 − γ and restart from sinit at each
step. The agent can query humans to compare trajectories τ (1) and τ (2), and observe preference feedback
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y. Following the literature Pacchiano et al. [2021], Zhu et al. [2023], we consider the classic Bradley-Terry
model Bradley & Terry [1952] to formulate preference generation:

Pr[y = 1] =
1

1 + exp(−r̃τ (1),τ (2))
, (1)

with Pr[y = 0] = 1 − Pr[y = 1]. Here y = 1 represents that τ (1) is preferred to τ (2), and y = 0 denotes the
opposite case.

r̃τ
(1),τ (2)

:=

H(τ (1))
∑

h=0

r(s
(1)
h , a

(1)
h )−

H(τ (2))
∑

h=0

r(s
(2)
h , a

(2)
h ),

and H(τ) denotes the length of trajectory τ .
Given a confidence parameter δ and an accuracy parameter ε, the goal of the agent is to identify an

ε-optimal policy π̂ which satisfies V π∗
(sinit) − V π̂(sinit) ≤ ε with probability at least 1 − δ. Before we

describe our reward function model, we first introduce some useful notation.
Notation. For any (s′, a′) ∈ S × A and policy π, let dπs′,a′(s, a) := (1 − γ)E[∑∞

h=0 γ
h Pr[sh = s, ah =

a|s0 = s′, a0 = a′, π] denote the discounted state-action distribution of starting from (s′, a′) and executing
π. With a slight abuse of notation, for any s′ ∈ S, let dπs′(s, a) := Ea′∈π(·|s′)[d

π
s′,a′(s, a)]. For any initial

distribution ρ ∈ △S×A, let dπρ (s, a) := E(s′,a′)∼ρ[d
π
s′,a′(s, a)]. In addition, for any (s′, a′) ∈ S × A and

policy π, let Oπ
s′,a′ be the distribution of the trajectory generated by starting from s′, a′, executing π and

terminating with probability 1− γ at each step, which we call a discounted trajectory distribution. For any
ρ ∈ △S×A, let Oπ

ρ be the discounted trajectory distribution of starting from ρ and executing π.
Under this formulation, we consider linear and neural function approximation settings for the reward

model.

3.1 Linear Function Approximation

In the linear setting, we consider the log-linear policy parameterization and linear reward function. Specifi-
cally, there exists a known feature mapping φ : S×A 7→ R

d which specifies the feature vectors of state-action
pairs, and satisfies ‖φ(s, a)‖ ≤ 1 for all (s, a) ∈ S ×A. For parameter w ∈ R

d, the log-linear policy is repre-
sented as

πw(a|s) :=
exp(φ(s, a)⊤w)

∑

a′∈A exp(φ(s, a′)⊤w)
.

We make the following assumption on the reward function.

Assumption 3.1 (Linear Reward Function). There exists some reward parameter µ∗ ∈ R
d such that

r(s, a) := φ(s, a)⊤µ∗.

3.2 Neural Function Approximation

In the neural function approximation setting, we parameterize the policy, value function and reward by
neural networks.

A two-layer ReLU neural network with input feature φ(s, a), parameter w and width m is represented
by Cai et al. [2019], Xu et al. [2021]

f(s, a;w)=
1√
m

m∑

ℓ=1

bℓ1
{
φ(s, a)⊤[w]ℓ>0

}
φ(s, a)⊤[w]ℓ,

4



where b := [b1, . . . , bm]⊤ ∈ R
m, and w := [[w]1; . . . ; [w]m] ∈ R

md are the network parameters.
We initialize the parameters by bℓ ∼ Unif([−1, 1]) and [w0]ℓ ∼ Dinit for any ℓ ∈ [m]. Here Dinit is

an initialization distribution, such that for any w′ ∈ R
d in the support of Dinit, c ≤ ‖w′‖2 ≤ c̄ for some

constants c, c̄ > 0. During training, we keep b fixed and only update w.
With a temperature parameter α ∈ R and a network parameter w ∈ R

md, a policy is represented by

πα,w :=
exp(αf(s, a;w))

∑

a′∈A exp(αf(s, a;w))
,

We also use f(s, a; θ) to approximate the state-action value function Qπ with another parameter θ ∈ R
md

and the same initialization as w, i.e., θ0 = w0.
Moreover, we approximate the reward function r(s, a) by

h(s, a;µ) :=
1√
m

m∑

ℓ=1

b′ℓ1
{
φ(s, a)⊤[µ]ℓ>0

}
φ(s, a)⊤[µ]ℓ,

where b′ := [b′1, . . . , b
′
m]⊤ ∈ R

m and µ := [[µ]1; . . . ; [µ]m] ∈ R
md are the reward network parameters. Simi-

larly, we initialize b′ℓ ∼ Unif([−1, 1]) and [µ0]ℓ ∼ Dinit for any ℓ ∈ [m], and only update µ during training.

For any parameter µ ∈ R
md and (s, a) ∈ S × A, let [ψµ(s, a)]ℓ :=

b′ℓ√
m
1

{
φ(s, a)⊤[µ]ℓ > 0

}
φ(s, a) ∈ R

d

for any ℓ ∈ [m]. Let ψµ(s, a) := [[ψµ(s, a)]1; . . . ; [ψµ(s, a)]m] ∈ R
md. We can similarly define ψw(s, a).

Define a neural function class Rahimi & Recht [2007]:

Fµ
R,∞ :=

{

h(s, a) = h(s, a;µ0)+

∫

1

{
φ(s, a)⊤µ > 0

}
·

φ(s, a)⊤νµ(w) dpµ(w) : ‖νµ(w)‖∞ ≤
R√
d

}

,

where pµ : R
d 7→ R is the density function of Dinit, and νµ(w) : R

d 7→ R
d together with h(s, a;µ0)

parameterize the element of Fµ
R,∞.

In the neural setting, we make the following assumptions.

Assumption 3.2 (Neural Realizability of r). r ∈ FR,∞.

This is a standard realizability assumption, and also made in prior neural RL works Wang et al. [2019],
Xu et al. [2021].

Assumption 3.3 (Regularity of State-action Distribution). There exists an absolute constant cscale ∈ (0, 1)
such that for any v ∈ R

d, x > 0, (s′, a′) ∈ S ×A and policy π,

E(s,a)∼dπ
s′,a′

[
1

{∣
∣φ(s, a)⊤v

∣
∣ ≤ x

}]
≤ cscalex

‖v‖2
.

This is also a standard regularity assumption in the neural RL literature Cai et al. [2019], Wang et al.
[2019], Xu et al. [2021]. For a random state-action pair (s, a) ∼ dπs′,a′ , the probability of |φ(s, a)⊤v| ≤ x

scales with x and ‖v‖−1
2 .

3.3 Baseline Policy

We assume that we have access to a baseline policy, which will be used for comparison in our algorithms.

For any trajectory τ = (s0, a0, . . . , sH(τ), aH(τ)) and feature mapping χ ∈ {φ, ψµ0}, let χ(τ) :=∑H(τ)
h=0 χ(sh, ah).
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Algorithm 1 PG-RLHF

1: Input: ε, δ,N,K,MHF, ζHF, ζcov, π
base,Wµ, π

0.
2: for n = 0, . . . , N − 1 do

3: Sample {si, ai}Ki=1 ∼ dπ
n

sinit , and Σ̂n ← 1
K

∑K
i=1 φ(si, ai)φ(si, ai)

⊤

4: Σ̂n
cov ←

∑n
i=0 Σ̂

i + ζcovI

5: Let ρncov := 1
n+1

∑n
i=0 d

πi

sinit

6: On
HF := 1

n

∑n
i=1Oπi

ρi−1
cov
, ∀n ≥ 1, and O0

HF := Oπ0

sinit

7: for i = 1, . . . ,MHF do

8: Sample trajectories τ
(1)
i ∼On

HF and τ
(2)
i ∼Oπbase

sinit
9: Observe the comparison outcome yi

10: end for

11: Estimate µ̂n via MLE as in Eq. (2)
12: πn+1 ← NPG-Update(ρncov, Σ̂

n
cov, µ̂

n)
13: end for

14: return Unif(π1, . . . , πN )

Assumption 3.4 (Baseline Policy). The baseline policy πbase satisfies that for any (s, a) ∈ S × A and
policy π,

Eτ (1)∼Oπ
s,a

τ (2)∼Oπbase

sinit

[(χ(τ (1))− χ(τ (2)))(χ(τ (1))− χ(τ (2)))⊤]

� cbaseEτ (2)∼Oπbase
sinit

[χ(τ (2))χ(τ (2))⊤]

for some absolute constant cbase ∈ (0, 1). Here χ = φ in the case of linear function approximation, and
χ = ψ in the case of neural function approximation.

We discuss Assumption 3.4 in more detail in Appendix C.3.4.

4 PO-RLHF with Linear Function Approximation

We first study PO-RLHF with linear function approximation. We develop a policy gradient algorithm
PG-RLHF which can explore the environment and adaptively collect human data.

4.1 Algorithm PG-RLHF

PG-RLHF builds upon the policy gradient algorithm PC-PG Agarwal et al. [2020] for standard RL. Our
algorithm is described in Algorithm 1. PG-RLHF runs N outer-loop phases for coverage update and reward
estimation (Lines 2-13 in Algorithm 1), and T inner-loop iterations for policy optimization under given
coverage and reward model (Lines 6-15 in Algorithm 2). In each phase n, PG-RLHF first estimates the feature
covariance matrix Σ̂n

cov and updates the state-action coverage distribution ρncov, which is the average of the
state-action visitation distribution of all the policies π0, . . . , πn used so far (Line 5 in Algorithm 1). ρncov
will be the initial state-action distribution of the policy optimization in the inner-loop, and is gradually
expanded in each phase to improve the coverage.

Human Feedback Collection. Next, we collect human data for reward estimation. For any phase
n ≥ 1, let On

HF be the distribution of the trajectory generated by starting from state-action distribution
ρn̄−1
cov , executing πn̄ and terminating with probability 1 − γ at each step, where n̄ ∼ Unif([n]); For phase

n = 0, On
HF := Oπ0

sinit (Line 6). In addition, let Oπbase

sinit be the distribution of the trajectory generated

6



Algorithm 2 NPG-Update

1: Input: ρncov, Σ̂
n
cov, µ̂

n, T, ξ, η,Wθ.
2: Let r̂n(·, ·) := φ(·, ·)⊤µ̂n and Θ:={θ : ‖θ‖2 ≤Wθ}
3: Let bn(·, ·) := 1

1−γ1{φ(·, ·)⊤(Σ̂n
cov)

−1φ(·, ·) ≥ β}
4: Let Kn := {s ∈ S : ∀a ∈ A, bn(s, a) = 0}
5: For s ∈ Kn, initialize w0 such that π0(·|s) := πw0(·|s) = Unif(A). For s /∈ Kn, π0(·|s) := Unif({a ∈ A :
bn(s, a) = 1

1−γ })
6: for t = 0, . . . , T − 1 do

7: Initialize θt,0

8: for i = 0, . . . ,MSGD − 1 do

9: Sample (si, ai)∼ρncov and estimate Q̂πt

(si, ai; r̂
n + bn) using Monte Carlo sampling

10: θt,i+1 ← ProjΘ(θ
t,i − 2ξ(φ(si, ai)

⊤θt,i − (Q̂πt

(si, ai; r̂
n + bn)− bn(si, ai))) · φ(si, ai))

11: end for

12: θt ← 1
MSGD

∑MSGD−1
i=0 θt,i

13: wt+1 ← wt + ηθt

14: ∀s ∈ Kn, πt+1(·|s) = πwt+1(·|s) ∝ exp(φ(s, ·)⊤wt+1). ∀s /∈ Kn, πt+1(·|s) = π0(·|s)
15: end for

16: return Unif(π0, . . . , πT−1)

by starting from sinit, executing πbase and stopping with probability 1 − γ at each step, where πbase is

a baseline policy (Line 8). We sample trajectories τ
(1)
i and τ

(2)
i from On

HF and Oπbase

sinit , respectively, and
observe a comparison outcome yi. This process is independently repeated MHF times, and then we obtain

human data {τ (1)i , τ
(2)
i , yi}MHF

i=1 (Lines 7-10).
With the human data, we use the maximum likelihood estimator (MLE) to estimate the reward parameter

as

µ̂n = argmin
‖µ‖2≤Wµ

(

−
MHF∑

i=1

log
(

1 {yi = 1}
1 + exp

(
− (φ̃τ

(1)
i ,τ

(2)
i )⊤µ

)

+
1 {yi = 0}

1 + exp
(
(φ̃τ

(1)
i ,τ

(2)
i )⊤µ

)

))

, (2)

where φ̃τ
(1)
i ,τ

(2)
i :=

∑H(τ
(1)
i )

h=0 φ(s
(1)
i,h , a

(1)
i,h) −

∑H(τ
(2)
i )

h=0 φ(s
(2)
i,h , a

(2)
i,h), and (s

(ℓ)
i,h, a

(ℓ)
i,h) denotes the state-action at

step h in trajectory τ
(ℓ)
i for any ℓ ∈ {1, 2}.

Comparing to a fixed baseline policy helps to de-correlate the comparison (difference) relationship be-
tween two trajectories in the Bradley-Terry model (Eq. (1)), and provides a better control for the properties
of the human data covariance matrix to cover the state-actions that we care about.

Intuition of Human Feedback Collection. The idea behind our human data collection scheme
is as follows. Since we will do policy optimization with initial state-action distribution ρncov and obtain
policy πn+1 in each phase n, our performance will be influenced by the reward estimation accuracy on the
state-actions guided by πn+1 starting from ρncov for n = 0, 1, . . . , N − 1. Therefore, using the human data
generated by πn̄ and ρn̄−1

cov (n̄ ∼ Unif([n])) can guarantee a small reward estimation error on the state-action
space that we care about (where our performance is measured).

With the coverage distribution ρncov, coverage covariance matrix Σ̂n
cov and estimated reward model

r̂n(·, ·) = φ(·, ·)⊤µ̂n, we call subroutine NPG-Update to perform policy optimization. In NPG-Update (Algo-
rithm 2), we first define the exploration bonus bn(s, a) := 1

1−γ for the state-actions that are not sufficiently

explored, and define bn(s, a) := 0 for those that are sufficiently explored according to Σ̂n
cov (Line 3). Accord-

ing to bn(s, a), we implicitly divide the state space into two state sets, one with well-explored state-actions

7



(i.e., Kn), and the other one with under-explored state-actions (Line 4).
Then, we perform natural policy gradient (NPG) Agarwal et al. [2021] with initial state-action distribu-

tion ρncov and bonus-incentivized reward r̂n + bn (Lines 6-15). Formally, the optimization objective can be
written as

max
π

E(s,a)∼ρn
cov

[Qπ(s, a; r̂n + bn)] .

In the t-th iteration of NPG, we use projected stochastic gradient descent (SGD) Shalev-Shwartz & Ben-David
[2014] to fit (Lines 8-11)

argmin
‖θ‖≤Wθ

E(s,a)∼ρn
cov

[(

φ(s, a)⊤θ

−
(
Qπt

(s, a; r̂n + bn)− bn(s, a)
))2
]

. (3)

At step i of SGD, we compute the stochastic gradient by 2(φ(si, ai)
⊤θ − (Q̂πt

(si, ai; r̂
n + bn) − bn(s, a))) ·

φ(s, a), where (si, ai) is sampled from ρncov and Q̂πt

(si, ai; r̂
n + bn) is estimated by Monte Carlo sampling

(Line 9). After SGD, we obtain θt such that φ(s, a)⊤θt + bn(s, a) well fits the state-action value function

Q̂πt

(si, ai; r̂
n + bn) (Line 12).

Then, we update the policy parameter by wt+1 ← wt + ηθt. Furthermore, we set the policy πt+1 as the
log-linear policy with parameter wt+1 for s ∈ Kn, and the uniform policy over all under-explored actions
for s /∈ Kn (Line 14).

After NPG, we obtain πn+1 = Unif(π0, . . . , πT−1), which both optimizes the value function and has an
incentive to explore the unvisited space. In the next phase, πn+1 is used to improve the coverage, and also
expand the space where we collect human data and can guarantee accurate reward estimation.

Computational Efficiency. We remark that the computational complexity of NPG-Update is indepen-
dent of S. bn, Kn and πt are only implicitly maintained by computing Σ̂n

cov and wt. When we encounter
some state s in Monte Carlo sampling (Line 9 in Algorithm 2), we can identify if s is in Kn and compute
bn(s, a) by Σ̂n

cov (for all a). To execute πt in state s, if s ∈ Kn, we choose an action according to πwt ; If
s /∈ Kn, we uniformly choose an action from the actions with bn(s, a) = 1

1−γ .
Sample Complexity. We note that is N is the number of times we update the coverage distribution.

Between two coverage updates, (i) we observe K trajectories to update the feature covariance matrix,
(ii) we perform MHF human pairwise trajectory comparisons, and (iii) we run T iterations of NPG, and
within each NPG iteration, we run MSGD steps of SGD for policy evaluation. Further, for each step of
SGD, we sample two trajectories, one to sample from the coverage distribution and one to estimate the
Q-value function (Line 9 in Algorithm 2). So the overall number of trajectories used by our algorithm
is (K + 2MHF + 2TMSGD)N. Since the number of transitions observed for each trajectory is Õ( 1

1−γ ), the

number of samples used by our algorithm is Õ((K +MHF + TMSGD)
N

1−γ ).

4.2 Theoretical Guarantee of Algorithm PG-RLHF

Now we provide performance guarantees for algorithm PG-RLHF.
First, following Agarwal et al. [2020], we define a bounded transfer function approximation error. Let

θt∗ be the optimal solution to Eq. (3), and d⋆sinit(s, a) := dπ
∗

sinit(s) ◦UnifA(a).

Assumption 4.1 (Bounded Transfer Error). For any phase n ≥ 0 and iteration t ≥ 0, there exists some
εbias > 0 which satisfies

E(s,a)∼d⋆
sinit

[(

φ(s, a)⊤θt∗

8



PG-RLHF for RLHF PC-PG Agarwal et al. [2020] for Standard RL

# Samples Õ((NK +NTMSGD +NMHF)
1

1−γ ) Õ((NK +NTMSGD)
1

1−γ )

# True rewards 0 Õ((NK +NTMSGD)
1

1−γ )

# Queries O(NMHF) 0

Table 1: Comparison of sample complexity, the number of true rewards and the number of queries between
PG-RLHF and PC-PG Agarwal et al. [2020] for standard RL.

−
(
Qπt

(s, a; r + bn)− bn(s, a)
))2
]

≤ εbias. (4)

εbias measures the error of using the best fit θt∗ with log-linear policies under ρncov to predict the state-
action value function under d⋆sinit . For tabular or linear MDPs Yang & Wang [2019], Jin et al. [2020], θt∗
perfectly fits the value function for all (s, a) with log-linear policies, and εbias = 0. Then, we formally state
the performance of PG-RLHF.

Theorem 4.2. With probability at least 1− δ, the output policy of algorithm PG-RLHF satisfies

V π∗
(sinit)− V πout

(sinit) ≤ Õ
(√

|A|εbias
1− γ +

WA

(1 − γ)
√
T

+
WQ

√
βN

(1− γ)(MSGD)
1
4

+

√
βWQNd

(1− γ)√cMLEc
1
4

baseM
1
4

HF

+
d

Nβ(1− γ)

)

.

Furthermore, by tuning parameters as in Eq. (25) in Appendix C.4, we can guarantee

V π∗
(sinit)− V πout

(sinit) ≤ ε+
2
√

|A|εbias
1− γ ,

with Õ(Poly(WQ,Wµ, ζHF, d, (1 − γ)−1, ε−1, c−1
base, c

−1
MLE)) samples. Here WQ := 2

(1−γ)2 , cMLE := (2 +

exp(−2WτWµ) + exp(2WτWµ))
−1, and Wτ := Õ( 1

1−γ ) denotes the high probability bound of trajectory
length.

See the full bounds in Eqs. (24) and (26) in Appendix C.4.
Remark. As shown in Theorem 4.2, the suboptimality can be decomposed into the following com-

ponents: (i) the transfer function approximation error
√
εbias, (ii) the NPG regret 1√

T
, (iii) the policy

evaluation error (MSGD)
− 1

4 , (iv) the reward estimation errorM
− 1

4

HF , and (v) the error due to the exploration
bonus construction 1

N . The statistical error (ii)-(v) will converge to zero as the number of samples increases,
while the transfer function approximation error (i) can still remain even with infinite samples.

Theorem 4.2 demonstrates that algorithm PG-RLHF can efficiently utilize human feedback to learn a near-
optimal policy up to the intrinsic function approximation error of the MDP. For tabular MDPs and linear
MDPs Yang & Wang [2019], Jin et al. [2020], we have εbias = 0, and PG-RLHF can identify an ε-optimal
policy.

Below we give a proof sketch, and introduce a novel trajectory-level elliptical potential analysis for
bounding the feature vector sum of human data.

Proof Sketch. For any r : S ×A 7→ R, let F r(θ) := E(s,a)∼ρn
cov

[(φ(s, a)⊤θ− (Qπt

(s, a; r+ bn)− bn(s, a)))2].
Let θt∗ and θtmid be the optimal solutions to minimize F r(θ) and F r̂n(θ), respectively. Recall that θt is a
near-optimal solution to minimize F r̂n(θ) obtained by SGD in our algorithm. Applying the performance
difference lemma as in Agarwal et al. [2020], we can decompose the suboptimality into

V ∗(sinit)− V πt

(sinit)

9



≤ E(s,a)∼d⋆
sinit

[
1 {s ∈ Kn}

1− γ
(

φ̄t(s, a)⊤θt + b̄n,t(s, a)
︸ ︷︷ ︸

ΓNPG

+Aπt

(s, a; r + bn)−
(
φ̄t(s, a)⊤θt∗ + b̄n,t(s, a)

)

︸ ︷︷ ︸

Γbias

+ φ̄t(s, a)⊤(θt∗ − θtmid)
︸ ︷︷ ︸

Γr

+ φ̄t(s, a)⊤(θtmid − θt)
︸ ︷︷ ︸

ΓSGD

+
∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a)
)

︸ ︷︷ ︸

Γb

]

. (5)

Here Aπt

(s, a; r + bn) := Qπt

(s, a; r + bn) − V πt

(s; r + bn), φ̄t(s, a) := φ(s, a) − Ea′∼πt(·|s) [φ(s, a
′)] and

b̄n,t(s, a) := bn(s, a)−Ea′∼πt(·|s) [b
n(s, a′)]. Similar to Agarwal et al. [2020], we can bound ΓNPG, εbias, ΓSGD

and Γb due to NPG regret, transfer function approximation error, policy evaluation error and optimistic
bonus construction, respectively.

Then, the remaining challenge is to bound the reward estimation error Γr. To tackle this, we develop a
novel trajectory-level elliptical potential analysis to deal with human data.

Trajectory-level Elliptical Potential Analysis. According to the definitions of θtmid and θt∗, to
bound term Γr, it suffices to bound

E(s,a)∼ρn
cov

[∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
]

≤Eτ∼Oπt

ρncov

[∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤
∥
∥
∥
(Σ̂n

HF)
−1
‖µ̂n−µ∗‖Σ̂n

HF

]

, (6)

Here Σ̂n
HF := 1

MHF

∑MHF

i=1 φ̃τ
(1)
i ,τ

(2)
i (φ̃τ

(1)
i ,τ

(2)
i )⊤ + ζHF

n I is the feature covariance matrix of human data, and
concentrates to

Σn
HF :=

1

n

n∑

i=1

(

E
τ (1)∼Oπi

ρ
i−1
cov

,τ (2)∼Oπbase
sinit

[
φ̃τ

(1),τ (2)

(φ̃τ
(1),τ (2)

)⊤
])

+
ζHF

n
I, (7)

for any n ≥ 1. Let Σ̂0
HF = Σ0

HF := ζHFI. In addition, φ̃τ
(1)
i ,τ

(2)
i :=

∑H(τ
(1)
i )

h=0 φ(s
(1)
i,h , a

(1)
i,h)−

∑H(τ
(2)
i )

h=0 φ(s
(2)
i,h , a

(2)
i,h).

Eq. (6) is a key step. Specifically, we decompose the error of state-action value function due to reward
estimation into: (i) The error of reward parameter ‖µ̂n − µ∗‖Σ̂n

HF
, which is bounded by Õ( 1√

MHF
) due

to the MLE guarantee; (ii) The trajectory-level feature norm ‖∑H(τ)
h=0 φ(sh, ah)

⊤‖(Σ̂n
HF)

−1 , instead of the

state-action-level feature norm
∑

(s,a)∼dπt

ρncov

‖φ(s, a)⊤‖(Σ̂n
HF)

−1 .

Since πout is the average of all obtained policies and Σ̂n
HF concentrates to Σn

HF, with the Cauchy-Schwarz
inequality, it suffices to bound the summation of the squared feature norm under Σn

HF as

1

NT

N−1∑

n=0

T−1∑

t=0

Eτ∼Oπt

ρncov

[∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤
∥
∥
∥

2

(Σn
HF)

−1

]

. (8)

A nice thing is that the covariance matrix Σn
HF (Eq. (7)) involves trajectory-level features, and here

each summed term ‖∑H(τ)
h=0 φ(sh, ah)

⊤‖ is also a trajectory-wise feature norm. This enables us to apply
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the elliptical potential lemma Abbasi-Yadkori et al. [2011] to bound this summation, which validates our
decomposition scheme in Eq. (6).

Then, using πn+1 = Unif({πt}T−1
t=0 ), Eq. (8) is bounded by

1

N

N−1∑

n=0

E
τ (1)∼Oπn+1

ρncov

[∥
∥
∥

H(τ (1))
∑

h=0

φ(s
(1)
h , a

(1)
h )⊤

∥
∥
∥

2

(Σn
HF)

−1

]

(a)

≤ 2

N−1∑

n=0

E
τ (1)∼Oπn+1

ρncov

τ (2)∼Oπbase

sinit

[∥
∥
∥φ̃τ

(1),τ (2)
∥
∥
∥

2

(nΣn
HF)

−1

]

︸ ︷︷ ︸

Γtraj

+ 2

N−1∑

n=0

Eτ (2)∼Oπbase
sinit

[∥
∥
∥

H(τ (2))
∑

h=0

φ(s
(2)
h , a

(2)
h )⊤

∥
∥
∥

2

(nΣn
HF)

−1

]

(b)
= O

(

d log
(

1 +
NW 2

τ

dζHF

)

+
d

cbase
log(N)

)

.

Here we make the convention that (0Σ0
HF) := ζHFI. Inequality (a) comes from adding and subtracting

∑H(τ (2))
h=0 φ(s

(2)
h , a

(2)
h )⊤.

With consistency between the summed term and the covariance matrix Σn
HF (both in a trajectory and

difference form), Γtraj is an effective elliptical potential summation. Then, inequality (b) follows from
applying the elliptical potential lemma Abbasi-Yadkori et al. [2011] and Assumption 3.4. See Lemmas C.10,
C.13 in Appendix C.3 for full proofs. �

4.3 Insight into the Practical Efficiency of RLHF

Below we compare our PG-RLHF and prior standard RL algorithm PC-PG Agarwal et al. [2020], and provide
an insight behind the empirical success of RLHF.

Table 1 shows that PG-RLHF needs additional Õ(NMHF

1−γ ) samples due to the lack of direct reward signals.

We have O(MHF) ≈ O(MSGD), since their convergence rates are the same (see Theorem 4.2). Then, the
additional samples needed by PG-RLHF is negligible compared to the total sample complexity. This implies
that RLHF does not introduce much hardness in terms of sample complexity, which matches the finding of
recent RLHF work Jin et al. [2020].

Regarding the cost on reward observations, in standard RL, we require Õ((NK + NTMSGD)
1

1−γ ) ob-
servations of true rewards. However, in RLHF, we do not need any observation of true rewards, but only
use O(NMHF) human queries. The ratio of the number of queries needed over the total sample complexity
is about NMHF

NTMSGD
= 1

T . This theoretically explains the empirical success of RLHF — RLHF only needs a
small amount of comparison queries to achieve good performance as standard RL Christiano et al. [2017].

5 PO-RLHF with Neural Function Approximation

In this section, we turn to the neural setting. We design an efficient algorithm NN-PG-RLHF, and derive a
biased MLE guarantee with neural approximation in analysis.

5.1 Algorithm NN-PG-RLHF

A detailed description and pseudo-code are provided in Appendix B. Here we provide a brief outline of the
algorithm. NN-PG-RLHF actively collects human data as exploration, learns a reward network with human
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data, and trains a policy network and a Q-network to optimize the policy. Similar to PG-RLHF, NN-PG-RLHF
estimates the feature covariance matrix and updates the coverage with the neural feature ψw0(s, a). Then, it
generates preference data by past coverage, past policies and the baseline policy. The reward and Q-function
networks are trained using an MLE loss function and a least-squares loss function, respectively.

Now we provides theoretical guarantees on NN-PG-RLHF. Let θNN,t
∗ = argmin‖θ−θ0‖≤R E(s,a)∼ρn

cov
[(ψw0(s, a)⊤θ−

(Qπt

(s, a; r̂n + bn)− bn(s, a)))2] denote the optimal solution to the approximated version of the Q-network
training objective with neural feature ψw0(s, a).

Similar to Eq. (4), we assume that the error of using the best fit θNN,t
∗ under ρncov to predict the state-

action value function under d⋆sinit is bounded.

Assumption 5.1 (Bounded Neural Transfer Error). For any phase n ≥ 0 and iteration t ≥ 0, there exists
some εNN

bias > 0 which satisfies

E(s,a)∼d⋆
sinit

[(

ψw0(s, a)⊤θNN,t
∗

−
(
Qπt

(s, a; r + bn)− bn(s, a)
))2
]

≤ εNN
bias.

Theorem 5.2. With probability at least 1− δ, the output policy of algorithm NN-PG-RLHF satisfies

V π∗
(sinit)− V πout

(sinit) ≤
2
√

|A|εNN
bias

1− γ

+ Õ

(

WNN

(1− γ)
√
T

+

√

βNRWNN

(1 − γ)2(Mθ
SGD)

1
4

+
m

1
4 d

1
4

√

βWNN

c
1
4

base(1− γ)2
·




m

1
4 d

1
4N

√

cNN
MLEM

1
4

HF

+
W

1
4
τ R

1
4N

(cNN
MLE)

1
4 (Mµ

SGD)
1
8





+
md

(1− γ)Nβ +B

(
1

m
1
16

))

.

Here Mµ
SGD and Mθ

SGD are the numbers of iterations of the SGD for the reward network and Q-network

training, respectively. B(m− 1
16 ) is a neural approximation error term scaling as m− 1

16 . WNN :=
√
mc̄+ R,

and cNN
MLE := (2 + exp(−2WτW

NN) + exp(2WτW
NN))−1.

Theorem 5.2 demonstrates that the suboptimality becomes small with sufficiently large T , N , MHF,
Mθ

SGD and Mµ
SGD, up to the neural transfer error O((εNN

bias)
1
2 ) and the neural approximation error Õ(m− 1

16 ).
See the full bound in Eq. (44) in Appendix D.5.

Biased Neural MLE Analysis. Due to the gap between the true reward r and the functions that
h(s, a;µ) can represent, our MLE reward training is biased. To tackle this difficulty, we develop a novel
biased MLE analysis with neural approximation.

Specifically, let µproj
r be the network parameter of the projection of r onto neural function class {ψµ0(s, a)⊤µ}.

Then, we have that ψµ0(s, a)⊤µproj
r is close to r up to a neural approximation error scaling as 1

m . Let µn
MLE

be the optimal solution to the approximated version of the MLE objective with feature ψµ0(s, a). Note
that the human data are generated almost according to µproj

r (since it is close to r), and µn
MLE has a larger

likelihood than µproj
r . Utilizing these two facts, we can bound ‖µn

MLE − µproj
r ‖ up to the standard MLE

error Õ( 1√
MHF

) and a neural approximation error. Furthermore, the SGD result µ̂n obtained in our algo-

rithm is close to the MLE optimal solution µn
MLE up to the SGD error. Combining the SGD, MLE and

neural approximation error, we can bound ‖µ̂n − µproj
r ‖. We refer interested readers to Lemma D.12 in

Appendix D.4.
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6 Conclusion

In this work, we study exploration-driven policy optimization for RLHF. For the linear and neural function
approximation settings, we propose efficient algorithms with active human data collection. Through the
comparison of results between RLHF and standard RL, we give a theoretical explanation for the query
efficiency of RLHF. There is still a large space for future investigation. For example, it is interesting to
explore other potential reasons behind the success of RLHF, e.g., the structural advantage of preference
feedback over numerical feedback.
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Appendix

A Detailed Review of Related Works

In this section, we present a more detailed review of related works.
RLHF. RLHF Christiano et al. [2017], Kaufmann et al. [2023] has gained a huge empirical success,

especially in LLMs Ouyang et al. [2022], Achiam et al. [2023]. Recently, a number of works have emerged
to theoretically analyze RLHF. Xu et al. [2020], Novoseller et al. [2020], Pacchiano et al. [2021] study online
RLHF for tabular MDPs. Chen et al. [2022], Wang et al. [2023] consider online RLHF with general function
approximation. Wang et al. [2023] design a reduction framework for RLHF, and prove that the sample
complexity for RLHF is no higher than that for standard RL. Zhu et al. [2023], Zhan et al. [2023a], Li et al.
[2023] study offline RLHF with function approximation. Xiong et al. [2023] introduce a KL-constrained
framework for RLHF, and Zhan et al. [2023b], Wu & Sun [2023] consider how to optimize query complexity
via experimental design and posterior sampling. Ji et al. [2023] also seek to understand the empirical success
of RLHF in the offline contextual bandit setting, but different from our work, Ji et al. [2023] explain it from
the perspective of intrinsic human data bias.

In contrast to the above works which most consider value-based algorithms, we analyze policy gradient
RLHF algorithms with exploration, and theoretically explain why RLHF only needs a small amount of
human feedback to attain good performance, from the perspective of the efficiency of RLHF (reward learning)
algorithmic procedure itself.

RL with Neural Function Approximation. There have been several theoretical RL works, e.g., Cai et al.
[2019], Wang et al. [2019], Liu et al. [2019], Fan et al. [2020], Xu et al. [2021], use neural networks to approx-
imate value functions and policies, and provide guarantees based on existing analysis for overparameterized
neural networks Jacot et al. [2018], Arora et al. [2019]. Our work also considers neural function approxima-
tion for the RLHF environment. In addition, our work is also related to Agarwal et al. [2020], which designs
a policy gradient algorithm enabling exploration for standard RL.

B Detailed Description of Algorithm NN-PG-RLHF

Algorithm 3 NN-PG-RLHF

1: Input: ε, δ,N,K,MHF, ζHF, ζcov, π
base, π0.

2: Initialize α0 = 1 and [µ0]ℓ, [w
0]ℓ ∼ Dinit, ∀ℓ ∈ [m].

3: for n = 0, . . . , N − 1 do

4: Sample {si, ai}Ki=1 ∼ dπ
n

sinit , and Σ̂n ← 1
K

∑K
i=1 ψw0(si, ai)ψw0(si, ai)

⊤

5: Σ̂n
cov ←

∑n
i=0 Σ̂

i + ζcovI

6: Let ρncov := 1
n+1

∑n
i=0 d

πi

sinit

7: On
HF := 1

n

∑n
i=1Oπi

ρi−1
cov
, ∀n ≥ 1, and O0

HF := Oπ0

sinit

8: for i = 1, . . . ,MHF do

9: Sample trajectories τ
(1)
i ∼On

HF and τ
(2)
i ∼Oπbase

sinit
10: Observe the preference outcome yri
11: end for

12: Train the reward network h(s, a;µ0) with the MLE objective Eq. (9) by projected SGD, and obtain
µ̂n

13: πn+1 ← NN-NPG-Update(ρncov, Σ̂
n
cov, µ̂

n)
14: end for

15: return Unif(π1, . . . , πN )
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Algorithm 4 NN-NPG-Update

1: Input: ρncov, Σ̂
n
cov, µ̂

n, η, T, β, α0, w0.
2: Let r̂n(·, ·) := h(·, ·; µ̂n)
3: bn(·, ·) := 1

1−γ1{ψw0(·, ·)⊤(Σ̂n
cov)

−1ψw0(·, ·) ≥ β}
4: Let Kn := {s ∈ S : ∀a ∈ A, bn(s, a) = 0}
5: For s ∈ Kn, π0(·|s) := πα0,w0 . For s /∈ Kn, π0(·|s) := Unif({a ∈ A : bn(s, a) = 1

1−γ })
6: for t = 0, . . . , T − 1 do

7: θt,0 ← w0

8: Train the Q-network f(s, a; θt,0) with the objective Eq. (10) by projected SGD, and obtain θt

9: Update policy network: αt+1wt+1 ← αtwt + ηθt

10: ∀s ∈ Kn, πt+1(·|s) = πτ t+1,wt+1(·|s) ∝ exp(τ t+1f(s, a;wt+1)). ∀s /∈ Kn, πt+1(·|s) = π0(·|s)
11: end for

12: return Unif(π0, . . . , πT−1)

In this section, we present the pseudo-code of algorithm NN-PG-RLHF, and give a more detailed algorithm
description.

Algorithm 3 illustrates the procedure of NN-PG-RLHF. Similar to PG-RLHF, in each phase n, NN-PG-RLHF first
estimates the feature covariance matrix Σ̂n

HF and updates the coverage distribution ρncov. Then, it generates
MHF pairs of preference data using past coverage distributions ρi−1

cov , past policies π
i and a baseline policy

πbase (i = 0, 1, . . . , n). With these data, PG-RLHF trains the reward network h(s, a;µ0) to minimize the
following MLE objective by projected SGD (Line 12):

argmin
‖µ−µ0‖2≤R

(

−
MHF∑

i=1

log
(

1 {yi = 1}
1 + exp

(
− h̃(τ (1)i , τ

(2)
i ;µ)

) +
1 {yi = 0}

1 + exp
(
h̃(τ

(1)
i , τ

(2)
i ;µ)

)

))

, (9)

where h̃(τ
(1)
i , τ

(2)
i ;µ) :=

∑H(τ
(1)
i )

h=0 h(s
(1)
i,h , a

(1)
i,h ;µ) −

∑H(τ
(2)
i )

h=0 h(s
(2)
i,h , a

(2)
i,h ;µ). After training, we call a subrou-

tine NN-NPG-Update (Algorithm 4) with ρncov, Σ̂cov and h(·, ·; µ̂n) to perform policy optimization.
In NN-NPG-Update, we train the Q-network f(s, a; θt,0) to fit the state-action value function with initial

distribution ρncov by project SGD (Line 8):

argmin
‖θ−θ0‖≤R

E(s,a)∼ρn
cov

[(

f(s, a; θ)−
(
Qπt

(s, a; r̂n + bn)− bn(s, a)
))2
]

. (10)

With the trained Q-network f(s, a; θt), we update the policy network parameter τ t+1wt+1 using θt (Line 9).
After the natural policy gradient, we obtain an improved policy network πn+1, which is used to improve
the coverage and guide the human data collection in the next phase.

C Proofs for PO-RLHF with Linear Function Approximation

In this section, we give the proofs for algorithm PG-RLHF. In our analysis, the ideas of MDP construction and
natural policy gradient (Lemmas C.1-C.6) for optimistic MDPs are originated from Agarwal et al. [2020].

C.1 MDP construction

We consider three MDPs as follows: (i) The true MDP M. (ii) The optimistic MDP with exploration
bonuses Mbn . Mbn replaces the reward function in M by r(s, a) + bn(s, a). (iii) The (π∗, Kn)-modified
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optimistic MDPMn. Mn is the same asMbn except that, for any s /∈ Kn,Mn adds an additional action
a† whose reward function and transition distribution are

rn(s, a†) = 1, pn(s|s, a†) = 1.

InMn, we consider a modified version of π∗, denoted by π∗,n. For any s ∈ Kn, π∗,n(·|s) = π∗(·|s). For any
s /∈ Kn, π∗,n(a†|s) = 1. Thus, in Mn, under policy π∗,n, once the agent goes into some s /∈ Kn, she will
self-loop and keep receiving the reward 1.

Lemma C.1. For any phase n ≥ 0, iteration t ≥ 0, s ∈ S and a 6= a†,

V πt

Mn(s) = V πt

Mbn
(s), Qπt

Mn(s, a) = Qπt

Mbn
(s, a), Aπt

Mn(s, a) = Aπt

Mbn
(s, a).

Proof. This lemma follows from the fact thatMn is the same asMbn except that Mn has an additional
action a†, but πt never picks a†.

Lemma C.2 (Lemma C.1 in Agarwal et al. [2020]). For any phase n ≥ 0, s ∈ Kn and a ∈ A,

dπ
∗,n

Mn (s, a) ≤ dπ∗

M(s, a).

Lemma C.3 (Lemma C.2 in Agarwal et al. [2020]). For any phase n ≥ 0 and iteration t ≥ 0,

V π∗,n

Mn (sinit) ≥ V π∗

M (sinit),

V πt

Mn(sinit) = V πt

Mbn
(sinit) ≤ V πt

M (sinit) +
1

1− γ
∑

(s,a)/∈Kn

dπ
t

sinit(s, a).

Lemma C.4 (Lemma C.3 in Agarwal et al. [2020]). For any phase n ≥ 0,

∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a) ≤ 1

β
E(s,a)∼dπn+1

sinit

[

φ(s, a)⊤(Σ̂n
cov)

−1φ(s, a)
]

.

Furthermore, it holds that

N−1∑

n=0

∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a) ≤ 2

β
log





det
(

ζcovI +
∑N

i=1 E(s,a)∼dπi
sinit

[
φ(s, a)φ(s, a)⊤

])

det (ζcovI)





≤ 2d

β
log

(

1 +
N

ζcovd

)

.

C.2 Performance Difference Lemma and Policy Gradient on Mn

Lemma C.5 (Performance Difference Lemma onMn). For any phase n ≥ 0 and iteration t ≥ 0,

V π∗,n

Mn (sinit)− V πt

Mn(sinit) ≤
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

.

Proof. For any phase n ≥ 0 and iteration t ≥ 0, using the standard performance difference lemma Kakade & Langford
[2002], we have

V π∗,n

Mn (sinit)− V πt

Mn(sinit) =
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mn(s, a)
]
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=
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mn(s, a) · 1 {s ∈ Kn}
]

+
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mn(s, a) · 1 {s /∈ Kn}
]

.

InMn, for any s /∈ Kn, policy π∗,n chooses a† deterministically. For any s /∈ Kn, we have

Aπt

Mn(s, a†) = Qπt

Mn(s, a†)− V πt

Mn(s)

= 1 + γV πt

Mn(s)− V πt

Mn(s)

= 1− (1− γ)V πt

Mn(s)

(a)

≤ 1− (1− γ)
(

0 +
1

1− γ

)

= 0,

where inequality (a) is due to the facts that for any s /∈ Kn, πt(·|s) = Unif({a ∈ A : bn(s, a) = 1
1−γ }), and

that V πt

Mn(s) is no smaller than the cumulative reward 0 plus the exploration bonus bn(s, a) = 1
1−γ .

Therefore,

V π∗,n

Mn (sinit)− V πt

Mn(sinit) ≤
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mn(s, a) · 1 {s ∈ Kn}
]

(b)
=

1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

,

where inequality (b) is due to that Aπt

Mn(s, a) = Aπt

Mbn
(s, a) for a 6= a† (Lemma C.1), and π∗,n never picks

a† for any state s ∈ Kn.

Let WA := 4
(1−γ)2 and η ≤ 1

WA
. Then, |Âπt

Mbn
(s, a)| ≤WA for all n ≥ 0, t ≥ 0 and (s, a) ∈ S ×A.

Lemma C.6 (Regret for Natural Policy Gradient). For any phase n ≥ 0 and iteration t ≥ 0,

T−1∑

t=0

E(s,a)∼dπ∗,n
Mn;sinit

[

Âπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

≤ log(|A|)
η

+ ηW 2
AT.

Proof. For any phase n ≥ 0, iteration t ≥ 0, s ∈ Kn and a ∈ A, we have bn(s, a) = 0.
Define

Ds :=
∑

a′∈A

(
exp

(
φ(s, a′)⊤wt

))
,

Es := exp
(
−ηEa∼πt(·|s)

[
φ(s, a)⊤θt

])

= exp
(
−ηEa∼πt(·|s)

[
φ(s, a)⊤θt + bn(s, a)

])

= exp
(

−ηV̂ πt

Mbn
(s)
)

,

and we have

πt+1(·|s) = exp
(
φ(s, ·)⊤wt+1

)

∑

a′∈A (φ(s, a′)⊤wt+1)

=
exp

(
φ(s, ·)⊤ (wt + ηθt)

)

∑

a′∈A (φ(s, a′)⊤ (wt + ηθt))
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=

exp(φ(s,·)⊤wt)
Ds

· exp
(
η
(
φ(s, ·)⊤θt + bn(s, ·)

))

∑

a′∈A

(
exp(φ(s,a′)⊤wt)

Ds
· exp (η (φ(s, a′)⊤θt + bn(s, a′)))

)

=
πt(·|s) · exp

(

ηQ̂πt

Mbn
(s, ·)

)

·Es

∑

a′∈A

(

πt(a′|s) · exp
(

ηQ̂πt

Mbn
(s, a′)

)

·Es

)

=
πt(·|s) · exp

(

ηÂπt

Mbn
(s, ·)

)

∑

a′∈A

(

πt(a′|s) · exp
(

ηÂπt

Mbn
(s, a′)

))

=
πt(·|s) · exp

(

ηÂπt

Mbn
(s, ·)

)

∑

a′∈A

(

πt(a′|s) · exp
(

ηÂπt

Mbn
(s, a′)

)) .

Define Gs :=
∑

a′∈A(π
t(a′|s) · exp(ηÂπt

Mbn
(s, a′))), and we have

log(Gs) = log

(
∑

a′∈A

(

πt(a′|s) · exp
(

ηÂπt

Mbn
(s, a′)

))
)

(a)

≤ log

(
∑

a′∈A

(

πt(a′|s) ·
(

1 + ηÂπt

Mbn
(s, a′) +

(

ηÂπt

Mbn
(s, a′)

)2
)))

≤ log
(
1 + η2W 2

A

)

≤ η2W 2
A,

where inequality (a) is due to that ηÂπt

Mbn
(s, a′) ≤ ηWA ≤ 1 and exp(x) ≤ 1 + x+ x2 for any x ≤ 1.

Thus, for any s ∈ Kn, we have

KL(π∗,n(·|s)‖πt+1(·|s))−KL(π∗,n(·|s)‖πt(·|s))

= Ea∼π∗,n(·|s)

[

log

(
π∗,n(a|s)
πt+1(a|s)

)]

− Ea∼π∗,n(·|s)

[

log

(
π∗,n(a|s)
πt(a|s)

)]

= Ea∼π∗,n(·|s)

[

log

(
πt(a|s)
πt+1(a|s)

)]

= Ea∼π∗,n(·|s)
[

log(Gs)− ηÂπt

Mbn
(s, a)

]

≤ −ηEa∼π∗,n(·|s)
[

Âπt

Mbn
(s, a)

]

+ η2W 2
A,

which is equivalent to

Ea∼π∗,n(·|s)
[

Âπt

Mbn
(s, a)

]

≤ 1

η

(
KL(π∗,n(·|s)‖πt(·|s))−KL(π∗,n(·|s)‖πt+1(·|s))

)
+ ηW 2

A.

Adding s ∼ dπ∗,n

Mn;sinit
on both sides and summing over t = 0, . . . , T − 1, we have

T−1∑

t=0

E(s,a)∼dπ∗,n
Mn;sinit

[

Âπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

≤ 1

η
Es∼dπ∗,n

Mn;sinit

[
KL(π∗,n(·|s)‖π0(·|s))−KL(π∗,n(·|s)‖πT (·|s))

]

+ ηW 2
AT
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≤ log(|A|)
η

+ ηW 2
AT.

C.3 Human Feedback

For any trajectory τ = (s0, a0, . . . , sH(τ), aH(τ)), letH(τ) denote the length of τ , and φ(τ) :=
∑H(τ)

h=0 φ(sh, ah).

For any trajectories τ (1), τ (2), let φ̃τ
(1),τ (2)

:=
∑H(τ (1))

h=0 φ(s
(1)
h , a

(1)
h )−∑H(τ (2))

h=0 φ(s
(2)
h , a

(2)
h ).

For any (s, a) ∈ S × A and policy π, let Oπ
s,a be the distribution of the trajectory which is generated

by starting at (s, a), executing policy π and terminating with probability 1 − γ at each step. For any
state-action distribution ρ, let Oπ

ρ := Eρ∼(s,a)[Oπ
s,a].

C.3.1 Trajectory Length and Covariance Matrix Concentration

To analyze the reward estimation error under human feedback, we first define the concentration events for
trajectory length and the coverage and human data covariance matrices.

Define event

Eτ :=

{

|τ | ≤ log
(

1
δ′

)

1− γ :=Wτ , for any trajectory τ sampled in the algorithm

}

. (11)

Lemma C.7. It holds that Pr[Eτ ] ≥ 1− 2N(K +MHF + TMSGD)δ
′.

Proof. This proof is similar to Eqs. (94)-(97) in Zanette et al. [2021].
Let H denote the length of a trajectory which is generated by terminating with probability 1−γ at each

step. Then, H is a random variable which satisfies Pr[H = t] = γt−1(1− γ) for t = 1, 2, . . . .
We have

Pr [H > h] =

∞∑

t=h+1

γt−1(1− γ) = γh
∞∑

t=1

γt−1(1− γ) = γh
∞∑

t=1

γt−1(1− γ) = γh.

Let δ′ = γh. Then,

h =
ln(δ′)

ln(γ)
=
− ln(δ′)

− ln(γ)
≤ − ln(δ′)

−(γ − 1)
≤ ln

(
1
δ′

)

1− γ .

Thus, we have

Pr

[

H >
ln
(
1
δ′

)

1− γ

]

≤ δ′.

Let ζcov := 1 and ζHF := 4W 2
τ . For any n ≥ 0 and 1 ≤ i ≤ K, let (sni , a

n
i ) denote the i-th state-action pair

sampled in phase n for constructing the estimated coverage covariance matrix Σ̂n
cov (Line 3 in Algorithm 1).

For any phase n ≥ 0, let

Σ̂n
cov :=

n∑

i=0

(

1

K

K∑

i=1

φ(sni , a
n
i )φ(s

n
i , a

n
i )

⊤
)

+ ζcovI,
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Σn
cov :=

n∑

i=0

E(s,a)∼dπn
sinit

[
φ(s, a)φ(s, a)⊤

]
+ ζcovI

= (n+ 1)E(s,a)∼ρn
cov

(
φ(s, a)φ(s, a)⊤

)
+ ζcovI.

Σ̂n
HF :=

1

MHF

MHF∑

i=1

(

φ(τ
(1)
i )− φ(τ (2)i )

)(

φ(τ
(1)
i )− φ(τ (2)i )

)⊤
+
ζHF

n
I

=
1

MHF

MHF∑

i=1

φ̃τ
(1)
i ,τ

(2)
i

(

φ̃τ
(1)
i ,τ

(2)
i

)⊤
+
ζHF

n
I, ∀n ≥ 1

Σn
HF :=

1

n

n∑

i=1

(

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[(

φ(τ (1))− φ(τ (2))
)(

φ(τ (1))− φ(τ (2))
)⊤]

)

+
ζHF

n
I

=
1

n

n∑

i=1

(

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[

φ̃τ
(1),τ (2)

(

φ̃τ
(1),τ (2)

)⊤]
)

+
ζHF

n
I, ∀n ≥ 1

Σ̂0
HF = Σ0

HF := ζHFI.

Define event

Ecov :=

{

1

2
‖φ(s, a)‖(Σn

cov)
−1 ≤ ‖φ(s, a)‖(Σ̂n

cov)
−1 ≤ 2 ‖φ(s, a)‖−1

(Σn
cov)

,

1

2
‖φ(s, a)‖(Σn

HF)
−1 ≤ ‖φ(s, a)‖(Σ̂n

HF)
−1 ≤ 2 ‖φ(s, a)‖−1

(Σn
HF)

, ∀0 ≤ n ≤ N − 1

}

.

Lemma C.8. Assuming that event Eτ holds, we have Pr[Ecov] ≥ 1− 2Nδ′.

Proof. This lemma follows from Lemma E.2 and the conditions that K ≥ 16(N+1)2 log2( 4dN
δ′ )

ζ2
cov

and MHF ≥
16W 4

τ log2( 4d
δ′ )

ζ2
HF

.

C.3.2 Reward Estimation Error in Q-value Functions

Let Wµ := 1.
For any n ≥ 0, recall that

µ̂n := argmin
‖µ‖2≤Wµ

(

−
MHF∑

i=1

log

(
1 {yi = 1}

1 + exp
((∑H(τ

(2)
i )

h=0 φ(s
(2)
i,h , a

(2)
i,h)−

∑H(τ
(1)
i )

h=0 φ(s
(1)
i,h , a

(1)
i,h)
)⊤
µ
)

+
1 {yi = 0}

1 + exp
((∑H(τ

(1)
i )

h=0 φ(s
(1)
i,h , a

(1)
i,h)−

∑H(τ
(2)
i )

h=0 φ(s
(2)
i,h , a

(2)
i,h)
)⊤
µ
)

))

.

Lemma C.9 (MLE, Lemma 5.1 in Zhu et al. [2023]). For any phase n ≥ 0, with probability at least 1− δ′,
we have

‖µ̂n − µ∗‖Σ̂n
HF
≤ 8

√

d+ log
(

1
δ′

)

c2MLEMHF
+
ζHFW 2

µ

n
:= εnHF.
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where cMLE := 1
2+exp(−2WτWµ)+exp(2WτWµ)

.

In other words, defining event

EMLE =
{

‖µ̂n − µ∗‖Σ̂n
HF
≤ εnHF, ∀0 ≤ n ≤ N − 1

}

,

we have Pr[EMLE] ≥ 1−Nδ′.

Lemma C.10. Assume that event Eτ ∩ Ecov ∩ EMLE holds. Then, for any phase n ≥ 0, iteration t ≥ 0 and
(s, a) ∈ S ×A,

∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣ ≤ 2εnHFEτ∼Oπt

s,a






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




 := ςπ

t

s,a.

Proof. SinceQπt

(s, a; r̂n+bn) = Eτ∼Oπt
s,a

[
∑H(τ)

h=0 (r̂n(sh, ah)+b
n(sh, ah))] andQ

πt

(s, a; r+bn) = Eτ∼Oπt
s,a

[
∑H(τ)

h=0 (r(sh, ah)+

bn(sh, ah))], we have

∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣ =

∣
∣
∣
∣
∣
∣

Eτ∼Oπt
s,a





H(τ)
∑

h=0

(r̂n(sh, ah)− r(sh, ah))





∣
∣
∣
∣
∣
∣

≤ Eτ∼Oπt
s,a





∣
∣
∣
∣
∣
∣

H(τ)
∑

h=0

(r̂n(sh, ah)− r(sh, ah))

∣
∣
∣
∣
∣
∣





= Eτ∼Oπt
s,a





∣
∣
∣
∣
∣
∣

H(τ)
∑

h=0

φ(sh, ah)
⊤ (µ̂n − µ∗)

∣
∣
∣
∣
∣
∣





≤ Eτ∼Oπt
s,a






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤

∥
∥
∥
∥
∥
∥
(Σ̂n

HF)
−1

‖µ̂n − µ∗‖Σ̂n
HF






(a)

≤ 2εnHFEτ∼Oπt
s,a






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




 ,

where inequality (a) is due to the definition of event Ecov.

Let ςπ
t

ρn
cov

:= E(s,a)∼ρn
cov

[ςπ
t

s,a] = 2εnHFEτ∼Oπt

ρncov

[‖∑H(τ)
h=0 φ(sh, ah)

⊤‖(Σn
HF)

−1 ], Wθ := 2
(1−γ)2 − 1

1−γ and

WQ := 2
(1−γ)2 .

Lemma C.11. Assume that event Eτ ∩ Ecov ∩ EMLE holds. Then, for any phase n ≥ 0, iteration t ≥ 0,
s ∈ Kn and a ∈ A,

∣
∣φ(s, a)⊤

(
θt∗ − θtmid

)∣
∣ ≤

√
√
√
√
√
√32βWQεnHF(n+ 1)Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




+Wθ

√

8βζHF.
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Proof. For any phase n ≥ 0 and iteration t ≥ 0, for any fixed θ and (s, a), using Lemma E.3, we have

(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θ
)2

−
(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θ
)2

≤ 4WQ

∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

≤ 4WQς
πt

s,a, (12)

whereWQ satisfies that max{|Qπt

(s, a; r̂n+bn)|, |Qπt

(s, a; r+bn)|, |φ(s, a)⊤θ+bn(s, a)|} ≤WQ for all n ≥ 0,
t ≥ 0 and (s, a) ∈ S ×A.

Taking E(s,a)∼ρn
cov

[·] on both sides, we have

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θ
)2
]

(13)

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θ
)2
]

≤ 4WQE(s,a)∼ρn
cov

[

ςπ
t

s,a

]

= 4WQς
πt

ρn
cov
. (14)

Plugging θt∗ into θ, we have that for any fixed (s, a),

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

≥ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

− 4WQς
πt

ρn
cov

(a)

≥ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− 4WQς
πt

ρn
cov

(15)

where inequality (a) is due to the definition of θtmid.
Furthermore, we have

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

= E(s,a)∼ρn
cov

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

+ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

(a)

≤ 4WQς
πt

ρn
cov

+ 4WQE(s,a)∼ρn
cov

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

≤ 8WQς
πt

ρn
cov
, (16)
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where inequality (a) uses Lemma E.3.
On the other hand, it holds that

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

= E(s,a)∼ρn
cov

[(
φ(s, a)⊤

(
θt∗ − θtmid

))2
]

+ 2E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)

φ(s, a)⊤
(
θt∗ − θtmid

)]

︸ ︷︷ ︸

Term Γ ≥ 0

, (17)

where Term Γ is non-negative due to the the first-order optimality of θt∗.
Thus, we have

E(s,a)∼ρn
cov

[(
φ(s, a)⊤

(
θt∗ − θtmid

))2
]

≤ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− φ(s, a)⊤θt∗
)2
]

≤ 8WQς
πt

ρn
cov
.

Since E(s,a)∼ρn
cov

[(φ(s, a)⊤(θt∗ − θtmid))
2] = E(s,a)∼ρn

cov
[(θt∗ − θtmid)

⊤φ(s, a)φ(s, a)⊤(θt∗ − θtmid)] = (θt∗ −
θtmid)

⊤
E(s,a)∼ρn

cov
[φ(s, a)φ(s, a)⊤](θt∗ − θtmid), we have

(θt∗ − θtmid)
⊤
E(s,a)∼ρn

cov
[φ(s, a)φ(s, a)⊤](θt∗ − θtmid) ≤ 8WQς

πt

ρn
cov
.

Moreover,

∥
∥θt∗ − θtmid

∥
∥
2

Σn
cov

=
(
θt∗ − θtmid

)⊤
(

n∑

i=0

E(s,a)∼dπi
sinit

[
φ(s, a)φ(s, a)⊤

]
+ ζcovI

)

(
θt∗ − θtmid

)

=
(
θt∗ − θtmid

)⊤





n∑

i=0

∑

(s,a)

dπ
i

sinit(s, a) · φ(s, a)φ(s, a)⊤ + ζcovI




(
θt∗ − θtmid

)

= (n+ 1)
(
θt∗ − θtmid

)⊤




∑

(s,a)

1

n+ 1

n∑

i=0

dπ
i

sinit(s, a) · φ(s, a)φ(s, a)⊤ +
ζcov
n+ 1

I




(
θt∗ − θtmid

)

= (n+ 1)
(
θt∗ − θtmid

)⊤




∑

(s,a)

ρncov(s, a) · φ(s, a)φ(s, a)⊤ +
ζcov
n+ 1

I




(
θt∗ − θtmid

)

≤ 8(n+ 1)WQς
πt

ρn
cov

+ 4ζcovW
2
θ .

For any s ∈ Kn, using the definitions of Kn and event Ecov, we have

1√
2
‖φ(s, a)‖(Σn

cov)
−1 ≤ ‖φ(s, a)‖(Σ̂n

cov)
−1 ≤

√

β.
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Therefore, we obtain
∣
∣φ(s, a)⊤

(
θt∗ − θtmid

)∣
∣ ≤ ‖φ(s, a)‖(Σn

cov)
−1

∥
∥θt∗ − θtmid

∥
∥
Σn

cov

≤
√

2β
(

8(n+ 1)WQςπ
t

ρn
cov

+ 4ζcovW 2
θ

)

≤

√
√
√
√
√
√32βWQεnHF(n+ 1)Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




+Wθ

√

8βζcov.

C.3.3 Elliptical Potential Analysis for Human Data

Lemma C.12 (Elliptical Potential for the Baseline Policy). For any phase n ≥ 0,

N−1∑

n=0

Eτ∼Oπbase
sinit

[

‖φ(τ)‖2(nΣn
HF)

−1

]

≤ 2d

cbase
log(N).

Proof. We have

N−1∑

n=0

Eτ∼Oπbase
sinit

[

‖φ(τ)‖2(nΣn
HF)

−1

]

=
N−1∑

n=0

Eτ∼Oπbase
sinit






φ(τ)⊤







n∑

i=1

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[(

φ(τ (1))− φ(τ (2))
)(

φ(τ (1))− φ(τ (2))
)⊤]

+ ζHFI







−1

φ(τ)







(a)

≤ 1

cbase

N−1∑

n=0

Eτ∼Oπbase
sinit



φ(τ)⊤
(

n∑

i=1

Eτ (2)∼Oπbase
sinit

[

φ(τ (2))φ(τ (2))⊤
]

+ ζHFI

)−1

φ(τ)





=
1

cbase

N−1∑

n=1

1

n
tr

((

Eτ (2)∼Oπbase
sinit

[

φ(τ (2))φ(τ (2))⊤
]

+
ζHF

n
I

)−1

Eτ∼Oπbase
sinit

[
φ(τ)φ(τ)⊤

]

)

+
W 2

τ

cbaseζHF

=
d

cbase

N−1∑

n=1

1

n
+

W 2
τ

cbaseζHF

≤ d

cbase
(log(N) + 1) +

1

cbase
(b)

≤ 2d

cbase
log(N).

where inequality (a) uses Assumption 3.4, and inequality (b) holds if log(N) ≥ 2 which can be easily
guaranteed in our problem.

Lemma C.13 (Elliptical Potential for Preference-based Data). It holds that

1

N

N−1∑

n=0







1

T

T−1∑

t=0

√
√
√
√
√
√Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1











≤ 2d

1
4 log

1
4

(

1 +
4NW 2

τ

ζHFd

)

+
2d

1
4 log

1
4 (N)

c
1
4

base

.
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Proof. For any phase n ≥ 0, we have

1

T

T−1∑

t=0

√
√
√
√
√
√E

τ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1






≤ 1

T

√
√
√
√
√
√T ·

T−1∑

t=0

E
τ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1






=
1

T

√
√
√
√
√
√T 2 · 1

T

T−1∑

t=0

E
τ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1






=

√
√
√
√
√
√E

τ∼Oπn+1

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




.

We make the convention that nΣn
HF := ζHFI for n = 0. Then, we obtain

1

N

N−1∑

n=0







1

T

T−1∑

t=0

√
√
√
√
√
√Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1












≤ 1

N

N−1∑

n=0

√
√
√
√
√
√
√

E
τ∼Oπn+1

ρncov







√
√
√
√
√





H(τ)
∑

h=0

φ(sh, ah)⊤





⊤

(Σn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)⊤











(a)

≤ 1

N

N−1∑

n=0

√
√
√
√
√
√
√

√
√
√
√
√
√E

τ∼Oπn+1

ρncov










H(τ)
∑

h=0

φ(sh, ah)⊤





⊤

(Σn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)⊤










≤ 1

N

√
√
√
√
√
√
√
N ·

N−1∑

n=0

√
√
√
√
√
√E

τ∼Oπn+1

ρncov










H(τ)
∑

h=0

φ(sh, ah)⊤





⊤

(Σn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)⊤










≤ 1√
N

√
√
√
√
√
√
√

√
√
√
√
√
√N ·

N−1∑

n=0

E
τ∼Oπn+1

ρncov










H(τ)
∑

h=0

φ(sh, ah)⊤





⊤

(Σn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)⊤










= N− 1
4






N−1∑

n=1

E
τ∼Oπn+1

ρncov










H(τ)
∑

h=0

φ(sh, ah)
⊤





⊤

(Σn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)
⊤















1
4
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≤






N−1∑

n=0

E
τ∼Oπn+1

ρncov










H(τ)
∑

h=0

φ(sh, ah)
⊤





⊤

(nΣn
HF)

−1





H(τ)
∑

h=0

φ(sh, ah)
⊤















1
4

=






N−1∑

n=0

E
τ∼Oπn+1

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤

∥
∥
∥
∥
∥
∥

2

(nΣn
HF)

−1











1
4

.

where inequality (a) uses the Jensen inequality.
It holds that

N−1∑

n=0

E
τ∼Oπn+1

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)
⊤

∥
∥
∥
∥
∥
∥

2

(nΣn
HF)

−1






=

N−1∑

n=0

E
τ (1)∼Oπn+1

ρncov

τ (2)∼Oπbase

sinit

[∥
∥
∥φ(τ (1))− φ(τ (2)) + φ(τ (2))

∥
∥
∥

2

(nΣn
HF)

−1

]

≤
N−1∑

n=0

(

2E
τ (1)∼Oπn+1

ρncov

τ (2)∼Oπbase

sinit

[∥
∥
∥φ(τ (1))− φ(τ (2))

∥
∥
∥

2

(nΣn
HF)

−1

]

+ 2Eτ (2)∼Oπbase
sinit

[∥
∥
∥φ(τ (2))

∥
∥
∥

2

(nΣn
HF)

−1

])

(a)

≤ 2

N∑

n=1

E
τ (1)∼Oπn

ρ
n−1
cov

τ (2)∼Oπbase

sinit

[
(

φ(τ (1))− φ(τ (2))
)⊤
(

n−1∑

i=1

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[(

φ(τ (1))− φ(τ (2))
)(

φ(τ (1))− φ(τ (2))
)⊤]

+ζHFI

)−1

·

(

φ(τ (1))− φ(τ (2))
)
]

+
4d

cbase
log(N)

(b)

≤ 4d log

(det

(
∑N

i=1 Eτ (1)∼Oπi

ρ
i−1
cov

,τ (2)∼Oπbase
sinit

[(
φ(τ (1))− φ(τ (2))

) (
φ(τ (1))− φ(τ (2))

)⊤]
+ ζHFI

)

det (ζHFI)

)

+
4d

cbase
log(N)

≤ 4d log

(

1 +
4NW 2

τ

ζHFd

)

+
4d

cbase
log(N).

Here inequality (a) uses Lemma C.12 and Assumption 3.4. Inequality (b) follows from the elliptical potential
lemma (Lemma E.5) and the fact that ζHF := 4W 2

τ .
Therefore, we have

1

N

N−1∑

n=0







1

T

T−1∑

t=0

√
√
√
√
√
√Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1












≤
(

4d log

(

1 +
4NW 2

τ

ζHFd

)

+
4d

cbase
log(N)

) 1
4

≤ 2d
1
4 log

1
4

(

1 +
4NW 2

τ

ζHFd

)

+
2d

1
4 log

1
4 (N)

c
1
4

base

.
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C.3.4 Discussion on Assumption 3.4

Assumption 3.4 can be abstracted from the RLHF framework, and serve as a technical condition for an
independent mathematical problem.

We provide Lemma C.14 to demonstrate that under Assumption 3.4, one can systematically utilize
the elliptical potential lemma Abbasi-Yadkori et al. [2011] to obtain a mathematical conclusion that is
independent of the RLHF framework.

Our RLHF analysis (Lemmas C.12 and C.13) is an application of this systematical analytical procedure.

Lemma C.14. Let Φ := {φ ∈ R
d : ‖φ‖2 ≤ Wφ}. There are random distributions D1, . . . ,DN and Dbase

over Φ, and a regularization parameter ζ ≥W 2
φ .

Assume that Dbase satisfies that for any n ∈ [N ],

Eφ∼Dn,φ′∼Dbase

[
(φ− φ′)(φ − φ′)⊤

]
� cbaseEφ′∼Dbase

[
φ′φ′⊤

]
(18)

for some constant cbase ∈ (0, 1).
Then, we can use the elliptical potential lemma (Lemma E.5) Abbasi-Yadkori et al. [2011] to bound

N∑

n=1

Eφn∼Dn,φ′
n∼Dbase

[

‖φn‖2(∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]

≤ 2

N∑

n=1

(

Eφn∼Dn,φ′
n∼Dbase

[

‖φn − φ′n‖
2
(

∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]

+
2

cbase
Eφ′

n∼Dbase

[

‖φ′n‖
2
(

∑n−1
i=1 Eφ′

i
∼Dbase

[φ′
i(φ

′
i)

⊤]+ζI
)−1

])

≤ 4d log

(

1 +
NW 2

φ

ζd

)

+
2d

cbase
(log(N) + 2) .

Proof. According to the assumption Eq. (18), we have that for any i ∈ [N ],

Eφ∼Di,φ′∼Dbase

[
(φ− φ′)(φ− φ′)⊤

]
+ ζI � cbaseEφ′∼Dbase

[
φ′φ′⊤

]
+ ζI � cbaseEφ′∼Dbase

[
φ′φ′⊤

]
+ cbaseζI,

which implies that

(
Eφ∼Di,φ′∼Dbase

[
(φ− φ′)(φ− φ′)⊤

]
+ ζI

)−1 � 1

cbase

(
Eφ′∼Dbase

[
φ′φ′⊤

]
+ ζI

)−1
.

Hence, we have that for any v ∈ R
d,

v⊤
(
Eφ∼Di,φ′∼Dbase

[
(φ− φ′)(φ− φ′)⊤

]
+ ζI

)−1
v ≤ 1

cbase
v⊤
(
Eφ′∼Dbase

[
φ′φ′⊤

]
+ ζI

)−1
v.

Furthermore, we have

N∑

n=1

Eφn∼Dn,φ′
n∼Dbase

[

‖φn‖2(∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]

=

N∑

n=1

Eφn∼Dn,φ′
n∼Dbase

[

‖φn − φ′n + φ′n‖
2
(

∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]
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≤
N∑

n=1

(

2Eφn∼Dn,φ′
n∼Dbase

[

‖φn − φ′n‖
2
(

∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]

+ 2Eφ′
n∼Dbase

[

‖φ′n‖
2
(

∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

])

(a)

≤ 2

N∑

n=1

(

Eφn∼Dn,φ′
n∼Dbase

[

‖φn − φ′n‖
2
(

∑n−1
i=1 Eφi∼Di,φ

′
i
∼Dbase

[(φi−φ′
i)(φi−φ′

i)
⊤]+ζI

)−1

]

+
2

cbase
Eφ′

n∼Dbase

[

‖φ′n‖
2
(

∑n−1
i=1 Eφ′

i
∼Dbase

[φ′
i(φ

′
i)

⊤]+ζI
)−1

])

= 2

N∑

n=1

tr





(
n−1∑

i=1

Eφi∼Di,φ′
n∼Dbase

[
(φi − φ′i)(φi − φ′i)⊤

]
+ ζI

)−1

Eφn∼Dn,φ′
n∼Dbase

[
(φn − φ′n)(φn − φ′n)⊤

]





+
2

cbase

N∑

n=2

1

n− 1
· tr
((

Eφ′∼Dbase

[
φ′(φ′)⊤

]
+

ζ

n− 1
I

)−1

Eφ′
n∼Dbase

[
φ′n(φ

′
n)

⊤]
)

+
2W 2

φ

cbaseζ

(b)

≤ 4d log

(

1 +
NW 2

φ

ζd

)

+
2d

cbase

N∑

n=2

1

n− 1
+

2W 2
φ

cbaseζ

≤ 4d log

(

1 +
NW 2

φ

ζd

)

+
2d

cbase
(log(N) + 2) ,

where inequality (a) uses Assumption 3.4, and inequality (b) applies the elliptical potential lemma (Lemma E.5) Abbasi-Yadk
[2011].

C.4 Proof of Theorem 4.2

For any phase n = 0, . . . , N − 1 and iteration t = 0, . . . , T − 1, define

θt∗ := argmin
‖θ‖2≤Wθ

E(s,a)∼ρn
cov

[(

φ(s, a)⊤θ −
(

Qπt

(s, a; r + bn)− bn(s, a)
))2

]

,

θtmid := argmin
‖θ‖2≤Wθ

E(s,a)∼ρn
cov

[(

φ(s, a)⊤θ −
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

,

θt
SGD≈ argmin

‖θ‖2≤Wθ

E(s,a)∼ρn
cov

[(

φ(s, a)⊤θ −
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

.

For any n ≥ 0, t ≥ 0 and (s, a) ∈ S × A, let b̄n,t(s, a) := bn(s, a) − Ea′∼πt(·|s) [b
n(s, a′)] and φ̄t(s, a) :=

φ(s, a)− Ea′∼πt(·|s) [φ(s, a
′)].

Proof of Theorem 4.2. Using Lemma C.5, we have that for any phase n = 0, . . . , N − 1 and iteration
t = 0, . . . , T − 1,

V π∗,n

Mn (sinit)− V πt

Mn(sinit)

≤ 1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

=
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Âπt

Mbn
(s, a) · 1 {s ∈ Kn}
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+
(

Aπt

Mbn
(s, a)−

(
φ̄t(s, a)⊤θt∗ + b̄n,t(s, a)

))

· 1 {s ∈ Kn}
︸ ︷︷ ︸

Term 1

+ φ̄t(s, a)⊤
(
θt∗ − θtmid

)
· 1 {s ∈ Kn}

︸ ︷︷ ︸

Term 2

+ φ̄t(s, a)⊤
(
θtmid − θt

)
· 1 {s ∈ Kn}

︸ ︷︷ ︸

Term 3

]

. (19)

Following the proof of Lemma D.1 in Agarwal et al. [2020], we can bound Terms 1 and 3 as follows.

Term 1 = E(s,a)∼dπ∗,n
Mn;sinit

[(

Aπt

Mbn
(s, a)−

(
φ̄t(s, a)⊤θt∗ + b̄n,t(s, a)

))

· 1 {s ∈ Kn}
]

= E(s,a)∼dπ∗,n
Mn;sinit

[(

Qπt

Mbn
(s, a)−

(
φ(s, a)⊤θt∗ + b(s, a)

))

· 1 {s ∈ Kn}
]

+ Es∼dπ∗,n
Mn;sinit

,a′∼πt(·|s)

[(

Qπt

Mbn
(s, a′)−

(
φ(s, a)⊤θt∗ + b(s, a′)

))

· 1 {s ∈ Kn}
]

(a)

≤
√

E(s,a)∼dπ∗
sinit

[(
Qπt

Mbn
(s, a)− (φ(s, a)⊤θt∗ + bn(s, a))

)2
]

+

√

Es∼dπ∗
sinit

,a′∼πt(·|s)

[(
Qπt

Mbn
(s, a′)− (φ(s, a′)⊤θt∗ + bn(s, a′))

)2
]

≤ 2

√

|A|E(s,a)∼d⋆
sinit

[(
Qπt

Mbn
(s, a)− (φ(s, a)⊤θt∗ + bn(s, a))

)2
]

≤ 2
√

|A|εbias, (20)

where inequality (a) uses Lemma C.2.
Define the Q-value function fitting error as

εQ := 8W 2
Q

√

log
(

1
δ′

)

MSGD
.

With probability at least 1− 2NTδ′,

Term 3 = E(s,a)∼dπ∗
sinit

[
φ̄t(s, a)⊤

(
θtmid − θt

)
· 1 {s ∈ Kn}

]

≤ 2
√

βζcovW 2
θ + β(n+ 1)εQ

= 2

√
√
√
√
βζcovW 2

θ + 8βW 2
Q(n+ 1)

√

log
(
1
δ′

)

MSGD

≤ 2Wθ

√

βζcov + 4WQ

√

β(n+ 1)

(

log
(

1
δ′

)

MSGD

) 1
4

. (21)

Define event

Eθ :=

{

Term 3 ≤ 2
√

βζcovW 2
θ + β(n+ 1)εQ

}

.

Then, Pr[Eθ] ≥ 1− 2NTδ′.
Now we have Pr[Eθ ∩ Eτ ∩ EMLE ∩ Ecov] ≥ 1− 4 · 2N(K +MHF + TMSGD) · 2δ′ ≥ 1− δ. In the following,

we assume that event Eθ ∩ Eτ ∩ EMLE ∩ Ecov holds, and derive the suboptimality guarantee.
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Applying Lemma C.11, Term 2 can be bounded as follows.

Term 2 = E(s,a)∼dπ∗,n
Mn;sinit

[
φ̄t(s, a)⊤

(
θt∗ − θtmid

)
· 1 {s ∈ Kn}

]

≤ E(s,a)∼dπ∗,n
Mn;sinit

[∣
∣φ(s, a)⊤

(
θt∗ − θtmid

)∣
∣ · 1 {s ∈ Kn}

]

+ Es∼dπ∗,n
Mn;sinit

,a′∼πt(·|s)
[∣
∣φ(s, a′)⊤

(
θt∗ − θtmid

)∣
∣ · 1 {s ∈ Kn}

]

≤ 16

√
√
√
√
√
√βWQεnHF(n+ 1)Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




+ 8Wθ

√

βζcov. (22)

Plugging the connection result betweenMn andM (Lemma C.3) into the suboptimality decomposition
(Eq. (19)), we have

V π∗
(sinit)− V πt

(sinit) ≤ RHS in Eq. (19) +
1

1− γ
∑

(s,a)/∈Kn

dπ
t

sinit(s, a).

Summing over t = 0, . . . , T − 1 and dividing T , we have

V π∗
(sinit)− V πn+1

(sinit)

=
1

T

T−1∑

t=0

(

V π∗
(sinit)− V πt

(sinit)
)

≤ 1

T

T−1∑

t=0

RHS in Eq. (19) +
1

1− γ
∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a)

(a)

≤ log(|A|)
(1− γ)ηT +

ηW 2
A

1− γ +
2
√

|A|εbias
1− γ +

4WQ

√

β(n+ 1)

1− γ

(

log
(
1
δ′

)

MSGD

) 1
4

+
10Wθ

√
βζcov

16− γ

+
16
√
βWQ

1− γ · 2
(

(n+ 1)2
(
d+ log

(
1
δ′

))

c2MLEMHF
+ 2(n+ 1)ζHFW

2
µ

) 1
4

·

1

T

T−1∑

t=0

√
√
√
√
√
√Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1




+

1

1− γ
∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a), (23)

where inequality (a) combines the natural policy gradient regret (Lemma C.6) and Terms 1-3 (Eqs. (20)-
(22)).

Summing over n = 0, . . . , N − 1 and dividing N , we have

V π∗
(sinit)− V πout

(sinit)

=
1

N

N−1∑

n=0

(

V π∗
(sinit)− V πn+1

(sinit)
)

≤ log(|A|)
(1− γ)ηT +

ηW 2
A

1− γ +
2
√

|A|εbias
1− γ +

8WQ

√
βN

1− γ

(

log
(

1
δ′

)

MSGD

) 1
4

+
10Wθ

√
βζcov

1− γ
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+
32
√
βWQ

1− γ · 2
(

4N2
(
d+ log

(
1
δ′

))

c2MLEMHF
+ 4NζHFW

2
µ

) 1
4

·

1

N

N−1∑

n=0

1

T

T−1∑

t=0

√
√
√
√
√
√Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

φ(sh, ah)⊤

∥
∥
∥
∥
∥
∥
(Σn

HF)
−1






+
1

(1 − γ)N
N−1∑

n=0

∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a)

(a)

≤ log(|A|)
(1 − γ)ηT +

ηW 2
A

1− γ +
2
√

|A|εbias
1− γ +

8WQ

√
βN

1− γ

(

log
(

1
δ′

)

MSGD

) 1
4

+
10Wθ

√
βζcov

1− γ

+
256
√
βWQ

1− γ ·
(

N2
(
d+ log

(
1
δ′

))

c2MLEMHF
+NζHFW

2
µ

) 1
4

·
(

d
1
4 log

1
4

(

1 +
4NW 2

τ

ζHFd

)

+
d

1
4 log

1
4 (N)

c
1
4

base

)

+
1

(1 − γ)N ·
2d

β
log

(

1 +
N

ζcovd

)

≤ 2
√

|A|εbias
1− γ +

WA

√

log(|A|)
(1− γ)

√
T

+
8WQ

√
βN

1− γ · log
1
4
(

1
δ′

)

(MSGD)
1
4

+
10Wθ

√
βζcov

1− γ

+
2 · 256

√
βWQ

1− γ · d
1
4 log

1
4 (5N)

c
1
4

base

·
(

2N2d log
(

1
δ′

)

c2MLEMHF
+NζHFW

2
µ

) 1
4

+
2d

(1 − γ)Nβ log (2N) , (24)

where inequality (a) uses Lemma C.13 and the step-size setup η :=

√
log(|A|)
WA

√
T

.

In addition, due to the condition of concentration event Ecov, we should guaranteeK ≥ 16(N+1)2 log2( 4dN
δ′ )

ζ2
cov

and MHF ≥
16W 4

τ log2( 4d
δ′ )

ζ2
HF

.

Recall that Wτ :=
log( 1

δ′ )

1−γ , Wµ := 1, WA := 4
(1−γ)2 , Wθ := 2

(1−γ)2 − 1
1−γ , WQ := 2

(1−γ)2 , cMLE :=

1
2+exp(−2WτWµ)+exp(2WτWµ)

, ξ := Wθ

(WQ+Wθ)
√
T
, ζcov := 1 and ζHF := 4W 2

τ =
4 log2( 1

δ′ )

(1−γ)2 .

We set

T :=
62W 2

A log(|A|)
(1− γ)2ε2 ,

η :=

√

log(|A|)
WA

√
T

=
(1− γ)ε
6W 2

A

,

β :=
(1− γ)5ε5cbase

5000 · 65 · 24 · 2564W 2
QW

2
µζHFd2

log−2

(
800 · 2562d3WQWµ

√
10ζHF

(1 − γ)4.5√cbase

)

= Õ

(

(1− γ)5ε5cbase
W 2

QW
2
µd

2ζHF

)

,

N :=
6 · 10d

(1− γ)εβ log

(
6 · 4d

(1− γ)εβ

)

= Õ

(

d3W 2
QW

2
µζHF

(1− γ)6ε6cbase

)

,

MSGD := 1200 ·
64 · 84 ·W 4

Qβ
2N2

(1 − γ)4ε4
︸ ︷︷ ︸

:=L1

log2
(
L1L

2
2L3

δ

)

= Õ

(

W 4
Qd

2

(1− γ)6ε6

)

,
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MHF := 1200 ·
64 · 25 · 2564β2W 2

QN
2d2 log(5N)

(1 − γ)4ε4c2MLEcbase
︸ ︷︷ ︸

:=L3

log2
(
L1L

2
2L3

δ

)

= Õ

(

W 2
Qd

4

(1− γ)6ε6c2MLEcbase

)

,

K :=
64N2

ζ2cov
· log2

(
4dN · 12N(K + 1 + T )MHFMSGD

δ

)

︸ ︷︷ ︸

:=L2

= Õ

(

d6W 4
QW

4
µζ

2
HF

(1− γ)12ε12c2base

)

,

δ′ :=
δ

12N(K + 1 + T )MHFMSGD
. (25)

Then, we have

V π∗
(sinit)− V πout

(sinit) ≤ ε+
2
√

|A|εbias
1− γ .

Finally, the number of samples is bounded by

Õ

(

N (K +MHF + TMSGD) ·
1

1− γ

)

= Õ

(

W 2
QW

2
µζHFd

3

(1− γ)6ε6cbase
·
(

W 4
QW

4
µζ

2
HFd

6

(1− γ)12ε12c2base
+

W 2
Qd

4

(1 − γ)6ε6c2MLEcbase
+

W 2
A

(1− γ)2ε2 ·
W 4

Qd
2

(1 − γ)6ε6
)

· 1

1− γ

)

= Õ

(

W 6
QW

6
µζ

3
HFd

9

(1− γ)19ε18c3base

)

. (26)

D Proofs for PO-RLHF with Neural Function Approximation

In this section, we provide the proofs for algorithm NN-PG-RLHF.

Definitions for Neural Function Approximation. We first introduce or recall some definitions.
Let SR := {w ∈ R

md :
∥
∥w − w0

∥
∥
2
≤ R} and UR := {µ ∈ R

md :
∥
∥µ− µ0

∥
∥
2
≤ R}.

For any w ∈ R
md, recall that

[ψw]ℓ(s, a) :=
bℓ√
m
· 1
{
φ(s, a)⊤[w]ℓ > 0

}
φ(s, a) ∈ R

d, ∀ℓ ∈ [m],

ψw(s, a) := [[ψw]1(s, a); . . . ; [ψw]m(s, a)] ∈ R
md.

Here c ≤ ‖[w0]ℓ‖2 ≤ c̄ for all ℓ ∈ [m] for some constants c, c̄ > 0.
Recall the Q-network, policy network and reward network as follow:

f(s, a; θ) :=
1√
m

m∑

ℓ=1

bℓ · 1
{
φ(s, a)⊤[θ]ℓ > 0

}
φ(s, a)⊤[θ]ℓ = ψθ(s, a)

⊤θ,

πτ,w(a|s) :=
exp (τf(s, a;w))

∑

a′∈A exp (τf(s, a′;w))
=

exp(τψw(s, a)
⊤w)

∑

a′∈A exp (τψw(s, a′)⊤w)
,

h(s, a;µ) :=
1√
m

m∑

ℓ=1

b′ℓ · 1
{
φ(s, a)⊤[µ]ℓ > 0

}
φ(s, a)⊤[µ]ℓ = ψµ(s, a)

⊤µ.
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For any t ≥ 0, we use πt and πτ t,wt interchangeably.
Let

f0(s, a;w) :=
1√
m

m∑

ℓ=1

bℓ · 1
{
φ(s, a)⊤[w0]ℓ > 0

}
φ(s, a)⊤[w]ℓ = ψw0(s, a)⊤w,

h0(s, a;µ) :=
1√
m

m∑

ℓ=1

b′ℓ · 1
{
φ(s, a)⊤[µ0]ℓ > 0

}
φ(s, a)⊤[µ]ℓ = ψµ0(s, a)⊤w.

Define the neural kernel spaces as

Fw
R,∞ :=

{

f(s, a) = f(s, a;w0) +

∫

1

{
φ(s, a)⊤w > 0

}
φ(s, a)⊤νw(w)dpw(w) : ‖νw(w)‖∞ ≤

R√
d

}

,

Fµ
R,∞ :=

{

f(s, a) = h(s, a;µ0) +

∫

1

{
φ(s, a)⊤µ > 0

}
φ(s, a)⊤νµ(µ)dpµ(µ) : ‖νµ(µ)‖∞ ≤

R√
d

}

,

Here νw(w) : Rd 7→ R
d and f(s, a;w0) parameterize the element of Fw

R,∞, and pw : Rd 7→ R is the density

function of Dinit. Similarly, νµ(µ) : R
d 7→ R

d and h(s, a;µ0) parameterize the element of Fµ
R,∞, and

pµ : Rd 7→ R is the density function of Dinit.
Define

Fµ
R,m :=

{

1√
m

m∑

ℓ=1

b′ℓ · 1
{
φ(s, a)⊤[µ0]ℓ > 0

}
φ(s, a)⊤[µ]ℓ :

∥
∥µ− µ0

∥
∥
2
≤ R

}

,

F̄µ
R,m :=

{

1√
m

m∑

ℓ=1

b′ℓ · 1
{
φ(s, a)⊤[µ0]ℓ > 0

}
φ(s, a)⊤[µ]ℓ :

∥
∥[µ]ℓ − [µ0]ℓ

∥
∥
∞ ≤

R√
md

}

.

F̄µ
R,m is the subset of Fµ

R,m.

Let µproj
r ∈ UR be the parameter such that

ProjFR,m
r(s, a) = ψ0(s, a)

⊤µproj
r .

Covariance Matrix Concentration. Next, we define the concentration event for the coverage and
human data covariance matrices.

For any trajectory τ = (s0, a0, . . . , sH(τ), aH(τ)) and µ ∈ UR, let ψµ(τ) :=
∑H(τ)

h=0 ψµ(sh, ah). For any

trajectories τ (1), τ (2) and µ ∈ UR, let ψ̃τ (1),τ (2)

µ :=
∑H(τ (1))

h=0 ψµ(s
(1)
h , a

(1)
h )−∑H(τ (2))

h=0 ψµ(s
(2)
h , a

(2)
h ).

For any n ≥ 0 and t ≥ 0, let (sni , a
n
i ) denote the i-th state-action pair sampled in phase n for constructing

the estimated coverage covariance matrix Σ̂NN,n
cov (Line 4 in Algorithm 3).

For any phase n ≥ 0, define

Σ̂NN,n
cov :=

n∑

i=0

(

1

K

K∑

i=1

ψ0(s
n
i , a

n
i )ψ0(s

n
i , a

n
i )

⊤
)

+ ζcovI,

ΣNN,n
cov :=

n∑

i=0

E(s,a)∼dπi
sinit

[
ψ0(s, a)ψ0(s, a)

⊤]+ ζcovI

= (n+ 1)E(s,a)∼ρn
cov

(
ψ0(s, a)ψ0(s, a)

⊤)+ ζcovI.

Σ̂NN,n
HF :=

1

MHF

MHF∑

i=1

(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )
)(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )
)⊤

+
ζHF

n
I
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=
1

MHF

MHF∑

i=1

ψ̃
τ
(1)
i ,τ

(2)
i

0

(

ψ̃
τ
(1)
i ,τ

(2)
i

0

)⊤
+
ζHF

n
I, ∀n ≥ 1

ΣNN,n
HF :=

1

n

n∑

i=1

(

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[(

ψ0(τ
(1))− ψ0(τ

(2))
)(

ψ0(τ
(1))− ψ0(τ

(2))
)⊤]

)

+
ζHF

n
I

=
1

n

n∑

i=1

(

E
τ (1)∼Oπi

ρ
i−1
cov

τ (2)∼Oπbase

sinit

[

ψ̃τ (1),τ (2)

0

(

ψ̃τ (1),τ (2)

0

)⊤]
)

+
ζHF

n
I, ∀n ≥ 1

Σ̂NN,n
HF = ΣNN,n

HF := ζHFI.

Recall Wτ :=
log( 1

δ′ )
1−γ and the definition of event Eτ (Eq. (11)).

Define event

ENN
cov :=

{

1

2
‖ψ0(s, a)‖(ΣNN,n

cov )−1 ≤ ‖ψ0(s, a)‖(Σ̂NN,n
cov )−1 ≤ 2 ‖ψ0(s, a)‖−1

(ΣNN,n
cov )

,

1

2
‖ψ0(s, a)‖(ΣNN,n

HF )−1 ≤ ‖ψ0(s, a)‖(Σ̂NN,n
HF )−1 ≤ 2 ‖ψ0(s, a)‖−1

(ΣNN,n
HF )

, ∀0 ≤ n ≤ N − 1

}

.

Lemma D.1. Assuming that event Eτ holds, then we have Pr[ENN
cov ] ≥ 1− 2Nδ′.

Proof. This lemma follows from Lemma E.2 and the condition that K ≥ 16(N+1)2 log2( 4dN
δ′ )

ζ2
cov

and MHF ≥
16W 4

τ log2( 4dN
δ′ )

ζ2
HF

.

D.1 Neural Function Approximation

In the following, we present useful technical lemmas for neural function approximation. Lemmas D.2-
D.5 borrow the ideas from prior neural network theory works Rahimi & Recht [2008], Cai et al. [2019],
Wang et al. [2019], Xu et al. [2021].

For brevity of presentation, Lemmas D.2 and D.3 are written with parameter w and function f , but it
works for parameters w, θ, µ and their corresponding functions f, h.

For ease of notation, we simplify the notations ψθ0 and ψµ0 as ψ0, which can be easily recovered from
the context.

Lemma D.2. For any w,w′ ∈ R
md such that ‖w − w0‖2 ≤ R and ‖w′ − w0‖2 ≤ R,

Eρ

[∣
∣ψ0(s, a)

⊤w′ − ψw(s, a)
⊤w′∣∣2

]

≤ 4cscaleR
3

c
√
m

,

Eρ

[

‖ψ0(s, a)− ψw(s, a)‖22
]

≤ cscaleR

c
√
m

.

Proof. We prove the first statement as follows.

∣
∣ψ0(s, a)

⊤w′ − ψw(s, a)
⊤w′∣∣

=
1√
m

m∑

ℓ=1

bℓ ·
(
1

{
φ(s, a)⊤[w0]ℓ > 0

}
− 1

{
φ(s, a)⊤[w]ℓ > 0

})
φ(s, a)⊤[w′]ℓ
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≤ 1√
m

m∑

ℓ=1

∣
∣
1

{
φ(s, a)⊤[w0]ℓ > 0

}
− 1

{
φ(s, a)⊤[w]ℓ > 0

}∣
∣
∣
∣φ(s, a)⊤[w′]ℓ

∣
∣ .

Since
∣
∣
1

{
φ(s, a)⊤[w0]ℓ > 0

}
− 1

{
φ(s, a)⊤[w]ℓ > 0

}∣
∣ implies

∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤

∣
∣φ(s, a)⊤[w]ℓ − φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2
,

we have
∣
∣
1

{
φ(s, a)⊤[w0]ℓ > 0

}
− 1

{
φ(s, a)⊤[w]ℓ > 0

}∣
∣ ≤ 1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}
. (27)

Hence, we have
∣
∣ψ0(s, a)

⊤w′ − ψw(s, a)
⊤w′∣∣

≤ 1√
m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

} ∣
∣φ(s, a)⊤[w′]ℓ

∣
∣

≤ 1√
m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

} (∣
∣φ(s, a)⊤[w0]ℓ

∣
∣+
∣
∣φ(s, a)⊤

(
[w′]ℓ − [w0]ℓ

)∣
∣
)

(a)

≤ 1√
m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}
·

(
‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2
+ ‖φ(s, a)‖2

∥
∥[w′]ℓ − [w0]ℓ

∥
∥
2

)
,

where inequality (a) is due to 1 {|x| ≤ y} |x| ≤ 1 {|x| ≤ y} y.
Using the Cauchy-Schwartz inequality, we have

∣
∣ψ0(s, a)

⊤w′ − ψw(s, a)
⊤w′∣∣2

≤ 1

m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}
·

m∑

ℓ=1

(

2 ‖φ(s, a)‖22
∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

2
+ 2 ‖φ(s, a)‖22

∥
∥[w′]ℓ − [w0]ℓ

∥
∥
2

2

)

≤ 4R2

m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤ ‖φ(s, a)‖2

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}

≤ 4R2

m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}
.

Therefore, we have

Eρ

[∣
∣ψ0(s, a)

⊤w′ − ψw(s, a)
⊤w′∣∣2

]

≤ 4R2

m

m∑

ℓ=1

Eρ

[
1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}]

(a)

≤ 4cscaleR
2

m

m∑

ℓ=1

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

‖[w0]ℓ‖2

≤ 4cscaleR
2

m

√
√
√
√

m∑

ℓ=1

‖[w0]ℓ − [w]ℓ‖22

√
√
√
√

m∑

ℓ=1

1

‖[w0]ℓ‖22
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≤ 4cscaleR
3

c
√
m

,

where inequality (a) uses Assumption 3.3.
Next, we prove the second statement using the similar argument.

‖ψ0(s, a)− ψw(s, a)‖22

=
m∑

ℓ=1

b2ℓ
m
·
(
1

{
φ(s, a)⊤[w0]ℓ > 0

}
− 1

{
φ(s, a)⊤[w]ℓ > 0

})2 ‖φ(s, a)‖22

(a)

≤ 1

m

m∑

ℓ=1

1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}
,

where inequality (a) uses Eq. (27).
Taking Eρ[·], we have

Eρ

[

‖ψ0(s, a)− ψw(s, a)‖22
]

≤ 1

m

m∑

ℓ=1

Eρ

[
1

{∣
∣φ(s, a)⊤[w0]ℓ

∣
∣ ≤

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

}]

≤ cscale
m

m∑

ℓ=1

∥
∥[w0]ℓ − [w]ℓ

∥
∥
2

‖[w0]ℓ‖2

≤ cscale
m

√
√
√
√

m∑

ℓ=1

‖[w0]ℓ − [w]ℓ‖22

√
√
√
√

m∑

ℓ=1

1

‖[w0]ℓ‖22

≤ cscaleR

m

√
√
√
√

m∑

ℓ=1

1

‖[w0]ℓ‖22

≤ cscaleR

c
√
m

.

Lemma D.3. For any w ∈ SR and (s, a) ∈ S ×A,

‖ψw(s, a)‖2 ≤ 1,

‖w‖2 ≤
√
mc̄+R,

|f(s, a;w)| ≤ √mc̄+R.

Proof. We have

‖ψw(s, a)‖2 =

√
√
√
√

m∑

ℓ=1

‖[ψw(s, a)]ℓ‖22 =

√
√
√
√

m∑

ℓ=1

b2ℓ
m
· 1 {φ(s, a)⊤[w]ℓ > 0} ‖φ(s, a)‖22 ≤ 1.

In addition,

∥
∥w0

∥
∥
2
=

√
√
√
√

m∑

ℓ=1

‖[w0]ℓ‖22 ≤
√
mc̄.
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Then,

‖w‖2 ≤
∥
∥w0

∥
∥
2
+
∥
∥w − w0

∥
∥
2

≤ √mc̄+R.

Furthermore,

|f(s, a;w)| = |ψw(s, a)
⊤w| ≤ ‖ψw(s, a)‖2 ‖w‖2 ≤

√
mc̄+R.

Lemma D.4 (Projection Error for F̄µ
R,m Rahimi & Recht [2008]). Let h ∈ Fµ

R,∞. For any δ′ > 0, with
probability at least 1− δ′,

∥
∥
∥ProjF̄R,m

h− h
∥
∥
∥
ρ
≤
R
(

1 +
√

2 log
(

1
δ′

))

√
m

,

where ρ is a distribution over S ×A.

Lemma D.5 (Distance between r and ψ0(s, a)
⊤µproj

r ). Assume that event Einit holds. Then,

∥
∥ψ0(s, a)

⊤µproj
r − r

∥
∥
ρ
≤ 4R

√

log
(

1
δ′

)

m
.

Proof. Recall that r ∈ Fµ
R,∞ and ProjFµ

R,m
r(s, a) = ψ0(s, a)

⊤µproj
r . Since F̄µ

R,m is a subset of Fµ
R,m, we have

∥
∥ψ0(s, a)

⊤µproj
r − r

∥
∥
ρ
=
∥
∥
∥ProjFR,m

r − r
∥
∥
∥
ρ
≤
∥
∥
∥ProjF̄R,m

r − r
∥
∥
∥
ρ
≤ 4R

√

log
(

1
δ′

)

m
.

Define event

Einit :
{

∥
∥ψ0(s, a)

⊤µproj
r − r

∥
∥
dπt

ρncov

≤ 4R

√

log
(

1
δ′

)

m
, ∀t ∈ [T ], ∀n ∈ [N ]

}

.

Lemma D.6. It holds that Pr[Einit] ≥ NTδ′.

Proof. This lemma follows from Lemma D.5 and a union bound.

D.2 Neural Neural Policy Gradient

Let WNN
θ :=

√
mc̄ + R. According to Remark 28 in Agarwal et al. [2021], since ‖ψ0(s, a)‖2 ≤ 1, log(πτ,w)

is a smooth function with smoothness parameter WS = 1.

Lemma D.7 (Neural Neural Policy Gradient). For any phase n ≥ 0 and iteration t ≥ 0,

T−1∑

t=0

E(s,a)∼dπ∗,n
Mn;sinit

[(
ψ̄t
wt(s, a)⊤θt + b̄n,t(s, a)

)
· 1 {s ∈ Kn}

]
≤ log(|A|)

η
+ ηWS(W

NN
θ )2T.
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Proof. Following the analysis in Agarwal et al. [2021], according to the WS-smoothness of log(πτ t,wt), we
have

log
(
πτ t+1,wt+1(a|s)

)
− log (πτ t,wt(a|s))

≥ ∇w log (πτ t,wt(a|s))⊤
(
τ t+1wt+1 − τ twt

)
−WS

∥
∥τ t+1wt+1 − τ twt

∥
∥
2

2
.

For any s ∈ Kn, we have

KL(π∗,n(·|s)‖πt(·|s))−KL(π∗,n(·|s)‖πt+1(·|s))

= Ea∼π∗,n(·|s)

[

log

(
π∗,n(a|s)
πt(a|s)

)]

− Ea∼π∗,n(·|s)

[

log

(
π∗,n(a|s)
πt+1(a|s)

)]

= Ea∼π∗,n(·|s)

[

log

(
πt+1(a|s)
πt(a|s)

)]

≥ Ea∼π∗,n(·|s)
[

∇w log (πτ t,wt(a|s))⊤
(
τ t+1wt+1 − τ twt

)
−WS

∥
∥τ t+1wt+1 − τ twt

∥
∥
2

2

]

= ηEa∼π∗,n(·|s)
[
ψ̄t
wt(s, a)⊤θt

]
− η2WS

∥
∥θt
∥
∥
2

2
,

which is equivalent to

Ea∼π∗,n(·|s)
[
ψ̄t
wt(s, a)⊤θt

]
≤ 1

η

(
KL(π∗,n(·|s)‖πt(·|s))−KL(π∗,n(·|s)‖πt+1(·|s))

)
+ ηWS

∥
∥θt
∥
∥
2

2
.

For any phase n ≥ 0, s ∈ Kn and a ∈ A, we have bn(s, a) = 0, and then b̄n,t(s, a) := bn(s, a) −
Ea′∼πt(·|s) [b

n(s, a′)] = 0.

Adding s ∼ dπ∗,n

Mn;sinit
on both sides and summing over t = 0, . . . , T − 1, we have

T−1∑

t=0

E(s,a)∼dπ∗,n
Mn;sinit

[(
ψ̄t
wt(s, a)⊤θt + b̄n,t(s, a)

)
· 1 {s ∈ Kn}

]

=

T−1∑

t=0

E(s,a)∼dπ∗,n
Mn;sinit

[
ψ̄t
wt(s, a)⊤θt · 1 {s ∈ Kn}

]

≤ 1

η
Es∼dπ∗,n

Mn;sinit

[
KL(π∗,n(·|s)‖π0(·|s))−KL(π∗,n(·|s)‖πT (·|s))

]
+ ηWS(W

NN
θ )2T

≤ log(|A|)
η

+ ηWS(W
NN
θ )2T.

D.3 Q-value Function Fitting

For any fixed phase n = 0, . . . , N − 1 and fixed iteration t = 0, . . . , T − 1, define

F r̂n(θ) := E(s,a)∼ρn
cov

[(

f0(s, a; θ)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

,

θt,r̂
n

mid := argmin
θ∈SR

F r̂n(θ).

Then,

∇θF
r̂n(θ) := E(s,a)∼ρn

cov

[

2
(

f0(s, a; θ)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))

∇θf0(s, a; θ)
]

.
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Algorithm 5 Q-network Training via Projected SGD (with the objective Eq. (10))

1: Input: f(s, a;w0), ξθ.
2: for i = 0, . . . ,Mθ

SGD − 1 do

3: gt,i ← 2
(

f(si, ai; θ
t,i)−

(

Q̂πt

(si, ai; r̂
n + bn)− bn(si, ai)

))

∇θf(si, ai; θ
t,i), where (si, ai) ∼ ρncov and

Q̂πt

(si, ai; r̂
n + bn) is estimated by Monte Carlo sampling

4: θ̃t,i+1 := θt,i − ξθgt,i
5: θt,i+1 ← ProjUR

(θ̃t,i+1)
6: end for

7: return θt =
∑Mθ

SGD−1
i=0 θt,i

Furthermore, for any i = 0, . . . ,Mθ
SGD − 1, define

gt,i := 2
(

f(si, ai; θ
t,i)−

(

Q̂πt

(si, ai; r̂
n + bn)− bn(si, ai)

))

∇θf(si, ai; θ
t,i),

θ̃t,i+1 := θt,i − ξθgt,i,
ḡt,i := E(s,a)∼ρn

cov

[

2
(

f(s, a; θt,i)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))

∇θf(s, a; θ
t,i)
]

,

and it holds that

θi+1 = ProjSR
(θ̃i+1).

Let WNN
∇F := 4

(1−γ)2 + 4(
√
mc̄+R)
1−γ .

Define event

ENN
θ :=

{∣
∣
∣
∣

Mθ
SGD−1
∑

i=0

(gt,i)⊤
(

θt,i − θt,r̂
n

mid

)

−
Mθ

SGD−1
∑

i=0

(ḡt,i)⊤
(

θt,i − θt,r̂
n

mid

)
∣
∣
∣
∣
≤ 2WNN

∇FR

√

Mθ
SGD log

(
1

δ′

)

,

∀0 ≤ n ≤ N − 1, ∀0 ≤ t ≤ T − 1, ∀0 ≤ i ≤Mθ
SGD − 1

}

.

Lemma D.8. It holds that Pr[ENN
θ ] ≥ 1− 2NTδ′.

Proof. This lemma can be obtained by using the Azuma-Hoeffding inequality and the union bound.

Let WNN
f :=

√
mc̄+R, WNN

Q :=
√
mc̄+R
1−γ + 2

(1−γ)2 and ξθ := R

WNN
∇F

√
Mθ

SGD

.

Below we give the guarantee for the projected SGD of Q-network training, which is described in algo-
rithm 5.

Lemma D.9 (SGD for Q-value Function Fitting). Assume that event ENN
θ holds. Then, for any phase

n ≥ 0 and iteration t ≥ 0,

F r̂n(θt)− F r̂n(θt,r̂
n

mid ) ≤ 4WNN
∇FR

√

log
(

1
δ′

)

Mθ
SGD

+
12R2(WNN

f +WNN
Q )
√
cscaleR

√
cm

1
4

:= εNN
Q .

Proof. Fix phase n and iteration t. For any i = 0, . . . ,Mθ
SGD − 1, since F r̂n(θ) is convex with respect to θ,

we have

F r̂n(θt,i)− F r̂n(θt,r̂
n

mid ) ≤ ∇θF
r̂n(θt,i)⊤

(

θt,i − θt,r̂
n

mid

)
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= (gt,i)⊤
(

θt,i − θt,r̂
n

mid

)

+
(

∇θF
r̂n(θt,i)− gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

=
1

ξθ
(θt,i − θ̃t+1,i)⊤

(

θt,i − θt,r̂
n

mid

)

+
(

∇θF
r̂n(θt,i)− gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

=
1

2ξθ

(∥
∥
∥θt,i − θ̃t,i+1

∥
∥
∥

2

2
+
∥
∥
∥θt,i − θt,r̂

n

mid

∥
∥
∥

2

2
−
∥
∥
∥θ̃t,i+1 − θt,r̂

n

mid

∥
∥
∥

2

2

)

+
(

∇θF
r̂n(θt,i)− gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

≤ ξθ
2

∥
∥gt,i

∥
∥
2

2
+

1

2ξθ

(∥
∥
∥θt,i − θt,r̂

n

mid

∥
∥
∥

2

2
−
∥
∥
∥θt,i+1 − θt,r̂

n

mid

∥
∥
∥

2

2

)

+
(

∇θF
r̂n(θt,i)− gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

Summing i = 0, . . . ,Mθ
SGD − 1 and dividing Mθ

SGD, we have

F r̂n(θt)− F r̂n(θt,r̂
n

mid )

= F




1

Mθ
SGD

Mθ
SGD−1
∑

i=0

θt,i



− F r̂n(θt,r̂
n

mid )

(a)

≤ 1

Mθ
SGD

Mθ
SGD−1
∑

i=0

F r̂n(θt,i)− F r̂n(θt,r̂
n

mid )

≤ ξθ

2Mθ
SGD

Mθ
SGD−1
∑

i=0

∥
∥gt,i

∥
∥
2

2
+

1

2ξθMθ
SGD

(∥
∥
∥θt,0 − θt,r̂

n

mid

∥
∥
∥

2

2
−
∥
∥
∥θt,M

θ
SGD − θt,r̂

n

mid

∥
∥
∥

2

2

)

+
1

Mθ
SGD

Mθ
SGD−1
∑

i=0

(

∇θF
r̂n(θt,i)− ḡt,i + ḡt,i − gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

≤ ξθ

2Mθ
SGD

Mθ
SGD−1
∑

i=0

∥
∥gt,i

∥
∥
2

2
+

R2

2ξθMθ
SGD

+
1

Mθ
SGD

Mθ
SGD−1
∑

i=0

(
ḡt,i − gt,i

)⊤ (
θt,i − θt,r̂

n

mid

)

+
2R

Mθ
SGD

Mθ
SGD−1
∑

i=0

∥
∥
∥∇θF

r̂n(θt,i)− ḡt,i
∥
∥
∥
2
, (28)

where inequality (a) uses the Jensen inequality.
For any i ≥ 0, let Hi be all histories of steps 0, . . . , i, and we make the convention that Hi−1 = ∅

for i = 0. Let Ei[·|Hi−1] denote the expectation with respect to the randomness at step i conditioning

on all histories of steps 0, . . . , i − 1. Then, for any i ≥ 0, we have Ei[∇θF̂
i(θt,i)⊤

(

θt,i − θt,r̂
n

mid

)

|Hi−1] =

∇θF
r̂n(θt,i)⊤

(

θt,i − θt,r̂
n

mid

)

.

According to the definition of event ENN
θ , we have

∣
∣
∣
∣
∣
∣

Mθ
SGD−1
∑

i=0

(gt,i)⊤
(

θt,i − θt,r̂
n

mid

)

−
Mθ

SGD−1
∑

i=0

(ḡt,i)⊤
(

θt,i − θt,r̂
n

mid

)

∣
∣
∣
∣
∣
∣

≤ 2WNN
∇FR

√

Mθ
SGD log

(
1

δ′

)

. (29)
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Then, we have

∥
∥
∥∇θF

r̂n(θt,i)− ḡt,i
∥
∥
∥
2

=
∥
∥
∥E(s,a)∼ρn

cov

[

2
(

f0(s, a; θ
t,i)−

(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))

∇θf0(s, a; θ
t,i)

− 2
(

f(s, a; θt,i)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))

∇θf(s, a; θ
t,i)
]∥
∥
∥
2

≤ 2E(s,a)∼ρn
cov

[ ∥
∥f0(s, a; θ

t,i)∇θf0(s, a; θ
t,i)− f(s, a; θt,i)∇θf(s, a; θ

t,i)
∥
∥
2

+WNN
Q

∥
∥∇θf0(s, a; θ

t,i)−∇θf(s, a; θ
t,i)
∥
∥
2

]

≤ 2E(s,a)∼ρn
cov

[ ∥
∥f0(s, a; θ

t,i)∇θf0(s, a; θ
t,i)− f0(s, a; θt,i)∇θf(s, a; θ

t,i)
∥
∥
2

+
∥
∥f0(s, a; θ

t,i)∇θf(s, a; θ
t,i)− f(s, a; θt,i)∇θf(s, a; θ

t,i)
∥
∥
2

+WNN
Q

∥
∥∇θf0(s, a; θ

t,i)−∇θf(s, a; θ
t,i)
∥
∥
2

]

≤ 2E(s,a)∼ρn
cov

[ ∣
∣f0(s, a; θ

t,i)− f(s, a; θt,i)
∣
∣

+ (WNN
f +WNN

Q ) ‖ψ0(s, a)− ψθt,i(s, a)‖2
]

. (30)

Plugging Eqs. (29) and (30) into Eq. (28), we have

F r̂n(θt)− F r̂n(θt,r̂
n

mid ) ≤ 4WNN
∇FR

√

log
(

1
δ′

)

Mθ
SGD

+
4R

Mθ
SGD

Mθ
SGD−1
∑

i=0

E(s,a)∼ρn
cov

[ ∣
∣f0(s, a; θ

t,i)− f(s, a; θt,i)
∣
∣

+ (WNN
f +WNN

Q ) ‖ψ0(s, a)− ψθt,i(s, a)‖2
]

(a)

≤ 4WNN
∇FR

√

log
(

1
δ′

)

Mθ
SGD

+ 4R

(

2
√
cscaleR3

√
cm

1
4

+
(WNN

f +WNN
Q )
√
cscaleR

√
cm

1
4

)

≤ 4WNN
∇FR

√

log
(

1
δ′

)

Mθ
SGD

+
12R2(WNN

f +WNN
Q )
√
cscaleR

√
cm

1
4

,

where inequality (a) uses Assumption 3.3.

D.4 Human Feedback

Recall that for any trajectories τ (1), τ (2) and µ ∈ UR, let ψ̃τ (1),τ (2)

µ :=
∑H(τ (1))

h=0 ψµ(s
(1)
h , a

(1)
h )−∑H(τ (2))

h=0 ψµ(s
(2)
h , a

(2)
h ),

h̃(τ (1), τ (2);µ) :=
∑H(τ (1))

h=0 h(s
(1)
h , a

(1)
h ;µ)−∑H(τ (2))

h=0 h(s
(2)
h , a

(2)
h ;µ) and r̃(τ (1), τ (2)) :=

∑H(τ (1))
h=0 r(s

(1)
h , a

(1)
h )−

∑H(τ (2))
h=0 r(s

(2)
h , a

(2)
h ).

For any fixed phase n = 0, . . . , N − 1, define the approximated MLE objective function and its optimal
solution as follows:

L(µ) :=
1

MHF

MHF∑

i=1

(

− log

(

1 {yi = 1}

1 + exp

(
∑H(τ

(2)
i )

h=0 f0(s
(2)
i,h , a

(2)
i,h ;µ)−

∑H(τ
(1)
i )

h=0 f0(s
(1)
i,h , a

(1)
i,h ;µ)

)
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+
1 {yi = 0}

1 + exp

(
∑H(τ

(1)
i )

h=0 f0(s
(1)
i,h , a

(1)
i,h ;µ)−

∑H(τ
(2)
i )

h=0 f0(s
(2)
i,h , a

(2)
i,h ;µ)

)

))

=
1

MHF

MHF∑

i=1






− log







1 {yi = 1}

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

) +
1 {yi = 0}

1 + exp

(

(ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤µ

)












,

µ∗
MLE := argmin

µ∈UR

L(µ).

Then, it holds that

∇µL(µ) =
1

MHF

MHF∑

i=1

((

−
1 {yi = 1} exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

) +
1 {yi = 0}

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

)

)

︸ ︷︷ ︸

:=qi0(µ)

ψ̃
τ
(1)
i ,τ

(2)
i

0

)

,

∇2
µL(µ)=

1

MHF

MHF∑

i=1















1 {yi = 1} exp
(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

)

(

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

))2 +
1 {yi = 0} (ψ̃τ

(1)
i ,τ

(2)
i

0 )⊤µ
(

1 + exp

(

(ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤µ

))2







ψ̃
τ
(1)
i ,τ

(2)
i

0 (ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤







.

For any j = 0, . . . ,Mµ
SGD − 1, define

zj :=



−
1 {yj = 1} exp

(

−h̃(τ (1)j , τ
(2)
j ;µj)

)

1 + exp
(

−h̃(τ (1)j , τ
(2)
j ;µj)

) +
1 {yj = 0}

1 + exp
(

−h̃(τ (1)j , τ
(2)
j ;µj)

)



∇µh̃(τ
(1)
j , τ

(2)
j ;µj),

z̄j :=
1

MHF

MHF∑

i=1

((

−
1 {yi = 1} exp

(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

1 + exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

) +
1 {yi = 0}

1 + exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

)

︸ ︷︷ ︸

:=qi(µj)

∇µh̃(τ
(1)
i , τ

(2)
i ;µj)

)

,

µ̃j+1 := µj − ξµzj ,

where (τ
(1)
j , τ

(2)
j , yj) is uniformly drawn from {(τ (1)i , τ

(2)
i , yi)}MHF

i=1 .
Then, we have

µj+1 = ProjUR
(µ̃j+1).

Define event

ENN
µ :=

{∣
∣
∣
∣

Mµ
SGD−1
∑

j=0

∇µL̂
j(µj)⊤

(
µj − µ∗

MLE

)
−

Mµ
SGD−1
∑

j=0

∇µL(µ
j)⊤

(
µj − µ∗

MLE

)
∣
∣
∣
∣

≤ 8WτR

√

Mµ
SGD log

(
1

δ′

)

, ∀0 ≤ n ≤ N − 1, ∀0 ≤ j ≤Mµ
SGD − 1

}

.

Lemma D.10. It holds that Pr[ENN
µ ] ≥ 1− 2Nδ′.
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Algorithm 6 Reward Network Training via Projected SGD (with the objective Eq. (9))

1: Input: h(s, a;µ0), ξµ.
2: for j = 0, . . . ,Mµ

SGD − 1 do

3: zj ←
(

−1{yj=1} exp
(

−h̃(τ
(1)
j ,τ

(2)
j ;µj)

)

1+exp
(

−h̃(τ
(1)
j ,τ

(2)
j ;µj)

) +
1{yj=0}

1+exp
(

−h̃(τ
(1)
j ,τ

(2)
j ;µj)

)

)

∇µh̃(τ
(1)
j , τ

(2)
j ;µj)

4: µ̃j+1 ← µj − ξµzj
5: µi+1 ← ProjUR

(µ̃j+1)
6: end for

7: return µ̂n =
∑Mµ

SGD−1
j=0 µj

Proof. This lemma can be obtained by applying the Azuma-Hoeffding inequality and the union bound.

Let ξµ := R

Wτ

√
Mµ

SGD

.

Below we provide the guarantee for the projected SGD of reward training, which is illustrated in algo-
rithm 6.

Lemma D.11 (SGD for the Reward Model). Assume that event Einit ∩ Eτ ∩ ENN
µ holds. Then, for any

phase n,

L(µn)− L(µ∗
MLE)

≤ 17WτR

√

log
(
1
δ′

)

Mµ
SGD

+
2R

Mµ
SGD

Mµ
SGD−1
∑

j=0

(

1

MHF

MHF∑

i=1

(

2

∥
∥
∥
∥
ψ̃
τ
(1)
i ,τ

(2)
i

0 − ψ̃τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

+ 4Wτ

∣
∣
∣h̃0(τ

(1)
i , τ

(2)
i ;µj)− h̃(τ (1)i , τ

(2)
i ;µj)

∣
∣
∣

))

:= εNN,n
SGD .

Furthermore,

E{τ (1)
i }MHF

i=1 ∼On
HF

{τ (2)
i }MHF

i=1 ∼Oπbase

sinit

[

εNN,n
SGD

]

≤ 17WτR

√

log
(
1
δ′

)

Mµ
SGD

+
40R2Wτ

√
cscaleR

(1− γ)√cm 1
4

.

Proof. For any j = 0, . . . ,Mµ
SGD − 1,

L(µj)− L(µ∗
MLE) ≤ ∇µL(µ

j)⊤
(
µj − µ∗

MLE

)

= (zj)⊤
(
µj − µ∗

MLE

)
+
(
∇µL(µ

j)− zj
)⊤ (

µj − µ∗
MLE

)

=
1

ξµ

(
µj − µ̃j+1

)⊤ (
µj − µ∗

MLE

)
+
(
∇µL(µ

j)− zj
)⊤ (

µj − µ∗
MLE

)

=
1

2ξµ

(∥
∥µj − µ̃j+1

∥
∥
2

2
+
∥
∥µj − µ∗

MLE

∥
∥
2

2
−
∥
∥µ̃j+1 − µ∗

MLE

∥
∥
2

2

)

+
(
∇µL(µ

j)− zj
)⊤ (

µj − µ∗
MLE

)

≤ ξµ
2

∥
∥zj
∥
∥
2

2
+

1

2ξµ

(∥
∥µj − µ∗

MLE

∥
∥
2

2
−
∥
∥µj+1 − µ∗

MLE

∥
∥
2

2

)

+
(
∇µL(µ

j)− zj
)⊤ (

µj − µ∗
MLE

)
.

Summing j = 0, . . . ,Mµ
SGD − 1 and dividing Mµ

SGD, we have

L(µn)− L(µ∗
MLE)
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= L




1

Mµ
SGD

Mµ
SGD−1
∑

j=0

µj



− L(µ∗
MLE)

(a)

≤ 1

Mµ
SGD

Mµ
SGD−1
∑

j=0

(
L(µj)− L(µ∗

MLE)
)

≤ ξµ
2Mµ

SGD

Mµ
SGD−1
∑

j=0

∥
∥zj
∥
∥
2

2
+

1

2ξµM
µ
SGD

(
∥
∥µ0 − µ∗

MLE

∥
∥
2

2
−
∥
∥
∥µMµ

SGD − µ∗
MLE

∥
∥
∥

2

2

)

+
1

Mµ
SGD

Mµ
SGD−1
∑

j=0

(
∇µL(µ

j)− z̄j + z̄j − zj
)⊤ (

µj − µ∗
MLE

)

≤ ξµ
2Mµ

SGD

Mµ
SGD−1
∑

j=0

∥
∥zj
∥
∥
2

2
+

R2

2ξµM
µ
SGD

+
1

Mµ
SGD

Mµ
SGD−1
∑

j=0

(
z̄j − zj

)⊤ (
µj − µ∗

MLE

)

+
2R

Mµ
SGD

Mµ
SGD−1
∑

j=0

∥
∥∇µL(µ

j)− z̄j
∥
∥
2
, (31)

where inequality (a) uses the Jensen inequality.
We have

∥
∥zj
∥
∥
2
≤ 2

∥
∥
∥
∥
ψ̃
τ
(1)
j ,τ

(2)
j

µj

∥
∥
∥
∥
2

= 2

∥
∥
∥
∥
∥
∥
∥

H(τ
(1)
j )
∑

h=0

ψµj (s
(1)
j,h, a

(1)
j,h)−

H(τ
(2)
j )
∑

h=0

ψµj (s
(2)
j,h, a

(2)
j,h)

∥
∥
∥
∥
∥
∥
∥
2

≤ 4Wτ . (32)

For any j ≥ 0, let Hj be all histories of steps 0, . . . , j, and we make the convention that Hj−1 = ∅ for
j = 0. Let Ej [·|Hj−1] denote the expectation with respect to the randomness at step j (i.e., (τ

(1)
j , τ

(2)
j , yj) ∼

Unif({(τ (1)i , τ
(2)
i , yi)}MHF

i=1 )) conditioning on all histories of steps 0, . . . , j − 1. Then, for any j ≥ 0, we have

Ej [∇µL̂
j(µj)⊤

(
µj − µ∗

MLE

)
|Hj−1] = ∇µL(µ

j)⊤
(
µj − µ∗

MLE

)
.

According to the definition of ENN
µ , we have

∣
∣
∣
∣
∣
∣

Mµ
SGD−1
∑

j=0

(zj)⊤
(
µj − µ∗

MLE

)
−

Mµ
SGD−1
∑

j=0

(z̄j)⊤
(
µj − µ∗

MLE

)

∣
∣
∣
∣
∣
∣

≤ 8WτR

√

Mµ
SGD log

(
1

δ′

)

. (33)

We have

∣
∣qi0(µ

j)− qi(µj)
∣
∣ ≤

∣
∣
∣
∣
∣
−
1 {yi = 1} exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

) +
1 {yi = 0}

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

)
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+
1 {yi = 1} exp

(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

1 + exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

) − 1 {yi = 0}
1 + exp

(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

∣
∣
∣
∣
∣

≤

∣
∣
∣
∣
∣
∣
∣
∣

exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

1 + exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

) −
exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

)

∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣

1

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µj

) −− 1

1 + exp
(

−h̃(τ (1)i , τ
(2)
i ;µj)

)

∣
∣
∣
∣
∣
∣
∣
∣

(a)

≤ 2
∣
∣
∣h̃0(τ

(1)
i , τ

(2)
i ;µj)− h̃(τ (1)i , τ

(2)
i ;µj)

∣
∣
∣ ,

where inequality (a) uses the fact that the derivative of functions exp(x)
1+exp(x) and 1

1+exp(x) lies in (0, 1).

Then, it holds that

∥
∥∇µL(µ

j)− z̄j
∥
∥
2

(34)

=

∥
∥
∥
∥
∥

1

MHF

MHF∑

i=1

(

qi0(µ
j)ψ̃

τ
(1)
i ,τ

(2)
i

0 − qi(µj)ψ̃
τ
(1)
i ,τ

(2)
i

µj

)
∥
∥
∥
∥
∥
2

≤ 1

MHF

MHF∑

i=1

∥
∥
∥
∥
qi0(µ

j)ψ̃
τ
(1)
i ,τ

(2)
i

0 − qi0(µj)ψ̃
τ
(1)
i ,τ

(2)
i

µj + qi0(µ
j)ψ̃

τ
(1)
i ,τ

(2)
i

µj − qi(µj)ψ̃
τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

≤ 1

MHF

MHF∑

i=1

(

2

∥
∥
∥
∥
ψ̃
τ
(1)
i ,τ

(2)
i

0 − ψ̃τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

+ 2Wτ

∣
∣qi0(µ

j)− qi(µj)
∣
∣

)

≤ 1

MHF

MHF∑

i=1

(

2

∥
∥
∥
∥
ψ̃
τ
(1)
i ,τ

(2)
i

0 − ψ̃τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

+ 4Wτ

∣
∣
∣h̃0(τ

(1)
i , τ

(2)
i ;µj)− h̃(τ (1)i , τ

(2)
i ;µj)

∣
∣
∣

)

. (35)

Plugging Eqs. (32)-(35) into Eq. (31), we have

L(µn)− L(µ∗
MLE)

≤ 8ξµW
2
τ +

R2

2ξµM
µ
SGD

+ 8WτR

√

log
(
1
δ′

)

Mµ
SGD

+
2R

Mµ
SGD

Mµ
SGD−1
∑

j=0

(

1

MHF

MHF∑

i=1

(

2

∥
∥
∥
∥
ψ̃
τ
(1)
i ,τ

(2)
i

0 − ψ̃τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

+ 4Wτ

∣
∣
∣h̃0(τ

(1)
i , τ

(2)
i ;µj)− h̃(τ (1)i , τ

(2)
i ;µj)

∣
∣
∣

))

≤ 17WτR

√

log
(
1
δ′

)

Mµ
SGD

+
2R

Mµ
SGD

Mµ
SGD−1
∑

j=0

(

1

MHF

MHF∑

i=1

(

2

∥
∥
∥
∥
ψ̃
τ
(1)
i ,τ

(2)
i

0 − ψ̃τ
(1)
i ,τ

(2)
i

µj

∥
∥
∥
∥
2

+ 4Wτ

∣
∣
∣h̃0(τ

(1)
i , τ

(2)
i ;µj)− h̃(τ (1)i , τ

(2)
i ;µj)

∣
∣
∣

))

:= εNN,n
SGD .
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In addition, we have

E{τ (1)
i }MHF

i=1 ∼On
HF, {τ (2)

i }MHF
i=1 ∼Oπbase

sinit

[

εNN,n
SGD

]

≤ 17WτR

√

log
(

1
δ′

)

Mµ
SGD

+ 2R

(

Eτ (1)∼On
HF

τ (2)∼Oπbase

sinit

[

2

(H(τ (1))
∑

h=0

∥
∥
∥ψ0(s

(1)
h , a

(1)
h )− ψµj (s

(1)
h , a

(1)
h )
∥
∥
∥
2

+

H(τ (2))
∑

h=0

∥
∥
∥ψ0(s

(2)
h , a

(2)
h )− ψµj (s

(2)
h , a

(2)
h )
∥
∥
∥
2

)

+ 4Wτ

(H(τ (1))
∑

h=0

∣
∣
∣h0(s

(1)
h , a

(1)
h ;µj)− h(s(1)h , a

(1)
h ;µj)

∣
∣
∣

+

H(τ (2))
∑

h=0

∣
∣
∣h0(s

(2)
h , a

(2)
h ;µj)− h(s(2)h , a

(2)
h ;µj)

∣
∣
∣

)])

≤ 17WτR

√

log
(

1
δ′

)

Mµ
SGD

+
2R

1− γ

(

Es(1)∼dn
HF

a(2)∼dbase

[

2

(∥
∥
∥ψ0(s

(1), a(1))− ψµj (s(1), a(1))
∥
∥
∥
2

+
∥
∥
∥ψ0(s

(2), a(2))− ψµj (s(2), a(2))
∥
∥
∥
2

)

+ 4Wτ

( ∣
∣
∣h0(s

(1), a(1);µj)− h(s(1), a(1);µj)
∣
∣
∣

+
∣
∣
∣h0(s

(2), a(2);µj)− h(s(2), a(2);µj)
∣
∣
∣

)])

(a)

≤ 17WτR

√

log
(
1
δ′

)

Mµ
SGD

+
2R

1− γ

(

4
√
cscaleR√
cm

1
4

+
16Wτ

√
cscaleR3

√
cm

1
4

)

≤ 17WτR

√

log
(

1
δ′

)

Mµ
SGD

+
40R2Wτ

√
cscaleR

(1− γ)√cm 1
4

,

where inequality (a) uses Assumption 3.3.

Let cNN
MLE := (2 + exp(−2Wτ (

√
mc̄+R)) + exp(2Wτ (

√
mc̄+R)))−1.

Lemma D.12 (MLE). Assume that event Einit ∩ Eτ ∩ ENN
µ holds. Then, for any phase n ≥ 0, we have that

with probability at least 1− 2δ′,

∥
∥µn − µproj

r

∥
∥
Σ̂NN,n

HF

≤ 1

2cNN
MLE

√

5d log
(

1
δ′

)

MHF
+

3

2cNN
MLE

√
√
√
√

MHF∑

i=1

(Eyi
[Vi])2

(

log
(

1
δ′

)

MHF

) 1
4

+

√

εNN,n
SGD

cNN
MLE

+ 2R

√

ζHF

n
:= εNN,n

MLE .

In other words, defining event

ENN
MLE :=

{∥
∥µn − µproj

r

∥
∥
Σ̂NN,n

HF

≤ εNN,n
MLE , ∀0 ≤ n ≤ N − 1

}

,

we have Pr[ENN
MLE] ≥ 1− 2Nδ′.

Furthermore, we have

E{τ (1)
i }MHF

i=1 ∼On
HF

{τ (2)
i }MHF

i=1 ∼Oπbase

sinit

[

εNN,n
MLE

]

≤ 1

2cNN
MLE

√

5d log
(

1
δ′

)

MHF
+

1
√

cNN
MLE



17WτR

√

log
(

1
δ′

)

Mµ
SGD





1
2
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+ 2R

√

ζHF

n
+

19c
1
4

scaleR
5
4M

1
4

HF

√

Wτ exp(4Wτ )

c
1
4 cNN

MLE

√
1− γm 1

8

log

(
1

δ′

)

.

Here we make the convention that ζHF

n := ζHF.

Proof. Since

∇2
µL(µ)=

1

MHF

MHF∑

i=1















1 {yi = 1} exp
(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

)

(

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µ

))2 +
1 {yi = 0} (ψ̃τ

(1)
i ,τ

(2)
i

0 )⊤µ
(

1 + exp

(

(ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤µ

))2







ψ̃
τ
(1)
i ,τ

(2)
i

0 (ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤








� cNN
MLE

MHF

MHF∑

i=1

ψ̃
τ
(1)
i ,τ

(2)
i

0 (ψ̃
τ
(1)
i ,τ

(2)
i

0 )⊤,

we have that for any ∆ ∈ R
d,

L(µproj
r +∆)− L(µproj

r )− (µproj
r )⊤∆

≥ ∆⊤∇2
µL(µ

proj
r )∆

≥ cNN
MLE∆

⊤
(

1

MHF

MHF∑

i=1

(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )
)(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )
)⊤
)

∆.

Using Lemma D.11 and the definition of µ∗
MLE, we have

L(µn) ≤ L(µ∗
MLE) + εNN,n

SGD ≤ L(µproj
r ) + εNN,n

SGD .

Then,

cNN
MLE

(
µn − µproj

r

)⊤
(

1

MHF

MHF∑

i=1

(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )
)(

ψ0(τ
(1)
i )− ψ0(τ

(2)
i )

)⊤
)

(
µn − µproj

r

)

≤ L(µn)− L(µproj
r )−∇µL(µ

proj
r )⊤

(
µn − µproj

r

)

≤ −∇µL(µ
proj
r )⊤

(
µn − µproj

r

)
+ εNN,n

SGD ,

which implies

cNN
MLE

∥
∥µn − µproj

r

∥
∥
2

Σ̂NN,n
HF

≤
∥
∥∇µL(µ

proj
r )

∥
∥
(Σ̂NN,n

HF )
−1

∥
∥µn − µproj

r

∥
∥
Σ̂NN,n

HF

+ εNN,n
SGD +

4cNN
MLEζHFR

2

n
.

By analysis for quadratic functions, we have

∥
∥µn − µproj

r

∥
∥
Σ̂NN,n

HF

≤ 1

2cNN
MLE

∥
∥∇µL(µ

proj
r )

∥
∥
(Σ̂NN,n

HF )
−1 +

√

εNN,n
SGD

cNN
MLE

+ 2R

√

ζHF

n
. (36)

Let

Vi = −
1 {yi = 1} exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µproj
r

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µproj
r

) +
1 {yi = 0}

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µproj
r

) , ∀i ∈ [MHF],
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V = [V1, . . . , VMHF ]
⊤ ∈ R

MHF ,

X = [(ψ
τ
(1)
1 ,τ

(2)
1

0 )⊤; . . . ; (ψ
τ
(1)
MHF

,τ
(2)
MHF

0 )⊤] ∈ R
MHF×d,

X⊤ = [ψ
τ
(1)
1 ,τ

(2)
1

0 , . . . , ψ
τ
(1)
MHF

,τ
(2)
MHF

0 ] ∈ R
d×MHF ,

and then

∇µL(µ
proj
r ) =

1

MHF

MHF∑

i=1

Viψ̃
τ
(1)
i ,τ

(2)
i

0 =
1

MHF
X⊤V,

Σ̂NN,n
HF =

1

MHF
X⊤X +

ζHF

n
I.

For any i ∈ [MHF], we have |Vi| ≤ 1 and

Eyi
[Vi] = Eyi






−
1 {yi = 1} exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i

0 )⊤µproj
r

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i
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r

) +
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1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i
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r

)







= − 1

1 + exp
(

−r̃(τ (1)i , τ
(2)
i )
) ·
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(
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(1)
i ,τ

(2)
i
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r

)

1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i
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r

)

+
exp

(

−r̃(τ (1)i , τ
(2)
i )
)
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(

−r̃(τ (1)i , τ
(2)
i )
) · 1
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(
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(1)
i ,τ

(2)
i
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r

)

=
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(

−r̃(τ (1)i , τ
(2)
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)

− exp

(
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(1)
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i
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)

(

1 + exp
(
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(2)
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1 + exp

(

−(ψ̃τ
(1)
i ,τ

(2)
i
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r

)) .

Then,

|Eyi
[Vi]| ≤ exp(2Wτ )

∣
∣
∣
∣
(ψ̃

τ
(1)
i ,τ

(2)
i

0 )⊤µproj
r − r̃(τ (1)i , τ

(2)
i )

∣
∣
∣
∣

= exp(2Wτ )

∣
∣
∣
∣
∣





H(τ
(1)
i )
∑

h=0

f0(s
(1)
i,h , a

(1)
i,h ;µ
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r )−

H(τ
(2)
i )
∑

h=0
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(2)
i,h , a

(2)
i,h ;µ
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r )





−





H(τ
(1)
i )
∑
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(1)
i,h , a

(1)
i,h)−

H(τ
(2)
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∑
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(2)
i,h , a

(2)
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



∣
∣
∣
∣
∣

≤ exp(2Wτ )

(H(τ
(1)
i )
∑

h=0

∣
∣
∣f0(s

(1)
i,h , a

(1)
i,h ;µ
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r )− r(s(1)i,h , a

(1)
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∣
∣
∣

+

H(τ
(2)
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∑
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∣
∣
∣f0(s

(2)
i,h , a

(2)
i,h ;µ
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∣
∣
∣

)

.
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Let D := 1
M2

HF
X(Σ̂NN,n

HF )−1X⊤ = 1
M2

HF
X( 1

MHF
X⊤X + ζHF

n I)−1X⊤ ∈ R
MHF×MHF .

Then,

∥
∥∇µL(µ

proj
r )

∥
∥
2

(Σ̂NN,n
HF )

−1 = ∇µL(µ
proj
r )⊤

(

Σ̂NN,n
HF

)−1

∇µL(µ
proj
r )

=
1

M2
HF

V ⊤X
(

Σ̂NN,n
HF

)−1

X⊤V

= V ⊤DV.

Since D is positive semi-definite, let λ1 ≥ · · · ≥ λMHF ≥ 0 denote the eigenvalues of D.

We bound tr(D), ‖D‖, tr
(
DE[V ]E[V ]⊤

)
and ‖D‖2

tr(D2) as follows.

tr(D) = tr

(

1
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X

(
1

MHF
X⊤X +
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n
I
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X⊤
)

=
1

MHF
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X⊤X +
MHFζHF
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I
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)
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∥
∥
∥
∥
∥

1
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X

(
1
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∥
∥
∥
∥
∥
=

∥
∥
∥
∥
∥

1
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X

(

X⊤X +
MHFζHF

n
I

)−1

X⊤

∥
∥
∥
∥
∥
≤ 1
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,
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(
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)
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E[V ]⊤DE[V ]

)
= E[V ]⊤DE[V ] ≤ ‖E[V ]‖22 ‖D‖ ≤

∑MHF
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2
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,

and
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2
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(
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2
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≤MHF,

where inequality (a) is due to tr
(
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)
≥ (tr(D))2

MHF
.

Let δ′ ≤ 1
e . According to Lemma E.4, we have that with probability at least 1− 2δ′,

∥
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∥
∥
2
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HF )
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√
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2
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1
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)
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1
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)
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)

(

1 + 2

√
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+
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1
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+
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√

MHF log

(
1

δ′

))

≤ 5d log
(

1
δ′

)

MHF
+ 3

(
MHF∑

i=1

(Eyi
[Vi])

2

)√

log
(

1
δ′

)

MHF
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Plugging Eq. (37) into Eq. (36), we have
∥
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r

∥
∥
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≤ 1
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√
√
√
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+
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√
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n
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≤ 1
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Next, we handle the term Eyi
[Vi]. For any i ∈ [MHF],
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h=0

(

f0(s
(1)
i,h , a

(1)
i,h ;µ

proj
r )− r(s(1)i,h , a

(1)
i,h)
)2

+

H(τ
(2)
i )
∑

h=0

(

f0(s
(2)
i,h , a

(2)
i,h ;µ

proj
r )− r(s(2)i,h , a

(2)
i,h)
)2
]

=
exp(4Wτ )Wτ

1− γ EE
(s(1),a(1))∼dn

HF

(s(2),a(2))∼dbase

[
(

f0(s
(1)
h , a

(1)
h ;µproj

r )− r(s(1)h , a
(1)
h )
)2

+
(

f0(s
(2)
h , a

(2)
h ;µproj

r )− r(s(2)h , a
(2)
h )
)2
]

≤ 32R2Wτ exp(4Wτ )

(1− γ)m log

(
1

δ′

)

.

Then, we have

E{τ (1)
i }MHF

i=1 ∼On
HF

{τ (2)
i }MHF

i=1 ∼Oπbase

sinit

[

εNN,n
MLE

]

≤ 1

2cNN
MLE

√

5d log
(

1
δ′

)

MHF
+

12RM
1
4

HF

cNN
MLE

√

Wτ exp(4Wτ )

(1− γ)m log

(
1

δ′

)

+

√
√
√
√
√

E{τ (1)
i }MHF

i=1 ∼On
HF, {τ (2)

i }MHF
i=1 ∼Oπbase

sinit

[

εNN,n
SGD

]

cNN
MLE

+ 2R

√

ζHF

n

≤ 1

2cNN
MLE

√

5d log
(

1
δ′

)

MHF
+

12RM
1
4

HF

cNN
MLE

√

Wτ exp(4Wτ )

(1− γ)m log

(
1

δ′

)

+
1

√

cNN
MLE



17WτR

√

log
(
1
δ′

)

Mµ
SGD





1
2

+
1

√

cNN
MLE

(

40R2Wτ

√
cscaleR

(1− γ)√cm 1
4

) 1
2

+ 2R

√

ζHF

n

≤ 1

2cNN
MLE

√

5d log
(

1
δ′

)

MHF
+

1
√

cNN
MLE



17WτR

√

log
(

1
δ′

)

Mµ
SGD





1
2

+ 2R

√

ζHF

n
+

19c
1
4

scaleR
5
4M

1
4

HF

√

Wτ exp(4Wτ )

c
1
4 cNN

MLE

√
1− γm 1

8

log

(
1

δ′

)

.

Lemma D.13. Assume that event Einit ∩ Eτ ∩ ENN
µ ∩ ENN

MLE ∩ ENN
cov holds. Then, for any phase n ≥ 0 and

iteration t ≥ 0,

E
(s,a)∼ρn

cov, {τ (1)
i }MHF

i=1 ∼On
HF, {τ (2)

i }MHF
i=1

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

52



≤ 2E{τ (1)
i }MHF

i=1 ∼On
HF

{τ (2)
i }MHF

i=1 ∼Oπbase

sinit

[

εNN,n
MLE

]

· Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

6
√

cscaleR3 log
(

1
δ′

)

(1− γ)√cm 1
4

:= ςNN,πt

ρn
cov

.

Proof. We have
∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

Eτ∼Oπt
s,a





H(τ)
∑

h=0

(h(sh, ah;µ
n)− r(sh, ah))





∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
Eτ∼Oπt

s,a

[
H(τ)
∑

h=0

(

h(sh, ah;µ
n)− h0(sh, ah;µn) + h0(sh, ah;µ

n)− h0(sh, ah;µproj
r )

+ h0(sh, ah;µ
proj
r )− r(sh, ah)

)
]∣
∣
∣
∣
∣

≤ Eτ∼Oπt
s,a





∣
∣
∣
∣
∣
∣

H(τ)
∑

h=0

(h(sh, ah;µ
n)− h0(sh, ah;µn))

∣
∣
∣
∣
∣
∣



+ Eτ∼Oπt
s,a





∣
∣
∣
∣
∣
∣

H(τ)
∑

h=0

ψ0(sh, ah)
⊤ (µn − µproj

r

)

∣
∣
∣
∣
∣
∣





+ Eτ∼Oπt
s,a





∣
∣
∣
∣
∣
∣

H(τ)
∑

h=0

(
h0(sh, ah;µ

proj
r )− r(sh, ah)

)

∣
∣
∣
∣
∣
∣





≤ Eτ∼Oπt
s,a






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(Σ̂NN,n

HF )−1

∥
∥µn − µproj

r

∥
∥
Σ̂NN,n

HF




+

1

1− γE(s′,a′)∼dπt
s,a

[|h(s′, a′;µn)− h0(′s, a′;µn)|]

+
1

1− γE(s′,a′)∼dπt
s,a

[∣
∣h0(s

′, a′;µproj
r )− r(s′, a′)

∣
∣
]

(a)

≤ 2εNN,n
MLE Eτ∼Oπt

s,a






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

1

1− γE(s′,a′)∼dπt
s,a

[|h(s′, a′;µn)− h0(′s, a′;µn)|]

+
1

1− γE(s′,a′)∼dπt
s,a

[∣
∣h0(s

′, a′;µproj
r )− r(s′, a′)

∣
∣
]
,

where inequality (a) uses the definition of ENN
cov and Lemma D.12.

Then, taking E(s,a)∼ρn
cov

[·] on both sides, we have

E(s,a)∼ρn
cov

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

≤ 2εNN,n
MLEEτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

1

1− γE(s′,a′)∼dπt

ρncov

[|h(s′, a′;µn)− h0(′s, a′;µn)|]

+
1

1− γE(s′,a′)∼dπt

ρncov

[∣
∣h0(s

′, a′;µproj
r )− r(s′, a′)

∣
∣
]

(a)

≤ 2εNN,n
MLEEτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

2
√
cscaleR3

(1− γ)√cm 1
4

+
4R

1− γ

√

log
(

1
δ′

)

m

53



≤ 2εNN,n
MLEEτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

6
√

cscaleR3 log
(

1
δ′

)

(1− γ)√cm 1
4

,

where inequality (a) uses Lemma D.2 and the definition of event Einit.
Furthermore, taking E{τ (1)

i }MHF
i=1 ∼On

HF, {τ (2)
i }MHF

i=1 ∼Oπbase
sinit

[·] on both sides, we have

E(s,a)∼ρn
cov

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

≤ 2E{τ (1)
i }MHF

i=1 ∼On
HF

{τ (2)
i }MHF

i=1 ∼Oπbase

sinit

[

εNN,n
MLE

]

Eτ∼Oπt

ρncov






∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1




+

6
√

cscaleR3 log
(

1
δ′

)

(1− γ)√cm 1
4

:= ςNN,πt

ρn
cov

.

In the following, for ease of notation, we use E{τ (1)
i }MHF

i=1 ∼On
HF, {τ (2)

i }MHF
i=1 ∼Oπbase

sinit

[·] and Er̂n [·] interchange-
ably.

Lemma D.14. Assume that event Einit∩Eτ ∩ENN
µ ∩ENN

MLE∩ENN
cov holds. Then, for any phase n ≥ 0, iteration

t ≥ 0, s ∈ Kn and a ∈ A,

∣
∣ψ0(s, a)

⊤ (θt∗ − θtmid

)∣
∣ ≤

√

2β
(

8(n+ 1)WNN
Q ςNN,πt

ρn
cov

+ 4ζcovR2
)

.

Proof. For any phase n ≥ 0,

E(s,a)∼ρn
cov,r̂

n

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− ψ0(s, a)
⊤θ
)2

−
(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θ
)2
]

≤ 4WNN
Q E(s,a)∼ρn

cov,r̂
n

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

≤ 4WNN
Q ςNN,πt

ρn
cov

, (38)

Here WNN
Q satisfies max{|Qπt

(s, a; r + bn)− bn(s, a)|, |ψ0(s, a)
⊤θtmid|, |ψ0(s, a)

⊤θt∗|} ≤WNN
Q .

Plugging θt∗ into θ, we have that for any fixed (s, a),

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]

≥ E(s,a)∼ρn
cov,r̂

n

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]

− 4WNN
Q ςNN,πt

ρn
cov

(a)

≥ E(s,a)∼ρn
cov,r̂

n

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− 4WNN
Q ςNN,πt

ρn
cov

, (39)

where inequality (a) is due to the definition of θtmid.
Furthermore, we have

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]
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= E(s,a)∼ρn
cov,r̂

n

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]

+ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− E(s,a)∼ρn
cov,r̂

n

[(

Qπt

(s, a; r̂n + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

(a)

≤ 4WNN
Q ςNN,πt

ρn
cov

+ 4WNN
Q E(s,a)∼ρn

cov,r̂
n

[∣
∣
∣Qπt

(s, a; r̂n + bn)−Qπt

(s, a; r + bn)
∣
∣
∣

]

≤ 8WNN
Q ςNN,πt

ρn
cov

, (40)

where inequality (a) uses Lemma E.3.
On the other hand, it holds that

E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]

= E(s,a)∼ρn
cov

[(
ψ0(s, a)

⊤ (θt∗ − θtmid

))2
]

+ 2E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)

ψ0(s, a)
⊤ (θt∗ − θtmid

)]

︸ ︷︷ ︸

Term ΓNN ≥ 0

, (41)

where Term ΓNN is non-negative due to the the first-order optimality of θt∗.
Then,

(θt∗ − θtmid)
⊤
E(s,a)∼ρn

cov
[ψ0(s, a)ψ0(s, a)

⊤](θt∗ − θtmid)

= E(s,a)∼ρn
cov

[(
ψ0(s, a)

⊤ (θt∗ − θtmid

))2
]

(a)

≤ E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θtmid

)2
]

− E(s,a)∼ρn
cov

[(

Qπt

(s, a; r + bn)− bn(s, a)− ψ0(s, a)
⊤θt∗

)2
]

≤ 8WNN
Q WNN

Q ςNN,πt

ρn
cov

,

where inequality (a) uses the same argument as Eq. (17) (i.e., the first optimality of θt∗).
The above equation implies

∥
∥θt∗ − θtmid

∥
∥
2

ΣNN,n
cov

= (θt∗ − θtmid)
⊤ ((n+ 1)E(s,a)∼ρn

cov
[ψ0(s, a)ψ0(s, a)

⊤] + ζcovI
)
(θt∗ − θtmid)

≤ 8(n+ 1)WNN
Q ςNN,πt

ρn
cov

+ 4ζcovR
2.

For any s ∈ Kn, using the definition of Kn and event ENN
cov , we have

1√
2
‖ψ0(s, a)‖(ΣNN,n

cov )−1 ≤ ‖ψ0(s, a)‖(Σ̂NN,n
cov )−1 ≤

√

β. (42)
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Thus, for any s ∈ Kn,

∣
∣ψ0(s, a)

⊤ (θt∗ − θtmid

)∣
∣ ≤ ‖ψ0(s, a)‖(ΣNN,n

cov )−1

∥
∥θt∗ − θtmid

∥
∥
ΣNN,n

cov

≤
√

2β
(

8(n+ 1)WNN
Q ςNN,πt

ρn
cov

+ 4ζcovR2
)

.

D.5 Proof of Theorem 5.2

For any phase n = 0, . . . , N − 1 and iteration t = 0, . . . , T − 1, let

θt∗ := argmin
θ∈SR

E(s,a)∼ρn
cov

[(

f0(s, a; θ)−
(

Qπt

(s, a; r + bn)− bn(s, a)
))2

]

,

θtmid := argmin
θ∈SR

E(s,a)∼ρn
cov,r̂

n

[(

f0(s, a; θ)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

,

θt
SGD≈ argmin

θ∈SR

E(s,a)∼ρn
cov

[(

f0(s, a; θ)−
(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

.

Let δ′ := δ
24N(K+MHF+Mµ

SGD+TMθ
SGD)

. For any n ≥ 0, t ≥ 0 and (s, a) ∈ S × A, let b̄n,t(s, a) :=

bn(s, a)− Ea′∼πt(·|s) [b
n(s, a′)], and for any w ∈ R

md, let ψ̄t
w(s, a) := ψw(s, a)− Ea′∼πt(·|s) [ψw(s, a

′)].

Proof of Theorem 5.2. First, we have Pr[Einit ∩ ENN
θ ∩ Eτ ∩ ENN

µ ∩ ENN
MLE ∩ ENN

cov ] ≥ 1 − 6 · 2N(K +MHF +

Mµ
SGD + TMθ

SGD) · 2δ′ = 1− δ. In the following, we assume that event Einit ∩ ENN
θ ∩ Eτ ∩ ENN

µ ∩ENN
MLE ∩ ENN

cov

holds.
For any phase n = 0, . . . , N − 1 and iteration t = 0, . . . , T − 1, we have

V π∗,n

Mn (sinit)− V πt

Mn(sinit)

≤ 1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[

Aπt

Mbn
(s, a) · 1 {s ∈ Kn}

]

=
1

1− γE(s,a)∼dπ∗,n
Mn;sinit

[
(
ψ̄t
wt(s, a)⊤θt + b̄n,t(s, a)

)
· 1 {s ∈ Kn}

+
(

Aπt

Mbn
(s, a)−

(
ψ̄t
0(s, a)

⊤θt∗ + b̄n,t(s, a)
))

· 1 {s ∈ Kn}
︸ ︷︷ ︸

Term 1

+ ψ̄t
0(s, a)

⊤ (θt∗ − θtmid

)
· 1 {s ∈ Kn}

︸ ︷︷ ︸

Term 2

+ ψ̄t
0(s, a)

⊤ (θtmid − θt
)
· 1 {s ∈ Kn}

︸ ︷︷ ︸

Term 3

+
(
ψ̄t
0(s, a)− ψ̄t

wt(s, a)
)⊤
θt

︸ ︷︷ ︸

Term 4

]

. (43)

Below we bound Terms 1-4.

Term 1. We first bound Term 1.

Term 1 = E(s,a)∼dπ∗,n
Mn;sinit

[(

Qπt

Mbn
(s, a)−

(
ψ0(s, a)

⊤θt∗ + bn(s, a)
))

· 1 {s ∈ Kn}
]
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− Es∼dπ∗,n
Mn;sinit

,a′∼πt(·|s)

[(

Qπt

Mbn
(s, a′)−

(
ψ0(s, a

′)⊤θt∗ + bn(s, a′)
))

· 1 {s ∈ Kn}
]

(a)

≤
√

E(s,a)∼dπ∗
sinit

[(
Qπt

Mbn
(s, a)− (ψ0(s, a)⊤θt∗ + bn(s, a))

)2
]

+

√

Es∼dπ∗
sinit

,a′∼πt(·|s)

[(
Qπt

Mbn
(s, a′)− (ψ0(s, a′)⊤θt∗ + bn(s, a′))

)2
]

≤ 2

√

|A|E(s,a)∼d⋆
sinit

[(
Qπt

Mbn
(s, a)− (ψ0(s, a)⊤θt∗ + bn(s, a))

)2
]

= 2
√

|A|εNN
bias,

where inequality (a) uses Lemma C.2.

Term 2. Then, we bound Term 2.
Using Lemma D.14, we have that for any s ∈ Kn and a ∈ A,

∣
∣ψ0(s, a)

⊤ (θt∗ − θtmid

)∣
∣ ≤

√

2β
(

8(n+ 1)WNN
Q ςNN,πt

ρn
cov

+ 4ζcovR2
)

.

Thus,

Term 2 = E(s,a)∼dπ∗,n
Mn;sinit

[
ψ̄t
0(s, a)

⊤ (θt∗ − θtmid

)
· 1 {s ∈ Kn}

]

≤ E(s,a)∼dπ∗,n
Mn;sinit

[∣
∣ψ0(s, a)

⊤ (θt∗ − θtmid

)∣
∣ · 1 {s ∈ Kn}

]

+ Es∼dπ∗,n
Mn;sinit

,a′∼πt(·|s)
[∣
∣ψ0(s, a

′)⊤
(
θt∗ − θtmid

)∣
∣ · 1 {s ∈ Kn}

]

≤ 2

√

2β
(

8(n+ 1)WNN
Q ςNN,πt

ρn
cov

+ 4ζcovR2
)

.

Term 3. Next, we bound Term 3.
Using the same argument as Eq. (41) (i.e., the first optimality of θtmid),

E(s,a)∼ρn
cov,r̂

n

[(
ψ0(s, a)

⊤θtmid − ψ0(s, a)
⊤θt
)2
]

≤ E(s,a)∼ρn
cov,r̂

n

[(

ψ0(s, a)
⊤θt −

(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

− E(s,a)∼ρn
cov,r̂

n

[(

ψ0(s, a)
⊤θtmid −

(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]

= Er̂n

[

E(s,a)∼ρn
cov

[(

ψ0(s, a)
⊤θt −

(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

−
(

ψ0(s, a)
⊤θtmid −

(

Qπt

(s, a; r̂n + bn)− bn(s, a)
))2

]∣
∣
∣
∣
r̂n

]

= Er̂n

[

F r̂n(θt)− F r̂n(θtmid)|r̂n
]

≤ Er̂n

[

F r̂n(θt)− F r̂n(θt,r̂
n

mid )|r̂n
]

(a)

≤ εNN
Q .
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where inequality (a) is due to Lemma D.9.
Then, we have

∥
∥θtmid − θt

∥
∥
2

ΣNN,n
cov

≤
(
θtmid − θt

)⊤ (
(n+ 1)E(s,a)∼ρn

cov

[
ψ0(s, a)ψ0(s, a)

⊤]+ ζcovI
) (
θtmid − θt

)

= (n+ 1)E(s,a)∼ρn
cov

[(
ψ0(s, a)

⊤θtmid − ψ0(s, a)
⊤θt
)2
]

+ 4R2ζcov

≤ (n+ 1)εNN
Q + 4R2ζcov.

For any s ∈ Kn and a ∈ A,
∣
∣ψ0(s, a)

⊤ (θtmid − θt
)∣
∣ ≤ ‖ψ0(s, a)‖(ΣNN,n

cov )
−1

∥
∥θtmid − θt

∥
∥
ΣNN,n

cov

(a)

≤
√

2β
(

(n+ 1)εNN
Q + 4R2ζcov

)

,

where inequality (a) uses Eq. (42).
Hence, we have

Term 3 = E(s,a)∼dπ∗,n
Mn;sinit

[
ψ̄t
0(s, a)

⊤ (θtmid − θt
)
· 1 {s ∈ Kn}

]

≤ 2
√

β(n+ 1)εNN
Q + 4R

√

βζcov.

Term 4. Finally, we bound Term 4 as follows.

Term 4 = E(s,a)∼dπ∗,n
Mn;sinit

[(
ψ̄t
0(s, a)− ψ̄t

wt(s, a)
)⊤

θt
]

≤ E(s,a)∼dπ∗
M;sinit

[∣
∣
∣(ψ0(s, a)− ψwt(s, a))

⊤
θt
∣
∣
∣

]

+ |A|E(s,a)∼dπ∗
M;sinit

[∣
∣
∣(ψ0(s, a

′)− ψwt(s, a′))
⊤
θt
∣
∣
∣

]

≤ 4|A|
√
cscaleR3

√
cm

1
4

.

The Total Suboptimality. Combining Lemma C.3 and Eq. (43), we have

V π∗
(sinit)− V πt

(sinit) ≤ RHS in Eq. (43) +
1

1− γ
∑

(s,a)/∈Kn

dπ
t

sinit(s, a).

Summing over t = 0, . . . , T−1, dividing T and applying the regret for natural policy gradient (Lemma D.7),
we have

V π∗
(sinit)− V πn+1

(sinit)

=
1

T

T−1∑

t=0

(

V π∗
(sinit)− V πt

(sinit)
)

≤ log(|A|)
(1− γ)ηT +

ηWS(W
NN
θ )2

(1 − γ) +
2
√

|A|εNN
bias

1− γ +
1

1− γ 8
√

β(n+ 1)WNN
Q · 1

T

T−1∑

t=0

√

ςNN,πt

ρn
cov

+
12R
√
βζcov

1− γ +
2

1− γ
√

β(n+ 1)εNN
Q +

4|A|
√
cscaleR3

√
cm

1
4

+
1

1− γ
∑

(s,a)/∈Kn

dπ
n+1

sinit (s, a).
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Next, we handle the term 1
T

∑T−1
t=0

√

ςNN,πt

ρn
cov

.

1

N

N−1∑

n=0

(n+ 1)
1

T

T−1∑

t=0

√

ςNN,πt

ρn
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(

2N2
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√
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(

1
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)
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+
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√
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

17WτR

√
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(

1
δ′

)

Mµ
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



1
2

+ 4R
√
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+
76N2c

1
4
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5
4M

1
4
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√
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c
1
4 cNN

MLE

√
1− γm 1

8
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(
1
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1
2

· 1
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N−1∑
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Eτ∼Oπt
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




∥
∥
∥
∥
∥
∥

H(τ)
∑

h=0

ψ0(sh, ah)

∥
∥
∥
∥
∥
∥
(ΣNN,n

HF )−1






+
6
√

cscaleR3 log
(

1
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)

(1− γ)√cm 1
4
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(

2N
√

cNN
MLE

(

5md log
(

1
δ′

)

MHF

) 1
4

+
2N

(cNN
MLE)

1
4



17WτR

√

log
(

1
δ′

)

Mµ
SGD





1
4

+ 2
√
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1
4 ζ

1
4
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+
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1
8

scaleR
5
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1
8
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1
4
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1
8

√
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4 m
1
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√
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(
1
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·
(

m
1
4 d

1
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1
4

(

1 +
4NW 2

τ

ζHFmd

)

+
m

1
4 d

1
4 log

1
4 (N)

c
1
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)

︸ ︷︷ ︸

d̃HF

.

Recall that δ′ := δ
24N(K+MHF+Mµ

SGD+TMθ
SGD)

, ζcov := 1, ζHF := 4W 2
τ , WS := 1, WNN

θ :=
√
mc̄ + R,

WNN
∇F := 4

(1−γ)2 + 4(
√
mc̄+R)
1−γ , WNN

f :=
√
mc̄ + R, WNN

Q :=
√
mc̄+R
1−γ + 2

(1−γ)2 , ξθ := R

WNN
∇F

√
Mθ

SGD

, ξµ :=

R

Wτ

√
Mµ
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, η := log(|A|)
WNN

θ

√
WST

and cNN
MLE := (2 + exp(−2Wτ (

√
mc̄ + R)) + exp(2Wτ (

√
mc̄ + R)))−1. K and

MHF should satisfy that K ≥ 16(N+1)2 log2( 4dN
δ′ )

ζ2
cov

and MHF ≥
16W 4

τ log2( 4dN
δ′ )

ζ2
HF

, respectively.

Therefore, summing the regret over n = 0, . . . , N − 1 and dividing N , we have

V π∗
(sinit)− V πout

(sinit)

=
1

N

N−1∑

n=0

(

V π∗
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)

≤
2
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(1− γ)ηT +
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NN
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(1− γ)
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√

T

+
12R
√
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1− γ +
2md
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(

1 +
N
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)

+
8
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1
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) 1
4

+
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(
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+
16R

√

βN(WNN
f +WNN

Q )c
1
4

scaleR
1
4

(1− γ)c 1
4m

1
8

+
4|A|
√
cscaleR3

√
cm

1
4

. (44)

E Technical Tools

Lemma E.1. Let D be a distribution of random vector φ ∈ R
d such that ‖φ‖2 ≤ W and Σ = Eφ∼D[φφ⊤].

Given K i.i.d. samples φ1, . . . , φK ∼ D, then with probability at least 1− δ′,

Pr

[∥
∥
∥
∥
∥

1

K

K∑

i=1

φiφ
⊤
i − Σ

∥
∥
∥
∥
∥
≤ 2W 2 log

(
4d
δ′

)

√
K

]

.

Proof. This analysis is originated from Lemma H.3 in Agarwal et al. [2020].
Let Xi = φiφ

⊤
i − Σ, and it holds that E[Xi] = 0 and ‖Xi‖ ≤W 2.

Then, we have

E
[
X2

i

]
= E

[(
φiφ

⊤
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)2
]
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[(
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⊤
i

)2
+Σ2 − 2Σφiφ

⊤
i

]
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⊤
i

)2
]

+Σ2 − 2ΣE
[
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⊤
i

]
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[(
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⊤
i

)2
]

+Σ2 − 2Σ2

= E

[(
φiφ

⊤
i

)2
]

− Σ2.

For any x ∈ R
d,

x⊤
(

E

[(
φiφ

⊤
i

)2
]

− E
[
X2

i

])

x = x⊤Σ2x = (Σx)
⊤
Σx ≥ 0,

which implies

E

[(
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⊤
i

)2
]

� E
[
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i

]
.

For any x ∈ R
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x⊤
(
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E
[
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⊤
i

]
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⊤
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[
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⊤
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[(
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⊤
i

) (
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⊤
i

)]
x

≥W 2 · x⊤E
[
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⊤
i

]
x−W 2 · x⊤E

[
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⊤
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]
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⊤
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� E
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⊤
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.

Then, we have

E
[
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i

]
� E

[(
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⊤
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]

�W 2
E
[
φiφ

⊤
i

]
=W 2Σ,
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and thus,
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[
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i

]
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∥
∥
∥
∥
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i=1
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]
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∥
∥
∥
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Using the Matrix Bernstein inequality (Theorem 7.7.1 in Tropp et al. [2015]), we have that for any
t ≥W 2

√
K + 1
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∥
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∥
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(
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√
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.
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∥
∥
∥
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)

≤ 4d exp

(

− log

(
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Thus, with probability at least 1− δ′,
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∥
∥
∥
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1

K
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φiφ
⊤
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∥
∥
∥
∥
∥
≤ 2W 2 log

(
4d
δ′

)

√
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]

.

Lemma E.2. For any n ∈ [N ], let Dn be a distribution of random vector φ ∈ R
d such that ‖φ‖2 ≤W , and

define Σn = Eφ∼Dn [φφ⊤] and Σ =
∑N

n=1 Σ
n. For any n ∈ [N ], given K i.i.d. samples φn1 , . . . , φ

n
K ∼ Dn,

let Σ̂n = 1
K

∑K
j=1 φ

n
j (φ

n
j )

⊤ and Σ̂ =
∑N

n=1 Σ̂
n. Letting K ≥ 16N2W 4 log2( 4dN

δ′ )
ζ2 , then with probability at least

1− δ′, we have that for any x ∈ R
d,

1

2
x⊤ (Σ + ζI)−1 x ≤ x⊤

(

Σ̂ + ζI
)−1

x ≤ 2x⊤ (Σ + ζI)−1 x.

61



Proof. This proof is originated from Lemma H.4 in Agarwal et al. [2020].

According to Lemma E.1, we have that for any n ∈ [N ], with probability at least 1− δ′

N ,

Pr





∥
∥
∥
∥
∥
∥

1

K
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and then summing over n ∈ [N ], we have
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Let UΛU⊤ be the eigendecomposition of Σ, where Λ = diag([λ1, . . . , λd]) and U = [u1, . . . , ud]. Then,
we have
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= x⊤ (Σ + ζI)
−1
x.

On the other hand, we have
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Lemma E.3. For any a, b, c ∈ R, we have

(b− a)2 − (c− a)2 ≤ 4max{|a|, |b|, |c|}|b− c|.

Proof. It holds that

(b− a)2 − (c− a)2 = (a2 + b2 − 2ab)− (a2 + c2 − 2ac)

= b2 − c2 − 2a(b− c)
= (b+ c)(b − c)− 2a(b− c)
= (b+ c− 2a)(b− c)
≤ 4max{|a|, |b|, |c|}|b− c|.
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Lemma E.4 (Theorem 2.1 in Hsu et al. [2012]). Let A ∈ R
n×n be a matrix, and let Σ := A⊤A. Suppose

that x = (x1, . . . , xn) is a random vector such that, for some ν ∈ R
n and σ ≥ 0,

E
[
exp

(
α⊤ (x− ν)

)]
≤ exp

(

‖α‖2 σ2

2

)

for all α ∈ R
n. For all t > 0,
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t

) 1
2







 ≤ exp(−t).

Lemma E.5 (Lemma 11 in Abbasi-Yadkori et al. [2011]). Let X1, . . . , XN be a sequence of d×d-dimensional
positive semi-definite matrices, and ‖Xn‖ ≤ Wx for all n ∈ [N ]. Let A0 = ζId with ζ ≥ max{1,Wx}. For
any n ∈ [N ], let An = A0 +

∑n
i=1Xi. Then, we have

N∑

n=1

tr
(
A−1

n−1Xn

)
≤ 2 log

(
det(AN )

det(A0)

)

.
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