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Abstract

An optimal control problem in the space of probability measures, and the viscosity solu-
tions of the corresponding dynamic programming equations defined using the intrinsic linear
derivative are studied. The value function is shown to be Lipschitz continuous with respect
to a novel smooth Fourier-Wasserstein metric. A comparison result between the Lipschitz
viscosity sub and super solutions of the dynamic programming equation is proved using this
metric, characterizing the value function as the unique Lipschitz viscosity solution.
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1 Introduction

McKean—Vlasov optimal control is a part of the overarching program of Lasry & Lions [23,
24, 25] as articulated by Lions through his College de France lectures [26], and independently
initiated by Huang, Malhamé, & Caines [22]. We refer the reader to the classical book of
Carmona & Delarue [8] and to the lecture notes of Cardaliaguet [6] for detailed information
and more references.

Main feature of the McKean-Vlasov type optimization is the dependence of its evolution
and cost not only on the position of the state but also on its probability distribution, making
the set of probability measures as its state space. Thus, the dynamic programming approach
results in nonlinear partial differential equations set in the space of probability measures.
Without common noise, they are first order Hamilton-Jacobi-Bellman equations, and its
Hamiltonian is defined only when derivative of the value function is twice differentiable. In
fact, this type of unboundedness is almost always the case for optimal control problems set
in infinite dimensional spaces [19] and is the main new technical difficulty.

These dynamic programming equations are analogous to the coupled Hamilton-Jacobi
and Fokker-Planck-Kolmogorov systems that characterize the solutions of the mean-field
games for which deep regularity results are proved in [7] under some structural conditions.
However, in general the dynamic programming equations for the McKean-Vlasov optimal
control problems are not expected to admit classical solutions as shown in subsection 4.1
below, and a weak formulation is needed.

*Partially supported by the National Science Foundation grant DMS 2106462.

TDepartment of Operations Research and Financial Engineering, Princeton University, Princeton, NJ, 08540,
USA, email: soner@princeton.edu.

fProgram in Applied and Computational Mathematics, Princeton University, Princeton, NJ, 08540, USA,
email: qy3953@princeton.edu.


http://arxiv.org/abs/2212.11053v2

Soner & Yan McKean-Vlasov on a torus

As the maximum principle is still the salient feature in these settings as well, the viscosity
solutions of Crandall & Lions [15, 16, 17, 20] is clearly the appropriate choice. However, due
to the unboundedness of the Hamiltonian, original definition must be modified. In fact, such
modifications of viscosity solutions in infinite dimensional spaces have already been studied
extensively, and the book [19] provides an exhaustive account of these results. Still, it is
believed that more can be achieved in the context of McKean—Vlasov due to the special
structure of the set of probability measures. Indeed, an approach developed by Lions lifts
the problems from the Wasserstein space to a regular L% space, and then exploits the Hilbert
structure to obtain new comparison results. This procedure also delivers the novel Lions
derivative which has many useful properties, and we refer to [8] for its definition and more
information. This method is further developed in several papers including [1, 3, 12, 28, 29].
The choice of the appropriate notion of a derivative is also explored in the recent paper
[21], which then utilizes the deep connections to geometry to prove uniqueness results for
Hamiltonians that are bounded in the sense discussed above.

Our main goals are to develop a viscosity theory directly on the space of probability mea-
sures using the linear derivative, provide a comparison result, and obtain a characterization
of the value function as the unique viscosity solution in a certain class of functions. A natural
approach towards this goal is to project the problem onto finite-dimensional spaces to lever-
age the already developed theory on these structures. A second-order problem studied in [14]
provides a clear example of this approach as its projections exactly solve the projected finite
dimensional equations. However, in general these projections are only approximate solutions,
and [13] uses the Ekeland variational principle together with Gaussian smoothed Wasserstein
metrics as gauge functions to control the approximation errors. A different technical tool
is developed in [4], and [21] studies the pure projection problem. Other approaches include
the path-dependent equations used in [33], gradient flows in [11], convergence analysis in [2]
and an optimal stopping problem in [31, 32]. Recent paper [10] exploits the semi-convexity,
and also provides an extensive survey.

We on the other hand employ the classical viscosity technique of doubling the variables
as done in [5] in lieu of projection. The central difficulty of this approach is to appropriately
replace the distance-square term |z — y|? used in the finite dimensional comparison proofs
with the square of a metric on the space of measures. Thus, the crucial ingredient of our
method is a novel Fourier-based smooth metric whose intriguing properties are studied in
Section 5. Our other main results are a comparison between Lipschitz continuous sub and
super viscosity solutions, Theorem 4.1 and the Lipschitz continuity of the value function
with respect to a weaker metric, Theorem 4.2. Although the Lipschitz property of the value
function is rather elementary for the Wasserstein metrics, it requires detailed analysis for the
Fourier based ones. Indeed, a technical estimate, Proposition 7.1, on the dependence of the
solutions of the McKean—Vlasov stochastic differential equation on the initial distribution is
needed for this property.

As our approach contains several new steps, we study the simplest problem that allows us
to showcase its details and power concisely. In particular, to ease the notation we omit the
dependence of all functions on the time variable which can be added directly. Additionally,
dynamics with jumps can be included as done in [5]. The compact structure of the torus
is clearly a simplifying feature as well. In our accompanying paper [30] we remove most of
these restrictions and study the extension of our method in higher dimensions.

The paper is organized as follow. General structure and notations are given in the
next section, in Section 3 we define the problem and state the assumptions. The main
results are stated in Section 4. We construct a family of Fourier-Wasserstein metrics in
Section 5. The comparison result is proved in Section 6, and the Lipschitz property in
Section 7. Standard results of dynamic programming and viscosity property are proved in
Section 8 and respectively in Section 9.
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2 Notations

In this section, we summarize the notations and known results used in the sequel. We denote
the dimension of the ambient space by d, and the finite horizon by T > 0. Z? is the set of
all d-tuples of integers. T? = R%/(27Z)¢ is the d-dimensional torus with the metric given by
| — y|pa :=infycpa |z — y — 2k7w|. We use a filtered probability space (2, F = (F)o<i<r,P)
that supports Brownian motions. We assume that initial filtration Fo is rich enough so that
for any probability measure on T?, there exists a random variable on Q whose distribution
is equal to this measure.

For a metric space (E,d), M(FE) is the set of all Radon measures on FE, and P(E)
denotes the set of all probability measures on E. Let L°(E) be the set of all E-valued
random variables. For X € L°(E), £(X) € P(E) is the law of X.

We denote the set of all continuous real-valued functions on E by C(E), and the bounded
ones by Cy(E) C C(E). We write C(E,d) when the dependence on the metric is relevant,
and C(E — Y) if the range Y is not the real numbers. For a positive integer n, C"(E) is the
set of n-times continuously differentiable, real-valued functions with the usual norm || - [|cn
given by the sum of supremum norms of each derivative of order at most n.

We endow M(E) with the weak* topology o(P(E),Cy(E)) and write p, — p, when
limp o0 n (f) = u(f) for every f € Cp(E). Using the standard (linear) derivative on the
convex set P(E), we say that ¢ € C(P(E)) is continuously differentiable if there exists

Ou¢ € C(P(E) — C(E))) satistying,

B // Bud(u+ (v — ) (@) (v — w)(dw)dr, ¥y, € P(E).

We set O := (0,T) x P(T%). For ¢ € C(O) and (t,) € O, d43(t, 1) denotes the time
derivative evaluated at (t, ), and 0,9 (t, u) € C(T) denotes the derivative in the p-variable
again evaluated at (t,p). L?(T?) is the set of measurable functions on T? that are square
integrable with respect to the Lebesgue measure, with following orthonormal Fourier basis,

ex(z) := (271')_% et reT? kez (2.1)
where i = v/—1 and z* be the complex conjugate of z. In particular, for any v € L?(T¢),
v = Z Fr(v)ex, where Fi(y) ::/ y(z)ep(z) dz, ke Z°.
kezd ¢
Following metrics on P(T%) are given by their dual representations,
pa(pyv) = sup{(n —v)(¥) = ¥ €HA(TY), [[llx <1}, A>1,
pulpv) i=sup{(u —v)(®) : Y €C(TY), [[Yflen <1}, n=1,2...,
where in view of Kantorovich duality, p; is the Wasserstein-one distance, and for A > 1,
1
HA(TY) = {f € LT : Iflx < ook, IIflxi= () A +kH M F(NP)Z.
kezd

A Fourier representation of py is derived in Corollary 5.2.

It is well-known that H) is the classical Sobolev space with fractional derivatives. Indeed,
for any integer n > 1, C"(T%) C H,(T%) = W™?(T%), and pn, < cnpn for some constant c,.
Moreover, by the embedding results, Hx(T%) C C™(T%) if A > n + £. In particular, we set

n*(d) =Ny 1= 3 + L_Jv C* = Cn* (’H‘d)7 Px = Prs b\* = ﬁn*y (22)

where |a| is the integer part of a real number a. Then, H,, (T%) C C*(T%).
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3 McKean-Vlasov control

In this section, we define the McKean-Vliasov optimal control problem and for a general
introduction, we refer the reader to Chapter 6 in [8]. Formally, starting from ¢ € [0, T], the
goal is to choose feedback controls (o (-))uef, ) S0 as to minimize

/ E[E(Xu, £(X0), o (X))] du + o(L(X1)),

where /¢ is the running cost, ¢ is the terminal cost, b,o are given functions, and with a
Brownian motion B, dX, = b(Xu, £L(Xu), ®u(Xu))du + 0(Xu, L(Xu), 0w (Xy))dB.y.
We continue by defining this problem properly.

3.1 Controlled processes

Suppose that A is a closed Euclidean space and let the control set C, be a subset ofC(']I'd — A)
containing all constant functions, and the admissible controls A be the set of (deterministic)
measurable functions a : [0,7] — Cq. We denote the value of any a € A at time u € [0, 7
by au € Cq. Given functions are the drift vector b = (b1,...,bq) € R%, the d x d’ volatility
matrix o = (0;;) with i =1,...,d, j = 1,...,d, and the costs £, . We continue by stating
our standing regularity assumptions on these functions,

bi,oij, 0: T X P(TY) x AR,  ¢:P(TY —R.
Recall Cx, p., px of (2.2), and for a € C, € T, and p € P(T?), set

b (1) = bla, pal@), 0% (e.p) = ola, ma@)), () = Lz, p,al2).

Assumption 3.1 (Regularity). There exists ¢, < co such that for all o € C, and u € P(T?),

8% Gy wlle. + 1o mlle. + 1€ ¢ wle. < ca,
and for h =b,0,¢, ¢,

|h(z, i1, a) — h(z,v,a)| < ca pu(p,v), Vo eT? uveP(T, ac A

Under this regularity condition, for any « € A, t € [0, T], and F; measurable, T¢ valued
random variable & with . = £(&), there is a unique F-adapted solution X *** of the following
McKean-Viasov stochastic differential equation,

X = ¢ 4 / b (XL L) du + / oM (XL L) dB,, s € [t,T], (3.1)
t t

where L5#* = L(XE#*), and B is a d’ dimensional Brownian motion.

Although the solution X%** depends on the choice of the initial condition & and the
Brownian increments (B, — Bt)uE[t,T]7 as the Brownian increments are independent of F;
and we consider feedback controls, the flow (L5**), ¢, 7} depends only on the law p = £(£)
of the initial condition and not on ¢ itself.

Clearly, the existence and uniqueness of solutions of (3.1) can be obtained under weaker
assumptions. However, the stronger condition with n. derivatives is needed for the compar-
ison and the Lipschitz continuity results. We also emphasize that the regularity Assump-
tion 3.1 puts implicit regularity restrictions of the control set C, as discussed in Remark 3.2
below.
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3.2 Problem
Starting from (¢, u) € O, the pay-off of a control process a € A is given by,

T
It ) = / B[ (X0, C50) dut p(£5%), @€ A (hu) €0,  (32)
t

Since E[0** (X, L)) = LEP(L(-, L5 au(+)), J(t, 1, @) is a function of u = L£(€)
independent of the choice of the initial random variable £. Although, this property, called
law-invariance, holds directly in our setting, in general structures it is quite subtle. We refer
to Proposition 2.4 of [18], and Theorem 3.5 in [12] for its general proof, and to Section 6.5
and Definition 6.27 of [8] for a discussion.

Then, the McKean-Vlasov optimal control problem is to minimize the pay-off functional
J over o € A, and the value function is given by,

o(t,p) = inf J(t,pa),  (tp)€O.
acA

Remark 3.2. Suppose that C, = {a € C.(T* — A) : |lallc. < co} for some constant
co > 0. Consider the class of functions of the form h(z,u(f),a) for some f € C., and
h:T¢ xR x A = R satisfying ||h(-, v, )|lc. + [|h(z,-,a)|[1,00 < c1 for every z € T, y € R,
and a € A, for some ¢; > 0. Then, h®(z, u) = h(z, u(f), a(z)), and ||h* (-, 1)|lc. is less than
a constant ¢, depending on co, 1 and n.. Also, for every z € T9,

[k, u(f), () = @, v(f), a(2))] < ea|(n = ) ()] < eall flle. (s, v) < crcope(p, v).

Hence, this class of functions satisfy the regularity assumption. More generally, under
appropriate assumptions functions h(x, u(f1),...,u(fm),a) with fi,..., fm € C«(T), and
h:T%xR™ x A — R also satisfy the regularity assumption with the above control set Ca.
We emphasize that even when the coefficients depend on w only through p(f1),. .., u(fm) of
the measure pu, the value function in general is still infinite dimensional.

Assumptions made above hold in a large class of examples studied in the mean-field
games. In particular, for the Kuramoto problem studied in [9], for some constants x,o > 0,

Lp,a) = %aQ + k[l — (p(cos))® — (v(sin))?], b(z,p,a) =a, ola)=o.

3.3 Dynamic programming principle

We next state the dynamic programming principle which is central to the viscosity approach
to optimal control. A general proof in a different setting is given in [18]. However, the
continuity of the value function proved in Section 7, and the standard techniques outlined
in [20] allows for a simpler proof that we provide in Section 8.

Theorem 3.3 (Dynamic programming). For every p € P(T%) and 0 <t <7 < T,
v(t,p) = inf / B[ (X%, L5 )] du 4+ (T, L27%). (3.3)
acA ¢
It is well known that the dynamic programming can be used directly to show that the
value function is a viscosity solution of the dynamic programming equation
— O(t, pu) = H(p, 0pv(t, 1)), tel0,7), pe P(Td)y (3.4)
where for v € C*(T%), u € P(T%), z € T% and « € Ca,

H(p,7) = inf {m € p) + MO
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d d
MP () = b, @) - Dary(@) + D3 Y i, s @), () Os oy ().
i,j=11=1
The value function also trivially satisfies the following terminal condition,

o(T,p) = (p), ¥ peP(T). (3.5)

As the value function is not necessarily differentiable, a weak formulation is needed,
and we use the notion of viscosity solutions. The definition that we use is exactly the
classical one in which the auxiliary test functions are continuously differentiable functions
on O = [0, T] x P(T4), with the linear derivative in P(T%) recalled in Section 2. We continue
by specifying the auxiliary functions used in the definition of viscosity solutions.

Definition 3.4. We say that ¢ € C(O) is a test function, if 1 is continuously differentiable
with 8,4 (t, ) € C*(T?) for every (t,n) € O, and the map (t,p) € O = H(u, 0utp(t, 1)) is
continuous. We denote the set of all test functions by Cs(O).

Definition 3.5. A continuous function u € C(O) is a viscosity subsolution of (3.4), if every
¥ € C5(0), (to, po) € [0,T) x P(T?), satisfying (u—)(to, po) = maxg (u — ), also satisfies

—0ttp(to, o) < H (o, Opp(to, po))-

A continuous function w € C(O) is a wiscosity supersolution of (3.4), if every v € Cs(0),
(to, o) € [0,T) x P(T?), satistying (w — 1) (to, tto) = ming (w — 1), also satisfies

=0t (to, po) > H (po, Outp(to, po))-

Finally, v € C(O) is a wviscosity solution of (3.4), if it is both a sub and a super solution.

4 Main results

Our main result is the characterization of the value function as the unique continuous viscos-
ity solution of the dynamic programming equation (3.4) and the terminal condition (3.5).
Recall the metrics p., px of (2.2).

Theorem 4.1 (Comparison). Suppose that the regularity Assumption 3.1 holds, u € c(0)
is a viscosity subsolutionof (3.4) and (3.5), and w € C(O) is a viscosity supersolution of
(3.4) and (3.5). If further u or w is Lipschitz continuous in the p-variable with respect to

the metric p«, then u < v on O.
Above comparison result is proved in Section 6 below.

Theorem 4.2 (Continuity). Under the regularity Assumption 3.1, there exists a constant
L, > 0 depending only on the horizon T and the constant cqa of Assumption 3.1, so that

[o(t, 1) —v(s,v)| < Ly |pu(u,v) + |t — 5|% , Yu,v e P(TY, t,s € [0,T]. (4.1)

This continuity result proved in Section 7 below, also implies Lipschitz continuity with
respect to p., since px < c.«ps« for some constant c.. The following result follows directly
from the standard viscosity theory [20], and its proof is given in Section 9 below.

Theorem 4.3 (Viscosity property). Under the regularity Assumption 8.1, the value function
is a viscosity solution of (3.4) in O, satisfying the terminal condition (3.5).

In particular, any continuous viscosity subsolution is less than or equal to the value
function v, and any continuous viscosity supersolution is greater than or equal to v.

Remark 4.4. In the comparison result, we could use any metric p with A > 2—&—%. However,
our proof for Lipschitz continuity requires us to employ the smaller metric p,, and only for
integer values of m. This combination of the results dictates the global choice A = n..
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4.1 An example

In this subsection, we provide a simple example to illustrate the notation and also the need
for viscosity solutions. We take T =1, d=1, A=R, b(z,p,a) =a, 0 =1, ¢ =0, and

L, a) = %aQ + L(m(u)), where m(p):= /x u(dx),

and L : [-m, 7] — R is a given Lipschitz function. It can be shown that the value function
of the above problem is independent of the control set Cq,, and is given by,

U(tv tu‘) = w(t7 m(u)), (t7 /U‘) € 57

1
w(t,y) == inf_J(t,y, &)= ian/ [l(olu)QJrL(Yj’y’é‘)] du, (t,y) €[0,1] x T,
aceA acAJt 2

where A is the set of all measurable maps & : [0,1] — T, and YyEve =y 4 ftu asds. It is
well known that w is the unique viscosity solution of the Eikonal equation,

- atw(t7 y) = (8yw(t7 y))2 + L(y)7 yeT, (4'2)

1

2
and w(l,-) = 0. Since w is not always differentiable, we conclude that v is not either, and
therefore a weak theory is needed. On the other hand, when w is differentiable, we have

Ouv(t, p) () = Oyw(t,m(p))x = 9u(Ouv(t, p)()) = Byw(t, m(p)).

Hence, by Jensen’s inequality,

HWJ%MLM)ziﬁ‘/(%M@2+a@ﬁwwtmw»)M¢w+LWNM)

T

st {% (/T O‘(“f)“(dx)) + (/T a(x)u(dw)) dyw(t, m(u))} + L(m(p))

inf { a® + ad,u(t, m(u) b+ Lom(0)

a€R

= —%(%w(t, m(w))” + L(m(uw)).

As constant functions a = a are always in C,, we also have the opposite inequality. Therefore,
1
H(p, duv(t, 1)) = —5 (Oyw(t, m(u))* + L(m(p)),

for every C,. Since O (t, ) = drw(t, m(u)), the Eikonal equation (4.2) implies that when
w is differentiable, v is a classical solution of the dynamic programming equation (3.4).

\Y
S
=8

5 Fourier-Wasserstein metrics

In this section, we study the properties of the norms and the metric p) defined in Section 2.
Similar metrics are also defined in [27] using a dual representation with Sobolev functions.
Recall that z* is the complex conjugate of z, and the orthonormal basis {ex };cz4, Fourier
coefficients F(f) are defined in Section 2. For p € M(T9), k € Z%, we also set Fj(u) :=
u(er). As T is compact, Fy(u) is finite for every k, and Fo(p) = 1 for all u € P(T4).
For A > 1, we define a norm on M(T?), dual to || - ||x by,

Inlx ==sup{n(¥) : ¥ € HA(T?), [¥lx <1},  neM(T?),

so that px(p,v) = | — v|a.
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Lemma 5.1. For A > £, n€ M(T%), |n|x < oo and has the following dual representation,

s = (3 (@ B E() ). (5.1)

kezd

Proof. We first note as 2\ > d, cx == Y, ,q(1 + |E[?)™ < oco. Let d(n) be the expression
in the right hand side of (5.1) and T'V(n) be the total variation of the measure 7. Then,
|EF%(n)| < TV (n) and therefore, d(n) < Zkezd(l + |k|2)_A TV (n) = exTV(n).

For 1) € C(T%), the Fourier representation t) = Zkezd Fi(v¢)er implies that,

n@W) =Y Fu@)nler) = > Fi(t) Fi(n) (5.2)
kezd kezd
= 3T+ R Fe@)] [(1+ k)72 Fi ()]
kezd
SO0 A+ EPNE@PDE 0 @+ ED T E@)D)? = [l dn).

In view of the definition of | - |, |n|x < d(7), for any n € M(T?). }
To prove the opposite inequality, fix n € M(T?) and define a function 1) by,

d(x) = Z A+ k") Fum)en(e), = Fo(@) = (1+ k") Fu(n), kez’.
kezd

Since ¢y < 00, ¢ is well-defined. Moreover,

1013 = 3 @+ FPME@DE = 3 0+ k) Bl = d*(m) < oc.

kezd kezd

Hence, ¢ € H(T%), and by (5.2),

n@) =D F@) )= > +[k*) [Fm)® =d*(n) = [d]x dn).

kezd kezd
As n(¢) < [nlx[|9][x by the definition of | - |x, we have d(n)[|[¢[[x = n() < [n[xl|¥]|x- O

An immediate corollary is the following.

Corollary 5.2. For any A > %, px is a metric on P(T?) with a dual representation,

(i) = max{ (u—v)(®) [l <1} = @+ k) [Filp—v)P)2.

kezd

Proof. The dual representation follows directly from the previous lemma. Suppose that
pa(p,v) = 0, then Fy(u) = Fy(v) for every k € Z%. As p, v have the same Fourier series, we
conclude that p = v. The fact that py is a metric now follows from the dual representation.

O

The following provides a connection between the two metrics we consider. Also with
m = 1, it implies that the classical Wasserstein one metric p; is dominated by p1.

Lemma 5.3. For any integer m > 1, there exists ¢ym,q > 0, such that pp (1, V) < Cm,a pm(p, V)
for every p,v € P(TY).
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Proof. Fix the m > 1 and let D™ be the m-th order derivatives of ¥ € C™(T%). Then,
since |k|*™ |Fi(¥)|* = [Fi(D™9)[,

D IRPME@)E =Y 1F(D™ ) = 1Dz ray < d™ (2) ]I ray.
kezd kezd
As (1 + |k[)™ < 2™(1 + |k|*™), for any k € Z¢, ¢ € C™(T?),
[l <27 > [F@)F +27 > kPP Fe@) < e allllzm ray,
kezd kezd

where ¢, ; = 2™[1 4+ d™(2m)"]. Hence,

o (tt,v) = sup{ (1 — ) (%) + [|¥llem (pay < 1}
<sup{(p—v)(¥) : ¥ €C™(TY), |¥llm < cm.a}
<sup{(p—v)(¥) : ¥ € Hun(T?), [[]lm < Cm.a} = Cm.apm (i, v).
O

Our next result is on the differentiability of px. Recall the test functions Cs(O) of
Definition 3.4, n.(d) of (2.2), and the basis e of Section 2.

Lemma 5.4. Fiz A > £, v € P(T%) and set h(p) := 2 p3(p,v). Then,

27 2
Ouh(p)(z) = > (L4 k) Fe(u—v)ei(z), zeT,
kezd
and ||0h(1)||x = palp, v). Moreover, if A = n.(d), then 8,h(u) € C*(T?).
Proof. Fix v € P(T%). For each k € Z%, set ar(p) := 3|Fi(u — v)[>. Then, we directly
calculate that duar(p)(-) = Fr(p — v) ep(-). Then, for any 2 € T¢,
Oub(p)(x) = > (1+ k") duan(p)(@) = > (14 [k*) 7 Fu(p — v) ej ().
kezd kezd
The above formula implies that Fi (9, h(r)) = (14 |k|?) " Fj (u—v) for every k € Z¢. Hence,
10uhGIR = D A+ [k Fe(@uh ()] = > (14 k) Feli = )P = pX (1, v),
kezd kezd

In view of the Sobolev embedding of Hi,, (T%) into C*(T%), d,h(u) € C*(T?). O

6 Comparison

In this section we prove Theorem 4.1 in several steps. Recall the test functions Cs(O) of
Definition 3.4, and n., p« of (2.2). Then, 2(n. — 2) > d + 1, and consequently,

o(d) =Y (1+ k[>T < 0. (6.1)
kezd

Step 1 (Set-up). Let u, w be as in the statement of the theorem. Towards a contraposition
suppose that supg(u — w) > 0. We fix a sufficiently small § > 0 satisfying

l:= max {(u—w)(t,u) —6(T—1t)} > 0.
(t,p) €O
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Set w(t, p) := u(t,u) — §(T —t). Then, @ is a continuous viscosity subsolution of
— Ovu(t, p) = H(p, Opu(t, p)) — 6. (6.2)
Step 2 (Doubling the variables). For € > 0, set

1

De(t, p,8,v) = u(t, p) —w(s,v) — % (pi(u,y) +(t— 5)2) :

As O is compact and @, w are continuous, there exists (e, Se, fhe, Ve) € O x O satisfying

D (te, fe, Se, Ve) = max D > 1> 0.
0Ox0
Set M := maxu, m := minwv, (. 1= pi(ue,ye) + (te — 36)2, so that
0<¢ <2 (M+m-=1). (6.3)

Step 3 (Letting e to zero). Since O is compact, there is a subsequence {(te, the, Se,ve)} C
O x O, denoted by € again, and (t*, u*,s*,v*) € O x O, such that

fe = p*, Ve =V, te—tY, sc— s, as €/ 0.

By (6.3) it is clear that t* = s*, and p.(u*,v*) = 0. Then, by Lemma 5.3, pu* = v".
If t* were to be equal to T', by the terminal condition (3.5), we would have

0<i< limui)nf D (te, e, Se, Ve) < liﬁ)l [W(te, pe) — w(se,ve)] = w(T, 1*) —w(T, u*) <O0.

Hence, t* < T and t¢, se < T for all sufficiently small € > 0.
Step 4 (Distance estimate). Without loss of generality, suppose that w is Lipschitz, i.e,

1
ot 1)~ w(t )] < 2 Lupulimv),  pv € P(TY, 1 0,7,
Then, for each ¢ > 0,

_ 1
u(tCMU‘C) - w(sﬁ7l/5) - i CE = ¢)€(t67ﬂﬁ7367y€) > ¢6(t67p‘67367lu‘5)

1

— (te — 5¢)°.
26( se)

= U(le, pre) = w(se, pre) —
Therefore, pz(,ue, Ve) = (e — (te — 56)2 < 2€ [w(Se, pe) — W(Se, Ve)] < 2€ Loy pu(pe, ve ). Hence,
px(fte,ve) < €Ly Ve > 0. (6.4)
Step 5 (Viscosity property). Set
Yelto) = R ) + (=5 belsw) = — o[ e w) + (1 — ),
By Lemma 5.4, both 0,1 (t, 1), Oude(t, ) € C*(T?). Moreover, by the regularity Assump-

tion 3.1, maps (¢, u) — H(p, Outbe(t, 1)), and (t,v) = H(v,0,¢c(t,v)) are continuous. Hence,
e and ¢ are smooth test functions. Set

(@) = Ot p) (@) = D5 )(0) = £ Y B i(w), we”

ez

10
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Also, (t,p) — ¥c(t, 1) is maximized at te,pe. Since te < T, e € Cs(O) and @ is a
viscosity subsolution of (6.2), then
te Y€
— = < Hpey ko) = 4,
€
By the viscosity property of w, a similar argument implies that

fte_Tse > H(Ve, Ke).
We subtract the above inequalities to arrive at

0 <6< H(pe,ke) — H(Ve, Ke). (6.5)
Step 6 (Estimation). Since H(u, ke) = infacc, {n(*(-, ) + M¥#[ke](-)},

|H (pre, ki) = H(ve, k)| < sup 7 + sup I 4 sup J,

a€Ca a€Ca a€Cq
where
T = e (€7 (5 pe)) = ve (€% (5 ve))
L = |(pe — ve) (M™<[k] ()]
T = [ve(M™ [k (1) = MP ™ [k ()] -
Step 7 (Estimating 7.%). By the regularity Assumption 3.1 and the estimate (6.4),

e (€7 (-5 pre)) = ve (€ ve)) < [(pe = ve) (€7 pe)) |+ e (€7 (:, pe) — £7 (5 ve))|

< (e, ve) 1€ (5 pe) e + sup 6% (z, pre) — €% (,ve)|
z€T

< 2¢q pu(phe, Ve) < 2¢a Ly €.
Hence, we have lim.jo sup,cc, 7 = 0.

Step 8 (Estimating Z.). For z € T?, u € P(T%), a € Ca, and k € Z% set
Bi (x, 1) := M*He](x) = —[k - b% (w, p) + ai; (z, p)lex(x),
where for z € T yu € P(T%),a € Co, k € Z7,

d d’
% Z Z oi(z, p, a(z))oji(z, p, ox))kik;. (6.6)
Then,
a 1 1 N
MGoHe [l{e](l') = Z Z W Fk(ﬂe - 1/6) Bk: (xy,ue)~
kezd

This in turn implies that

e < % Z (;n* |Fk(ue - Ve)' |(Me - Ve)(ﬁl?('vl“))'

T+ IRP)
|Fk Me_ye % ((NG_VG)(BQ('7N€)))2 %
< 2 D) D (Y T
< —"*Wj*) (YR ok,
kezd

11
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where
Broe = (1+[k*)™" sup [(pe — ve)(BR (), €Z

acCq

Again by Assumption 3.1, |Br.e| < co + c2, and Bi, is Lipschitz continuous with a
Lipschitz constant ¢, uniformly in «. Hence, by Kantorovich duality Bk < cipi(fte, Ve).

As pe — ve converges weakly to zero, we conclude that S . also converges to zero for every
k € Z. Also c(d) = Y ;7 (1 + |k|*)> " is finite by (6.1), and we have argued that |Bx,c|
is uniformly bounded. Hence, we may use dominated convergence to conclude that the
sequence »_ >~ (1+ |k|*)*~"* Bi . converges to zero as € | 0. Then, by (6.4),

lim sup Z¢& <hm Ly Z 1+ [k)*)2 ™ Bg’e )% = 0.
el0 a€Cq —

Step 9 (Estimating J¢). The definition of J& imply that
J& < sup {IM* [re](x) — Mk () [}

zeTd
Let af be as in (6.6), and for a € Cq, x € T, k € Z%, set
Ve,e(@) 1= M*H<[er](x) — M [eg](x)
= k- [b% (2, ve) = b% (2, pe)ler(x) + [ai (2, ve) — ai (x, pe)] ek ().
By the regularity Assumption 3.1, there exists c2 such that

sup |[vre(z)] < c2(14+ |E1*) P (e, ve), Va €C,, k€ Z4.
z€Td

Hence, for every a € A,

e |Fk Ne - Ve | I
Jo <= E su (z
1+ |]€| e'ﬂ% |’Yk:, ( )|

€2 |Fk(,u'€ - Ve)| 1 2\ 9—mas 1 ~
s (1 + k2 1 " * ey Ve
~ e (Z 1+ [k[2)" )2 (Z( + [E[7)77) 2 pi(pte, ve)
kezd kezd

S CQL“) C(d) 5*(1“‘67 VC) = é p*(,u'€7 V€)7
where ¢(d) is as in (6.1). Therefore, limcjo sup,ce, J& < élimejo pa(pte, ve) = 0.

Step 10 (Conclusion). By (6.5) and above steps, 0 < ¢ < limejo [H (e, ke) — H(Ve, k)] <0
This clear contradiction implies that maxg (u —w) < 0. a

7 Lipschitz continuity

In this section, we prove Theorem 4.2.

7.1 Regularity in space

We first prove the continuous dependence of the solutions of the McKean-Vlasov stochastic
differential equation (3.1) on its initial data.

Proposition 7.1. Suppose that the regularity Assumption 8.1 holds. Then, there exists
¢ > 0 depending on T and the constant cq of Assumption 8.1, such that

Pe(Lhe Ly <epu(p,v), YO<t<u<T, pvePT), acA

12
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Proof. We complete the proof in several steps.

Step 1 (Setting). We fix t € [0,7], u,v € P(T%), a € A, and set
Yy, = XZ’N’Q7 Hu i= 53“’07 Ly 1= Xﬂi’u’av Vy 1= Ltu’y’a7 u € [t7T]
By the definition of p., we need to prove the following estimate for every u € [t, T,

(1 = ) () < e ) [Wlle., Vo €C.

Step 2 (SDEs). For z € T?, let Y, Z® be the solutions of the stochastic differential equations,
vz —x+/ b (V2 s )ds + 0™ (VZ, ) B
Zy =z +/ (0% (Z3,vs)ds + o™ (Z3,vs)dBs] .

Set Lt (z) := E[y(Yy)], and L7, () := E[¢(Z3;)]. Then, by conditioning, we have

pu(¥) = Ep(Yo)] = (L), vu(@) = E[Y(Zu)] = v(Lu).

Therefore,
(B — vu) () = (= v)(Ly) + v(Ly — L) = Zu () + Tu(3h).
Step 8 (Z. estimate). By the regularity Assumption 3.1, there exists a constant é; satisfying

6% C pa)lles + o™ (5 pu)lle. < é1, Vuelt, Tl

Hence, the map z € T? — Y% is n. times differentiable. Therefore, L € C. and there exists
a constant é2 > 0 depending only on ¢, of Assumption 3.1, satisfying,

L. < ez llglle.,  Vue[t,T],ueP(T).

This implies that
Tu(¥) = (n = v)(LY) < &2 pu(p,v) [[¢]lc.-
Step 4 (Ju estimate). By definitions, J< sup,, |L4(z) — L, (z)|, and

Ly — L2| < E[lp(v) — w(Z0))) <EYE = ZE[] 19l < BV = 25D |[¢ll..

For x € T?, and set m2(x) := E[(YZ — Z%)?]. We directly estimate that

mi(x) < 2T/ E[(b™ (Vs , ps) — b** (Z:7us))2]ds+2/ Ello® (Y, ps) — o™ (Z:,VS)F]d&
t t
By the regularity Assumption 3.1,

6% (Y7, ps) = 0% (25, vs)| < ca [V = Z5 | + P s, vs)] -

Same estimate also holds for |o% (Y, us) — 0%(Z7,vs)|. Hence, there exists a constant
é3 > 0, independent of z, satisfying, m2 < é; f“[mi +ﬁ* (us, VS)2]ds for every u € [t,T]. By
Gronwall’s inequality, there exists ¢4 > 0 satisfying m2 < &2 f D (s, vs)?ds. Hence,

(SIS

Tu < (B(YE = Z5)2DF ||| < & (/ ﬁ*ws,us)?dS) lle.,  Yuelt,T.
t

13
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Step 5 (Conclusion). By the previous steps,

1
2

(/’LU - Vu)(@ < (éQ /7*(#7”) +é (/ b\*(/j,s7ys)2 dS) ) HQ/)HC,H NAURS Cs.

Since above holds for every 1 € C., the definition of p. implies that

u 2
P (tus V) < 82 pu(p,v) + 84 (/ P (s, vs)° ds) ,  Yu€elt,T].
t

Hence,
D (o, vu)® < 283 P (1, v)? +2@i/ pu(ps,vs)ds,  Yuelt,T).
t
Again by Gronwall, pi(piu, vu)? < & pi(p, v)? for some ¢ > 0, for all u € [t,T). a

The following is an immediate consequence of the above estimate.

Lemma 7.2. Under the reqularity Assumption 3.1, there exists L1 > 0 such that
[J(t, py o) — J(t, v, )| < L1 pu(p,v) Vae A, p,veP(TY, t €0,T].
Consequently,
[o(t, 1) — v(t,v)] < L1 pu(p, v) Y, v e P(TY, t € [0,7).

Proof. Wefixa € A, u,v € P(T?), t € [0, T], and use the same notation as in Proposition 7.1.
For u € [t, T, the regularity Assumption 3.1 implies that

[E[E (Y, b)) = €5 (Zus va)]|
SB[ (Yay p) = €5 (Zus )] + [E[E* (Zs pa) = €5 (Zus va)]|
< (= va) (€ (-, ) )| 4 Ca (s V)
< s (pras V) 1€ (-5 )l + €a P (pous V)
< 2¢a P (pu V) < 2¢a € i, v).

We now directly estimate using the above to obtain the following inequalities,

|t p, ) = J(t,v, ) S/ [EIE™ (Y, pu) = €5 (Zu, va)]l du + [Efp(pr) — @(vr)]|

< 200 &(T — 1) Pl ) + ca (i, vr)
< ca (2T — 1) + D51, v).

As |u(t, ) —v(t,v)| < supgeq|J(t, 1, o) — J(t, v, a)], the proof of the lemma is complete.
O

7.2 Time Regularity

Proposition 7.3. Suppose that the regularity Assumption 8.1 holds. Then, there exists
L2 > 0 depending on T and the constant c, in Assumption 3.1, such that

[o(t, ) —v(r, )| < La |t — 7'|%7 Y t,7el0,T], peP(T.

14
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Proof. Fix0<t <7 <T,u€ P(T?, a € A, and set h := 7 —t. With an arbitrary constant
ax € A, we define

-  Jouyn(r) ifuelt, T —h],

Gul) = {a* ifuelT—hT].

It is clear that & € A. Set
f = LM% welt,T), and ., :=Ly"%, welr,T].
Then, fi, = pu+n for every u € [t,T — h]. In particular,
E[e% (X)) = B[ (X715, Yue[t,T - hl.
Since pur = fir—n = L(Xp*Y), and fir = L(X5"%),

1
2

pr(ar, pr) < B[ X% — X)) < (E[(X7"% = Xz257)%)
As b, o are bounded by c,, there is & > 0 satisfying, p1(fir, ur) < &1 Vh. Therefore,
le(fir) — ¢(pr)| < capu(fir, pr) < capr(fir, pr) < & ca Vh.
Above estimate imply that for any a € A,
o(t, ) = J (7, p ) < J(tp, @) = J(7, p, @)

T
- / B[ (X59®)] du+ p(ir) — p(ur) < cah + & ca V.

T—h
Hence,

oty 1) — v(7, ) = sup (v(t, ) — J(t, p, @) < cah + & ca Vh.
acA

We prove the opposite inequality by using the control

& () — {au—h(') ifue [th]v
T s if u € [0, h).

Again & € A, and we set
fu = LT"% wer,T], and g, =L welt,T).

Then fiy = py—n for every u € [1,T] and fir = pr—p. Following the above steps mutatis
mutandis, we obtain the following inequality for any a € A,

U(Tv N) - J(t7 s O‘) < J(Tv My d) - J(t7 My O‘)

. / B[ (X5 du+ p(ie) — @) < cah+ & ca Vi
t

Hence,

v(r, 1) — v(t, p) = sup (v(r, 1) — J(t, g, @) < cah + & ca Vh.
acA
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8 Dynamic Programming

In this section we prove Theorem 3.3. For a general result but in a different setting, we refer
the reader to [18].

Proof of Theorem 3.3. We fix (t,u) € O, T € [t,T], and set
Qla) = / B[ (X042, Lo )| ds 1 o(r, L54°),  a € A,
¢

Then, the dynamic programming principle can be stated as v(t, u) = infaca Q(ar). Recall
that v(t, u) = infaea J(¢, u, ). For any o € A, and s € [r,T], Markov property implies

t,p,o Tyﬂs—'u'a’a t,pu,o T’ﬁf—’”’a’a
that X = X , and consequently Lg% = L . Hence,

T
/ E[6° (X0, £ ds + o(£557)

T tyu, o ty o - t,u,aa
:/ E[EQS(X;',CT' 7a,£:£"l ,a)] d8+(p(£T7LT ) )

tip, t,p,
= J(r, L7570 ) > o(r, £75T),

This implies that
T T
sty = [ R e g ane (e (xene g e) aspcie)
t T
! « t, o t,u,o T LhH e o
> E[* (X%, L)) ds +o(r, L7277 %) = Q(a).
t

Therefore, v(t, p) = infaca J(t, p, ) > infaca Q(a).

To prove the opposite inequality, we fix € > 0, and set § := ¢/(4L1). By Lemma 7.2,
whenever p.(v,n) < 6, we have |J(r,v, ) — J(7,n, )| < €/4, for every o € A, and also
[v(1,v) —v(r,n)| < /4. Consider a covering of P(T%) given by

B(v):={neP(T) : p(v,n) <},  veP(T.

It is clear that each B(v) is an open set as p. is continuous with respect to the weak*
topology. Then, since P(T?) is weak® compact, there exits {v;};=1,..,n» C P(T%) such that
P(T?) = Uj—; B(v;). Set By := B(v1), and and recursively define

,,,,,

Bj+1 = B(Vj+1)\U{lel7 7= 17...,11— 1,

so that {B;};=1,..,» forms a disjoint covering of P(T¢). Moreover, for any v € B; C B(v;),
p«(v,vj) <6, and therefore,

|’U(T7V)—U(T7Uj)|§ ) and |J(T,U,Q)-J(T7Vj,a)|§i7 Vaec A

>

For each j, choose o’ € A so that J(7,v;,’) < v(7,v;) + <. Then,
J(rv, ) < J(r,v5,00) + SU(T,Vj)+%§U(T7U)+%7 Vv e B;. (8.1)
We choose o™ € A satisfying Q(a*) < infaca Q(a) + §, and define a control process a® by,

ag (), ifueltT),
oy (z) = ze T
S ad(@)xs, (L2),  ifue[r T,

16
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As " and a° agree on [t, 7], we have Lhme" = phie® for all u € [t, 7]. Hence,
inf Q(a) + > Q(a’) = / B (X0, L0)ds +o(7, £777) = Q(af).
ac t

Moreover, by the definition of a® and (8.1),

n

t,u,o* [ ATR-% t,u, typ, j t,p,a” 3€
o, L7 ) = 3, L69 xs, (L1 >§ T, £52° o s, (£ = =
j=1
= J(r, LY af) — %
4
Hence,
. € 3¢ " o t, o t, o t, o™ 3e
inf Q(a) +¢> Q(a) + 5 = [ Bl (Xt £ s 4 (u(r, £ ) 4+ 5
ac t

> [ B (X L) ds + I (r £ a)

t
= J(t, p, ae) > v(t, ).

9 Viscosity property

In this section, we prove the viscosity property of the value function. Although the below
proof follows the standard one very closely, we provide it for completeness.

The following version of the It6’s formula along flows of measures follows from Proposition
5.102 of [8]. Recall that X** is the solution of (3.1), £LL** = £(X.**), and the operator
M**# is defined in subsection 3.3.

Lemma 9.1. For every ¢ € Cs(T%), (t,1) € O, u € [t,T], and o € A,

9l 5 = it [ (s, £ B B, £ (X)) .
t

9.1 Subsolution
Suppose that for (to, o) € [0,T) x P(T?) and test function 3 € Cs(0),

0 = (v —9)(to, po) = max(v — ).
o
For a € Cg, set
E* (8,2, 1) == L(x, g, () + MO0t w])](x),  t€[0,T], z €T ue P(TY.
As H (po, 0ut(to, po)) = infaec, po(k(to, -, po)), for any € > 0 there is a* € C, satisfying,

po(k® (to, -, ko)) < H(po, dutp(to, o)) + €.

Set o = an and let X := XI0H0o" and Ly = Lloroe™ for 4 € [to, T]. Since v < 1,
dynamic programming principle Theorem 3.3 with 7 = to + h < T implies that

to+h
o(to, o) < / BJOCXS 12, 0 (X2))ds + k0 + b ey )-

to

17
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By Lemma 9.1,

to+h
1/)(1‘)0 + h7 M:(yrh) = 1/)(7507 MO) +/ (8t¢(37li:) + E[Ma hs [5u¢(87lf§)](X:)]) ds.

to

Since ¥ (to, po) = v(to, o), above inequalities imply that

| [roth i
0 [ (0wl BB (X2 ) s o)

to

We now let h tend to zero to arrive at the following inequality,

—0(to, po) < Ek* (to, Xeg, o)) = o (k™ (fo, -, 110)) < H (o, utb(to, o)) + .

9.2 Supersolution
Suppose that for (to, uo) € [0,T) x P(T?) and a test function ¥ € Cs(O),

0= (v —¥)(to, po) = min(v — ).
6]
We may assume that the minimum is strict. Towards a counterposition, suppose that
—0ttp(to, po) < H (po, 0uip(to, po)) = aiélcf {mo(k%, - 10))},

where k% (t,x, p) = £%(x, u) + M** [0 (L, 1)](2) is as in the previous subsection. By Def-
inition 3.4 of test functions Cs(O), the map (t,u) € O — H(u,0ut(t, 1)) is continuous.
Therefore, there exists § > 0 and a neighborhood B C O of (to, 110) such that

—0(s,p) +0 < H(p, uip(t, p) = inf {p(E™(t, 1)},  V(tp) €B

For a € A, set X& 1= Xto#o> & .— [lo:#0:2 and consider the (deterministic) time
7% :=inf{s € [to,T] : (s,us) & B},
so that for every s € [to, 7%), (s, u) € B, and consequently

M?(kas (57 '7”3)) > H(Ngv auw(&u?)) > _atw(&NS) +4.

As B[k (s, X5, pug)] = ps (k% (s, -, pu5)),
[ @ e ) 0e,p)) s 2 67—t
to
Then, by Lemma 9.1, we obtain the following inequality,

="

(7%, p7e) = p(to, po) +/ (Detp(s, 1) + EIM 5 [9,05 (s, p))(XT) )ds

to
(=2

:w(tovu0)+/ (Ontp(s, us') + E[E™ (s, X3, ud)] — E[07* (X, u)]) ds

to
(=2

> (to, o) — / E[f°s (X, 4%)] ds + 6(r% — to).

to

18
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Since v > ¢ and ¥(to, po) = v(to, o), above implies that

vumm>§/” B[ (X2, u®)] ds + o(r®, u%) — g(a),  Va €A

to
where g(a) := 6(7% — to) + (v(7%, pfa) — P(T%, pfa)). We now claim that

do := inf > 0.
0= el o)

Indeed, since v > 1, if 7 =T, then g(a) > 6(T — to). On the other hand if 7* < T, then
(7%, pfa) € OB. As B is compact and (to, o) ¢ OB is the strict minimizer of v — 1), we have

(= )(7% pre) 2 inf (v —9)(t 1) > 0.

Hence, do > 0 and the above inequalities imply that for every a € A,

a

v%wwﬁ/ E[6* (X2, p)]ds + v(r®, %) — bo.

to

This contradiction to dynamic programming implies that —(to, o) > H (10, Out)(to, 10))-
|
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