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Learning Sparse High-Dimensional Matrix-Valued
Graphical Models From Dependent Data

Jitendra K. Tugnait

Abstract—We consider the problem of inferring the conditional
independence graph (CIG) of a sparse, high-dimensional, station-
ary matrix-variate Gaussian time series. All past work on high-
dimensional matrix graphical models assumes that independent
and identically distributed (i.i.d.) observations of the matrix-
variate are available. Here we allow dependent observations.
We consider a sparse-group lasso-based frequency-domain for-
mulation of the problem with a Kronecker-decomposable power
spectral density (PSD), and solve it via an alternating direction
method of multipliers (ADMM) approach. The problem is bi-
convex which is solved via flip-flop optimization. We provide
sufficient conditions for local convergence in the Frobenius norm
of the inverse PSD estimators to the true value. This result also
yields a rate of convergence. We illustrate our approach using
numerical examples utilizing both synthetic and real data.

Index Terms—Sparse graph learning; matrix graph estimation;
matrix time series; undirected graph; inverse spectral density
estimation.

I. INTRODUCTION

N graphical models, graphs display the conditional in-

dependence structure of the variables, and learning the
graph structure is equivalent to learning a factorization of the
joint probability distribution of these random variables [1].
In a vector graphical model, the conditional statistical de-
pendency structure among p random variables x1, 2, - , Tp,
is represented using an undirected graph G = (V, &) with
a set of p vertices (nodes) V. = {1,2,---,p} = [p|, and
a corresponding set of (undirected) edges € C [p] x [p].
There is no edge between nodes ¢ and j iff x; and x; are
conditionally independent given the remaining p-2 variables.
Suppose & ~ N,.(m,X), with m € RP, 3 € RP*P, positive
definite 3 = Q~!, where N, (m,X) denotes a real-valued
Gaussian vector with mean m and covariance 3. Then ()5, the
(4,7)-th element of €2, is zero iff z; and z; are conditionally
independent [1]. Of much interest is the high-dimensional case
where p is greater than or of the order of the data sample
size n [2]. In particular, in a high-dimensional setting, as
n 1 oo, p/n — ¢ > 0, instead of p/n — 0 as in classical
low-dimensional statistical analysis framework [2, Chapter 1].
Such models for « have been extensively studied [2]-[5].
In this paper we address the problem of high-dimensional
matrix graph estimation. If p/n < 1, we use the term low-
dimensional for such cases in this paper.

Consider a stationary p—dimensional multivariate Gaussian
time series x(t), t = 0, £1,£2, - - -, with ith component x; ().
In the corresponding time series graph G = (V. &), there
is no edge between nodes i and j iff {x;(t)} and {z;(¢)}
are conditionally independent given the remaining p-2 scalar
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series {x¢(t), £ € [p], £ # i,¢ # j} [6]. Denote the
power spectral density (PSD) matrix of zero-mean {x(t)} by
S.(f), where S,(f) = 300 Ruu(r)e™?™7, Ry (1) =
E{x(t+7)x"(t)} and ¢ = /—1. In [6] it was shown that
conditional independence of two time series components given
all other components of the zero-mean time series, is encoded
by zeros in the inverse PSD, that is, {i,j} & & iff the (i, j)-
th element of S;1(f), [S;*(f)]i;j = O for every f. In [6]
the low-dimensional case is addressed whereas nonparametric
frequency-domain approaches for graph estimation in high-
dimensional settings have been considered in [7]-[9]. Refs.
[7], [9] provide performance analysis and guarantees. Para-
metric modeling based approaches in low-dimensional settings
for conditional independence graph (CIG) estimation for time
series are discussed in [10]-[15]. These papers are focused on
algorithm development and they do not provide performance
guarantees (such as [9, Theorem 1]). Estimation of sparse
high-dimensional parametric time series models is discussed in
[16] where performance analysis in high-dimensions is carried
out, but the graphical modeling aspect is not addressed.

The need for matrix-valued graphical models arises in
several applications [17]-[27] (see also related work of [28]).
Here we observe matrix-valued time series {Z(¢)} where
Z(t) € RP*4.If one vectorizes using vec(Z) where vec(Z) €
RP? denotes column-wise vectorization of Z, then use of
vec(Z) will result in a pg-node graph with (pg) X (pq)
precision matrix, which could be ultra-high-dimensional, and it
ignores any structural information among rows and columns of
Z(t) [17]. With ® denoting the matrix Kronecker product, the
basic idea in matrix-valued graphs is to model the covariance
of vec(Z) as ¥ @ X with ¥ € R?7%? and 3 € RP*?, reducing
the number of unknowns from O(p?¢?) to O(p? + ¢?), while
also preserving the structural information. Given data, one
estimates two precision matrices 2 = 7! and ¥ = ¥~ L
In the matrix graph, conditional independence between Z;;
and Zy, is determined by zeros in €2 and Y [17]. This is the
Kronecker graph model [29], [30]: If G; and G, are graphs
with adjacency matrices A(G;) and A(Gs), respectively, then
the Kronecker product graph (KPG) G; ® G5 is defined as the
graph with adjacency matrix A(G;) ® A(G2) [30, Def. 1]. In
our context the nonzero entries of Y and €2 determine the
nonzero entries of the adjacency matrices of graphs G; and
Go, respectively, with KPG G = G; ® Go.

Our objective in this paper is to learn a conditional
independence KPG associated with time-dependent matrix-
valued zero-mean p X ¢ Gaussian sequence Z(t), under high-
dimensional settings, given observations of {Z(t)}7—,.

A. Related Work

Prior work on KPG estimation under high-dimensional

settings [17]-[27] all assume that i.i.d. observations of Z
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are available for graphical modeling. Refs. [17], [18], [25]
all solve the same bi-convex optimization problem, using an
identical alternating minimization approach, but they differ in
theoretical analysis. Ref. [21] uses a Kronecker sum model
whereas we use a Kronecker-product separable covariance
structure (see (4) later) for {Z(¢)}.

There is no prior reported work on high-dimensional matrix
graph estimation with dependent data using a nonparametric
approach. Parametric models using state-space models are
estimated in [31], [32] for KPG estimation in low-dimensional
settings using Bayesian approaches. Granger causality graphs
(not the same as CIGs) for matrix time series are estimated in
[33] using first-order AR models and in [34] using an infinite
dimensional model class (which includes ARMAX models of
any order), both in low-dimensional settings (i.e., pg/n < 1
and/or lim,,_, . pg/n = 0, with pg representing number of
nodes in KPG). In contrast, this paper considers conditional
independence KPG’s under high-dimensional settings. Ref.
[35] investigates sum of Kronecker product AR models for
matrix times series with no consideration of CIGs. Estimation
of a KPG model corresponding to an AR Gaussian process
is investigated in [36] in low-dimensional settings with no
performance analysis or guarantees. A distinguishing aspect of
[36] is that it imposes a Kronecker product decomposition on
the support of the inverse PSD, not the inverse PSD of the time
series. With regard to [34], [36], we note that in the synthetic
data example using an ARMA model in [34, Sec. 6.1, Fig. 2],
number of nodes is 16 (= pq) and sample size is n = 3900,
leading to pg/n = 0.004, a low-dimensional setting. The real
data example of [34, Sec. 6.2] does have pg =96 and n = 500,
implying pg/n = 0.19. The distinction is that the ground truth
is known in synthetic data examples permitting evaluation of
the efficacy of the considered approach, whereas such is not
the case in real data examples. Thus [34] does not address the
high-dimensional scenario as relatively high pg/n = 0.19 in
their real data example is not supported by any commensurate
synthetic data example. In contrast, we provide such support,
as seen in Table I, Sec. VI-A of this paper, where pqg =225
and varying n € {64,128,256,512,1024,2148}, implying
pg/n = {3.5,1.76,0.88,0.44,0.22,0.11}. In our real data
example (Sec. VI-B), we have pg = 88 and n = 364 with
pg/n = 0.24. In [36, Sec. 6.1], the synthetic data example
has pg = 36 and n =1000 or 2000 (pg/n=0.036 or 0.018),
again a low-dimensional scenario. The real data example of
[36, Sec. 6.2] has pq = 36 and n = 389 (pg/n = 0.09). The
comments made pertaining to [34] regarding differences in
pq/n ratios for real and synthetic data examples, apply to [36]
as well. Finally, [37] considers a first-order matrix AR model
for matrix time series where when vectorized, the vectorized
time-series AR coefficient is expressed as a Kronecker product.
Low-dimensional asymptotics are provided in [37] and the
issue of the underlying CIG is not addressed.

A frequency-domain formulation is used in this paper,
following the approach of [9] for dependent vector time series.
The resulting optimization problem is bi-convex, as in [17],
[18], [25], but with complex variables, and is solved via an
alternating minimization approach using Wirtinger calculus
[38] for optimization of real functions of complex variables.

A preliminary version of parts of this paper appear in a
workshop paper [39]. Theorems 1-3 and their proofs, and the
real data example do not appear in [39].

B. Our Contributions, Outline and Notation

The underlying system model including a generative model
(5) for time-dependent matrix Gaussian sequence, is presented
in Sec. II. A frequency-domain based penalized log-likelihood
objective function is derived in Sec. III for estimation of the
matrix graph, resulting in a Kronecker-decomposable power
spectral density representation (15). A flip-flop algorithm
based on two ADMM algorithms is presented in Sec. IV to
optimize the bi-convex objective function. In Sec. V the per-
formance of the proposed optimization algorithm is analyzed
under a high-dimensional large sample setting in Theorems
1-3, patterned after [22] and exploiting some results from [9],
[40], [41]. Numerical results are presented in Sec. VI and
proofs of Theorems 1, 2 and 3 are given in three appendices.

Notation. The superscripts *, T and H denote the com-
plex conjugate, transpose and conjugate transpose operations,
respectively, R and C denote the sets of real and complex
numbers, respectively, and Re(x) is the real part of € CP.
We use ¢ := /—1. A p x p identity matrix is denoted
by I,. Given A € CP*P, ¢pin(A), dmax(A), |A], tr(A)
and etr(A) denote the minimum eigenvalue, maximum eigen-
value, determinant, trace, and exponential of trace of A,
respectively. We use A = 0 and A > 0 to denote that
Hermitian A is positive semi-definite and positive definite,
respectively. For B € CP*9, we define the operator norm,
the Frobenius norm and the vectorized ¢; norm, respectively,
as |B| = Vémax(BPB), ||B|lr = +/t(B7B) and
[Blli = >;;|Bij|, where B;; is the (i,j)-th element of
B, also denoted by [B];;. For vector & € CP, we define
01l = >-%_,16:] and [|6]]2 = \/>_+_; |0:], and we also use
6] for ||0]|2. Given A € CP*P, A* = diag(A) is a diagonal
matrix with the same diagonal as A, and A~ = A — A"
is A with all its diagonal elements set to zero. We use
A~* for (A*)~1, the inverse of complex conjugate of A,
and A~T for (AT)~1. Given A € C"*P, column vector
vec(A) € C" denotes the vectorization of A which stacks
the columns of the matrix A. The notation y,, = Op(x,,) for
random y,,,x, € CP means that for any € > 0, there exists
0 < T < oosuchthat P(||y,|| < T||z,||) > 1—eVn > 1. The
notation  ~ N.(m, X) denotes a complex random vector x
that is circularly symmetric (proper), complex Gaussian with
mean m and covariance X, and & ~ N,.(m, X) denotes real-
valued Gaussian x with mean m and covariance 3.

II. SYSTEM MODEL

A random matrix Z € RP*4 is said to have a matrix normal
(Gaussian) distribution if its pdf f(Z|M, X, ¥), characterized
by M € RP*4, 3 € RP*P, W € R9*9, is [42, Chap. 2]

etr( Y Z-M)®(Z - M)Tz—l)

f(2|M, %, %) = (2m)Pa/2|2[/2 [W|p/2

)
We will use the notation Z ~ MVN(M,X, ¥) for the
matrix normal distribution specified by (1). Equivalently,

vec(Z) ~ Ny (vec(M), ¥ @ %) . (2)
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Here W is the row covariance matrix and 3 is the col-
umn covariance matrix [42] since the kth column Z. ~
N;(0,[¥],1X) and the ith row Z,| ~ N,.(0, [X];P).

With Z € RP*? modeled as a zero-mean matrix normal
vector and z = vec(Z), [17] assumes

F{zz"} =¥ X%, (3)

implying a separable covariance structure [28]. Let 2 = X!
and ¥ = ¥~ denote the respective precision matrices. Then
Z;; and Zj, are conditionally independent given remaining
entries in Z iff (i) at least one of €2;, and X, is zero when
1 # k, j#£ L, (i) Qi = 0 when ¢ # k, j = ¢, and (iii)
Y, =0wheni=~k, j#¢[l7].

In this paper we will model our time-dependent zero-
mean matrix-valued, stationary, p x ¢ Gaussian sequence Z(t),
z(t) = vec(Z(t)), as having the separable covariance structure
given by

E{z(t+1)z" ()} =¥ (1)@ X 4)

where ¥(7), 7 = 0,£1,--- models time-dependence while
3 > 0 is fixed. Under (4), the row covariance sequence is
E{Z (t+7)Z,.(t)} = [£]:; ¥(7) and the column covariance
sequence is E{Z.k(t + )ZT( )} = X [®(7)]kk. Thus we
allow possible temporal dependence in matrix observations
via W(7). With {e(t)} iid., e(t) ~ N;(0,I,,), a generative
model for z(t) is given by

L
z(t) =Y (Bi®@ Fle(t—i), B; €R™1, F € R”? (5)
1=0
= E{z(t+71)z ZBB (FFT). ()
=3

=¥(7)
In (5), we can have L 1 oo so long as assumption (A2) stated
in Sec. III holds. In sequel, we exploit (4) in our approach
without considering (6), the latter is used only for synthetic
data generation.

The PSD of {z(t)} is S.(f) = S(f) ® & where S(f) =
> W(r)e ?™/7. Then S;1(f) = S71(f) ® &1, and by
[6], in the pg—node graph G = (V,E), |V| = pg, associated
with {z(t)}, edge {i,j} & & iff [S7*(f)];; = O for every
f. This does not account for the separable structure of our
model. Noting that S~1(f), f € [0, 0.5], plays the role of ¥ =
w1 using [6], [17] (also [30, Observation 1]), we deduce that
{Z;;(t)} and {Z},(t)} are conditionally independent given
remaining entries in {Z(¢)} iff (i) at least one of €2;; and
[S7L(f)];¢, for every f € [0,0.5], is zero when i # k, j # ¢,
(ii) 2, = 0 when i # k, j = £, and (iii) [S™(f)];¢ = 0, for
every f € [0,0.5] when ¢ = k, j # £. That is, we have a KPG
G = G1 ® Go where the adjacency matrix of G; is specified by
the nonzero entries of S~1(f) Vf € [0,0.5], and that of G,
follows from the nonzero entries of €2.

Our objective is to learn the graph associated with {Z(¢)}
under some sparsity constraints on € and S~I(f), f €
[0,0.5]. Since aS~(f) ® (a™1Q) = S7I(f) ® £, to re-
solve scaling ambiguity, we could normalize ||Q|p = 1 or
1S~1(f1) S~L(fm)]lr = 1 for suitably placed M
frequencies in (0,0.5); we will follow the latter as stated later
in step 2 of Sec. IV-A.

III. PENALIZED NEGATIVE LOG-LIKELIHOOD
Given z(t) for t = 0,1,2,---,n — 1. Define the (nor-
malized) DFT’s d.(fn) and D,(f,) of z(t) and Z(t),
respectively, as (recall ¢ = v/—1),

—= ) exp (—27 fint) @)
o
1 n—1

D, (fm) =—7= Z(t)exp (=27 fint) (8)
Vi =

fm=m/n, m=0,1,--- ,n—1 9)

Then d.(fn) = vec(D.(fm)). It is established in [43]
(see also [9]) that, for even n, the set of random vectors
{d.( fm)}m o is a sufficient statistic for any inference prob-
lem based on dataset {z(t)}7=,. Suppose S.(fi) is locally
smooth, so that S,(fz) is (approximately) constant over
K = 2my 4 1 consecutive frequency points f,,’s where m; is
the half-window size; in our case, this assumption applies to
S(fr). Pick M = | (% —m; —1)/K| and

fro=((k—=1D)K+m+1)/n, ke[M] (10)

yielding M equally spaced frequencies fr in the interval
(0,0.5). We state the local smoothness assumption as assump-
tion (Al).

(A1) Assume that for £ = —my, —m + 1, -+, my,
S (fre) = S:(fi) (11)
where firo= ((k— 1)K +my+1+0)/n. (12)

We will invoke [44, Theorem 4.4.1] for distribution of
d.(fm). To this end we need assumption (A2).

(A2) The matrix time series {Z(¢)}2_ ., is zero-mean sta-
tionary, Gaussian, satisfying >~ [[®(7)]ke| < oo for
every k. £ € [q].

T=—00

By [44, Theorem 4.4.1], under assumption (A1), asymptoti-
cally (asn — 00), d.(fm), m=1,2,--- ,(n/2)—1, (n even),
are independent proper, complex Gaussian N.(0,S,(fm))
random vectors, respectively. Denote the joint probability
density function of d.(f,), m = 1,2,---,(n/2) — 1, as

fo(D) where D = {D,(fm)}.,,2 "/2) 1 . Then we have [9],
[43]
f (D) — ﬁ ﬁ eXp (_gkl - g;:l) (13)
P LA, B PIB |
1 _ ~ -
gn =547 (fo,) (ST () @ 7 d(fie) . (14)
B, =5(fi)® =. (15)
Using trf(ATBCG") = (vec(A))T(G @ B)vec(C) and
parametrizing in terms of ®; := S~(f;) and Q@ = X,
we have
1 ~ _ -
Gkl :in(ka,Z) DL (fr) (ST )T
1 . .
:ng(fk,e)QDz(fu)‘I’k (16)
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Define g x (¢M) matrix I" as

I =[® &, - &)]. (17)

Using |Bi| = |S(fi) ® | = |S(fx)|?|Z]%, up to some
constants the negative log-likelihood follows from (13) as

1 .
=~ e - 5 (1n(@el) + (@)
Toop 2Mgq Pt k k
1 M
+ WZtr(Ak +A;), (18)
1
Ay = Z D (fi.0)QD.(fr.0)®; . (19)
Kffmt

In the high-dimension case, to enforce sparsity and to
make the problem well-conditioned, we propose to minimize
a penalized version £(Q,T') w.rt. Q and T,

L(Q,T) =G(Q,T,T") + P,(Q) + P,({®}), (20)
p
Q) =X, > 1245 = A7 |11, @1
i?fj
P,({®}) =a), Z Z| (@]
k=1 i#j
q
+(1—a)VMA, Y W), (22)
i#£j
B0 =([®1]y; [®o]s; - [Burlyy]T €CM, (23

where {®} = {®,}L,, o € [0,1], A\p, A, > O are tuning
parameters, P,(£2) is the lasso constraint, P,({®}) is a sparse-
group lasso sparsity constraint (cf. [45]-[47]) and VM in
P,({®}) reflects number of group variables [47].

IV. OPTIMIZATION

The objective function L£(2,T') in (20) is biconvex:
(strictly) convex in I', ®; > 0, for fixed €2, and (strictly)
convex in £, 2 > 0, for fixed I'. As is a general approach for
biconvex function optimization [48], we will use an iterative
and alternating minimization approach where we optimize
w.r.t. Q with T" fixed, and then optimize w.r.t. I' with € fixed
at the last optimized value, and repeat the two optimizations
(flip-flop). The algorithm is only guaranteed to converge to a
local stationary point of £(€2,T) [48, Sec. 4.2.1].

With T' = [(i’l b, - i’M} denoting the estimate of T, fix
I =T and let £,(2) denote £(2,T) up to some irrelevant
constants. We minimize £;(£2) w.r.t. Q to estimate €2, where

1
L£,(Q) = —— ln(IQI) +

%tr (20) + P,(Q), (24)

my

e = MKqZ > Re{D.(fr0)®; DY (fro)}. (29

k=14=—m,

Fix Q@ =  and and let £5(T") denote £(€2,T) up to some
irrelevant constants. We minimize £5(I') w.r.t. T' to obtain
estimate I', where

Lo(T) = Wzln(li’u)ﬂn(l@il))
M = B
i 2 (O + 6187) + P(@)), (6
k:
- 1 SN _
O, D] QD ) 27
er—z—:m,, . (k) 2D (fr0) 27

Our optimization algorithm is as in Sec. IV-A.
A. Flip-Flop Optimization

1. Tnitialize m = 1, Q© = I,, & = I, k € [M].

2. Set 2 = Q=D in (27). Use the iterative ADMM
algorithm [49], as outlined in [9, Sec. 4] and based on
Wirtinger calculus [38], to minimize L5(T') (given by
(26)) w.r.t. I' to obtain estimates 'I’,(cm), k € [M], the
M component matrices of the estimate I'(™). Details
are in Sec. IV-B and step II of Sec. IV-D. Normalize
T « T /|T™)|| £ to resolve the scaling ambiguity.
Let m <~ m + 1.

3. Set I' = T'™ in (25). Use the ADMM algorithm of [40,
Sec. I] (with o = 1 therein, no group-lasso penalty)
to minimize £;(f2) w.r.t. €, to obtain estimate (™).
Details are in Sec. IV-C and step IV of Sec. IV-D.

4. Repeat steps 2 and 3 until convergence.

B. ADMM for Estimation of T’
After variable splitting, the scaled augmented Lagrangian
for minimization of Lo(T") is [9]

M

L5- (@}, (W} {U}) = ﬁ > w(Ou + 077)
M
~ gz 2B+ IED) + (W)

M
P 2
+ 52 @1 — Wi + U ||%

k=1

where {U} = {Ui}) | are dual variables, similarly
{Wi}M | are the “split” variables, p > 0 is the
penalty parameter, U, W), € C9%9. Given the results
{®D} W@} {UD} of the ith iteration, in the (i + 1)st
iteration, the ADMM algorithm executes the following
three updates, given in Steps (a)-(c), until convergence. To
distinguish between the estimates I'(™) and <I>§€m) of the mth
iteration of the flip-flip optimization and the estimate of the
ith iteration of the ADMM algorithm, we use <i>,(;) for the
latter.

Step (a). {2V} + argmin gy L35 ({@}, (WD} {UD}).
Up to some terms not dependent upon ®;’s [9]

L3t ({2}, (W} {U)

M
1 . , ,
= 5ars O L@ WL U),
k=1
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L3 (2, W, UL) = ~ In(|@4]) — In(| @)

+ (O @y, + O ®]) + Map||®), — W + UM |2,
that is, the objective function is separable in k. For each k,
the solution is as follows [9]. Let PAPH denote the eigen-
decomposition of the Hermitian ©; — Mgp (W,gz) — U,El))
with diagonal matrix A consisting of the eigenvalues and
PP — PHP — I, Then &/ = PAPY where A
is the diagonal matrix with (th diagonal element

X Al + \/
A =
[Alee 2qu

+4qu

Step (b). Here we have
(WD} — arg min £3°({8D), (W} {UO)).

We update {W,"™}M | as the minimizer w.rt. {W}M, of

”ZH

The; solution follows from [9, Lemma 1]. Let G}, = <I>(l+1) +

U,gl) € C7%4 and let GUY € CM be defined as in (23), but

based on Gy ’s. Then the update of {W'} is given by
ifj=2¢

[W(l+1 lie =[Gkljj
T a))\q\/ﬂ
W, e = <1 pl[SF(GUED), Ol)\q/p)“)

; A Ny
xSp(IGU=00), AL

where (b); := max(0,b), Sp(b,5) = (1 — B/|b])+b (for
complex scalar b # 0) is the soft-thresholding scalar operator,
and [Sr(a,B)]; = S(aj,B) with a; = [a];, is the soft-
thresholding vector operator.
Step (¢). {UGD} e (UO} + ({B0+D} — (WD},
C. ADMM for Estimation of )

Using variable splitting, consider

— (@ +UD)|E + P({W)).

min

1 < =
Guin {(tx(©9) ~ (1€2)) + 2 [W |1 }

subject to £2 = W. The scaled augmented Lagrangian for this
problem is [49]

LIH(Q,W,U) = (1/p) (tr(©9) — In(92))
- p — —
+ MWL+ SR - W+ U7
where U is the dual variable, and p > 0 is the penalty pa-
rameter. Given the results Q) W@ T of the ith iteration,
in the (7 + 1)st iteration, an ADMM algorithm executes the
following three updates until convergence:

Step (a). QUTD  «— argming £ (Q, WO
choose €2 to minimize

tr(©0) — In(|Q) +

JU®), We

pp X7 (i 7 (3
Zle-wo U0

The solution is as follows [40]. Let QJ Q" denote the eigen-
decomposition of ® —pp (W) — U®)) with diagonal matrix

J consisting of the eigenvalues and QQ"T = Q' Q = I,
Then QU+ = QJQT where J is the diagonal matrix with
(th diagonal element

- —[J]ee + /([T ]ee)* + 4pp .

J =
[]ee 20

Step (b). WUHD « argminy, £$1(Q0+HD W, UD). We
update W+1 as the minimizer w.r.t. W of

X (Wl + 1@ = W+ OO

The solution is soft thresholding given by [40]
W) = (20D — T O] if j =k
ik ifj#k

Sp([QUHD — T, 22)
where Sp() denotes soft-thresholding as in Sec. IV-C.
Step (). U(H+Y) « U0 4 (@D - WD),
D. Practical Implementation

Here we present our implementation of the algorithms of

Secs. IV-A-IV-C that was used in our numerical results.

L Parameters i = 10, Tpep = Taps = 1074, 74 = 1075,
Mmax = 20, imax = 100 and p(® = 2. Initialize m = 1,
Q0 =1, 8 =1, ke [M.

II. For m =1,2, -+, Mnax, do steps II-IV.

I Set © = Q™1 in (27). Pick p = p©, & = I, for
ke [M].Fori=0,1,-- ,imax, do steps 1-6 below.
1. For k € [M], update ®;, as <i>,(f+1) as in step (a), Sec.
IV-B, then update W}, as Wk(iﬂ) as in step (b), Sec.
IV-B, and then update Uy, as U,g”l) as in step (c),
Sec. IV-B, all with p = p(?).
2. Check for convergence following [9, Sec. 4.1.5]. De-

fine the primal residual matrix E(Hl) Cax(aM) gt
the (7 + 1)st iteration as

1+1 = (i+1 i+1 1+1 +1
E;(m) <I>§ )_W1( ) <I>( ) W( ) o

<i>§("j” - WJE;‘H)]

and the dual residual matrix E{"1) e C7<(aM) at the

(i + 1)st iteration as

i+1 i+1 i i+1 i
Et(iu—;l)ip [W1(+)7W1()7W2(+)7W2()77
i+1 i
Wi - wy.
Let e; = | [,i)(i-i-l) ,i)gi-i-l) (i)%ij-l)ﬂ =

1
% (1+1) W2(2+41) WJE;H)]HF» 03 —
N OE O, 2 = g HT s+
Trel max(eh 62) and Tdual = Q\/M Tabs T Trel 63/P(1)
1t By, lp < s and Byl e < 7w, the
convergence criterion is met. If the convergence cri-
terion is met or if 7 + 1 > iy, €xit to step IV after
setting &™) = &Yk € [M], and then normalizing
™ « 1) /|T0)|| 1, else continue,
3. Update variable penalty parameter p as

. . (i+1 i+1
20 if ||E e > MHEduJ;l)HF

i i+1 i+1
p( /2 if ||Edu—;l)HF > ﬂ“Eprj )HF
p otherwise.

iD=

(@)
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For k € [M], set U™ = Ul /2 it |[EVY | p >

(il it1 i+1)
B e and U = 2 i B >
GBS

4. Set i <— ¢+ 1 and return to step 2.

IV. Set T' = T'(™ in (25). Pick p = p®, Q) = I,. For
1=20,1,--- ,%max, do steps i-v below.

i. Update © as Q+D) as in step (a), Sec. IV-C, then
update W as WU+HD as in step (b), Sec. IV-C, and
then update U as U*Y as in step (c), Sec. IV-C, all
with p = p(®).

ii. Check for convergence following [40, Sec. 1I-A]. De-
fine the primal residual matrix H;Zrl) = QU+ _
W+ and the dual residual matrix H;Z;ll) =

pO WD — W] where H;;jl) Hc(iz—zl) € Crxp,
Let

Tpri =P Tabs + Trel maX(HQ(H_l) ||F7 HW(H—D ||F)

Tdual =P Tabs + Trel Hﬁ(H_l) ||F/P(Z) .

+1 i+1
1t [ Hy Ve < 7 and [y |6 < Tavar, the
convergence criterion is met. If the convergence crite-
rion is met or if~ i+ 1 > imax, €Xit to step V after
setting QM) = QU+ else continue.

iii. Update variable penalty parameter p as

i (i+1 = i+1)
S |l > Al HG
i . i i+1 1+1
p = p(,)/Q if || E gy | > NHILIZ()Ter e
p) otherwise
Set UG = UO)2 if HHéiT”HF > [ll Hypr
and U+D = 200 if [|HSD o > G HE .

iv. Set ¢ <— ¢+ 1 and return to step ii.

V. Check for convergence of the flip-flop algorithm. If
[Tem — =D /[ Dp < 7y and [|Q0
Q=D /| V| g < T4p, OF M > Mppay, 20 tO
step VI, else set m <— m + 1 and return to step III.

VL. The final estimates are given by Q=0m and T =
L0, and E¢, = {(i,5) : [[Qij| > 0} and & = {(4, )
[®09)] > 0} are the estimated edgesets for © and T
respectively.

Remark 1. We terminate the flip-flop optimization (step V)
when relative improvements in new updates of both Q™) and
'™ are below the threshold T¢f, or the maximum number
of iterations in m is reached. The ADMM algorithms are
terminated when both primary and dual residuals are below the
respective tolerances, or the maximum number of iterations in
¢ is reached; here we follow [49, Sec. 3.3.1] (see also [40] and
[9]). The variable penalty p(*) follows the recommendations in
[49, Sec. 3.4.1]. The most expensive computation in Sec. IV-B
is in step (a) requiring the eigen-decomposition of M ¢ X q
matrices, with computational complexity O(M¢?). Similarly,
the most expensive computation in Sec. IV-C is in step (a)
requiring the eigen-decomposition of a p X p matrix, with com-
putational complexity O(p?). Thus the overall computational
complexity of our proposed approach is O(M¢® + p3). O

E. BIC for selection of \p, A\ (and o)

Given n, K and M, the Bayesian information criterion
(BIC) is given by (see also [9])

BIC(AP,/\q,a) = —2KMqIn(|2)

+2sz( In(|@4) + p~' Re(tr(Ay))

+In(2KM)(|Qo/2 + Z |[®4]0) (28)

k=1

where Ak is given by (19) with @ and ®; therein re-
placed with Q and &, respectively, |H|o denotes num-
ber of nonzero elements in H, 2K M is total number
of real-valued measurements in frequency-domain and 2K
is the number of real-valued measurements per frequency
point, with total M frequencies in (0,0.5). A general ex-
pression for BIC is —2log-likelihood+(number of model
parameters) xlog(number of data points). The expression in
(28) follows by using {d.( fm)}fgfl)_l) as complex-valued
data in frequency-domain whose log-likelihood is given by
(18). We count each complex value as two real values, both
for data points and for parameters (entries of &), and also
use the fact that €2 is symmetric and &, is Hermitian.

Pick o, Aq and A, to minimize BIC. In our simulations
we fixed o = 0.05 and then picked A\, and A, over a grid
of values, as follows. We search over A\, € [y, Aqu] and
Ap € [Ape, Apu] selected via a heuristic as in [40]. Find the
smallest A\, and A, labeled Ay, and Ay, for which we get a
no-edge model; then we set Mgy, = Agsm /2 and Age = Mg /10;
similarly for Ap,, and Ap.

V. THEORETICAL ANALYSIS

Now we provide sufficient conditions for local convergence
in the Frobenius norm of the Kronecker-decomposable inverse
PSD estimators to the true value or a scaled version of it.
First some notation. The true values of €2, ¥ and S(f) will
be denoted as Q°, X° and S°(f), respectively. Therefore,
Q° = (X°)~1. Since we use ®; := S'(f1,), we have & :=
S=(f) (where A~° = (A®)~1). Therefore, in this notation,

d.(fm) ~ Ne(0, 52(fm)) and SZ(fm) = S’O(fm)®20‘ Also
in this section, we replace ‘i’k’s in (25) with ®;’s and still use
the notation @ for the sum (25) and the notation £;(€2) for
(24), and similarly, we replace Q in (27) with €2 and still use
the notation © for the sum (27) and Lo(T") for (26).

We follow [22] in first considering the solution to the

unpenalized population objective function (i.e., expectation of
G(Q,{®},{P*}) given by 18). We have

G(Qv {(I)}’ {(I)*}) = E{G(Q7 {‘I)}v {(I)*})}
1 1 & i}
=09l - g7 3 [1n(|®x]) + In(|@7)
1

(tr(S;®y) + tr(s;;@k)*)tr(zm)} , (29)

Sl
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where we have used the facts S§ = S°(f),
B{s(A)} = 1 3 w(B{d-(fun)dl ()} 0 )
b=—my
— (S} 0 B°) (@1 0 ) = u((S7%1) © (2°9)
=p (8P, r(2°Q). (30)
Define
Q) = argmlnG AP {®"}), 3D
[(Q) = argmin G(2, {®},{®"}) (32)
where T'(Q) = [®1 () ®2(Q) -+ &,(Q))].

Theorem 1. If Zf:[:l (tr(S5 @) + tr(S;®4)*) # 0, then

_ 2Mgq

Q(F) = — — QO 9 (33)
ol ((Sp @) + u(Sg®)*)
and if tr(3°€Q) # 0, then for k € [M],
()= L (5= LB e (34

tr(X°Q) tr(3°0)

Theorem 1 shows that the unpenalized population objective
function yields true values up to a constant scalar. Notice that
Q(T) = Q° if T = I'°, and similarly, ®;(Q) = L,k =
1,2,--- M, if Q =Q°.

We now turn to penalized data-based objective function
L(€,T) which is minimized alternatingly as Lo(I") w.r.t. ®’s
and as £1(€2) w.r.t. Q. Here in addition to assumptions (A1)
and (A2), we assume

(A3) Define the true edgesets S, = {{i,j} : [(S°)71(f)]i; #
0, i # 4, 0 < f <05, i,j € [¢]} and S, =
{isgY 1905 £ 0, i # . i) € [pl}, where S°(/)
denotes DTFT of ¥(7) and Q° = (X°)~! denotes the
true value of €. Assume that number of nonzero elements
in the true edgesets S, and S, are upperbounded as
|Sql < sq and [Sp| < sp.

(A4) The minimum and maximum eigenval-
ues of ¢ x g PSD S8°(f) = 0 satisfy
0 < PBgmin < mingepo.5 dmin(S°(f)) and
max¢e(0,0.5] Pmax(S°(f)) < Bgmax < o0o. Similarly,
0< ﬂp,min < d’min(zo) < Qbmax(zo) < Bp,max < o0.
Here f3. min and . max are not functions of n, p, g.

Theorem 2 establishes bounds on estimation errors of local
minimizers (L) and T'(2) of £1(2) and Ly(T'), respec-
tively. We now explicitly allow p, ¢, M, K, s, 54, A\p and A,
to be functions of sample size n, denoted as p,,, q,,, M, Ky,
Spns Sqns Apn and gy, respectively. (In the appendices we do
not do so to keep the notation simple.) First we define some
variables. For 7 > 2, define

Vp:01/ﬂpmaxv

1/7 \/
/Qn

(35)

2 In(16)

1 T ’
In(M}"g,) In)

Ciy = (36)

Cog = 16C14(1 + Y Bp max) Bq.max » (37
Vg = 0~1/ﬂq,max s (38)
B 2 In(4)
e \/1n<pn> " \/ (e >
Cop = 801p (2 + ’Yqﬂq max)ﬂp max » (40)

Fan =\ Moo + 5q0) (M7 4,)/(Kupn) = o(1), (41)
Fom = \/ (Pn + 8pn) n(pn) /(M Kngn) = o(1). (42)

Theorem 2. Let 7 > 2.
() Let B(I®) ={T': [T —=T°[|p < g, = & - 0} and
Q(T") = argmingg. rep(re); £1(€2). Suppose A, satisfies

Cop [ In(pn) < Apn < Cop (1 N pn) In(py,) _
M, Knqn DPn Spn M, Knqn
43)

Let N, := argmin, {n DoTpn < ﬂp’min/(3400p)}. Then
under assumptions (A1)-(A4), for n > N, Q(l") satisfies

. 17Cy
12(T) — Q@) |lr < 25— Tpn
Bp,mln
with probability greater than 1 — F —4p“e”
(i) Let B(2°) = {Q2: [2—Q°|[Fr <, 2= Q7 >~ 0} and
I'(Q) = argmingr. gep(qe)y L2(T). Suppose Ay, satisfies

Vi < Agn < (1 + j) dy, (45
qn

Mn‘]n M nqn
where d,, = In(}M, 1/TQ71)/(Knpn)~ Let N, := argmin, {n :
Tgn < By min/ (34COq)}. Then under assumptions (A1)-(A4),
for n > N, and « € [0, 1], I'(Q2) satisfies

IB(Q) - B(@)|p < L0

32 Tqn
q,min

with probability greater than 1 — 1 — 16Mgq e Kr/2 o

Remark 2. Theorem 2 helps determine how to choose
M,, and K, so that for given n, Sp,, Sqn, ¢n and p,,
limy, o0 7pn, = 0 and lim,,_,oc 74, = 0, and moreover, how
fast can s,, and sg, grow with n and still have rg, and
rpn | 0. Since K, M, =~ n/2, if one picks K, = O(n*),
then M, = O(n'~#) for some 0 < p < 1. We assume
pn and g, are of the same order. (i) First consider the case
O(pn) = O(pn + spn) = O(gn) = O(¢n + Sqn), which, for
example, is true for chain graphs. Also, take O(p,,) o< n” for
some v > 0. Then rp, = O(y/In(n)/n) — 0 as n — oo, and
rgn = O(y/In(n)/n?+=1) — 0 as n — oo if p > 0.5. This
holds for any v > 0.If u = 2, then ry,, = O(+/In(n)/nt/*) >
Tpn. If o = 2, then rg, = O(y/In(n)/n'/%) > rp,. (i)
Now suppose O(p,) = O(g,) x n¥ for some v > 0, but
O(spn) = O(84n) x n* = O(p2), which is true for Erdos-
Renyi graphs, e.g. Then 7, = O(y/In(n)/n'=") — 0 as
n — oo if v < 1, and rg, = O(y/In(n)/n?+~1=v) — 0 as
n — oo if 2u—v > 1. Clearly v = 1 does not work. Suppose
v =0.25 and p = 0.75. Then rp, = O(y/In(n)/n’37) and

rgn = O(y/In(n)/n!/8). O

(44)

KqM

(40)
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Remark 3. The values of v, and ~, specified in (35) and
(38), respectively, are used in the proofs of Theorem 2(ii)
(see after (116)) and Theorem 2(i) (see (101)), respectively.
One can enlarge vy, and v, to 7, = 0.1/pn/Bp min and
v¢ = 0.1v/Mpg, /B¢ min, respectively, and the proofs and
the other results remain unchanged and valid. Enlarging these
values implies that the balls B(I'®) and B(€2°) specified in
Theorem 2 are larger, signifying larger convergence regions
for initialization of I' and €. However, this would slow
the corlvergence rates from [Q(T) — QI)[[r = Op(rpn)
and |[D(€2) — <ﬂw—0Awnmmu> Q)||r =
Op(yBurpn) and|T(Q) — D@)llr = Op(v Mo r4n).
respectively. [J

Theorem 3. Assume ||Q°||p = 1.

(i) Define 2 = Q(T)/||Q(T)||r. Let Noy, := argmin, {n :
Pon < B 1R #/(34C0,) } and % = (Byumax +
Bg,min)/Bg,min. Under the assumptions of Theorem 2(i), for
n > max{N,, No,}, 0 satisfies
Q)| < S1rCo
ﬁp,min

—KqM

= p/(2C3),

= 0. 162 min/ (687:-CopBp max), Nap = argmin, {n :
"pn_ < aX{Ulp,ng}} and ng = QCQPHI‘OAHF/]). Let
() = argming o gcpoyy L2(I) where © is as in
Theorem 3(i). Under the assumptions of Theorem 2, for

12 — Q| p < 4v,[|UT) — Tpn (47)

with probability greater than 1 — 2 — 4pe

(11) Let Cgp = 68’Yr\/236p,max00p/627min’ Ulp
Usp

n > max{N,, Na,, Ny, N3,} and o € [0, 1], T'(£2) satisfies
A 17C
() = Tllp < 25— rgn + Cogrpn (48
q min
with probability greater than 1 — —1 Pem KM — L —

16Mg2e KP/2 o

VI. NUMERICAL RESULTS

We now present numerical results for both synthetic and
real data to illustrate the proposed approach. In synthetic
data examples the ground truth is known and this allows
for assessment of the efficacy of various approaches. In
real data examples where the ground truth is unknown, our
goal is visualization and exploration of the linear conditional
dependency structures underlying the data.

A. Synthetic Data

We use model (5)-(6) to generate synthetic data where
W(7) is controlled via a vector autoregressive (VAR) model
impulse response and 3 is determined via an Erdos-Reényi
gra(ph We take p = ¢ = 15. Consider the 1rng)ulse response

€ R5*5 generated as H.” =20 _ AV H"), + I.5,,
where Hi(r) = 0 for ¢ < 0, 6; is the Kronecker delta,
r = 1,2,3, and only 5% of entries of Al(-r)’s are nonzero
and the nonzero elements are independently and uniformly
distributed over [—0.8,0.8]. We then check if the VAR(3)
model is stable with all eigenvalues of the companion matrix
< 0.95 in magnitude; if not, we re-draw randomly till this
condition is fulfilled. The impulse res onse B; € RI>x15
in (5) is given by B; = block- drag{H (2) 53)}, for

0 < ¢ < L = 40, otherwise it is set to zero. Thus B;’s
in (5) have a block-diagonal structure with 3 blocks, each
block is 5 x 5. In the Erdds-Renyi graph with p = 15 nodes,
the nodes are connected with probability p., = 0.05. In the
upper triangular ©, ;; = 0 if {i,j} € Sp, 45 is uniformly
distributed over [—0.4,—0.1] U [0.1,0.4] if {i,j} € S,, and
Q;; = 0.5. With @ = QT, add xI, to Q with s picked to
make minimum eigenvalue of 2 = Q + kI, equal to 0.5. Let
Q = FF (matrix square-root), then F' = F in (5).

"
-
0.6 »/

n:05

™
%
\

04 p —o— Q:dep., N=256 | |
e — % - @ :dep., N=256
03 i *- B cep 1
e —— Q:1ID, N=256
02 y/ —#— T:ID, N=256
g
0.1

0.‘1 0‘2 0‘3 O,‘A 0.‘5 0.‘6 0‘7 D‘B O,‘9 1
1-TNR

Fig. 1: ROC curves: plots labeled “IID” are from the approach of

[17], [18], [25], and the plots labeled “dep.” are from our proposed

approach. TPR=true positive rate, TNR=true negative rate

We applied our proposed approach with n = 256, M = 2,
K = 63 and compared with the approach of [17] (which is
also the approach of [18], [25], all of whom assume i.i.d.
observations and have two lasso penalties one each on 2 and
Y, counterpart to our ®;). In our approach, we fix a = 0.05
for all simulations and real data results. For fixed values of
Aq and ), using our proposed approach of Sec. IV-D, we
calculated the true positive rate (TPR) and false positive rate
1-TNR (where TNR is the true negative rate) over 100 runs,
separately for 2 and {®, }/Y, based on the estimated edges.
As we vary A\, and )\, over a wide range of values, we can
compute the corresponding pairs of estimated (1-TNR, TPR).
The receiver operating characteristic (ROC) is shown in Fig.
1 based on 100 runs, using the estimated (1-TNR, TPR). We
repeat this method for the i.i.d. modeling approach of [17],
[18], [25]. Fig. 1 shows that the i.i.d. modeling of [17], [18],
[25] is unable to capture the “dependent” edges (cf. (4)) via
Y whereas it has no issues with £2. Our approach works well
for both components of the Kronecker product graph.

In Table I we show the results based on 100 runs under dif-
ferent parameter settings and samples sizes. Here we show the
Fyscore, TPR, 1-TNR and timing values for the overall graph
(not the two Kronecker product components separately) along
with the o errors. All algorithms were run on a Window 10
Pro operating system with processor Intel(R) Core(TM) i7-
10700 CPU @2.90 GHz with 32 GB RAM, using MATLAB
R2023a. We take n = 64,128, 256,512,1024, 2048, and for
our proposed approach, the corresponding m; values leading to
different M values are m; = 7,15,31,63,127,255 (M = 2),
my =4,9,20,41,84,169 (M = 3), my = 3,7,14, 31,63, 127
WM = 4), m¢ = 2,5,12,24,50,101 (M = 5), m; =
wk,4,10,20,42,84 (M = 6), my = sxx,%%,%%,15,31,63
(M = 8), and m; = sx,%x,%x,12,25 50 (M = 10).
Here *x denotes that no simulation were performed for the
corresponding sample size n (since K = 2m; + 1 is too
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TABLE 1. F scores, TPR, 1-TNR and timing per run for fixed tuning parameters, for the synthetic data example, averaged over 100 runs.
The entries x* denote no simulations done for these parameters.

256

512

1024

2048

Proposed Approach: F7 scores 0 when \’s are selected to minimize BIC

0.6440 + 0.1709
0.6969 + 0.1421
0.7106 + 0.1465
0.7049 + 0.1367
0.6773 £ 0.1379
%k
k%

0.7061 + 0.1147
0.7266 + 0.1159
0.7376 + 0.1011
0.7253 + 0.1104
0.7115 £ 0.1172
0.7016 + 0.1071
0.7123 + 0.1117

0.7018 £ 0.1176
0.7322 £+ 0.1031
0.7446 £+ 0.1069
0.7401 £ 0.1028
0.7343 £ 0.1025
0.7366 £+ 0.1013
0.7319 4+ 0.1044

0.7190 £+ 0.1217
0.7474 £+ 0.1000
0.7524 £+ 0.1047
0.7467 £+ 0.1002
0.7369 + 0.0971
0.7365 + 0.0974
0.7367 + 0.1022

+o0 when \’s are selected to maximize F} score

n 64 128
M=2 0.5163 + 0.1530  0.5660 + 0.1580
M=3 0.5111 4+ 0.1705  0.5876 % 0.1560
M=4 0.5454 £ 0.1852  0.6470 £ 0.1489
M=5 0.5977 & 0.1717  0.6609 + 0.1465
M=6 ok 0.6277 £+ 0.1353
M=8 *% Kk
M=10 *% sk
Proposed Approach: F7 scores
M=2 0.6826 &+ 0.1440  0.6954 + 0.1588
M=3 0.6984 + 0.1383  0.7322 + 0.1730
M=4 0.7041 4+ 0.1355  0.7364 + 0.1646
M=5 0.6652 + 0.1664  0.7309 + 0.1431
M=6 *ok 0.7218 + 0.1490
M=38 Kk Hok
M=10 ®k *%

0.7485 + 0.1632
0.8055 + 0.1383
0.8074 £ 0.1434
0.8072 + 0.1466
0.8089 + 0.1324
kk
kk

0.8026 + 0.1139
0.8293 + 0.1190
0.8282 + 0.1169
0.8411 £ 0.1158
0.8252 + 0.1206
0.8329 + 0.1130
0.8187 + 0.1216

0.8032 £ 0.1588
0.8372 £ 0.1442
0.8401 £ 0.1197
0.8451 + 0.1251
0.8433 £ 0.1282
0.8382 £ 0.1221
0.8286 + 0.1525

0.8440 + 0.1184
0.8670 £+ 0.1295
0.8633 & 0.1397
0.8637 + 0.1314
0.8583 + 0.1396
0.8601 =+ 0.1404
0.8496 + 0.1406

IID modeling [17], [18], [25]: A’s are selected to maximize F7 score

F1 scores o

0.4329 + 0.1244

0.4230 + 0.1208

0.4368 + 0.1228

0.4746 + 0.1367

0.4483 4+ 0.1180

0.4709 + 0.1104

timing (s) per run +o

0.0051 + 0.0011

0.0073 + 0.0014

0.0111 + 0.0020

0.0195 + 0.0031

0.0342 4 0.0035

0.0640 + 0.0050

Proposed approach under model mismatch — non-Gaussian e in (5) : F7 scores =0 when \’s are selected to minimize BIC

Exponential e, M=4

0.5518 + 0.1853

0.6565 + 0.1728

0.7098 + 0.1349

0.7355 £ 0.0976

0.7514 + 0.1141

0.7555 + 0.0888

Uniform e, M=4

0.5434 + 0.1772

0.6510 + 0.1693

0.7137 £ 0.1364

0.7400 + 0.1043

0.7494 £+ 0.1146

0.7537 £+ 0.0982

Proposed Approach: TPR 4o when \’s are selected to maximize F} score

0.6937 + 0.1852
0.7595 + 0.1529
0.7459 + 0.1608

*k

0.7533 £ 0.1332
0.7919 + 0.1307
0.8024 + 0.1287
0.7867 + 0.1269

0.8146 + 0.1187
0.8142 4+ 0.1229
0.8162 £ 0.1215
0.8278 £+ 0.1199

0.8249 £+ 0.1199
0.8836 + 0.1021
0.8275 £+ 0.1290
0.8504 + 0.1177

Proposed Approach: 1-TNR +o when A’s are selected to maximize F7 score

0.0022 + 0.0074
0.0020 + 0.0074
0.0013 + 0.0050

k%

0.0018 + 0.0061
0.0021 = 0.0097
0.0026 + 0.0113
0.0025 + 0.0113

0.0049 £ 0.0157
0.0023 £ 0.0086
0.0027 £ 0.0120
0.0046 + 0.0173

0.0025 £ 0.0096
0.0043 + 0.0174
0.0030 + 0.0161
0.0040 + 0.0173

Proposed Approach: timing (s) per run +o0 when \’s are selected to minimize BIC

M=2 0.6312 4+ 0.1675  0.6420 4 0.1541
M=4 0.6793 4+ 0.1493  0.7120 4 0.1477
M=6 Kk 0.6711 £+ 0.1529
M=10 *% sk

M=2 0.0032 4+ 0.0092  0.0033 4 0.0090
M=4 0.0041 4+ 0.0118  0.0044 £ 0.0127
M=6 Kk 0.0035 + 0.0116
M=10 *% $ok

M=2 0.1687 4+ 0.0400  0.1688 4 0.0418
M=4 0.2294 4+ 0.1650  0.2470 4+ 0.1026
M=6 Kk 0.2738 4+ 0.0903
M=10 *k Kok

0.1791 £ 0.1005
0.2284 + 0.0846
0.2426 + 0.0633

kk

0.1777 £ 0.0289
0.2278 + 0.0392
0.2507 + 0.0537
0.3040 + 0.1400

0.2166 £ 0.0322
0.2890 + 0.1338
0.2944 £ 0.0902
0.3230 4+ 0.0733

0.3131 £+ 0.1051
0.3627 £ 0.0494
0.3842 £ 0.0471
0.4285 + 0.0890

small). We show the resulting F} scores under two different
scenarios: when we use the proposed BIC parameter selection
method (Sec. IV-E) and when F; score was selected based
on A\ values that maximize the F; score. While the latter
approach is not practical, it is presented to illustrate what
is possible using the proposed approach and what may be
“lost” when there are errors in the BIC parameter selection
method. The number of unknown parameters being estimated
are O(p*+Mq?), with O(p?) for Q and O(M ¢?) for M ®;’s.
We see that for a fixed n, at first the performance improves
with increasing M, then it slowly declines as more parameters
need to be estimated with increasing M. Increasing M also
reduces K = 2m; + 1 since KM = %, which reduces the
number of frequency-domain samples (K) for averaging for
the kth model for @, k € [M] (see assumption (Al) in
Sec. III). Note also that by (46) of Theorem 2(ii), the error
in estimating ®5’s o 14, o y/(Mq)/(Kp). For a fixed M,
the performance improves, in general, with increasing n but
more slowly for higher n’s. Higher n values implies higher
resolution in the frequency-domain and for fixed M, higher n
implies higher K (and m;), in which case assumption (Al)
in Sec. III may not hold. The TPR, 1-TNR and timing values
are shown for selected M’s for the proposed approach where
timing per run is for the A values picked by the BIC criterion.
It is seen that increasing M and/or n leads to only a small

increase in timing.

In Table I we also show the performance of i.i.d. modeling
approach of [17], [18], [25], in terms of the Fj score and
timing. The i.i.d. modeling approach is significantly faster but
the accuracy in edge detection in terms of the F) score is
much poorer. Finally, to assess sensitivity to modeling errors
such as violation of the Gaussianity assumption, we used
either exponential or uniform e(¢) in (5), both with zero-mean
unit variance, instead of the assumed Gaussian e(t) in our
model. The results are shown for M = 4 and we see that the
performance is robust w.r.t. violation of this assumption.

B. Real Data: Beijing air-quality dataset [50]

Here we consider Beijing air-quality dataset [50],
[51], downloaded from https://archive.ics.uci.edu/dataset/501/
beijing+multi+site+air+quality+data. This data set includes
hourly air pollutants data from 12 nationally-controlled air-
quality monitoring sites in the Beijing area. The time period
is from March 1st, 2013 to February 28th, 2017. The six air
pollutants are PMs 5, PM;g, SO2, NO2, CO, and Og, and the
meteorological data is comprised of five features: temperature,
atmospheric pressure, dew point, wind speed, and rain; we did
not use wind direction. Thus we have eleven (= ¢) features
(pollutants and weather variables). We used data from 8 (= p)
sites: 4 rural/suburban sites Changping, Dingling, Huairou,
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Fig. 2: Pollution and site graphs for the Beijing air-quality dataset [50] for year 2013-14: 8 monitoring sites and 11 features (p = 8, ¢ = 11,
n = 364). Number of distinct edges = 18, 28, 20, 6, 30, 28 in graphs (a), (b), (c), (d), (e) and (f), respectively. Monitoring sites labeled
Stn. 1-4 are the rural/suburban sites and those labeled Stn. 5-8 are the urban sites (see the text). For the pollution graph, estimated &0
is the edge weight (normalized to have max;; &%) = 1) and for the site graph, estimated |€2:5] is the edge weight (normalized to have

max£; |Q1]\ = 1). The edge weights are color coded (all pollution
in addition to the edges with higher weights being drawn thicker.

Shunyi, and 4 urban sites Aotizhongxin, Dongsi, Guanyuan,
Gucheng (labeled Stn 1 through 8 in Fig. 2). The data are
averaged over 24 hour period to yield daily averages. We
used one year 2013-14 of daily data resulting in n = 365
days. Arranging stations as rows and features as columns, we
have Z(t) € R®! ¢t =1,2 ... 365. We pre-processed the
data as follows. Given jth feature data Z,;(¢) at ith station,
we transform it to Z;;(t) = In(Z;;(t)/Zi;(t — 1)) for each i
and 7, and then detrend it (i.e., remove the best straight-line
fit). Finally, we scale the detrended scalar sequence to have
a mean-square value of one. All temperatures were converted
from Celsius to Kelvin to avoid negative numbers. If a value of
a feature is zero (e.g., wind speed), we added a small positive

number to it so that the log transformation is well-defined.
We applied our proposed approach with M =4, K = 45

and n = 364 (p = 8, ¢ = 11) and compared it with the i.i.d.
modeling approach of [17], [18], [25]. The objective here is
to compare the two approaches in estimation of the pollution
(feature) graph and the site graph. The spatio-temporal data
has a matrix structure and one is interested in learning two
aspects of conditional dependencies: the relationship among
the features via the pollution graph and the relationship among
the sites via the site graph. We have not yet tested if our model
assumptions apply to this dataset (this needs further theoretical
analysis to devise suitable statistical tests, particularly in a
high-dimensional setting), but it still seems to be useful to
compare the results of our proposed approach and that of

graphs share the same color legend, and similarly for the site graphs),

[17], [18], [25]. Fig. 2(a) shows the resulting graph for the
air quality and environmental variables where {7, j} € S, iff
&0 = (S0 |[®1]:12)2 > 0 for i # j, and Fig. 2(b)
shows the resulting graph for the sites around the Beijing area
where {i,j} € S, iff |Q;| > 0 for i # j. Since all the
sites are physically close to one another, it is not surprising
that the site graph in Fig. 2(b) is fully connected. But we do
see that the rural/suburban sites stn. 1 through stn. 4 have
higher weight edges among the group and the urban sites stn.
5 through stn. 8 have higher weight edges among the urban
group, with inter-group edge weights being slightly weaker
(but fully connected). Automobile exhaust is the main cause
of NO, which is likely to undergo a chemical reaction with
Ozone Oj, thereby, lowering its concentration [51]. This fact
is captured by the edge between NO, and Ozone Os in Fig.
2(a). Cold, dry air from the north of Beijing reduces both dew
point and PMs 5 particle concentration in suburban areas while
southerly wind brings warmer and more humid air from the
more polluted south that elevates both dew point and PMs 5
concentration [50]. This fact is captured by the edge between
dew point and PMs 5 in Fig. 2(a). The counterparts to Figs.
2(a) and 2(b) when using the i.i.d. modeling approach of [17],
[18], [25], are shown in Figs. 2(e) and 2(f), respectively. While
the site graph in Fig. 2(f) is fully connected and quite similar to
the proposed approach’s site graph in Fig. 2(b), the pollution
graph in Fig. 2(e) far denser than the proposed approach’s
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pollution graph in Fig. 2(a).

We do not have any systematic approach for selection of
M for a given sample size n. Since KM ~ 3, fixing M fixes
K = 2m; 4+ 1, and vice-versa. Using BIC to pick M does
not work as BIC always picks the smallest M. The synthetic
data results presented in Table I show that the performance
is not unduly sensitive to the choice of M. To illustrate the
sensitivity of the proposed approach in Beijing data case, we
show the pollution graphs in Figs. 2(c) and 2(d) for the choice
M =3 (K=59) and M = 5 (K = 35), respectively. There is
not much difference between pollution graphs for M = 4 and
M = 3, but that for M = 5 is much sparser. This is consistent
with the results of Sec. VI-A on synthetic data.

VII. CONCLUSIONS

Sparse-group lasso penalized log-likelihood approach in
frequency-domain with a Kronecker-decomposable PSD was
investigated for matrix CIG learning for dependent time series.
An ADMM-based flip-flop approach for iterative optimization
of the bi-convex problem was presented. We provided suffi-
cient conditions for consistency of a local estimator of inverse
PSD. We illustrated our approach using numerical examples
utilizing both synthetic and real data. Lasso and related ap-
proaches are known to yield biased estimates [52]. To remedy
this, various non-convex penalties have been suggested [52]
and typically, lasso-based approaches provide the initial guess
for iterative optimization. In the context of this paper, adaptive
lasso has been used in [40] (the basis of the ADMM method
of Sec. IV-C), and a log-sum penalty has been used in [53]
(which modifies [9], the basis for Sec. IV-B). Investigation of
such non-convex penalties is left for future research.

APPENDIX A
PROOF OF THEOREM 1

With fixed T, let G1(€2) denote G(€2,{®},{®*}) up to
some irrelevant constants. Then

~ 1
G1(82) = = - In(|92) + Bu(=°) 49)
where B = tr(S3®;)*/(2Mgp). We have
0G1(£2) 1.,
0=—7—-——-=—-0Q BXx° 50
50 ” + ; (50)

establishing (33) if B # 0. The solution is unique since the
Hessian of G1(£2), given by JQ~'®Q ", is positive definite
at © = Q(T). Similarly, with fixed €2, let G5(T") denote
G(2,{®},{®*}) up to some irrelevant constants. Then

M
G2(T) =) Gon(®s), (51)
k=1
Go(®r) = —In(|®x]) — In(|®))
+ %(tr(s,?{)k) + tr(Sp®r)*)w(X°0R) . (52)
The cost Go(T') is separable in k, ®;. We have
0 :GG;’(“;;’“) =@, '+ %S’Ztr(E°Q), (53)

establishing (34) if tr(2°Q) # 0. Similar to [9, Lemma 4],
the Hessian of Gay(®}) is positive definite at @5, = @1 ().
Therefore, the solution is unique. O

APPENDIX B
TECHNICAL LEMMAS AND PROOF OF THEOREM 2

Lemma 1 is a restatement of [22, Lemma S.1, Supplemen-
tary].
Lemma 1. Assume that iid. data X; € RP*Y 4§ =
1,2,--- ,n, follows the matrix-valued normal distribution
MVYN(0,3°,¥°), with 3¢ € RP*P, ¥° € RI¥9, 3° = 0
and ¥° > 0, i.e., vec(X;) ~ N, (0, P ® 20). Assume that
Dmaz () < Crp < 00 and G, () < Cop, < 0o for some
positive constants C1y, and Co,. For any symmetric positive-
definite 2 € RP*P such that ||Q —Q°[|r <, Q° = (2°)71,
we have

1 & 1
P(max ‘ =Y x7ex, - ~B{X] QX.}] ‘ > 5)
v lnp = P ij
9 np 4] 2 42
< 4q [QXP{ 2 [8(1 +~C11)Cop \/er] }

+exp{—%}}

for any § > 16(1 + vC1,)Con/\/np @
The lower bound on ¢ follows from [22, Lemma S.12, Sup-
plementary] and (54) is [22, Eqn. (S.26), Supplementary] in
our notation.
Lemma 2 collects some useful results from [42, Theorem
2.3.5].
Lemma 2. Suppose X ~ MVN(0,%,¥) where X € RP*,
3 € RPXP, W € RI%Y, e, vec(X) ~ N (07 ¥ ® 2). Then
i) X' ~ MVN(0,¥,%), ie, vec(XT) ~ N (0,Z ®
o).
(ii) For any A € R™Y, F{XAX "} =tr(ATW¥) X.
(iii) For any B € RP*P, E{XTBX} =tu(BTX)W.
(iv) For any C € R*?, E{XCX}=XC'¥ o
Lemma 3. Suppose X € CP*?, vec(X) ~ N.(0,5 @ %)
where X e RP*P, § ¢ C9%, X =27 »0,S=8S7 -0
and S = S, + jS; with S,., S; € R?*9,
() Let X = X, +jX;, X,, X; € RP*9, Then

(54)

X =[X, X;] ~ MVN(0,%,S) (55)
ie., vec(X) ~ N, (0, S® %), where
o 1 Sr *Si 2g%x2q
5—2[5,1_ ST}ER . (56)

(ii) For any Q € R?*?, E{XTQX} =tr(Q'X)S.
(iii) For any ® € C?¥9, & = &, + j®; = &7, &,., P, ¢
RI%4,
E{Re(X®*X")} = B{X®X ")} =tr(®'S) =
(57
where

(58)

Proof.
(i) If x = vec(X) ~ ./\/C(O, S®E), then by [38, Sec. 2.3],

& =vec(X) ~ N, (0, R) (59)
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where, with * = x,. + jx;, x,, x; € RPY,
R== E{wrm;r} E{.’I}Z.’BI} — R, R,
E{z,z|} E{x;z;} R, Ry
(60)
R,, =R, R, =-R) =R, (61)
Now R,, = %St@) =R, and R,; = —%SZ-T ® 3.
Therefore, R = S ® X, yielding the desired result.
(ii) It follows from Lemma 2(iii) and Lemma 3(i).
(iii) Since ® = ®%, it follows that ®, = <I’7T and &, =

—& . We have Re(X@*XH) = X®X . Then the
given expression for £ {X X T)} follows from Lemma
23i). O
We now consider a tail bound on ©;, defined in (27). First
we need Lemma 4.
Lemma 4. Given S € C9*% and S € R24%2¢ a5 in Lemma 3.
Then S > 0 and ¢p00(S) = L Omas(S).
Proof. If X is a an eigenvalue of S, then for some v = v, +
ju; € C4, v,.,v; € RY, we have Sv = A\v, where X is real
positive since S is Hermitian, positive-definite. It then follows

that
- 1 J Yy v
2 Y o I s RN el
v 2 v Uy 2 Uy
That is, each eigenvalue of S is also an eigenvalue of 28 with
multiplicity two. This proves the desired result. [

Lemma 5. Under assuAmptions (A1) and (A2),A for any symmet-
ric positive-definite €2 € RP*P such that || — Q°||r < 7,

(62)

Q° = (X°)~%, and 7 > 2, we have

o)k o)k ln(Ml/Tq)

P 163~ PO, | = o= )
< Pemfr/2 (63)
for any ¢ > 1, where Cy, is given by (37) and
- 1 . _
E{®}} = ~uw(Q3°) (Sp)". (64)
p

Proof. Let D.(fyr) = Dy.j + jDi i, Dygt, Digg € RPX9.

Define
Xy =[Drj Djp] € RPXCD (65)
1
By =X\ Xy, Fi= xp Z By (66)
E——mf
Since
DY (f.0)QD.(fre) = DIMQDT,M + DZleDi,kl
it follows that
max|[0F — E{O7}] | < 4 max|[F — E{F}],|. (68)
Therefore,
0
{Il??ﬂ [F — E{Fk}LJ| < 7}
c {max|[0F — E{O1)],| <5} (©9)

12
implying
P(max | [0 - £{67)] ;| > 0)
< P(maXHFk —E{Fk}} | é) (70)
k,i,j 4
Since d.(fx¢) = vec(D (fk ) ~ N.(0,8°(fr) ® =°), it
follows from Lemma 3(i) that
X ~MVN(0,3°,57), (71)
18 -85 S0l F = . &o
Sy = [Sgk SoZk} » S°(fr) =S +3Si. (72)
ik rk

By assumption (A4), ¢max(2°) < Bpmax and additionally,
by Lemma 4, ¢max(gZ) < Bgmax/2 for every k. With a =
4(1 4 vpBp,max)Bg,max, invoking Lemma 1 for the sum F,
we have

)
P (el st = )
Kp.6/4 2

< 4(2(1)2{6XP{ - 7[7 - \/77]2} + epr/z} = Pyt -
(73)

Maximizing over all k = 1,2, ---
bound, we obtain

, M, and using the union

5
P(%}%HFk ~ B{F:}] ;| = Z) < MPy,. (74)

4a(\/2 In(16Mq7)/(Kp) +
Cogv/In(MY7q)/(Kp) and
= In(16M ¢7). Thus

For 7 > 2, pick ¢ =
2/\/Kp), leading to § =
(Kp/2)[(8/(4a)) — 2//Kp]?

M Py, :16Mq2 [e—ln(IGMqT) + e—Kp/2:|

—Kp/2

(75)

Thus we have established (63). The lower bound on ¢/4

specified in Lemma 1 is satisfied if (6/(4a) > 2/1/Kp, which

is true for any ¢ > 1. Turning to (64), by (66), (71) and Lemma
2(iii), we have

E{By} =tu(Q%°)= {Sﬁk sy }

kl S Sﬁk .

By assumption (Al), (66), (67) and (76),

(76)

B{DH (fe)0D.(fi.0)) = yu(©25%) (253, - 257,
= u(QX°)(S9)*.

By (27) and (77), we obtain (64). Q
Now we consider a tail bound on ® defined in (25).
Lemma 6. Under assumptions (Al) and (A2), for any Hermi-

(77)

tian positive-definite &, € CI%, | = 1, 2,~ , M, such that
IT—T°|p <7, T° = [®F, -, @5, T [*I>1, Pl
and 7 > 2, we have
P(max“(;)fE{(;)}]. | > Co In(p) )
i i P\ KqM
< —Hant (78)
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for any p > 1 where, where Cy,, is given by (40), and
M

. 1 QO & QoF . \* o
E{©} = [szltr(sk@k +(Spd)] = @9)
Proof. We have
Re(D.(fu,)®: D (fie)) = Xu®r Xy,  (80)
where Xy, is as in (65) and
2[R =] _ p2gxe
P, =|." L R#94%49 81
g |:‘I)ik D, ] © ®D
Define
e 0 0
b — 0 (172 € RGIM)x(2aM) (g9
0 0 3y
. T
X=Xy Xu X (33)
Then we can express O as
- 1
0= X/ X 84
MKy, z;n ¢ ‘- (34)
=—m¢

Since Xj; ~ MVN(0,%° 8¢), and Xj,; and Xy, are
independent for k; # ko, we have

X,/ ~MVN(0,%°,8°), X, ~ MVN(0,8°,°), (85)

where
S 0 .- 0
Qo
§o — 0 5 c R(2aM)x(2qM) (86)
0 0 s,

By assumption (A4), @max(Eo) < PBpmax and additionally,

by Lemma 4, ¢max(S°) < Bymax/2. With b = 8(1 +

YaBq.max/2)Bp max, apply Lemma 1 to the sum %G) to obtain
1. .

P(rrl_li,_x HCERACHMER)

2qM K .6 2 2 _
<4 e { - =5 =[5~ TSR S

ptb - (87)

For 7 > 2, pick & = b(y/In(4p™)/(KqM) + \/2/(KqM))
leading to (2¢M K /2)[(§/b)— 2/(KqM)] = In(4p7). Thus

+ 4p2e_qMK .
(88)

The lower bound on § specified in Lemma 1 is satisfied if
(6/b) > +/2/(KqM), which is true for any p > 1. With
our choice of 9, we have 20 = Cj, }?g&, establishing (78).
Turning to (79), by (85) and Lemma 2(iii), we have

Z@Tsk e,

- 1
Pt =4p? [e—ln(4p ) 4 e—qMK:| _ F

E{X]®X,} =u(®'8°)x° (89)

By (72) and (81),
(@] S} =
1

tr(® b, S5y + ‘i)iksfk)
S u(S{@r+(Sp@0)) . 90)
Using (84), (89) and (90) we have (79). O
Proof of Theorem 2(i). Let © = Q(T')+ A with , Q(T) >~
0, and denote Q(2) = L1(Q2) — L1((T)). For the rest of
the proof, we will denote Q(T') by €. Then Q(T) minimizes
Q($2), or equivalently, A = Q(T) — Q minimizes J(A) =
Q2+ A). Consider the set

U, (R,) = {A: A= AT |Alr =Ry} O

where R, = 1700p/ﬁ§,min and 7,, is as in (42). Since
J(A) < J(0) = 0, if we can show that infa{J(A) : A €
W,(R,)} > 0, then the minimizer A must be inside the
sphere defined by W, (R,), and hence, Al < R rpn It is
shown in [41, (9)] that In(|Q+A|)— ln(\ﬂ\) =t(Q'A)-B
where, with H(Q, A, v) = (Q+vA)" 1@ (Q+vA)~! and
v denoting a real scalar,

By :==vec(A)T (/01(1 —0)H(Q,A,v) dv) vec(A). (92)

We have
J(A) =i3i, B =18, (93)
=1 p
By 119 (© -2 1), (94)
By =0 (127 + A7 = Q7). (95)

By (33) and (79), 21 = {0} = (5 YuL, (S, +
(S',fi’k)*)) ¢ (where we replaced &, with ®;). By Lemma

6, max; ; |[® E{(':)}] | > Copy/ Kq]\} w.h.p. (which refers

_KqM cf. (78)). Following [41, p. 502],

we have

By > [|AlR/ 190 + [A])?) - (96)

Turning to E{©}, we have
tr(Sp®r + (Sp®r)") = 2Retr(SE (P —
= 2Retr(Sy(®r — ®7)) + 2tr(1,)
>2q —2|S{lr | ®x — BElIF

P+ @) O
(98)
(99)

where we used |tr(BCH)| < ||B||r ||C||F (Cauchy-Schwarz
1nequahty) Since [|S7llr < allSill € /@Bgmax and
Zk:l |®r — Bl r < VM|T —T°||p < VM ~y,, we have

M
A=2Re Y tr(S;®y) > 2Mq — 2/ Mq By maxvy (100)
k=1

> 2Mq — 2Mq Bg,maxYq = 1.8Mgq, (101)

where we have used the facts that /Mg < Mg and
Bymax¥q = 0.1, as defined in (38). Therefore, QY =
IE(®} > 0.9, implying |9 < 10/(9]=°]) <
10/(9 Bp,min) < 1.5/B8p min . Using (93), (96), and the facts
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1€2]] < 1.5/Bpmin and ||A]| < ||Al|F = Ryrpn, we obtain
w.h.p.

Bl 2 ||AHF p,mm/(Sp)7 (102)

for n > N, since rpy, < Bpmin/(34Cop) for n > N, and
Rp""pn < Oﬁ/ﬂp,min- B
We now consider By given by (94). Define S, = S, U

{{i,j}: i =3} so that |S,| = s, + p. We have
|B2| < Bi2 + Ba2, pBia = ’ Z [© — Q714 |,
{i.j}E€Sp
pBas = ‘ [©— Q7' A

{i,i}e8;

where 5; denotes the complement of set S,. For an index set
B and a matrix C € RP*P, we write Cpg to denote a matrix
in RP*P such that [CB]ij = Cyj if (’L,j) € B, and [CB]ij =0
if (i,j) ¢ B. Using |Z{i,j}e§p Aij’ < Vsp trllAlF (by
Cauchy-Schwarz inequality),

Tl D2 Ayl

pBio < max G) Q-

{3,7}€S,p
< CopvIn(p)/(KqM) \/sp + p||Allr = Coprpn || Al F -
(103)
We will combine Bss with Bs. By (95),
By =X (1927 + Ag Il + 1Al = 1271
>N (1As = llAag, l11) (104)

using the triangle inequality ||Q~ + Ag llh = 19271
HAS |l1 and the fact QSC = QSC = 0. Hence, Bs
By > ~Biy — B + A, ([ sell = IIAs [[1). But pBa»

opy/In(p)/(KqM) IIAS;||1 w.h.p., therefore,

(Ap — Cop /() /(P K aD) ) | A 1
- )‘pHASle — Coprpnl|AllF/p -

Using the fact that by (43), the first term on right side of
(105) is nonnegative, and \|A§p||1 < /5 |AllF by the

Cauchy-Schwarz inequality, we obtain Bo+ B3 > — ()\p\/g +
Tpn /D) || Allp. Thus, by (43), (93) and (102)

IN +

By + B3 >
(105)

”AH%‘B;min
J(A) ZT - (/\p Sp + COprpn/p)HAHF
”AHF p,min 200p7"anA||F
- 8p p
_lIAlE B

16
p,min 1— 7) 1
using ||A||p = Rprpn, and R, = 17Cop/6p min-
Theorem 2(i). O
Proof of Theorem 2(ii). With T as in (17), let T" = f( )+A

This proves

with @), = 17 - 0, and denote Q(T') = Ly(T') — Lo(T'(£2)).
For the rest of the proof, we will denote I'(€2) by T. Then
I'(Q) minimizes Q(T"), or equivalently, A = I'(Q2) — T’ min-
imizes J(A) = Q(T' + A). Note that A = [Ay, ---, Ay] €

(gqx(ql\{) and Ak = ‘Pk — (i>k, k = 1,--'
‘I’kZQk(Q):p‘I’

where R, = 17Cy,/B2
to the proof of Theorem 2(i), our objective is to show that
infa{J(A)
|[AllF < Ryrgn whp. It is shown in [9, Lemma 5] that
lrl(|‘I>k + Axl) —

tr(®; ' Ap + (@5, AR)*) —

Now tr(X°Q) = tr(Z°(Q — Q° + Q°)) = u(Z°(Q
Q%)) + p. Since [t(Z°(2 — 9°))| < [ 5] 5 |2 — Q|
\/ﬁﬁp,max’)’p’ we have |tr(2<>ﬂ)| > p— \/]Sﬂp,min’)’p >
P — PBpminYp = 0.9p since v, = 0.1/8p min. Therefore,

, M, where
2 /tr(3°Q) by (34). Consider the set
(Rg) =={A : Ay=A[, k=1, M, |Allp = Ryrgn}
(107)
and 74y, is as in (41). Similar

q

q,min

A € Y,(Ry)} > 0, which would ensure

In(|®|) + ln(\q)* + Aj]) —
Blk where

In(|®f) =

B =g" (Ax) ( / (1= ) Hi(@1, Acv) dv) a(As).

(108)
vec(Ay) Hyy, 0
Ap) = H, (P, A =
o(a0) = [veeint)] E@e = [ P ]
(109)
Hiq;, :((i)k-i-’UAk)_*@((i)k—‘r’UAk)_l, (110)
Hoop =(®5 + vAp) ' @ (@) + vAy) ™, (111)
and v is a real scalar. Therefore,
M 3 1
=>_ > Bu+Bi, B = 3374 Bk (112)
k=1 1i=1
Boy, :2Mqtr(B2k +B3), Bop=(©—®;)Ay,
(113)
By =aXg (2 + Ay 1 = 12, ]11) , (114)
p
By=(1—a)VM\, Y (@@ + AW | — @)
i#]
(115)
By [9, Eqn. (B.43)], we have
1 Arl?

By > =
2Mq (||| + [[Ax])?

A

1@k < pI®/(0.9p) < 1.5/Bgmm. Also, |Axl <
ALl F < [|Allp = Rgrgn. Therefore,
M
ZBlk > 1 Z =1 ‘Ak”%‘
k=1 - 2Mq (1'5/ﬁq,min + Rq?"qn)2
A% 52 .
ZM (117)

8Mgq

w.h.p. for n > Ny, since 74, < B4 min/(34Coq) for n > N,
and Ryrgn < 0.5/8¢ min-

We now bound Bsy, noting that |Bay| < Lqj + Log where
2

_— e b _1 .. ..
L= g | 20 10— @75 (Al
{i,7}€S8q
2 ~ = _
Loy, = 9 ‘ Z [© — & 1ij [Aslji
{i,j}eSg
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where S, = S, U {{i,j} : i = j} so that |S,| = s, + ¢

s, [Axlij| < Vg FallAxlr

(by Cauchy-Schwarz inequality), we have

1 [In(M/7q)
Ly < ﬁqcoq T Ky ‘ Z, [Akli;
{i.5}€S,

Coq

< /g [AxllF, (118)
Coq [In(MY7q) . _
< 2P VT 2T
Lok < 372 o | Azs - (119)
Alternatively, as in [9, Eqn. (B.56)], with By = 22/[:1 By,
P
!
*QM ZZ| ]ZJ|HA1€]J1|
i,j=1k=1
Cog |In(MV7q) M I7q) &
< Z Z! [Agli]. (120)
q 1k=1
i,j=
Define A € R with [A]l;; = [[A@]p and as in
(23]\)4, A = [[A4]y - [Am]i;]T € CM. Using
Yot [[AWij| < VM AW, we have
Co In (MI/T ) <
|Ba| <—= 1Al - (121)
e
Mimicking [9, Eqns. (B.56)-(B.58)], we have
Bu > od(lAglh — [Ags ) and By >
. ) o
(1—a)VMA (”Aksc”l HAks [[1). With By 7Zk 1 B

and using (118) and (119) snnllar to [9, Eqns. (B.60)], we
have

aBy + Bs > —04|Bg| + Bs3
M M

> —ad Y s, Il o 3 WAl (122

Coq
M3/2
k=1

where we also used the first inequality in (45). Using
Z M

[A%s, 1 < V/3q [ Akllrs 2oh—y [|AR][F < VM |[A] 7 and the

second inequality in (45), we can simplify (122) as

C
aBy + Bs > —2a||A| r M—O Tan (123)
In a similar manner (see also [9, Eqns. (B.61)]) using (121),
we have
(1—a)Ba+ By > —2(1 - Of)||AHF g (124)
under the upperbound on Ay, specified in (45). Thus, by (112),
(117), (123) and (124), we obtain

J(A) HA”F ¢, min . 2COqan||AHF
= 8Mq Mg
HA”F g,min 16
NAE Pgmin (4 ) 125
8Mgq ( 17 >0 (123)

using ||Al|p = Ryrgn and R, = 17Cy, /B2
Theorem 2(ii). O

Lmin- LhiS proves

15
APPENDIX C
PROOF OF THEOREM 3
_ Proof of Theorem 3(i). Since ||Q°||p = 1, we have
Q(T)/|12(1)]| F = 2°. We have
I Q) /|(T) | — D)/ 2D £ |
_H QT QU n Qr) o) H
2M)r 1Q@)r QD)) 1Q@)]F1F
|2T) - M) o R
S [eml + IOl |y~ ey
< — Q) — Q[ 126
< am) 12() — ()| F (126)
using [|Q(D)|[r — [QD)|r| < [QT) — QT)|r by
triangle inequality). Now (T )||F = () — Q) +

QD)|r = [Q@)||r — I(T) ~
we have [€(T) — ()|l < 0.5/
12(T)[| 7 > 0.5]|(T")]| - Hence,

Q(T)|[p. For n > Na,
(T)||F, and therefore,

12 = Q°)[p < 4]Q(T) - Q@)||#/ 12Dl (127)
We now characterize ||Q(T)||». We have
M
A= (tr(Sp®y) + tr(S7®x)") Sy ®y,)|
k=1 k=1
Mo M
<2 ISl 1@kl < 2V Bgmax Y |8kl -
k=1 k=1
: M M o
Since Y331 | @ullr < 3230y 18— B+ 3250 195 <

VM~y, + VAM/Bgmin, We have A < 0. 2\/7 +
quﬁq,max//Bq,Inin < QQM(l + @q,max/ﬂq,min)- By (33) and
the fact |Q°||r = 1, we infer || Q(T)||r > Bg.min/(Bgmax +
Bymin) = 1/, which combined with (127) and (44) yields
@n. O

Proof of Theorem 3(ii). For n > Ny, Q e B(Q°) (cf.
Theorem 3(i)), and Coprpy, < (p/2) w.h.p. We have

I(€2) — ~T(9Q)]r + () -
where Theorem 2(ii) applies to |T'(€2) — T'(2)||». By (34),

(O 3 p o

rQ-r (tr(EOQ) l)I‘ .
As in the proof of Theorem 2(ii) (following (116)), we have
tr(EOQZ = (2N —Q° + 0°)) = tr(2°(2 — Q°)) +p and
(2@ — )] < |20 |2 — °r < Coprp (using
(47)). Therefore, p — Copryy, < tr(X°2) < p + Coprpy, and
lp — tr(ZOQ)| < Coprpn. Since 0 < Cyprpn < (p/2) whip.,
|tr(Z°Q)|~! < 2/p. Thus we have |[T(2) —T°||r < Coyrpn,
which yields (48). The given probability bound is the result
of the bounds in Theorem 2 (both (44) and (46) must hold)
and an application of the union bound. [J

I p < |T() NV

(128)
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