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A recently proposed effective action for the trace anomaly describes a tensor-scalar theory that is weakly
coupled up to a certain high energy scale, where it becomes strongly interacting. Its ultraviolet completion is
obtained by coupling to gravity a quantum field theory in which conformal invariance is spontaneously
broken. In this paper, we show that if the field theory that gives rise to the trace anomaly is a large N.
conformal field theory, then the trace anomaly action has a completion above the strong scale in a holographic
Randall-Sundrum two-brane theory, with the radion as a low energy remnant of the spontaneously broken
conformal symmetry. Furthermore, we note that the subleading N, terms can be derived by adding localized
fields to the UV brane, so that the theory remains weakly coupled. The subleading terms are also obtained by
introducing the Weyl squared terms in the 5D bulk. These, however, exhibit strongly coupled behavior at the

respective sub-Planckian energy scales.
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I. INTRODUCTION AND SUMMARY

A local diffeomorphism-invariant action capturing the
gravitational trace anomaly [1] has been know thanks to
the works of Riegert, and Efim Fradkin and Tseytlin [2,3];
it is referred to as the local Riegert action, albeit the works
[2,3] are practically simultaneous, with Riegert’s derivation
being more general. The current understanding of the
Riegert action as an effective action for the trace anomaly
was achieved by Komargodski and Schwimmer [4] [see
also an SO(2,4)/1SO(1,3) coset construction leading to
this action in [5]].

However, general relativity (GR) coupled to the Riegert
action is a strongly coupled theory at an arbitrary low

'After deriving the local but seemingly noncovariant anomaly
action, Riegert went on to rewrite it as a manifestly diff-invariant,
but nonlocal action [2]. This rewriting introduced a fourth-order
derivative into the action via a nonlocal field redefinition used in
Eq. (19) of [2]. The resulting action in Egs. (24) and (25) of [2]
has a ghost because of the fourth-order derivative term. This
ghost, even if projected out classically, will still lead to un-
physical quantum instabilities. For that reason, the anomaly
actions containing fourth-order derivatives will not be considered
here. In this work we only use Riegert’s local action, presented in
Egs. (6) and (8) of [2], which is diffeomorphism invariant [4], and
has no four-derivative kinetic terms.
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energy scale (see [6,7], and references therein). One of us
proposed in [7] to resolve this problem by augmenting the
classical GR action so that the amended theory, together
with the Riegert action, is weakly coupled all the way up to
a certain high energy scale M, which could presumably be
in the interval, My ~ 10° GeV < M < Mp, = 1//82G ~
10'® GeV. The augmented action [7], without the Riegert
term, reads:

Sp_r :M2/d4x,/—gR—1\_/I2/d4x\/—gl_?, (1)

where R = R(3), M = Mp,/\/2 > M, and the two metric
tensors are related as

9w = legﬂw (2)
where 7 is a scalar field. Consequently, the total effective

action that captures classical gravitational physics and the
trace anomaly equation reads as follows [7]:

Setr = Sg—r + Sa(7.9). (3)

where S,—denoting the local Riegert action—has the
form [2-4]

Sy =—2a / d*x/=g(tE — 4GV 1V, — 4(V*1)(Vr)?

_2(Ve)h) + 2¢ / & /G, @)
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with the covariant derivative V, the Euler (Gauss-Bonnet)
invariant, £ =R2 ,—4R: + R? and the Weyl tensor

) T _
squared, W* = R; , — 2R}, + R*/3, all made out of the
metric g.

The action (3), with ¢ = 0, was introduced earlier in [8]
in a different, entirely classical context without reference to
the quantum trace anomaly, but as a scalar-tensor action
maintaining two derivative conformally invariant equations
of motion, in spite of the action itself not being conformally
invariant. This action belongs to a more general class of
Horndeski’s scalar-tensor theories, which maintain second
order equations of motion [9].

It is evident that Eq. (3) should be regarded as defining
an effective low energy action. Since M < Mp,, all Planck-
scale suppressed higher dimensional terms can be ignored
in this action; it describes a weakly coupled theory up to the
scale M, where it becomes strongly coupled [7].

Recall that the GR action breaks the scale invariance
explicitly, with Mp; being the breaking scale.” The param-
eter M, on the other hand, can be viewed as a scale where
the conformal symmetry is spontaneously broken [5,7].
The low energy remnant of the spontaneous breaking is 7.
Thus, the action (3), when viewed as a functional of g and r,
contains terms for explicit, spontaneous, and anomalous
breaking of the conformal symmetry. That being said,
the respective high energy theory above M is likely to
contain more terms and degrees of freedom. The goal of
this paper is to discuss the UV completion of the above
action at the scale M.

The Riegert action is in fact part of the universal action
describing the dynamics of a conformal field theory (CFT)
with spontaneously broken conformal invariance below the
breaking scale [4]. The field 7 is identified with the dilaton,
that is the Nambu-Goldstone boson of spontaneously
broken conformal invariance, and the second term in (1)
contains its kinetic term.

When a generic CFT is coupled to gravity many relevant
operators—such as scalar masses—are induced, which
make the theory gapped and lift the flat directions in the
scalar potential. The flat directions are the very reason why
conformal invariance is broken spontaneously instead of
being broken explicitly, so spontaneous conformal sym-
metry breaking is nongeneric in quantum field theory. An
exception to this scenario is represented by theories that
come from certain highly supersymmetric compactifica-
tions of string theory.

Another interesting example is large-N,. CFTs, which
have a holographically dual description in 5D. Here we will
study the UV completion of the action (3) in the case when

To be more precise, the scale transformations here refer to the
transformations formed by the dilatations together with simulta-
neous global diffeomorphisms, such that the coordinates do not
transform under the combined transformations, but the metric
tensor transforms as, g — e>*g, with a constant A.

a quantum field theory (QFT) that gives rise to the
Riegert action is a large N. CFT that has a holographic
dual. There are simplifications in this case that help our
analysis. Indeed, the general trace anomaly equation,
(T}) = —aE + ¢'W?, simplifies in the large N, limit of

a CFT where a = ¢/
" 2 N% 2 1 2
(Ty) =a(W* —E) = — R, — §R ) (5)

= 3242

Henningson and Skenderis have shown in [10] that the
term, Riv - %Rz, generically emerges in equations of motion
via 5D AdS holography, where they derived the trace
anomaly equation for a large N, CFT (5). One would
therefore expect that the corresponding 4D effective action
for the trace anomaly could also be derived from the 5D
AdS theory. We will show how this expectation is indeed
fulfilled.

After writing 5D gravity in the formalism that we will
use throughout the paper (see, Sec. II) we will derive the
Riegert action as an effective action in Sec. III. The 4D
action would appear nonlocal if only the metric field were
to be used. However, it can be rewritten as a local diff-
invariant action by integrating into it the field z. Since 7 is
also the dilaton, we need a 5D model for spontaneously
broken conformal invariance coupled to gravity. This
requirement can be realized by the two-brane Randall-
Sundrum model [11] (RS1), which is indeed holographic to
a CFT coupled to gravity [12]. Importantly, the position of
the IR brane in RS1, which is not stabilized, is precisely the
massless dilaton, as shown in [13].

In Sec. IV we will recover the result of [13—15] that shows
how the R — R term naturally emerges in the holographic
picture of the RS1 model. The main result of Sec. IV is to
show that the RS1 action also generates the Riegert term
with a = ¢/, together with certain specific conformally-
invariant dimension-4 terms. Unlike the Riegert terms, the
latter are nonuniversal and model-dependent. In Sec. V we
show that our action satisfies the Ward identities of sponta-
neously broken conformal invariance. In Sec. VI we will
study deviations from the a = ¢’ limit. In Sec. VII we will
discuss some open questions.

II. THE 5D THEORY

First of all we summarize the 5D action and equations
in the formalism developed by Shiromizu et al. [16].
The bulk action is

Sgu = M3 / d*xdz\/gN(R + K> — K2, = 2As),  (6)

where N is the lapse in the 5th dimension, and N, is the
respective shift (see Ref. [17] for more details). The 5D
cosmological constant will be chosen to be negative,
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—2A5 = 12/L?, where L is the radius-curvature of a 5D
AdS spacetime. The extrinsic curvature of 4D spacetime is
defined as follows

A 1
K

w — ﬁ (azg;w - vﬂND - VDNﬂ)‘ (7)

Variation of the bulk action (6) with respect to the lapse
N gives

R-20 =K - K2, (8)

and the equation obtained by variation of the action with
respect to Ny reads

@akaﬁ — @/}k (9)

As long as the above equation is satisfied, we can substitute
N, =0 in the bulk {uv} equation, which then reads as
follows:
N . | N N A N
G;w + ASQ;w = Eg;w(Kz - Kﬁﬂ) + 2( /F;K/)zx - KKMD)
N V,V,N -3, V°N
N

_ ‘@ g aZ( \% _@(Kgaﬂ - K(l/}))

TN

We will use these equations below, together with the
appropriate boundary conditions, to determine an effective
4D theory.

In the next section we will consider only one brane,
together with the corresponding boundary conditions
specified there. We will show that by integrating out the
bulk in the single-brane RS model one gets at low energies
4D GR plus the Riegert action, with a = ¢’.

(10)

III. THE RIEGERT ACTION FROM AdS;s

After taking into account the equations of motion,
(8) and (9), we can set N, =0, N=A(z) =L/(z+L)
for z > 0, and consider the metric:

ds* = g, (x, z)dx"dx* + A*(z)dz>. (11)

We will follow Kanno and Soda [18] to integrate out the 5D
bulk. This is done via a classical nonlinear order-by-order
expansion of the 5D equations of motion in powers of RL?,
where R is a 4D curvature experienced by a 4D observer on
the positive tension brane in the single-brane RS model.
The corresponding expansion of the metric is parametrized
as follows:

B (3:2) = A2(2) (9 () + ) (1. 2) + g (v.2) + ...
(12)

where gﬁ/}(x,z =0)=0, for j=1,2,3,... Using the
above expansion one can find the corresponding power
series expression for the extrinsic curvature

Kt =3k (13)

The expression for K" depends of an unknown tensor
that cannot be written as a variation of a local tensor made
out of the metric and its derivatives [18]. On the other hand,
traces of K, ,(,")” can be determined unambiguously in terms
of local quantities [18]. We use this observation and come
up with a scheme that only utilizes the traces of the extrinsic

curvatures evaluated at z = O:

(O)u 4 (u
A P L’ A P 6 (9).
’;
(2)u _ L 2 1 2
K -~ (R, ——R?). 14
" ol=0 24( w3 ) (14)

Taking the trace of the junction condition at z = 07

T4§m/ - ZMg(f(;w - kgﬂl/) = 0’ (15)
one gets
4T, + 6M3K = 0. (16)

Using the RS fine tuning condition
Ty =6M:/L, (17)

and noticing that R(§)|._o+ = R(g), we can rewrite the
trace equation (16) as follows:

M3L3 1

where M? = M3L is the 4D Planck mass squared divided

by 2, and a = % ~ N_.2. The above is the trace anomaly
equation. As noted earlier, the emergence of the 4D trace
anomaly equation from a 5D AdS bulk was first shown
in [10].

Our goal is to derive the action that gives rise to Eq. (18).
To achieve this we can follow the method used by
Riegert [2]. We multiply both sides of the Eq. (18) by
/=9, and perform the following field redefinition,

G (x) = €*7G,,; this gives
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M5 (R(G) - 6(Vs) — 6V%) — -zaf<-§ T A zz‘evzf)
—2a/=g(-4(V*7)> + 4(V,V,1)? — 4(V?1) (V1) = 8(V*VP7) (V1) V,7).

(19)

We now look for an action, as a functional of 7 and g and their derivatives, that can be varied with respect to 7 to give rise

to (19). This action reads

S—Mz/d4x Z5¢(R(5) + 6(Vo)?) + 1(5)

—2a / d*x/=g(vE — 4GV 7V, — 4(V’7)(Vr)? = 2(Ve)*) + 2a / d*x/—grW2. (20)

The second line is the Riegert action with a = ¢ =
M3L3/8, consistent with a large N, CFT. The first term
in the first line is the Einstein-Hilbert term written in the
Jordan frame. The second term in the first line, denoted by
1(3), is a functional that does not depend on 7, but can
depend on g and its derivatives. In a sense, 1(g) is an
“integration functional” which cannot be determined by
the above procedure. If one assumes /(g) = 0, as it was
done by Riegert [2], then the theory is strongly coupled at
arbitrarily low energies [6,7]. One way to avoid this
problem is to postulate that, 1(g) = —M?* [ d*x\/=3R,
based on symmetry and anomaly cons1deratlons as was
done in [7].

From the 5D perspective the strong coupling issue stems
from the fact that the gravitational Kaluza-Klein modes are
infinitely strongly coupled at the nonlinear level near the
AdS horizon in the single-brane RS model [19]. This issue
gets resolved by introducing a second brane which cuts
off the AdS horizon in the RS model. Interestingly, the
expression for I(g)—precisely with the negative sign—
naturally emerges in the holographic picture as soon as one
introduces the second brane in the RS model [11]; this leads
to a radion field, which can then be identified with the 7
field introduced above. All this is discussed in gradually
increasing detail in the subsequent sections.

IV. DERIVATION OF I(g)

The expression for I(g) could be obtained from the
comprehensive work of Kanno and Soda [20]; it is for sake
of presentation that we will give a different derivation of
1(g) here.

First we use the bulk equation (8) in the bulk action (6) to
get a partially “on-shell” action

Sgui| = 2M3 / d*xdz\/aN(R = 2As).  (21)

To introduce a radion field we parametrize the metric as
follows:

|
ds® = g, (v, 2)dx'dx" + N*(x,z)dz>,  (22)

and adopt new notations, as well as more general expansion
for the metric than the one used in the previous section:

G (x,27) = Q(x,
=Q?(x

2) G (%, 2)
) (G (%) + 69, (x,2)),  (23)

where 8g,, (x, z = 0) = 0. The metric g, (x) denotes the RS
zero mode, while &g, encodes subleading curvature cor-
rections due to the bulk. Using (22) and (23) one can find the
corresponding expression for the extrinsic curvature

. 0.Q?

Q2
Ka[i 2NQZ g(xﬁ(x Z) +

a OG- (24)
Note that the first term on the right-hand side contains the
leading and subleading pieces in §. Substituting the latter
expression into (9), and focusing on the leading order, we get
the following relation between N and

UoQ?
2 Q2

N(x,z) = (25)
where U is an integration constant. By substituting (25) into
the bulk equation (8) one can determine the integration
constant from the obtained relation

12 12
We can now use (25) and (26) in (21) to obtain
Spanl = ML [ @i [ dzy=gl0.(0)R(g)
+ 661(VQ)2 - (azQ4)A5). (27)

It is clear that the z integration can be done explicitly
and that the result of that integration depends only on
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the boundary values of Q. We choose the following
boundary conditions

L
ZIR + L

Qx,z =y(x)) =P(x) = et (28)

where we parametrized the x-dependent boundary, y(x),
by the field ®(x). Using the junction conditions at both
branes to integrate (27) with respect to z from the UV,
7 =0, to the IR, z = y(x), we obtain

Mm? / d*x\/=g(R = ®’R - 6(V®)?)
= M? / d*x(y/=gR — €*\/=gR). (29)

Here ¢ =L/(zg +L)=M/M, and hence we find
that I(g) = —M? [ d*x\/=gR.

Note that we require M < M. This hierarchy can be
achieved if the average distance between the two branes is
much greater than the radius curvature of AdSs, zir > L.
This implies that the mass scale of the lightest Kaluza-Klein
(KK) modes, NZI_RI, is below the scale of the curvature of
AdSs. Moreover, we find that, M ~ N,./zg, which is much
higher than the KK mass scale, zl‘Rl, and, by construction, is
much smaller than the 4D Planck scale, Mpj~M ~ N_/L.

The action (29) was found in [13-15] by dimensional

reduction of the 5D RS1 action. We will also derive it in the
|

I 1+L/ZIR dy
SBulk =2 3
2R JL/zr y

Q* (dhdh dh dh,,
4Nz% \dydy dy dy )|

Here, ¢ = M3L3, W = ¢*¢°h,,, h= ¢"h,,, G, =R
equations of motion for £, are

w %gﬂyR, and K,, =

next sections by a dimensional reduction that solves the
radial Hamiltonian and momentum constraints Egs. (8)
and (9). By taking care of the constraints we can also
compute the first order correction to the action, which
depends on &g,,. This can be done systematically using
the formalism of Ref. [20] and by selecting appropriate
integration constants in their equations. When considering

the first correction to the lowest-order results—i.e.,

0 = g,(}y) = h,,, in the expansion (23)—we can simplify

the derivation and explicitly perform integrals in z that
are left implicit in [18,20]. We can also find at the same
time the Riegert action and the next to leading Weyl-
invariant terms.

A. Solving the equations for the extrinsic curvature K,

We are interested in an effective field theory in which
the expansion parameter is zj times gradients of the fields.
The first term in the expansion is Eq. (29) while the second
is obtained by expanding g, (x,y) = g,,(x) + h,,(x.y) in
the action (6) up to the fourth order in zRrd,. It is also
convenient to define a new radial coordinate y as
z=2zrY — L, and since 0 <z <z in this section, the
integration range for y is i <y<1l+ i In the rest of this
section and in Sec. VI we also use a different definition of
Q, which is (z+ L)/L times the Q used in the previous
section. With this new definition the exact anti—de Sitter
metric  ds*> = ﬁ (n,,dx"dx” 4+ dz*) corresponds  to

Q =1. We find

d*x\/=g [Ngz(vﬂvyh/w —V2h = W"G,,) — 6h*V,(NQ)V,Q + 3hV, (NQ)V*Q

(30)

=L

d . —
2Nd_yhﬂ”’ since we set N, =0. The

1 d [ Q* (dh, dh 1
[ < £ >] =—(9.,V*(NQ?) -V, V, (NQ?) + G, Q°

wa oy e %) 5
+3V,(NQ)V,Q + 3V, (NQ)V,Q — 39, V,(NQ)VQ). (31)
Using the identities
PV, = -1 Ly ava), ver= -1 Lo (32)
# v 27 dy pem e 27 dy ’

we find that the left-hand side (lhs) of (31) is a total derivative so we can write

085006-5



GREGORY GABADADZE and MASSIMO PORRATI

PHYS. REV. D 108, 085006 (2023)

Q (dhw a’h> ,
2 — g | = 59X, + Cy,
Ny \dy  dy) ¥ g
X, =Q2V,V,Q g,V -G, 0N+
—6V,QV,Q + 3g,,V,QVAQ). (33)

The y-independent integration function C,, can be con-
strained by demanding that (33) solves the momentum

constraint (9). Using the Bianchi identity V¥G,, = 0 and
the identity
(V,V,vr— V,V3)§ = R, V'S, (34)
which is valid for any scalar S, we find
4
o s ()
ZirNy” \ dy dy
1
= FO”Q(QR -6V2Q) + ViC,,. (35)

This solves the constraint if V¥C,, = 0.
Furthermore, it is convenient to rewrite X, in terms of a
new variable ¢ defined as Q = exp(s). We find:

X,, =—=20,00,6 +2V,0,6 — G,, — 9,,0,0V*c —2g,, V0.

B. The boundary condition at y=1

We need to find the boundary conditions for K, at
y=1+L/zg = 1 (recall that L /zjg < 1). The variation of
Eq. (30) contains the boundary term

Q* (dh, dh
X\/— — |oh*|, _
le/ 2L2N< e dy) b

e [ dme Gule ) - Culoht . (37

where 7= —o|,_;. Note that there is no boundary term
at y=L/zr because there we impose the Dirichlet
boundary conditions 6h,, =0. We can decompose,
Shy, = 6hl +V,E +V, &, —2g,0, and notice that
the gradient and trace term in the variation can be canceled
by varying y in the action of the zero modes (29) according
to oy = &"V,y + wy. So, to make the action stationary
we have to impose only that the transverse-traceless
part of K, vanish: K!/ =0. This identifies C,, as
Cu =[G (e 9)}”

C. The effective action to O(zy)

Let us substitute the solution of the h,, equations of
motion into the action (6). Since we chose free boundary

(36)  conditions at y = 1, and the Dirichlet boundary conditions
at y = L/zr, we can discard the boundary contributions
Another useful identity is X, =—G,,(Q%g) =—G,,(¢*?g).  and get the action S + Sy, with Segy given in Eq. (29) and
|
o dy \ 94 dhdh  dh dh,,
S, = d*x —
2 R Lizg Y 4N Zig \dydy dy dy
c (1 1 2 1/1 2
= Z/ dyy? / d*x\/—gNQ™ K_y_zng’”(y)) + Cﬂy) -3 <ngglew(y) + C) } (38)
L/zir
Here, 7,,(x,y) = Q*(x,y)g,,(x). A key identity that follows from Eq. (36) is
d do do
—G, -2D,D,— + 2y, D*—, 39
ulr) = 20,0, 5 + 2, D (39)

where D, denotes the covariant derivative with respect to the metric y,, (x, y). Expanding Eq. (38) in powers of C,, we get
three terms. Using integration by part in y we rewrite the first term as

1 d 1
I8 atsyman (#7616l -5 G

[ o f el
= —— X\/— — (0 —
4 L/ZIR g I dy

log y)) (g”Pg”“Gm(y)Gpg(y) - % [Q””GW(V)V)

— -5 [ @] —e(Ghtea) - S0 ) +toult /) (Gl - 3 0) )|

1 do
e /L s / dhxy/ (o — logy) (D,,Dp d—y) G ()77, (40)
ZIR
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Notice that we define Gﬁy = G,,G )¢ g etc. An integration by parts in D, transforms the last term into

1 do
/ dy / d“XF—gaﬂa(av d_> Go(1) 9" 9
L/zir Y
c f1 . d
= — dy d .X:\/ _g _aﬂo-ayo- G/)G(y)gﬂpgya
2 L/zir
=2 / d*x\/=50,70,7G" (¢~ g / dy / d*x\/=77"1*°0,00,0(D,D, Vpapz)j (41)

We set L/zg = 0 in the converging integrals and used the Bianchi identity D*G,, (y) = 0. To deal with the last integral in y
we use

Dﬂ V,+ DDVﬂ = 7pavpa¢77/;w + a;t (}/Up Va)ypb =+ ab(7/6p Va)yp/,t
=V, V, + UV, + Q2VA0,0%) g, + Q%0,(Q)V, + %0,(Q2)V,
=Q[V,(Q7V,) + V,(Q?V,) = VH(9,27%)gu]. (42)

where indices are raised and lowered with the metric g,,. For V, = d,(do/dy) Eq. (42) gives

do d
(D(ﬂal/) - yﬂﬂ//’"’Dp()g) _y [(vuab - gpuvz)a - 0,,0'0,,0 -

1
— = — Vre|. 4
o d 3 99,0 o} (43)

Inserting this identity in (41) we find that the integral in y is a total derivative
4 d 2 1 7
dy d*x\/=gg"" ¢*° 0,00, o (V,0, = 9, V?)o —0,00,0 —Eglwapv ol.
dy
3
/d4x\/ ( —0,70,7V*V'1 — Zd VHr0, 7Vt ) (44)

The other terms in (38) are treated analogously. The cross term is
1
5[ [asvEs(fore ) (Gutnes -5 6ie)
L/zir 3
1 d
= ——/d4x —ge? <G L(e7g)C — ~G(e*g) > ——/ dy/d“x\/_ (y*Q~ 2)<D D, 6) cH. (45)
4 3 L/zir “d

Here too the indices are raised and lowered with the metric g, and the last term vanishes because C,, is transverse with
respect to the covariant derivative V, and the traceless part of Eq. (42) is Q‘zD(”Vn)T = V(MQ‘ZVV)T.
The last term is

1 d 1 1
c/ dy/d“xw/—g(— (y4Q‘4)> <C,2w ——C2> = c/d4x —ge* (C,zw ——C2>. (46)
L/2m dy 3 3

Notice that (45) and (46) give only Weyl-invariant terms so the anomaly arises only from (40)

c
S Anomaly = 4_1/ d*x\/=g [—r (—G L(e7?7g) + 3G2( _279)) +20,70,7G*" (e*"g) +

—40,70,7V¥V¥1 — 30,7V*10,7V¥ 7.':| . (47)

This is the same as Eq. (4) with a = ¢’ once the identities
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/d4x6”16y1V”V”1 = —%/ d*x(Vz)*V2,
/d4x(VT)2VZT = /d‘lx(vr)z[vzf +2(Vr)?]  (48)
are taken into account.

V. HOLOGRAPHY AND WARD IDENTITIES

The action (6) computed on shell at a fixed value of the
metric at z =0 has a dual holographic interpretation as
the effective action obtained from integrating out the CFT
degrees of freedom [12]. Because it is a 5D gravitational
action, it is invariant under the infinitesimal coordinate
change z=w+w(q)(w+L), x*=qg"+ F'(q,w),
F*(gq,0) = 0. When (w + L)d,w(q) + 9,,0,,F*(q.w) =0
the metric still has the form (11) and (23) and its boundary
value transforms to g,,(x) = (1 —2w(x))g,,(x). To first
order in @, the limits of integration in (6), 0 < z < zpg,
change to —w(x)L <w < zR(x)—w(x)(zr(x) + L).
General coordinate invariance thus gives the equation

S[(1 = 20(x)) g (x), —0(x) L, 21r (x) = 0(x) (z1r (x) + L)]
= 5[g.(x).0. 2R (x)] + O(e?). (49)

This action diverges in the limit L — 0. It can be written
as [10]

S{g/u/’ L, ZIR] = SD[g/ww L] + SF{g/w’ ZIR] + O(L) (50)
|

The divergent part depends only on the behavior of the
metric near the z = 0 boundary so it does not depend on
zir(x) [10,13,21]. The finite part does not depend on L and
the rest vanishes in the limit L — 0. The first variation of §
with respect to w vanishes thanks to Eq. (49) so, up to terms
that vanish in the L — 0 limit we find

0=26,Sp + / d*x\/=g {5(09””()6) %
t8yem() 5%)] (s1)

Reference [10] finds 8S,/dw(x) = —a(E — W?) [see
Eq. (18)]. Notice that

oS oS
5(»SD = / d4x\/ -9 |:6wg;w (X) 59—1())() + 50)]4()6) 5L—(L))C) :
%

(52)

The second term is a variation with respect to L. In RS1 L is
the position of the UV brane, which is kept fixed. Keeping
L fixed and introducing a bare Einstein-Hilbert term on
the UV brane explicitly breaks Weyl invariance. The terms
that break Weyl invariance in Sj are a 4D cosmological
constant o« L™ [d*x,/=g and an Einstein-Hilbert term
o« L™ [d*x,/=gR(g). The holographic interpretation of
these terms is that they are induced by the CFT loops.
The induced 4D cosmological constant is canceled by
the brane tension while the bare and induced Newton
constants give the 4D Newton constant G = 2/M?. So,
S satisfies the equation

[ 5 o) s+ b ]| = = [ e[t 78|+ o)
= /d“x —gw(x)a(E — W?) +/d4x\/—_géwg}w(x) 5551())6) + O(L).

= /d4x —gw(x)a(E — W?) —ﬁ/d“x —gw(x)R(g) + O(L).

This is indeed the Ward identity for a spontaneously broken
CFT coupled to gravity.

VI. DERIVATION OF THE SUBLEADING TERMS

A. Subleading W? contributions to the anomaly

The general anomaly is the sum of the term R%, — 1 R?
and the square of the Weyl tensor. The additional 5D term
that gives rise to this anomaly is [22-24]

(53)

L+
Sw = ak/ - dZ/d%C\/EC%PQC%PQ» (54)
L

where C}/p,(G) is the Weyl tensor in 5D, a < ¢, and for
convenience in this section we will use the z coordinate
that is shifted by L with respect to the one used in the
previous sections, so the z integration range is, L <
<L+ zgr ~zr. Its key property is that it is Weyl
Invariant: Cp,(0*G) = Cipo(G). We only need to
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evaluate this integral on the zero-mode metric because the
contribution of £, terms is O(Z%Rai). By defining Q as in

where derivatives of T cancel out the 7" dependence. In the
Riemann tensor there is only one such term:

Sec. IVA we can write this metric as
RTﬂTl/ = _aTK;w

212
2 201 _ —1\2 7.2 v 1
ds= = 2 (Q7%(1 = 20.QQ7")*dz” + g, dxdx"), _ —EdT(ZTaﬂaal,a —27Y,0,0)
d
with dig” — 0. (55) = —0,00,0 + V,0,0. (57)

The coordinate change T = zQ™!, (Q7! — 20,QQ7%)dz = Hence R,,,, = R,,,;(g) and

dT + T0,QQ™"dx™ transforms metric (55) into
R,, =R, (9) —0,60,6 +V,0,0,
Ryr = —0,6V¥o + Vo,
R = R(g) — 20,6V¥*c + 2V?. (58)

L2
dSz = ﬁdiz

LZ
=0 [dT? + 2T0,6dx™dT

A short calculations gives

+ (g0 (x) + T%0,00,0)dx™ dx"], o =logQ.

(56) C%PQCAN/IPQ _ 4RTMTDRT;1TD 4 praRﬂvpa

Since the Weyl tensor is invariant under conformal rescal- _ i R, R"™ — i‘ R RTT + 1 R2, (59)
ing, we can compute it on the metric d5>. Moreover, since 3 3

T < zig, when we compute curvature tensor in the effective
4D theory we expand in powers of zigd,. So, in considering
the most relevant terms in the expansion, we can neglect
all terms proportional to 7 in the metric except for those

with indices y, v, - - - raised and lowered with the metric g,,, .
Substituting Eqs. (57) and (58) into (59) a tedious but
straightforward calculation gives

VICH O = Vi R R(0) = R ()R + 3 R2(0) | + V7 [SRulR ) = R0 (60

where all the terms in the second bracket are defined with respect to the metric y,,, = e 9uy» Which is also used there to raise
and lower indices. Notice that the first term is proportional to the Weyl anomaly term W? = (R,,,,,R*P? — 2R, R" + %Rz).
We can therefore recall the definition 7 = —o|,_; and rewrite Sy, as

Hvpo

Sy =a / d*x K " d—TT [\/§W2 +Vr (%RW(J/)R"”(H - éRQ(V))]
= 64a/ d*x\/grW? + a/d4x AzmerdTT\/f(ng(y)Rﬂ”(y) - éRz(y)) (61)

The first term is the Weyl tensor contribution to the anomaly. To compute the last term we transform back from 7 to z using
dT = (Q7' = 207%0,Q)dz — z2720,Qdx". Setting z = ziry, the second term in (61) becomes

o) L [t (3G ) GulF ). (62)

This action vanishes when G, (y) = 0 so it can be canceled up by a redefinition of the metric 4,,, in Eq. (30). Concretely,
we set

2.2
ZRY

My =y + Dby, = hyy, + QN

VG, () + Br,G(1)], (63)
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where i_z,w solves Eq. (33). Substituting in (30) the linear
term in Ah,, vanishes and, discarding terms of higher order
in zig we get the additional O(Ah,,)? term

¢ [1 dy / . (dAhdAh dAR™ dAhy, )
d*x
2R Jij ¥ dy dy dy dy

=c [ 5 [ arvmvio.or
— (V2 4+ 6VB + 12B*)G(y)¥. (64)

Hence V = i%\/5/3, B=F %\/6/12 so we need a > 0.
When translated into the coefficients of the general
anomaly, (T%)=c'W?—aE, it means ¢’ > a. Presumably
the other sign could be dealt with by studying the 5D Euler
density (Lovelock) action as in Ref. [24].

We note that the departure from the a = ¢’ can also
be achieved by introducing the bulk 5D Gauss-Bonnet
term [23]. In this case, similarly to the case of the 5D Weyl-
tensor square considered above, one would be introducing
in the bulk another scale below M5 at which the 5D theory
would become strongly coupled (or else these SD terms
would have to be suppressed by Ms, in which case such
terms cannot be differentiated from generic terms emerging
from quantum gravity at Ms.)

In the next section we will discuss a framework in a
weakly coupled theory that enables to relax the condi-
tion a = ¢’.

B. Subleading terms from a boundary-localized QFT

There is another way for the theory to depart from the
a = ¢ limit. Suppose there is a 4D boundary QFT localized
on a positive tension brane. This QFT is coupled to the
metric §,,(x,z =0) = g,,(x). Let us integrate out the
boundary QFT in the path integral, and use dimensional
regularization to deal with the divergences. This would
make the brane world-volume to become D =4 —26
dimensional, with 6§ — 0 to be taken after all the diver-
gences are subtracted. The result of this calculation—with
the massless limit taken at the very end—has long been
known (see, Duff’s work in [1] and an overview in [25]), it
is proportional to

r(2-D)2) / /Gy E(g) — cp Ry~ 2R+ R2/3),

(65)

where I" is the Euler gamma function, E is the Euler
(Gauss-Bonnet) invariant, E = R}, — 4R;, + R, a; and
¢;, are calculable coefficients, and in general a;, # c;. The
combination of the curvature square invariants proportional
to ¢;, combines into the Weyl tensor squared only after the
6 — 0 limit is taken. Since the term (65) is localized on
the UV brane, it will have to be added to the holographic

4D action. This would shift the holographic theory away
from the a = ¢’ limit, to ay # ¢, Where a = a + a,
and ¢, = ¢’ + ¢;,. For simplicity, we will focus on the E
term in (65), while requiring a QFT that has a,, not equal
to ¢ b

As we mentioned earlier, it is known that the trace of
the variation of (65) with respect to g gives the right trace
anomaly equation after taking the limit § — 0. If so,
then (65) should also contain the Riegert action in the
0 — 0 limit. This can be shown under the assumption of
validity of the analytic continuation to negative values of 9,
and by representing the interval of the 4 4+ n dimensional
theory as,

dy s = g (x)dxtdx’ + W d2z, (66)

where n = —24. Then, taking the limit n = —26 — 0, the
divergent coefficient proportional to 1/6 coming from the I"
function is canceled by the terms proportional to § coming
from E and the resulting finite term is exactly the Riegert
term written in terms of the metric g and the scalar 7 [26]
(see, also [6] and references therein)

/ d*x\/=g(zE + 4G"'V 7V 7 — 4(V?1)(V1)? + 2(Vr)*).
(67)

Furthermore, using g = ¢?*g in (67), one recovers the
a-terms of (4).

To summarize, with the help of a localized QFT on the
positive tension RS brane one obtains a weakly coupled
completion for the trace anomaly action with a,; # Cio-

VII. DISCUSSION

The location of the IR brane in the 5D theory considered
in the present work is not stabilized. One could introduce
a potential to stabilize its location in the S5th dimension, and
stabilize the radion via the Goldberger-Wise (GW) mecha-
nism [15]; however, this would in general alter the ability
of the resulting theory to correctly recover the 4D trace
anomaly equation. That said, if the scales in the GW
potential are much smaller than M, the resulting equation
could give a good approximation to the trace anomaly
equation [4]. Without the GW mechanism, the vacuum
expectation value of the @ field is a modulus. This VEV
sets the value of the scale M, which is not dynamically
determined. As we discussed, M has to be significantly
below the Planck scale for the trace anomaly effective
field theory to be distinguished from other higher dimen-
sional terms, which are suppressed by the Planck scale.
Furthermore, 1/ M serves as a constant determining the
self-interactions of the radion, which in the 4D holographic
theory can be regarded as a dilaton of spontaneously broken
conformal symmetry.

085006-10



HOLOGRAPHY FOR THE TRACE ANOMALY ACTION

PHYS. REV. D 108, 085006 (2023)

What are the couplings of the matter fields to the metric
and dilaton? The answer depends on where the matter fields
are assumed to be placed in 5D. If they are localized on the
IR brane, as they are in the RS1 scenario for the sake of
solving the hierarchy problem, then matter would coupe to
the metric times Q*. Because of the presence of a long-
range radion such a theory would be ruled out observa-
tionally in our case. In the holographic approach adopted in
this work it is more natural to assume that matter—that is
the weakly coupled matter that we have added to the
strongly coupled CFT—is localized on the UV brane, in
which case it would couple to the metric g. Based on
symmetry considerations matter was coupled in [7] to the
metric § = g(1 — ®*/M?). Since M = Mp/\/2 > M, the
difference between coupling to g and § is small.

In either case, there is a fifth force produced by the long-
range dilaton. If the matter couples to g the coupling to the
dilaton appears at the linear level and its strength is
proportional to (M/M)?, while in the case when matter
couples to g the coupling to dilaton only emerges at the
nonlinear level and its strength is proportional to a(M /M )?,
as shown by Tsujikawa [27]-who has recently found a

black hole solution in the effective trace anomaly
action and explicitly calculated the corrections to the
Schwarzschield geometry proportional to a(M/M)>.
Comparison of these predictions with observational data
will likely impose strong bounds on the value of the
scale M.

While the 5D construction serves the point of identifying
a completion of the 4D effective theory above its strong
scale M, the 4D effective theory should still be a more
convenient tool for practical calculations: in general, it is
significantly easier to work with 4D differential equations
(in many symmetric cases being ordinary differential
equations) rather than to work with 5D partial differential
equations.
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