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ASYMPTOTIC COMPATIBILITY OF A CLASS OF NUMERICAL

SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL∗
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Abstract. This paper considers numerical discretization of a nonlocal conservation law model-
ing vehicular traffic flows involving nonlocal intervehicle interactions. The nonlocal model involves
an integral over the range measured by a horizon parameter and it recovers the local Lighthill–
Richards–Whitham model as the nonlocal horizon parameter goes to zero. Good numerical schemes
for simulating these parameterized nonlocal traffic flow models should be robust with respect to the
change of the model parameters but this has not been systematically investigated in the literature.
We fill this gap through a careful study of a class of finite volume numerical schemes with suitable
discretizations of the nonlocal integral, which include several schemes proposed in the literature and
their variants. Our main contributions are to demonstrate the asymptotically compatibility of the
schemes, which includes both the uniform convergence of the numerical solutions to the unique so-
lution of nonlocal continuum model for a given positive horizon parameter and the convergence to
the unique entropy solution of the local model as the mesh size and the nonlocal horizon parameter
go to zero simultaneously. It is shown that with the asymptotically compatibility, the schemes can
provide robust numerical computation under the changes of the nonlocal horizon parameter.
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nonlocal-to-local limit
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1. Introduction. In this work, we study the numerical discretization of a non-
local analog of the classical Lighthill–Richards–Whitham (LWR) model [42, 44]. The
latter, given by

∂tρ(t, x) + ∂x (ρ(t, x)v(ρ(t, x))) = 0,(1.1)

for a density ρ = ρ(t, x) and a velocity v = v(ρ(t, x)), has been widely used in the
study of traffic flows. To study the dynamics of traffic flows in the presence of nonlocal
intervehicle interactions [7, 31], the following nonlocal LWR model has been developed
in recent years:

∂tρ(t, x) + ∂x (ρ(t, x)vδ(ρ(t, ·), t, x)) = 0, x∈R, t > 0.(1.2)

In contrast to (1.1), the nonlocal LWR model (1.2) adopts a modeling assumption
that, in a fleet of vehicles driving on a highway, each vehicle decides its driving speed
not by the local information but rather through a nonlocal weighted average of traffic
information within a road segment of length δ > 0 ahead of the vehicle’s current
location. More specifically, the velocity vδ = vδ(ρ, t, x) takes on the form
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1120 KUANG HUANG AND QIANG DU

vδ(ρ(t, ·), t, x) = v(qδ(ρ(t, ·), t, x)) with qδ(ρ(t, ·), t, x) =

∫ δ

0

ρ(t, x+ s)wδ(s)ds,

(1.3)

where the integral kernel w = wδ(s) is assumed to be a probability density function
defined on the interval [0, δ]. Alternatively, one may also consider the nonlocal velocity
given by [26]

vδ(ρ(t, ·), t, x) =

∫ δ

0

v(ρ(t, x+ s))wδ(s)ds.(1.4)

The equation (1.2) is solved with the initial condition

ρ(0, x) = ρ0(x), x∈R,(1.5)

where ρ0 : R → [0,1] represents the initial traffic density. The case ρ0 ≡ 0 indicates
that the road is empty, and the case ρ0 ≡ 1 corresponds to fully congested traffic.

The equation (1.2) leads to a nonlocal conservation law due to the nonlocal depen-
dence of the velocity on the density. Consider the rescaled kernel wδ(s) = w(s/δ)/δ
such that wδ converges to a Dirac point mass as δ → 0; it is clear that the nonlocal
LWR model (1.2), with either choices of the velocity given by (1.3) or (1.4), formally
recovers the local model (1.1) by taking the limit δ→ 0. For more rigorous analysis of
the nonlocal LWR model (1.2), we refer to a number of existing studies in the liter-
ature, including the model well-posedness [7, 10, 17, 26, 31], traveling wave solutions
[45, 48], the asymptotic stability of uniform flows [34], and nonlocal-to-local limit as
δ→ 0 [9, 10, 14, 15, 17, 18, 19, 26, 38, 39].

The numerical discretization of the nonlocal LWR model (1.2) has been a subject
of interest in numerous studies such as [7, 12, 16, 27, 28, 29, 31]. While these works
have introduced a range of numerical schemes, there has been no systematic study on
the dependence of numerical solutions on the parameter δ and their behavior under
the limit δ → 0. In the present work, we aim to fill this gap by analysing a class of
first-order finite volume schemes for the nonlocal LWR model (1.2). These schemes
are designed to correctly resolve both the nonlocal model (1.2) for a given δ > 0 and
the local model (1.1) when δ→ 0. Notably, these schemes encompass several from the
existing literature and their variants, as detailed in subsection 2.2.

The proposed numerical schemes possess two key components: the numerical flux
function that incorporates both local and nonlocal traffic densities and the numerical
quadrature weights that are used to evaluate the nonlocal integral in (1.3). We note
that the properties of these numerical quadrature weights play an essential role in the
behavior of numerical solutions as δ→ 0.

Our main contributions in this work can be summarized as follows. First, we
demonstrate that the proposed numerical schemes are monotone, and they share de-
sirable stability properties with monotone schemes for local scalar conservation laws,
notably the total variation diminishing (TVD) property. Second, we prove the as-
ymptotic compatibility of the schemes, which includes both the following:

1. the convergence of the numerical solution to the unique solution of the nonlo-
cal model (1.2) as the mesh size parameter goes to zero, with the convergence
being uniform with respect to the nonlocal horizon parameter δ > 0;

2. the convergence of the numerical solution to the unique entropy solution of
the local model (1.1) as the mesh size parameter and the nonlocal horizon
parameter go to zero simultaneously.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1121

Such asymptotically compatible numerical schemes can offer robust numerical com-
putation under the changes in the nonlocal horizon parameter δ. Discussions on the
topic of asymptotically compatible numerical schemes for more general nonlocal mod-
els can be found in [51, 52]. Furthermore, we establish the correspondence between
local and nonlocal numerical solutions. Specifically, as the nonlocal horizon parameter
δ→ 0, the numerical solutions of the nonlocal model (1.2) and the local model (1.1),
computed with the same mesh size parameter, approach each other. This convergence
is uniform with respect to the mesh size parameter.

The main ingredients of the convergence proofs are the compactness of numeri-
cal solutions in the BVloc space and their entropy admissibility. Although previous
studies such as [7, 31] provided numerical analysis based on a priori L∞ and total
variation estimates for numerical solutions with a fixed δ > 0, the resulting total
variation bound blows up to infinity as δ → 0. In this work, a novelty is our use of
a different strategy to prove that numerical solutions produced by the proposed nu-
merical schemes satisfy a one-sided Lipschitz condition when δ is close to zero, which
enforces both the total variation boundedness and the entropy admissibility of nu-
merical solutions. The strategy we adopt in our analysis bridges prior research in two
distinct directions. Firstly, our approach connects to the analysis involving one-sided
Lipschitz estimates used in [8, 49] to study numerical schemes for local scalar con-
servation laws; to our best knowledge, it has not been employed for nonlocal models.
Secondly, our approach can provide an alternative proof to the nonlocal-to-local limit
of the continuum model as in [17].

Numerical experiments are also reported to complement the theoretical investi-
gation. Note that while the present work is motivated by modeling traffic flows with
nonlocal vehicle interactions, let us mention that conservation laws with nonlocal
fluxes were also studied in the modeling of pedestrian traffic [11, 20], sedimentation
[6], and material flow on conveyor belts [33, 47]; see [1, 4, 5, 13, 21, 25, 30, 37] for more
relevant studies. Thus, our study here can be useful in the numerical simulations of
a broad range of problems in various application domains.

To summarize the paper, in section 2, after briefly describing the assumptions on
the nonlocal model and some basic mathematical properties, we introduce the numer-
ical discretization schemes and summarize the main theorems on their convergence
behavior and the asymptotical compatibility. The detailed proofs of the main the-
orems are given in section 3. We present results of some numerical experiments in
section 4 and offer some conclusions in section 5.

2. Preliminaries and main results.

2.1. A review of well-posedness and nonlocal-to-local limit. Let us first
state some assumptions on the model.

Assumption 1.
(i) The nonlocal kernel is given by wδ(s) =w(s/δ)/δ for s∈ [0, δ], where w=w(s)

is a C1 smooth, strictly decreasing, and nonnegative probability density func-
tion defined on [0,1], and it satisfies the normalization condition

∫ 1

0
w(s)ds=

1.
(ii) The velocity function is v(ρ) = 1− ρ. Consequently, (1.3) and (1.4) produce

the same outcome.
(iii) The initial data ρ0 ∈ L∞(R), and it satisfies 0 ≤ ρ0(x) ≤ 1 for all x ∈ R. In

addition, ρ0 has bounded total variation.

Concerning the mathematical analysis of the nonlocal LWR model (1.2), we recall
that the existence and uniqueness of weak solutions have been shown with general

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1122 KUANG HUANG AND QIANG DU

choices of the nonlocal kernel, the velocity function, and the initial data; see, for
example, [7, 10, 17, 31]. For our case, the following proposition summarizes the
known results in the above works.

Proposition 1. Under Assumption 1, the nonlocal LWR model (1.2) admits a

unique weak solution ρ∈L∞ ([0,+∞)×R) such that

∫ ∞

0

∫

R

ρ(t, x)∂tφ(t, x) + ρ(t, x)vδ(ρ(t, ·), t, x))∂xφ(t, x)dxdt+

∫

R

ρ0(x)φ(0, x)dx= 0

(2.1)

∀φ ∈C1
c ([0,+∞)×R), where vδ(ρ(t, ·), t, x) is given by (1.3). Moreover, the solution

satisfies the maximum principle

inf
x∈R

ρ0(x)≤ ρ(t, x)≤ sup
x∈R

ρ0(x), (t, x)∈ [0,+∞)×R.(2.2)

The convergence of solutions of the nonlocal LWR model (1.2) as δ→ 0 has also been
extensively studied. In the literature, it was usually assumed that the nonlocal kernel
w=wδ(s) is defined for s∈ [0,+∞) and the nonlocal density is defined by

qδ(ρ(t, ·), t, x) =

∫ ∞

0

ρ(t, x+ s)wδ(s)ds.

[9, 10] considered the exponential kernels wδ(s) = δ−1e−
s
δ and showed convergence

from the solutions of the nonlocal model (1.2) to the unique weak entropy solution of
the local model (1.1), assuming that the initial data ρ0 is uniformly positive. [17] gen-
eralized the convergence result for a class of nonlocal kernels with exponential decay
rate but under one additional assumption that ρ0 is one-sided Lipschitz continuous.
In [17], the authors also provided counterexamples to show that the uniform positiv-
ity of the initial data is essential to the convergence result. In the subsequent works
[15, 18, 26, 38, 39], convergence results concerning the nonlocal quantity qδ(ρ(t, ·), t, x)
as δ→ 0 were given without assuming the initial data being uniformly positive.

In the present work, we adopt an approach similar to that in [17] and make the
following additional assumption on the initial data, which basically requires the initial
data to be uniformly positive and to have no negative jumps.

Assumption 2. The initial data ρ0 satisfies

ρ0(x)≥ ρmin > 0 ∀x∈R, −
ρ0(y)− ρ0(x)

y− x
≤L ∀x 6= y ∈R,(2.3)

for some constants ρmin > 0 and L> 0.

In our case, the same arguments as in [17] can be applied to give the nonlocal-to-
local limit result, as stated in the following Proposition 2, with very few modifications
for compactly supported nonlocal kernels.

Proposition 2. Suppose Assumptions 1 and 2 are satisfied. As δ → 0, the

weak solution of the nonlocal LWR model (1.2) as in Proposition 1 converges in

L1
loc([0,+∞)×R) to the weak entropy solution of the local model (1.1) that satisfies

∫ ∞

0

∫

R

ρ(t, x)∂tφ(t, x) + ρ(t, x)v (ρ(t, x))∂xφ(t, x)dxdt+

∫

R

ρ0(x)φ(0, x)dx= 0(2.4)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1123

∀φ∈C1
c ([0,+∞)×R), and

−
ρ(t, y)− ρ(t, x)

y− x
≤

1

2t
∀x 6= y ∈R, t > 0.(2.5)

In Proposition 2, the inequality (2.5), which is known as the Oleinik entropy
condition, is used to select the unique entropy admissible solution of the scalar con-
servation law (1.1); see [43]. As a constraint on the one-sided Lipschitz constant of the
solution, the entropy condition (2.5) yields that the solution can only have positive
jumps.

2.2. Finite volume approximations. Now let us consider the numerical dis-
cretization of the nonlocal LWR model (1.2). With finite volume approximations, the
numerical solution is defined as a piecewise constant function

ρ(t, x) =
∑

j∈Z

∞
∑

n=0

ρnj 1Cj×T n(t, x),(2.6)

where Cj = (xj−1/2, xj+1/2), T
n = (tn, tn+1) are spatial and temporal cells. The grid

points are xj = jh and tn = nτ , where h and τ are spatial and temporal mesh sizes.
At the initial time t0 = 0, the initial data is discretized as

ρ0j =
1

h

∫

Cj

ρ0(x)dx, j ∈Z.(2.7)

Denote Fn
j−1/2 and Fn

j+1/2 the numerical fluxes across cell boundaries at xj−1/2 and

xj+1/2 during time tn to tn+1. Specifying appropriate numerical fluxes, the finite
volume scheme is

ρn+1
j = ρnj + λ(Fn

j−1/2 − Fn
j+1/2),(2.8)

where the CFL ratio λ= τ/h is taken to be a fixed constant. To specify the numerical
fluxes, we need to evaluate the nonlocal density qδ(ρ(t, ·), t, x) given in (1.3). Let us
take

qnj =
m−1
∑

k=0

wkρ
n
j+k,(2.9)

where m= d δ
he is the number of cells involved in the nonlocal integral, and {wk}

m−1
k=0

is a set of numerical quadrature weights such that

wδ,h(s) =
m−1
∑

k=0

wk1[kh,(k+1)h)(s), s∈ [0, δ],(2.10)

is a piecewise constant approximation of the nonlocal kernel wδ =wδ(s).
Given the discretized nonlocal densities {qnj }

n≥0
j∈Z

, the nonlocal fluxes in (2.8) can
be constructed in a number of different ways. Let us mention the following examples.

• In [7, 31], a Lax–Friedrichs-type scheme was developed with the numerical
fluxes

Fn
j−1/2 =

1

2

[

ρnj−1v

(

m−1
∑

k=0

wkρ
n
j+k−1

)

+ ρnj v

(

m−1
∑

k=0

wkρ
n
j+k

)]

+
α

2
(ρnj−1 − ρnj ),

(2.11)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1124 KUANG HUANG AND QIANG DU

where α> 0 is a numerical viscosity constant, and the numerical quadrature
weights are given by the left endpoint values:

[Left endpoint] wk =wδ(kh)h, k= 0, . . . ,m− 1.(2.12)

• In [28], a Godunov-type scheme was proposed with the numerical fluxes de-
fined by

Fn
j−1/2 = ρnj−1v

(

m−1
∑

k=0

wkρ
n
j+k

)

,(2.13)

where the numerical quadrature weights are given by the exact quadrature:

[Exact quadrature] wk =

∫ min{(k+1)h,δ}

kh

wδ(s)ds, k= 0, . . . ,m− 1.

(2.14)

• Inspired by both (2.11) and (2.13), we also consider the following Lax–
Friedrichs-type fluxes:

Fn
j−1/2 =

1

2

(

ρnj−1 + ρnj
)

v

(

m−1
∑

k=0

wkρ
n
j+k

)

+
α

2
(ρnj−1 − ρnj ),(2.15)

where the numerical quadrature weights are given by either the left endpoint
values or the exact quadrature.

In the present work, we consider a family of finite volume schemes:

ρn+1
j =H

(

ρnj−1, ρ
n
j , ρ

n
j+1, . . . , ρ

n
j+m

)

= ρnj + λ(Fn
j−1/2 − Fn

j+1/2),(2.16)

= ρnj + λ
[

g(ρnj−1, ρ
n
j , q

n
j−1, q

n
j )− g(ρnj , ρ

n
j+1, q

n
j , q

n
j+1)

]

,(2.17)

where qnj is given by (2.9), λ = τ/h is the CFL ratio, and g = g(ρL, ρR, qL, qR) is a
numerical flux function that depends on both local densities ρL, ρR and nonlocal den-
sities qL, qR. We remark that, by taking qL = ρL and qR = ρR, g = g(ρL, ρR, ρL, ρR)
becomes a numerical flux function for the local model (1.1), and the respective nu-
merical scheme,

ρn+1
j = ρnj + λ

[

g(ρnj−1, ρ
n
j , ρ

n
j−1, ρ

n
j )− g(ρnj , ρ

n
j+1, ρ

n
j , ρ

n
j+1)

]

,(2.18)

can be viewed as the local counterpart of (2.16)–(2.17).
In the present work, we make the following assumptions on the numerical quad-

rature weights, the numerical flux function, and the CFL ratio λ.

Assumption 3. The numerical quadrature weights {wk}
m−1
k=0 satisfy

wδ(kh)h≥wk ≥wδ((k+ 1)h)h and wk −wk+1 ≥ c(h/δ)2, k= 0, . . . ,m− 1,

(2.19)

for some constant c > 0 only depending on the kernel function w = w(s), where we
make the convention that wm = 0. Moreover, {wk}

m−1
k=0 satisfy the normalization

condition:

m−1
∑

k=0

wk = 1.(2.20)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1125

Assumption 4. (i) The numerical flux function g is a quadratic polynomial, and
it is separately affine in all of its arguments. (ii) When ρL = ρR and qL = qR,
g(ρL, ρL, qL, qL) = ρL(1− qL). (iii) Denote γij , 1≤ i, j ≤ 4 as the second-order partial
derivatives of g; they satisfy

γ11 = γ12 = γ22 = 0, γ33 = γ34 = γ44 = 0,(2.21)

γ13, γ23, γ14, γ24 ≤ 0, γ13 + γ23 + γ14 + γ24 =−1.(2.22)

(iv) Denote θ(i), 1 ≤ i ≤ 4 as the first-order partial derivatives of g with respect
to its four arguments ρL, ρR, qL, qR. For any 0≤ ρL, ρR, qL, qR ≤ 1,

θ(1)(qL, qR)≥ 0, θ(2)(qL, qR)≤ 0, θ(3)(ρL, ρR)≤ 0, θ(4)(ρL, ρR)≤ 0,(2.23)

θ(1)(qL, qR) + θ(3)(ρL, ρR) + 2(γ13 + γ23)≥ 0, θ(2)(qL, qR)− 2(γ23 + γ24)≤ 0,(2.24)

θ(3)(ρL, ρR) + θ(4)(ρL, ρR)≤−min{ρL, ρR}.(2.25)

We note that due to (2.21), the partial derivatives in Assumption 4 can be expressed
as functions of a pair of variables only, instead of all four variables.

Assumption 5. Given the notation θ(i), 1≤ i≤ 4 in Assumption 4, λ satisfies

λ

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞
+ 3

)

≤ 1.(2.26)

It is worthwhile to mention that the aforementioned schemes, with numerical
fluxes in (2.11), (2.13), and (2.15), all belong to the family (2.16)–(2.17) with the
numerical flux functions given by

[Lax−Friedrichs] g(ρL, ρR, qL, qR) =
1

2
(ρLv(qL) + ρRv(qR))(2.27a)

+
α

2
(ρL − ρR),

[Godunov] g(ρL, ρR, qL, qR) = ρLv(qR),(2.27b)

[modifiedLax−Friedrichs] g(ρL, ρR, qL, qR) =
1

2
(ρL + ρR)v(qR)(2.27c)

+
α

2
(ρL − ρR),

respectively. Moreover, let us mention that the numerical flux functions given above
all satisfy the Assumption 4. The proof of the following proposition is through direct
calculation, and we will omit the details here.

Proposition 3. The Godunov-type flux function (2.27b) satisfies the Assump-

tion 4. The Lax–Friedrichs-type numerical flux functions (2.27a) and (2.27c) both

satisfy the Assumption 4, provided that the numerical viscosity constant α≥ 3.

Let us make some additional remarks concerning Assumption 4 for the numerical
flux function g. Considering the velocity function v(ρ) = 1− ρ, the flux function in
the continuum model (1.2) is ρ(1− q), which is a quadratic polynomial in ρ, q with
the sole quadratic term being −ρq. Therefore, it is reasonable to assume that the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1126 KUANG HUANG AND QIANG DU

numerical flux function g is quadratic with its second-order derivatives satisfying the
condition (iii). The condition (ii) ensures the consistency of the scheme (2.16)–(2.17)
with the model (1.2), while the condition (iv) is utilized to show that the scheme is
monotone under all Assumptions 1–5, as seen in Theorem 1. It is natural to ask if the
results in this work can be extended to more general numerical flux functions, where
g may not be a quadratic polynomial. We leave the study of such an extension to
future works [2, 3].

Furthermore, we leave detailed discussions about the selection of numerical quad-
rature weights to subsection 2.4, where we also provide candidates that satisfy the
Assumption 3.

2.3. Main results. This section summarizes the main results. We note that all
the theorems are subject to Assumptions 1–5. To clarify the notation, we denote the
following:

• ρδ: the continuous solution of the nonlocal LWR model (1.2);
• ρ0: the continuous solution of the local LWR model (1.1);
• ρδ,h: the numerical solution of the nonlocal LWR model; and
• ρ0,h: the numerical solution of the local LWR model.

There are two parameters: the nonlocal horizon parameter δ and the mesh size pa-
rameter h. In the present work, we are interested in establishing relations between
those solutions when δ → 0 and h → 0 along various limiting paths, as shown in
Figure 2.1.

The following convergence results are given or readily established.
1. The numerical convergence for the nonlocal model: ρδ,h → ρδ when h → 0

with fixed δ > 0 can be proved following the approach in [31]. The proof is
based on a priori L∞ and total variation estimates of the numerical solution.

2. The numerical convergence for the local model: ρ0,h → ρ0 when h → 0 is a
classical result; see, for example [32].

3. The nonlocal-to-local limit: ρδ → ρ0 when δ→ 0 is given in Proposition 2.
One of our key contributions is to prove the asymptotic compatibility of the

proposed scheme (2.16)–(2.17), which includes both
1. the convergence ρδ,h → ρ0 as both δ → 0 and h → 0 simultaneously; see

Theorem 2; and
2. the numerical convergence ρδ,h → ρδ as h→ 0 uniformly in δ; see Theorem 3.

The proofs of these two theorems rely on the stability estimates provided in
Theorem 1.

ρδ,h
δ → 0

Theorem 4
//

δ → 0, h → 0

Theorem 2

&&

h
→

0

T
h
e
o
re
m

3

��

ρ0,h

h
→

0

��

ρδ
Proposition 2

δ → 0
// ρ0

Fig. 2.1. Diagram of various limiting paths.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1127

Theorem 1. Under Assumptions 1–5, and taking that

0< δ ≤ δ0
.
=

cρmin

2w(0)L
,(2.28)

where the constant c is as in (2.19) and the constants ρmin and L are as in (2.3), the
numerical solution ρδ,h produced by the scheme (2.16)–(2.17) satisfies the maximum

principle

inf
x∈R

ρ0(x)≤ ρδ,h(t, x)≤ sup
x∈R

ρ0(x), (t, x)∈ [0,+∞)×R.(2.29)

Moreover, the scheme (2.16)–(2.17) is monotone, meaning that the function H defined

in (2.16)–(2.17) is nondecreasing with respect to each of its arguments. Consequently,

the spatial total variation of the numerical solution TV(ρδ,h(t, ·)) is a nonincreasing

function of time t∈ [0,+∞).

Theorem 2. Under Assumptions 1–5, when δ→ 0 and h→ 0 simultaneously, the

numerical solution ρδ,h produced by the scheme (2.16)–(2.17) converges in L1
loc([0,+∞)

× R) to the weak entropy solution ρ0 of the local model (1.1) as defined in Proposi-

tion 2.

Theorem 3. Under Assumptions 1–5, and taking that δ satisfies the condition

(2.28), as h → 0, the numerical solution ρδ,h produced by the scheme (2.16)–(2.17)
converges in L1

loc([0,+∞) × R) to the weak solution ρδ of the nonlocal model (1.2)
as defined in Proposition 1. Moreover, the convergence is uniform with respect to

δ ∈ (0, δ0], where δ0 is as in (2.28):

lim
h→0

sup
δ∈(0,δ0]

∥

∥ρδ,h − ρδ
∥

∥

L1(U)
= 0, for any bounded domain U ⊂ [0,+∞)×R.

(2.30)

Let us provide some remarks on the convergence rates in the above Theorem 2
and Theorem 3. On one hand, the scheme (2.16)–(2.17) is expected to be at most
first-order accurate because it is based on a piecewise constant approximation. On the
other hand, for local scalar conservation laws, it is known that the convergence rate
may drop to half-order for discontinuous solutions [41]. In the numerical experiments
in section 4, we test the scheme with both smooth initial data and piecewise constant
ones; the results validate the first-order convergence rate to the local solution (as in
Theorem 2) when δ = mh for a fixed integer m > 0 and the first-order convergence
rate to the nonlocal solution uniformly in δ (as in Theorem 3). For convergence to
the local solution, this linear convergence behavior is consistent with that observed
and rigorously proved in [50] for monotone schemes for local scalar conservation laws
when the initial data is piecewise constant and fulfills Oleinik’s entropy condition.
The rigorous analysis of convergence rates along various limiting paths may require
Kuznetsov-type arguments as outlined in [2, 3]. We leave this for future research.

Finally, we establish the correspondence between the nonlocal numerical solution
ρδ,h and the local numerical solution ρ0,h, as outlined in Theorem 4. In the case
where h is fixed, the theorem asserts that ρδ,h and ρ0,h are indeed identical whenever
0 < δ < h, meaning that the nonlocal horizon is within a single spatial mesh cell. In
the case where h is also taken to approach zero, the theorem establishes the uniform
convergence for h∈ (0, δ], as detailed in (2.32). This feature aligns with the principle
behind asymptotic preserving schemes [24, 35, 36], which are designed to incorporate
the asymptotic behavior of continuous solutions into numerical schemes. In the con-
text of this work, this property signifies that the numerical solution preserves the
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1128 KUANG HUANG AND QIANG DU

limiting behavior of the continuous solution of the nonlocal model as the nonlocal
horizon parameter δ→ 0.

Theorem 4. Under Assumptions 1–5, let ρδ,h be the numerical solution produced

by the scheme (2.16)–(2.17) and ρ0,h be the one produced by (2.18). It holds that

ρδ,h = ρ0,h when 0< δ < h.(2.31)

Moreover,

lim
δ→0

sup
0<h≤δ

∥

∥ρδ,h − ρ0,h
∥

∥

L1(U)
= 0, for any bounded domain U ⊂ [0,+∞)×R.

(2.32)

2.4. Comments on numerical quadrature weights. Let us make some re-
marks on the choice of the numerical quadrature weights {wk}

m−1
k=0 . Provided that the

nonlocal kernel wδ =wδ(s) is C
1 smooth and decreasing, one can write the numerical

quadrature weights as

wk =w(ξk)
h

δ
, ξk ∈

[

k
h

δ
, (k+ 1)

h

δ

]

, k= 0, . . . ,m− 1,

where {ξk}0≤k≤m−1 can be viewed as sampling points of a Riemann sum quadrature
on [0,1].

The condition (2.19) in Assumption 3 basically requires that the sampling points
should not be too close to each other, and the condition is used to derive the neces-
sary a priori estimates on numerical solutions as in Theorem 1. To demonstrate the
meaning of the constant c and the factor (h/δ)2 in (2.19), let us illustrate with the
left endpoint quadrature weights in (2.12). In this case,

wk−1 −wk =
h

δ

[

w

(

(k− 1)
h

δ

)

−w

(

k
h

δ

)]

≥ c

(

h

δ

)2

,

where the constant c=mins∈[0,1]−w′(s)> 0.
The condition (2.20) in Assumption 3 is the normalization condition for the nu-

merical quadrature weights, which is essential to the consistency between the scheme
(2.16)–(2.17) and the local model (1.1). To demonstrate potential risks when the nor-
malization condition (2.20) is violated, let us consider the case δ=mh, where m is a
fixed positive integer. Then the scheme (2.16)–(2.17) can be viewed as a m+2-point
conservative scheme of the local model (1.1) with the numerical flux function

glocal(ρj , . . . , ρj+m) = g

(

ρj , ρj+1,

m−1
∑

k=0

wkρj+k,

m−1
∑

k=0

wkρj+k+1

)

,

where g is as in Assumption 4. Suppose ρj = · · ·= ρj+m = ρ̄; to make glocal consistent
to the local model (1.1), it is necessary to have

glocal(ρ̄, . . . , ρ̄) = ρ̄

(

1− ρ̄

m−1
∑

k=0

wk

)

= ρ̄(1− ρ̄),

which requires the normalization condition (2.20). In contrast, if the condition (2.20)
is violated and η

.
=
∑m−1

k=0 wk 6= 1, the numerical solutions will formally converge to a
solution of the equation

∂tρ(t, x) + ∂x(ρ(t, x)(1− ηρ(t, x))) = 0,
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1129

other than the desired equation (1.1) with v(ρ) = 1−ρ. This means that the absence of
the normalization condition (2.20) for some numerical quadrature weights may lead to
incorrect limit solutions when δ → 0 and h→ 0 simultaneously. Hence, we introduce
the following normalized left endpoint quadrature weights:

[Normalized left endpoint] wk =
wδ(kh)h

∑m−1
k=0 wδ(kh)h

, k= 0, . . . ,m− 1,(2.33)

and give the following proposition.

Proposition 4. The normalized left endpoint quadrature weights (2.33) and the

exact quadrature weights (2.14) both satisfy the Assumption 3, with the constant c in

the condition (2.19) given by c= 1
1+w(0) mins∈[0,1]−w′(s) and c= 1

2 mins∈[0,1]−w′(s),

respectively. The left endpoint quadrature weights satisfy the condition (2.19) with

the constant c=mins∈[0,1]−w′(s), but they do not satisfy the normalization condition

(2.20).

A comparison between different choices of numerical quadrature weights is made
through numerical experiments in section 4.

3. Proof of theorems. This section aims to give the proofs of our main re-
sults. First, in subsection 3.1, we establish the maximum principle for numerical
solutions. Then we present a one-sided Lipschitz estimate for numerical solutions in
subsection 3.2; the monotonicity of the numerical scheme (2.16)–(2.17) and its TVD
property follow as corollaries. These two subsections together constitute the proof of
Theorem 1. In subsection 3.3, we consider the limit as h→ 0 and demonstrate conver-
gence of numerical solutions to the proper nonlocal or local solution, which provides
the proofs of Theorem 2 and Theorem 3. In subsection 3.4, we offer the proof of
Theorem 4 concerning the nonlocal-to-local limit of numerical discretizations.

3.1. Maximum principle. In this subsection, we aim to show the maximum
principle (2.29) in Theorem 1. By Assumption 1 and (2.7), the numerical solution at
the initial time {ρ0j}j∈Z satisfies 0≤ ρ0j ≤ 1 for all j ∈Z. Then the maximum principle
(2.29) can be proved by induction using the following Lemma 1.

Lemma 1. Suppose all conditions in Theorem 1 are met and that 0 ≤ ρmin ≤
ρnj+k ≤ ρmax ≤ 1 for k=−1,0,1, . . . ,m. Then we have

ρmin ≤H(ρnj−1, ρ
n
j , ρ

n
j+1, . . . , ρ

n
j+m)≤ ρmax,(3.1)

where the function H is as defined in (2.16)–(2.17).

Let us first check the monotonicity of the scheme defined by (2.16)–(2.17). Denote

θ
n,(i)
j = θ(i)(qnj−1, q

n
j ), i= 1,2; θ

n,(i)
j = θ(i)(ρnj−1, ρ

n
j ), i= 3,4 for j ∈Z, n≥ 0.

A direct calculation gives

∂H

∂ρnj−1

= λ
(

θ
n,(1)
j +w0θ

n,(3)
j

)

;(3.2a)

∂H

∂ρnj
= 1+ λ

(

θ
n,(2)
j − θ

n,(1)
j+1 +w1θ

n,(3)
j +w0θ

n,(4)
j −w0θ

n,(3)
j+1

)

;(3.2b)

∂H

∂ρnj+1

= λ
(

−θ
n,(2)
j+1 +w2θ

n,(3)
j −w1θ

n,(3)
j+1 +w1θ

n,(4)
j −w0θ

n,(4)
j+1

)

;(3.2c)

∂H

∂ρnj+k

= λ
(

wk+1θ
n,(3)
j −wkθ

n,(3)
j+1 +wkθ

n,(4)
j −wk−1θ

n,(4)
j+1

)

, k= 2, . . . ,m;(3.2d)

where we make the convention that wm =wm+1 = 0.
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1130 KUANG HUANG AND QIANG DU

In (3.2d), which corresponds to the nonlocal dependence of the flux on the solu-

tion, it is possible that θ
n,(3)
j < 0, θ

n,(4)
j < 0 while θ

n,(3)
j+1 = θ

n,(4)
j+1 = 0 at some point

j = j0, e.g., if we consider the Riemann-type solution:

ρnj = 1, j ≤ j0; ρnj = 0, j > j0.

In this case, ∂H
∂ρn

j+k

< 0 for k = 2, . . . ,m− 1. Therefore, one can not deduce (3.1) by

showing (2.16)–(2.17) is a monotone scheme. Here we prove (3.1) in an alternative
way, which was also used in [28, 31].

Proof of Lemma 1. We observe the identity H(ρmin, ρmin, ρmin, . . . , ρmin) = ρmin;
thus we can write the term H(ρnj−1, ρ

n
j , ρ

n
j+1, . . . , ρ

n
j+m) − ρmin as the summation of

two parts:

∆H1 =H(ρnj−1, ρ
n
j , ρ

n
j+1, ρ

n
j+2 . . . , ρ

n
j+m)−H(ρmin, ρmin, ρ

n
j+1, ρ

n
j+2, . . . , ρ

n
j+m),

∆H2 =H(ρmin, ρmin, ρ
n
j+1, ρ

n
j+2, . . . , ρ

n
j+m)−H(ρmin, ρmin, ρmin, ρmin . . . , ρmin).

By the mean value theorem,

∆H1 =
∑

k=−1,0

∂H

∂ρnj+k

(ρ̃nj−1, ρ̃
n
j , ρ

n
j+1, ρ

n
j+2 . . . , ρ

n
j+m)(ρnj+k − ρmin),

∆H2 =
∑

1≤k≤m

∂H

∂ρnj+k

(ρmin, ρmin, ρ̃
n
j+1, ρ̃

n
j+2 . . . , ρ̃

n
j+m)(ρnj+k − ρmin),

where 0≤ ρmin ≤ ρ̃nj+k ≤ ρmax ≤ 1 ∀k=−1,0,1, . . . ,m.

Let us use (3.2a)–(3.2d) with θ
n,(i)
j replaced by θ̃

n,(i)
j that is with respect to ρ̃nj+k.

By Assumption 4, we have θ̃
n,(1)
j + w0θ̃

n,(3)
j ≥ θ̃

n,(1)
j + θ̃

n,(3)
j ≥ 0 given that the term

with respect to k=−1 in ∆H1 is nonnegative. Moreover, Assumption 5 implies that
the term with respect to k= 0 in ∆H1 is nonnegative. For ∆H2, we note that

θ̃
n,(3)
j+1 = θ̃

n,(3)
j + γ23(ρ̃

n
j+1 − ρmin)≤ θ̃

n,(3)
j ,

θ̃
n,(4)
j+1 = θ̃

n,(4)
j + γ24(ρ̃

n
j+1 − ρmin)≤ θ̃

n,(4)
j ,

which yields that

wk+1θ̃
n,(3)
j −wkθ̃

n,(3)
j+1 +wkθ̃

n,(4)
j −wk−1θ̃

n,(4)
j+1 ≥ (wk+1 −wk)θ̃

n,(3)
j

+ (wk −wk−1)θ̃
n,(4)
j ≥ 0,

for k = 1, . . . ,m. As a consequence, all terms in ∆H2 are nonnegative. Then we
deduce that

H(ρnj−1, ρ
n
j , ρ

n
j+1, . . . , ρ

n
j+m)− ρmin =∆H1 +∆H2 ≥ 0.

Similarly one can show the upper bound estimate H(ρnj−1, ρ
n
j , ρ

n
j+1, . . . , ρ

n
j+m)

− ρmax ≤ 0.

3.2. One-sided Lipschitz estimate. This section aims to derive a one-sided
Lipschitz estimate for numerical solutions as given in Lemma 2 and Lemma 3. Utiliz-
ing the one-sided Lipschitz estimate, we proceed to establish that the scheme (2.16)–
(2.17) is monotone and TVD, as demonstrated in Lemma 4 and Lemma 5.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1131

Lemma 2. Suppose that all conditions in Theorem 1 are met and that {ρnj }
n≥0
j∈Z

is the numerical solution produced by the scheme (2.16)–(2.17). The numerical differ-

ences

rnj = ρnj+1 − ρnj , j ∈Z, n≥ 0,(3.3)

satisfy

rnj ≥−Lh, j ∈Z, n≥ 0,(3.4)

where the constant L is as in (2.3).

Proof. It follows from the definition of the scheme (2.16)–(2.17) that

rn+1
j = rnj +λ

[

2g(ρnj , ρ
n
j+1, q

n
j , q

n
j+1)−g(ρnj−1, ρ

n
j , q

n
j−1, q

n
j )−g(ρnj+1, ρ

n
j+2, q

n
j+1, q

n
j+2)

]

.

(3.5)

Noting that g is a quadratic polynomial, we see that g(ρnj , ρ
n
j+1, q

n
j , q

n
j+1)−g(ρnj−1, ρ

n
j ,

qnj−1, q
n
j ) and g(ρnj+1, ρ

n
j+2, q

n
j+1, q

n
j+2)− g(ρnj−1, ρ

n
j , q

n
j−1, q

n
j ) can be expressed, respec-

tively, as linear combinations of the differences {ρnj − ρnj−1 = rnj−1, ρ
n
j+1 − ρnj =

rnj , q
n
j −qnj−1, q

n
j+1−qnj } and {ρnj+1−ρnj−1 = rnj +rnj−1, ρ

n
j+2−ρnj = rnj+1+rnj , q

n
j+1−qnj−1 =

qnj+1 − qnj + qnj − qnj−1, q
n
j+2 − qnj = qnj+2 − qnj+1 + qnj+1 − qnj }, with the coefficients of

the linear combinations dependent on the first- and second-order partial derivatives
introduced in the Assumption 4. This leads to

rn+1
j = λθ

n,(1)
j rnj−1 +

(

1 + λθ
n,(2)
j − λθ

n,(1)
j

)

rnj − λθ
n,(2)
j rnj+1(3.6)

+ λ
(

θ
n,(3)
j + σn

j−1

)

(qnj − qnj−1)

+ λ
(

θ
n,(4)
j − θ

n,(3)
j + σn

j

)

(qnj+1 − qnj )− λ
(

θ
n,(4)
j + σn

j+1

)

(qnj+2 − qnj+1),

where {θ
n,(i)
j = θ(i)(qnj−1, q

n
j )}

2
i=1, {θ

n,(i)
j = θ(i)(ρnj−1, ρ

n
j )}

4
i=3 for j ∈Z and n≥ 0, and

σn
j−1 = γ13r

n
j−1 + (γ23 − γ13)r

n
j − γ23r

n
j+1,(3.7a)

σn
j = (γ14 − γ13)r

n
j−1 + (γ24 − γ13 − γ14 − γ23)r

n
j − (γ23 + γ24)r

n
j+1,(3.7b)

σn
j+1 = γ14r

n
j−1 + (γ14 + γ24)r

n
j + γ24r

n
j+1.(3.7c)

Moreover, the definition in (2.9) gives qnj+1 − qnj =
∑m−1

k=0 wkr
n
j+k for j ∈Z and n≥ 0.

Upon substituting it in (3.6) and carefully regroup terms, we see that rn+1
j can be

expressed as a combination of {rnj+k}
m
k=−1 plus two extra nonnegative quadratic terms

involving (rnj )
2 and (rnj+1)

2. That is,

rn+1
j =

∑

−1≤k≤m

cnj,kr
n
j+k − 2λ(γ13 + γ14)(r

n
j )

2 − 2λ(γ23 + γ24)(r
n
j+1)

2,(3.8)
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1132 KUANG HUANG AND QIANG DU

with
∑

−1≤k≤m cnj,k = 1, where the coefficients {cnj,k}−1≤k≤m are given by

cnj,−1 = λθ
n,(1)
j + λw0

(

θ
n,(3)
j + σn

j−1

)

;

cnj,0 = 1+ λ
(

θ
n,(2)
j − θ

n,(1)
j

)

+ λw1

(

θ
n,(3)
j + σn

j−1

)

+ λw0

(

θ
n,(4)
j − θ

n,(3)
j + σn

j

)

+ 2λ(γ13 + γ14)r
n
j ;

cnj,1 =−λθ
n,(2)
j + λ

[

w2

(

θ
n,(3)
j + σn

j−1

)

+w1

(

θ
n,(4)
j − θ

n,(3)
j + σn

j

)

−w0

(

θ
n,(4)
j + σn

j+1

)]

+ 2λ(γ23 + γ24)r
n
j+1;

cnj,m =−λwm−1

(

θ
n,(4)
j + σn

j+1

)

; and for 2≤ k≤m− 1, with wm = 0,

cnj,k = λ
[

wk+1

(

θ
n,(3)
j + σn

j−1

)

+wk

(

θ
n,(4)
j − θ

n,(3)
j + σn

j

)

−wk−1

(

θ
n,(4)
j + σn

j+1

)]

.

Since the one-sided Lipschitz condition in (2.3) gives r0j ≥−Lh ∀j ∈Z, we proceed by
induction to show the claim that rnj ≥ −Lh for j ∈ Z and n ≥ 0 and the coefficients
{cnj,k}−1≤k≤m in (3.8) are all nonnegative, under Assumptions 1–5.

We note that the maximum principle of the numerical solution as given in (2.29)
implies the estimate |rnj | ≤ 1 for all j ∈Z and n≥ 0. Then we obtain that

cnj,−1 ≥ λ
(

θ
n,(1)
j + θ

n,(3)
j − 2(γ13 + γ23)

)

≥ 0,

cnj,0 ≥ 1− λ

(

4
∑

i=1

∣

∣

∣
θ
n,(i)
j

∣

∣

∣
− 2(γ13 + γ23 + γ14 + γ24)

)

≥ 1− λ

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞
+ 2

)

≥ λ> 0.

As for 1≤ k≤m− 1, we have the following estimate:

wk+1

(

θ
n,(3)
j + σn

j−1

)

+wk

(

θ
n,(4)
j − θ

n,(3)
j + σn

j

)

−wk−1

(

θ
n,(4)
j + σn

j+1

)

(3.9)

=wk+1θ
n,(3)
j+1 +wk

(

θ
n,(4)
j+1 − θ

n,(3)
j+1

)

−wk−1θ
n,(4)
j+1 −wk+1

(

γ13r
n
j + γ23r

n
j+1

)

−wk

(

(γ13 + γ14)r
n
j + (γ23 + γ24)r

n
j+1

)

− wk−1

(

γ14r
n
j + γ24r

n
j+1

)

= (wk+1 −wk)θ
n,(3)
j+1 + (wk −wk−1)θ

n,(4)
j+1 − (γ13(wk +wk+1) + γ14(wk−1 +wk)) r

n
j

− (γ23(wk +wk+1) + γ24(wk−1 +wk)) r
n
j+1 ≥ c

(

h

δ

)2

ρmin − 2
h

δ
w(0)Lh≥ 0.

Note that in the last two steps of the estimate (3.9), the inductive hypothesis rnj ≥−Lh
for j ∈ Z is used, along with the condition 0 < δ ≤ δ0 as specified in (2.28) and the
following facts:

θ
n,(3)
j+1 + θ

n,(4)
j+1 ≤−ρmin; γ13 + γ23 + γ14 + γ24 =−1;

wk −wk+1 ≥ c

(

h

δ

)2

, wk +wk+1 ≤ 2
h

δ
w(0), k= 0, . . . ,m− 1.

We then immediately get cnj,k ≥ 0 for 2 ≤ k ≤ m − 1. Furthermore, cnj,1 ≥ 0 follows
from (3.9) together with the inequality

−θ
n,(2)
j + 2(γ23 + γ24)r

n
j+1 ≥−θ

n,(2)
j + 2(γ23 + γ24)≥ 0.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1133

Finally, θ
n,(4)
j + σn

j+1 = θ
n,(4)
j+2 ≤ 0 leads to cnj,m ≥ 0. Therefore, rn+1

j is a convex com-
bination of {rnj+k}

m
k=−1 plus the two nonnegative terms given in (3.8). Consequently,

if the estimate rnj ≥ −Lh ∀j ∈ Z holds for any n ≥ 0, it implies that the estimate
also holds for n+ 1. Thus, by induction, the claim is proved, and with that, (3.4) is
established. This completes the proof.

Based on Lemma 2, a more careful analysis gives the following sharper estimate
corresponding to the entropy condition (2.5).

Lemma 3. Suppose all conditions in Theorem 1 are met and 0 < h ≤ 1
4L . We

have

Ln ≤
1

1
L0 + 2nτ

≤
1

2nτ
, n≥ 1,(3.10)

where Ln .
= supj∈Z

max
{

−rnj /h,0
}

for n≥ 0 and rnj is as in Lemma 2.

Proof. We still start with (3.8). For k 6= 0,1, we use the estimate

cnj,kr
n
j+k ≥−cnj,kL

nh.(3.11)

In the case of k= 0 and k= 1, we consider the quadratic polynomials

b0(r
n
j )

.
= cnj,0r

n
j − 2λ(γ13 + γ14)(r

n
j )

2, b1(r
n
j+1)

.
= cnj,1r

n
j+1 − 2λ(γ23 + γ24)(r

n
j+1)

2,

and leverage the estimates

cnj,0 ≥ λ, cnj,1 ≥ λ
(

−θ
n,(2)
j + 2(γ23 + γ24)r

n
j+1

)

,

which have been used in the proof of Lemma 2. This leads to

b′0(r
n
j ) = cnj,0 − 4λ(γ13 + γ14)r

n
j ≥ λ− 4λLh≥ 0,

when h≤ 1
4L , and

b′1(r
n
j+1) = cnj,1 − 4λ(γ23 + γ24)r

n
j+1 ≥ λ

(

−θ
n,(2)
j + 2(γ23 + γ24)

)

≥ 0.

Therefore we have

b0(r
n
j )≥−cnj,0L

nh− 2λ(γ13 + γ14)(L
nh)2,(3.12)

b1(r
n
j+1)≥−cnj,1L

nh− 2λ(γ23 + γ24)(L
nh)2.

By summing (3.11) for k 6= 0,1 and (3.12) for k = 0,1, and noting that γ13 + γ14 +
γ23 + γ24 =−1, we obtain

rn+1
j ≥−Lnh+ 2λ(Lnh)2 =−Lnh+ 2(Ln)2hτ,

which further yields Ln+1 ≤Ln− 2(Ln)2τ . This completes the proof by induction, as
(3.10) follows through the following calculation:

1

Ln+1
−

1

Ln
=

Ln −Ln+1

LnLn+1
≥

2(Ln)2τ

LnLn+1
≥ 2τ.

With the one-sided Lipschitz estimate (3.4) in hand, we are now ready to revisit
the monotonicity verification of the scheme (2.16)–(2.17).
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1134 KUANG HUANG AND QIANG DU

Lemma 4. Suppose all conditions in Theorem 1 are met. The scheme (2.16)–
(2.17) is monotone, meaning that the function H defined in (2.16)–(2.17) is nonde-

creasing with respect to each of its arguments.

Proof. We employ (3.2) along with the notations and estimates in Lemma 2. The
proof offered here closely parallels the one for Lemma 2.

For k=−1 and k= 0, we have the following estimate:

∂H

∂ρnj−1

≥ λ
(

θ
n,(1)
j + θ

n,(3)
j

)

≥ 0,

∂H

∂ρnj
≥ 1− λ

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞
− (γ13 + γ23)

)

≥ 1− λ

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞
+ 1

)

≥ 0.

For k=m, we have ∂H
∂ρn

j+m
=−λwm−1θ

n,(4)
j+1 ≥ 0.

For k= 1, . . . ,m−1, we utilize the following estimate, similar to the derivation of
(3.9):

wk+1θ
n,(3)
j −wkθ

n,(3)
j+1 +wkθ

n,(4)
j −wk−1θ

n,(4)
j+1

= (wk+1 −wk)θ
n,(3)
j + (wk −wk−1)θ

n,(4)
j − (γ13wk + γ14wk−1) r

n
j−1

− (γ23wk + γ24wk−1) r
n
j

≥ c

(

h

δ

)2

ρmin − 2
h

δ
w(0)Lh≥ 0,

with the last inequality being implied again by (2.28). The above estimate implies
∂H

∂ρn
j+k

≥ 0 for k = 2, . . . ,m− 1. Moreover, ∂H
∂ρn

j+1

≥ 0 follows from the above estimate

and −θ
n,(2)
j+1 ≥ 0.

An immediate consequence of the monotonicity of the scheme is its TVD property,
as established in the following Lemma 5. The proof of the lemma is similar to that
in [32] for monotone schemes of scalar conservation laws.

Lemma 5. Suppose all conditions in Theorem 1 are met. The numerical solution

{ρnj }
n≥0
j∈Z

produced by the scheme (2.16)–(2.17) satisfies

∑

j∈Z

|ρnj+1 − ρnj | ≤
∑

j∈Z

|ρ0j+1 − ρ0j | ≤TV(ρ0) ∀n≥ 0.

Putting all of the results in the last two sections together, the proof of Theorem 1
is now complete.

3.3. Convergence. In this subsection, we are going to give the proofs of Theo-
rem 2 and Theorem 3. The given proofs are similar to those in the existing literature
such as [7, 22]; here we only provide the key ingredients of the proofs.

Proof of Theorem 2. We recall that the numerical solution ρδ,h is defined as

ρδ,h(t, x) =
∑

j∈Z

∞
∑

n=0

ρnj 1Cj×T n(t, x),(3.13)

where Cj = (xj−1/2, xj+1/2) and T n = (tn, tn+1). For any test function φ∈C1
c([0,+∞)

×R), we denote φn
j = φ(tn, xj) for all j ∈Z and n≥ 0.
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1135

Let us consider the family of numerical solutions {ρδ,h}0<δ≤δ0,0<h<1, where δ0 is
as in (2.28). The maximum principle (2.2) gives the a priori L∞ estimate for ρδ,h.
Moreover, Lemma 5 gives the spatial total variation bound on ρδ,h, and consequently
the temporal total variation bound is given by

∑

j∈Z

|ρn+1
j − ρnj | ≤λ

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞

)

∑

j∈Z

|ρnj+1 − ρnj | ≤TV(ρ0) ∀n≥ 0.

Therefore, the family of numerical solutions is uniformly bounded in BVloc([0,+∞)×
R). Thus, it is precompact in the L1

loc norm (see [23]), and there exists a sequence
{ρδl,hl} converging in L1

loc([0,+∞)×R) to a limit function ρ∗ as δl → 0, hl → 0 simul-
taneously. Noting the uniqueness of the entropy solution, to show the convergence of
ρδ,h when δ → 0 and h → 0 along an arbitrary path, we only need to show that ρ∗

satisfies both the weak form (2.4) and the entropy condition (2.5).
For the weak form (2.4), we begin by multiplying the scheme (2.16)–(2.17) by

φn
j h, summing over all j ∈Z and n≥ 0, and then applying summation by parts. This

leads us to

hτ
∑

n≥1

∑

j∈Z

φn
j − φn−1

j

τ
ρnj + hτ

∑

n≥0

∑

j∈Z

φn
j+1 − φn

j

h
g(ρnj , ρ

n
j+1, q

n
j , q

n
j+1) + h

∑

j∈Z

φ0
jρ

0
j = 0.

(3.14)

Then we take the limit as δ → 0 and h → 0 simultaneously on both sides of (3.14),
while utilizing the following key estimates:

h
∑

j∈Z

|g(ρnj , ρ
n
j+1, q

n
j , q

n
j+1)− ρjv(q

n
j )|

(3.15)

= h
∑

j∈Z

|g(ρnj , ρ
n
j+1, q

n
j , q

n
j+1)− g(ρnj , ρ

n
j , q

n
j , q

n
j )| ≤ 2

(

4
∑

i=1

∥

∥

∥
θ(i)
∥

∥

∥

∞

)

TV(ρ0)h,

and

h
∑

j∈Z

|ρjv(q
n
j )− ρjv(ρ

n
j )| ≤ h

∑

j∈Z

|qnj − ρnj | ≤ h

(

m−1
∑

k=1

kwk

)

∑

j∈Z

|ρnj+1 − ρnj |

≤
1

2
w(0)TV(ρ0)δ,

which implies (2.4).
For the entropy condition, let us consider numerical solutions ρ̃δ,h that are con-

structed by linear interpolation rather than the piecewise constant reconstruction as
defined in (3.13). Then by Lemma 3, ρ̃δ,h satisfies the one-sided Lipschitz estimate:

−
ρ̃δ,h(t, y)− ρ̃δ,h(t, x)

y− x
≤

1

2t
∀x 6= y ∈R, t > 0.(3.16)

Noting that ρ̃δ,h converges to the same limit function ρ∗ pointwise, we can show that
ρ∗ satisfies the Oleinik entropy condition (2.5) by passing the limit on (3.16).

To prove Theorem 3, we first prove the following lemma.
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1136 KUANG HUANG AND QIANG DU

Lemma 6. Take Assumptions 1–5 and that δ satisfies the condition (2.28). When

δ → δ∗ > 0 and h → 0, the numerical solution ρδ,h produced by the scheme (2.16)–
(2.17) converges in L1

loc([0,+∞)× R) to the weak solution ρδ∗ of the nonlocal LWR

model (1.2) as defined in Proposition 1.

Proof. Similarly as in the proof of Theorem 2, when taking the limit δ→ δ∗ and
h→ 0, there exists a sequence {ρδl,hl} converging to a limit function ρ∗∗ in the L1

loc

norm with δl → δ∗, hl → 0. Noting that Proposition 1 already gives the solution
uniqueness, we only need to show that the limit function ρ∗∗ satisfies the weak form
(2.1).

The weak form (2.1) can be obtained by taking the limit δl → δ∗, hl → 0 on both
sides of (3.14) and utilizing the estimate (3.15) as well as the convergence

∑

j∈Z

∞
∑

n=0

qnj 1Cj×T n(t, x)→

∫ δ

0

ρδ,h(t, x+ s)wδ(s)ds(3.17)

in the L1
loc norm.

We now give the proof of Theorem 3.

Proof of Theorem 3. For a bounded domain U ⊂ [0,+∞)× R, suppose (2.30) is
not true, and there exists a sequence of δl and hl where δl ∈ (0, δ0] and hl → 0 as
l→∞, and ε > 0, such that

∥

∥ρδl,hl − ρδl
∥

∥

L1(U)
≥ ε.

By possibly selecting a subsequence we suppose δl → δ∗ ∈ [0, δ0]. If δl → 0, both ρδl,hl

and ρδl converge to ρ0; if δl → δ∗ > 0, by Lemma 6, ρδl,hl → ρδ∗ , and by applying the
same arguments on continuous solutions, it holds that ρδl → ρδ∗ . In both cases there
is a contradiction.

3.4. Local limit of numerical discretizations. We now present the proof of
Theorem 4.

Proof of Theorem 4. We first prove (2.31). By the Assumption 3, the numerical
solution satisfies qnj = ρnj for all j ∈ Z and n ≥ 0 whenever 0 < δ < h. This implies
that the two schemes (2.16)–(2.17) and (2.18) are exactly the same, and thus (2.31)
holds.

Next we prove (2.32). For a bounded domain U ⊂ [0,+∞)×R, suppose (2.32) is
not true, and there exists a sequence of δl and hl where 0<hl ≤ δl → 0 as l→∞, and
ε > 0, such that

∥

∥ρδl,hl − ρ0,hl
∥

∥

L1(U)
≥ ε.

But this contradicts the fact that both ρδl,hl and ρ0,hl converge to ρ0 as l→∞.

4. Numerical experiments. In this section, we test the presented numerical
scheme (2.16)–(2.17) in several numerical experiments to demonstrate the established
results. In these numerical experiments, we choose the numerical quadrature weights
{wk}

m−1
k=0 from the ones given in (2.12), (2.33), and (2.14) and fix the CFL ratio

λ = 0.25. In all but the fourth experiment, we use the linear decreasing kernel
wδ(s) =

2
δ2 (δ − s). Assuming δ = mh, where m is a positive integer, the numerical

quadrature weights for the linear decreasing kernel computed from (2.12), (2.33), and
(2.14) are given, respectively, by the following:
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AC SCHEMES FOR A NONLOCAL TRAFFIC FLOW MODEL 1137

• (Left endpoint) wk =
2(m−k)

m2 for 0≤ k≤m− 1, with
∑m−1

k=0 wk = 1+ 1
m ;

• (Normalized left endpoint) wk =
2(m−k)
m(m+1) for 0≤ k≤m−1, with

∑m−1
k=0 wk = 1;

• (Exact quadrature) wk =
2(m−k)−1

m2 for 0≤ k≤m− 1, with
∑m−1

k=0 wk = 1.
In all but the fifth experiment, the velocity function is chosen to be v(ρ) = 1− ρ.

Two sets of initial data ρ0 are used; one is a bell-shaped curve,

ρ0(x) = 0.4 + 0.4exp
(

−100(x− 0.5)2
)

, x∈R,(4.1)

while the other represents the Riemann data:

ρ0(x) =

{

ρL, x < 0.5,

ρR, x > 0.5,
x∈R;(4.2)

we take ρL = 0.1 and ρR = 0.6 in all the experiments. The numerical solutions are
presented on the spatial domain x∈ [0,1] and in the time horizon t∈ [0,1] even though
the numerical computations are done on a larger spatial domain with the constant
extension on both sides. In the first three experiments, we examine the asymptotic
compatibility of the scheme (2.16)–(2.17) with different numerical quadrature weights.
In the fourth experiment, we test the scheme with different choices of the nonlocal
kernel. In the fifth experiment, we test the scheme with nonlinear velocity functions
v= v(ρ) other than the linear one v(ρ) = 1− ρ.

Experiment 1. We first present numerical solutions ρδ,h computed with the
Lax–Friedrichs numerical flux function (2.27a) and different numerical quadrature
weights. For each initial data and each set of numerical quadrature weights, we
compute the numerical solution ρδ,h with δ = 0.005, h= 0.001 and plot its snapshots
at selected times t = 0,0.5,1. Moreover, the snapshot of the numerical solution ρδ,h

at time t= 1 is compared with that of the solution ρ0 of the local model (1.1). In this
experiment, the local solution ρ0 is also computed numerically because the analytical
solution is not always available. The numerical computation is done on a fine grid with
h= 0.0002 using a Lax–Friedrichs scheme for (1.1) with the numerical flux function

glocal(ρL, ρR) =
1

2
(ρLv(ρL) + ρRv(ρR)) +

α

2
(ρL − ρR),(4.3)

which is the local counterpart of (2.27a). The snapshot of the local solution ρ0 at
time t= 1 is plotted with dashed line. See Figure 4.1.

For the bell-shaped initial data, we observe from the top row of Figure 4.1 that the
numerical solutions of the nonlocal model preserve the smoothness of the initial data
while the local solution develops a shock. At time t = 1, the numerical solutions of
the nonlocal model computed with the normalized left endpoint quadrature weights
and the exact quadrature weights are close to the local solution, especially in the
region away from the shock of the local solution. This means that the numerical
solution ρδ,h with both δ,h small provides a good approximation to the local solution
ρ0, which validates the conclusion of Theorem 2. We also observe from the top left
figure of Figure 4.1 that the numerical solution of the nonlocal model computed with
the left endpoint quadrature weights is very different from the local solution at time
t = 1. Although the numerical solution of the nonlocal model still approximates a
shock profile at time t= 1, the shock position is incorrect. The comparison between
the three sets of numerical quadrature weights emphasizes the significance of the
normalization condition (2.20) for numerical quadrature weights.

For the Riemann initial data, the local solution ρ0 is a traveling wave moving
at the constant speed v = 1 − (ρL + ρR) = 0.3. We observe from the bottom row

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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of the nonlocal model (1.2) as δ → 0 and h → 0. For properly selected numerical
quadrature weights, we are able to prove, under reasonable assumptions, that the
numerical solutions of the nonlocal model converge to the continuous solution of the
nonlocal model with a fixed δ > 0 as h → 0, while they converge to the entropy so-
lution of the local continuum model (1.1) as δ → 0 and h→ 0 simultaneously. That
is, such schemes are asymptotically compatible with its local limit. We are able to
demonstrate that these asymptotically compatible schemes can offer robust numerical
simulations under the changes in δ due to the uniform convergence when the values
of δ are within a proper range.

Our established results are based on the a priori estimates on the numerical
solutions as given in Theorem 1, subject to assumptions alluded to above. As shown in
the computational experiments, the normalization condition for numerical quadrature
weights is essential to the asymptotic compatibility of the scheme (2.16)–(2.17). The
experiments also suggest that the results of this work may be extended to the cases
with more general nonlocal kernels and velocity functions v = v(ρ) other than the
linear one v(ρ) = 1− ρ. It might also be possible to establish the results with more
general initial data that may have negative jumps. Furthermore, with the a priori
bounds on the numerical solutions and known estimates on the exact solutions, it
is possible to derive a priori error estimates subject to suitable conditions on the
regularities of continuous solutions. These questions along with further generalizations
and applications of nonlocal traffic flow models will be subjects of future research.
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