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ELOÍSA GRIFO, CRAIG HUNEKE, AND VIVEK MUKUNDAN

Abstract. Building on previous work by the same authors, we show that certain ideals
defining Gorenstein rings have expected resurgence, and thus satisfy the stable Harbourne
Conjecture. In prime characteristic, we can take any radical ideal defining a Gorenstein ring
in a regular ring, provided its symbolic powers are given by saturations with the maximal
ideal. While this property is not suitable for reduction to characteristic p, we show that a
similar result holds in equicharacteristic 0 under the additional hypothesis that the symbolic
Rees algebra of I is noetherian.

1. Introduction

In this paper we extend recent work by the same three authors [GHM20], which studied
the stable Harbourne conjecture and its relationship to expected resurgence. Building on the
su�cient conditions from [GHM20], in the present paper we show that the stable Harbourne
Conjecture holds for certain ideals defining Gorenstein rings. The original conjecture of
Harbourne [BDRH+09, HH13] concerns homogeneous ideals I in k[Pn], k a field, and their
symbolic powers I(n) =

T
P2Ass(I)(I

nRP \R), and depends on the big height of I, the largest
height (or codimension) of any minimal prime of I. We slightly rewrite the original conjecture
here for radical ideals in any regular ring:

Conjecture 1.1 (Harbourne). Let I be a radical ideal of big height c in a regular ring R.
Then for all n > 1,

I(cn�c+1) ✓ In.

This conjecture is part of a larger program to find for each b the best possible a such
that I(a) ✓ Ib, a program known as the Containment Problem. On the one hand, the
containment I(cn) ✓ In holds for all n > 1 by [ELS01], [HH02], and [MS18a], but it is easy
to find examples where these values are not best possible. However, Conjecture 1.1 can fail;
Dumnicki, Szemberg and Tutaj-Gasińska [DSTG13] found a radical ideal I of big height 2
that is the first counterexample to I(3) ✓ I2 for certain configurations of points in projective
space P2. This example has been extended to entire classes of counterexamples coming from
very special configurations in Pn [HS15, BDRH+18, MS18b, CGM+16, Dra17, DS20].

However, Harbourne’s Conjecture is satisfied by various classes of ideals: those defining
general points in P2 [BH10a] and P3 [Dum15], squarefree monomial ideals, or more generally
ideals defining equicharacteristic rings with mild singularities [GH19], such as Veronese or
determinantal rings. More precisely, I satisfies Harbourne’s Conjecture whenever R/I is
F-pure in characteristic p, or of dense F-pure type in equicharacteristic 0 [GH19]. There are
even classes of ideals satisfying Harbourne’s Conjecture over certain singular rings [GMS19].
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There are, however, no known counterexamples to the following stable version of the
conjecture:

Conjecture 1.2 (Stable Harbourne). Let I be a radical ideal of big height c in a regular
ring R. Then for all n � 0,

I(cn�c+1) ✓ In.

This stable version of Harbourne’s Conjecture holds for very general and generic point
configurations in Pn [TX20, Theorem 2.2 and Remark 2.3], for su�ciently large sets of general
points in Pn [BGHN20, Corollary 4.3], for ideals defining space monomial curves (ta, tb, tc)
over fields of characteristic other than 3 [GHM20, Theorem 4.3], and for homogeneous ideals
generated in small degree in equicharacteristic 0 [GHM20, Theorem 3.1]. Moreover, various
su�cient conditions for the stable Harbourne Conjecture are given in [Gri20, GHM20]. Many
of these results rely on the resurgence of I, as defined by Bocci and Harbourne [BH10a]:

Definition 1.3 (Bocci-Harbourne [BH10a]). The resurgence of an ideal I is given by

⇢(I) = sup
nm

s
| I(m) 6✓ Is

o
.

Notice that in particular, if m > ⇢(I) · r, then one is guaranteed that I(m) ✓ Ir. Re-
lated invariants have also been studied, such as the asymptotic resurgence [GHVT13], which
can be computed via integral closures [DFMS19]. The resurgence can often be bounded by
other invariants [BH10a, Theorem 1.2.1], and sometimes even computed explicitly without
completely solving the Containment Problem [BH10b, DHN+15, BDRH+18]. This is partic-
ularly interesting because, as noted in [Gri20, Remark 2.5], the stable Harbourne Conjecture
follows immediately as long as the resurgence of I is strictly less than its big height. In
this case, we say that I has expected resurgence. In this paper, we expand on the su�cient
conditions for expected resurgence from [GHM20] to prove the following main results:

Theorem A (Theorem 2.3 and Theorem 4.3). Let I be a homogeneous radical ideal of big
height c > 2 in a standard graded regular ring R with homogeneous maximal ideal m, or a
radical ideal in a regular local ring (R,m), and assume that R contains a field k. Suppose
that:

• I(n) = (In : m1) for all n > 1, and
• R/I is Gorenstein.

Then I has expected resurgence whenever k has prime characteristic or the symbolic Rees
algebra of I is noetherian.

In the prime characteristic p setting, the key step is to show that there exists q = pe

such that I(cq�c+1) ✓ mIq; in fact, I(cq�c+1) ✓ mI [q]. Since this statement depends heavily
on the characteristic, it is not suitable for reduction to characteristic p techniques, which
is why an additional assumption is needed in equicharacteristic 0. However, the following
strengthening of [ELS01, HH02] holds independently of the characteristic:

Theorem B (Theorem 2.3 and Theorem 4.1). Let I be a homogeneous ideal of height c > 2
in a standard graded regular ring R with homogeneous maximal ideal m, or in a regular local
ring (R,m), and assume that R contains a field k. If R/I is Gorenstein, then

I(cn) ✓ mIn

for all n > 1.
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While this might appear similar to [TY08, Theorem 3.1], there is a crucial di↵erence
between the two, since [TY08, Theorem 3.1] only guarantees I(ct�c+1) ✓ mI t�1, and that
one power di↵erence is what will allow us to apply [GHM20, Theorem 3.3] and conclude
that I satisfies expected resurgence. Our methods are also necessarily di↵erent from [TY08,
Theorem 3.1], since that one extra power of I is a priori di�cult to obtain and directly uses
the assumption that R/I is Gorenstein.

In Section 2, we establish the main result in the case of prime characteristic. In Section
3, we extend the methods of [GHM20] to a more general setting that will allow for our
equicharacteristic 0 results. Finally, we study the equicharacteristic 0 case in Section 4.

2. Prime characteristic

Discussion 2.1. Let I be a homogeneous ideal of height c > 2 in a standard graded regular
ring R over a field k of prime characteristic p and with homogeneous maximal ideal m, or an
ideal in a regular local ring R of characteristic p with maximal ideal m. Assume that R/I is
Gorenstein. We consider the minimal free resolution of R/I over R:

0 // R
�c
// R�c�1

�c�1
// R�c�2

// · · · // R�1
�1
// R // R/I // 0.

Since R is regular of prime characteristic p, [PS73, Theorem 1.7] shows that the complex
of free modules

0 // R
�
[p]
c
// R�c�1

�
[p]
c�1
// R�c�2

// · · · // R�1
�
[p]
1
// R // R/I [p] // 0

is also exact and gives a minimal free resolution of R/I [p]. After choosing bases for the free
modules, the maps in this resolution are simply the entrywise pth powers of the entries of
the corresponding matrices in the resolution of R/I. The exactness of this resolution proves
that R/I [p] is also Gorenstein.

The natural quotient map R/I [p] �! R/I induces a map between the resolutions of R/I
and R/I [p], as follows:

0 // R
�c
// R�c�1

�c�1
// R�c�2

// · · · // R�1
�1
// R // R/I // 0

0 // R
�
[p]
c

//

↵c

OO

R�c�1

�
[p]
c�1

//

↵c�1

OO

R�c�2
//

↵c�2

OO

· · · // R�1

�
[p]
1

//

↵1

OO

R // R/I [p] //

OO

0

Notice that ↵c = µ�, the map defined by multiplication by some element �, which is unique
up to homotopy. Since the entries of �c and �[p]

c form a minimal generating set for I and
I [p], respectively, it follows that � is unique modulo I [p]. By standard linkage theory, � is
a generator for the colon ideal (I [p] : I) modulo I [p]. Duality shows that (I [p] : �) = I. See
[KM84, Theorem 1.2] for details.

A critical observation that we need for our main results is the following proposition:

Proposition 2.2. Let the notation be as in Discussion 2.1. Then � · I ✓ m · I [p].

Proof. From the commutative diagram in Discussion 2.1, we see that �c � ↵c = ↵c�1 � �[p]
c .

Thus I ·� ✓ I [p] · I1(↵c�1), where I1(↵c�1) is the ideal generated by the entries of ↵c�1. Thus
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it is enough to show I1(↵c�1) ✓ m. Suppose I1(↵c�1) = R. Possibly after a suitable change of
basis, we may assume that ↵c�1 = id�↵0, and if e1 denotes the first standard basis element
of R�c�1 , ↵c�1(e1) = e1. Then �c�1 � ↵c�1(e1) = �c�1(e1). If �c�1(e1) = (v1, . . . , v�c�2),
notice that all vi 2 m, since I1(�c�1) ✓ m (note that c > 2). On the other hand, from the
commutative diagram above we get

�c�1 � ↵c�1 = ↵c�2 � �[p]
c�1 so �c�1(e1) = ↵c�2 � �[p]

c�1(e1).

But then vi 2 (v1, . . . , v�c�2)
[q], which is a contradiction. ⇤

Theorem 2.3. Let I be a homogeneous ideal of height c > 2 in a standard graded regular
ring R containing a field k of characteristic p and with homogeneous maximal ideal m, or an
ideal in a regular local ring R of characteristic p with maximal ideal m. Assume that R/I
is Gorenstein. Then I(cq�c+1) ✓ mI [q] for every q = pe > pc. Moreover, for every n > 1,
I(cn) ✓ mIn.

Proof. We first show the first statement. Equivalently, we will show that I(cqp�c+1) ✓ mI [qp]

for all q = pe > c. In this case,

I(cqp�c+1) ✓ I(cqp�q+1),

and by [TY08, Theorem 3.1] using n = 1, k = cqp� q � c, we have

I(cqp�q+1) ✓ mI(cqp�q�c+1).

On the other hand,
I(cqp�q�c+1)I [q] ✓ I(cqp�c+1) ✓ I [qp].

The second containment is well-known; see for example [GH19, Lemma 2.6]. Thus we have

I(cqp�c+1) ✓ mI(cqp�q�c+1) ✓ m(I [qp] : I [q]) = m(I [p] : I)[q].

Since R/I is Gorenstein, Discussion 2.1 shows that
�
I [p] : I

�
= I [p] + (�) for some � 2 R.

Since I(cqp�c+1) ✓ I [qp], we also have

I(cqp�c+1) ✓ m(I [p] : I)[q] \ I [qp] ✓ m(I [qp] + (�q)) \ I [qp] ✓ mI [qp] +m(�q) \ I [qp].

Thus it is enough to show that

(�q) \ I [qp] ✓ mI [qp].(2.1)

If r�q 2 I [qp], then

r 2 I [qp] : �q = (I [p] : �)[q] = I [q].

The last equality follows as in Discussion 2.1. This shows that (�q)\ I [qp] ✓ (I ·�)[q]. By
Proposition 2.2, I ·� ✓ mI [p]. The first statement follows.

To prove the second statement, assume not, and choose an element f 2 I(cn), with f /2 mIn.
By the first part of the theorem, there exists q > n such that I(cq�c+1) ✓ mI [q]. Observe that

I(cnq) = I(cqn) = I(cn+(cq�c)n)) ✓
�
I(cq�c+1)

�n
,

where the last containment follows by [HH02, Theorem 1.1 (a)]. Since I(cq�c+1) ✓ mI [q],

I(cnq) ✓
�
I(cq�c+1)

�n ✓
�
mI [q]

�n
= mn

�
I [q]

�n
.

Take any z 2
�
m[q] : mn

�
. Then

f q 2
�
I(cn)

�q ✓ I(cnq) ✓ mn
�
I [q]

�n
,
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so
zf q 2 (mIn)[q] .

Then
z 2

⇣
(mIn)[q] : f q

⌘
= (mIn : f)[q] ✓ m[q],

since we assumed that f /2 mIn. But this implies that
�
m[q] : mn

�
= m[q],

which is impossible by our choice of q > n. ⇤
Remark 2.4. In the proof above, we used [TY08, Theorem 3.1], which says that if (R,m)
is an excellent regular local ring of characteristic p and I is a radical ideal of big height I in
R, then

I((h+k)n+1) ✓ m
�
I(k+1)

�n

for all n > 1 and k > 0. We note, however, that this result also holds in the case where R
is instead a standard graded regular ring containing a field k of characteristic p and with
homogeneous maximal ideal m. Indeed, the graded case follows directly from the local case,
once we notice that it is su�cient to check that

�
I((h+k)n+1)

�
P
✓

⇣
m
�
I(k+1)

�n⌘

P

at each prime ideal P of R; when P = m, the statement is precisely [TY08, Theorem 3.1],
while for P 6= m the statement becomes

I((h+k)n+1) ✓
�
I(k+1)

�n
,

which is [HH02, Theorem 1.1 (a)].

We recall [GHM20, Theorem 3.3]:

Theorem 2.5 (Theorem 3.3 in [GHM20]). Let I be a radical ideal of big height c > 2 in
a regular local ring (R,m) containing a field, or a quasi-homogeneous radical ideal of big
height c > 2 in a polynomial ring over a field with irrelevant maximal ideal m. If

I(ct�c+1) ✓ mI t for some fixed t,

and if IP has the property that I(n)P = InP for all P 6= m and for all n, then ⇢(I) < c.

As a consequence, we can now prove the following:

Corollary 2.6. Let I be a radical ideal of height c > 2 in a regular local ring (R,m) of
characteristic p. Suppose that R/I is Gorenstein. Further assume that for all primes P not

equal to the maximal ideal m, InP = I(n)P . Then the resurgence of I is expected, i.e., ⇢(I) < c.
In particular, I satisfies the stable Harbourne conjecture.

Proof. Using Theorem 2.3, we obtain that I(cq�c+1) ✓ mI [q] for every q = pe > pc. Then
simply put t = q for large enough q in the statement of Theorem 2.5. ⇤
Remark 2.7. The condition that InP = I(n)P for all primes P not equal to the maximal ideal
comes up often in the statements of our theorems. It is not an easy question in general to
decide whether or not the symbolic powers of an ideal agree with the usual powers, although
this equality holds whenever I is generated by a regular sequence. In particular, if I is
radical in a regular ring R and the dimension of R/I is one, then IP is generated by a
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regular sequence for all primes P not equal to the maximal ideal. More generally if R/I has
an isolated singularity, or in the graded case if the associated projective variety is smooth,
then InP = I(n)P for all n and for all primes P with P 6= m. This condition is also equivalent
to I(n) = (In : m1) for all n > 1.

3. Expected Resurgence

In this section, we extend some of the su�cient conditions for expected resurgence from
[GHM20] in such a way that will allow us to prove expected resurgence for suitable ideals
defining Gorenstein rings in equicharacteristic 0. We also search for other characteristic-free
conditions which imply expected resurgence, focusing on the condition that the symbolic Rees
algebra of I is noetherian. Considering such a condition is particularly important since even
a strong result in characteristic p will not necessarily give any conclusion in equicharacteristic
0, despite of the usual technique of reduction to characteristic p. This is due to the fact that
resurgence is an asymptotic invariant, and one can only generally conclude something for all
large values. In characteristic p, these large values often depend on the characteristic itself,
for example as in the statement of Theorem 2.3. As the characteristic grows, so too do these
bounds, making it impossible to apply standard reduction techniques.

The symbolic Rees algebra of an ideal I in a ring R is the graded algebra

Rs(I) =
M

n>0

I(n)tn ✓ R[t].

In general, the symbolic Rees algebra can fail to be noetherian, even if I is a prime ideal of
height d�1 in a regular ring of dimension d, with the first such example with non-noetherian
symbolic Rees algebra found by Roberts in [Rob85]. Even for the special case of the defining
ideal of a space monomial curve (ta, tb, tc), the symbolic Rees algebras are not noetherian
[GNW94] for certain choices of a, b, and c. The condition that the symbolic Rees algebra
is noetherian does have nice consequences, such as the fact that the resurgence is rational
[DD20].

While determining whether or not the symbolic Rees algebra of a given radical ideal is
noetherian is a di�cult question in general, this does indeed happen for various interesting
classes of ideals. For example, the symbolic Rees algebra of a monomial ideal is always
noetherian [Lyu88, Proposition 1]. Morales gave a criterion for when primes defining curves
have noetherian symbolic Rees algebras [Mor91]; see also [Hun87]. In [Cut91], Cutkosky
showed that the symbolic Rees algebra of the defining ideal of k[ta, tb, tc] is noetherian as
long as (a+ b+ c)2 > abc.

We first need a result similar to [GHM20, Lemma 2.5], but stronger:

Lemma 3.1. Let (R,m) be a regular local ring of dimension d, or R a standard graded ring
containing a field k with homogeneous maximal ideal m. Let I be an ideal of big height

c > 2 such that I(n) = (In : m1) for all n > 1. If I(cn) ✓ mbn
↵ cIn for some ↵ > 0 and all

n � 0, then ⇢(I) < c.

Proof. By [GHM20, Lemma 2.5], it is enough to find a positive t such that I(tcn) ✓ I(t+1)n

for all n � 0. Since I(t+1)n+d ✓ I(t+1)n, it is enough to show that I(ctn) ✓ I(t+1)n+d for all
n � 0.
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Consider any positive integer t, and let v 2 R be nonzero such that

v
⇣
mb t

↵ cI t
⌘n

✓ mb t
↵ cnInt

for all n. For why such a v exists, see for example [SH06, Corollary 6.8.12]. Fix integers l
and k with the following properties:

(1) mlnI(n) ✓ In for all n > 1.
(2) If vJ ✓ In for some ideal J , then J ✓ In�k.

Such l exists by [Swa97, Main Theorem], given our assumption that m is the only possible
embedded prime for In. The integer k exists since the integral closures of powers of I
are determined by the (finitely many) Rees valuations v1, ..., vm of I; see [SH06, Theorem
10.2.2]. If k is chosen so that vi(v) 6 vi(Ik) for every such vi, then vJ ✓ In implies that
vi(J) > vi(In�k) for 1 6 i 6 m, which then implies that J ✓ In�k.

Given any integer b, and n � 0,

(vI(ctn))b+1 ✓ (vI(ctn))bI(ctn)

✓
⇣
vmb tn

↵ cI tn
⌘b

I(ctn) by assumption

✓
⇣
vmb t

↵ cnI tn
⌘b

I(ctn) since

�
tn

↵

⌫
>

�
t

↵

⌫
n

✓
⇣
mb t

↵cnInt
⌘b

I(ctn) by our choice of v

✓ mbb t
↵ cnIbntI(ctn).

Assume t > 2↵. We claim that we can choose b (independent of t) such that

b

�
t

↵

⌫
> lct.

To do that, take b > 2lc↵, and set u :=
⌅

t
↵

⇧
and w := t � ↵u. Then t > 2↵ > 2w, so

↵u� w = t� 2w > 0, and

b

�
t

↵

⌫
= bu > 2lc↵u

= lc↵u+ lc↵u

= lc(t� w) + lc↵u

= lct� lcw + lc↵u = lct+ lc(↵u� w)

> lct.

With our choice of b, we have

mbb t
↵ cnI(cnt) ✓ mlctnI(cnt) ✓ Ictn,

and thus
(vI(ctn))b+1 ✓ Ictn+btn.

So far, everything we have shown holds for any positive integer t > 2↵. We will now show
that given a fixed b > 2lc↵ and k as above, we can a find positive integer t such that

ctn+ btn > ((t+ 1)n+ d+ k)(b+ 1).
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With such values, we will have

(vI(ctn))b+1 ✓
�
I(t+1)n+d+k

�b+1
,

which shows that

vI(ctn) ✓ I(t+1)n+d+k.

As a consequence, we have

I(ctn) ✓ I(t+1)n+d ✓ I(t+1)n.

So all that remains to show that given b > 2lc↵, we can chose positive t such that

ctn+ btn > ((t+ 1)n+ d+ k)(b+ 1).

Set � = b+1
b+c . We will choose a positive integer t such that

t > max{2↵, (t+ 1 + d+ k)�}.

For all n > 1, we have

t > (t+ 1 + d+ k) � >
✓
t+ 1 +

d+ k

n

◆
� =

✓
t+ 1 +

d+ k

n

◆✓
b+ 1

b+ c

◆
.

Multiplying both sides by n, we get

tn > ((t+ 1)n+ d+ k)

✓
b+ 1

b+ c

◆
, so

tn(b+ c) > ((t+ 1)n+ d+ k)(b+ 1).

And this concludes our proof that

I(ctn) ✓ I(t+1)n.

By [GHM20, Lemma 2.5], this implies that ⇢(I) < c. ⇤
Our main result in this section assumes the symbolic Rees algebra of I is noetherian.

Under mild circumstances such as excellence, this is equivalent to the statement that there
exists l such that I(ln) =

�
I(l)

�n
for all n > 1. See for example [Ree58, Lemma 2] or [Gri18,

Lemma 5.2].

Theorem 3.2. Let I be a homogeneous ideal of big height c > 2 in a standard graded
regular ring R with homogeneous maximal ideal m, or an ideal in a regular local ring (R,m).
Suppose that:

a) I(cn) ✓ mIn for all n � 0; and
b) the symbolic Rees algebra of I is noetherian.

Then there exists an integer l such that I(cn) ✓ mbn
l cIn for all n > 1.

Proof. Assumption b) implies that there exists t such that I(tn) =
�
I(t)

�n
for all n > 1; see

for example [Ree58, Lemma 2]. Notice that this equality also holds if we replace t by any
multiple of t, and so we may assume without loss of generality that l = tk is chosen large
enough so that

• I(cn) ✓ mIn for all n > l, and
• I(ln) =

�
I(l)

�n
for all n > 1.
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First, we will show our claim when n is a multiple of l, say n = lk. Indeed,

I(clk) =
�
I(cl)

�k ✓
⇣
mI l

⌘k

✓ mkI lk ✓ mb kl
l cIkl.

Now take f 2 I(cn) and n > 1 . Then

f l 2
�
I(cn)

�l ✓ I(cnl) ✓ mnI ln ✓
⇣
mbn

l cIn
⌘l

.

Thus f 2 mbn
l cIn. We have now shown that

I(cn) ✓ mbn
l cIn

for all n > 1, ⇤
In fact, the conclusion of the above theorem is stronger than what we need to apply

Lemma 3.1 and conclude that I has expected resurgence.

Corollary 3.3. Let I be a homogeneous ideal of big height c > 2 in a standard graded regular
ring R with homogeneous maximal ideal m, or in a regular local ring (R,m). Suppose that:

a) I(n) = (In : m1) for all n > 1;
b) I(cn) ✓ mIn for all n � 0; and
c) the symbolic Rees algebra of I is noetherian.

Then the resurgence of I is expected.

Proof. The result follows from the previous theorem and Lemma 3.1. ⇤

4. Resurgence in Characteristic Zero for Ideals Defining Gorenstein Rings

We now apply the results from Section 3 to ideals defining Gorenstein rings in equichar-
acteristic 0.

Theorem 4.1. Let I be a homogeneous ideal of height c > 2 in a standard graded regular
ring R containing a field k of characteristic 0 and with homogeneous maximal ideal m, or an
ideal in a regular local ring R of characteristic p with maximal ideal m. If R/I is Gorenstein,
then for all n > 1 we have

I(cn) ✓ mIn.

Proof. Suppose that the theorem is false, and pick n and f such that f 2 I(cn) but f /2 mIn.
First assume we are in either the graded case, or the case in whichR is essentially of finite type
over k. We will reach a contradiction via standard reduction to characteristic p techniques,
similarly to [HH02, Theorem 4.4]. Using the standard descent theory of [HH99, Chapter 2],
we replace the field k by a finitely generated Z-algebra A, so that we have a counterexample
for this containment in an a�ne A-algebra RA over A with RA ✓ R and R ⇠= k ⌦A RA;
after localizing at a nonzero element of A, we may assume that A is smooth over Z. We also
retain models IA of I and mA of m, such that RA/IA is Gorenstein and such that there is

an element fA 2 I(cn)A such that fA /2 mAInA. The result now follows from the fact that for
almost all fibers, the containment holds for the map Z �! RA after passing to fibers over
closed points of Spec(Z). Suppose that isn’t so. Further using [HH99, Theorem 2.3.15] we
now have a regular ring Rp containing a field kp of characteristic p and with (homogeneous)

maximal ideal mp, an ideal Ip of height c such that Rp/Ip is Gorenstein, and fp 2 I(cn)p such
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that fp /2 mpInp . This contradicts the conclusion of Theorem 2.3. This shows that for our
original I, in equicharacteristic 0, and for all n > 1, I(cn) ✓ mIn.

In the general case we also follow the detailed proof in [HH02]. The point is that after
completing and using Artin-Approximation, we can descend a counterexample to the desired
containment. The only di↵erence in this case from a similar result in [HH02] is the added
condition that R/I be Gorenstein. However, as described in Chapter 2 of [HH99], we can
preserve the shape of resolutions as we descend, and in particular can preserve the Betti
numbers in a resolution of R/I over R. Since the height does not change (even though
the dimension of ambient regular ring may change), we can preserve the fact that R/I is
Gorenstein. This reduces to the case in which R is essentially of finite type over k, and the
first part of the proof does this case. ⇤
Corollary 4.2. Let I be a homogeneous ideal of height c > 2 in a standard graded regular
ring R containing a field k of characteristic 0 and with homogeneous maximal ideal m, or an
ideal in a regular local ring R of characteristic p with maximal ideal m. Assume:

a) I(n) = (In : m1) for all n > 1,
b) the symbolic Rees algebra of I is noetherian and
c) R/I is Gorenstein.

Then the resurgence of I is expected.

Proof. Recall that our assumption that the symbolic Rees algebra is noetherian implies that
there exists l such that I(ln) =

�
I(l)

�n
for all n > 1. By Theorem 4.1, our conditions imply

that for all n > 1, I(cn) ✓ mIn. Then, by Corollary 3.3, I has expected resurgence. ⇤
As we observed earlier, if I has expected resurgence, then I satisfies the stable Harbourne

conjecture, which is an apparently much weaker condition. However, in characteristic 0,
the assumption that the symbolic Rees algebra is noetherian gives the converse, so that the
conditions of expected resurgence and stable Harbourne are in fact equivalent:

Theorem 4.3. Let I be a homogeneous ideal of big height c > 2 in a standard graded
regular ring R with homogeneous maximal ideal m, or an ideal in a power series ring over a
field of characteristic 0 with maximal ideal m. Suppose that:

a) I(n) = (In : m1) for all n > 1, and
b) the symbolic Rees algebra of I is noetherian.

If I satisfies the stable Harbourne Conjecture, then the resurgence of I is expected.

Proof. We claim that for all n � 0,

I(cn) ✓ mIn.

First, note that in characteristic 0, any element f is integral over mD(f), where D(f) is
the ideal generated by the partial derivatives of f ; in the power series ring case, this holds
by [SH06, Theorem 7.1.5], and in the polynomial ring case it is a consequence of Euler’s
formula. In particular, I(n) ✓ mI(n�1) for all n. Suppose that n is large enough for stable
Harbourne to hold, meaning I(cn�c+1) ✓ In. Then

I(cn) ✓ mI(cn�1) as we just showed

✓ mI(cn�c+1) because c > 2

✓ mIn by assumption
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This shows we can apply Corollary 3.3, and I must have expected resurgence. ⇤
Remark 4.4. In fact, the proof above shows that under these assumptions, expected resur-
gence is equivalent to I(cn�1) ✓ In for n � 0. Essentially, this says that I has expected
resurgence if and only if I(cn) ✓ In is not the best possible containment as n �! 1.
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[GMS19] Elóısa Grifo, Linquan Ma, and Karl Schwede. Symbolic power containments in singular rings
in positive characteristic. arXiv:1911.06307, 2019.

[GNW94] Shiro Goto, Koji Nishida, and Keiichi Watanabe. Non-Cohen-Macaulay symbolic blow-ups for
space monomial curves and counterexamples to Cowsik’s question. Proceedings of the American

Mathematical Society, 120(2):383–392, 1994.
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démonstration de conjectures de M. Auslander, H. Bass et A. Grothendieck. Inst. Hautes Études
Sci. Publ. Math., (42):47–119, 1973.

[Ree58] David Rees. On a problem of Zariski. Illinois Journal of Mathematics, 2(1):145–149, 1958.
[Rob85] Paul C. Roberts. A prime ideal in a polynomial ring whose symbolic blow-up is not Noetherian.

Proc. Amer. Math. Soc., 94(4):589–592, 1985.
[SH06] Irena Swanson and Craig Huneke. Integral closure of ideals, rings, and modules, volume 13.

Cambridge University Press, 2006.
[Swa97] Irena Swanson. Powers of ideals. Primary decompositions, Artin-Rees lemma and regularity.

Math. Ann., 307(2):299–313, 1997.
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