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expectation value. When the Higgs background weakly breaks the AdS isometries, we present
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dimension runs logarithmically with the energy scale in accordance with a nearly-marginal
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1 Introduction

The Abelian Higgs model is a cornerstone of quantum field theory. It is the canonical model
that provides the key insights on the spontaneous symmetry breaking of a gauge symmetry
and the behavior of massive gauge fields. In this paper we study elementary aspects of the
Abelian Higgs model in anti-de Sitter spacetime (AdS).

Aspects of broken gauge symmetry in AdS have been studied in the past, typically in a
slice of AdS and in the context of the Randall-Sundrum 1 model [1], or in the presence of a
charged black hole leading to holographic superconductor models [2]. However, there has
been relatively little work on the field-theoretical aspects of the Abelian Higgs in AdSg. 1.
This work fills that gap.

In our AdS Abelian Higgs model, the bulk of AdS;;; contains a U(1) gauge field and a
charged scalar field, the Higgs field. We assume that there exists a (d — 1)-dimensional brane
towards the AdS;11 boundary, the UV brane. A potential localized on this brane induces
a nonzero Higgs vacuum expectation value (vev) that extends into the bulk.

One motivation for this study is to understand the curved space counterpart of a set of
well-known phenomena in flat space. For instance, one would like to see how the Goldstone
boson equivalence theorem manifests itself in AdS;y1. Moreover, in AdS the Higgs background
value can break the isometries of the bulk spacetime. One would like to see the impact of
this nontrivial background on the gauge field.

Another motivation is the gauge-gravity correspondence. Placing probes on the UV
brane defines a holographic view of the AdS Abelian Higgs model. When the AdS/CFT
correspondence applies, one would like to understand the properties of the holographic CF'T
dual, such as the fate of the dual global U(1) current.

We briefly review past works involving gauge fields in AdS.

Holography and dual conformal theory. From the viewpoint of sources placed on the
AdS boundary or the UV brane (i.e. the regulated AdS boundary), the bulk physics gives
rise to a conformal theory with a large number of color N and large 't Hooft coupling, see
e.g. [3-6] for general AdS/CFT references. Aspects of unbroken gauge fields in AdS/CFT are
discussed in e.g. [7-9]. Here we analyze the holographic dual of a gauge field broken by an
arbitrary bulk vacuum expectation value (vev). There are relatively few AdS/CFT studies
about field-theoretical aspects of broken internal symmetries, notably ref. [10] studies aspects
of the Goldstone boson equivalence theorem. The Abelian Higgs model in the presence of
charged black hole has been exploited to build models of holographic superconductors and
superfluid, see e.g. [11-15]. We study the zero temperature (no black hole) case and focus
on the quantum fields living in the AdS-Higgs background.

Warped extra dimensions and hidden sectors. Aspects of unbroken gauge fields in
AdS441 spacetimes — or in a truncated versions of it — are studied in e.g. [7-9, 16-21].
One may break gauge symmetry on a 5D slice by imposing appropriate brane boundary
conditions, see e.g. [22, 23] and [24-26] for applications. Refs. [27-32] construct explicit
models with a bulk Higgs in the Randall-Sundrum scenario; though electroweak naturalness
typically leads to a focus on the case of a Higgs vev that is either restricted or otherwise
highly localized to an IR brane.



From the viewpoint of an UV brane, a warped spacetime can provide sectors that are
naturally light, weakly coupled to the Standard Model, and have strong self interactions.
Such a framework is a natural way to build strongly-interacting hidden sectors. This fact
is emphasized in [33], see also [25, 26, 34, 35] for earlier related works. By the AdS/CFT
correspondence, the setup amounts to having a 4D (nearly) conformal hidden sector.

Outline. We define the AdS Abelian Higgs model and derive the equations of motion
and propagators in sections 2 and 3. In subsequent sections, we apply these basic results
to a series of semi-independent examinations of different aspects of the theory. Section 4
examines the notion of a Goldstone equivalence theorem. Section 5 investigates the gauge
boson boundary action as a function of the Higgs vev profile using either exact solutions
or a WKB approximation. In section 6, we study the properties of the dual CF'T model
with a broken U(1) symmetry. Finally, in section 7 we develop an adapted WKB method to
compute the gauge boson boundary action in a vev configuration that approximately respects
the AdS isometries. Figure 2 provides a summary of the main theoretical results.

2 A broken U(1) in AdSg4q

We consider a U(1) gauge symmetry that is broken by the vacuum expectation value of a
scalar field in anti-de Sitter spacetime. The full action takes the form

S = Sy + S + S - (2.1)
Sy(1) includes the kinetic terms and scalar potential. Sgglk and SEXV fix the gauge.

2.1 Geometry

We work in the Poincaré patch of (d 4+ 1)-dimensional anti-de Sitter spacetime, AdSgy;.
The metric in the conformal frame is

2
ds? = IMN dzN dzV = (R) (nuv dz? dz¥ — sz) , (2.2)
z

where R is the AdS radius of curvature and 7,, is the d-dimensional Minkowski metric,
N = diag(l,—1,...,—1). Lowercase Greek indices (p,v,---) run from 0 to (d — 1) and
uppercase Roman indices (M, N,---) run from 0 to d. The z coordinate is restricted
to 2z > zyvy.

We assume the existence of a codimension-one domain wall at z = zyy called the UV brane.
We assume it is a boundary of spacetime, which can be understood as a regularization of the
conformal boundary of AdS to a well-behaved boundary. We use the terms ‘UV brane’ and
‘boundary’ interchangeably, with a preference for UV brane when referring to our specific
model and boundary for more general concepts. We assume that the UV brane is static
and set its position to zyy = R without loss of generality.! In these coordinates the bulk

!Throughout the paper we only use zuv = R to simplify v/ |gind| = (R/zuv)d. We write zuv and R
separately elsewhere. Expressions with arbitrary zyy can be simply obtained by restoring +/|gina| in the
calculations.
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Figure 1. (a) Sketch of the model in spacetime (top) and field space (bottom, red slices). The
dashed gray lines depict the scaling of the metric. Red crosses represent vev insertions. The Goldstone
direction along the scalar vacuum manifold is shown for a particular value of z. For illustrative
purposes we assume « > d/2. (b) Same as (a), projected onto two dimensions. (¢) Two dimensional
projection for o > d/2 where the scalar vev induces a large backreaction. We model this with an
infrared (IR) brane.

FIELD SPACE
FIELD SPACE

~

~N

and UV brane integration measures are

d+1
\/m ditly = <Zj) Aty Vgina| d% = d%. (2.3)

The bulk scalar field has a vacuum expectation value (vev) that breaks the U(1) gauge
symmetry. Depending on the shape of the vev along the z-direction, the energy density of the
vev can deform the metric. A full solution to the (d + 1)-dimensional gravity-scalar system
depends on the specific choice of bulk potential and is beyond the scope of this paper. Instead,
we simply model this backreaction with an IR brane that truncates the bulk for large values
of z where the backreaction is large. We further assume that this IR brane is stabilized,
for example by the Goldberger-Wise mechanism [36]. We sketch this model in figure 1 and
provide parametric estimates for the backreaction and IR brane location in section 2.4.

For dimensions d > 3 there are non-renormalizable interactions with the bulk gravitons.
In that case, the model is understood to be a low-energy effective field theory (EFT). The
cutoff scale of the EFT is tied to the (d + 1)-dimensional Planck scale M,. The EFT is
valid when the product of the AdS curvature and (d + 1)-dimensional Planck scale satisfies
RM, 2 1 and when the couplings are at most order one in units of R times appropriate
loop factors. We refer to refs. [37-39] for more details.

2.2 U(1) action

The (d + 1)-dimensional action for a U(1) gauge field Ay = (A,, A;) and complex scalar ® is

R d+1
Sy = / <) d™le L + [ d% Ly, (2.4)
z uv



where we separate the bulk £ and brane-localized Lyy Lagrangians. We write fUV for
integration restricted to the UV brane. The bulk Lagrangian is

1
L=~ PunF"N 4 (Dy®) (DY) — P®l® Dy =0y —idy.  (25)
g

g is the (d + 1)-dimensional gauge coupling. The uppercase Roman indices are raised using
the inverse metric ¢™”~. We choose a normalization where the mass dimensions of the gauge
field, scalar, and gauge coupling are

[Am] =1 (@] = —— l9] = —— (2.6)

Perturbativity of the effective theory imposes g?R3~¢ < 1. The brane-localized Lagrangian is

buvR
Luy = —%FMVF“” + cuvR (D,ﬁI))T(D“‘I)) — Vuv[®], (2.7)

where the lowercase Greek indices are contracted with the d-dimensional Minkowski metric,
n*. We pull out factors of R to facilitate dimensional analysis. byy and cyy are dimensionless
coefficients that control the extent to which the bulk fields are localized towards the brane.
The limit where these coeflicients go to infinity correspond to brane-localized fields.

2.3 Spontaneous symmetry breaking

The homogeneous bulk equation of motion for ® is

2
—y+wd%g(i4@>—(“R>
z z

Here 0? is the Minkowski Laplacian with respect to the d dimensions transverse to z. We

O(z,2)=0. (2.8)

write |,,, to indicate a quantity evaluated on the UV brane, z = zyy. The field satisfies
the boundary condition

=0 V) = 2Y0vi®] (2.9)

8.® — cyyRO*® — Vi [®
cuv Uv]®] o 5%

We include a spontaneous symmetry-breaking potential only on the UV brane, (2.7). The
bulk equation of motion (2.8) dictates how the symmetry breaking extends into the bulk.
The brane-localized scalar potential is?

Vuy [] = —miry R + Aoy R |0 (2.10)
This potential induces a finite vev for ® that spontaneously breaks the U(1) symmetry,

_ v oy h(2) () et
@@J»—\@ P(z,z) = 7 oN (2.11)

2In this work we focus on the case of a brane-localized potential that generates a ® vev that extends into

the bulk. It is, in principle, possible to use a bulk potential to generate the vev. As long as the bulk potential
is localized towards the brane, it effectively sets a boundary condition for the ® vev and we expect the results
to be qualitatively similar to this paper. Beyond this limit, a thorough analysis is required. The intuition of
the present paper requires the geometry remain asymptotically AdS near the brane.



The warping of the space in the extra dimension induces a z-dependence on the vev. On
the right-hand side of (2.11), we parameterize ® nonlinearly with respect to a radial mode
h(z,z) and a Goldstone mode w(x,z) [40, 41].

The ® equation of motion (2.8) and boundary condition (2.9) determine the vev profile:

d—1 1 MR 2 /
29700, F&Z -\ v(z) =0 9:v(2)|,,, = VovIv(zuv)]. (2.12)
The vev has a general bulk solution
v(z) =B (;) e (;) i o’ = dz +1°R2. (2.13)

The bulk equation of motion does not specify the sign of a. The two terms in (2.13) reflect
this since they are related by a <> —a. Requiring the regularity of the vev for z — co removes
the solution that grows more quickly. This is equivalent to selecting o > 0 and setting C' = 0.
The boundary condition on the right-hand side of (2.13) fixes the vev normalization:

d_q d_o |d 2 2
_ Z\* _ [ R\ 3 —atmgylt
v(z) = vy (R> vy = (mv) \/ svew =l AT

d
3 «

It is convenient to factor out the (R/zyv) in the definition of vyy. A nonzero vev
exists only if % —a+ m%vR2 > (0. The appearance of this combination of parameters is
equivalently understood from the holographic potential that encodes the dynamics of the

symmetry breaking on the brane, see section 6.2.

2.4 Gravitational backreaction and an IR brane

The scalar vev is a classical background whose gravitational backreaction should, in principle,

be included when solving for the metric. We thus check the validity of the assumption of an

AdS spacetime in the presence of the vev. The amount of backreaction is estimated from

FEinstein’s equation, where the AdS;.1 cosmological constant term is

d(d—1)
2R2

The assumption of an AdS spacetime is valid as long as Aaqs is large compared to the scalar

guMNAAds = —guN . (2.15)

vev contribution to the classical stress tensor, M,}_dTM N> With

d /d L d 2 ’U2 > d—2—2«a
o (5 ) - (5o | 5 () =

where sy is the (d + 1)-dimensional Minkowski metric. By naive dimensional analysis we
assume that vZy, ~ R'7¢ <« MZ~! [42, 43]. The backreaction depends on the value of
relative to the dimension of the spacetime. With these inputs, we show that one may always

Tyn =

take the spacetime to be approximately AdS near the UV brane.

Range a > d/2: in this case, imposing the regularity condition C' = 0 on (2.13) means
that v(z) decreases rapidly enough that Thsn is negligible for any z > zyy. The backreaction
is thus neglible and the spacetime is AdS for any z > zyvy. Notice the regularity condition
is equivalent to imposing a generic (not tuned) boundary condition on the IR brane and
taking the limit where the brane position goes to zig — 0.



Range o < d/2: in this case, the scalar vev contribution to the stress-energy tensor T,y
grows with z. Consider the Minkowski component, T’ - The scalar vev and AdS cosmological
constant are of the same order of magnitude when z satisfies

dd-1) d/d vEv 2\
2R2N2<2‘0‘)R2<R) M. (2.17)

One can no longer ignore the gravitational backreaction due to the vev for z larger than this
value. In this case, we model the backreaction with an infrared brane located at zig satisfying

2(d — 1) Md—!

d—2« ~ Rd—Qa
d—2a ”%v

“IR

(2.18)

The region zyy < z < zg is approximately AdS. The IR brane requires that the vev has
a boundary condition at zig. A generic boundary condition (either Dirichlet or Neumann)
on the IR brane naturally sets

2R 2a
B~C <) , (2.19)

up to O(1) prefactors. In this case, the C term is small relative to the B term in the
zuv < z < zg region. Thus we can assume that the spacetime is AdS in this region.
We confirm the validity of this approximation in appendix A using an explicit soft wall
construction. In section 5.2 we show that the low-energy states of the spectrum are insensitive
to this modeling.

2.5 Boundary conditions and gauge symmetry

Fields in a spacetime with boundary must have specified boundary conditions in order to
have well-posed Sturm-Liouville wave equations. The boundary conditions for gauge fields
must be compatible with the gauge symmetry of the system: they must be gauge invariant
and uniquely project onto a physical field configuration [44, 45].

The d-vector A, and the scalar A, boundary conditions are compatible when one
is Dirichlet and the other is Neumann [22, 46].> This restriction is necessary to avoid
over-constraining the gauge parameter. For example, ref. [47] shows that imposing the
same boundary condition on A, and A, would force the Fadeev-Popov ghost field — the
quantization of the gauge parameter — to simultaneously satisfy Dirichlet and Neumann
boundary conditions. Because the ghost obeys a second-order wave equation, such a condition
is not consistent.

We choose a Neumann boundary condition for the d-vector A, and a Dirichlet boundary
condition for the scalar A.. This means that the A, component fluctuates on the brane while
the A, component does not. The A, thus has an additional boundary degree of freedom,
Ay = A¥(z = zyvy), that would be absent in the case of a Dirichlet boundary condition.
This degree of freedom appears in an additional DAY}y in the path integral measure. The

3We refer to any boundary condition that includes a first derivative as Neumann; this includes conditions
that are sometimes referred to as Robin boundary conditions.



Neumann boundary condition is governed by the variation of the action with respect to A‘{N.
The generic form of the boundary conditions for A, and A, is

("o, — B*) Ay(z,2)|,... =0, dA,(z,zyv) =0, (2.20)

22UV
where B*” encodes brane-localized kinetic terms and is derived in (3.2b). The 0, factor comes
from the surface term in the integration by parts of the bulk kinetic term.

The Neumann boundary condition for the d-vector A, in (2.20) implies that there is a
separate d-dimensional gauge redundancy for A{},, with a z-independent gauge parameter
Quvy. With our choice of boundary conditions, it follows that the gauge redundancies are

Apn(z,2) — Ap(z,2) + 0 Qo 2) Ay (x) = Ay (z) + 0 Quv () . (2.21)

For the opposite choice of boundary conditions — Dirichlet A, and Neumann A, — there
is no residual gauge redundancy on the brane.

2.6 Gauge fixing

Gauge redundancies must be fixed to project to physical field configurations when quantizing
a theory. We use the Faddeev-Popov procedure to fix the redundancies in (2.21). Additionally,
both bulk and brane Lagrangians feature kinetic mixing between the d-vector A, and the
scalars A, and 7. We would like to remove these mixings so that we have separate kinetic
operators for fields of different d-dimensional Lorentz representations. This is conveniently
realized by using versions of R gauge-fixing functionals adapted to warped space. Similar
approaches and related discussions can be found in refs. [18, 48-52].

The bulk gauge kinetic term (2.5) contains a kinetic mixing between the d-vector, A,
and the scalar A,. The bulk scalar kinetic term also introduces a kinetic mixing between
A, and the derivative of the Goldstone d,7 in the presence of a vev. The bulk gauge fixing
action that cancels these kinetic mixings is

u —1 R d-3 1 _ A, R ? i
Sf?xlk :gQ/dd"'lx <z) i [@u‘lﬂ -¢£ (Zd 382 (ng) - (z) 921)(2) 7")] )

where £ is the bulk R¢ gauge parameter.

In the brane-localized piece of the action, inserting the Higgs vev in the brane-localized
kinetic term for the scalar (2.7) generates a mixing term between A* and the Goldstone
Oym. Furthermore, integrating the bulk action by parts induces a surface term that is a
brane-localized mixing between A* and 0, A.. The brane gauge fixing action that cancels
these kinetic mixings is

1R
O A" + vaRdf4 (CUV vgvRT — —

1
ngxv = - ddx g2 ;

vy 28yyRéH

Azﬂ2 , (2.23)

where {yy is the UV brane R¢ gauge parameter.



2.7 Effective theory cutoff

The interacting (d + 1)-dimensional theory is understood to be a long-distance effective field
theory that is valid for distances longer than a (d + 1)-dimensional cutoff scale, Az ~ A(_d1+1).
The ultimate cutoff of the (d+1)-dimensional theory is proportional to the (d+ 1)-dimensional
Planck mass. However, in this paper we assume a much lower effective theory cutoff at

the AdS curvature:

1
A ~—. 2.24
s~ 229
This is the cutoff for the validity of the AdS/CFT correspondence [3]. This corresponds to a

four-momentum cutoff peyio ~ 26\1, in the boundary correlation functions (see e.g. [53]).

3 Green’s functions and boundary effective action

We present the general structure of the Green’s function equations and boundary effective
actions in our model. Starting from the full U(1) action (2.1), we separate the d-dimensional
vector sector formed by the gauge field components parallel to the brane, A,, and the scalar
sector composed of the bulk Higgs and A,. We present the Green’s function equations for
the vector sector in section 3.1 and discuss the associated scalar sectors in section 3.2. The
holographic basis and the boundary effective action are introduced in sections 3.3 and 3.4.

3.1 Vector Green’s function equations

Green’s function equation. We focus on the A, sector from the U(1) action (2.1). Upon
integration by parts in the Minkowski directions, the quadratic terms in (2.1) are

1

SO
2g2

1
/ aMle 4,0 A+ 5 g /U A A (B 0. A, (3.1)

where all lowercase Greek indices are contracted according to the d-dimensional Minkowski
metric. The bulk and brane kinetic operators are, respectively,

o _ (R)H lnwa2 _ (1 _ i) B — v 2439, (zdl_gaz) + (QU(Z)R)Q] (3.2a)

z z

2
wo_yp, w2 _ 1 _ g wav , UV 9 2
B uvR ln 0 ( ﬁuvbudeE‘) 00" + —vamA , (3.2b)

where we define the gauge field effective bulk mass on the UV brane, m3 = g2v%v. The gauge
field homogeneous equation of motion and Neumann boundary condition are

O A, =0 (0, — B A,|,  =0. (3.3)

UV

The A, propagator from x to z’ is the Green’s function for the bulk operator that satisfies

OFP(A,(x) Ay (2)) = ig? 6P 6V (x — o) . (3.4)



Introduce the Fourier transform along the d Minkowski spactime directions,

d
Aue2) = | éﬁfd P Api(p,2). (3.5)

where we define p? = Nuwpt'p”. With our metric signature, p? < 0 for spacelike momentum
and p? > 0 for timelike momentum. In a free theory, p? is made slightly complex to resolve
the non-analyticity in Green’s functions with timelike momentum. This corresponds to the
inclusion of an infinitesimal imaginary shift p?> — p? + ie with ¢ — 0%. This prescription
imposes causality and defines the Feynman propagator. We leave this ie shift implicit in
the remainder of this paper.

Decomposition by polarization. The vector field decomposes into transverse and lon-
gitudinal components

Aﬂ(pvz) :PEVA%(p,Z)—FPE:VAE(p,Z), (36)
where we define the projection operators onto spaces perpendicular and parallel to momentum,
T Pup L bup

P, = nu — —5- P, == (3.7)
p p
We use these projection operators to decompose the kinetic operators (3.2):
O = OrP,, + OLP}, B = BrP,, + BLPy,. (3.8)

This defines the transverse and longitudinal components of the bulk equation of motion and
of the boundary condition. The equations in (3.3) become

OxA% =0 (0. — Bx) A§|ZUV =0, (3.9)
with X € {T, L}. The expressions for the transverse kinetic operators are
R d—3 d—3 Py d—2—2a
Op(p?) = (Z> —02+ ——0. —p" + m} (R) (3.10a)
B 2
T](%p ) _ —buvp® + cuvmj . (3.10b)

The longitudinal operators are simply related to the transverse ones by a replacement of
the d-momentum:

2 2,2
OL(p2) = OT (Z) BL<]D2) = BT (vagU\]:Rd_3> . (3.11)

This result is consistent with [18].

Propagator. The propagator decomposes into transverse and longitudinal pieces,
(Au(p, 2) Ay(—p, 2)) =P}, Gy (2,2) +iPy, Gy (2,7, (3.12)
where the scalar propagators Gﬁ(z,z’ ) satisfy
OxGE = g*5(z — 2) (3.13)

and the Neumann boundary condition (3.3). We can see that decomposing the vector field
into transverse and longitudinal polarizations reduces the Green’s function equation and
boundary conditions to those of scalar propagators fo . In turn, GE’L are related to each
other by simple replacements of parameters.

,10,



3.2 Scalar Green’s function equations

The spin-zero sector contains the gauge pseudoscalar A,, the pseudoscalar Goldstone T,
and the scalar radial mode h. In what follows, it is convenient to define a dimensionless
Goldstone field

(3.14)

Under a gauge transformation this field transforms as a shift, a — a + 2.

Scalar. The equation of motion for A follows directly from that of the Higgs, (2.8):

R\TU 5 g 1 pRY?
Z) Pt () - (%)

The boundary condition for the radial mode is

h=0. (3.15)

(az + cuvp?R — m%LR) h— 3 uvuuvRE2R2 — AyyRY 2R3

=0 (3.16)

UV

where we identify the brane-localized mass m,QL = QU%V)\UVRd_?’. We disregard the radial
mode for the remainder of this work since it carries no further implication on the gauge sector.

Pseudoscalars. The 7 and A, fields mix with each other in the bulk quadratic action.
Varying the action with respect to m and A, give the following homogeneous equations

of motion:
2 d—1 d—1
0= an )+ (5) o [(R) V(2 x(p2)| +E0(2)20(,2)  (317a)
2
0= p?A.(p.2) + g (R) 0(2)? X(p, 2) + £0:0(p, 2) | (3.17h)

where we define the following combinations of the Goldstone a and the gauge scalar A,:

X(p,z) = 0a — A, O(p, z) = 29730, (;323) — ¢ <]:)2 v(z)%a. (3.18)

The gauge-invariant pseudoscalar x is decoupled from the vector sector. Like the radial
mode, we disregard y for the remainder of this study.
This combination of fields allows us to decouple the equations of motion (3.17),%

d—1 ( )2 R 2

0. L/JZ(Z)Z@ (%x + p*x — g (2)? (z> x=0 (3.19)
2

243, (chﬂ)az@) + ép2@ — ()2 <f) 0=0. (3.20)

“When o = d/2, the U(1) breaking vev is constant, v = vyv, and both equations of motion may be solved
exactly. The two solutions for x are z%/?B, (\/Tsz where B, are the modified Bessel functions of the
second kind, B, € {I,,J,}. The index v depends on the vev: v? = (d/2 — 1)? + g*v{y R?. The O solutions
are related to those for x by y/—p? — /—p?/€ in the arguments.
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These results are consistent with those of [46] upon appropriate matching of conventions. We
recognize that © is the same linear combination of pseudoscalars that mix with 9,,A* upon
integrating the bulk kinetic term by parts. We then chose a bulk R, gauge fixing (2.22) to
cancel this mixing. We show in section 4 that © is identified with the longitudinal mode
of A, in the unitarity limit.

We now turn to the boundary conditions of the pseudoscalar sector. In section 2.5 we
specified Dirichet and Neumann boundary conditions for A, and a respectively. Varying
the action with respect to da gives

Rdf?)
(0.a — A.) + cuvRp*a + cuvéuv < e ) (Az - QQCUVRU2(1>] oa

=0. (3.21)

UV

The Neumann boundary condition for a implies that the bracket vanishes. The boundary
condition §A, = 0, permits A, to be non-zero on the brane and only imposes that variations
of A, vanish on the brane. This means that some work is needed to specify a second
pseudoscalar boundary condition. One hint is that (3.21) implies a boundary condition on
the gauge transformation parameter,

—0. (3.22)

2
0.0 - R (cuvv%v - &W’;d_g) :

22UV

Since the gauge parameter cannot not simultaneously satisfy two different boundary conditions,
the only consistent possibility is to split (3.21) into two equations:

2
0,a—A,, =0 A, —¢°R (chv2 - p) a =0. (3.23)

ZUvV fUV Rd—3

UV

The first boundary condition is gauge invariant and thus does not constrain {2, while the
second boundary condition yields the same constraint on 2 as (3.22). One further consistency
check of this split is that (3.22) is the same boundary condition on the gauge transformation
parameter as one derives from the longitudinal mode of A,,.

3.3 The holographic basis

In a quantum field theory on a spacetime with boundary, it is useful to separate a quantum
field’s bulk and boundary degrees of freedom using a holographic basis, see e.g. refs. [53, 54].
In this basis, the gauge field is

AM(p; 2) = Aty (p) K (p; 2) + A (p; 2) - (3.24)

The first term on the right-hand side contains the boundary degree of freedom Ayvy(p).
The profile K (p;z) can be chosen to be the brane-to-bulk propagator. The second term on
the right-hand side is a bulk component that vanishes on the boundary, Ap(p;zyy) = 0.°

5The holographic decomposition holds for bulk fields with any boundary condition. A Neumann (Dirichlet)
boundary condition means that Ayv does (not) fluctuate on the UV brane. Though the subscript D for
‘Dirichlet’ of the bulk component is a common notation in the holographic decomposition, we stress that the
condition on Ap is distinct from the Dirichlet boundary condition, e.g. (2.20), which is a condition on the
fluctuations of the field.
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We assume the analogous decomposition for the pseudoscalar fields, ¢ and ©. Introduce
Gn(p; 2, 2') as the bulk Feynman propagator satisfying Neumann boundary conditions [55].
The brane-to-bulk propagator is defined as the amputated bulk-to-bulk Neumann propagator
taken on the boundary

GN(p; 2uv,s 2)

K(p;z) = . 2
(p:2) Gn(p; zuv, zuv) (3.25)

In this basis the quadratic action is diagonal [53].

3.4 Boundary effective action

Integrating out the bulk degrees of freedom — Ag , ap, etc. — in the partition function yields
a boundary quantum effective action I' that depends on the classical values of the boundary
degrees of freedom, I" [Ayy, ayy, - . .]. For the main part of this work we focus on the tree-level,
quadratic piece of this effective action, '

. The relations shown in this section are general
tree

features of the holographic formalism, similar ones hold for any manifold with boundary.®

Gauge boson boundary effective action. At tree-level, the boundary effective action is
evaluated by plugging in the bulk equation of motion into the fundamental action, S. The
quadratic piece of the gauge boson tree-level, boundary effective action is

r

d
w32 | T X A [5x67) + 5500 PR a2

The index X € {T,L} denotes the transverse and longitudinal components of A*. Bx is the
quadratic boundary-localized action in (3.8). Xx is the holographic self-energy, the normal
derivative of the boundary-to-bulk propagator, see e.g. [5, 55],

Sx(p?) = — 0, log Kx (p; 2)| (3.27)

zyv -’

>x is the inverse of the brane-to-brane propagator in the limit of no boundary operator,
B — 0. The longitudinal and transverse self-energies are related by

zaﬁ>:zT<f>. (3.28)

This follows from the analogous relations for the bulk and boundary operators, (3.11). The
boundary operators are analytic in p, while the Y(p?) pieces are, in general, non-analytic
in p. The brane-to-brane propagator is

2
g
Gx (p; zuv, 2uv) = B (D) 1 5x () (3.29)

Ggl can be obtained from the boundary effective action I' 4 by taking two functional derivatives
with respect to Ayy.

5See e.g. [55] for a warped background, [53] for a generic manifold with boundary.
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Boundary-localized limit. In the brane-localized limit byvy, cyy > 1 the effective bound-
ary action (3.26) is

~R [ d¢ .
ry / o S Aly(p) (buvp? = covmi ) PY Aty (=p) . (3.30)

tree  byvy,cyv>1 2g2 (27T)d X—T.1L

This action describes a gauge field with squared mass (ch/bUV)mf‘ in d-dimensional
flat space.

Goldstone boundary action. Denote the tree-level quadratic piece of the boundary

(2)

effective action for the Goldstone degree of freedom by I'y In anticipation of the

t
Goldstone equivalence theorem, we consider this sector in the p r>C>C guyy limit. This limit is

conveniently obtained by working perturbatively in g. With our gauge field normalization,
the bulk value of A, is of order g2 [46]. To leading order in g, the Goldstone boson equation
of motion is,

d—1
— <R> v20%a + 0,

z

O

The solutions and their |p|z < 1 asymptotics are 2“1, (\/ —pzz) ~ 22% and 2K, (\/ —p22> ~
2. The asymptotic behaviors of 7(z, z) is thus 2%/2+%. From (3.27), the holographic self-
energy of a is

6%
Ko 1(vV/—p*2uv) _ p*zuv n 2 I'l-o) <—p2212jv> ‘ (3.32)

Ea(p):\/_in Koa(v/—p220v) T (2-20) vy T(a) 4

The Goldstone holographic self energy has no mass term in agreement with the shift symmetry
of the Goldstone mode.
The Goldstone boson effective boundary action is
B v%v ddp
2 (2m)

Ty = 700y () [Ba(p?) + Za(p)] avv (—p) (3:33)

with brane-to-brane propagator and corresponding boundary term

2,2
Yyv 2 -9

B + () D)= g Re

Notice that B, is proportional to By, see (3.11).

Ga(p; zuv, zuv) = + cuvRg*vdy . (3.34)

4 The Goldstone equivalence theorem in AdS

Spontaneously broken gauge theories in flat space feature a Goldstone boson equivalence
theorem. This equates the S-matrix element for the emission of a longitudinally-polarized
gauge field with that of the emission of a Goldstone boson 7 in the limit of large momentum:

ep (D) MY (p) ——— Mx(p). (4.1)

p2 >>m2

In this section we show the analogous features in our AdS model.
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4.1 Review of Minkowski derivation

A convenient way to derive the equivalence theorem in Minkowski space is to perform unitary
cuts on the internal gauge and Goldstone lines of the appropriate diagrams [56, eq. (21.68)].
In ‘t Hooft—Feynman gauge, the numerator of the gauge boson propagator is proportional to

= > e - 2l (4.2)

. ! m
polarizations, s A

where the second term is an unphysical timelike polarization that is canceled by a diagram
where the gauge boson internal line is replaced with that of a Goldstone boson, 7. Performing
a unitarity cut along these internal lines implies

2

- [Leaso)| + 1m0 <o0. (4.3

At large momentum, the longitudinal polarization vector approaches

L Pu
—_— . 4.4
€.(p) o m (4.4)

With this identification, the unitarity cut equation implies the equivalence theorem (4.1).

4.2 Two Goldstone equivalence theorems

In order to demonstrate the Goldstone equivalence theorem in AdS, we must identify which
degrees of freedom play the role of the Goldstone bosons and to which types of amplitudes
the theorem should apply. In extra dimensional theories, the longitudinal polarization
of the massive modes of a gauge boson can be understood as a consequence of ‘eating’
the corresponding A, modes [57]. On the other hand, the bulk scalar ® furnishes a bulk
Goldstone boson 7 that also contributes to the longitudinal polarization of A,. The Goldstone
equivalence theorem thus involves a linear combination of A, and .

We identify the appropriate linear combination through the mixing terms between A, and
pseudoscalar fields. We chose our R¢ gauge fixing to remove these terms in (2.22) and (2.23).
Because there are both bulk and brane mixing terms, we expect separate bulk and boundary
equivalence theorems that apply to different types of amplitudes.

Our strategy to derive these Goldstone equivalence theorems is to mimic a flat space
argument. This argument invokes the unitarity of the S-matrix through Cutkosky cuts of
the intermediate A, propagator. To disentangle the bulk and brane effects, we decompose
the Neumann propagator using the Neumann-Dirichlet identity

GN(p; 2,2") = Gp(p; 2, 2') + K(p; 2)Guv(p) K (p; 2') (4.5)

where Gy p are the Neumann/Dirichlet propagators and Guv(p) = Gn(p; zuv, zuv) is the
brane-to-brane propagator and K (p; z) is the amputated boundary-to bulk propagator defined
in (3.25). We represent the Feynamn diagrams in our AdS background using a Witten diagram
notation where the circle represents the UV brane, i.e. the regulated AdS boundary. A bulk
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diagram then decomposes into two contributions:

7

The Minkowski space derivation invites us to make a unitarity cut on the internal line. The

cut applies to each diagrams on the right-hand side. We analyze the two cut diagrams
separately in sections 4.3 and 4.4. They respectively lead us to a bulk and a boundary
version of the equivalence theorem.

4.3 Bulk equivalence theorem

We cut the Dirichlet internal line in (4.6) and apply an approach similar to the flat space
argument above. The Dirichlet propagator may be represented in a momentum spectral
representation

2 fD(zv m2)fD(Z/> m2)

p? —m? +ie

Gp(p;z,2) = i/dm (4.7)

This representation allows us to apply the flat space cutting argument. A similar cut is
presented in ref. [58] for pure AdS.

A hint for the correct combination of pseudoscalars is the bulk mixing between J,A* and
the field we denoted © in (3.18). In (2.22) we fixed an R gauge to cancel this mixing term.
Further verification of this hint follows from recognizing that © has the same homogeneous
equation of motion (3.20) as Aﬁ, (3.11) for any dimension d or bulk mass parameter . The
propagators thus have the same form and the Dirichlet profiles are identical,

fB(zsm?) = f5(2,m?). (4.8)
This is a necessary condition for the cancellations required by unitarity.
Unitarity cuts are easy to implement in the momentum representation (4.7). In ‘t Hooft—

Feynman gauge, ¢ = 1, the unitarity argument for the Goldstone boson equivalence theorem
follows that of flat space:

2

0=— %/dz flﬁ(z,mz)./\/lff;(zyp)

, (4.9)

+ ‘/dz 15 (z:m*) Me(2,p)

The cancellation from the diagram in (4.9) is integrated over dm?, but the result holds for

2

any k, and is thus valid for each value of m®. We use the large-momentum limit of the

longitudinal polarization (4.4) to establish a bulk Goldstone boson equivalence theorem:

) [afbemME D) o [eSEm Mo (@10)

p2 >>m2
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This equivalence theorem applies to diagrams whose external legs are Dirichlet modes. The
crucial feature is the nontrivial matching of the A}’ and © mode profiles, (4.8). The result
also holds for pure AdS by sending the UV brane to infinity. In pure AdS our Dirichlet
modes become the AdS normalizable modes and the corresponding diagrams are called AdS
transition amplitudes [59].

4.4 Boundary equivalence theorem

We now cut the boundary internal line in (4.6) and apply an approach similar to the flat
space derivation. We expect that an equivalence theorem from this cut should involve the
brane degrees of freedom. Since A, has Dirichlet boundary conditions, the only scalar degree
of freedom is the Goldstone boson a.

The cut lines are the brane-to-brane propagators of A/I; (3.29) and a (3.34). We observe
that these brane-to-brane propagators have the structure of a d-dimensional free field propa-
gator, éUV,i = B;l dressed by insertions of the corresponding self-energy ¥;, with ¢ = L, a:

Guv Guy Guy ,;\ Guy

_ + O S (4.11)

The éUV propagators are related by B, = cuvéuv ¢ 2R*3B;,. Both feature an isolated pole
at p? = chgUVU%VRd*?’. We specialize to the case where the holographic self-energies are zero
at this pole, X;|pole = 0.” When they are nonzero, the pole masses receive different corrections
Y, # Y1, that complicate the equivalence theorem. We leave this case for future investigation.

Our remaining task is to identify an appropriate gauge. While the equivalence theorem is
gauge-independent, we follow the Minkowski derivation which relies on the ‘t Hooft-Feynman
gauge where the mass and normalization of the propagators are equal, Gt = GL. In our
model, this gauge is realized with

2

=1 = —. 4.12
3 §uv bov R (4.12)
This choice implies that the propagators have the same pole mass,
BT = BL = Ba == —vaR (p2 — mfg) m% = CUJmi . (4.13)
buv
The flat-space derivation instructs us to cut the internal Guv lines. We obtain
D 2
0=— m—‘; /dz K(mB;z)MiUV(z,p)
) (4.14)

4 ’ / dz K (mig; 2) Mayy (2,0)

"In section 5 we show that this assumption is valid for a < g - 1.
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Figure 2. Summary of the vector holographic self energy and spectrum for a spontaneously broken
U(1) model in AdS;41 as a function of the Higgs bulk mass parameter, .. The last column shows the
leading non-analytical term in the self energy.

Applying the large-momentum limit of the longitudinal polarization (4.4) leads to a boundary
version of the equivalence theorem:

hp) [ @z K (mps )M () ——— [ e Kimsi )Moy (2.9). (415)
B

We see that this equivalence theorem applies to bulk amplitudes contracted with the boundary-

to-bulk propagator evaluated at mg. The existence of a ‘t Hooft—Feynman gauge for which

the propagators of all three fields (A, Ar, and a) become equal is a consistency check of

our calculations.

5 A landscape of broken U(1) in AdS

We turn to the derivation of the holographic self energy and spectrum of the vector sector.
In this section we write A, and X for the transverse gauge field and its self energy. The
result for the longitudinal component is related by a rescaling of the Minkowski momentum,
p*, as we show in (3.28). We present results for non-negative Higgs bulk mass parameter,
a > 0. As discussed below (2.13), the negative « case is physically identical. We summarize

our results in figure 2.

5.1 WKB approximation

No closed form solution exists for the bulk gauge boson equation of motion (3.10a). However,
we may apply a WKB analysis when [pz| > 1. To do this, we define a rescaled field
A, = (2/R)B~9/2 A, that satisfies a Schrodinger-like equation of motion [60],

[ag - V(z)] A, =—p*A, Vi(z) = (d=3)(d=1) +g° <R)2 v(z)?. (5.1

422 z

,18,



For |pz| > 1, the approximate solutions for flu are

exp <i/zdz’\/m) |pz|%>>1 exp (j:/Z dz:'\/g2 (5)2 v(2')? —pQ) . (5.2)

This provides an approximation for the spectrum of the gauge field in the Higgs background.
d
s

The vev behaves as v  (z/R)2™%, as described in (2.14). Two regimes appear according

to whether the p? or v(z')? term is dominant in (5.2):

o« a> % — 1 case. The p? term is dominant so that the solutions asymptotically behave
as if there is no Higgs background. The spectrum is therefore continuous.

e a < % —1 case. The vev term is dominant so that there is a turning point at V' (z.) = p?

for timelike momentum. This indicates that the spectrum develops a mass gap.

The cases are further distinguished by whether or not the vev causes a significant
gravitational backreaction in the bulk. For o > d/2 the metric remains AdS anywhere, while
for @ < d/2 the metric is deformed at sufficiently large z due to the growth of the vev.
In section 2.4 we model this backreaction with an infrared brane at a position zir defined
in (2.18). We analyze the effect of this aproximation on the vector spectrum in section 5.3.

5.2 Spectrum and holographic self-energy

We present approximate expressions for the transverse gauge field holographic self-energy >
for different values of the bulk mass parameter « relative to the dimension d. For convenience,
we define the low-momentum self-energy as the leading terms in a |pzyy| < 1 expansion,

E(p) = Ziow(p) (1 + O(|pzuv])) - (5.3)

While it is common to choose coordinates where the UV boundary is set to the radius of
AdS curvature zyy = R, we write zyy for generality. Here we present only the leading
non-analytic term in p? since this encodes the continuum component of the spectrum. We
present exact expressions and the leading analytic terms in appendix B.

Case: a > g. The Higgs vev profile (2.14) decreases sharply with z. It thus affects the
boundary condition at zyy but does not significantly affect the bulk profile of A,. The
holographic self-energy is

_p222 31
< 1 UV) + (analytic) , (5.4)

as in pure AdS.

Case: o = g (4+€). The a = d/2 case has an exact solution because the Higgs vev term
has the same scaling as a constant bulk mass for the gauge field. In fact, in this particular
case the Higgs vev does not break the AdS isometries. The self energy is then

2 T(1-v) [P’y
zuy  T'(v) 4

Yiow(p) = ) + (analytic) (5.5)
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with

v= \/(Z - 1)2 +m4R2. (5.6)

For slightly larger values, a = d/2 + ¢, the Higgs vev may be understood as a slowly
varying bulk mass for the gauge field. We perform a WKB expansion with respect to ¢ in
section 7.8 To the best of our knowledge, this is the first analysis of the effect of a slowly
varying bulk mass in AdS. The holographic self energy is

v+ed(p)
2 T'(1—v) [—p22? _
2 v
Yiow(p?) = v T < : + (analytic) , (5.7)

where the function §(p) varies slowly in p,

2 P2
mAR

5(p) ~ log(pzuv) - (5.8)
The weak p-dependence of §(p) reflects the soft breaking of the AdS isometries by the Higgs
vev. The € = 0 case recovers the exact result of (5.5). Correspondingly, conformal symmetry
is only slightly broken in the holographic dual, see section 7.

Case: g —-1<a< g. Our WKB analysis indicates that the spectrum is a continuum.
Apart from this, there is no known approximation scheme to make quantitative statements
in this regime.

Case: o = g —1. This case can be solved exactly. The low-energy limit of the self-energy is

d
g1

Ziow(p) = + (analytic) . (5.9)

2 T(2-9) l<mi—p2>z%v
2UV T (%l _ 1) 4

Here we assume that d/2 > 1 is not an integer and ]mfl - pZ‘ z%v < 1. The spectrum is
a gapped continuum that starts at p> = mfl.

Equation (5.9) does not hold for integer values of d/2. The Bessel functions must be
expanded using the appropriate limits for integer order. Though a closed form expression is
difficult to write, the source of non-analyticity is clear: the appropriate Bessel expansions
contain logarithms. As an example, we present the case of d = 4 which may be relevant to

phenomenology. The holographic self-energy in the \mi - p2|z%v < 1 limit is

1 23 ) .
Yiow(p) = 22UV <p2 - mfl) [log <Iiv(p2 - mi)) + 2y —imw| + (analytic) (5.10)

where 7 is Euler’s constant. As in the case where d/2 is not an integer, the gapped continuum
begins at p? = m3.

8This a separate WKB approximation from the one at large |pz| that we describe in section 5.1.
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Case: 0 < a < g — 1. The vev dominates the potential at large z. Thus there is a
WKB turning point for timelike momentum and the spectrum contains discrete poles. These
poles correspond to the normalizable modes determined in the standard WKB matching
procedure. We can learn more about the discrete spectrum by using the WKB approximation.
The spacing of the modes is given by

9 2(p) 1 -t
22UV V(Z) — m%

where z. > zyy corresponds to the turning point, V(z.) = p?.? For |p| > my the integral
is dominated by the region near the turning point. We find that the WKB spectrum for
m, > my scales like

1——2
n d—2a
—_— . 5.12
My X MA ( AR> (5.12)

The exact result is given in (B.7). For d = 4 and o = 0, the spectrum behaves as m2 =

4nmy /R and exhibits a Regge behavior.

Case: a = 0. The WKB analysis for a < d/2 — 1 includes the case « = 0. However,
because the a = 0 case may be solved exactly, it is a useful check for (B.7). For myR < 1,
the non-analytic part of the holographic self-energy of A" is

Tiow(p) = 1ZUV p? H<—pZR> + (analytic) (5.13)
2 dmy

where H(x) is the analytically continued harmonic number. For timelike momentum, the

harmonic number develops poles dictated by H(1—r) = H(r)+ wcotan(mwr)+ finite. The poles

occur at integer values of 7 > 1. It follows that for [p?|R > my, the poles are m2 = 4nmy /R,

exactly matching the WKB result obtained in (5.12).

5.3 Infrared backreaction and the gauge spectrum

For a < g, the Higgs vev grows with z and induces a large metric backreaction. We model
this effect by an IR brane, see section 2.4. Here we address how this approximation affects the
gauge field spectrum. Specifically, one may wonder to what extent a more detailed description
of the backreaction is required to accurately determine the spectrum. We distinguish the
%—1 §a<%and0§a< %—1ranges.

For % -1<a< g, the spectrum is continuous if one ignores the IR brane. The presence
of the IR brane thus affects the spectrum as a small discretization with (Am)r ~ 7/z1r
at any scale. We estimate the IR brane position zig in (2.18). We see that the spacing is
parametrically small if v%v <« M4 ' which is the natural mass hierarchy in the EFT.

Turning to 0 < a < % — 1, we show that the bottom of the spectrum is solely determined
by the shape of the Higgs vev and is thus agnostic to the details of the large backreaction
regime. In our WKB analysis, the rescaled field Ain (5.1) obeys Schrodinger-like potential

V(z) that we sketch in figure 3. Notice that the role of the IR brane is only significant for

9A factor of 2 seems to be missing in eq. (18) of [61].
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Figure 3. The effective Schrodinger potential for o < % — 1. The presence of an IR brane to model
the Higgs backreaction only affects the upper part of the spectrum.

modes where the WKB turning point z. reaches the IR brane position zig. This amounts to
a hard wall in V(z) that divides the Schrédinger problem into two regimes:

o For z.(p) < zr, the modes are not sensitive to the IR brane and are thus solely
controlled by the Higgs background as dictated in (5.12). In this regime, the gauge
field spectrum is independent of how we describe the metric backreaction.

o In contrast, for z.(p) > zr, the gauge mode spacing is sensitive to the metric backreac-
tion. Our IR brane model of this regime predicts the typical spectrum for a slice of
AdS, m, x n.

The transition between the two regimes occurs at a mass m, given by z.(m.) = zig. This
translates into a condition on the mode number n, at which the transition occurs. We find

M% l_d—2a a1
My ~ Ty ( * ) Ny ~ gRM, % | (5.14)

where we have used (2.18) for zig and (B.7) to obtain n,. These expressions are valid for
any bulk mass in a € {O, % — 1). Interestingly, the critical mode number n, is independent
on vyy and depends on « only via an O(1) prefactor.

For n < n, the spectrum is controlled by the Higgs vev profile and is not sensitive to
the IR brane. It is natural to have ¢?M%~3 > 1 and RM, > 1 in the EFT, which implies
nx > 1. The transition scale m, is analogously obtained by requiring that the mode spacing
induced by the IR brane is much smaller than the spacing induced by the Higgs vev:

(Amn)ir ~ —— < (Amp)vey (5.15)
ZIR

with (Amy,)vey derived above (B.7). This provides a check of the analysis.

6 U(1) breaking in the holographic CFT

In this section we assume that the AdS/CFT conjecture applies to our AdS Abelian Higgs
model and compute some properties of the resulting holographic CFT. For a > % the Higgs
vev does not deform the AdS metric. We can thus apply AdS/CFT and identify the boundary
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effective action as the generating functional of a d-dimensional dual theory containing a
conformal sector (CFT).

We focus on two-point functions; these encode the information on conformal dimensions
of the CFT operators. We wish to understand the features encoded in the brane-to-brane
propagator
v _ in' g*

<A%v(p) ov(—p)) = _m,
with a > % and pR < 1 in terms of a d-dimensional CFT model with broken U(1). AdS/CFT
is valid in the pR < 1 regime [3].

(6.1)

6.1 Preliminary observations

The holographic dual theory is a d-dimensional CF'T coupled to boundary sources. The CFT
sector contains a scalar primary O with conformal dimension
d
AO = 5 —+ a, (62)
and a U(1) current J4pp with conformal dimension A . Unitarity of the CFT implies that a
conserved current has Ay = d — 1 and a non-conserved current has dimension

Ay=d—1+n7, (6.3)

with v7 > 0 [62].

In the presence of a UV brane, the sources are dynamical fields in an elementary sector
with local operators. The couplings between CFT and elementary fields are irrelevant
operators that deform the CFT sector in the UV. The elementary fields are identified with
the boundary degrees of freedom in the holographic basis in section 3.3:'°

QY = q)UV B¥ = A%V . (64)
The Lagrangian of the d-dimensional dual theory has the general form

b

by
L = Lot + Lelem[p, B] + WBMJM + ABo

where A ~ R~ is the CFT cutoff scale and b 7.0 ~ O(1) are dimensionless coefficients. Lelem
encodes the elementary sector, including a U(1)-breaking potential V[p], that we compute
in section 6.2. The unspecified Lagrangian Lcpt and the CFT operators J,, O depend on
the underlying CFT degrees of freedom whose dynamics is unspecified.

The ellipses in (6.5) encode in principle further interactions between the B* field and
the other elementary and CFT operators. These interactions may be needed in order to
exactly reproduce the properties of the AdS theory. For example, the O mixing term
explicitly breaks the U(1) symmetry. We can see this because the elementary field ¢ that
is dual to the bulk Higgs is U(1) charged, whereas the CFT operator O that it mixes with
is uncharged.!! For our goal in this section, the explicit terms in (6.5) are sufficient to
understand the properties of the CFT two-point functions.

Here we define ®(p; 2) = VR duv(p) K (p; 2) + ®p(p; 2) in analogy to (3.24). The factor of v/R ensures
that ®yv has the dimension of a d-dimensional field.

11t © were charged, then it would be part of a conserved current. However, we cannot build such a current
out of O unless O is a free field — for example, O Bu O* is neither conserved nor has the correct dimension.
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6.2 Holographic effective potential

The U(1)-breaking potential V[p] included in Lejep, is the zero-momentum part of the Higgs
boundary effective action I'[®yy]. At tree-level, we obtain this holographic effective potential
by inserting the bulk vev into the action Sy(p) in (2.4) and integrating by parts. By definition,
the scalar wave operator vanishes when acting on (®). This leaves a boundary action

2
Tiree = / d'x [@T 0.® + myROT® — Ayy RI2 (qﬂ <1>) } . (6.6)
uv

Using (2.14) to evaluate the 0, term, and using the identification ¢ = ®yy, we obtain
the effective potential

1 /d B 2
Vip] = ~R2 (2 —a+ m%VR2> elo + Ay R2 (@TW) : (6.7)

We see that symmetry breaking occurs if d/2 — a + m%vR2 > (0, while no symmetry breaking
occurs otherwise. This is precisely the combination that appears in vyy obtained in (2.14).

6.3 U(1) breaking

U(1) breaking in the dual theory is triggered by the effective potential V{p] in Lejem, that
induces a nonzero vev for .

Elementary sector. The (¢) vev induces a mass for the elementary gauge boson, mp
g{p). Based on our Lagrangian (6.5) the two-point correlation function of B, is

B B (JJ) B B (JJ) B (JJ) B
(B*(p) B"(—p)) = W\ + INRRRN + S RRRSQRRSN + -+ (6.8)
_ (77 _ puPu) ig” (6.9)
g P ) Zgp? —m+ s (—pR)RI

where the k parameter is proportional to b%A‘QAJ +d+2  This is an exact result from dressing
the free propagator of B, with bilinear insertions of (J7#J").

CFT sector. When (¢) # 0, the O term is a deformation of the CFT that breaks scale
invariance unless Ap = d. When the CFT operator has dimension Ap > d, the deformation
is highly irrelevant. Its effect is therefore negligible at energy scales much lower than A. For
Ao = d the deformation is exactly marginal and thus does not break conformal invariance. In
this latter case, we have an exactly conformal sector with explicit U(1) symmetry breaking.

6.4 Properties of the U(1) current
The U(1) current is the sum of the elementary and the conformal sector currents:
jM = ‘7elllem + ngT : (610)

The U(1) symmetry is broken spontaneously in the elementary sector. As such, the elementary
current is divergence-free, 9,1, = 0. We examine the divergence of the composite sector
current Jopr in the Ap > d and Ap = d cases.
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Ao > d case. For large conformal dimension Ap > d, the (p)O deformation is highly
irrelevant. Its effect at energies below the A cutoff is thus negligible and the CFT current
is approximately conserved,

0T =0 for Ao >d and p<A. (6.11)

Therefore the dimension of the CFT current in this regime is Ay = d — 1.

Ap = dcase. When the conformal dimension of O is exactly Ap = d, the (¢)O deformation
is marginal, hence it does not break conformal symmetry. The divergence of the CFT current
in the presence of this U(1)-breaking deformation is

b

O TEer ~ ATO_I<¢>(9 for Ap=dandp < A. (6.12)

2
Since the conformal symmetry is unbroken we can invoke properties of the conformal algebra
and unitarity. We apply this to the states created by ngT as follows [62],

| BuTH10) 2 = (01T K, BT *(0) = 77 (017, T10) (6.13)

where the generators of momentum P and special conformal transformation K are the raising
and lowering operators of the CFT. Using P, = —i0, and (6.12), we find that that the
anomalous dimension is proportional to the squared modulus of the symmetry breaking vev,

lbo|?
17 X {i-3 ()]? . (6.14)

6.5 Comparison to AdS

The features obtained in the CFT model above also emerge in AdS. This supports our proposed
model of a CFT dual to our AdS Abelian Higgs model.'? We compare the (B* BY) correlation
function (6.9) to the corresponding AdS brane-to-brane propagator (Afj, A%y,) (6.1). The
Ap > d and Ap = d cases correspond to a > d/2 and « = d/2, respectively.

a > g case. The mass appearing in the AdS boundary action is /cyyv ma, which is
consistent with the scaling of mp o g{p). The holographic self-energy (5.4) scales like
Y(p) x (—pQ)gfl, which is consistent with the dimension of the CFT current Ay =d —1
below (6.11). Finally, the fact that the elementary—CFT mixing term ¢Q is a highly irrelevant
operator is mapped in the AdS picture to the sharp localization of the Higgs vev toward
the boundary so that it approximately does not influence the bulk equation of motion of

the gauge boson.

a = g case. The mass appearing in the AdS boundary action is \/cyy + (d — 2)~1 ma.
This differs from the a > d/2 case by a constant term from the self-energy, see (B.4). This
mass term is also consistent with the scaling of mp o g{(p).

The AdS Higgs vev introduces a quadratic term in A, that scales precisely as an AdS

bulk mass. As a result, the holographic self-energy scales as X(p) o (—p?)¥, where v is

2Ref. [63] performs a similar check for a CFT model with a double trace deformation.
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Figure 4. The slow variation of the Higgs vev leads to a slowly running anomalous dimension for the
U(1) gauge field.

given by (5.5). For myR < 1, we can isolate the AdS computation of the CFT anomalous
dimension which we call vyaqs:

(maR)? .

e (6.15)

d
v=g—1+7aas YAdS =

Observe that yaqs is proportional to the square of the Higgs vev [64]. This is consistent
with the anomalous dimension 7.7 in the dual CFT model, (6.14). We can also see that this
anomalous dimension is always positive, which is consistent with the CFT unitarity bound.

7 Anomalous dimension from a near-AdS background

For a bulk mass parameter that is exactly a = g, the classical background on which the
gauge field propagates respects the isometries of AdS. Bulk masses that are slightly perturbed
from this value, o = % + ¢ with ¢ < 1, provide a background that approzimately retains the
AdS isometries. In that case a gauge field still experiences an effectively AdS background
over sufficiently small regions.

On the other hand, a brane-to-bulk propagator with momentum p typically probes the

region with z ~ %

. The anomalous dimension of the CFT U(1) current, vy, arises from
this specific region of the bulk.

Combining the two above facts, we expect that if the background deviates slowly from
AdS as a function of z, then the anomalous dimension of the CFT U(1) current should change
slowly as a function of p. That is, 77 should run as a function of the momentum scale with
a [ function controlled by e. This is pictured in figure 4.

One may also see this in the dual CFT picture developed in section 6. When a = % + e,
the symmetry-breaking operator (@) is approximately marginal so that the explicit breaking
of the U(1) current changes slowly with the energy scale. This implies that the anomalous
dimension 77 runs, as in the AdS picture. In this section we confirm these observations by

explicitly computing the 8 function of the anomalous dimension v7 from the AdS picture.
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The quantity we need to evaluate is the holographic self-energy of the transverse compo-
nent of the gauge field, 3. This self-energy is the logarithmic derivative of the boundary-to-bulk
propagator K, (3.27). We drop the subscript ‘T’ with the understanding that we focus exclu-
sively on transverse gauge fields. By construction, K is given by the combination of solutions
of the homogeneous equation of motion (3.13) that is most regular as z — oco. For timelike
momenta, this condition corresponds to an outgoing boundary condition due to the +ie
prescription. We assume timelike momenta, p? > 0, throughout the section.

7.1 A near-AdS WKB approximation

To approach this problem, we use a WKB approximation scheme where the expansion
parameter is €, the deviation in the bulk mass parameter « from its AdS-preserving value
d/2.'* We apply this approximation to the transverse gauge boson, which we write simply
as A in this section. We transform the A equation of motion (3.10b) into standard WKB
form by changing variables and rescaling the field,

N

y=1og( %) A(z) = eMy(y) h=S-1, (7.1)

where y is a dimensionless position variable and h is a function the spacetime dimension
that appears often. The equation of motion is

V" (y) + Qy)*¥(y) =0 Qy)* = (Rp)*e®™ — h? — (Rmy)’e . (7.2)
The crux of the WKB approach is that, when the potential varies sufficiently slowly, the
approximate solutions to (7.2) are
1
Qy)

as long as y satisfies the WKB condition |Q'(y)|/Q(y)? < 1. The y; lower limit in the dy’
integral is introduced for convenience. It is redundant with the normalization of the B

bly) = [BFetiew 4 premiew)] o= [‘aew) @3

t

coefficients. These coefficients have mass dimension [B*] = d/2.

Range of validity and turning point. For our potential, the WKB condition is

Q) _‘ (PR)* € + & (maR)” >
QWP |[(pR)Z e — (d/2 = 1)2 — (maR)? =220/

This condition is violated near a turning point where the potential vanishes,

yi = log (p%) (1+0()) v= W+ miR. (7.5)

The turning point separates the space into two disjoint domains where the WKB condition is

< 1. (7.4)

satisfied. The first is y > yy, corresponding to a large denominator in (7.4) because pRe¥ > 1.
The second is y < 1y, corresponding to a small numerator. The latter case requires both
pReY < 1and e < 1. Thus in the y < y; region, the validity of the WKB approximation is
tied to the assumption that the bulk mass parameter « is close to d/2.

13This WKB approximation differs from the one used to calculate the spectrum in section 5.1 because there
is a parametrically small deviation from a solution of Bessel functions.
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The WKB solutions. In the original z coordinates, the general WKB solutions in the
asymptotic regions away from the turning point zx = p/v are

Sh B W) 4 BZ e700(2) 5 <« 5
. C y(z) = log () :
Q(2) | BE etP(y(2)) 4 BSe W) > oz R

7.2 Matching in a near-AdS background

A(z) = (7.6)

To determine the B coefficients of the WKB solutions (7.6), we construct an intermediate
region solution in the neighborhood of the turning point and match the asymptotic solutions
to this intermediate region.

Intermediate region Bessel solution. In the standard WKB approach, one constructs
an approximate solution around a turning point by assuming that @Q(y)? is linear in this
region. Then exact solutions to the Schrédinger problem are Airy functions whose asymptotic
expressions can be matched to the WKB solutions that are valid away from the turning point.
In our problem, using this linear @) approximation would not utilize the fact that when ¢ is
zero, the potential has exact Bessel function solutions. Thus even in the ¢ — 0 limit, the
standard WKB approach at finite order would introduce an irreducible error from forcing
the expansion of the Bessel function into a basis of Airy functions.

A more clever approach is to instead use the Bessel functions themselves as approximate
intermediate-region solutions for ¢ # 0. When ¢ is small, the mass term in the equation
of motion (3.10a) picks up a weak scaling with the position, m?%(z/R)~%. Because ¢ < 1,
we can approximate this term with its value at the turning point, z ~ z;. This amounts
to an approximation of the potential

Q)2 =p?2 -2 + (’)(5 log j) (7.7)
t

where 14 is z-independent but depends on momentum through 2z,

—2¢ 2 R2 R
v = Wz +m2R? (R) = v ™A log (p) +O(2). (78)

In the region near the turning point, the general solution is then

Ai(2) = By zhH,Etl)(pz) + By zhH,f) (pz) z~ 2. (7.9)

This solution is valid in the intermediate region where the next-to-leading order term in (7.7)
is negligible.

Asymptotic behavior. We determine the coefficients of the asymptotic solutions (7.6)
by matching them to the near-turning point solution (7.9). To perform the matching, we
construct approximate asymptotic solutions using the same leading-order approximation (7.7)
as the turning point solution,

—1

e 47r _ pz VU _ pz +ut
e e () e (5)
< > z [ se 90 +b_e o0 +

h
__~ + -‘ri(pz—m) - —i(pz— L) |: (2Vt>:|
As W[B,; =)+ B e )] [1+0 —pz >z, (1.11)

[1+O(§Zﬂ <z (7.10)
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Matching for large z. We impose that plane waves are purely outgoing at the Poincaré
horizon, z — co. With the standard p? = [p?| + ie prescription for timelike momenta, this
outgoing boundary condition is equivalent to regularity for large z. The boundary condition
thus imposes that the solution proportional to e~ in (7.11) has zero coefficient, BS = 0.

To match this outgoing solution to the intermediate region solution, we expand the
Hankel functions in (7.9) with respect to their large argument limit:

2 . wr o
1,2 + _ _r
H{) (pz) prmd | ip=5%7-4) | (7.12)

The condition BS = 0 thus matches to By = 0 on the intermediate region solution. The
By coefficient is proportional to BY.

Matching for small z. The small argument limit of the remaining Hankel function in
intermediate region is,

1D (p2) — —= [mt) (%) "+ e (7’;)] . (7.13)

The pz scaling in each of the two terms exactly matches those of the two terms in the z < z
limit of A = A< in (7.10). We find that the relative coefficients of the two terms is

%Z —imvy—21 2V¢F(_Vt)
B ¢ T(n)

Full WKB solution. The complete WKB solution (7.6) in the z < z; limit uses the
relative coefficients from the turning point matching, (7.14),

h —
A(z) x ;(2) (ei“’(z) girei“’(z)> . (7.15)

We calculate the phase ¢ to first order in &,

2 p2 2
) pz my R pz z T
—ip(z) = v +vlog <2y> +e€ ‘24V llog2 <2y) — log? (R> — 12] + 0(52, p2z2) .

(7.16)

(7.14)

7.3 Near-AdS holographic self-energy
The holographic self-energy is

Y(p) = — 0. log A (7.17)

zuv ?
where A is the regular solution of the equation of motion. Since X is a logarithmic derivative
evaluated at the boundary, we only need the solution in the z < z; regime. Moreover, the
overall normalization of A(z) cancels, thus we only require the ratio of coefficients, BZ/BZ
in (7.14). This ratio depends on momentum through v, as shown in (7.8). By expanding
the logarithm of (7.14) at O(¢?), we obtain

2 2
EmAR
v

B; :@*W’V”M <p_R)(i7r+210gy\py\I/_u)

5 N (7.18)

v

where ¥, = I''(v)/T'(v) is the digamma function.
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A(z) contains a factor of Q~1/2 in (7.15). This factor only contributes to the self energy
at order O(p®z3y,). The phases in (7.18) combine with the logarithms in the self-energy at
leading and next-to-leading order.'* The resulting expression for the self energy is

v+£d(p)
v—nh 2 T(1-v) p2z[2N 9 9 9
2(p) = + _ L O, P22y 7.19

where the correction to the power of the non-analytic term is

5(p) = mijv <1og (@zw> + 0(1)) . (7.20)

We neglected the O(e) constants in (7.20) because the logarithm dominates for z < z.
The fact that log(—p?) appears in d(p) ensures that we can consistently continue the result
to spacelike momenta p? < 0. In that case the self-energy becomes real at the order of
approximation we consider. This is a consistency check of our WKB calculation.

Our result (7.19) matches the self-energy obtained in the AdS limit (B.4) within the
order of approximation considered, except that the power of the non-analytical term has
logarithmic dependence on momentum. This logarithmic dependence reproduces the intuition
of a logarithmic running of the anomalous dimension.

The anomalous dimension vy in the pure AdS case is identifed in (6.15). The d(p)
corrections encodes how this anomalous dimension runs in the near-AdS case due to the
near-marginal deformation of the CFT. The g function coefficient of v is extracted from
d(p) by taking the log derivative in p or zyy:

d mﬁR2
=& = £
dlog ZUV P 2v

Bra (7.21)

8 Summary

Our AdS;;1 Abelian Higgs model contains a bulk U(1) gauge field and a bulk Higgs. A
potential on the UV brane induces a Higgs vev that extends into the bulk. Using R, gauges
on the bulk and brane, we derive the bulk propagators and boundary effective actions of
the gauge field and pseudoscalar sectors. In doing so, we highlight subtle points with gauge
fixing, boundary conditions, and the linear combination of pseudoscalars that mix with the
vector. We then present a variety of features of the theory:

e In section 4 we identify two distinct AdS Goldstone equivalence theorems by using
a holographic decomposition of the fields. The bulk equivalence theorem involves a
specific combination of the Goldstone and A,. The boundary equivalence theorem
involves isolated brane-localized modes.

14 At next-to-leading order this is obtained from the identity

. 1 —p222 32
o () - (55) = o () - 25
) 2v o8 2v 4 o8 4p2 4

using the p® = \p|2 + i€ prescription to pick the branch cuts.
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o The bulk Higgs mass parameter,'® «, controls the gauge spectrum. In section 5, we
show that the spectrum may be continuous (« > g — 1), continuous with a mass gap
(a =2 —1), or discrete (0 < a < ¢ — 1) We summarize this in figure 2. We compute
the discrete spectrum for any « and compute the holographic self-energies for certain
ranges of . The spectrum contains a pole corresponding to a d-dimensional gauge
mode which is massive due to symmetry breaking.

e The bulk vev induces a significant backreaction of the metric when o < %. We model
the effect of this backreaction with an IR brane. For g —-1<a< g, the brane induces a
discretization with negligible spacing. For a < % — 1, we show the low energy spectrum
only depends on the background near the UV brane and is thus insensitive to the details
of the backreaction.

e We turn to the CFT dual of the theory in section 6. For o > %, the CFT sector of the
holographic dual theory is not affected by the U(1) breaking since the CFT current is
conserved. For a@ = %, the dual CFT sector contains an exactly marginal operator that
explicitly breaks the U(1) symmetry of the CFT sector. The U(1) CFT current is thus
not conserved and we show that its anomalous dimension is proportional to the square
of the U(1)-breaking vev. This result parametrically matches the anomalous dimension
computed in the AdS theory.

e In section 7 we study the theory with bulk mass parameters near o« = %. In this regime
the AdS isometries are approximately preserved by the Higgs vev. We introduce a
WKB method to solve the field equations in a near-AdS background. The resulting
boundary action describes an approximately conformal U(1) current whose dimension
runs logarithmically with the energy scale. On the CFT side, this encodes the fact that
the U(1) breaking deformation is nearly-marginal.
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A An exact gravitational backreaction

Throughout this paper we approximate the gravitational backreaction occurring in the IR
for bulk mass parameter o < % with an effective infrared brane whose location is estimated
in (2.18). We check the validity of this approximation by comparing it to an exact solution
of the Higgs-gravity system that creates a so-called soft wall. These exact solutions are
conveniently derived using the superpotential formalism, see e.g. [65-67].18 It is convenient
to work with the proper coordinate r where the warped metric ansatz is

ds? = 6_2A(T)77w/ dzt dz” — dr?. (A.1)

The relation to the conformal coordinate z is eA("dr = dz. In the AdS limit ek = z/R.
The simple bulk potential used in this text, V[®] = p2®T® with u?R? = o? — %, does
not lend itself to a simple solution for the ® vacuum expectation value when the gravitational
backreaction cannot be ignored, av < d/2. One must iteratively solve for the vev (®) = v(r),
its gravitational backreaction, and then revise v(r) due to this backreaction correction,
and so forth. Instead, one may consider a slightly different potential motivated by the

superpotential formalism,'®

2

a2 d (% - a)
b= — 2 oTp — dTP)2. A2
Viel=—r; 2(d — 1)R2Mﬁ—1( ) (4-2)

The exact solutions for the Higgs vev and the metric are [67, 69]

I
s

2
Ar) = — + Uiy pld—20)% (A3)

o(r) = wove(2 ) R a(d—1)Mi?

The backreaction only appears as a nonlinear modification to the exponent of the warp
factor, A(r). The exact Higgs vev profile precisely matches what we find from the infrared
brane approximation, (2.14).

The spacetime is asymptotically AdS at small r i.e. small z. The backreaction is significant
when the vev term in (A.3) is of the same order of magnitude as the AdS term, r/R. In
conformal coordinates this condition is

4(d — 1)M3
zﬁ{za ~ Rd_%‘i( 5 )M, log (?) ) (A.4)

Yuv
Observe that (A.4) has the same parametric form as the general estimate given in (2.18).
This provides a nontrivial check of our approximate approach to the backreaction.

We can readily compute the Schrodinger-like potential following the formalism of sec-
tions 5.1 and 5.3 using the exact soft wall metric (A.3). For z.(p) < zr, the the effect of
the backreaction is negligible and the general conclusion applies: the bottom part of the
spectrum is independent of the IR backreaction.

18We thank Eugenio Megias for insightful explanations regarding these points.
"The superpotential formalism for any dimension can be found in [68]. The superpotential used here is

W= L(d—1)(d-2)MI + L(d—2) (2 —a) |0
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Bulk mass Regular Solution (z — c0) Second Solution

034 i (V) Ve
a={ K, (V57) 1, (V=72)

a=3-1 2K, ( m3z2 — p222) 2, ( m3z2 — p2z2)
2 2 2 2
ma o —p*R  myz ma o —p*R _ myz
=0 — L 0, — — U 0, —
@ eXP(QRZ ) <4UUV’ ’ R ) eXP(QRZ ) (4'UUV7 ’ R )

Table 1. Solutions to the homogeneous bulk equation of motion for different values of the Higgs

bulk mass parameter a? = % + ?R%. We use the solution that is regular at z — oo to calculate the

4 1 and v? = h? + m3 R?. We examine the case where o ~ %

holographic self energy. We write h = §

separately in section 7. For the case a = 0, U is the confluent hypergeometric function and L is the
Laguerre polynomial.

B Evaluation of the gauge boson self-energy

We complement section 5.2 with additional details for the computation of the holographic self
energy and the spectrum. Table 1 summarizes the solutions to the homogeneous bulk equation
of motion. The solution that is regular for spacelike momentum at z — oo corresponds to an
outgoing plane wave for timelike momentum as dictated by the ie prescription. The holographic
self energy (3.27) is a logarithmic derivative of this solution. For convenience, we define

d
h:§—1 v=1/h*+m3iR?. (B.1)

We present the self energies X(p) of the transverse part of the gauge field, A%, for different
values of «.

Case: a > g:

B Ky (\/M)N 2 I'(1—h) [—p?z h
) T () e

where the approximation holds for |pzyy| < 1 and d > 2.

Case: a =

d—2(1+v) Koo (\-9#y)
(p) = T oy + \/—7]92 X, (\/ﬁ; (B.3)

2 —2(1 2 I'(1- —p222,\"
Py d (1+v) n (1—v) (—p°2iy ’ (B.4)
2(V - 1) 2ZUV ZUV F(l/) 4

where the approximation holds for |pzyy| < 1. The a = d/2 + ¢ case is detailed in section 7.
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_ Kier (y'md —r20v) 2 01— ) [(d = 22y ]

where the approximation holds for |(mf‘ — p2)‘ z%v < 1 and d > 2. The approximation does

not hold for integer values of d/2; in that case one must use the asymptotic forms of the
Bessel functions of integer order.

Case: 0 < a< %— 1. For |p| > my, the integral for the mode spacing (5.11) is dominated
by the region near the turning point. We obtain

ze(p) 2\ e
/ i 1 ~ ﬁr(1+£a)R<192> b= — - (B.6)

The mode spacing behaves as Am,, oc R~(m2%/m2)*. We solve this to obtain the spectrum
for m, > my,

_1
200

~

mp = Mma

Ve Tlite) (o) o

1420, T(144,) \muR

For d = 4, o = 0, the spectrum behaves as m2 = 4n % and thus exhibits Regge behavior.

Case: o = 0. For myzyy < 1, the holographic self-energy of A, is

T

1
X(p) =my + §ZUVP2

where 4 is the Euler-Mascheroni constant and H(x) is the analytically continued harmonic
number.
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